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Discussion about sliding mode algorithms, Zeno
phenomena and observability

L. Yu, J-P Barbot, D. Benmerzouk, D. Boutat, T. Floquet an@feng

Abstract This chapter is devoted to a discussion about the relatiehsden first

and high order sliding mode algorithms and both types of 4&mattering and Gen-
uinely) behaviors of switched dynamical systems. Firgtig Henstock-Kurzweil

integral is recalled in order to set up the problem of switthgstems with Zeno
phenomena, which enables to include Filippov solution aké tnto account some
singularities. Then, observer designs based on the wellvkrsuper twisting algo-
rithm are proposed. For this kind of problems, the imporéaofdinite time conver-

gence of the observation error is studied, and some sironkére given to highlight
the discussion. Lastly, the two tanks example is given ireotd point out the dif-

ferences between both Zeno phenomena types, to show thatisHée after Zeno

and that a higher order sliding mode observer can be effitiefure, during and

after both Zeno phenomenatypes.
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This paper is a partial draft of the chapteiLiecture Notes in Control and Informa-
tion Sciences, 2012, Volume 412

1 Discussion on Zeno and sliding mode behavior

First order sliding mode concept has been well-known inmbsystem theory for
at least fifty years, especially since the book of Filippo4][1A system exhibiting a
first order sliding mode behavior can be seen as a variabietste system converg-
ing in finite time towards some constraint manifold and thiirey on this mani-
fold by means of permanent switches at an infinite frequeretyéen two system
structures. Commutations at infinite frequency betweersiisystems is named as
Zend phenomena in the hybrid dynamical system theory. The celdtetween first
order sliding mode and Zeno phenomena generates a hugesggtstions, such as:

1. Isfirst order sliding mode the only Zeno phenomena?

2. Do all Zeno phenomena always exhibit a sliding mode?

3. Is it possible to use a sliding mode approach in the comtieltybrid dynamical
systems?

4. Is there life after Zeno?

5. Are specific mathematical tools required?

The answer to the first question is no. In fact, since at ldaspioneer works
of S. Emelyanov, S. Korovin and A. Levant [13], [26], a neweyqf sliding modes
has been introduced called higher order sliding modes. fpis of sliding mode
ensures a finite time convergence onto a constraint mardffided by the vanish-
ing of some constraint variabkeand at least its first derivativealong the system
trajectories. The requirement trenust be also equal to zero in finite time has an
important consequence on the qualitative behavior of Zérempmena. For exam-
ple, in [31] Chapter 8 page 228, it is proved that the twistihgprithm generates
an infinite number of commutation in finite time, where any twme? is strictly
different to zero. Actually, one can distinguish differepialitative behaviors such
as the chattering Zeno phenomena and the genuinely Zenopleea, see Ames
et al.[2]. Roughly speaking, the chattering Zeno phenomena iwalgunt to obtain
a dwell time equal to zero after a finite number of commutatj@s it is exactly the
case for first order sliding mode. On the other hand, the getyuizeno phenom-
ena corresponds to obtain an infinity of commutation befttaiaing a dwell time
equal to zero, and this is exactly the case of the twistingréttym.

The answer to the second question is also no. For instanesides the bouncing
ball example (see [2] and [20]). This is a switched systenm yuimps (actually an
impact system [6]) that exhibits a Zeno phenomena. This kingystem has only
one dynamic and has a jump state at the impact instant befoodl bn the floor. It

1 This refers to Zeno of Elea and its paradoxes, see for exathphélle and the tortoise”
2 time interval between two switching instants
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is shown in [2] that the bouncing ball case generates a gelyufieno phenomena
and that the solution after the Zeno point (impact accuriarigboint) satisfies a
holonomic constraint which is different from the Filippasistion.

The answer to the third question is yes. This will be prove8éation 4 where a
sliding mode observer for a particular class of hybrid systevill be designed on
the basis of our previous work [34].

The answer to the fourth question is also yes. In the exanitedoouncing ball,
even if the model changes after the Zeno time, meaning in semge that “there is
no life of the original model after Zeno”, it will be shown thiais not the case for
the two tanks example.

The answer to the fifth question is also yes. In fact, in ordeoinsider the most
general class of systems, the most general definition ajiat&as to be considered.
To the best of our knowledge, the most general integral difimis the Henstock-
Kurzweil-Pettis integral (H-K-P integral). Neverthelg$sr the sake of simplicity,
this chapter will only deal with the Henstock-Kurzweil igtal (H-K integral) [18]
which is recalled in the Section 3.

2 Zeno Types

In this chapter, we will consider Hybrid Dynamical Systenefomging to the fol-
lowing class of switched systems without state jump:

n

x=f(x)+9(x)q= f(X)+i§19i (x)qi )
y=h(x)

wherex € U C R" is the set of admissible continuous state; R is the measured
output and where the vector fields U — R", gi : U — R"andh: U — R are suf-
ficiently smooth. Moreoveg; : Rt — Q = {0,1} is the discrete component of the
discrete vectogq.

The definition of time trajectory and Zeno phenomenon givej28, 23] can be
stated as follows:

Definition 1. A time trajectory is a finite or infinite sequence of intervajs =
{li}N,, whereN € N, such that:

o |i=[1,Ti1], i<Tmiiforall0<i<N.

e If N is limited, eitherly = [T, Tny1] With Ty < Tny1 @nd T, bounded oy =
[N, Tnga [ for Tn < Tgg < oo,

e For alli corresponds a discrete transitigr{t) such thatg;(t) is constant for
te [t il -

e Foralli andt € [1;, Ti11] corresponds a continuous evolutix().
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Definition 2.

A dynamical system is called Zenotif := S (Ti11— T;) is bounded.
i=0
This means that the system takes an infinite amount of déstiatsitions in a finite
amount of time, in this case the timgis called Zeno time.
It is known that there exist two fundamental types of Zeno:

Definition 3.

e Chattering Zeno: There exist a finite numbe® € N and a bounded valug
such that:

to = .zo(ri+l_ ) and Vj>C, [tj;1—tj]=0.
1=
e Genuinely Zeno: There exisC € N and a bounded valug such that:
to= 3 (tiy1—17) and Vj>C, [tj1—tj]>0.

Consider for example the twisting algorithm [13, 17, 26]sltlear that the conver-
gence on the constrained manifold givendyy s= 0 is due to a Genuinely Zeno
phenomenon [31]. Nevertheless, after the finite time cayemee on this manifold,
the Zeno behavior is a chattering phenomenon. So, for thaihgi algorithm the

Zeno type changes but the process never leaves the Zenddrehav

3 Mathematical recalls of H-K integral

The H-K integral, also known as the gauge integral, the gdized Riemann in-
tegral, was defined independently by Henstock and Kurzwethé 1950's. Let us
recall both the definitions related to the Riemann integnal the H-K integral in
order to clarify their differences.

Definition 1 Consider a real function f defined on an internvalb] C R. For
any tagged partition P ofa,b] such as a=xg < x1 <X < --- < Xy = b, and
Ti € [%-1,%] C [a,b], consider

f(P):= 3 F(5)05 =50

For any given functio® : [a,b] — R}, P is said to be &-fine tagged partition of
[a,b] if hj :==x —Xx_1 < (1) whered is called a gauge for each i.

Definition 2 A number | is called the Riemann integral (respectively thi Hte-

gral) of f: [a,b] — R if for each constant > 0, there exists a constadt (respec-
tively a functiond : [a,b] — R%), such that whenever P is@&fine tagged partition
of [a,b], one hagl — f(P)| < ¢.

Roughly speaking, the integral dfon [a,b] is obtained by approximating the
region under the curve defined @b] as a union of small rectangles. The Riemann
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integral requires that all those rectangles depend on aaan® while the H-K

integral uses a more sophisticatddd depends orr;). In fact, when a function
f oscillates more quickly at some points of the interfab], one has to tighten
the steph; at these points in order to approximate more accurately sheciated
surface. This is possible by choosihg< 6(t7i) such thatd(7) is a sufficiently

small positive value that depends on the place from wheredtiangle of height
f(7) is considered (see Fig. 1).

Fig. 1 lllustrative explanation of H-K Gauge

To highlight the principle of the H-K integral, consider ttveo following exam-
ples.

Example 1 Consider the function f defined ¢ 1] as follows:

[ x71sin(x=?) on]0,1]
f(x)_{o forx=0.

This function is neither Riemann nor Lebesgue integrahleHsK integrable, and
this can be proved by using a special choice of gauge (thatires|skill and effort)

given as follows:
VeE ift=0
o) = min{3,% | ifo<r<1

Example 2 Consider the function g defined @ 1] as follows:

X ifxe 2
g(X)—{Oifx¢£2

where2 represents the set of rationales. This function is discattus everywhere,
and thus it is not Riemann integrable but H-K integrable.dhde proved that its
value is equal td® by using a special choice of the gauge given by:
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271 e if T = p;
5(”—{1 itr¢ 2

where g, p2,..., p;j,... are the rationales.

Thus, taking a more general form of the gaugénstead ofd constant) yields a
richer class of possible integrands and permits to obtain th

Riemann integrable functiors Lebesgue integrable functionsH-K integrable
functions

Note that the H-K integral can also be generalized to bourmeghbounded
sets inR" and to more general spaces such as Banach spaces or ordaresl Sthe
most important feature of the H-K integral is its wider appbility. Moreover, it can
avoid abstract notions such as set theorglgebras or inner and outer measures.
This can be seen from the equivalence:

a set EC [a,b] is Lebesgue integrable=> its characteristic function is H-K
integrable

Moreover, many classical results formulated in the framéved the Lebesgue
theory, such as the Lemma of Fatou or the fundamental theofeaiculus, can be
simplified (assumptions on continuity for example are osdittvhen H-K integra-
bility is considered) [18].

Another important result is the Hake’s Theorem which st#tes it is not nec-
essary to consider “improper” H-K integral (as it is the caé®iemann integral)
because the construction of the H-K integral makes any “aper’ H-K integral
be a “proper” integral. Note also that other integrals, sagtDenjoy integral, Per-
ron integral, Lee and Vyborny integral, all turn out to be daglent” to the H-K
integral.

Some authors proposed an extension of the H-K integraleadflurzweil-
Henstock-Pettis integral (H-K-P integral) (see [8]) whatdfers an interesting pos-
sible applicability to Fourier analysis and differentigjuations. In this case, the
solution of a Cauchy problem given by:

X = f(t,X(t)) with X(0) = Xo
is studied as the solution of the following integral equiatio
it
X(0) = Yo+ [ (. X(w))dn
where the integral is in the sense of H-K. It does not requiang assumptions on

the considered system. So it can be seen as a tool that defaresaocurately (and
take into account) the specific and quick oscillations ofdbesidered dynamics.
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4 Observability and observer design for some classes of Hyior
dynamical system

The following three classes of switched systems withoufg@ame considered.

4.1 First basic observability form

The first proposed observability form is:

0.0 00
VAl Z fq
?2 1.0 00 Vi)
“l=lo~ooo||®]|+]° ®)
o 0...0 10/ \& 0

y=h(z) =z (3)

whereq is the discrete vector anfh is a continuous function with respect
and parameterized liy This system is regularly weakly locally observable and the
observability is independent from the discrete vegtor

4.2 Second basic observability form

The second proposed observability form is:

z=0a0(2) + (), 9€Q (4)
y = h(z) =z (5)
whereze R" andy € R

Assumption 1 The pair(ao(2),y) is regularly locally weakly observable

3 In addition to the classical locally weakly observabilitgndition (see [19]), the firsh — 1
derivatives in the rank condition are requested to be regeaa

dh
Rank : [z=n
dig th
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4.3 Extended observability form

The following extended observability form includes botleydous forms:

: 010..
’5_1 001.. ©
érfl 000 Er !
n'lzé_r:aoéané @
N =PBo(&,n)+ (&) (8)
y=2~¢ 9

wheref = (&1---&)", 0= (N1, ,Mnri1)" @andf = (N2, ,Mn_ri1)"-

Assumption 2

The pair < ( do(¢,1) ) ,n1> is uniformly weakly locally observalle
Bo(¢.,n)

In this paper, any consideration on the existence of thesaifforphisms which
transform a switched system into one of these forms is gikemertheless suffi-
cient conditions may be found in our previous work [34].

4.4 Discussion on the observability of the first basic obssaity
form

For the form (2)-(3), an estimate of the continuous sfatean be obtainedia an
algebraic estimator as defined in [29, 30], a sliding modesnies ([3, 12]), or a
high order sliding mode observer [9, 16, 27, 32], becaused then — 1 first time
derivatives ofy provide sufficient information in order to estimate the combus
state.

4.5 Discussion on the observability of the second basic
observability Form

In the form (4)-(5), the discrete staggs not considered as an unknown perturbation
but as an input, consequently the following assumptiondsiested:

4 uniformly with respect t&.
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Assumption 3
The discrete state q is known ampgly) is Henstock-Kurzweil-Pettis integrabile
(see [18], [8], [33]) or NV-Integrable [10].

Clearly, this assumption can not be satisfied in the case b6 phenomena, such
as for the Chattering Zeno (i.e. after some time the dwelétimexactly equal to
zero) or for the Genuinely Zeno (i.e. the dwell time is newguad to zero) [2]. So,
in practice, it is only possible to obtain the filtered digerstateqs, instead of the
real discrete statg. Consequently, Assumption 3 is replaced by the following:on

Assumption 4

e a- The system (4)-(5) is affine with respect to the discrete g, i.e.yy(y) =
y(y)q, wherey is at least a € function of y.

e b- The functiong(y)q andy(y)q; are Henstock-Kurzweil-Pettis integrable and
the mean value gis measurediia a low pass filter with a large enough band-
width on the time intervdl, a].

Moreover, consider the following system:

o(2) (10)
(2) =z (11)

I
ot Q

z
y
and assume that:

Assumption 5 For the system (10)-(11), there exists an observer suchhleaton-
tinuous state observation error (i.e. the difference betw#he continuous state ant
its estimate) is exponentially stable.

Remark 1 Under some specific assumptions such as Lipschitz conditiparsis-
tent excitation, it is possible to design classical highrgalbservers [4] or adaptive
observers [7]. Without the perturbation term, those obseswan guarantee the
exponential stability of the continuous state observagioor.

Then, it is possible to set the following proposition:

Proposition 1

eA) Under Assumptions 1, 3 and 5, system (4)-(5) with Zeno phenomis observ-
ablé®.

eB) Under Assumptions 1, 4 and 5, system (4)-(5) with Zeno phenomis practi-
cally observablé

5 see also Denjoy-Khinchine integrable.
6 The observation error can be assigned to zero

7 The observation error can be constrained to lie within angsumble vicinity of zero but not
zero.
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Proof. Proof of partA: there exists an observer of the form:

2= B(zy.y) 12)
V=1 (13)
which ensures the exponential stability of the continudatesobservation error

e=z—zfor system (10), (11). Consequently, there exists a LyapfumctionV (e)
with respect to (10), (11) and (12), (13) such that:

V=2 (@02~ Bl2yy) < kv (14)
with K > 0.
Modifying (12), (13) as follows:
2=B2Y.9)+Var (¥)  Withyg, () = v(y)ar (15)
y =2 (16)

the state observation error for system (4)-(5) and obsét#(16) is exponentially
stable. Using the previous Lyapunov function, one has:

ov

V = 2= (@0(2) ~ BEY.9) + YY) — ey (1) < KV

whereK’ = K 4 su Rejo.a)tlO(y())[}
Proof of partB: the observation error for systems (4)-(5) and (15)-(1€ploees:

e=ao(2) —B(ZY,9) +y(y)(a—ar)

From condition b) of Assumption 4, one obtains that

p=y(y)p with p=qg—gs

is a Cauchy problem for each fixed initial valyg in the sense of Henstock-
Kurzweil-Pettis integrals.
Using the same method as Filippov in [15] page 17 and settiage — p, one has:

£=0a0(2) - B(2Y.y) 17

which admits a local solution in the Carathéodory senseddd, " | C [0, a]. More-
over, Assumption 5 and the observer (12)-(13) ensure tleag tbxists a Lyapunov
functionV (e) for (10)-(11) which satisfies (14). Consequently, derivatdfV (&)
with respect to (17) gives:

V= (ao(2) - B(zy.9) (19
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Sincee = e— p, one hasg%|s = 4%|¢ and from Assumption 5, it is possible to
rewrite (18) as follows:

ov

V = % |e(ao(2) - B(Zyvy))
2
_%%|e[0(p)®(ao(z)—B(Zy,f/))Ho(pz)

with limp_,0O(p) = 0.
As for all € > 0, there exists a filter artgd > 0 such that/t > t;, we have

YY(0))(a(0) — ar(0)) do] < &

Ipll = sup
o<t<r |J/ty
one obtains
_ 2
V() < KV (e) + 5| 22 10(R) & (co(2) ~ B(2.y.9)
+10(1pIP) (19

Consequently, it is possible, for eaéh> 0, to sete << \% and the inequality (19)
becomes

V(e) < —K'V(g) +[0(e)]
So, one can conclude that fe¥ By, := {e:V(e) < Vy}, one has:

) "

V(e) < —7V(£) for some K” >0

because << % guarantees thaO(e)| < .

4.6 Observability for the extended observability Form

For system (6)-(9), according to the previous discussiotihembservability for the
two basic forms, one can easily conclude:

Corollary 1
Under Assumptions 2, 4 and 5, the system (6)-(9) with Zenogrhenon is prac-
tically observable.

Consequently, it is possible to design an hybrid observettis system: for the
observation o, a step-by-step high order sliding mode observer can beguedi
to obtain a finite time estimate @f. So, after the convergence &f & (or 1) can
be considered as an output, and one can design an asymjtedic/er (for example
a high gain observer) to estimaje as shown in Figure 2.
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Measured Output ¥ Sliding mode for ‘Observation of Slnlu:'

>

\

Subsystem 1

A 4

Gervatl States /

High Gain for Ohbservation of States /]

Filtered Discrete State Subsystem 2
i }

Fig. 2 Hybrid observer scheme.

Example 3 Consider the following system:

21222

-22223—£+%Zz+%yq(22) (20)
23: —22

Yy=2

with yy(z2) = sign(w) - o, where w is a high frequency noise. This form of g theoret-
ically leads to a Zeno phenomena.

Fig. 3 Results of Observer for system (20) for

For this example, one can follow the scheme shown in Fig. 2iiid lan hybrid
observer. First, one considers the statgsand », where z is known and z is
observed through a sliding mode observer. Deriptas the observation obzThen
the remaining state dynamics has the following form:

2= -+ 32+ 3y(2)
LB3=—-2

Y=2
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Fig. 4 Results of Observer for system (20) far

where the value ofyzis taken as the output of the subsystem (21), i.e. . One
can observe the statg msing a high gain observer. The performances are shown in
Fig. 3 and 4, where Fig. 3 shows the stageand the observed stafe and where
Fig. 4 depicts the same fog.Zin fact, the high gain observer (with as output and
2,73 as states) must be switched on only after the convergendedfnite time
sliding mode observer (with as output andz z, as states). Hence one can assign
Z3 to be zero at the beginning of the observation procedure.

5 The two tanks example

consider the two water tanks example [21] in Fig. 5, which tymcal switched
system where Zeno behavior may exist if the commutationefitater distribution
between both tanks is considered instantaneous with respte other dynamics.

The simplified model of the two water tanks system describdgg. 5 is given

(R)-(0)-()s

wherehy, hy are the water levels for each tanksg,v, are the flows of water out of the
tanks,v is a constant input flow of water which goes through a pipe atwleither
tank at any particular time point, argis the switching state of the pipe which is
determined by the transient conditions (see Fig. 6 and Figy. tivo different cases).

By considering Torricelli’'s law, one hag = /2gh; andv, = /2ghy, whereg is
the gravity. Then the dynamic can be rewritten as

hl _ (v—+/20 -V

()= (e )= (V) e
Assume that the only measured signayis h; 4+ h, (v andq are supposed to be
unknown). Then the system is regularly locally weakly olabte:
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Fig. 5 Two water tanks system

h,<2h,

h,=2h,
Fig. 6 The transient of discrete state for the casb;1=f 2h,).

hy<4,h,>15

hy>=4,h,<1.5

Fig. 7 The transient of discrete state for the casb;2= 4 andh, = 1.5).

1 1
rank(?/) = rank( 1 ) =2 (22)
y V2gh V29,
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excepted on the s&
So = {(hy,h2)" : hy = hy}.

This set is a set of observability singularities and it is aniftdd of dimension
n—1 = 1. Moreover,S, separates the state space in two parts. It is important to
note thatSy characterizes the singularity observability consideidndy y andy.
However, there exist several different observability dééins for nonlinear systems
and hybrid systems [5], [11], [20], [22],[25], involvingdth order output derivatives
with order greater than the dimension of the state space.

Moreover, the system satisfies the observability matchimglition [31F

dy 9y

34 39 0 (23)
Conditions (22) and (23) are necessary and sufficient ciondifor the existence
of a diffeomorphism which transforms, at least locally, $iystem (21) into the first
basic normal form. Then, under the diffeomorphi&m ¢(hy, hy) with @ (hy,hy) =
hi +hz and@(hy, hy) = v—/2gh; — /2gh, the system is locally transformed into
the first basic normal form (2)-(3):

=256 (24)
;|9 (v=v2ghm—vg) (vq—/2gh)

2= ﬁ < N = )

y=2¢&1

where

2
1(v-¢& (v—&2)?
h1_£_1<\/2_g+u 251—279) )

2
C1(v-& (v—&2)2

Using this state transformation, one has to choose eitleetréljectories are in the
subspace% = {(hg,hz) 1 hy > hy} or 5 = {(hy,h2) : hy < hp}, whereSy is the
boundary between both of them. Thys= 1 if the state is inS} andpu = —1 if

the state is ir55. In both cases given in Fig. 6 and Fig. 7, the system behasior i
principally or exclusively in the subspabg > h,. Then the appropriate change of
coordinates it = 1. This highlights the fact that the diffeomorphismis onlgpeal

8 Considering a system of the following form:

x = f(x)+9(x)q
y = h(x)

the observability matching condition with respecttis satisfied ifLgh= ... = Lg‘zh =0
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transformation and in this case the validity domains a@nsfly related td.
Regarding the particular properties of the hybrid dynaisgatem (observability
matching condition and regularly locally weakly obsenli&pi and taking advan-
tage of the basic normal form (24), a higher order sliding enobdserver [9, 16, 27]
only made here of one super twisting algorithm step becaes&riowledge of the
discrete state is not required. The proposed observer is the following:

%1 =&+Aly— §1|%sign(y— &)
& = asignly — &) (25)
y=2=¢

Settinge; = &1 — 21 ande, = & — 32, the observation error dynamics is:

& = & — Aler| ?sign(er)
& = & —asign(er) (26)

which is stable for appropriate valuesmfandA [27, 32]. In the given simulations,
A =5, a = 40 and a computation step equal to 29is used with the solver ode5
of Matlab.
Case 1(Fig. 6) exhibits a chattering Zeno phenomeha.(= 0 when the state be-
havior reaches the sliding manifaid = 2h, approximatively at time = 0.2s) and
the system slides on the switching manifold uhtil~ 2.5 andh; ~ 1.25 (see the
green trajectory in Fig. 8 and Fig 9). Note that the Zeno tigm this case is not
unique, because during all the period the system slidesenwiitching manifold,
there is an infinite number of commutations in every smalktimterval. The fact
that the Zeno behavior is not restricted to a particular tinsantt.,, but appears
during a finite or infinite time interval is characteristicatliding mode behavior.
Here, when the system has reached the switched manifold diyé; = 2h,, the
system never leaves the constrained manifold (it is an iawaone).
The system behavior (in green) and the observer behavicedjrare given in Fig. 8
and Fig. 9 for an appropriate choice of coordinate and a webiogce of coordinate,
respectively.
The observation errors in original coordinates are giveRign10. As the original
behavior does not croSy (in blue in Fig. 8 and Fig. 9), the observer (25) converges
and it is not at all influenced by the Zeno behavior of the olegsystem (even if
it is a chattering Zeno which slides on the switching mauifol

Case 2(Fig. 7) exhibits a genuinely Zeno phenomena. Roughly spgathe sys-
tem switches more and more quickly and infinitely until timeet., ~ 1.6 which cor-
responds to the time when the state is equal to the desireghpaet andh, = 1.5).
After that, there istill life [2] (see the green trajectory in Fig. 12). The system tra-
jectories in the phase plane are given in Fig. 11 and Fig. 1B am appropriate
and a wrong choice of coordinate, respectively. Life aften@ is due to the fact
that the inputv is strictly smaller tharvy + v, (the desired point is semi attractive,
in fact the state behavior reachdg & 4, h, = 1.5) only if the initial conditions
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Fig. 10 The observation errors in the original coordinates.
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verify h; 4+ hy > 5.5). Since the original system trajectory (in green) croskes
observability singularity sk, the observer trajectory diverges when the trajectory
is in the opposite subspace. Moreover, when the systenctoajas close to the ob-
servability singularity se®o, the observation errors increase even if the coordinates
choice is correct.

The observation errors in the canonical coordindtesre given in Fig. 13¢; =

&1— 21 in blue ande, = &, — 31 in red). The observation errors are shown only dur-
ing the first second, because the higher order sliding moderubr (25) converges

in a finite time~ 0.1sand is not substantially perturbed by tBgcrossing or by the
Zeno behavior of the original system. The observation siirothe original coordi-
nates [1, hy) are given in Fig. 14 and it is clear, for such coordinateat the error
dynamics are strongly influenced by the crossin§gfThe Zeno time i, ~ 1.6s
(whenh; = 4 andh, = 1.5). Then, the system converges to a limit cycle and the ob-
server works well in both coordinates (original coordisatéth appropriate choice
and canonical coordinates) because the limit cycle doesrnesSo.

Fig. 11 The phase plane with an appropriate choice of coordinate.
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