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Towards an e�
ient algorithm for thesimulation of vis
ous two-phase �ows with realgas e�e
tsRemi Abgrall, Maria Giovanna Rodio, Pietro Mar
o CongedoProje
t-Team Ba

husResear
h Report n° 8173 � De
ember 8, 2012 � 26 pages
Abstra
t: A dis
rete equation method (DEM) for the simulation of 
ompressible multiphase�ows in
luding vis
ous and real-gas e�e
ts is illustrated. A redu
ed �ve equation model is obtainedstarting from the semi-dis
rete numeri
al approximation of the two-phase vis
ous model. Then,a simple algorithm is proposed in order to use two di�erent equations of state at the vapor andliquid-vapor 
onditions. Simulation results are validated with well-known results in literature.Potentialities in improving the quality of the numeri
al predi
tion by using a more 
omplex equationof state are thus drawn.Key-words: DEM method, two-phase �ows, Peng-Robinson equation of state, Sti�ened Gasequation of state, sho
k tube.



Vers la 
onstru
tion d'un algorithme e�
a
e pour lasimulation des e
oulements visqueux diphasiques prenant en
ompte des e�ets de gaz réelRésumé : Une méthode de type DEM pour la simulation des é
oulements multiphasiques
ompressibles in
luant les e�ets de vis
osité et de gaz réel est proposée. Un modèle réduit à 5équations est obtenu en partant d'une approximation numérique du modèle visqueux diphasique.Ensuite, un algorithme est dé
rit qui permet d'utiliser deux équations d'état di�érentes pourprendre en 
ompte les 
onditions de la vapeur et du mélange liquide-vapeur. Les résultats de lasimulation sont validés ave
 des solutions de référen
e 
onnues en littérature. L'intérêt à utiliserdes équations d'état plus 
omplexes et pré
ises est montré ave
 plusieurs 
as-tests.Mots-
lés : Méthode DEM, é
oulements diphasiques, équation d'état de Peng-Robinson,équation d'état de type Sti�ened, tube à 
ho
.



Simulation of vis
ous two-phase �ows with real gas e�e
ts 31 Introdu
tionModeling two-phase �ows is of primary importan
e for engineering appli
ations. Two aspe
ts arefundamental: (i) how to model the interfa
e between two �uids with di�erent thermodynami
properties and (ii) to 
hara
terize the me
hanisms o

urring at the interfa
e as well as in zoneswhere the volume fra
tions are not uniform. Several methods have been proposed to modelthe interfa
e time evolution and re
onstru
tion as in Lagrangian methods, Arbitrary Lagrangian-Eulerian methods (ALE), the Level set method, et
. [1, 2, 3℄ or to deal with the interfa
e as adi�usion zone, for whi
h 
onsistent thermodynami
 equations should be 
onsidered [4, 5, 6, 7℄.Instead of the traditional approa
hes to multiphase modeling, where an averaged systemof (ill-posed) partial di�erential equations (PDEs) dis
retized to form a numeri
al s
heme are
onsidered, the dis
rete equation method (DEM) results in well-posed hyperboli
 systems. Thisallows a 
lear treatment of non-
onservative terms (terms involving interfa
ial variables andvolume fra
tion gradients) permitting the solution of interfa
e problems without 
onservationerrors. This method displays several advantages, su
h as an a

urate 
omputation of transient�ows as the model is un
onditionally hyperboli
, boundary 
onditions solved with a simple anda

urate treatment, an a

urate 
omputation of non-equilibrium �ows as well as �ows evolvingin partial or total equilibrium. With the DEM, ea
h phase is 
ompressible and behaves a

ordingto a 
onvex equation of state (EOS). In many works of interfa
e problem, the Sti�ened Gas (SG)EOS was usually used [8, 6, 9, 10℄. As explained in Saurel et al. [11, 12℄, this EOS allows anexpli
it mathemati
al 
al
ulations of important �ow relation thanks to its simple analyti
al form.Moreover, in mass transfer problem it assures the positivity of speed of sound in the two-phaseregion, under the saturation 
urve.When 
omplex �uids are 
onsidered, su
h as 
ryogeni
, mole
ularly 
omplex and so on,the use of simplex EOS 
an produ
e impre
ise estimation of the thermodynami
 properties,thus deteriorating the a

ura
y of the predi
tion. In
reasing the 
omplexity of the model and
alibrating the adding parameters with respe
t to the available experimental data 
onstitutes avalid option for saving the good predi
tion of the model. Nevertheless, it 
ould be very 
hallengingbe
ause of the numeri
al di�
ulties for the implementation of more 
omplex mathemati
al modeland be
ause of the large un
ertainties that generally a�e
ted the experimental data.An e�ort for developing a more predi
tive tool for multiphase 
ompressible �ows is underwayin Ba

hus Team (INRIA-Bordeaux). Within this proje
t, several advan
ements have beenperformed, i.e. 
onsidering a more 
omplete systems of equations in
luding vis
osity [13℄, workingon the thermodynami
 modeling of 
omplex �uids [14, 15℄, and developing sto
hasti
 methodsfor un
ertainty quanti�
ation in 
ompressible �ows [14, 16℄. The aim of this paper is to showhow the numeri
al solver based on a DEM formulation has been modi�ed for in
luding vis
ouse�e
ts and a more 
omplex equation of state for the vapor region. The method used in this paperis the DEM (see [6℄) for the resolution of a redu
ed �ve equation model with the hypothesis ofpressure and velo
ity equilibrium [17℄, without mass and heat transfer. This method resultsin a well-posed hyperboli
 systems, allowing an expli
it treatment of non 
onservative terms,without 
onservation error. The DEM method dire
tly obtains a well-posed dis
rete equationsystem from the single-phase 
onservation laws, produ
ing a numeri
al s
heme whi
h a

urately
omputes �uxes for arbitrary number of phases. The DEM method has been extensively testedin several test 
ases reprodu
ing unsteady and wave propagation �ows [6, 17, 18℄. In this paper,two thermodynami
 models are 
onsidered, i.e. the SG EOS and the Peng-Robinson (PR) EOS.While SG allows preserving the hyperboli
ity of the system also in spinodal zone, real-gas e�e
tsare taken into a

ount by using the more 
omplex PR equation. The higher robustness of thePR equation when 
oupled with CFD solvers with respe
t to more 
omplex and potentially morea

urate multi-parameter equations of state has been dis
ussed in [19, 20℄. In this paper, noRR n° 8173



4 Abgrall, Rodio & Congedomass transfer e�e
t is taken into a

ount, thus the PR equation 
an be used only to des
ribe thevapor behavior, while only the SG model is used for des
ribing the liquid.This paper is organized as follows. In se
tion 2, a des
ription of the redu
ed �ve equationmodel with vis
ous e�e
ts is given. We derive a semi-dis
rete numeri
al approximation of thetwo-phase model. Then, we perform an average pro
edure of the dis
rete approximation and anextension to the se
ond-order. Finally, the asymptoti
 expansion is analyzed to obtain a semi-dis
rete approximation for a redu
ed �ve-equation model. Then, in se
tion 3.1, we des
ribe theSG and PR EOS for the pure �uid and then we derive the thermodynami
 properties of mixture,supposing the use of SG EOS for all phase and of PR EOS only for the vapor phase. The se
tion4 is divided in two parts: in the �rst one, the implementation of the 
omplex equation of state isvalidated by reprodu
ing a quasi single-�uid sho
k tube, i.e. 
onsidering a very redu
ed liquidfra
tion. Then, in the se
ond part, the 
ode is validated against some well-known two-phase test-
ases in literature. Finally, the in�uen
e of using a more 
omplex equation of state is analyzedby 
onsidering several operating 
onditions in the proximity of the saturation 
urve.2 Problem StatementThe present approa
h is based on a �ve-equation model with pressure and velo
ity equilibrium,obtained after an asymptoti
 analysis in whi
h the relaxation terms disappears. The method forthe resolution of a vis
ous �ve equation model has been amply developed in [13℄. In this work,we give the main lines of the s
heme. In this se
tion, let us start by illustrating the redu
edmodel, then the numeri
al s
heme and �nally the thermodynami
 
losure of the system.2.1 Five equation modelThe starting point of the present analysis is a vis
ous seven equation model 
omposed by the
onservative equation for ea
h phase and by the 
hara
teristi
 fun
tion Xk of the phase Σk. Thefun
tion Xk(x, t) is equal to 1 if x lies in the �uid Σk at time t and 0 otherwise. An averagingpro
edure similar to that used by Drew [21℄ is applied to this equation, obtaining the followingmodel:











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


















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












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





















∂ᾱk

∂t
=− E(σ · ▽ᾱk) + µr(P

k
− P k∗

)

∂ᾱkρ̄k

∂t
+ ▽(ᾱk ρ̄k~vk) =E(ρI(~v

k
I − σ) · ▽Xk)

∂ᾱk ρ̄k~vk

∂t
+ ▽(ᾱk ρ̄k~vk ⊗ ~vk + ᾱkP̄ k

I) =E

(

(ρkI~v
k
I (~v

k
I − σ) + PII) · ▽X

k
)

+

+ ▽ · (ᾱk τ̄k)− E(τI · ▽X
k) + λ(~vk

∗

− ~vk)

∂ᾱkρ̄kĒk

∂t
+ ▽(ᾱk(ρ̄kĒk~vk + P̄ k

I~vk) =E

(

(ρIEI(~v
k
I − σ) + PII) · ▽X

k
)

+

+ λ~vkI (~v
k∗

− ~vk) + µrPI(P
k
− P k∗

)

+ ▽ · (ᾱk(τ̄k
· ~vkI ))− E((τI~v

k) · ▽Xk)

(1)
where the two phases are indi
ated with k and k∗; ρk, αk, ~vk and Pk are the �uid density,the volume fra
tion, the velo
ity ve
tor and the pressure for ea
h phase k, respe
tively; Ek isthe total energy of ea
h phase de�ned as Ek = ēk + 1

2 ūk · ūk. PI and vI are the pressure andvelo
ity at the interfa
e of the 
omponent k, respe
tively, de�ned as:






P k
I = ZkPk∗

+Zk∗

Pk

Zk+Zk∗ + sign
(

∂αk

∂x ,
)

(vk∗

−vk)

Zk+Zk∗

vkI = Zkvk+Zk∗

vk∗

Zk+Zk∗ + sign
(

∂αk

∂x ,
)

Pk∗

+Pk

Zk+Zk∗

(2)Inria



Simulation of vis
ous two-phase �ows with real gas e�e
ts 5where Zk represents the a
ousti
 impedan
e, i.e. Z = ρc, where c is the speed of sound. The
oe�
ients λ and µr are the relaxation velo
ity parameter and the dynami
 
ompa
tion vis
osity,respe
tively. They are asso
iated to the relaxation terms that appear in the system to reprodu
erelaxation pro
ess behind sho
k and pressure waves in the two-phase �ow, indu
ing a pressureand velo
ity equilibrium.Writing λ = 1
ε and µr = 1

ε , the system 
an be formulated in a simpli�ed notation, as follows:
∂U

∂t
+

∂F (U)

∂x
=

∂U

∂t
+A(U)

∂U

∂x
=

R(U)

ε
(3)where U is the ve
tor of 
onservative variables, F (U) the �ux ve
tor and R(U) the relaxationterm. The redu
ed model, i.e. supposing Pk = Pk∗ and vk = vk∗ , 
an be obtained using anasymptoti
 analysis that allows to �nd the solutions S, a subset of R

N of system (3) when
ε → 0+:

W =
{

U ∈ R
N : R(U) = 0

} (4)As demonstrated by Murrone and Guillard [9℄ (see also [22, 17℄), for ea
h solution U ∈ W , we
an 
ompute a parametrization M su
h that, let u = (α1, ρ1, u, P, α2, ρ2)
t ∈ R

5 the ve
tor ofprimitives variables, the parametrization M : u → M(u) is de�ned as follows:
u → U = M(u) =

























α1

ρ1
u
P
α2

ρ2
u
P

























. (5)
The redu
ed model of (3) is thus obtained by negle
ting the terms of order ε:

∂u

∂t
+ PA(M(u))dMu

∂u

∂x
= O(ε). (6)The term dMu represents the Ja
obian matrix that forms a basis of ker R′(M(u)), moreover P isthe proje
tion over ker R′(M(u)) in the dire
tion of Rng(M(u)), that is the range of R′(M(u)).In parti
ular, the proje
tion P is obtained as inversion of the matrix S = [dM1

u, ..., dM
n
u , I

1, I2],where {I1, I2} is a basis of Rng(R′(M(u))). The redu
ed model is the following:









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
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



































∂ᾱ1

∂t
=− ~v · ▽α1 +K▽(~v)

∂α1ρ1

∂t
+ ▽(α1ρ1~v) =0

∂α2ρ2

∂t
+ ▽(α2ρ2~v) =0

∂ρ~v

∂t
+ ▽(ρk~v ⊗ ~v + P ) =▽τ

∂E

∂t
+ ▽(E + P ) =▽τ · ~v

(7)
where K = α1α2(ρ2c

2
2 − ρ1c

2
1)/(α1ρ2c

2
2 + α2ρ1c

2
1).As explained in Abgrall [17℄, unfortunately, in the system (7), a non
onservative produ
tion appears inthe vapor volume fra
tion equation. The di�
ulty, from a mathemati
al point of view, is that this termhas no meaning in the 
ase where v and K are simultaneously dis
ontinuous. In this 
ase, it is di�
ultRR n° 8173



6 Abgrall, Rodio & Congedoto derive a numeri
al s
heme. However, in [17℄, a s
heme that allow to over
ome this problem has beenproposed and it is used in this work. It is explained in the following se
tion.In the system (7), ρ = α1ρ1+α2ρ2, P and E = α1ρ1e1+α2ρ2e2 are the mixture density, pressure andenergy, respe
tively. To 
lose the system (7), we need an EOS for ea
h pure �uid and for the mixture,permitting to de�ne all the needed thermodynami
 properties. In the 
ase of SG EOS, the value of themixture pressure is easily derived from the mixture energy and the density for ea
h phase [23℄. On the
ontrary, when the PR EOS is used, there is no expli
it relation between the pressure and the energy,thus making more 
omplex the 
omputation of the mixture pressure.2.2 Numeri
al MethodHere, we illustrate how obtaining a semi-dis
rete numeri
al approximation of the two-phase systemin
luding the vis
ous term (Eq. 1), following the same pro
edure of [6℄.We des
ribe this s
heme in the framework of �nite volume dis
retization with a Godunov solver, butthe pro
edure 
an be easily adapted to other solvers. Let us de�ne our time-spa
e domain. At time t,the 
omputational domain Ω is divided into a 
onstant number of 
ells Ci =]xi−1/2, xi+1/2[. In addition,ea
h 
ell Ci is divided into a random subdivision xi−1/2 = ξ0 < ξ1 < ... < ξN(ω) = xi+1/2 (where ω is arandom parameter).In ea
h sub
ell ]ξl, ξl+1[, Xk is 
onstant and so only one phase Σk 
an exist. Negle
ting the sour
eterms S of Eq.2, the integral form of Navier-Stokes equations for the spa
e-time domain Ci × [t, t+ s] isequal to
∫ t+s

t

∫

Ci

X
∂U

∂t
+

∫ t+s

t

∫

Ci

X
∂(F − Fv)

∂x
dx dt = 0 (8)The Godunov s
heme is no longer applied on the mesh 
ells, but on the modi�ed and non-uniform 
ells
onstru
ted a

ording to the position of the interfa
e.The variable σi+1/2 = σ(Ui, Ui+1) denotes the speed of the interfa
e between the two 
ells Ci and

Ci+1. Remark that it is equal to zero, if the same phase is present into the 
ells, otherwise σi+1/2 
oin
ideswith the speed of propagation of the interfa
e in the Riemann solution (x, t) → vr(
x
t
;Ui, Ui+1). Thus,assuming that between the times tn and tn+1 = (t + s), the interfa
e xi+1/2 moves at velo
ity σi+1/2,the 
ell Ci is not �xed, but it evolves in C̄i =](xi−1/2 + sσi−1/2), (xi+1/2 + sσi+1/2)[ (see Fig. 1). The
ell may be either smaller or larger than the original ones Ci, depending on the signs of the velo
ities

σi+1/2. We denote with F (UL, UR) the Godunov numeri
al �ux between the states UL and UR, and with
F lag(UL, UR) the �ux a
ross the 
onta
t dis
ontinuity between the states UL and UR (see Fig. 2). As a
onsequen
e, we have:

F lag(UL, UR) = F (U+
LR)− σ(UL, UR)U

+
LR = F (U−

LR)− σ(UL, UR)U
−

LRConsidering Fig. 1, the previous integral (Eq.8), de�ned on the mesh 
ell Ci, 
an be divided into three
ontributions, i.e. the integrals on abb' for the left boundary, the integral on b

' for the right boundaryand the Lagrangian internal 
ells.Thus Eq.8 
an be rewritten as
∫

abb′
X

[

∂U

∂t
+

∂(F − Fv)

∂x

]

dx dt + (I)

+

N(̟)−2
∑

l=2

∫ t+s

t

∫ ξl+1+sσ(Ul
i ,U

l+1
i )

ξl+sσ(Ul−1
i ,Ul

i)

X

[

∂U

∂t
+

∂(F − Fv)

∂x

]

dx dt + (II)

+

∫

dcc′
X

[

∂U

∂t
+

∂(F − Fv)

∂x

]

dx dt = 0 (III)In
luding the 
hara
teristi
 fun
tion X in derivative terms and applying the Godunov s
heme, weobtain for ea
h term, the solution at time t+ s. For the boundary terms (I) and (III), it is important toremark that the domain where 
omputing the integral is a triangle. At time t we have only one point(a) and thus the spatial integral is zero. Inria
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Figure 1: Subdivision of 
omputational domain.
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Figure 2: The various states in the Riemann problem between states UL and UR.Remembering that the 
hara
teristi
 fun
tion obeys to the following property:
N(̟)−1
∑

l=0

∫ t+s

t

∫ ξl+1

ξl

∂X

∂t
dx dt+

N(̟)−1
∑

l=0

∫ t+s

t

∫ ξl+1

ξl

σ
∂X

∂x
dx dt = 0, (10)we 
an write for (I)

∫

abb′
X

[

∂U

∂t
+

∂(F − Fv)

∂x

]

dx dt =

∫

abb′

[

∂XU

∂t
+

∂X(F − Fv)

∂x

]

dxdt−

∫

abb′

[

U
∂X

∂t
+ (F − Fv)

∂X

∂x

]

dxdt =

∫ xi−1/2+sσ+(U+
i−1,U

−

i ,)

xi−1/2

X(x, t+ s)U(x, t+ s) dx− sX(xi−1/2, t)F (U∗

i−1/2) +

−sF lag(U+
i−1, U

−

i )[X]j=0 + sX(xi−1/2, t)Fv(U
∗

i−1/2) + sFvI(U
+
i−1,U

−

i )[X]j=0,where U∗
i±1/2 is the solution of the Riemann problem. In this work, no mass transfer is 
onsidered,then when a jump is 
onsidered, the vis
ous 
ontribution is zero be
ause there is not transfer ofRR n° 8173



8 Abgrall, Rodio & Congedovis
ous information. Similarly, the term (III) 
an be manipulated as follows
∫

dcc′
X

[

∂U

∂t
+

∂(F − Fv)

∂x

]

dx dt =

∫

dcc′

[

∂XU

∂t
+

∂X(F − Fv)

∂x

]

dxdt−

∫

dcc′

[

U
∂X

∂t
+ (F − Fv)

∂X

∂x

]

dxdt =

∫ xi+1/2+sσ−(U+
i ,U−

i+1,)

xi+1/2

X(x, t+ s)U(x, t+ s) dx+ sX(xi+1/2, t)F (U∗

i+1/2) +

+sF lag(U+
i , U−

i+1)[X]j=N(w) − sX(xi+1/2, t)Fv(U
∗

i+1/2)− sFvI(U
+
i ,U

−

i+1)[X]j=N(w).Con
erning the internal terms (II), the integral be
omes
∫ t+s

t

∫ ξj+1+sσ(Ul
i ,U

l+1
i )

ξj+sσ(U
j−1
i ,U

j
i )

X

[

∂U

∂t
+

∂(F − Fv)

∂x

]

dx dt =

∫ ξj+1+sσ(Ul
i ,U

l+1
i )

ξj+sσ(U
j−1
i ,U

j
i )

X(x, t+ s)U(x, t+ s) dx−

∫ ξj+1

ξj

X(x, t)U(x, t) dx+

−s
(

F lag(U j
i , U

j+1
i )[X]j − F lag(U j−1

i , U j
i )[X]j−1,

)

+

+s

(

Fv(U
j

i,U
j+1

i )[X]j − Fv(U
j−1

i ,Uj

i)[X]j−1,
)

.Summing up all terms, dividing for s and taking the limit when s → 0, we obtain the semi-dis
retes
heme
∂

∂t

(

1

△x

∫ xi+1/2

xi−1/2

X(x, t)U(x, t) dx

)

+

+
1

△x

(

X(xi+1/2, t)F (U∗

i+1/2)−X(xi−1/2, t)F (U∗

i−1/2)
)

+

−
1

△x

(

X(xi+1/2, t)Fv(U
∗

i+1/2)−X(xi−1/2, t)Fv(U
∗

i−1/2)
)

=

=
1

△x

N(w)−1
∑

j=1

(

F lag(U j
i , U

j+1
i )[X]j − F lag(U j−1

i , U j
i )[X]j−1,

)

+

+
1

△x

(

F lag(U−

i , U+
i−1)[X]j=0 − F lag(U+

i , U−

i+1)[X]j=N(w)

)

+

−

N(w)−1
∑

j=1

(

Fv(U
j

i,U
j+1

i )[X]j − Fv(U
j−1

i ,Uj

i)[X]j−1,
)

+

−
1

△x

(

Fv(U
+
i ,U

−

i+1)[X]j=0 − Fv(U
+
i ,U

−

i+1)[X]j=N(w)

)

. (11)We may assume that two adja
ent sub
ell 
ontains di�erent phases, so that
N(w)−1
∑

j=1

(

F lag(U j
i , U

j+1
i )[X]j − F lag(U j−1

i , U j
i )[X]j−1

)

=

= N(ω)int

(

F lag(U2
i , U

1
i )− F lag(U1

i , U
2
i )
) (12)and Inria
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ts 9
N(w)−1
∑

j=1

(

Fv(U
j

i,U
j+1

i )[X]j − Fv(U
j−1

i ,Uj

i)[X]j−1,
)

= (13)
= N(ω)int

(

Fv(U
2
i , U

1
i )− Fv(U

1
i , U

2
i )
)

.2.3 Averaging pro
edureNow, it is possible to apply to the dis
rete equations system (11), the same averaging pro
edureused for the system of partial di�erential equations of (1). Taking the mathemati
al expe
tan
yof the semi-dis
rete s
heme (Eq.11) for whi
h we have:
∂

∂t

(

1

△x

∫ xi+1/2

xi−1/2

X(x, t)U(x, t) dx

)

=
∂α

(1)
i U

(1)
i

∂t
(14)and introdu
ing the notation for the average number of internal interfa
es,

λi = E

(

N(ω)int
△x

)

,the s
heme 
an be rewritten as:
∂α

(1)
i U

(1)
i

∂t
+

1

△x
E

(

X(xi+1/2, t)F (U∗
i+1/2)−X(xi−1/2, t)F (U∗

i−1/2)
)

+

−
1

△x
E

(

X(xi+1/2, t)Fv(U
∗
i+1/2)−X(xi−1/2, t)Fv(U

∗
i−1/2)

)

=

+
1

△x
E
(

F lag(U−
i , U+

i−1)[X ]j=0 − F lag(U+
i , U−

i+1)[X ]j=N(w)

)

+

−
1

△x
E
(

FvI(U
+
i ,U

−
i−1)[X]j=0

)

− FvI(U
+
i ,U

−
i+1)[X]j=N(w)

+λi

(

F lag(U2
i , U

1
i )− F lag(U1

i , U
2
i )
)

− λi

(

(Fv(U
2
i , U

1
i )− Fv(U

1
i , U

2
i )
)

. (15)The development of both 
onservative and non-
onservatives terms have been fully des
ribedin [6, 17, 13℄, then here only �nal expressions of these terms are given for a se
ond order s
heme.We 
onsider the 
ell boundary i+1/2 and fo
us on the �uxes available for �uid Σ1. On this 
ellboundary, four instan
es may o

ur on the base of the phase present in the 
ell xi and in the
ell xi+1 (see Tab. 1). Thus, we 
an de�ne the �ux indi
ator
β
(l,r)
i+1/2 = sign(σ(U l

i , U
r
i+1)) =

{

1 if σ(U l
i , U

r
i+1) ≥ 0,

−1 if σ(U l
i , U

r
i+1) < 0and the 
orresponding probability to have the same phase or two di�erent phases into the leftand right 
ell of 
ell boundary i+ 1/2

Pi+1/2(Σ1,Σ1) := P
(

X(x−

i+1/2) = 1 and X(x+
i+1/2) = 1

)

= min
(

α
(1)
i , α

(1)
i+1

)

,

Pi+1/2(Σ1,Σ2) := P
(

X(x−

i+1/2) = 1 and X(x+
i+1/2) = 0

)

= max
(

α
(1)
i − α

(1)
i+1, 0

)

,

Pi+1/2(Σ2,Σ1) := P
(

X(x−

i+1/2) = 0 and X(x+
i+1/2) = 1

)

= max
(

α
(2)
i − α

(2)
i+1, 0

)

,

Pi+1/2(Σ1,Σ2) := P
(

X(x−

i+1/2
) = 0 and X(x+

i+1/2
) = 0

)

= min
(

α
(2)
i , α

(2)
i+1

)

.RR n° 8173



10 Abgrall, Rodio & CongedoFollowing the MUSCL approa
h, we propose the following extension to a se
ond-order approxi-mation of the s
heme. The system 15 
an be written as follows:
(

α
(1)
i U

(1)
i

)n+1

−

(

α
(1)
i U

(1)
i

)n

∆t

+
E (XF )i+1/2 − E (XF )i−1/2

∆x
−

E (XFv)i+1/2 − E (XFv)i−1/2

∆x
=

= E

(

F lag ∂X

∂x

)

i,bound

+ E

(

F lag ∂X

∂x

)

i,relax

+

−E

(

Fv
∂X

∂x

)

i,bound

− E

(

Fv
∂X

∂x

)

i,relax

. (16)In the following, Ui±1/2,l(resp.Ui±1/2,r) are the ve
tor of 
onservative variables on the left (resp.right) of the boundary 
ell xi±1/2 after the MUSCL extrapolation, using aminmod limiter. Thus,all terms in the predi
tor-
orre
tor s
heme for a multiphase �ows, take the following form� Conservative terms
E (XF )i+1/2 = P1+1/2(Σ1,Σ1)F (U

(1),n+1/2
i+1/2,l , U

(1),n+1/2
i+1/2,r )

+P1+1/2(Σ1,Σ2)
(

β
(1,2)
i+1/2

)+

F (U
(1),n+1/2
i+1/2,l , U

(2),n+1/2
i+1/2,r )+

+P1+1/2(Σ2,Σ1)
(

−β
(2,1)
i+1/2

)+

F (U
(2),n+1/2
i+1/2,l , U

(1),n+1/2
i+1/2,r )

(17)
E (XF )i−1/2 = P1−1/2(Σ1,Σ1)F (U

(1),n+1/2
i−1/2,l , U

(1),n+1/2
i−1/2,r )

+P1−1/2(Σ1,Σ2)
(

β
(1,2)
i−1/2

)+

F (U
(1),n+1/2
i−1/2,l , U

(2),n+1/2
i−1/2,r )+

+P1−1/2(Σ2,Σ1)
(

−β
(2,1)
i−1/2

)+

F (U
(2),n+1/2
i−1/2,l , U

(1),n+1/2
i−1/2,r )

(18)
E (XFv)i+1/2 = P1+1/2(Σ1,Σ1)Fv(U

(1)
i+1/2,l, U

(1)
i+1/2,r)

+P1+1/2(Σ1,Σ2)
(

β
(1,2)
i+1/2

)+

Fv(U
(1)
i+1/2,l, U

(2)
i+1/2,r)+

+P1+1/2(Σ2,Σ1)
(

−β
(2,1)
i+1/2

)+

Fv(U
(2)
i+1/2,l, U

(1)
i+1/2,r)

(19)
E (XFv)i−1/2 = P1−1/2(Σ1,Σ1)Fv(U

(1)
i−1/2,l, U

(1)
i−1/2,r)

+P1−1/2(Σ1,Σ2)
(

β
(1,2)
i−1/2

)+

Fv(U
(1)
i−1/2,l, U

(2)
i−1/2,r)+

+P1−1/2(Σ2,Σ1)
(

−β
(2,1)
i−1/2

)+

Fv(U
(2)
i−1/2,l, U

(1)
i−1/2,r)

(20)Inria
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ts 11� Non-
onservative terms
E

(

F lag ∂X

∂x

)

i

= E

(

F lag ∂X

∂x

)

bound

+ E

(

F lag ∂X

∂x

)

relax

=

= +P1+1/2(Σ1,Σ2)
(

β
(1,2),n
i+1/2

)+

F lag(U
(1),n
i+1/2,l, U

(2),n
i+1/2,r)+

−P1+1/2(Σ2,Σ1)
(

β
(2,1)
i+1/2

)+

F lag(U
(2),n
i+1/2,l, U

(1),n
i+1/2,r)+

−P1−1/2(Σ1,Σ2)
(

β
(1,2)
i−1/2

)+

F lag(U
(1),n
i−1/2,l, U

(2),n
i−1/2,r)+

+P1−1/2(Σ2,Σ1)
(

β
(2,1)
i−1/2

)+

Flag(U
(2)
i−1/2,l, U

(1)
i−1/2,r)+

+

l=1
∑

N−1

max
(

0,∆α1
i

)

(

F lag(U2
i , U

1
i )−max

l=1
∑

N−1

(

0,∆α2
i

)

F lag(U1
i , U

2
i )

)

,

(21)
E

(

Fv
∂X

∂x

)

i

= E

(

Fv
∂X

∂x

)

bound

+ E

(

Fv
∂X

∂x

)

relax

=

= P1+1/2(Σ1,Σ2)
(

β
(1,2)
i+1/2

)−
FvI(U

(1)
i+1/2,l, U

(2)
i+1/2,r)+

−P1+1/2(Σ2,Σ1)
(

β
(2,1)
i+1/2

)−
FvI(U

(2)
i+1/2,l, U

(1)
i+1/2,r)+

−P1−1/2(Σ1,Σ2)
(

β
(1,2)
i−1/2

)+

FvI(U
(1)
i−1/2,l, U

(2)
i−1/2,r)+

+P1−1/2(Σ2,Σ1)
(

β
(2,1)
i−1/2

)+

FvI(U
(2)
i−1/2,l, U

(1)
i−1/2,r)+

+max
(

0,∆α1
i

) (

Fv(U
2
i , U

1
i )−max

(

0,∆α2
i

)

Fv(U
1
i , U

2
i )
)

,

(22)
where ∆α1

i = α1
i+1/2,l − α1

i+1/2,r and ∆α2
i = α2

i+1/2,l − α2
i+1/2,r are the limited slope of α1 and

α2 in the 
ell Ci. The vis
ous �uxes Fv and FvI are re
onstru
ted by a ba
kward di�eren
e onthe base of �ow dire
tion. We 
onsider that the 
ell boundary i+ 1/2 and the vis
ous �uxes forthe momentum and energy equations are:� momentum
Fv(U

(k)
i+1/2,l, U

(k)
i+1/2,r) =











4
3µ

u
i+1

2
−u

(k)

(r)i−1

(3/2)dx if σ ≥ 0

4
3µ

u
i+1

2
−u

(k)

(l)i+2

(3/2)dx if σ < 0 (23)� energy
Fv(U

(k)
i+1/2,l, U

(k)
i+1/2,r) =











4
3µui+ 1

2

u
(k)

i+1
2

−u
(k)

(r)i−1

(3/2)dx if σ ≥ 0

4
3µui+ 1

2

u
(k)

i+1
2

−u
(k)

(l)i+2

3/2dx if σ < 0RR n° 8173



12 Abgrall, Rodio & Congedo� momentum
FvI(U

(k)
i+1/2,l, U

(k)
i+1/2,r) =







4
3µ

u
(k)

I(r)i+1
−u

(k)

I(r)i

dx if σ ≥ 0

4
3µ

uI(r)i
−u

(k)

I(r)i+1

dx if σ < 0 (24)� energy
FvI(U

(k)
i+1/2,l, U

(k)
i+1/2,r) =















4
3µu

(k)
I
i+1

2

u
(k)

I(r)i+1
−u

(k)

I(r)i

dx if σ ≥ 0

4
3µu

(k)
I
i+1

2

u
(k)

I(r)i
−u

(k)

I(r)i+1

dx if σ < 0where
u
(k)

i+ 1
2

=

{

u
(k)
(r)i

if σ ≥ 0

u
(k)
(l)i+1

if σ < 0

u
(k)
I
i+1

2

=







u
(k)
(r)Ii

if σ ≥ 0

u
(k)
(l)Ii+1

if σ < 0where l and r represent the left and right side. To obtain the predi
tor s
heme, the solution is
al
ulated at time t = n+1/2 and in the 
orre
tor s
heme the solution is 
al
ulated at the time
t = n+ 1, using the solution 
omputed at the predi
tor step.3 Asymptoti
 analysis of the numeri
al s
hemeThe s
heme presented in Eq. 16 is a semi-dis
rete numeri
al approximation of the seven equationmodel for modeling a two-phase �ow. Now, the aim is to obtain the semi-dis
rete s
heme forthe redu
ed �ve equations model in a 1D 
on�guration, where vis
ous e�e
ts are 
onsidered,following the pro
edure des
ribed in [13℄. If we set εi = 1/λi, the dis
rete s
heme for the sevenequations model 
an be formally rewritten as

∂W

∂t
+

G

△x
=

R(W )

εi
. (25)where W = (α(1), α(1)U (1), α(2), α(2)U (2)), G is the sum of 
onve
tive �uxes, vis
ous �uxes andbound lagrangian �uxes, and R(W ) are the relaxation terms. As explained in se
tion 2.2, let us
onsider ε → 0 sear
hing for the solutions su
h that the relaxation terms 
ould disappear:

W =
{

W such that R(W ) = 0 ⇒ E
(

F lag ∂X
∂x

)

i,relax
= 0.

} (26)Inria
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Flow Patterns Left and Right States Flux Indi
ator
Σ1,Σ2 U

(1)
i , U

(2)
i+1

(

β
(1,2)
i+1/2

)+

Σ1,Σ1 U
(1)
i , U

(1)
i+1 1

Σ2,Σ1 U
(2)
i , U

(1)
i+1 −

(

β
(2,1)
i+1/2

)+

Σ2,Σ2 U
(2)
i , U

(2)
i+1 0

Σ1,Σ2 Fv(U
(1)
i , U

(2)
i+1)

(

β
(1,2)
i+1/2

)+

Σ1,Σ1 Fv(U
(1)
i , U

(1)
i+1) 1

Σ2,Σ1 Fv(U
(2)
i , U

(1)
i+1) −

(

β
(2,1)
i+1/2

)+

Σ2,Σ2 Fv(U
(2)
i , U

(2)
i+1) 0Interfa
e Flux

Σ1 − Σ2 F lag(U
(1)
i , U

(2)
i+1)

(

β
(1,2)
i+1/2

)−

Σ1 − Σ1 F lag(U
(1)
i , U

(1)
i+1) 0

Σ2 − Σ1 F lag(U
(2)
i , U

(1)
i+1) −

(

β
(2,1)
i+1/2

)−

Σ2 − Σ2 F lag(U
(2)
i , U

(2)
i+1) 0

Σ1 − Σ2 FvI (U
(1)
i , U

(2)
i+1)

(

β
(1,2)
i+1/2

)+

Σ1 − Σ1 FvI (U
(1)
i , U

(1)
i+1) 0

Σ2 − Σ1 FvI (U
(2)
i , U

(1)
i+1) −

(

β
(2,1)
i+1/2

)+

Σ2 − Σ2 FvI (U
(2)
i , U

(2)
i+1) 0Table 1: The �ow 
on�gurations at the 
ell boundary i+ 1/2.
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14 Abgrall, Rodio & CongedoHen
e, the �nal s
heme for the �ve equation model in 
onservative variables is equal to:






































































∂ᾱ2

∂t
= FV2 +

ᾱ1ᾱ2

ᾱ2ρ̄1a2
1 + ᾱ1ρ̄2a2

2

{

SE2

ᾱ2ρ̄2β2
−

u2SU2

ᾱ2ρ̄2β2
+

u2
2

2
− ε2 − ρ2κ2

ᾱ2ρ̄2β2
M2+

ρ22κ2FV2

ᾱ2ρ̄2β2
−

SE1

ᾱ1ρ̄1β1
+

u1SU1

ᾱ1ρ̄1β1
−

u1
2

2
− ε1 − ρ1κ1

ᾱ1ρ̄1β1
M1 −

ρ21κ1FV1

ᾱ1ρ̄1β1

}

∂ ¯αkρk
∂t

= Mk

∂ρu

∂t
= SU1 + SU2

∂ρE

∂t
= SE1 + SE2

(27)
where FV, Mk, SU and SE are the �uxes of vapor volume fra
tion equation, 
onservative massequation, momentum equation and 
onservative energy equation, respe
tively and where:

βk
i =

(

∂ǫki
∂P k

i

)

ρk
i

and κk
i =

(

∂ǫki
∂ρki

)

Pk
i3.1 Thermodynami
 
losureAs we have previously mentioned, we deal with pure �uid and arti�
ial mixture zone, thus theEOS must be able to des
ribe the �ow both in pure �uids and mixture zones.In this se
tion, �rst we des
ribe two EOSs, i.e. the Sti�ened Gas (SG) EOS and the Peng-Robinson (PR) EOS. Then, we build the mixture EOS using �rst the SG EOS for ea
h phaseand after the PR and the SG for the gas and the liquid phase, respe
tively.3.1.1 Sti�ened Gas EOS for pure �uidThe Sti�ened Gas EOS is usually used for sho
k dynami
s and its robustness for simulatingtwo-phase �ow with or without mass transfer has been amply demonstrated [6, 9, 10, 17, 23℄. It
an be written as follows:

P (ρ, e) = (γ − 1)(e − q)ρ− γP∞, (28)
e(ρ, T ) = Tcv +

P∞
ρcv

+ q (29)
h(T ) = γcvT, (30)where p, ρ and e are the pressure, the density and the energy, respe
tively. The politropi

oe�
ient γ is the 
onstant ratio of spe
i�
 heat 
apa
ities γ = cp/cv, P∞ is a 
onstant referen
epressure and q is the energy of the �uid at a given referen
e state. Moreover, T, cv and h arethe temperature, the spe
i�
 heat at 
onstant volume and the enthalpy, respe
tively. The speedof sound, de�ned as c2 = (∂P∂ρ )s 
an be 
omputed as follows:

c2 = γ
P + P∞

ρ
= (γ − 1)cpT (31)where c2 remains stri
tly positive (for γ > 1). It ensures the hyperboli
ity of the system and theexisten
e of a 
onvex mathemati
al entropy [24℄. Inria



Simulation of vis
ous two-phase �ows with real gas e�e
ts 153.1.2 Peng-Robinson (PR) EOS for pure �uidPeng and Robinson (1976) proposed a 
ubi
 EoS of van der Waals type in the form:
p =

RT

v − b
−

a

v2 + 2bv − b2
. (32)where p and v denote respe
tively the �uid pressure and its spe
i�
 volume, a and b are substan
e-spe
i�
 parameters related to the �uid 
riti
al-point properties pc and Tc and representativeof attra
tive and repulsive mole
ular for
es. To a
hieve high a

ura
y for saturation-pressureestimates of pure �uids, the temperature-dependent parameter a in Eq. (32) is expressed as

a =
(

0.457235R2T 2
c /pc

)

· α (T ) , (33)while
b = 0.077796RTc/pc. (34)These parameters are not 
ompletely independent, sin
e isothermal lines in the p-v plane shouldsatisfy the thermodynami
 stability 
onditions of zero 
urvature and zero slope at the 
riti
alpoint. Su
h 
onditions allow 
omputing the 
riti
al 
ompressibility fa
tor Zc = (pcvc)/(RTc) asthe solution of a 
ubi
 equation. The 
orre
tion fa
tor α in Eq. (33) is given by

α (Tr) =
[

1 +K
(

1− T 0.5
r

)]2
, (35)with

K = 0.378893+ 1.4897153ω− 0.17131848ω2 + 0.0196554ω3. (36)The parameter ω is the �uid a
entri
 fa
tor. The other needed information to 
omplete thethermodynami
 model, namely the ideal-gas iso
hori
 spe
i�
 heat of the �uid, is approximatedthrough a power law, i.e.,
cv,∞ (T ) = cv,∞ (Tc)

(

T

Tc

)n (37)with n a �uid-dependent parameter. From thermodynami
 rules, the energy equation 
an beexpressed as:
e = ec +

cv,∞(Tc)

(n+ 1)T n
c

(T n+1 − T n+1
c )−

a

80.5b

(

α(T )− T
dα(T )

dT

)

ln
∣

∣

∣

V +b(1+20.5)
V+b(1−20.5 )

∣

∣

∣ (38)where ec is an energy referen
e value. The speed of sound 
an be expressed as follows:
a2 =

(

∂P

∂ρ

)

T

+
1

ρ2
T

cv

(

∂P

∂T

)2

ρ

. (39)3.1.3 SG EOS based mixtureThe EOS for the mixture 
an be easily obtained using the EOS of the single phases. In thisse
tion, let us 
onsider the mixture obtained supposing a SG EOS for ea
h phase. The startingpoint is the mixture energy equation:
ρE = α1ρ1e1 + α2ρ2e2. (40)RR n° 8173



16 Abgrall, Rodio & CongedoThe energy of ea
h phase, ek, 
an be repla
ed by the Eq.(28), obtaining the mixture totalenergy as a fun
tion of the phase pressure. Under pressure equilibrium, we obtain the followingexpression for the pressure mixture:
P (ρ, e, αk) =

ρ(E −
α1ρ1q1

ρ −
α2ρ2q2

ρ )−
(

α1γ1P∞,1

γ1−1 +
α2γ2P∞,2

γ2−1

)

α1

γ1−1 + α2

γ2−1

(41)In this paper, the term q is supposed equal to zero for ea
h phase.3.1.4 PR-SG EOS based mixtureIn this se
tion, let us 
onsider a mixture, obtained using the SG EOS for the liquid and thePR EOS for the gas. In the 
ase of SG EOS (see se
tion (3.1.1)), we showed how the pressuremixture 
an be easily obtained from the energy and the density of ea
h phase. If a PR EOS is
onsidered, it is not possible to formulate expli
itly the pressure as a fun
tion of the energy andthe density. Then, the pro
edure shown in se
tion (3.1.3) for the SG EOS 
an not be used inthis 
ase.Under pressure equilibrium, the following system of two equations is obtained:
{

P1(T1, ρ1) = P2(T2, ρ2)
ρE = α1ρ1e1 + α2ρ2e2.

(42)where P1 represents the pressure state 
omputed for the phase 1 des
ribed by the PR EOS, and
P2 the pressure of the phase 2 des
ribed by SG EOS. Remark that in this 
ase, the unknownsare T1 and T2. Repla
ing P1 as a fun
tion of T1 and ρ1 using Eq. (32) and P2 using Eq. (28) inthe �rst equation of the system (42), the liquid temperature T2 
an be expressed as a fun
tionof the gas temperature T1:

T2 =

[

T1R1

1
ρ1

− b1
−

α(T1)a1
1
ρ2
1
+ 2b1

ρ1
− b21

+ P∞,2

]

1

(γ2 − 1)ρ2cv,∞2

(43)Repla
ing the energy ek of ea
h phase using Eq. (38) for e1 and using Eq. (29) for e2 in themixture energy equation (se
ond equation of the system (42)), we obtain:
ρE = α1ρ1

{

ec +
cv,∞(Tc)
(n+1)Tn

c
(T n+1

1 − T n+1
c )− a

2
√
2b

(

α(T1)− T1
dα(T )
dT

)

ln
∣

∣

∣

V +b(1+
√
2)

V+b(1−
√
2
)
∣

∣

∣

}

+α2ρ2

[

T2cv,∞2 +
P∞,2

ρ2cv,∞2

+(44)Now, by repla
ing T2 in the Eq. (44) using the Eq. (43), it is possible to derive a relation betweenthe gas temperature, T1, and the mixture energy. This is a fun
tion E = E(T1) that dependsex
lusively by T1. Solving iteratively Eq. (44) by using a Newton-Raphson method, the value ofthe gas temperature T1 
an be 
omputed.On
e T1 is obtained, the mixture pressure 
an be easily 
omputed using Eq. (32).4 ResultsThis se
tion illustrates various results. First, the implementation of the PR equation of stateis validated by running a monophasi
 sho
k tube where the liquid fra
tion is supposed veryredu
ed, and by 
omparing with respe
t to well-known results in literature. In this 
ase, theworking �uid is the FC70 �uid, permitting to simulate a rarefa
tion sho
k wave in the tube forInria
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ous two-phase �ows with real gas e�e
ts 17some spe
i�
 
onditions of pressure and temperature. The aim of this test 
ase is twofold, i) tovalidate the implementation of PR EOS and to 
he
k the robustness of the proposed numeri
als
heme. Se
ondly, a two-phase sho
k tube is 
onsidered where the interest of using a more
omplex equation of state with respe
t to a simpler one is determined for several operating
onditions.4.1 ValidationLet us 
onsider the test 
ase presented by Fergason et al. [25℄, where a rarefa
tion sho
k isobserved in a single-phase sho
k tube 
on�guration. This non-
lassi
al phenomenon has beenobserved numeri
ally in literature [26, 15, 27℄, even if an experimental 
on�rmation of the rar-efa
tion sho
k wave still does not exist. Only an a

urate EOS, su
h as the PR EOS, 
an des
ribea so parti
ular gas thermodynami
 behavior. For this reason, this test-
ase represents a goodvalidation for 
he
king the EOS implementation.The sho
k tube is �lled out with only one �uid, the FC70, but for numeri
al reasons, ea
h
hamber 
ontains a very weak volume of fra
tion of water (αl = 10−8). The left side is at apressure of 10.766× 105 Pa, with a density equal to ρ = 470.398 kg/m3, while the right one isat a pressure of 8.635 × 105Pa with a density equal to ρ = 248.991 kg/m3. The diaphragm islo
ated at x = 2.5 m (the tube is long 5 m). The results obtained with DEM have been validatedwith the numeri
al results obtained with the NZDG 
ode (see [15℄ for more details), 
omparingthe pro�les at a time of t = 2.3 ms. The Table 2 provides the �uid properties of FC70 and the
orresponding PR EOS parameters, i.e. the �uid a
entri
 fa
tor ω and the n 
oe�
ient (see Eq.37), taken from [28℄.In Figure 3, the evolution of dimensionless (
omputed with respe
t to the 
riti
al point)pressure, density, velo
ity and Ma
h along the tube axis are shown. A non-
lassi
al dis
ontinuitywave �eld displaying a rarefa
tion sho
k wave on x = 1.8 m (see Figure 3) and a 
ompressionsho
k wave on x = 3.5 m are observed. The results obtained with the DEM 
ode and the NZDG
ode [15℄ display a perfe
t agreement.Name M(Kg/mol) Tc(K) Pc(atm) vc(m
3/kg) ω n

FC70 0.821 608.2 10.2 1.8544×10−3 0.7584 0.4930Table 2: Mole
ular weightM , 
riti
al temperature Tc, 
riti
al pressure Pc, 
riti
al spe
i�
 volume
vc, a
entri
 fa
tor ω and n 
oe�
ient4.2 Dode
ane test-
asesIn this se
tion, let us 
onsider a sho
k tube �lled out with liquid dode
ane on the left and withvapor dode
ane on the right without mass transfer. In the �rst test-
ase, already shown in[11℄, the vapor operating 
onditions are far from the saturation 
urve. In order to evaluate theimportan
e of using a more 
omplex EOS, three others test 
ases have been 
onsidered, usingthe same operating 
onditions for the liquid dode
ane, but with the vapor operating 
onditions
loser to the saturation 
urve. These three 
onditions, reported in the Amagat diagram in �gure4, have been named as TC2, TC3, and TC4.4.2.1 Original dode
ane test-
aseThe sho
k tube is �lled out with liquid dode
ane on the left and vapor dode
ane on the right,but for numeri
al reasons, ea
h 
hamber 
ontains a weak volume of the other �uid (αk = 10−8).RR n° 8173



18 Abgrall, Rodio & Congedo

 !"#$% &' ()*+,$!-). )/ 01% 234 $%-#50- 6!01 01% ).%- )70,!.%8 6!01 01%  !"# 9)8% /)$ , *).)+1,-!9

-1)9:;0#7% <)6 !. 0%$*- )/ +$%--#$%= 8%.-!0>= 4,91 ,.8 ?%5)9!0>@

 !" #$%&'()& *&+*,'(+&+

A. 01!- -%90!).= 5%0 #- 9).-!8%$ , -1)9: 0#7% B55%8 )#0 6!01 5!C#!8 8)8%9,.% ). 01% 5%/0 ,.8 6!01 ?,+)$ 8)8%9,.%

). 01% $!"10 6!01)#0 *,-- 0$,.-/%$@ A. 01% B$-0 0%-0;9,-%= ,5$%,8> -1)6. !. DEEF= 01% ?,+)$ )+%$,0!." 9).8!0!).-

,$% /,$ /$)* 01% -,0#$,0!). 9#$?%@ A. )$8%$ 0) %?,5#,0% 01% !*+)$0,.9% )/ #-!." , *)$% 9)*+5%G 3HI= 01$%%

)01%$- 0%-0 9,-%- 1,?% 7%%. 9).-!8%$%8= #-!." 01% -,*% )+%$,0!." 9).8!0!).- /)$ 01% 5!C#!8 8)8%9,.%= 7#0

6!01 01% ?,+)$ )+%$,0!." 9).8!0!).- 95)-%$ 0) 01% -,0#$,0!). 9#$?%@ J1%-% 01$%% 9).8!0!).-= $%+)$0%8 !. 01%

K*,",0 8!,"$,* !. B"#$% L= 1,?% 7%%. .,*%8 ,- J(M= J(&= ,.8 J(L@

 !"!# $%&'&()* +,+-.)(- /-0/1.)0-

J1% -1)9: 0#7% !- B55%8 )#0 6!01 5!C#!8 8)8%9,.% ). 01% 5%/0 ,.8 ?,+)$ 8)8%9,.% ). 01% $!"10= 7#0 /)$

.#*%$!9,5 $%,-).-= %,91 91,*7%$ 9).0,!.- , 6%,: ?)5#*% )/ 01% )01%$ <#!8 N O@ J1% 5%/0 -!8% !- ,0

, +$%--#$% )/ P,= 6!01 , 8%.-!0> %C#,5 0) = 61!5% 01% $!"10 ).% !- -%0 0) ,. ,0*)-+1%$!9

+$%--#$% )/ P, 6!01 , 8%.-!0> %C#,5 0) @ J1% 8!,+1$,"* !- 5)9,0%8 ,0 * N01% 0#7%

!- 5)." E *O ,.8 01% $%-#50- ,$% -1)6. ,0 , 0!*% )/ @

J6) %C#,0!).- )/ -0,0%= $%&% PQ ,.8 IR %)-= 1,?% 7%%. 9).-!8%$%8@ K5-) 01% %G,90 -)5#0!). /)$ 01% IR 3HI

!- $%+)$0%8 N-%%  !"#$% SO@ J1% %G,90 -)5#0!). 1,- 7%%. -1)6. !. DEEF ,.8 !0 6,- 9,59#5,0%8 9).-!8%$!." ,.

3#5%$ *)8%5 9)#+5%8 6!01 01% IR 3HI@ J1% 9)*+,$!-). 6!01 %G,90 -)5#0!). )/ +$%--#$% ,.8 ?%5)9!0> +$)B5%-

)70,!.%8 6!01 7)01 01% 3HI -1)6- , "))8 ,"$%%*%.0= -1)6!." 01,0 01% ?!-9)#- 0%$*- 8) .)0 !.<#%.9%

01% B.,5 $%-#50@ K.>6,>= 01!- !- 9)1%$%.0 6!01 01% $%-#50- -1)6. !. DE&F@ J1%  !"#$% S !55#-0$,0%- , 95,--!9,5

!.9!8%.0 6,?% B%58= !. 61!91 , $,$%/,90!). 6,?% +$)+,",0%- /$)* 5%/0 0) $!"10 01$)#"1 01% 5!C#!8 N-%% +$%--#$%=

8%.-!0> ,.8 ?%5)9!0> +$)B5%- !.  !"#$% S ,0 *O= , 9).0,90 8!-9).0!.#!0> !- *)?!." /$)* 5%/0 0) $!"10

N-%% 8%.-!0> +$)B5% !.  !"#$% S ,0 *O ,.8 B.,55> , -1)9: 6,?% +$)+,",0%- 01$)#"1 01% ?,+)$ N,0

* !.  !"#$% SO@

J1% 9)*+,$!-). 7%06%%. 01% 06) 3HI 8)%- .)0 8!-+5,> 8!T%$%.9%- !. 0%$* )/ +$%--#$%= ?%5)9!0> ,.8 8%.-!0>

ES

Figure 3: Comparison of the DEM results with the ones obtained with the NZDG 
ode for amonophasi
 sho
k-tube �ow in terms of pressure, density, Ma
h and velo
ity.The left side is at a pressure of 108 Pa, with a density equal to ρl = 500 kg/m3, while the rightone is set to an atmospheri
 pressure of 105 Pa with a density equal to ρv = 2 kg/m3. Thediaphragm is lo
ated at x = 0.75 m (the tube is long 1 m) and the results are shown at a timeof t = 473 µs.Two equations of state, i.e. PR and SG eos, have been 
onsidered. Also the exa
t solutionfor the SG EOS is reported (see Figure 5). The exa
t solution has been shown in [11℄ and it was
al
ulated 
onsidering an Euler model 
oupled with the SG EOS. The 
omparison with exa
tsolution of pressure and velo
ity pro�les obtained with both the EOS shows a good agreement,showing that the vis
ous terms do not in�uen
e the �nal result. Anyway, this is 
oherent with theresults shown in [13℄. The Figure 5 illustrates a 
lassi
al in
ident wave �eld, in whi
h a rarefa
tionwave propagates from left to right through the liquid (see pressure, density and velo
ity pro�lesInria
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Figure 4: Dode
ane saturation 
urve. The dash line is the isothermal 
urve T = Tc. TC2, TC3and TC4 indi
ate the vapor operating 
onditions used in the se
ond, third and fourth test 
ases,respe
tively.in Figure 5 at x < 0.2 m), a 
onta
t dis
ontinuity is moving from left to right (see density pro�lein Figure 5 at x < 0.8 m) and �nally a sho
k wave propagates through the vapor (at x < 0.85 min Figure 5).The 
omparison between the two EOS does not display di�eren
es in term of pressure, velo
ityand density (Figure 5). On the 
ontrary, the temperature pro�les displays a di�eren
e betweenthe SG pro�le and the PR pro�le. Let us fo
us to the zone for whi
h x > 0.75 whi
h 
orrespondsto sho
k wave zone propagation though the vapor phase (Remark that for x < 0.75 the gasfra
tion is nearly equal to zero then the asso
iated temperature has not a physi
al sense). Ifon one hand it is normal to obtain two di�erent temperatures using two di�erent EOS whenimposing the same pressure and the same density, on the other hand a di�eren
e of about 300K, between the two temperatures, is observed.When 
avitating �ows should be 
onsidered, this di�eren
e 
an no more be negligible sin
e thatthe 
avitation term is a
tivated a

ording to the value of the lo
al temperature.4.2.2 Modi�ed dode
ane test-
asesNow, let us suppose to have the same liquid initial 
onditions of the previous test 
ase, but to
hange the vapor initial 
onditions as in Table 3 (see Figure 4). The diaphragm is lo
ated at
x = 0.75 m (the tube is long 1 m) and the results are shown at a time t = 473 µs. In this
ase, the pro�les obtained by using the two EOS show evident di�eren
es not only in terms oftemperature, but also in terms of density, pressure and velo
ity. In parti
ular, an in
reasingdensity di�eren
e of about 7.7%, 36.4% and 42.9% is shown for the PR EOS with respe
t toSG EOS in the 
ase TC2, TC3 and TC4, respe
tively. The same in
reasing di�eren
e 
an beobserved for the temperature pro�les. In parti
ular, we observe that, instead of the �rst two
ases (Figure 5-6), in the other ones, the temperature pro�le obtained with PR EOS is lowerthan the one obtained with SG EOS (see Figure 7-8). Observing that the density estimatedRR n° 8173



20 Abgrall, Rodio & Congedowith PR is always higher than the SG density, this 
hange is due to the pressure between therarefa
tion wave and the 
ompression sho
k. In fa
t, in the last two 
ases the pressure obtainedby PR between 0.15 < x < 0.85 is lower than the pressure obtained by SG EOS.Finally, it is important to observe that getting 
loser to the saturation 
urve, i.e. from TC2to TC4, the sho
k wave propagation velo
ity lowers, produ
ing a 
hange in the sho
k position.This 
an be observed in the velo
ity pro�les (see Figure 5-7).Conditions TC2 TC3 TC4
P [MPa] 1.6 1.5 1.4
V [m3/Kg] 0.017 0.012 0.01Table 3: Pressure and spe
i�
 volume for the TC2, TC3 and TC4 
onditions5 Con
lusion and Future WorkIn this paper, a semi-dis
rete s
heme for the resolution of interfa
e problems with vis
osityhas been presented, taking into a

ount two di�erent EOS for evaluating real gas e�e
ts. Aredu
ed �ve equation model, under the hypothesis of pressure and velo
ity equilibrium, is usedand dis
retized through the Dis
rete Equations Method (DEM). No mass and heat transfer issupposed. In this work, two EOS has been 
ompared, the SG EOS and the PR EOS. In parti
ular,the liquid phase is reprodu
ed by the SG EOS, instead, the vapor phase is reprodu
ed �rst withthe SG EOS and, then, with the PR EOS. The PR EOS implementation has been validated by
omparing the results obtained with the DEM 
ode with the ones of a monophasi
 
ode [15℄. Inparti
ular, the operating 
onditions and the working �uid have been 
hosen in order to reprodu
ea rarefa
tion sho
k wave. A perfe
t agreement has been obtained between the DEM and theNZDG 
ode. Then, a two-phase sho
k tube (liquid and vapor Dode
ane) has been 
onsidered,where the in�uen
e of using a di�erent equation of state has been evaluated. As expe
ted, for
onditions 
loser to the saturation 
urve, the importan
e of 
onsidering a more 
omplex equationof state, i.e. the PR EOS, in
reases. The implementation of the mass transfer terms is underway.6 A
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Figure 5: Vapor volume fra
tion, vapor density, mixture density, velo
ity, pressure and gastemperature pro�les for the original dode
ane test 
ase [11℄.RR n° 8173
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Figure 6: Vapor volume fra
tion, vapor density, mixture density, velo
ity, pressure and gastemperature pro�les for TC2 test 
ase. Inria
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Figure 7: Vapor volume fra
tion, vapor density, mixture density, velo
ity, pressure and gastemperature pro�les for TC3 test 
ase.RR n° 8173
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Figure 8: Vapor volume fra
tion, vapor density, mixture density, velo
ity, pressure and gastemperature pro�les for TC4 test 
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