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A COMPUTATIONAL APPROACH TO THE DISCRIMINANT OF
HOMOGENEOUS POLYNOMIALS

LAURENT BUSE AND JEAN-PIERRE JOUANOLOU

ABSTRACT. In this paper, the discriminant of homogeneous polynomials is
studied in two particular cases: a single homogeneous polynomial and a col-
lection of n—1 homogeneous polynomials in n > 2 variables. In these two cases,
the discriminant is defined over a large class of coefficient rings by means of the
resultant. Many formal properties and computational rules are provided and
the geometric interpretation of the discriminant is investigated over a general
coefficient ring, typically a domain.

1. INTRODUCTION

The discriminant of a collection of polynomials gives information about the na-
ture of the common roots of these polynomials. Following the example of the very
classical discriminant of a single univariate polynomial, it is a fundamental tool in
algebraic geometry which is very useful and has many applications. Several def-
initions of the discriminant can be found in the literature, but they are not all
equivalent. Recall briefly the most standard one ([GKZ94]) for polynomials with
coefficients in the field of complex numbers C: given integers 1 < ¢ < n and 1 <
di,...,d., denote by S the set of all c-uples of homogeneous polynomials f1,..., f.
in the polynomial ring C[X}, ..., X,] of respective degrees di,...,d.. The subset
D of S corresponding to the c-uples fi,..., fe such that {f1 = fo=...= f. =0} is
not smooth and of codimension c is called the discriminant locus. It is well-known
that D is an irreducible algebraic variety of codimension one providing d; > 2 for
some i € {1,...,c} or ¢ =n. The discriminant is then defined as an equation of D
(and set to be 1 if D is not of codimension one).

As far as we know, the literature on the theory of the discriminant goes back to
an outstanding paper by Sylvester [Syl64b, Syl64a] where among others, an explicit
formula for the degree of the discriminant is given. Then, one find the works by
Mertens [Mer86, Mer92], where the concept of inertia forms is already used, and
some other works by Konig [K6n03], by Kronecker [Kro82], by Ostrowki [Ost19]
and also by Henrici [Hen68]. There is also an important contribution by Krull
[Kru39, Krud2] who studied Jacobian ideals and some properties of the discrimi-
nant, especially in the case ¢ =n — 1. An extensive study of the case ¢ = 1 can be
found in a Bourbaki manuscript by Demazure [Dem69] that was unfortunately left
unpublished until very recently [Dem12].

For the past twenty years, one can observe a regain of interest, in particular
regarding properties with respect to the shape (total degree, partial degrees, Newton
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polyhedron, etc) of the discriminant. Unlike the previously mentioned works, the
techniques are here more advanced and uses homological methods. The book by
Gelfand, Kapranov and Zelevinsky [GKZ94] was definitely a turning point in this
modern approach. One can also mention the paper by Scheja and Storch [SS08] and
the more recent one by Esterov [Est10] that deals with more general grading of the
polynomials (they correspond to anisotropic projective spaces and more general
toric varieties respectively). It is as well worth mentioning the recent paper by
Benoist [Benll] where the degree of the discriminant is carefully studied (see also
[Syl64b, Syl64al).

There are drawbacks to the modern above-mentioned definition of the discrimi-
nant. First, this definition is not stable under specialization (or change of basis). In
other words, the discriminant is a polynomial in the coefficients of the polynomials
f1,.-., fc and a given specialization of these coefficients does not always commutes
with this construction of the discriminant. Such a property is however a natural
request for the discriminant. Notice that it is actually well satisfied when defin-
ing the discriminant of a single univariate polynomial f as the determinant of the
Sylvester matrix associated to f and its first derivative. Second, the discriminant
is defined up to multiplication by a nonzero constant. This is not satisfactory when
the value of the discriminant is important, and not only its vanishing, as this is
for instance the case for some applications in the fields of arithmetic geometry and
number theory (see for instance the recent paper [SS11]). Finally, this definition is
only valid under the hypothesis that the ground ring is a field, often assumed to be
algebraically closed and of characteristic zero. But for many applications, it is very
useful to understand the behavior of the discriminant under general ground rings.

These three drawbacks are important obstructions that prevent the discriminant
from having a well developed formalism, in particular some properties and formulas
that allow to handle it as a computational tool. In many situations such a formalism
is actually more important than the value of the discriminant itself, even more im-
portant because this value is often unreachable by direct computations. Moreover,
the discriminant gives more insights if it is defined without ambiguity (in particular
not up to a nonzero constant multiplicative factor) over a general coefficient ring
(see for instance [BMO09]). As a first stage, the goal of this paper is to provide such
a theory of the discriminant in the two cases ¢ = 1 and ¢ = n — 1. To this aim,
we will define the discriminant as a particular instance of the resultant. In this
way, we will take advantage of the existing formalism of the resultant as developed
by Jouanolou [Jou91] and will be able to rigorously state that the discriminant is
stable under a change of basis. As a consequence of this approach, we will provide
a detailed analysis of the geometric behavior of our definition of the discriminant.

After some reminders and preliminaries on the resultant in Section 2, Section
3 deals with the case ¢ = n — 1, that is to say the discriminant of a finite set of
points in complete intersection in a projective space. Such a discriminant already
appeared in two papers by Krull [Kru39, Kru42]. Based on them, we give a general
and universal definition of the discriminant and develop further its formalism. In
particular, we provide a full description of the base change formula. Then, if the
ground ring k is assumed to be a domain, we show that the discriminant is a prime
polynomial if 2 # 0 in k£ and is the square of a prime polynomial otherwise.

In Section 4, we will study the case ¢ = 1, that is to say the discriminant of a
hypersurface in a projective space. This case is the more classical and it already
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appeared in [GKZ94, chapter 12.B], in [Dem69] and more recently in [SS11]. Our
contribution is here on the extension of the study of the discriminant to an arbitrary
commutative ground ring k, as well as several formal properties. If k£ is a domain,
we show that if 2 £ 0 and n is odd then the discriminant is a prime polynomial.
Otherwise, if 2 = 0 in k and n is even, the discriminant is the square of a prime
polynomial. In addition, we also provide a detailed study of the birationality of the
canonical projection of the incidence variety onto the discriminant locus.

Finally, we end this paper with an appendix where we give rigorous proofs of
two remarkable formulas that are due to F. Mertens [Mer92, Mer86]. We will use
these formulas at some point in text, but these formulas are definitely interesting
on their own.

All rings are assumed to be commutative and with unity.
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2. PRELIMINARIES

We recall here the basic definitions and properties of inertia forms and the re-
sultant that we will use in the rest of this paper to study the discriminant of
homogeneous polynomials. Our main source is the monograph [Jou91] where a
detailed exposition can be found.

Suppose given r > 1 homogeneous polynomials of positive degrees dy,...,d,,
respectively, in the variables X7,..., X,, all assumed to have weight 1,

fi(X1,..., X,) = Z UiaX® i=1,...,m
‘Oc|:d,;
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Let k be a commutative ring and set xA = kU, |i = 1,...,r,|a| = d;] the
universal coefficient ring over k. Then f; € yC = (A[X;,...,X,] for all i =
1,...,r. We define the ideal I := (f1,..., fr) C xC and the graded quotient ring
kB := ;C/I. The main purpose of elimination theory is the study of the image of
the canonical projection

Proj(xB) — Spec(rA)

which corresponds to the elimination of the variables X7, ..., X, in the polynomial
system f; = --- = f. = 0. It turns out that this image is closed (the latter
projection is a projective morphism) and its defining ideal, that we will denote by
x2l and which is usually called the resultant (or eliminant) ideal, consists of the
elements of ;A which are contained in I after multiplication by some power of the
maximal ideal m := (X1, ..., X,,) C xC. In other words, ;2 is the degree 0 part of
the Oth local cohomology module of B with respect to m, i.e. x4 = H2 (;B)o.

2.1. Inertia forms. First introduced by Hurwitz, inertia forms reveal a powerful
tool to study the resultant ideals, notably in the case r = n corresponding to the
theory of the resultant, and more generally elimination theory.

Definition 2.1. The ideal of inertia forms of the ideal I with respect to the ideal
m is the ideal of ,C

W TF(I) =7 Y (HL(xB)) ={f €1C:veNm"'fCI}CC
where 7 denotes the canonical projection ,C — B = ,C/I.

Observe that the inertia forms ideal is naturally graded and that ;2 =  TF (I)o.
We recall two useful other descriptions of this ideal.

Let us distinguish, for all i = 1,...,r, the particular coefficient &; := Uj (o....0,d:)
of the polynomial f; which can be rewritten in ,C[X, 1]

fi=XEE+ Y UiaXX ™).
a#(0,...,0,d;)
Then we get the isomorphism of k-algebras

~

¥Bx, = kUja:Uja#EN[X1, -, X[ X)) (2.1.1)

n

fi « 7di
£ = E-sq=- Yo UiaX°X,
n a#(0,...,0,d;)

and of course similar isomorphisms for all the ;By,’s. They show that X; is a
nonzero divisor in ;B for all couple (i,5) € {1,...,n}?, and by the way that, for
alli e {l,...,n},

FTFn(I) ={f€1C: 3w eNX/f CI}=Ker(;C — By,). (2.1.2)

In particular, if the commutative ring k is a domain, it follows that the ,Bx,’s are
also domains and thus that ,TF(I) is a prime ideal of ;C, as well as ;2. Note
also that, as a simple consequence, we obtain the equality

WA = TFo(Do = AN (f1,..., fr) (2.1.3)
where fi(Xla' . -;Xn—l) = fi(Xla ce 7Xn—17]-) S kA[Xl, Ce 7Xn_1].
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The combination of (2.1.2) and (2.1.1) also gives another interesting description
of ;TF,,(I). Indeed, similarly to (2.1.1), we define the morphism

T:5C = kUi o | Uia # &)X, - .. X[ X e & - %
which is sometimes called the Kronecker substitution. Then, it follows that
$TFn(l) ={f € xC : 7(f) = 0}. (2.1.4)

In other words, an inertia form is a polynomial in ;C' that vanishes after the sub-
stitution of each & by & — fi/X% for all i = 1,...,r. This property yields in
particular the following refinement of (2.1.3):

-
WA= TFn(D)o = xAN Y fikAlfi...., frl. (2.1.5)
i=1
2.2. The resultant. We now turn to the particular case r = n, usually called
the principal case of elimination. As we are going to recall, in this situation the
resultant ideal 2l is principal and the resultant is one of its generator. We will
need the

Notation 2.2. Let k be a commutative ring. Suppose given a k-algebra R and, for
all integer i € {1,...,n}, a homogeneous polynomial of degree d; in the variables
X, X,
g; = Z ui7aX°‘ S R[X1, ce 7X77,]di-
|a|=d;

We denote by 6 the k-algebra morphism 0 : ;A — R : Ujo — Uja corresponding
to the specialization of the polynomials f; to the polynomials g;. Then, for any
element a € A we set a(g1,...,9n) = 0(a). In particular, if R = A and 0 is the
identity (i.e. g; = f; for all i), then a = a(f1,..., fn).

Proposition 2.3 ([Jou91, §2]). The ideal z2 of zA is principal and has a unique
generator, denoted zRes, which satisfies

zRes(XT ... Xdn) =1. (2.2.1)

Moreover, for any commutative ring k, the ideal 12 of A is also principal and
generated by pRes := A(zRes), where A denotes the canonical morphism

A ZA = Z[Ui7a] — kA = k[Ui7a] : Uj,a — Uj,a.
In addition, yRes is a nonzero divisor in A.

In view of Notation 2.2, we have defined the resultant of any set of homoge-
neous polynomials of positive degrees f1,..., fn € k[X1,...,X,], where k denotes
any commutative ring; we will denote it by Res(f1,..., f,) without any possible
confusion. Indeed, this resultant is by definition obtained as a specialization of the
corresponding resultant in the generic case over Z, that is to say zRes (with the
corresponding choice of degrees for the input polynomials). Therefore, the resultant
has the property to be stable under specialization whereas this is not the case of
the inertia forms ideal in general. Nevertheless, we have the following property.

Proposition 2.4. The ideal of inertia forms is stable under specialization up to
radical. More precisely, let R be a commutative ring and p : zA — R be a special-
ization morphism. Then, the ideals p(zTFw(I)o).R = (p(zRes)) and TFn(p(I).R)o
are two ideals in R that have the same radical.



6 LAURENT BUSE AND JEAN-PIERRE JOUANOLOU

Proof. This result corresponds to a general property of proper morphisms under
change of basis. As we already said, the canonical projection Proj(zB) — Spec(zA)
is a projective, hence proper, morphism whose image is closed and defined by the
ideal zTF(I)o C zA. The specialization p corresponds to a change of basis from
Spec(R) to Spec(zA). Since the support of the closed image of a proper morphism
is stable under change of basis, we deduce that, as claimed, the support of the
inverse image of the closed image of Proj(zB) — Spec(zA) is equal to the support
of the closed image of

Proj(zB) Xspec(,4) Spec(R) — Spec(R).

We can give another proof, somehow more elementary, of this proposition. In-
deed, by specialization it is clear that

P TFn(1)o)-R = (p(zRes)) = (Res(p(2), - - p(f))) C TR (p(D)-R)o.
Let a € TFw(p(I).R)o, so that there exists an integer N such that foralli =1,...,n

XNae (p(fr),...,p(fa)) C R[X1,..., X,
It follows that
(XNa,XNa,...,XNa) c (p(f1),...,p(fa)) C R[X1,...,X,]

and hence that Res(p(f1),-..,p(fsn)) divides Res(X{a,..., X Na) in R by [Jou9l,
§5.6]. Now, using [Jou91, Proposition 2.3(ii)], we obtain that

Res(XNa,..., XNa) = a™" "Res(XY,..., Xx¥)=a"V" " € R.

n

Therefore, Res(p(f1),--.,p(frn)) divides a™""" in R and hence TFm(p(I).R)o is
contained in the radical of the ideal (Res(p(f1),...,p(fn))) C R. O

The resultant have a lot of interesting properties that we are going to use all
along this paper; we refer the reader to [Jou91, §5] and each time we will need one
of these properties we will quote a precise reference from this source (as we have
just done in the proof of the previous proposition).

We end this paragraph by recalling the old-fashion way, still very useful in some
cases, to define the resultant (see for instance [Zar37]). To do this, let us introduce
n new indeterminates 77, ...,T,. From (2.1.5) we deduce easily that

KTFa((f1 = TV X0, fo = T X))o =
{P(Ti,...,Tn) € 4A[T1, ..., To] : P(fi,..., fn) = 0},
equality which can be rephrased by saying that the kernel of the map
b wA[TL, .. T, = RA[X0, .. X ] T f;

is a principal ideal generated by Res(f1 — Ty X%, ..., f, —T,,X%). Thus, we obtain
an explicit formulation of (2.1.5) under the form

Res(fi — X, ... fo = fuXi") =0. (2.2.2)
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2.3. A generalized weight property. When dealing with the discriminant of n—
1 homogeneous polynomials in n variables, we will need a property of homogeneity
for the resultant that is due to Mertens [Mer86] and that has been generalized
by Zariski about fifty years later [Zar37, Theorem 6]. For the convenience of the
reader, we provide a proof of this result.

Suppose given n integers pi1, ...,y such that for all ¢ = 1,...,n we have 0 <
wi < d; and set f; = X#ig;+h; where all the monomials having a nonzero coeflicient
in the polynomial h; is not divisible by X#+, i.e. is such that «,, < p;. Now, define
the weight of each coefficient U; o, i = 1,...,n, |a| = d; by

0 if g, < pg (2.3.1)

weight(U; o) := {a — o if apy >

(we will refer to this grading as the Zariski grading) and set

Res(fla“'afn):H(flv"'vfn)+N(f17"'7fn)EkA

where H is the homogeneous part of minimum degree of the resultant, using the
above weights definition.

Proposition 2.5. With the above notation, there exists an element

Hl(fl7"'7fn) € k:A

which is of degree zero and that satisfies

H(fla“'afn) = Res(gh~~'7gn)H1(f17"'7fn) € kA
In particular, the degree of H is equal to [, (d; — ps).

Here is an immediate corollary that is the form under which we will use this
property later on.

Corollary 2.6. For alli =1,...,n, define the polynomials h; and rename some
coefficients U; o of fi so that f; = Xfff'_l(Z;L:l VijX;) + hi. Then, we have

Res(fl, ey fn) — det((m,j)i,j:l,.“,n)Hl S (Vl,n, ey Vnm)Q C kA.

Proof. Let ¢ € TF(f1,..., fn) N A, so that there exists an integer N such that
XN¢ € (f1,...,fn), and define ¢y € A as the homogeneous part of minimum
degree of ¢ with respect to the weights given in (2.3.1). We begin by showing that
b0 € TFn(g1,-.-,9,) N A.

In addition of the weights (2.3.1), we set weight(X;) =1foralli=1,...,n—1
and weight(X,,) = 0. In this way, for all i = 1,...,n the terms in the decomposition
fi = X! g; + h; are such that X#+g, is homogeneous of degree d; — u; whereas h;
contains monomials that are homogeneous of degree strictly bigger than d; — ;. To
emphasize this property, introduce a new indeterminate ¢ and consider the linear
transformation

XthXi, Z‘:L...,nfl
X, — X,
Ui o+ tveiettWoarn i =1,...,n, |a| = d,.
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Denoting by v the degree of ¢y and applying the above transformation, we deduce
that

XNt (o + two) €
(AP (X I gy + twy), t2 72 (X K2 gy + tws), . .. 2 TR (X b g, + tw,))  (2.3.2)

n

where w; € A[Xy,...,X,,t] for all i = 0,...,n. Having in mind to use the char-
acterization (2.1.4) of inertia forms, for all i = 1,...,n we set g; = 9, X%~ + o,
gi = 9i(X1,...,Xn-1,1) and @; = ¢;(X1,..., Xn—1,1). Now, the specialization of
X, to 11in (2.3.2) yields

t"(¢o + two) € (g1 + tw1, G2 + twa, ..., Gn + twy)

and then the specializations of n; to —@; — tw; for alli =1,...,n give
ty((bo(_gﬁl - tW]_, DR _(1577, - twn) + two(_ggl - tW]_, DR _951'7, - twn)) =0 (233)

in A[X1,...,X,,t], where the quoted arguments of ¢y and ¢; are those corre-
sponding to the coefficients 71,...,n, respectively. But since ¢ is a nonzero divi-
sor, we can simplify (2.3.3) by ¢”. Then, by specializing ¢ to 0 we deduce that
do(—p1,. .., —¥n) = 0 and hence that ¢g € TF (g1, ,9n)-

Now, applying the above property to ¢ = Res(f1,..., fn) we deduce that there
exists H; € A such that H = Res(g1, . .., gn)H1. However, to conclude the proof it
remains to show that H; is of degree zero, or equivalently that H and Res(g1, - . -, gn)
have the same degree with respect to the weights (2.3.1). Notice that we already
know that Res(gi, ..., gn) has degree [[;_, (d; — p1;) by the property [Jou91, §5.13.2]
and hence, the degree of H is greater or equal to []}_,(d; — ;). In order to show
that it is actually an equality, we consider the following specialization

fo= X
foo= X[ XX
f3 = Xg3 + X§3_“3Xﬁ3
fat = X X
D G A G
where, for all i = 1,...,n, the coefficient U; , of each monomial X' ... X |a| =

d;, of f; that appears in this specialization has been also specialized to t“eight(Ui.a)
Let us compute the resultant of fi,..., f,. Applying the multiplicativity property
of resultants [Jou91, §5.7], we get

Res(f1,..., fn) = Res(XE ™M fo . f)Res(XE, fo, ..., fn)
= Res(X1, fo, ..., fn)B "M Res(Xp, X1, Xo, ..., X, _q)H1d2dsdn
= (=) Hmdeds A Res(Xy, fo, ., f) BT,
then
Res(X1, fo, ..., fn)
= Res(X1, X372 fa. .. fu)Res(X1, XF2, fs,..., fn)
= Res(X1, Xa, f3,. .., fu)®2 "2 Res(X1, Xy, X2, X3,..., X,,_q)H2dsdn
= (—1)(nDh2dsdn 1 Reg( X, Xy, fa, ..., fn)P27H2
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and continuing this way we arrive at the equality
Res(f1,..., fn) = £Res(X1,..., Xp-1, fn)(dl_“l)“‘(d"*l_“"*l).
But since f,, is specialized to Xgi’ll + tdntn X dn e deduce that
Res(f1,--- fn)
= +Res(X1, ..., Xp_1, td~Hn X dn)(dimp)(dna—pin—1)
— it(drm)---(dn—l*Mn—l)(dn*#n)ReS(Xl, oy X1, Xn)(dr#l)m(dn—r#n—l)dn
— g (di—pa) |

Therefore, for this particular specialization, we get that Res(f1,..., fn) is of degree
[T;-,(di — pi), and hence that, in the generic context, the degree of H can not be
greater than [[;_,(d; — u;) which concludes the proof. O

Mention that from an historical point of view, the above result is the beginning of
the theory of the reduced resultant. Indeed, Zariski proved [Zar37] that the factor
H, is a generator of a principal ideal whose geometric interpretation is that the
polynomials hq,...,h, have a common root in addition of the root X; = ... =
X,—1 = 0 that they already have in common. It is called the reduced resultant. We
refer the interested reader to [Zar37] and [OMS88] for more details.

2.4. The Dedekind-Mertens Lemma. We end this section of preliminaries by
recalling the Dedekind-Mertens Lemma and give an important corollary that we
will use several times in this text (sometimes even implicitly).

Let A be a commutative ring and X := (X1,...,X,,) be a sequence of n > 1
indeterminates. Given a A-module M and an element

m=> caX*€MX]:=MXi,... A X,]

we define the support of m as
supp(m) = {a € N" : ¢, # 0}

and the length of m, denoted I(m), as the cardinal of supp(m). Observe that
I(m) = 0 if and only if m = 0. Moreover, for any subring R of A, we define the
R-content of m as the R-submodule of M:

Cr(m) := Z caR.
a€supp(m)
Lemma 2.7 (Dedekind-Mertens). Let M be a A-module, f be a polynomial in
A[X] and m a polynomial in M[X]. Then, for all subring R of A we have
Cr(f)! "™ Cr(m) = Cr(f)!™~Cr(fm)
where we set, by convention, Cr(f)~! = R.
Corollary 2.8. Let M be a A-module and f € A[X] a polynomial. Then, the
following are equivalent:

(i) The polynomial f is a nonzero divisor in the A[X]|-module M[X].
(ii) The ideal Ca(f) does not divide zero in M (there does not exists m € M
such that m # 0 and C4(f)m =0).
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Proof. Assume that (i) holds and that there exists m € M such that C4(f)m = 0.
Then (m.141x7)f = 0 in M[X] and hence m = 0, which proves that (i) implies (ii).

Now, assume that (ii) holds and that there exists m € M[X] such that mf = 0.
Then, by the Dedekind-Mertens lemma, we deduce that C4(f)' (™ C4(m) =0 and
from (ii) that C4(m) = 0. It follows that m = 0 and the corollary is proved. = O

Finally, recall that a polynomial f € A[X] is said to be primitive if C4(f) = A.

3. THE DISCRIMINANT OF A FINITE SET OF POINTS

3.1. Definition and first properties. In this section, we give the definition of the
discriminant of n—1 homogeneous polynomials in n variables. We begin section with
some properties on Jacobian determinants. Then, we provide computational rules
for handling this discriminant and we show that its definition have the expected
geometric property: its vanishing corresponds to the detection of a singular locus.

Hereafter, we suppose given n — 1, with n > 2, homogeneous polynomials
fi,---, fn_1 of positive degree dy,...,d,_1, respectively,

filXe, o Xn)= ) UiaX®, i=1,...,n—1
|O¢‘:di

We denote by k an arbitrary commutative ring and set A := k[U; o] the universal
coefficient ring over k. Thus, f; € tA[X1,..., X,]q, foralli=1,...,n— 1.

3.1.1. Jacobian determinants. For all i = 1,...,n, consider the Jacobian determi-
nant
Jilfrs-oos foo1) =
alel aXi—lfl aXi+1f1 aanl
_ aleQ aXi—lfz 6Xi+1f2 aan2
(=" : . . , (3.1.1)
axlfn—l aXi_lfn—l aXi+1fTL—1 aan’n—l
that is obviously a homogeneous polynomial in the variables X7, ..., X, of degree
deg(J;) = Z;L;ll (d; —1). Notice that this degree is independent on i € {1,...,n}.
Lemma 3.1. For all integer i € {1,...,n}, we have:

i) the Jacobian determinant J; := J;(f1,..., fan—1) is trreducible in the poly-
nomial ring 7A[X1, ..., Xn],
ii) the polynomial J;(X1,..., Xi—1,1, Xs11, ..., Xy) is primitive, hence a non-
zero divisor, in tA[X1,. .., Xi—1, Xi+1,- -+, Xnl,
iii) if k is a domain then J;(Xq, ..., Xi—1,1, X;41,...,Xy) is prime in the poly-
nomial ring pA[Xq1, ..., Xi—1, Xit1, .., Xal.

Proof. Tt is sufficient to prove this result for J, := J,(f1,..., fn-1). Observe
first that J,, is homogeneous of degree 1 in each set of variables (Uj o )jaj=q, With
i €{1,...,n—1}. Now, consider the specialization p that sends each polynomial
fi,izl,...,n—l, to

fimr Ui Xi X5 L U 0 Xo X574 4 Uy 1 X X371
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We have
Uipn -+ Uipa
p(Jn) = Xpesml : (3.1.2)
Un-11 - Un-1na
Let us assume first that & is a UFD. Then the determinant in (3.1.2) is known
to be irreducible in k[U; ;]i,5 = 1,...,n — 1]. Since p preserves the homogeneity

with respect to each set of variables (Us o)ja|=d,, ¢ € {1,...,n—1}, we deduce that
iii) holds (under the assumption that & is a UFD).

Moreover, assuming that k = Z, (3.1.2) implies that .J,, decomposes as a product
P.QQ where P is irreducible and depends on the U; ,’s, Q does not depend on the
Uia’s. Moreover Q € Z[X1,...,X,] so that it must divide Xﬁeg(‘]"). Now, if
we specialize each polynomial f; to Xfli, then .J,, specializes to H?:_ll diXZdi*l. It
follows that @ must also divide this latter polynomial and we deduce that @ is
equal to =1 € Z. This proves i).

Now, we prove that iii) holds under the weaker assumption that k is a domain.
For that purpose, consider the quotient ring
— RAX, X ]
K= " X X1 1)
and set @ := z@Q for simplicity in the notation. We have already proved that ;@ is
a domain as soon as k is a UFD. In particular @) is a domain. Since ) contains Z,
@ is a torsion-free abelian group and hence it is flat. It follows that the canonical
inclusion of rings k C K := Frac(k) gives rise to an injective map

RQ=k®70Q = K®zQ = Q.

But we have proved that i@ is a domain, so we deduce that () is also a domain and
hence that J,(X1,...,X,-1,1) is a prime element in xA[X;, ..., X, 1] as claimed.

Finally, from i) we deduce that J,(X1,..., X,—1,1) is a primitive polynomial in
2A[X1, ..., Xn—1]. Tt follows that it is also primitive over any commutative ring k,
hence a nonzero-divisor by the Dedekind-Mertens Lemma. ]

Remark 3.2. Notice that the Jacobian determinant J; € 1 A[X1,...,X,] is not
irreducible in general. Indeed, take for instance n = 2 and set fi1(X1,X2) =
S UXiXET Then
_Oh _
0X
and hence Xo divides Jo as soon as d =0 in k.
Similarly, the Jacobian determinant of n homogeneous polynomials in n homo-

geneous variables is not irreducible in general. For instance, the Jacobian of the
polynomials

fi(X1, Xo) = aX? +bX1Xo +cX3,  fo(X1, X2) = uX] + 0X1 X5 + wX;3

Jo AU X 4 (d = 1)U X2 X 4 -+ U X571

is equal to the determinant
bXs bX,
’UX2 ’UX1

which is identically zero in kla,b, ¢, u, v, w][X1, X2 as soon as2 =0 in k.
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Now, introduce the generic homogeneous polynomial of degree d > 1 in the set
of variables X1,..., X,

F(Xy,..., Xp) = > UsX®

and set A" := AU, : |a| = d]. The Jacobian determinant

8X1f1 aX2f1 aanl
Ox,f2 Ox,fa -+ Ox,fo
J(fl?"'ufnfluF) = : (313)
alenfl aX;zfnfl aannfl
Ox,F  Ox,F - Ox.F

is a homogeneous polynomial of degree deg(J) = (d —1) + Z?;ll(di — 1) in the set
of variables Xi,...,X,. By developing the determinant (3.1.3) with respect to its
last row, we obtain the equality

"\ OF
J(fla"'vfn—hF): ﬁji(fla-“afn—l)
1 i

that holds in the ring zA'[X1,..., X,].
Lemma 3.3. With the above notation, we have:
i) for all integeri € {1,...,n}
XiJ(fla"wfnth) _dFJi(flv"'afnfl)
€ (dlfh ey dn,]_fn,]_) C kA/[le e ,Xn]
ii) for all couple (i,j) of distinct integers in {1,...,n}
XiJj(fh ey fn—l) - XjJi(f17 ceey fn—l)
S (dlfl, ey dn—lfn—l) C kA/[Xl, - 7Xn]

Proof. These properties follow straightforwardly by using Euler’s identities

S ofi .
ZXjan:dzfz, Z:L...,n
j=1

in the determinants (3.1.1) and (3.1.3). O

3.1.2. Definition of the discriminant. The definition of the discriminant of the ho-
mogeneous polynomials fi,..., f,_1 is based on the

Proposition 3.4. With the previous notation,

d4dn1Res(f1, ..., foo1, F) divides Res(f1,..., fo1,J(fi, s fuo1, F))

in g A’. Moreover, for all i € {1,...,n}, we have the equality

Res(fl, ey fn—la J(fl, ey fn—la F))Res(fl, ey fn—l; Xl) =
ddl"'d”flReS(fl, ey fnfl, F)Res(fl, ceey fnfl, Ji)



THE DISCRIMINANT OF HOMOGENEOUS POLYNOMIALS 13

Proof. By specialization, it is sufficient to prove this proposition over the integers,
that is to say by assuming that k = Z.

By Lemma 3.3 we know that X, J(f1,..., fn—1, F) and dJ;(f1,..., fn_1)F are
homogeneous polynomials of the same degree in the variables X1, ..., X, that are
equal modulo the ideal (fi,..., fn—1). It follows that, in A,

Res(fi,- s fo—1, XiJ (f1,- - fam1, F)) = Res(f1, .., foo1, dJi(f1s s fam1) F).
The result then follows from standard properties of resultants [Jou91, §5]. O

We are now ready to state the definition of the discriminant of the polynomials

flv"'vfnfb

Definition 3.5. If Z?;ll(di — 1) > 1 then the discriminant of the polynomials

fis-++y fno1, denoted Disc(f1,..., fn—1), is defined as the unique non-zero element
i 7z A such that

DiSC(fl, ey fn_l)Res(fl, ey fn—17 Xz) = Res(fl, ceey fn—la Jz) (314)
forallie{l,... ,n}. If Z?:_ll(di —1)=0, or equivalently if d = - =dp—1 =1,

we set Disc(f1,..., fn—1) =1 € zA.
Let R be a commutative ring and suppose given n — 1 homogeneous polynomials

9i = Z U o X* € R[Xy,..., X,], i=1,...,n—1,
|a\:di

of degree dy,...,d,_1 respectively. As in §2.2, denote by 0 the ring morphism
0:2A = R:Ujq v ujo corresponding to the specialization of the polynomial f;
to the polynomial g; for allt=1,...,n—1. Then, the discriminant of g1,...,gn-1
is defined as

Disc(g1,- -y gn-1) := 0(Disc(f1,..., fn-1)) € R.

Remark 3.6. We recall that, for all integer i € {1,...,n},
Res(f1,. -, fuo1, Xi) = Res(f(", ..., 19 ) € A

where fl(i), e fr(fll are the polynomials obtained from f1,..., fn_1, respectively, by
substituting X; for 0 (see [Jou91, Lemma 4.8.9]). It is a nonzero divisor in A (see
Proposition 2.3).

A direct consequence of the definition of the discriminant is the following. From
Proposition 3.4, it follows immediately that, in ,A’,

Res(fla'”vfn—lv‘](fla'"afn—lﬂF)) =
ddl'”dnleiSC(fl, .. .7fn—1)ReS(fla .. '7fn—17F)' (315)

Moreover, if deg(F) = d = 1 then J(f1,..., fn_1, F) can be replaced by the poly-
nomial F(Jy,...,J,) in this formula and we get

Res(f1,-- s fa—1, Urdi + - + Undy) =
DiSC(f1, ey fn_l)RCS(fl, vy fn—la U1X1 + -4 Uan)
More generally, we have the

Proposition 3.7. For all d > 1 the following equality holds in ,A’:
I%GS(fl7 ey fnfl, F(Jl, ey Jn)) = ])iSC(fl7 ey fnfl)dRGS(fl, ey fnfl, F)
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Proof. Indeed, Lemma 3.3 shows that both polynomial X¢F(Jy,...,J,) and poly-
nomial J?F(Xy,...,X,) are homogeneous of the same degree in the variables
X1,...,X, and equal up to an element in the ideal (fi,..., fn—1). It follows that

Res(f1,. vy fao1, XEF(J1, ..., Jn)) = Res(f1, ..., foo1, JAF(X1,..., X))

and the claimed formula is obtained using the multiplicativity property of the re-
sultants [Jou91, §5.7]. O

An important property of the generic discriminant is that, similarly to the
generic resultant, it is universally a nonzero divisor.

Proposition 3.8. The discriminant Disc(fi1,..., fn—1) € rA is a nonzero divisor.

Proof. By specializing each polynomial f; to a product of generic linear form, the
discriminant specialize to a primitive polynomial (the ideal generated by its coeffi-
cients is equal to k) by Corollary 3.17. It follows that Disc(f1,..., fn—1) € A itself
a primitive polynomial in yA. Therefore, the claimed result follows by Dedekind-
Mertens Lemma. O

3.1.3. The degree of the discriminant. The discriminant is multi-homogeneous, as
inheritance from the resultant: it is homogeneous with respect to the coefficients of
each polynomial f1,..., f,—1. The following result gives the precise multi-degree
of the discriminant.

Proposition 3.9. With the notation of §3.1.2, Disc(f1,. .., fn—1) is a homogeneous
polynomial in A of total degree

n—1 n—1
dy-dy

i=1 =1
Moreover, it is homogeneous with respect to the coefficients of each polynomial f;,
i€{l,...,n—1}, of degree

dy--dy 1 n—-l
|- D+ (di—1) . (3.1.6)
(3 ]:1
Proof. Let us fix an integer ¢ € {1,...,n — 1} and introduce a new variable t. We
know that the Jacobian polynomial J,, is homogeneous in the variables Xi,..., X,
of degree Z?:_ll (d; — 1). Tt also obviously satisfies
In(fts-ostfiseoos fao1) =tIn(f1ye ooy fise ooy froo1)- (3.1.7)

Therefore, by multi-homogeneity property of the resultant [Jou91, 2.3(ii)], we de-
duce that

Res(fh"‘7tfi7'"7f’n717Jn(f17"'7tfi7"'7fn71))

dp— e
:t di : Zj:ll(dj_l)R/es(fl"'"fn_l’Jn(fl""7tfi7"')fn_l))
dy---dy,_ e
o w ZS DR (s oty tTn(Fry s )

dy-edy, e e
— o n D DS diReg o T (frae e )

and

cdp 1

Res(fl,...,tfi,...,fn,l,Xn):t d; Res(fl,...,fi,...,fn,l,Xn).
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From Definition 3.5 of the discriminant, it follows that

dy-edy,

I)iSC(fl7 e ,tfi, ceey fn—l) =t i ' ((di71)+z-77?:_11(djil))DiSC(fl, ey fn—l)

as claimed. The total degree is obtained by adding all these partial degrees. O

Remark 3.10. Observe that the integers (3.1.6) are always even. This is expected
because, as we will see later on, in characteristic 2 it turns out that the discriminant
is the square of an irreducible polynomial.

3.1.4. The classical case n = 2. Let us show that our definition of the discriminant
coincides with the classical case n = 2.
Let f be a polynomial homogeneous in the variable XY of degree d > 2

Fr=VaXt 4V XY 4V o X224 VXY Yy
According to (3.1.4) we have
Res(f, JQ(f)) = DiSC(f)RGS(f, Y) € k[‘/ov s Vd]

But it is easy to see that Res(f,Y) = V; and that Jo(f) = g—)f(. Therefore we
recover the usual definition VyDisc(f) = Res(f, %) Moreover, from Proposition
3.9 we also obtain that it is a homogeneous polynomial in the coefficients of f,
ie. Vy,..., Vg, of degree 2d — 2.

A lot of properties are known for this discriminant (see e.g. [AJ06] or [GKZ94,
chapter 12.B]) and we will generalize most of them to the case of n—1 homogeneous
polynomials in n variables in the sequel.

3.1.5. Vanishing of the discriminant. Assume that k is an algebraically closed field
and let f1,..., fn—1 be n — 1 homogeneous polynomials in k[X7, ..., X,,] such that
the variety Y := V(f1,..., fn—1) C Py~ " is finite. The following proposition says
that the discriminant of fi,..., f,,_1 vanishes if and only if the polynomial system
fi == fn—1 =0 has a multiple root.

Proposition 3.11. With the above notation, Disc(f1,. .., fn—1) = 0 if and only if
there exists a point £ € Y such that Y is singular at €.

Proof. First, without loss of generality we can assume Y N V(X,) = 0, so that
Res(f1,..., fn—1,Xn) is not equal to zero in k and

. _ Res(f1,., fu—1,Jn)
Disc(f1,..-, fa—1) = ResUrr s fo s X c k.

By the Poisson’s formula [Jou91, Proposition 2.7], we have the equality

Res(f1, -+, fno1,Jn)
= Jn He
Res(f1, .-+, fao1, Xp)des(n) sle_!f (6)

where pe denotes the multiplicity of £ € Y. It follows that Disc(f1,..., fo1) =0
if and only if there exists a point £ € Y such that J,(£) = 0.

Now, a classical necessary and sufficient condition for £ € Y to be a singular
point of YV is that J;(§) =0 foralli =1,...,n (see e.g. [Har77, Chapter I, Theorem
5.1]). But from Lemma 3.3, ii), we have J;(§) = &Jn(§) for all £ € ¥ and all
i=1,...,n—1, where £ = (& : & 1+ : &1 : 1) € Y C P! Therefore, we
deduce that £ € Y is a singular point of Y if and only if J,,(£) = 0. O
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This proposition gives a geometric interpretation of the discriminant of n — 1
homogeneous polynomials in n variables. We will give a more precise description
of its geometry in Section 3.3.

3.2. Formulas and formal properties. In this section we give some properties
of the discriminant. Thanks to the definition we gave of the discriminant in terms
of the resultant, it turns out that most of these properties can be derived from the
known ones of the resultant.

Hereafter R will denote an arbitrary commutative ring.
3.2.1. Elementary transformations. The discriminant of n — 1 homogeneous poly-

nomials f1,..., fn_1 is invariant under a permutation of the f;’s. It is also invariant
if one adds to one of the f;’s an element in the ideal generated by the others.

Proposition 3.12. forallj=1,...,n—1, let f; be a homogeneous polynomial of
degree d; > 1 in R[X4,...,X,]. Then,

i) for any permutation o of the set {1,...,n — 1} we have

DiSC(fU(l), ey f‘,(nfl)) = DiSC(fl7 ceey fn—l) n R.
ii) for allie{1,...,n—1} we have

Disc(flv"'7fi +Zh1,]fj77fn—l) = Disc(fla'”vfn—l) in R7
[E

where the h; ;’s are arbitrary homogeneous polynomials in R[X71,...,X,] of
respective degrees d; — d; (therefore h; j =0 if d; < d;).

Proof. Of course, it is sufficient to prove these properties in the generic case. The
property ii) is an immediate consequence of [Jou91, §5.9].
To prove i), we first remark that

Jg = Jn(fo’(l)a BERE) fo(n—l)) = 6(0—)Jn(f17 BREE) fn—1)~
Then, using [Jou91, §5.8] we deduce that

Res(fo(1)7~-- an(nfl)an) = e(a)dlmdn_lRes(.fo’(l)v"-7fo'(n71)a']n)
_ e(a)dl'“d"*le(o)dl“'d”’l deg(Jn)ReS(f17 o T dn),

and

Res(fo(l)7°"7f0'(n—1)7Xn) = e(o—)dlmdnilReS(flw"7fn717Xn)~

From here the claimed result follows from (3.1.4) (with ¢ = n) and the fact that

n—1
dy...dp_ydeg(Jy) =di...dp1 Y (di—1)
=1

is always an even integer. (I
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3.2.2. Reduction on the variables. Hereafter, for any polynomial f € R[X;,..., X,)]
we denote by () the polynomial obtained by substituting X j with 0 in f. Notice
that f(j) S R[Xl, ey Xj—lan+la . 7Xn]

Proposition 3.13 (n > 3). For alli = 1,...,n — 2, let f; be a homogeneous
polynomial of degree d; > 1 in R[X1,...,X,]. The following equality holds in R:

Disc(f1,- -y fn-2,Xn) = (—1)(11"'d"‘?Disc(fl(n)7 ) ).

yJIn—2

Proof. Tt is sufficient to prove this formula in the generic context. From the defini-
tion of the discriminant we thus have the equality

Res(fh ey fn72vXna Jnfl(flv SR fn72aXn)) =
]DiSC(fl7 ey fn72; Xn)RGS(fl, ceey fn72a Xn» anl)-
But, from (3.1.1) we deduce that

a(fla <. '7fn727Xn)
(X1, s Xpo, X))

8(f17 .. ',fn72)
(X1, Xno)|

Jn-1(f1y-eoy foo2,Xpn) = —

= (-1

And since
n—2¢,
Res(f1, - faeas Xns Jne1(f1s ooy foe2, X)) = (—1)31dn—2 2000 (dim1)
Res(f17 ceey fn727 Jnfl(fla ceey fn727Xn)»Xn)
where dy ... d,_o Z;:lz(di — 1) is even, it comes
Res(fla sty fn—27Xna J’rl—l(flv R fn—27Xn)) -
Res(F{", o £ Tt (F 0 1), (3.2.1)
Moreover, we also have
Res(f1,- s fum2, Xns Xno1) = ()P D2Res(f1,- .-, fu—2, X1, X)
= (~1)dn2Res(f, . ), X).
Now taking the ratio of both previous quantities we obtain,
(=D tRes(f{" o f s Tt (A £) =
DiSC(fla SRR fn—27 Xn)Res( 1(”), ceey f'r(;i)27 Xn—l)
so that, as claimed,

Disc(f1, ..., fa2, Xn) = (=)@ —2Disc(£™, ..., £™,).

|

The following proposition and corollary give reductions of the discriminant in

cases where certain polynomials f1,..., f,_1 do not depend on all the variables
X, X,

Proposition 3.14 (n > 3). Letk € {2,...,n—1} and for alli =1,...,n—1
let f; be a homogeneous polynomial of degree d; > 1 in R[X1,...,X,] such that
Zf:_ll (d;—1) > 1. Assume moreover that fi,..., fr—1 only depend on the variables
X1,...,Xk. Then, denoting for all integer i = k,...,n—1

fi=£i00,...,0, Xpp1, ..., Xn) € R Xpg1,. .., Xul,
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we have the equality

Disc(f1, ..., fo1) = (=1) OIS diDise(fy, .., fooq)TTime
8(fk7 . '7fn—1) ) )
O(Xpt1y---r Xn)

Proof. As always, it is sufficient to prove this formula in the generic case. By
definition we have

Res(fl, vy fn_l,A)(Vl)])isc(fl7 R fn—l) = Res(fl, ey fn—la Jl(fly . fn—l))~

From the hypothesis, the Jacobian determinant involved in this formula decomposes
into four square blocks and one of them is identically zero. More precisely, one has

Res(fk7 RN fnfl)(nfgll dl)(zfgll di_k)ReS (fl7 RN fnfla

a(f17-~~;fk—l) a(fkv"'7fn—1)
Ji(frs e foy) =
1o fnm) O Xar - X)) | |0 Xps1, -, Xy)
and by multiplicativity of the resultant [Jou91, §5.7] we deduce
a(fl?"'afkl))
Res(f1, s fuets Ji(fise sy foo1)) = R e fo, | DS T2l
N R A e e

O(frs - - fn-1)
8(Xk;+17 . e 7)(n)

x Res (f17-~'7fn—1a

)

Now, permuting polynomials in the resultant [Jou91, §5.8],

Res (fl,...,fn17 M ) _
(e <f1""’f“’ M ,fk,...,fnl) (3.2.2)

where v := (n — k)(H:le di)(Zi:ll (d; — 1)) > 1 and is even, and using Laplace’s
formula [Jou91, §5.10] this latter resultant is equal to

a(fla"wfkfl)

8 X geees Jn—1 i=1 % i=1 i .
( 2,...,Xk) > ( k )

Res <f17"'7fk17

Similarly, we have

Res(fla ceey .fn—th) =
(_1)(’”7]6)(1_[?:_11 di)R‘es(flv ey fkfla Xl)H:;_kl diR‘es(fAkv ey fnfl)(nfz_ll di) (323)
and the claimed formula follows easily by gathering these computations. O

Corollary 3.15. Let k € {1,...,n—1} and for alli =1,...,n—1, let f; be a
homogeneous polynomial of degree d; > 1 in R[X1,...,X,]. Assume moreover that
dy > 2. If the polynomials f1,..., fr only depend on the variables X1,..., Xy then

Disc(f1,..., fan—1) =0.

Proof. First assume that k& > 2; since d; > 2 we have Z?;ll(di —1) > 1. Since
fr only depends on the variables Xi,..., X}, we deduce that, according to the
notation of the previous proposition, fk = 0. Consequently, using the formula of
this proposition we immediately get that Disc(f1,..., fn—1) =0.
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Now assume that k& = 1; thus f; = Ulel. One may also assume that the
polynomials fs, ..., f,,_1 are generic in all the variables X1,..., X,,. It follows that
Res(f1,..., fn—1,Xn) is nonzero and we know that

Res(fl, ey fn—la Xn)DiSC(fl, ey fn—l) = Res(fl, ey fn—la Jn(fla ey fn—l))-
But since f; = Ule1 we deduce that Xiil_l divides J,, and consequently that
Res(f1,- -, fn-1,Jn) vanishes. ]

3.2.3. Multiplicativity. We now describe the multiplicativity property of the dis-
criminant, property that was already known to Sylvester [Syl64b]. Recall that the
discriminant of n — 1 homogeneous polynomials of degree 1 equals 1 (the unit of
the ground ring) by convention.

Proposition 3.16. Let f1, fi', fa,...,fan—1 be n homogeneous polynomials in
R[X4,...,X,] of positive degree d,dY, da, ..., dn—1 > 1, respectively. Then,
DiSC(f{ {,7 f2a R fnfl) =
(_1)SDiSC(f{a f27 D) fn—l)DiSC(fj{lv f2a RS fn—l)ReS(f{7 {/7 f2a RS fn—1)27
where s ;= djd{dy...dp_1.

Proof. Tt is sufficient to prove this result in the generic case, so let us assume that
f1, 117, fay - -, fn are generic polynomials. It is easy to see that

Tn(fLFL oo oo fr) = FLduf for oo ) + fUTn(fL for oo f) =0 FLT0 4 fL T
Assume first that deg(J))) > 1 and deg(J)) > 1. Using [Jou9l, §5.7 & §5.8] we
obtain
Res(f{ {/7 f23 EERE) fn—h Jn)

= Res(f{, fa, - fo—1, fi T0)Res(f1, fo, -, o1, 1))

= (=1)*Res(f1, £, far s fno1)*Res(f], for oy foots JORes(f1s for o ooy fu1, J2)
where s := djd{ds...d,_1. And since

Res(f1f1s fas oy fao1, Xn) = Res(f1, foy - oy fao1, Xn)Res(fY, fos ooy fuo1, Xn)s

we deduce the expected formula by applying (3.1.4).

Assume now that deg(J},) = 0 and deg(J)/) > 1. Then, in the previous compu-
tations, the resultant Res(f], fo,..., fn—1,J),) must be replaced by J/ (under our
hypothesis djds...d,—1 = 1). But it turns out that, always since deg(J},) = 0,

J! = Res(f1, fa,---» fn-1,Xn) and consequently the whole formula remains ex-
act. A similar argument shows that this formula is also exact if deg(J)) = 1 and
deg(J))) > 0, and if deg(.J},) = deg(J/) > 0. O

Corollary 3.17. Let dy,...,d,—1 be n — 1 integers greater or equal to 2 and let
Lij, for1<i<n—1and1l<j<d,;, be linear forms in R[Xq,...,X,]. Then

d1 dn—l
Disc Hle,..., H lnfl,j = (71)5Hdet(ll,j17l2,jga'"7Z’I’L71,jn_1vli,j)2
j=1 j=1 I

where s := 3 T di S0 (d; — 1) and the product runs over the set

I:= {(.jh"wjn—lai?j) | 1Sj1Sdhlg.jQSdQ)"'alSjn—lSdn—lv
1<i<n-—1andl<j<d; such that j # j;}.
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3.2.4. Covariance. Assume that n > 2 and suppose given a sequence of n — 1
positive integers dy,...,d,_1 such that Z?;ll(di —1) > 1. For all d € N set
I;:={ie{1,...,n}|d; = d} and define L := {d € N|I; # (}. In this way, the set
{1,...,n} is the disjoint union of I; with d € L.

Let ¢ be a square matrix of size n — 1 with coefficients in R

Uil Ul,n—1

Up—1,1 *°° Up—1,n—1
We will say that ¢ is adapted to the sequence dy, ..., d, if and only if
Ui, 5 750 = Clz :dj.

Equivalently, ¢ is adapted to the sequence dy,...,d, if and only if ¢ can be trans-
formed by row and column permutations into a block diagonal matrix whose di-
agonal blocs are given by ¢ := @|1,xs, for all d € L; in particular det(p) =

[I4cr det(pa) € R.

Proposition 3.18. Assume that n > 2 and suppose given a sequence of n — 1
positive integers dy,...,d,_1 such that Z?;ll(di —1) > 1 and a sequence of n —
1 homogeneous polynomials f1,..., fn—1 in R[X1,...,Xn] of degree di,... ,dn_1
respectively. Then, for all i = 1,...,n — 1 and all matriz ¢ = (uiaj)1<i,j<n—1
with coefficients in R adapted to dy,...,d,_1, the polynomial Z;:ll u;jf; € R is
homogeneous of degree d; and we have

n—1 n—1
Disc E ul,jfja ey E un—l,jfj =
Jj=1

Jj=1

,.,dn_l((d—l)JrZ?;ll(di—l))

(H det(cpd)d1 a ) Disc(f1,.--, fn—1)-

deL

Proof. By specialization, we can assume that the coefficients of the polynomials
fi,..., fn—1 and all the u; ; are distinct indeterminates so that R is the polynomial
ring of these indeterminates over the integers.

By definition of the discriminant we have

Res (f17 ey fnfl, Jn(f1> ey fnfl)) = DiSC(fl, ey fnfl)ReS(fly ey fnfl, Xn)
(3.2.4)

and

n—1 n—1 n—1 n—1
Res E U17jfj7~-~, E Un—l,jfj7Jn E ul,jfj:"'v E Un—l,jfj
Jj=1 Jj=1 Jj=1 Jj=1

n—1 n—1 n—1 n—1
= Disc E ULjfj,..., E un_Ljfj Res E u17jfj,..., E un_l,jfj,Xn
j=1 j=1 j=1 j=1
(3.2.5)
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Now, it is not hard to check that

n—1 n—1
Z (CRDFTRRRS Z Un—1,5f; | =det(@)Jn(f1,.. s fa1)
j=1 j=1

so that
n—1 n—1 n—1 n—1
Res Zulvjfﬁ"'7Zu"—17jfj7‘]" Zu17jfj,...,2un_17jfj
Jj=1 Jj=1 J=1 Jj=1
n—1
= det(gp)dl”‘d"*lRes Zulﬁjfj,.. Zun 1jfja fl,...,fn_l)
j=1

But since J,,(f1,. .., fn—1) is a polynomial of degree >\ 1(d —1) > 1, the covari-
ance property of the resultant [Jou91, §5.11] yields

n—1
Zul,jfj7“ Zun ljf]v f17"'7fn71)
j=1

_ <H det(sgd) d1,.»d7z—12d?=71 (di1)> Res(fl, . fn, Jn(fl, L fn_l))

and we deduce that

n—1 n—1
Res Zul’JfJ’ Zu" 1,Jfga Zuljf]7 Zun 1,ij
j=1 j=1
SR S )
= det(p)dr--dn— (H det( <pd = )Res(fl,...,fn,Jn). (3.2.6)
deL

Again by the covariance formula for resultants, we have

n—1

n—1
E Ut fiyeees E Un—1,5fj, X
=1 =1

<H det(pq) 13 ) Res(f1,.. .y fno1,Xn) (3.2.7)

deL
and therefore, since det(y) = [[,c, det(wq), the comparison of (3.2.4), (3.2.5),
(3.2.6) and (3.2.7) gives the claimed formula. O

3.2.5. Reduction modulo 6. Recall from Lemma 3.3 that, for all 1 < 4,5 < n we
have

Xidi(f1,. s fam1) = X5Ji(frs ooy fm1) €0.(f1, .-, fao1) COA[X, ..., X))
(3.2.8)

where 6 := ged(dy,...,d,—1). Considering the (cohomological) Koszul complex
associated to the sequence Xj,..., X, in the ring A/0.A[X1,..., X,]

A dl—[Xl, 2
O—)m[Xl,...,Xn} @5AX1""’ ] =2
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we notice that since n > 2, its cohomology groups H® and H' are both equal to 0.
In addition, the equations (3.2.8) imply that (Ji,...,J,) belongs to the kernel of
ds. Therefore, we deduce that there exists a polynomial A € A[Xy,..., X,] whose
residue class in A/d.A[X, ..., X,] is unique and such that

Ji(f1y- ooy fao1) = XiA mod §.A[Xq,...,X,], 1 <i<n. (3.2.9)
From here, we get the following property.
Proposition 3.19. With the above notation, we have the following equality in jA:
Disc(f1,..-, fn—1) = Res(f1,..., fn_1,A) mod J.
Proof. From (3.2.9) and the multiplicativity of the resultant, we obtain that

Res(f1,.- .y fn—1,Jn) = Res(f1,..., fa—1, Xn)Res(f1,..., fn1,A) mod J.
By definition of the discriminant, it follows that

Res(fla ey fn—len)DiSC(fh sy fn—l) -
Res(f1,.-., fn—1,Xn)Res(f1,..., fn-1,A) mod
from we deduce the claimed equality since Res(f1, ..., fn—1, X») is a nonzero divisor

in A/§.A[X1,...,X,] by Proposition 2.3. O

Obviously, this result is useless if § = 1, but as soon as § > 1 it allows to explicit
the discriminant as a single resultant modulo ¢. For instance, suppose given the
two quadrics

f1 = (I(]‘X’l2 + a1X1X2 + (ZQXng + a3X22 + G,4X2X3 —+ CL5X§,
fa = boXT 4+ b1 X1 X0 + bo X1 X3 + by X3 + by Xo X3 + b5 X3.
We have 6 = 2 and it is not hard to see that J; = X;A mod 2, i = 1,2, 3, where

Az Q4
by by

ap az
bi bo

ap Q4

A=X, b, by

+ Xo + X3

It follows that
DiSC(fl, fg) = Res(fl, fg, A) mod 2.Z[CL07 c..,as, bo, ey b5]

3.3. Inertia forms and the discriminant. The resultant was originally built to
provide a condition for the existence of a common root to a polynomial system.
For its part, the discriminant was introduced to give a condition for the existence
of a singular root in such a polynomial system. The aim of this section is to show
that the definition we gave of the discriminant of n — 1 homogeneous polynomials
in n variables (i.e. Definition 3.5) fits this goal.

Hereafter we take again the notation of Section 3.1: k is a commutative ring and
foralli=1,...,n—1,n> 2, we set
[ilXn,. LX) = Y Ui X® € pA[Xy, ., Xala,
|a\:di21
where ;A := k[U; o ||la| = d;, i =1,...,n — 1]. Notice that we will often omit the
subscript k£ to not overload the notation, but we will print it whenever there is a

confusion or a need to emphasis it.
Now, we define the ideals of C' = A[X}, ..., X,,]

D:(fla"'afn—lajla"'vjn)a m:(Xl,“'an)
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and set B := C/D. The ring B is graded (setting weight(X;) = 1) and we can thus
consider the projective scheme Proj(B) C P! that corresponds set-theoretically
to the points ((uia)ia, ) € Spec(A) x P{~! such that the f;’s and the J;’s vanish
simultaneously. The scheme-theoretic image of the projection
Proj(B) — Spec(A)
is a closed subscheme of Spec(A) whose defining ideal is exactly
P = Hyy(B)o = TFu(D)o
where we recall that
TF (D) = ker (C =] BXi> : (3.3.1)
i=1
Proposition 3.20. If k is a domain then for all i = 1,...,n the ring Bx, is a
domain.

Proof. For simplicity, we prove the claim for ¢ = n; the other cases can be treated
exactly in the same way.

Let hi, he be two elements in C' such that their product hihs vanishes in By,
(recall that we have the canonical projection C — B = C'/D). This means that, up
to multiplication by some power of X,,, this product is in the ideal D. Thus, using
Lemma 3.3, ii), we deduce that there exists v € N such that

X:;hlhg S (fl; Ceey fnfl, Jn)
Now, taking the additional notation of the subsection 2.1, we substitute each &; by
517][.1 and obtain that~h1h2(&ff¢) € (Jn) in A[Xl, NN 7Xn_1] (since fl(gl*fi) = O)
But by Lemma 3.1 J, is prime in A[X1,..., X,—1] and it follows that it divides
hi(& — fi) or ho(&; — fi), say h1(&; — fi). Therefore there exists p € N such that

Xﬁhl (S (fl, ey fn—la Jn) C D,
that is to say h; equals 0 in By _, and the claim is proved. (I

Corollary 3.21. Moreover, for all i =1,...,n we have
TFw(D) = TF(x,)(D) = ker(C — Bx,), Hy(B) = H{x,(B).
In particular,
B=AN(Frrees factsdn) C A[X1, ..., X

As a consequence, if k is a domain then TF (D) and B are prime ideals of  C and
kA respectively.

Proof. The only thing to prove in that for all couple of integers (i,5) € {1,...,n}?
the variable X; is a nonzero divisor in the ring Bx;. Indeed, this property implies
immediately the equalities given in this corollary (similarly to (2.1.2) and (2.1.3)
for the case of the resultant). From here, assuming moreover that k is a domain we
deduce that TF, (D) and B are prime ideals by Proposition 3.20.

So let us fix a couple of integer (4,5) € {1,...,n}? and prove that X; is a nonzero
divisor in Bx; (for any commutative ring k). By Proposition 3.20, this property
holds if £ is a domain. On the one hand, this implies that 2B x; is a torsion-free
abelian group, hence flat (as a Z-module). On the other hand, this implies that
the multiplications by X; in zBx; and 7,7 Bx,, p a prime integer, are all injective
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maps. Denoting by 7@ the quotient abelian group of the multiplication by X; in
zBx;, we deduce that zQ is a torsion-free, hence flat, abelian group. Indeed, the
exact sequence of abelian groups

0— ZBXj X—Xl) ZBXJ- — ZQ —0 (332)

is a flat resolution of 7@ and it remains exact after tensorization by Z/pZ over Z
for all prime integer p. Therefore Tor% (Z/pZ,7zQ) = 0 and hence 7@ is torsion-free,
hence flat. As a consequence, for any commutative ring k& we have Tor% (zQ,k)=0
and therefore the multiplication by X; in xBx, is an injective map, i.e. X; is a
nonzero divisor in By . O

Lemma 3.22. Disc(f1,..., fn_1) belongs to the ideal P C A.

Proof. By specialization, it is sufficient to prove this property under the assumption
that k = Z. Denote p := Res(f1,..., fn—1, Xn). From Definition 3.5 and Lemma
3.3, ii) we deduce that there exists v such that

X*rl;pDiSC(fla LRI fn—l) S (fla ) fn—lv Jn)
Now, taking again the notation of subsection 2.1 and substituting each &; by &; — fz

we deduce that pDisc(f1,..., fn_1)(& — ﬁ) € (jn) in A[Xy,...,X,-1]. But J, is
prime in A[X,...,X,,_1] by Lemma 3.1, and it is coprime with p since p does not
depend on the variables X7,..., X, and is also prime. Therefore .J,, must divide

Disc(f1, ..., fn—1)(& — fi) and we obtain that there exists u € N such that
XKDisc(f1,---, fn=1) € (f1,---s fa—1,Jn) C D. (3.3.3)

In other words, Disc(f1,..., fn—1) € TF(x,)(D) = TF (D). O

Theorem 3.23. If 2 is a nonzero divisor in k then B is generated by the discrim-

inant Disc(f1, ..., fn—1). In particular, if k is moreover assumed to a domain then
Disc(f1,. .., fn—1) is a prime polynomial in ,A.

Proof. We first prove this theorem under the assumption that k£ is a UFD. So
assume that k is a UFD and let a € P = TFn(D) N A. Then there exists v € N
such that X%a € (f1,..., fn—1,Jn). Therefore we have the inclusion

(fh ) fn—lale;a) C (fh ey fn—la Jn)
from we deduce, using the divisibility property of the resultant [Jou91, §5.6], that

Res(f1,..., fn—1,Jn) divides Res(f1,..., fn—1, X, a).
Let us denote by p := Res(f1,---, fn_1,Xn) = Res( 1("),... (n) ) (see Remark

yJIn—1
3.6). From Definition 3.5 and the multiplicativity property of the resultant [Jou91,
§5.7] we obtain that

Disc(fi1, ..., fa_1) divides a@1-dn-1p7~1 (3.3.4)
for all @ € B. But it turns out that Disc(f1,..., fn_1) and p are coprime in A.
Indeed, since p is irreducible, if D := Disc(f1,..., fn—1) and p are not coprime

then p must divide D. Consider the specialization where each polynomial f; is
specialized to a product of generic linear forms. Then, p specializes to a product
of determinants where each determinant is a prime polynomial (see for instance
[BV88, Theorem 2.10]) in the coefficients of these linear forms except the ones
of the variables X,,. On the other hand, D specializes to a product of square of
determinants (see Corollary 3.17), where each determinant is a prime polynomial
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in the coefficients of the generic linear form and does depend on the ones of the
variable X,,. We thus obtain a contradiction and deduce that p and D are coprime.
[BV88, Theorem 2.10] Therefore, from (3.3.4) and the fact that p is prime in A we
deduce that for all a € 9 the discriminant D divides a® % -1 and hence that

mdl...dn_l C (D) C gp

Since ‘B is prime, we deduce that D = ¢.PP where c is an invertible element in k, p
is a positive integer and P is an irreducible element in A such that 9 is a principal
ideal generated by P.

Now, always under the assumption that k is UFD, we will prove that p = 1 if
2 # 0 in k. Notice that we can assume d; > 2 because if d; =--- =d;,—; = 1 then
B = (D) = A and we can permute polynomials by Proposition 3.12, i). To begin
with, consider the specialization of the polynomial f; to a product of a generic
linear form ! and a generic polynomial f] of degree d; — 1. By Proposition 3.16, D
specializes, up to sign, to the product

Disc(l, fo, ..., fa_1)Disc(f1, fo, -y fne)Res(l, f1, for ooy fuo1)™ (3.3.5)

Since all the polynomials I, f1, fa,..., fn—1 are generic of positive degree, this prod-
uct is nonzero. Moreover, the factor Res(l, f1, f2,..., fn—1) is irreducible and is
clearly coprime with the two discriminants appearing in (3.3.5). It follows that
necessarily p < 2,i.e.p=1or p=2.

To prove that p = 1, equivalently that D is irreducible, we proceed by induction
on the integer r := Z;:ll d;. The intricate point is actually the initialization step.
Indeed, assume that D is irreducible for » = n (observe that D = 1 if r = n — 1).
Then, using the specialization (3.3.5), we deduce immediately by induction that
both discriminants in (3.3.5) are irreducible and coprime, and consequently that
D is also irreducible. Therefore, we have to show that if dy = 2 and dy = --- =
dp_1 =1 then D is irreducible. For that purpose, we consider the specialization

fi = Ui X7+ UipX1Xo + Usp X3+ >0 s Ui 1 X7
fo = X3-V3Xy
fnfl = Xn - VnXl

and the matrix

1 0 0 0
0 1 0 0
p=|-Vs 0 1
: 0
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that corresponds to a linear change of coordinates such that f; = X;11 o ¢ for all
i=2,...,n— 1. Applying Proposition (3.27) then Proposition 3.13, we get

DiSC(fl, f2, ey fn—l) = DiSC(fl e} (pil,Xg, . ,Xn)

n
= Disc <U171X12 + U1,2X1X2 + U2,2X22 + Z Ui7ﬂ/i2X%>

=3

= Disc ((Uu +y° Ui,ﬂ/i2> X2 4+ Uy 2 X1 X0 + U2,2X22>

=3

= U}, —4Us (UM +y Ui,,-V,-2> .
i=3
Since 2 # 0 in k, this is an irreducible polynomial. Therefore, we deduce that
necessarily p = 1, i.e. that D = ¢.P. Since c.P also generates 8 = (P), we conclude
that D is an irreducible polynomial that generates 3. This concludes the proof of
the theorem under the assumptions that k is a UFD and 2 # 0 in k.

It remains to show that this theorem holds with the single assumption that 2 is
a nonzero divisor in k, k being an arbitrary commutative ring. For that purpose,
consider the exact sequence of abelian groups

OﬁzAngﬁszn—)E*)O (336)

where the map on the left is the multiplication by D, the map on the middle is
the canonical one and where E is the cokernel of this latter. By what we have
just proved above, this sequence is exact and remains exact after tensorization by
Z/pZ over Z for all prime integer p # 2 (they are all UFD). Since zA and zBx, are
torsion-free, the exact sequence (3.3.6) is a flat resolution of E and therefore for all
integer 7 > 2 the abelian group ToriZ(—, E) is supported on V((2)). Now, let M be
an abelian group without 2-torsion. The abelian group My is a flat Z,)-module
and hence for all ¢ > 1 we have

Tor?(M, E) ) = Tor, ® (Zz) @ M, Zz) @ E) = Tor, ® (M), Zz) @ E) = 0.

It follows that Tor’(M, E)p

ToriZ (M, E) =0 for all 7 > 2. Consequently, since 2 is a nonzero divisor in k, k has
no 2-torsion and we deduce that the sequence obtained by tensorization of (3.3.6)
by k over Z

y = 0 for all # > 2 and all prime integer p, so that

O%kAgkA*)kBXn - k®FE—0
is exact and the theorem is proved. O
It is reasonable to ask what happens if 2 is a zero divisor in k. As shown in
[AJO6, §8.5.2], one can not expect in this case that the discriminant generates 9,
nor even that ¥ is a principal ideal. Indeed, in loc. cit. the authors exhibit an
example where 3 is not a principal ideal with the settings n = 2, d; = 2 and

k = Z/2"7Z with r > 2. Nevertheless, we will show in the following theorem that
the situation is not so bad if k£ is assumed to be a domain.

Theorem 3.24. Assume that k is a domain and that 2 =0 in k. Then
Disc(fi,..., fn1) = P?

where P is a prime polynomial that generates 3.
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Proof. We first prove this theorem under the stronger assumption that k is a UFD
such that 2 = 0 in k. To begin with, recall that in the proof of Theorem 3.23 it is
shown that there exists a prime element P € A and an integer p < 2 such that the
discriminant D := Disc(fy,..., fn—1) satisfies D = ¢.PP, P being a generator of
the prime and principal ideal 3. We will show that p = 2 under our assumptions.
Our strategy is based on the use of a Mertens’ formula that allows to rely on a
discriminant of a unique bivariate and homogeneous polynomial. Indeed, in this
case (i.e. n = 2) it is known that the claimed result holds [AJ06, Proposition 60]
(see also Theorem 4.26 in the case n = 2 for a self-contained reference).

Introduce some notation related to the Mertens’ formulae given in the appendix
at the end of this paper. Let Uy,...,U, be new indeterminates and define

n

O(UL,...,Un) :=Res(fr,..., fu-1, > UiXi) € A[Un, ..., U,

i=1
and 0;(Uy,...,Uy,) :=90/0U; € A[Uy,...,U,] for all i = 1,...,n. In addition, let
Vi,oo oy Vi, Wi, ..., Wy, X, Y be a collection of some other new indeterminates and

consider the ring morphisms
p: AlU,..., U, — AVi,..., Vo, Wi, ..., W,][X1,..., X,]
Ui = ViQ_oWiX)) = WilY_ViX;)
j=1 j=1
and
p:AUL,..., U] — A[Vi,..., Vo, Wh,... W, ][X,Y]
U, = V.X+WY.

To not overload the notation, we will sometimes denote a collection of variable with

its corresponding letter underlined. For instance, V1, ..., V, will be shortcut by V.
Our aim is to show that the multivariate discriminant Disc(f1,...,fn) € A
divides the bivariate discriminant Discx y (p) € A[V, W]. To begin with, introduce
two collections of new indeterminates tq,...,t, and Zq,...,Z,, and define the
matrix
tn o .- 0 71
0 t, : Zs
vEL L :
o --- 0 tn D1
—t1 —ta - —ln—1 Zn

Applying the base change formula for the resultant [Jou91, §5.12], we get

07 :=Res(frop,..., fu100,(Y UiXi) o)

=1

n dy...dp_1
= det(p) (L) = 12 (Z “Z’) o) (337
=1

in the extended ring A[U,t,Z]. Now, set f, := Y ., U;X;. Having in mind to
use Corollary 2.6, we need to identify for all 7,5 = 1,...,n the coefficient, say
Vi,j, of the monomial X]-Xgi*1 in the polynomial f; o ¢. The coefficients V; ,, are
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easily seen to be equal to f;(Z1,...,Z,) since one only has to evaluate f; o ¢ at
X1 =-=X,-1=0and X,, = 1. Then, to get the coefficients V; ; with j # n,
we have to differentiate f; o ¢ with respect to X; and finally evaluate the result at
Xi=---=X,_.1=0and X,, = 1; we find
ofi
Vi,j =ty 6X
We claim that

D:=det (Vij); joy. n = (i U,-Zi> t"2A, mod (fi(2),..., fn1(Z)) (3.3.8)

i=1

Ofi

——(Z1,..., Zy) — JZ?X

(Zvoe.. . Zn), j#

in A[U,t, Z], where A; stands for the Jacobian matrix

O fr- s fuer, S 6 X)
B(Xl,...,Xn)

Indeed, from the definition, it is easy to see that

Ay = (Z1,.... Zy) € Alt, Z).

. gk (D) ~h5xs(2) o tagx (D)~ tam1gks (2)
=1 t Ofn—1 (Z) —t Ofn—1 (Z) . t Ofn—1 (Z) —t Ofn-1 (Z)
nToX; & 179X, \& nOX, 1 & n—179x, \&

mod (fl(Z)7 EERE fnfl(Z))
Denote by M the determinant appearing in this equality. Then, it is clear that

f) ) f)
gk (Z) o tapxt(2) 5#5(2)
tnM - af, : L af : . 6f, :1 = tnilAt
b 5%, (2) - aXZ:l(Z) ax,, (2)
tntl e tntn—l tn

and (3.3.8) is proved. Therefore, by Corollary 2.6 there exists Hy € A[U,t, Z] such
that

n

07 — DHy € (f1(2),..., fn-1(2), Y U Z:)?
i=1
and hence, using (3.3.7) and (3.3.8), we obtain that

n di...dp—1
t%n—Z)dl...dn,l (Z tzZz> G(Q) c
=1
fl(Z))"waL 1 (ZUZ)(J)” 2At,<ZUZ>

Applying the operator >, t;,0(—)/0U;, we get

cldn—1 4y

n djy...d
tgﬂwh%q(éjm%> S 10,U) €
i=1 =1

(fl(Z)v"'vfnl(Z)a (zn:t Z) tn 2At, <ZUZ>>
i=1 i=1
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Now, we send this relation through the morphism p and substitute X to Z. It turns
out that Z?zl U;Z; is sent to zero and hence we obtain that

An—1

n dy...d
tgln_2)d1.“dn71 (thzz> Ztlp fl( )7"'afn71(z>7At)-
i=1

By the divisibility property of the resultant [Jou91, §5.6], we deduce that the re-
sultant Res(f1,..., fan—1,4) divides

cdn—1

n dy...d
Res fl; ey fn—la tgln72)d1.“dn,1 <Z tzZ,> Z tzp(ez)(Z
=1 =1

But by definition,

Res(fi,- -, fa—1,A¢) = Disc(fi, ., fu—1)Res(fi, -+ fue 1,275)(

and by the second Mertens’ formula and the multiplicativity property of the resul-
tant we have

cdp—1

dy..d
Res | f1,..., foo1, tm 2 dns (ZtZ) Ztip(@-)(z) =
i=1

2 2
(_1)d1 n— 1t£L’ﬂ 2)dy...d;, IDISCXY( ( ))RGS flv"‘vfn 1,ZtX dp— 1+1

Since Disc(f1, ..., fn—1) and Res(f1,..., fn—1, Y 1, t;X;) are coprime (the latter
is irreducible and depends on ¢ which is not the case of the discriminant) we deduce
that there exists H € A[V, W] such that

Discx,y (p(6)) = HDisc(f1,- -, fn)-

To finish the proof, we will show that H and Disc(f1,..., fn) are coprime, so
that p must be equal to 2 since Disc(p(6)) is a square, as a specialization of a square.
For that purpose, we proceed as in the proof of Lemma A (in the appendix): we
specialize each polynomial f;, i = 1,...,n — 1 to the product of d; generic linear
forms

’

d;
lij i =UijaXi+UijiXo+ AU jnXn =Y Uijn Xy, i=1,...,n, j=1,....d;.

After this specialization, we get (see the proof of Lemma A)
Disc(p(0)) =

£ [T (Aa(Va, oo Vi) AW, W) = AW, W) AL (Vi Vi)
A<p

On the other hand, Proposition 3.17 yields

dy
Disc ( [[ 1. Hzn 14 _inetzljl,z2]2,... et jns big)?
=1
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Moreover, if A = (j1,...,Jn-2,Jh_1) and g = (§1,...,Jn-2,75_1) then we have the
equality

A(Vi, o V) A (W, W) — AW, W) AL (VA V) =
det(llvjl,lgij ey ln—l,j;l71 s ln—lng,l) X det(lel s l21j27 ey V, W)

(it is easy to check this formula in the case n = 2; then the general case can be
deduced from this by developing each determinant in this equality with respect to
their two last columns). Therefore, H and Disc(f1, ..., f,) are coprime. So we have
proved that D = c.P? under the assumptions k is a UFD and 2 = 0 in k.

Now, assume that k is a domain such that 2 = 0, and set F := Z/27Z for
simplicity. The injective map F < k is flat for k is a torsion-free F-module (k is
not the trivial ring). Therefore, the canonical exact sequence (see Corollary 3.21)

0— FTFm(D) — FC — FBXn

remains exact after tensorization by k over F'. Since pC ®p k ~ ;,C and pBx, ®F
k ~ Bx, we deduce that

¥ TF (D) ~ pTFW(D) ®F k

and hence that P ~ 8 ®p k. Moreover, F' is a UFD and hence we have proved
that D = P? where P is a prime element that generates 3 (observe that the
unit ¢ is necessarily equal to 1 in F'). Considering the specialization p: pA — A,
it follows that p(P) generates B and D = p(rD) = p(P)? (by definition of the
discriminant) and this concludes the proof of this theorem. ]

Before closing this section, we give a refined relationship for the discriminant. Let
R be a commutative ring and suppose given fi, ..., f,—1 homogeneous polynomials
in R[Xy,...,X,] of respective positive degree dy,...,d,_1. Recall the notation
fi(Xh ey Xn—l) = fi(Xh e ,Xn—l; 1) € Z’%[)(7 [N 7Xn—1] (and similarly for Jn)
An immediate consequence of the proof of Lemma 3.22 (see (3.3.3)) is that

DiSC(fl, Ceey fn—l) € (f~1, ceey f~n—17 jn) C A[Xl, - aXn—1]~

The following theorem, which appears in [AJ06] for the case n = 2, improves this
result.
Theorem 3.25. With the above notation we have

. x x -2
DMULUWhAJERﬂOLHWQAJﬁ)CRMLHWXWJ

Proof. As always, it is sufficient to prove this theorem in the generic case of Section
3.1; f1,..., fn—1 are supposed to be homogeneous polynomials in A[X7,..., X,],

where A is the universal coefficient ring, of respective positive degree dq,...,d,_1.
We recall that J,, denotes the Jacobian determinant \%| and that for

any polynomial P in Xi,...,X, we denote by P (resp. P) the polynomial in
X1,...,Xn—1 obtained by substituting X,, by 1 (resp. 0) in P.

Let us introduce the new indeterminates 717, ..., 7T, and, setting ¢ := deg(J,,) =
Z?;ll(di — 1), consider both resultants

p = R’es(f]J'?fn—l?Xn) = Res(?l?"??n—l) E A7
R :=Res(fi — TWXH, ... foo1 — Ty 1 X1 J, — T, X%) € ATy, ..., Ty).
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Since the f;’s are generic polynomials, we know that p is an irreducible element in
A generating the inertia forms ideal

T = TF(Xl,..A,anﬂ(?l’ cee fn_l)O = TF(Xl,...,Xn)(fla ) fn—laXn)O - A.

From Lemma 3.3, ii) (take i = 1,...,n — 1 and j = n), we deduce that J, € T.

Consequently, polynomials f; — Ty X3, ... fr_1 — Tn_ng”’1 and J,, — TnXg are
in T®a A[Ty,...,T,] and it follows that R itself is in T ®4 A[T1,...,T,]. This
implies that p divides R: there exists H(T1,...,T,) € A[T1,...,T,] such that

R:pH(Tl,,Tn) GA[Tl,...,Tn].

This polynomial H have the two following important properties:

e H(0,...,0) = Disc(f1,..., fa—1) € A (by (3.1.4)),

° H(fl, ey fn—la Jn) =0¢€ A[Xl, ce 7Xn—1] (by (222))
Therefore H(Ty,...,T,) gives (similarly to (2.2.2) for the resultant) an explicit
expression of the discriminant of fi,... f,_1 as a polynomial in fl, .. .,fn,l,jn
with coefficients in A and without constant term; in other words as an element in
jnA[fl, N T +Z?:_11 ﬂ;A[fl, N Jy]. We claim that the coefficient of
H (seen as a polynomial in the T;’s) of the monomial T;, is zero, and this implies
our theorem.

To prove this claim, it is sufficient to prove the same claim for R € A[Ty, ..., Ty],

and even, by performing the specialization (which leaves .J,, invariant)

fi= fi + T X% foralli=1,...,n—1,
for the resultant
Res(f1,. .., fo1, Jn — Tu X)) € A[T,).

Let K be the quotient field of A and K its algebraic closure. Then the f;’s have
dy ...d,_1 simple roots, none at infinity, in ]P’%fl. As in the proof of Proposition
3.11, the Poisson’s formula gives

Res(fl,...,fnfl,Jn—TnXg) -
— — - Jn _Tn ’
Res(F1.rTo 1)’ L@ =1

where I := {£ € A%*l : f1(€) =+ = fno1(€) = 0}. But the coefficient of T,,, up
to a nonzero multiplicative constant, equals

- 1

el celr “n

This latter quantity vanishes since its second factor is zero by the well known Jacobi
formula. O

Remark 3.26. Observe that we actually proved that

n—1
DiSC(fl, ey fnfl) S jnzA[fl, ey fnfl, jn] + Z fTZA[.}zl, ey f~n71, jn]
i=1
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3.4. The base change formula. In this section, we investigate the behavior of
the discriminant of n—1 homogeneous polynomials in n variables under polynomial
compositions. Although the situation is much more involved compared to the case
of the resultant [Jou91, §5.12], we provide a detailed base change formula. We begin
with the case of a linear change of coordinates.

Proposition 3.27. Let R be a commutative ring and f; (i = 1,...,n — 1) be
a homogeneous polynomial of degree d; > 1 in R[X1,...,X,]. Given a matric
© = [Cij)1<; i<n with entries in R and denoting, for all f € R[X1,...,X,],

fO(p(Xl,...,Xn) Z:f 61,1X1+"'+Cl,an,...,ZCZ‘JX]‘,...,ZC”,J‘X,I s

we have
Disc(f1 0@, ..., fa10p) = det(p)? I (Zi= =D Dise(fy, ..., fa1).

Proof. We prove this proposition in the generic case. By Definition 3.5, we have

Res(fl0807"'afn—10907Xn0§0)DiSC(fl 0907'-'7](-71—1 O@)
:Res(fl O@v"'vfnfl ° ¥, Jn(fO(,O))

Now, since J,(f o 9) = Ju(f1,---, fa_1) o [¢].det(p) (the classical formula for
changing variables), we deduce from [Jou91, §5.12] and the homogeneity of the
resultant that the numerator of the previous display is equal to

det ()™ % Res(fi, - fo1, Jn) det(ip) Bt DI (4D,
and the denominator is equal to

Res(f1,.-+, fn—1,Xn) det(@)dl“'"d"*l.

d

The result follows by simplifying det(,)?+-1 in both previous equalities. O

Corollary 3.28. Take again the notation of §3.1.2. Let m be a fized integer in
{1,...,n} and define a grading on the ring 1A = k[U, o | |a| = d;] by

weight(Us ay.....a0) = Qm.-
Then Disc(f1,..., fn—1) € kA is homogeneous of total weight

n—1
dy...dpy > (di—1).
i=1

Proof. Tt is an immediate corollary of Proposition 3.27 by taking the diagonal ma-

trix ¢ = [¢; ;] where ¢y, m = t, where t be a new indeterminate, and ¢;; = 1 if

1% m. O
We now turn to the general situation.

Proposition 3.29. For alli =1,...,n—1, let f; be a homogeneous polynomial

of degree d; > 1 in R[X1,...,X,], where R is a commutative ring. If g1,...,9n

are n homogeneous polynomials of the same degree d > 2 in R[Xy,...,X,] then,

denoting f; 0 g:= fi(g1,...,9n) for alli=1,...,n— 1, we have

dv TS 4 Dise(fy 09, .., fa_10g) = Disc(f1, ..., fu)®"
n—1
Res(g1, . .. ,gn)dl"'d"*l((Zi:l (difl))*l)Res(fl oG, s fn10G,J(g1s---,Gn))-
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Proof. As always, we assume that we are in the generic situation over the integers,
which is sufficient to prove this formula. Let us introduce the polynomials F' :=
Uygr + -+ + U,g, which is homogeneous of degree d in the variables X1,..., X,.
Then by (3.1.5) we get

Res(flog7"'afn—1og7‘](fog7F))
Res(flogw"afnflogaF)

But J(fl Oga"'afn—l OgaF) = J(fla---7fn—1a2?:1 UiXi) og X J(gla' 7gn) and
deg(J(g1,---,9n)) = n(d — 1) > 1. By the base change formula for the resultant
[Jou91, §5.12] we deduce that, denoting [ := >~ , U; X; and using obvious notation,

Res(f °g, J(f °g, F)) = Res(f °g, J(fla ey fn—lv l) o g)RGS(f °g, J(g)) =
Res(f,J(fis- s a1, 1) Res(gr, ..., gn) ™It 4D Res(f 0 g, J(g))

d”" =i Disc(frog,..., fa_109) =

and
n—1
Res(fiog,..., fa—109,F) =Res(f1,-.., fn-1, l)d Res(g1, . .. ,gn)dl’“'d"*l.
Therefore the claimed formula follows. O

This first base change formula is not completely factorized. Indeed, it is not
hard to see that Res(gi,...,gn)% 91 divides Res(f o g, J(g1,...,9n)) and this
latter must contain other factors by degree evidence. Let us state this property
more precisely.

Lemma 3.30. There exists a polynomial in the coefficients of the f;’s and the g;’s,
denoted K(f,g), such that

Res(f °g, J(gla v 7gn)) = ddn7 i diReS(glu oo 7gn)H?:1 diK(fv g)

Proof. As always, we assume that we are in the generic situation over the integers,
which is sufficient to prove this formula. For all i = 1,...,n — 1, it is clear that
fiog € (91,...,9n)%. Moreover, we also have that X,,J(g1,...,9n) € (g1,---,Gn)-
Therefore, applying the general divisibility lemma for the resultant [Jou91, Propo-
sition 6.2.1], we deduce that Res(gi, ..., gn) li=1 % divides

Res(fog,XnJ(g1,...,9n)) = Res(fog,J(g1,-..,9.))Res(f o g, X,).

Now, we claim that Res(g1,...,gn) and Res(f o g, X,,) are relatively prime, which
concludes the proof. Indeed, Res(gi, - .., gn) being irreducible, if it divides Res(f o
g, Xy), then it must divides any specialization of this latter resultant where the
g;’s are left generic. So, if we specialize each polynomial f; to Xidi then this resul-
tant specialize to Res(g1, ..., gn—1, X, ) which is irreducible and independent of the
polynomial g,. Therefore, we obtain a contradiction. O

By gathering Proposition 3.29 and Lemma 3.30, we are ready to give a base
change formula which is completely factorized.

Theorem 3.31. With the notation of Proposition 3.29 and Lemma 3.30, we have

DiSC(fl ©g,.-.-. 7fn71 Og) = DiSC(fl, cee 7fn71)dn71
Res(g1,. .. ,gn)dl"'d"*1 Z:?:_ll(di*l)K(fl, ces fne1s915 -y Gn)-



34 LAURENT BUSE AND JEAN-PIERRE JOUANOLOU

The polynomial K(f,g) is homogeneous with respect to the coefficients of the poly-
nomials g1, ..., 9, of degree

n(n—1)(d - 1)d" > ] d:
i=1
and, for oll =1,...,n—1, it is homogeneous with respect to the coefficients of the

polynomial f; of degree
o (di...dy
n(d —1)d (dz> .
Moreover, if k is a domain then K(fi,..., fn—1,91,---,9n) € LA satisfies to the
following properties:
i) K(f,g) is irreducible if 2 # 0 in k,
i) K(f,g) is the square of an irreducible polynomial if 2 =0 in k.

Proof. The first equality follows directly from Proposition 3.29 and Lemma 3.30.
The computations of the degrees of K can be deduced from this formula and the

degrees for the discriminant and the resultant. Indeed, since for alli =1,...,n—1
the polynomial f; o ¢ is homogeneous of degree dd; in the X;’s, by Proposition 3.9
we deduce that Disc(f; 0 g, ..., fn_1 0 g) is homogeneous of degree
Ny =
D;:=d 2JT (dd; — 1)+ > (dd; — 1)
(3 ]:1

with respect to the coefficients of the polynomial f; and of degree

n—1 n—1 n—1
D:=Y d;Di=nd"* | [[d; | D (dd; — 1)
i=1 j=1 i=1
with respect to the coefficients of the polynomials g1, ..., g,. Therefore, it follows

that K is homogeneous with respect to the coefficients of the polynomial f; of
degree

Hn—_ll dj = di...d
—11l5= — -2 n
D; —d" —=— (d; — 1) + ;(dj —1) | =n(d-1)d" (m)
and is homogeneous with respect to the coefficients of the polynomials g1,...,gn
of degree
n—1 n—1 n
D —nd*? (H di> > (di—1) =n(n—1)(d—1)d" ][ d:
i=1 i=1 i=1
since Res(g1, . . ., gn) is homogeneous of degree nd™~* with respect to the coefficients

of the polynomials g1, ..., gn.

Now, we turn to the proof of the irreducibility of K. First we observe that
it is sufficient to prove the claimed properties in Frac(k) so that we will always
work in a UFD. We begin with the case where 2 # 0 in k. We will proceed by
induction on the integer r = dy + ds + -+ + d,,—1. The difficult point is actually
to prove this irreducibility property for r = n — 1, that is to say for the case
dy = -+ = d,_1 = 1. Indeed, let us assume this for a moment and suppose
that » > n — 1. Then, at least one of the degree d; is greater or equal to 2
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and we can assume without loss of generality that it is dy by permuting the f;’s
if necessary. Consider the specialization that sends f; to the product of a generic
form ! and a generic polynomial f{ of degree d; —1. Lemma 3.30 implies that K has
a multiplicativity property with respect to the polynomial f1,..., f,, so that this
specialization sends K (fi,..., fn) (we omit the g;’s in the notation for simplicity)
to the product K(I, fo,..., fo)K(f1, f2,---, fn). Now, if K is reducible then all its
irreducible factors depending on the polynomial f; must depend on ! and f] after the
above specialization. Therefore, since K (I, fo, ..., fn) are K(f1, fa,..., fn) are both
irreducible by our inductive hypothesis and distinct, we deduce that K(f1,..., fn)
is also irreducible.

So, it remains to prove that K is irreducible in the case dy = --- =d,,_1 = 1. Set
fi=375_ Ui Xjforalli=1,...,n—1, introduce new indeterminates Wy, ..., W,
and define the determinant

Ui U, - Up
Usi Uso -+ Uy
A= : : :
Unfl,l Un71,2 e Unfl,n
W, W, - W,

By (3.1.5) and the covariance property of resultants [Jou91, §5.11], we have

n
Res <flog7"'afn—log7‘]<floga"'7,fn—logaZWigi>>

i=1
= ddnilReS (fl ©4g,.. .,fnfl OQ»ZWMZ) DiSC(fl ©g,.. ’7f"71 Og)
=1
= a¥ A" " Res(g1, .., ga)Disc(f1 0 g, fa1 0 9).

On the other hand, since A.J(g1,...,9n) = J(f10g,-.., fu—1 09, > iy Wigi) we
obtain that

Res <flogv"'afn—1oga‘](flOga"'afn—logvzwigi>)
=1

=Res(fiog,..., fn_109,AJ(g1,...,6n))
= Adn_lRes(fl 0G,--s fn109,J(g1,- -5 9n))
— Adn_lddn_lReS(gl, s G K (f1y o s frs Gy e -5 Gn)-

where the last equality follows from Lemma 3.30. Therefore, by comparison of these
two computations (in the generic case over the integers and then by specialization)
we deduce that

K(fla"'7fnagla"'7gn) :DiSC(fl 097"',fn—1 Og) (341)

under our assumption d; = --- = d,_1 = 1. In order to show that this discriminant
is irreducible, we will compare several specializations.

We begin with the specialization of the polynomials f1,..., f,—1 to X1,..., X1
respectively. Under this specialization, the polynomial f; o g is sent to g; for all
i =1,...,n— 1 and hence Disc(f; 0 g,..., fn_1 ©g) is sent to Disc(g1,...,gn—1)
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which is known to be an irreducible polynomial in the coefficients of the polyno-
mials g1,...,9n—1 by Theorem 3.23. It follows that if Disc(f; 0 g,..., fn—10g9) is
reducible, then necessarily there exists a non constant and irreducible polynomial
P(U;,j) which is independent of the coefficients of the polynomials g1, ..., g, and
that divides Disc(f1 0g,..., fn—109).

Now, consider the specialization that sends the polynomial g, to 0. Then,
Disc(fr10g9,..., fn_10g) is sent to

n—1 n—1
Disc (Z Ut,jGjs---» Z Un—l,j9j> =
i=1

i=1
Ugg - Uipa

: : x Disc(g1, -+ Gn-1)
Unfl,l e Unfl,nfl

where the equality holds by the covariance property given in Proposition 3.18. We
deduce that P(U; ;) is equal to the determinant of the matrix (U; ;)1<i,j<n—1 up to
multiplication by an invertible element in k. But if we consider the specialization
that sends the polynomial g; to 0, then by a similar argument we get that Disc(f; o
Gy, fne10g) is sent to

n n
Disc (Z U1,j95s - ~7ZUn1,j9j> =

i=2 i=2
_ n—2
Uz -+ Uin e
: : x Disc(ga, ..., gn)-

Un71,2 T Unfl,n

Therefore, we deduce that P(U; ;) should also be equal to the determinant of the
matrix (U; j)1<ij<n—1 up to multiplication by an invertible element in k and hence

we get a contradiction. This concludes the proof of the irreducibility of K when
2#£01n k.

Now, we turn to the proof that K is the square of an irreducible polynomial
under the assumption 2 = 0 in k. By Theorem 3.24, the discriminant is the square
of a polynomial, irreducible in the generic case, that we will denote by A. Now,
define the polynomial x by the equality

A(fl °g,.. '7fn—1 Og) = A(fla H 'afn—l)dn71
Res(gla s 791’7/)%(11.”(1"_1 Zy;ll(di_l)x(fh . '7fn—17gl7 e agn)

so that K(f1,..., fa-1,91,-++,9n) = X(fi,+ s fn_1,91,---,9n)%. To prove that y
is an irreducible polynomial we can proceed similarly to the case where 2 # 0 in k:
we proceed by induction on the integer r = dy + -+ + d,,—1 > n — 1. Assuming for
a moment that the statement holds for » = n — 1, then the reasoning is exactly the
same: Y inherits of a multiplicative property from K and hence by specializing one
polynomial of degree > 2, say f1, to the product of a linear form [ and a polynomial
f1 of degree dq — 1 then we conclude that x is irreducible.

To prove that x is indeed irreducible when d; = --- = d,,—1 = 1, we also proceed
similarly to the case where 2 # 0. Using (3.4.1) that holds in the generic case other
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the integers, we deduce that there exists € € k such that €2 = 1 and

X(flv"’vfnfl,glw"agn) = 6A(fl Og,"'afnfl og)

in k under the assumption dy = --- = d,—1 = 1. From here, we conclude that x is
irreducible by exploiting, as in the case 2 # 0, the three specializations f; — X; for
alli=1,...,n — 1, then g, + 0 and finally g; — 0, the argumentation being the
same. [l

4. THE DISCRIMINANT OF A HYPERSURFACE

In this section we study the discriminant of a single homogeneous polynomial in
several variables.

Let k be a commutative ring and f be a homogeneous polynomial of degree d > 2
in the polynomial ring k[X7,...,X,] (n > 1). We will denote by ;f the partial
derivative of f with respect to the variable X;. Recall the classical Euler identity

df = zn: X0, f.
=1

We will also often denote by f, respectively f, the polynomial f(Xq,..., X01,0),
respectively f(Xi,...,Xn-1,1), in k[X1,..., Xn-1].
We aim to study the quotient ring

k[Xl, . ,Xn]/(f7 (r“)lf’ o ’8nf)

and its associated inertia forms of degree 0 with respect to m = (Xy,...,X,).
The geometric interpretation of the generic case over the commutative ring k is the
following. Let d be an integer greater or equal to 2. We suppose that

f(X1,..., X,) = Z U, X
|| =d
and denote ;A := k[U, ||a| = d], xC := 1 A[X1,...,X,] and

— kC
kB'_ /(f7alfa7anf)
The closed image of the canonical projection 7 of Proj(yB) to Spec(xA) is defined

by the ideal HQ(;B)o; roughly speaking, it parameterizes all the homogeneous
forms of degree d with coefficients in & whose zero locus has a singular point.

4.1. Regularity of certain sequences. We suppose that we are in the generic
case over the commutative ring k. We begin with two technical results. Given a
sequence of elements r1,...,7, in a ring R, we will denote by H;(r1,...,7s; R) the
i*™ homology group of the Koszul complex associated to this sequence.

Lemma 4.1. For all i > 2 we have H;(f,01f,...,0nf;tC) =0.

Proof. Let us emphasize some coefficients of f by rewriting it as

FX1, o X)) = g(Xn,. ., Xn) + Y EX XA
i=1
where g € C. Then, it appears that the sequence (01 f,...,0n—1f, f) is, in this
order, regular in the ring ,Cx, . Indeed, the quotient by 0, f amounts to express
E11n k[Uy | Uy # &1, .., ER][ X1, ..., X x,,, then the quotient by 0o f amounts to
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express & and so on, to end with the quotient by f that amounts to express &,.
From this property and the well known properties of the Koszul complex, it follows
that

H;(f,01f,...,0nf;kC)x, =0 for all i > 2.

But we can argue similarly by choosing another variable X; instead of X, and
therefore we actually deduce that

Hi(f,01f,...,0nf;1C)x, =0foralli>2and j=1,...,n. (4.1.1)
Now, the consideration of the two spectral sequences
"EPT = HL(K*(f.0uf,...,0nf1xC)) = E" = HR(K*(f,01f,...,0nf;1C))
//Eg’q = Hg(Hq(ﬁ alfa ey anf7 kc)) - E" = HQ(K.(f7 81f7 LR 7anf7 kC))
shows that for all ¢ > 2 we have H;(f,01f,...,0nf; kC) = 0, as claimed. O

Proposition 4.2. The two following statements hold:

(i) For alli € {1,...,n} the sequence (f,01f,... ,53, ooy Onf) is Tegular in
the ring ,C.

(ii) If d is a nonzero divisor in k then the sequence (01 f,...,0nf) is reqular in
the ring ,C.

Proof. We prove (i) in the case i = n to not overload the notation; the other cases
can be treated similarly. For simplicity, we set

Ko = Ko(fvalf7"' aanf;kc)7 L' = K(f’alf7’8n_1f’kc)

Since Ko = Lo ®,0 Ke(Onf;1C), we deduce, using the two spectral sequences
associated to the two filtrations of a double complex having only two rows, that we
have an exact sequence

0 — Ho(Onf; Ha(Le)) = H2(Ke) — H1(0nf; Hi(Le)) — 0.

But by Lemma 4.1, we know that Ho(K,) = 0; it follows that 9, f is a nonzero
divisor in Hi(L). The homology of Le is annihilated by the ideal generated by
(f,01f,...,0n-1f). So, by the Euler identity we deduce that X,,0, f annihilates
H;(L). But since we have just proved that 9, f is a nonzero divisor in Hy (L) we
obtain X, H;(L) = 0.

Denoting f(X1,...,Xn—1) = f(X1,..., Xn_1,0) € tA[X4,..., X,—1], we have
the exact sequence of complexes

0— Lo =X Ly — La/XpLe — 0
where the complex Lo/X,, Lo is nothing but the Koszul complex
Le/XnLe = Ko(f,00f,- - On 1 [; R AIX1, o X))
It follows that Ho(Le/X,Le) = 0 and hence the long exact sequence of homology
oo+ = Hy(Le/XnLa) = Hy(Ly) =X Hy(Ly) — Hy(Le/XnLa) = ---

shows that X, is a nonzero divisor in H; (L). This, with the equality X, H1(Le) =0
obtained above, implies that H;(Le) = 0 which means that (f,01f,...,0,—1f) is a
regular sequence in ,C.
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Setting My := Ko(01f,...,0,f;xC), we will prove the point (ii) by showing that
Hy(M,) = 0. Since Ko = Ms ®, ¢ Ko(f;C) we have the two exact sequences

0 — Ho(f; Ho(M,)) — Ho(Ke) = Hi(f; Hi(M,)) — 0 (4.1.2)
0 — Ho(f; Hi(M,)) — Hi(Ke) — Hi(f; Hi(M,)) — 0. (4.1.3)

First, by (4.1.1) we know that Hs(K,) = 0 and hence the exact sequence (4.1.2)
shows that H;(f, H1(M)) = 0, that is to say that f is a nonzero divisor in H; (M).
But the Euler identity implies that df annihilates Hy(M,), so dH,(M) = 0. Second,
from the exact sequence of complexes

0= Ko 2% Ky — Ko/dKy — 0

we get the long exact sequence
oo Hy(KoJdK,) — Hi(Ke) 2% Hi(Ky) — -

which shows, since Ha(K,./dK,.) = 0, that d is a nonzero divisor in H;(K,).

Finally, the exact sequence (4.1.3) combined with the two facts dH; (M) = 0 and
d is a nonzero divisor in H;(K,), implies that Ho(f; H1(M,)) = 0, that is to say
that the multiplication map x f : Hi(M,) — Hi(M,) is surjective. It follows that,
by composition, for any integer m > 1 the multiplication map x f™ : Hy(M,) —
Hy(M,) is also surjective. But Hq(M) is a Z-graded module and f has degree d
for this graduation, so we have, for any v € Z and m € N*| a surjective map

Hl(Mo)V—dm L HI(M)U
As H{(M), = 0 for 4 < 0 we finally get, by choosing m > 0, that H,(M), =0
for all v € Z. O
Corollary 4.3. For alli € {1,...,n}, the resultant
Res(alf, . ,67;f, ey 8n_1f, f) € LA

is a primitive polynomial, hence nonzero divisor, in A.
Proof. This result is a consequence of Proposition 4.2 and [Jou92, Proposition
3.12.4.2]. The last claim is obtained by observing that this resultant is a nonzero

divisor in 7,7 A for all integer p, which implies that it is a primitive polynomial in
7 A, hence in ,A. O

4.2. Definition of the discriminant.

Lemma 4.4. Let k be a commutative ring and f € k[X1,...,X,] be a homogeneous
polynomial of degree d > 2. Then, we have the following equality in k:

d9D"""Res(8:1f,...,00_1f, f) = Res(O1f, ..., 0nf)Res(O1 ..., On_1]).
Proof. On the one hand we have, using the homogeneity of the resultant,
Res(Orf, .., On_1frdf) = d" D" "Res(drf,. .., 011, f),

and on the other hand we have, using successively [Jou91, §5.9], [Jou91, §5.7] and
[Jou91, Lemma 4.8.9],

Res(@lf, N ,8n_1f, df) = Res(@lf, N ,6n_1f, Xnanf)
= Res(31f, PN ,3nf)Res(61f, ey 8n_1f, Xn)
= R‘es(alfv cee 7anf)ReS(8177 sy a’nflf)'
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Comparing these two computations we deduce the claimed equality. O

Proposition 4.5. Let f(Xq,...,X,) = Z|a\:d Uy, X® be the generic homogeneous
polynomial of degree d > 2 over the integers. Then the resultant Res(01f,...,0nf)
is divisible by d*™%D in the ring A where

(d-1)" - (="

d

Proof. By Corollary 4.3, we know that Res(01f,...,0,—1f, f) is a primitive poly-
nomial in zA. Denoting by c¢(n, d) the content of Res(d: f,...,0,f) for all n,d > 2,
Lemma 4.4 implies that

c(n,d)e(n —1,d) =d@D""" foralln>3and d > 2

and also that ¢(2,d) = d?2? = d*®9 for all d > 2 (just remark that we have
Res(dUX{~') = dU). Therefore, we can proceed by induction on n to prove the
claimed result: assume that c¢(n — 1,d) = d*"~ %9 which is true for n = 3, then

a(n,d) := eZ.

c(n,d) — d(d—l)”’l—a(n—l,d) — da(n,d)
since it is immediate to check that a(n — 1,d) + a(n,d) = (d — 1)~ 1. O

We are now ready to define the discriminant of a homogeneous polynomial of
degree d > 2.

Definition 4.6. Let f(Xi,...,X,) = Z\a|:d U, X* € z7A be the generic homo-
geneous polynomial of degree d > 2. The discriminant of f, that will be denoted
Disc(f), is the unique element in z7A such that

d*™DDisc(f) = Res(dr f,...,0nf). (4.2.1)

Let R be a commutative ring and g = Z\a|:d ua X be a homogeneous poly-

nomial of degree d > 2 in R[Xy,...,X,]. Then we define the discriminant of
g as Disc(g) := A(Disc(f)) where X is the canonical (specialization) morphism
ANizA = R:Uy v ugy.

4.3. Formal properties. Up to a nonzero integer constant factor, the discriminant
of a homogeneous polynomial corresponds to a resultant. Consequently, most of its
properties follow from the properties of the resultant.

Proposition 4.7. Let k be a commutative ring and f be a homogeneous polynomial
in k[X1,...,X,] of degree d > 2.

(i) For all t € k, we have Disc(tf) = t"(4=D" " Disc(f).
(ii) For all n > 2, we have the equality in k

Disc(f)Disc(f) = Res(o1 f,...,0n-1f, ).
Proof. To prove (i), we use the homogeneity of the resultant: one obtains
Res(t0Lf, .., 10, f) = 5 Res(1 ..., 0, f).

To prove (ii), we first assume that we are in the generic case, that is to say that
f=2a=aUaX® and k = zA := Z[U, | |o| = d]. Using the notation of Proposition

4.5, we have a(n,d) + a(n — 1,d) = d@=1""" for all n > 3 and d > 2. Moreover,
from Definition 4.6, we deduce that

Res(O1f,...,0nf)Res(O1f,...,0n_1f) = d(dfl)n_lDisc(f)Disc(?).
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Now, comparing with Lemma 4.4, we get the claimed formula in zA and then over
any commutative ring k by specialization. ([

Remark 4.8. In the case where n = 2 and d is a nonzero divisor of k (equivalently
char(k) does not divide d), the point (ii) recovers a well known formula: set f :=
UoX{+ U1 X Xy + - + UgX§ for simplicity, then

UoDisc(f) = Res(01f, f) = Res(f, 01 f).
This follows from Definition 4.6 since we have
d*DDisc(f) = dDisc(Up X¢) = Res(dUpX?71) = dU,
mn pA.
Corollary 4.9. Let f(X1,...,X,) = Z|a\=d Uy, X € A be the generic homoge-

neous polynomial of degree d > 2 over the commutative ring k. Then Disc(f) is a
primitive polynomial, hence nonzero divisor, in i A.

Proof. The first claim is a combination of both Corollary 4.3 and Proposition 4.7,
(ii). To prove the second claim we can argue as in the proof of Corollary 4.3. O

We continue with some particular examples.

Example 4.10. Let h(Xy,...,X,,—1) = Z|a\ Vo X* be the generic homogeneous
polynomial of degree d > 2 in the variables Xq,. .., X,,_1 over the commutative ring
k and consider the homogeneous polynomial

9(X1,. o, X)) =UXI + (X1, ..., X 1) € KU, Va | |a] = d|[Xy, ..., X,].
Then, we have
Disc(g) = d(d_l)nfl*'(_l)"U(d_l)nleiSC(h)d_l.

Proof. Notice that without loss of generality, it is enough to prove this formula in
the case k = Z. Now, since 9,9 = dUX%! and 9;g = O;h fori =1,...,n — 1, we
deduce that

Res(01g, . .., 0ng) = (AU)@D" "Res(d1h, ..., 0,_1h)* L.
Therefore, from the definition of the discriminant we get
d*™DDisc(g) = (dU)@-D""" gld-Dat=Ldpjge(p)d-—1

and the claimed formula follows from a straightforward computation. O
Example 4.11 ([Dem69]). Consider the homogeneous polynomial of degree d > 2

9( X1, . Xn) = A XT+ -+ AXE € Z[A, . ANXL LX)
Then, its discriminant consists of only one monomial; more precisely,

Disc(g) = d"=D"""=atmd) (4, 4, . A) DT € Z[Ay, . Ay

Proof. Indeed, since 0;g9 = dAleid_1 for all ¢t = 1,...,n, from the classical proper-
ties of the resultant we get

Res(alg’ EERE ang) = dn(d_l)nilRes(Alel_% e aAnX’r(‘ib_l)
= DT (A Ay AT
The claimed result follows by comparing this equality with (4.2.1). O
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Example 4.12 ([Dem69]). Consider the homogeneous polynomial of degree d > 2

g(X1, ., X)) = X{+UX XE 4+ X XS 4 X, 1 X € ZIU X, ., X

Then, its discriminant contains only one monomial modulo d. More precisely,
Disc(g) = U@ D""+D" 10d (d) € Z[U).

Proof. To prove this formula, we proceed by induction on the number n of variables.
So, assume first that n = 2. We have g = X7 + UXng_1 and we easily compute
in the ring Z[U]

Res(d19,029) = Res(dX ™' + UXI™ (d — 1)U X, X472)
= (d— 1)U Res(UXS™, X1)Res(dX {1, X372)
= (-1 d - 1) tqd2Ud, (4.3.1)
From (4.2.1) and since a(2,d) = d — 2, we deduce that
Disc(g) = (=1)¥1(d - 1) 'U¢ =U? mod (d).

Now, fix the integer n > 2 and suppose that the claimed formula is proved at
the step n — 1. Again, an easy computation of resultants in Z[U] yields

Res(alga s 7an—1g’g) (432)

=Res(UX§™, —UX, X§72 + X371, =X, o X2 4 X371 g) mod (d)

= U1 P Res(X4 X971, XN XD mod (d)

= U%@=D""" nod (d).
By Proposition 4.7, (ii), it follows that, in Z[U],

U4d=D""" _ Disc(g)Disc(g) mod (d)
= yU@=-D"+(D""Disc(g) mod (d).
We deduce that
Disc(g) = pd=1"=(@d=)" ()" =) DT g (d) e Z[U].
0

Next, we provide two formulas that encapsulate the behavior of the discriminant
under a linear change of coordinates and under a general base change formula.

Proposition 4.13. Let k be a commutative ring and f be a homogeneous polyno-
mial of degree d > 2 in k[Xq,...,X,]. Being given a matriz ¢ = [¢; jl1<i,j<n With
entries in k and denoting

fOQD(Xl,...,Xn) I:f Clale+”'+ClynX"’"'7ZCivaj""’ZC"-jX" 5
j=1 j=1

we have
Disc(f o p) = det(@)d(d_l)WlDisc(f).
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Proof. By specialization, it is sufficient to prove this formula in the generic setting,
that is to say with f = Z|a\=d Uy, X® € zA. Since foy and f have the same degree
d as polynomials in the X;’s, it is equivalent to prove that

Res(D1(f 0 0),--,0u(f 0 9)) = det(@) ™" "Res(d1 f, ..., D).

To do this, we remark, by basic differential calculus, that

[O1(f o @)s s On(fop)l = [01(f) 0@, -, On(f) 0 @] - det(p),
as matrices. Therefore, the covariance formula of the resultant [Jou91, §5.11.2]
shows that

Res(D1(f 0 0)s-,0u(f 0 ) = det() ™" "Res(@(f) 0 o, .., Oulf) 0 9)-
Moreover, the formula for linear change of coordinates for the resultant [Jou9l,
§5.13.1] gives

Res(01(f) 0 @,...,0n(f) o) = det(o) D" Res(d1f,...,0nf),
and we conclude the proof by observing that (d—1)"+(d—1)""! =d(d—1)""'. O

One consequence of this invariance property is the following generalization of the
formula defining the discriminant given in Proposition 4.7, (ii).

Proposition 4.14. Let k be a commutative ring, let f be a homogeneous polynomial
in k[X1,...,X,] of degree d > 2 and let ¢ = [¢; jli<i<n,i<j<n—1 be an X (n —1)-
matriz with coefficients in k. Then, we have

DiSC(f)DiSC (f([Xla s aXn—l] o t@)) = Res (f7 [alfv s ,6nf] © 90) .

Proof. By specialization, it is sufficient to prove this equality for f the generic homo-

geneous polynomial of degree d over the integers and for ¢ := [Vvi,j]lgign,lgjgnfl
a matrix of indeterminates. Adding another column of indeterminates to ¢, we
introduce the matrix w = [‘/i,j]lgi,jgn~

Now, consider the following resultant
Q:=Res (f([X1,...,Xn] 0 ),
(01 ([X1,- - Xn) o), O f([ X1y, Xn] 0 ')] 0 ).
On the one hand, by the invariance property of the resultant [Jou91, §5.13] we have
Q = det(¥)"@ " "Res (f, [OLf, ..., 0nf] 0 @) . (4.3.3)
On the other hand, since

[OLf (X1, Xa] o), O f([Xn, oo Xl 0 T)] 0o =

0 t 0 t
T&(f([Xl,...,Xn] o gb)),...?ﬁ(f([Xh...,Xn] o ‘1))

by the composition rule of the derivatives, we get from Proposition 4.7, (ii) that
Q = Disc(f([X1,..., X, o ™))Disc(f([X1,..., Xn_1,0] o))
= Disc(f([X1,. .., Xn] o “))Disc(f([X1,..., Xn 1] 0 p))
= det()4@D" " Disc(f)Disc(f([X1, ..., Xn_1] 0 '¢)) (4.3.4)

where the last equality holds by invariance of the discriminant; see Proposition
4.13. Finally, the claimed formula follows by comparing (4.3.3) and (4.3.4), taking
into account the fact that det(¢) is a nonzero divisor in our generic setting. [
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Now, we turn to the more general problem of the behavior of the discriminant
under a general change of basis.

Proposition 4.15. Let k be a commutative ring, f be a homogeneous polynomial of
degree m > 2 and g1, . .., gn be homogeneous polynomials of degree d > 1. There ex-
ists a polynomial K that depends on the coefficients of the polynomials f, g1, ..., gn
such that

Disc(f(g1,---,9n)) = Disc(f)dnilRes(gl, ... ,gn)m(m_l)nflK(f, Gy Gn)-

Proof. We prove the existence of K in the universal setting over the integers so
that the claimed result follows by specialization. From the equality of matrices

[ 0x,(f(9) - Ix.(f(9) ] =

Ox,91 - Ox,91
[ Ox,f(g) -+ Ox.f(9) ] : :
6Xl.gn e aXngn
we deduce that for alli =1,....n
9x,(f(9) € (0x, f(9),---,9x, f(9))- (4.3.5)

Therefore, applying the divisibility property of the resultant [Jou91, §5.6], we obtain
that

Res (0x, f(g),---,0x, f(g)) divides Res (0x,(f(g)),---,0x,(f(g))) -

On the one hand, using the base change formula of the resultant [Jou91, §5.12], we
have

Res (9x, f(g),---,0x, f(g)) = Res(gr,--.,g2)" Y Res(dx, f,...,0x, f)
Tna(m’d)dnflDisc(f)dnilRes(gl7 o gn) D
and on the other hand
Res (9, (£(9)): - . Ox, (£(2))) = (md)* "™ Disc(f(gr. ... gu)).

Therefore, since Disc(f) is a primitive polynomial, we deduce that Disc(f)?
divides Disc(f(g))-

Now, notice that we have f(g1,...,9n) € (91,-.-,9,)™ and that for all i =
1,...,n we have dx,(f(9)) € (g1,--.,9,)™ 1 by using from (4.3.5). Using the

generalized divisibility property of the resultant [Jou91, §6.2], it follows that

Res(g1, ..., gn)™™ D" divides Res(dx, (£(9)), -, 0x,_, (f(9)), f(g))-

n—1

But

Res(0x,(f(9)): -+ 0x,_.(f(g)), f(g)) = Disc(f(g))Disc(f(g))
and Res(g1, ..., gn) is an irreducible polynomial that depends on all the coefficients
of all the polynomials g1, ..., g,. We deduce that

Res(g1, . .. ,gn)m(mfl)"_1 divides Disc(f(g1,---,9n))-

Finally, since Res(g1,...,g,) and Disc(f) are obviously coprime, the existence of
the polynomial K is proved. (I
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4.4. Inertia forms and the discriminant. From its definition, it is clear that
the discriminant of a homogeneous polynomial f € R[Xq,...,X,], where R is a
field, of degree d > 2 vanishes if and only if 01 f,...,0,f (and hence f if char(k)
does not divide d) have a non trivial common root in an algebraic extension of R.
The purpose of this section is to study the behavior of the discriminant when R,
the coefficient ring of the homogeneous polynomial f, is not assumed to be a field.

Let d > 2 be a fixed integer and consider the polynomial
FXa o X)) = ) UaX®,
|av]=d
Let k be a commutative ring and denote by 1A := k[U, | |a| = d] the coefficient ring
of f over k. Then f € yA[X,...,X,]; it is the generic homogeneous polynomial
of degree d over k. Defining the ideals of ,C := A[X1,..., X,]
D = (f, 81f, ey 8nf), m:= (Xl, . 7Xn);
we recall that 8 := TF (D)o = HY (1 B)o where ;B is the quotient ring ,C/D. This
latter ideal is nothing but the defining ideal of the closed subscheme of Spec(A)
obtained as the image of the canonical projective morphism
Proj(xB) — Spec(rA).

In the sequel, our aim is to relate the discriminant of f as defined in Definition 4.6
with this ideal of inertia forms P C ,A.

Proposition 4.16. For j € {1,...,n} we have an isomorphism of k[ X1, ..., X,]-
algebras

#Bx, = klUq | la] = d,a; < d—1][X1, ..., X, ][X; '], (4.4.1)

In particular, for all j € {1,...,n} the ring 1,Bx; is a domain if k is a domain.
Proof. Let i be a fixed integer in {1,...,n}. The Euler equality df = Z?:l X;0;f
shows that, after localization by the variable X;, we have
Dx, = (01f,...,05-1f,0j41f,-..,0nf, ) CxCx;.
In order to emphasize some particular coefficients of the polynomial f, let us rewrite
it as .
FX o X)) =) &XXE Y UlXe
=1 \a|=d,aj<d—1
Then, denoting by Q(X1, ..., X,,) the second term of the right side of this equality,
for all integer i € {1,...,n} such that i # j we have
Oif (X1, Xn) = EXITH +0:Q(X0, ..., Xo).

It follows that the following k[X7, ..., X,]-algebras morphism

Cx, — k[Us|la| =d,aj <d—1][X1,..., X, )[X;!]

J J

E(i#)) — —-X;"9,Q

& w —X7Q+ Y XiX;9,Q =X - d)Q + X,;0,Q)
i#5,i=1

has kernel Dx; and therefore induces an isomorphism of k[X1,..., X,]-algebras

kBx, = k[Ualal = dyay < d—1][X1,..., X)X,
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Corollary 4.17. For alli=1,...,n we have
TFn (D) = ker(xC — 1Bx,)
where ;C — Bx, is the canonical map, so that
TFw(D)o = ker(xA — £ Bx,) = H{x,, (s Bo-
In particular, if k is a domain then TF (D) and B are prime ideals.
Proof. Observe first that by definition we have

n
TFu (D) = ker(xC — [ [ #Bx.)-

i=1
The isomorphisms (4.4.1) show that for any couple of integers (i,5) € {1,...,n}?
the variable X; is a nonzero divisor in ;Bx, and hence that the canonical map
kBx, — kBx,x, is injective. By considering the commutative diagrams, for all
couple (i,j) € {1,...,n}?

C —— BXi

.

Bx, — Bx;x;

we obtain that TFy (D) = ker(;,C — ,Byx,) for all i = 1,...,n. From here, assum-
ing that k is domain we deduce easily that TF, (D) is a prime ideal of ,C and that
B = TF (D)o is a prime ideal of ,A. O

We now turn to the relation between the ideal of inertia forms TF, (D) and the
discriminant of f.

Theorem 4.18. Let R be a commutative ring and f a homogeneous polynomial in
R[X1,...,Xp]a with d > 2. Then, we have the following inclusions of ideals in R:

(Disc(f)) C TEw((f, 01 f,...,0nf)) N R C +/(Disc(f)).
Proof. We first prove these inclusions in the generic case over the integers, that is
to say with f =3, 4 UaX® and R = 2A = Z[Uq | |o| = d].
By definition of the discriminant, we have
d*“mDDisc(f) = Res(dyf,...,0nf) in zA.
But since Res(01f,...,0,f) is an inertia form of the ideal (d1f,...,0,f) with
respect to m, we deduce that
d*™DDisc(f) € TFm(D)o

which is a prime ideal (Z is a domain). Moreover, we claim that d*(™% ¢ TF (D)o
because

TFw (D)o NZ = (0).
Indeed, this equality can be checked using any particular specialization of the co-
efficients U,; for instance, if we specialize f to X{, then D specializes to the ideal
(X¢,dX3Y) in Z[X1, ..., X,] and clearly TF,((X{,dX%1))o = (0) C Z. Finally,
we deduce that Disc(f) € TFn(D)o.
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We turn to the proof of the second inclusion, always in the generic case over
the integers. Suppose given a € HQ(zB)o and denote by zB’ the quotient ring
zC/(01f,...,0nf). By the Euler identity, da € H2(zB’)o. Since both ideals
H2(zB")o and (Res(01f,...,0,f)) of zA have the same radical, we deduce that
there exists an integer N such that Res(1f, ..., 0, f) divides (da)". Using (3.1.4),
there exists a’ € zA such that

dNaN = a9 g/ Disc(f) in zA.
Taking the contents in the above equality, we deduce that

aV = Cka(a/)C'k(a)NDisc(f) in zA

and this proves that TF (D)o C 4/ (Disc(f)).
To conclude the proof, we first remark that the inclusion

(Disc(f)) € TFm((f,01f,---,0nf)) N R

is, by specialization, an immediate consequence of the same inclusion in the generic
case over the integers. The rest of the proof is a consequence of a base change
property, exactly as in the proof of Proposition 2.4. O

Corollary 4.19. Let k be a domain and f = Z|a\:d U, X be the generic homo-
geneous polynomial of degree d > 2 over k. Then, Disc(f) = ¢.P" where ¢ is an
invertible element in k, r is a positive integer and P is a prime polynomial that
generates the ideal B C A.

Proof. Let us first assume that k is a UFD. Theorem 4.18 implies that both ideals
B = TF (D)o and (Disc(f)) of A have the same radical and Corollary 4.17 shows
that 3 is a prime ideal. Therefore, we deduce immediately that Disc(f) = c¢.P" as
claimed.

Now, assume that k is a domain. Depending on its characteristic, it contains
either Z or Z/pZ, p a prime integer, that we will denote by F' in the sequel. Thus,
we have an injective map F' < k which is moreover flat (for & is a torsion-free
F-module). Therefore, the canonical exact sequence (see Corollary 4.17)

FTFm(D) — FC — FBX,L
remains exact after tensorization by k over F'. Since pC ®p k = ;C and pBx, ®F
k = 1 Bx, , this latter being an immediate consequence of (4.4.1), we deduce that
¥ TFw(D) = pTF (D) ®F k. (4.4.2)

Since F' is a UFD, we know that pDisc(f) = ¢.P” where ¢ is an invertible element
in F, r is a positive integer and P is a prime polynomial in A that generates .
Now, considering the canonical specialization p: pA — A, we get

¥Dise(f) = pl(rDisc(f)) = p(c).p(P)",
where the first equality follows from the definition of the discriminant. But by
(4.4.2), p(P) generates ;P and since ;P is a prime ideal by Corollary 4.17, we
deduce that p(P) is a prime polynomial in zA. To conclude, observe that p(c) is
clearly an invertible element in k because F' is contained in k. O

Remark 4.20. From the proof of the above corollary we see that the only depen-
dence of r on k is the characteristic of k, for F' only depends on this characteristic.
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With this property, we can explore the behavior of the discriminant in some
particular cases. Here are two such examples.

Proposition 4.21. The universal discriminant over the integers is a prime poly-
nomial in z A that generates the ideal 7°3.

Proof. By Corollary 4.19, there exists an irreducible polynomial P € zA that gen-
erates 7B and an integer r > 1 such that zDisc(f) = £P". In order to prove that
r = 1 we will use two specializations.

First, consider the specialization that sends f to UX%+f(X1,...,X,_1,0) where
U denotes, for simplicity, the coefficient of X2 of f. By Example 4.10, we get that
zDisc(f) specializes to

d(d—l)"71+(—1)"U(d—l)"71Disc(f()(l7 e X1, O))d—l € 4A.

Since U is an irreducible polynomial in zA and U does not divide the discriminant
Disc(f(X1,...,Xn—1,0)) (this latter actually does not depend on U), we deduce
that r divides (d — 1)~ 1.

Second, consider the specialization that sends f to the polynomial

g € ZJAZ[U][X1, ..., Xn]

given in Example 4.12. We have seen that Disc(f) specializes to U/(@=D" "' +(=D"
It follows that r divides (d — 1)"~% + (=1)".

Finally, we have shown that r divides two consecutive and positive integers,
namely (d —1)"! and (d — 1)"~! + (—1)". Therefore, r must be equal to 1. [

Proposition 4.22. Let k be a domain and f = Z|a\=2 U, X be the generic ho-
mogeneous polynomial of degree 2 over k. If char(k) # 2 or n is odd, then Disc(f)
is a prime polynomial in A that generates B. Otherwise, if char(k) =2 and n is
even, then Disc(f) = P? where P is a prime polynomial that generates 3.

Proof. As explained in the proof of Corollary 4.19, it is enough to prove this propo-
sition under the assumption that k is a UFD. So let us assume hereafter that this
is the case.

By Corollary 4.19, there exists an irreducible polynomial P € A that generates
B, an integer » > 1 and ¢ an invertible element in k such that ;Disc(f) = ¢.P".
Depending on the characteristic of £ and the parity of n we will prove that r is
equal to 1 or 2.

Rewriting f(X1,...,Xp) as f = Zogigjgn A; ;X;X; (so that A is now the
polynomial ring k[4, ;,0 <i < j <n]), for all ¢ € {1,...,n} we have

Of=A1,; X1+ + A1, X1 +24,,, X+ A i1 Xipn + -+ Ain X
in pA[X1,...,X,]. Then, Definition 4.6 implies that

24117 A - Al Ain
A 2 2A2’2 A2,n
? ) ] _ ) 2Disc(f) = 2¢.P" if nis odd
: - : | Disc(f) = ¢.P" if n is even
Al,n—l 2A’4n—1,n—l An—l,n
Al,n A2,n e Anfl,n 2An,n

(4.4.3)

in the polynomial ring ,A.
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Let us first assume that char(k) # 2. Denote by p the specialization that leaves
invariant A, ; for all ¢ and sends A, ; to 0 for all ¢ # j. The specialization of (4.4.3)
by p yields

2¢c.p(P)" if n is odd
c.p(P)" if niseven

2"141’1142’2 . An’n = {

and from here we deduce that » must be equal to 1.

Now, assume that char(k) = 2 and that n is even. Since char(k) = 2, the
determinant in (4.4.3) can be seen as the determinant of a skew-symmetric matrix,
and since n is even it is known that it is equal to the square of its pfaffian. Therefore,
(4.4.3) implies that r > 2.

Consider the specialization ¢ that leaves invariant A;;op 242x for all integer
k=0,1,...,(n—2)/2 and that sends all the other variables A; ; to 0. The matrix
in (4.4.3) then specializes by ¢ to the block diagonal matrix

dia 0 Ao 0 Asza 0 Anin
& A 0 | A3y O U Apcan 0

and therefore (4.4.3) yields

(n—2)/2

H A1+2k,2+2k2 = C-@(P)T

k=0
This implies that » < 2 and hence we conclude that r = 2 if char(k) = 2 and n
is even. Then, to conclude observe that z/57Disc(f) is a square (necessarily ¢ = 1
in this case), so that we deduce that ¢ is actually a square in k via the canonical
specialization from Z/27Z to k. It follows that ,Disc(f) = (uP)? where u? = ¢ and
u is an invertible element in k, and the claimed result follows as uP is an irreducible
element that generates 3.

Let us turn to the last case: char(k) = 2 and n is odd. Consider the specialization
¢ that leaves invariant A, 3 , Ap—1,, and Ajog 240k forallk =0,1,...,(n—3)/2,
and that sends all the other variables A; ; to 0. In order to determine the image of
xDisc(f) by this specialization, we remark that we have the following commutative
diagram of specializations

[
2A——ZL[An—2n, An—in, Aiyor ook |E=0,1,...,(n—3)/2]

| |

RA——k[Apn_2n, An_1n, Argor242c |k =0,1,...,(n—3)/2]

where the vertical arrows are induced by the ring morphism Z — k. So, we can
first perform the specialization ¢ over the integers and then specialize to k.
The matrix in (4.4.3) specializes by ¢ to the block diagonal matrix

. 0 A1,2 0 An—4,n—3
dlag([ As 0 },..., [ Anans 0 ,

0 An—Q,n—l An—2,n
An—?,n—l 0 An—l,n
An—Q,n An—l,n 0
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Therefore, the specialization of (4.4.3) by ¢ over the integers yields the equality
(n—5)/2
24n—2n-1An—2nAn_1n H —(A1t2k,212k)° = 2¢(zDisc(f))
k=0
so that,
(n—>5)/2
An—2n-1An—2nAn_1n H —(A112k,212k)° = ¢(zDisc(f)).
k=0
Now, we specialize this equality to £ and we obtain
(n—5)/2
An—2n-14An—2nAn_1n H Ayyonoror” = ¢(xDisc(f)) = c.o(P)".
k=0
From here, we deduce that r must be equal to 1. ([l

Our next step is to prove that the conclusion of this proposition holds without
restriction on the degree d. This is Theorem 4.26. Notice that in the case n = 2 we
already know that such a result is valid by Theorem 3.23 and Theorem 3.24 (see
also [AJO6, §8.5]).

4.5. Zariski weight of the discriminant. Let k£ be a commutative ring and
consider the generic homogeneous polynomial in the variables X, ..., X, of degree
d>2
fi=> UsX*€C:=AX,...,X,]
|ee|=d
where A := k[U, ||a| = d]. Define also the ideals m := (X;,...,X,) and n :=
(X1,...,Xpn—1) of C and rewrite the polynomial f as f = Zf:o fa—t X! where
fi is the generic homogeneous polynomial of degree I in A[X;y,..., X, 4] for all
l=0,...,d
Now, fix an integer p such that 0 < p < d and define the polynomials

m d
hi= Zfd_txg €Cyand g:= Zfd_tx,t;“ €Cip

t=0 t=p

Proposition 4.23. For all integer 0 < p < d the sequence h,01h,...,0,_2oh is
C-regular. Moreover, for all integer 1 < u < d, the sequence h,01h,...,0,_1h is
C-regular outside V (n).

Proof. By Proposition 4.2, the sequence fg, 01 fq, - - ., On_2fq is C-regular. It follows
that the sequence X, h,01h,...,0,_oh is also C-regular. Since all the elements
of this sequence are homogeneous of positive degree, this sequence remains C-
regular under any permutation of its elements. Therefore, h,01h, ..., 0,_2h, X, is
C-regular, in particular h, 01 h,...,0,_oh is C-regular.

To prove the second assertion, we have to prove that the sequence h, 01 h, .. .,
Op—1h is Cx,-regular for all 1 < j <n — 1. Up to a permutation of the variables

X1,...,X,_1, one can assume that j =n — 1.
For the sake of simplicity in the notation, we rename by V; the coefficient of the
monomial X; X% 1 in fy for alli=1,...,n — 1 so that

fa=ViXi X 4 Vo Xo X 4o 4 V0 X o X 4 Vo X
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We also define the polynomial v by the equality
h=v+ VX1 X1+ VaXo X0+ 4+ Vo Xy o X0 + Vi X7

Now, perform the following successive specializations:

—1 _ _ _
Vi = g (vt ViXi X3 + VaXo X271+ 4+ Vo X, 2 X271)4.5.1)

n—1

Vi » —0w, 1<i<n-—2.
They successively annihilate h, 01 h, . .., 3,_1h and we recover that h, 01 h, ..., 0,_2h
is a regular sequence (outside V(n)). In addition, (4.5.1) yields an isomorphism

OX"”/(}L,alhv e Onoh) AXy, . X)X ]
where A" := k[U, ||a| = d, Uy #V; Vi € {1,...,n — 1}]. Therefore, it remains to
prove that the image of 9,_1h by the specializations (4.5.1) is a nonzero divisor in
AXq, ..., Xn] [X;_ll]. For that purpose, we observe that the Euler identity implies
that

p I
X100h+ -+ X 10p1h =Y (d—t)fa X}, =dh—> tfa X},

t=0 t=1
But the polynomials f;_; for 1 < ¢ < u do not depend on the variables Vi, Vo, .. .,
Vn_1, so we deduce that X,,_10,_1h is specialized to — Zle tfg_+ X! by (4.5.1).
Assuming p > 1, the k-content of this polynomial contains the k-content of fy_;
which is a primitive polynomial over k, and we conclude the proof by the Dedekind-
Mertens Lemma. O

By definition, the polynomial A € C' is homogeneous of degree d with respect
to the variables Xi,..., X, and of valuation d — p with respect to the variables
X1,...,Xn_1. Therefore, for alli = 1,...,n—1, the polynomial 9;h is of degree d—1
with respect to the variables Xy, ..., X, and of valuation d—1—pu with respect to the
variables X1,..., X,,_1. We will denote by Red(h, d1h, O2h, . ..,0,—1h) the reduced
resultant of h,01h,Osh, .. .,0,_1h with respect to these degrees and weights. It is
well defined for all p such that 1 < p < d — 2 ([Zar37, OMS8S]).

Proposition 4.24. For all 1 < u < d — 2 the reduced resultant
Red(h, 81 h, 82h, SN ,6n_1h)
is a primitive polynomial, hence a nonzero divisor, in A.

Proof. The reduced resultant is a nonzero divisor by Proposition 4.23 and the Pois-
son formula ([Zar37, Theorem 5.1 and Theorem 5.2], [OMS88, Chapter IV]). Then,
we deduce that it is primitive over the integers, hence over k, by applying the
previous property with k = Z and k = Z/pZ for all prime integer p. O

Theorem 4.25. Assume that the ring A = k[U, | |a| = d] is graded by the Zariski
weight, i.e. by setting weight(c) := 0 for all ¢ € k and weight(U,) := max(a, —pu, 0).
Then, the discriminant Disc(f) € A is of valuation (d—p)(d—1—pu)"~t. Moreover,
its isobaric part H of weight (d — p)(d — 1 — u)"~! satisfies the equality

Disc(g)Disc(g)Red(h, O1h, ...,0n—1h) = H.Disc(f) € A
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where Disc(g) = Disc(f4—,.), Disc(f) = Disc(fq) and Red(h, 01 h,...,0n—1h) are all
isobaric polynomials of zero weight.

Proof. Let fy := Z|a\=d Vo, X* and f; == Z|a|=d—1 ViaX*fori=1,...,n—1be
generic homogeneous polynomials of degree d,d — 1,...,d — 1 respectively and let
©0,¥1,---,Pn_1 be their generic specialization of degree d,d — 1,...,d — 1 and of
valuation d — yu,d — u — 1,...,d — u — 1 respectively. Notice that we consider here
the canonical grading of k[V; ,Vi, a], so that

fO = Z Vb,aXav fz = Z ‘/i,aXav Yo = Z VO,aXaa Pi = Z VO,OCXa

|ae]=d |a]=d—1 || =d |a]=d—1
an<p an<p
forall i =1,...,n — 1. Moreover, we also define the polynomials
g0:= Y VouX/XH gii= > VouX/XKE € k[Via,Vi,a][X1,..., X,
|a|=d |a|=d—1
> fh Qn >t

foralli=1,...,n—1.
Now, consider the grading of k[V; o Vi, a] defined in this theorem, namely

weight(V; o) := max(a, — ,0) for all i =0,...,n — 1.

Then, by definition of the reduced resultant of ¢g, ¢1, ..., pn_1, we have the equal-
ity

Res(fo, ..., fn_1) = Res(go, - .., gn)Red(go, . .., pn)+
terms of weight > (d — pu)(d — 1 — )" ™' (4.5.2)

Denote by p the specialization from k[V; o Vi, ] to A = k[U, | |a| = d] (and also,
by abusing notation, its canonical extension to polynomial rings) which is such that
p(fo) = fand p(f;) = 0;f foralli =1,...,n—1. It is easy to check that p(gg) = g,
p(po) = h and that p(g;) = 0ig, p(@;) = O;h for all =1,...,n — 1. Moreover, p
is isobaric with respect to the Zariski grading of k[V; o Vi,a] and A because each
variable U, has the same Zariski weight in f and 0:f,...,0,_1f. Therefore, the
specialization of (4.5.2) yields the equality

Res(f,01f,...,0n—1f) = Res(g,019,...,0n-19)Red(h,O1h,...,0n_1h)
+ terms of weight > (d — u)(d — 1 — p)" .
By Proposition 4.7, we deduce that

Disc(f)Disc(f) = Disc(g)Disc(g)Red(h, 1 h, ..., 0n_1h)+
terms of weight > (d — p)(d — 1 — p)" "
But Disc(g) # 0, Disc(g) # 0 and by Proposition 4.24 Red(h, 01h,...,0n_1h) # 0.

Since Disc(f), Disc(g) and Red(h,dih,...,0,_1h) # 0 have null Zariski weight
and Disc(g) is isobaric of Zariski weight (d — p)(d — 1 — u)"~ !, we deduce that
Disc(f) € A is of valuation (d — p)(d — 1 — )"~ with respect to Zariski weight as
claimed.

Pushing further the computations, we see that

Disc(f) = Disc(h) divides Red(h,01h,...,0n_1h)
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and hence we deduce the formula of the theorem. To see this property, notice that
the reduced resultant is a reduced inertia form, that is to say that there exists an
integer N such that

(X1,..., X 1) Red(h,01h,...,0n_1h) C (h,01h,...,0n_1h).
Specializing X, to 0, we get
(X1,..., Xn_1)"Red(h, 01 h,...,0n_1h) C (h,01h,...,0,_1h) C A[X1,...,Xn_1]

from we deduce the claimed property by Proposition 4.21. O

We are now ready to extend Proposition 4.22 to the generic homogeneous poly-
nomial of arbitrary degree d > 2.

Theorem 4.26. Let k be a domain and f = Z\a|=d U, X be the generic homoge-
neous polynomial of degree d > 2 over k. If char(k) # 2 or n is odd, then Disc(f)
is a prime polynomial in A that generates . Otherwise, if char(k) =2 and n is
even, then Disc(f) = P? where P is a prime polynomial that generates 3.

Proof. By Corollary 4.19, there exists an invertible element c¢ in k, a prime polyno-
mial P that generates 3 and an integer r such that Disc(f) = ¢.P".

Now, grading A with the Zariski weight, for all integer 1 < y < d — 2 Theorem
4.25 shows that

Disc(f) = Q,.(f).Disc(g) + terms of weight > (d — p)(d — p— 1)"*

where Q,,(f) has weight zero and Disc(g) is isobaric of weight (d—u)(d—p—1)""1.
Let P be the isobaric part of smallest weight s of P. Then, we deduce that for all
integer 1 < pu<d—2

Qu(f)-Disc(g) = c.(Ps)".

In particular, if ¢ = d — 2 then ¢ is the generic homogeneous polynomial in
X1,..., X, of degree 2. But by Proposition 4.22 we know that Disc(g) is prime if
n is odd or 2 # 0 in k, and that it is equal to the square of a prime polynomial
otherwise. We deduce that » = 1 in the first case and that necessarily » < 2 in the
second case.

Assume now that 2 = 0 in k and n is even. We have just seen that r € {1,2}.
We claim that in this case, the canonical projection Proj(B) — Spec(A4) is not
birational onto its image Spec(A/S). This implies that r cannot be equal to 1, so
r = 2 and Disc(f) = c¢.P?. Then, to conclude observe that 77 Disc(f) is a square
(necessarily ¢ = 1 in this case), so that we deduce that c is actually a square in k
via the canonical specialization from Z/2Z to k. It follows that ,Disc(f) = (uP)?
where 42 = ¢ and v is an invertible element in k, and the claimed result follows as
uP is an irreducible element that generates 3.

To prove that Proj(B) — Spec(A) is not birational, we examine the module of
relative differentials 2 Bx,,/A- In the following section, we will prove in Lemma
4.27 that it is isomorphic to the cokernel of a Hessian matrix. Moreover, under
the assumptions that 2 = 0 in k and n is even it turns out that the determinant
of this Hessian matrix is equal to zero (see the beginning of Section 4.6 below).
Consequently, the projection Proj(B) — Spec(A) can not be birational. |
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4.6. Inertia forms and the Hessian. Let k£ be a commutative ring. Given a
polynomial f € k[Xy,...,X,], we will denote by Hess(f), and call it the Hessian
of f, the determinant of the (symmetric) matrix

e 82f
H(f) := (W>1Si7jén.

When 2 = 0 in k, the elements on the diagonal of H(f) all vanish and H(f) is
then a skew-symmetric matrix. Consequently, Hess(f) = 0 if n is odd and Hess(f)
is the square of a polynomial (its Pfaffian) if n is even. Regarding this behavior,
the case where f is a generic polynomial of degree 2 is particularly instructive.

Lemma 4.27. Set A:=k[U, ;|1 <i< j <n] and let

fi= ) U;XiX; € A[Xy,..., X,]
1<i<j<n
be the generic homogeneous polynomial of degree 2 over the ring k. If n is even or
if 2 is a nonzero divisor in k then Hess(f) is a nonzero divisor in A.

Proof. If n is even, the monomial U7 ,U3,...U2_,, appears in Hess(f) with a
coefficient +1 (to see it, one can for instance specialize all the other variables to
zero). We deduce that the k-content of Hess(f) is equal to k and therefore that
Hess(f) is a nonzero divisor in A by Dedekind-Mertens Lemma.

Now, assume that n is odd and that 2 is a nonzero divisor in k. By spe-
cializing U ; to 0 for all 1 < j < n, Hess(f) specializes to 2U; 1Hess(g) where
9= 9cicj<n UijXiX;. But since n —1is even, Hess(g) is a nonzero divisor in A
and it follows that Hess(f) is also a nonzero divisor. O

Proposition 4.28. Set A :=k[U, ||a| = d] and let

=) UaX*€AXy,...,X,]
|ae]=d

be the generic homogeneous polynomial of degree d over the ring k. If n is odd or
if 2 is a nonzero divisor in k then the determinant

0% f )
det ( (4.6.1)
aXian 1<i,j<n—1

is a nonzero divisor in the quotient ring A[X1,...,X,]/ TFn (D).

Proof. The case n = 1 being trivially correct, we assume that n > 2. We first prove
the claimed result under the assumption that k is a domain. In this case, TF, (D)
is a prime ideal by Corollary 4.17 and hence we have to show that

det (an) ¢ TFy (D) (4.6.2)
aXi@Xj 1<i,j<n—1 " o

But it is enough to exhibit a particular specialization for which this property holds.
So consider the specialization the sends f to the polynomial

h = > U XiX; | XPP e kUi |1 <i<j<n—1[Xy,...,X,].

1<i<j<n—1
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Denoting g := >« <<, Ui j XiX;, we have

det <82h> = Hess(g) X (=21
8X1‘3Xj 1<i,j<n—1 "

Therefore, specializing further the variable X, to 1, we see that to prove (4.6.2) it

is sufficient to prove that

HESS(g) ¢ (97 alga teey an—lgv (d - 2)9)
= (978197 o 7877,719) - k[UZ,] | 1 S 27.7 S n— 1“X1a .. 7Xn71]'
But this holds because the ideal (g,d19,...,0,-19) is nonzero and is contained in

the ideal (Xy,...,X,—1), whereas Hess(g) belongs to k[U; ;|1 <14,j <n —1] and
is nonzero by Lemma 4.27.

We now turn to the proof in the case k is an arbitrary commutative ring. Let
D stands for the determinant (4.6.1). We begin with the case where n is odd. By
(4.4.1), zBx, is a free abelian group. Moreover, from what we have just proved
under the assumption that k is a domain, we deduce that the multiplication by D
in zBx, and z,,2Bx,, p a prime integer, are all injective maps. Denoting by 7Q
the quotient abelian group of the multiplication by D in 7z Bx, , that is to say we
have he exact sequence of abelian groups

0—>sz71 ﬂ)ZBXn —)ZQ—>O,

we deduce that 7@ is torsion free (for Tor” (Z/pZ,7zQ) = 0 for all prime integer p)
and hence is flat. By a classical property of flatness we obtain that Tor% (zQ,k)=0
and therefore that the multiplication by D in ;Bx, is an injective map, i.e. D is a
nonzero divisor in By, . Finally, since

TFm(D) = ker(kC — k;BXn) (463)

by Corollary 4.17, it follows that D is a nonzero divisor in ,C / TFy (D).

We can proceed similarly to prove the claimed result in the case where n is even.
The multiplication by D in zBx, and z,,7Bx,, p a prime but odd integer, are all
injective maps. It follows that after inversion of 2 we obtain the exact sequence

D
0= g4 Bx, = 2p)Bx, = 231@ = 0

where the Z[3]-module z/1)Q is torsion free and is hence flat. Consequently, if

2 is a unit in k£ we immediately deduce by tensorization by k over Z[%] that the
multiplication by D in By, is an injective map. Now, if 2 is a nonzero divisor in
k then k can be embedded in k[3]. This induces the inclusion of ;Bx, in k(21 Bx,-
But we have just proved that D is a nonzero divisor in 1 1Bx,,, so we deduce that it

is also a nonzero divisor in By, and hence also a nonzero divisor in ,C / TF (D)
by (4.6.3). 0

Theorem 4.29. Set A := k[U, ||a| = d] and let
f:= Z U X® € A[Xy,..., X,]
|a]=d

be the generic homogeneous polynomial of degree d over k. If n is odd or if 2 is a
nonzero divisor in k then

TFu(f,01fs s Onf)NAC (Dif, .. 0n1f)*+ (f),
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where, for all polynomial P(X4,...,X,), the notation P stands for the polynomial
P(Xy,...,Xn-1,1).

Proof. Let a € TFW(f,01f,...,0,f) N A. There exists an integer N such that
XN=1q belongs to the ideal (f,0,f,...,0,f). Moreover, using the Euler identity
df =37, X;0;f, we obtain that XYa belongs to the ideal (f,0:f,...,0,—1f) and
therefore that there exist polynomials Py,..., P,—1 and Q in A[Xq,...,X,] such
that

XéVCL: Plalf-f-—‘r-Pn,lan,lf-l-Qf (464)

By applying the derivation 0;(—) for all j =1,...,n — 1, we obtain the following
equalities:

-1
. 0%f
Vie{l,...,n—1}, ;Bm =0mod (f,01f,...,0n_1f).
By Cramer’s rules, it follows that for all ¢ = 1,...,n — 1 we have
0% f )
P;. det ( €(f,01f,...,0nf) CTEW(f,01f,...,0nf).
aXian 1<i,j<n—1

But by Proposition 4.28, the determinant

0 f )
det (
aXian 1<i,j<n—1

is not a zero divisor in the quotient ring of A[X1,...,X,] by the inertia form ideal
TFw(f,01f,...,0nf). Therefore, we deduce that P; € TFy(f,01f,...,0nf) for all
i=1,...,n—1 and hence, using again Euler identity, that

jji S (faalfw"aanflf)'
Coming back to the definition (4.6.4) of the P;’s, the claimed result is proved. O
An immediate consequence of this theorem is the

Corollary 4.30. For any commutative ring k and any homogeneous polynomial
fek[Xy,...,X,], we have

Disc(f) € (D1f, ... On-1f)* + (f).

We end this paragraph with the computation of the module of relative differen-
tials Bx,,)/A induced by the canonical inclusion A — Bx, ).

Lemma 4.31. For any commutative ring k, the module Qp . | a of relative dif-
ferential of B(x, ) over A is isomorphic to the cokernel of the map

’é A[Xl,...,Xn_l] Hess(f) @ A[Xl,...,Xn_l}
i=1 (faalfw-'vanflf) i=1 (faalfa“wanflf)

whose matriz in the canonical basis is given by the Hessian matriz H(f).
Proof. By definition of B, it is clear that

Bix,) ~ AX1, ..., Xoal/(f.Of, .. 0nr f).
We need to introduce some notation. We can decompose f as a sum

F="fat farXn+ 4 fao X2 + 1XI7 4+ fo X0
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where the f;’s are homogeneous polynomials in Xj,..., X,,_1 of degree d —i. Wet
hi=f— fiX3 1 — f,X¢ and we rename the coefficients Uy, o, > d — 1, of f by
setting

h=6X1+&Xe -+ &1 Xn1, fo=E&
Setting D := k[X1,..., Xn-1][Ua|an < d — 2], we define a k-linear map A from
B(x,) to D as follows:

X, —» X;, i=1,...,n—1 (4.6.5)
Uy, = U, ap,<d-—2
& w— —0h, i=1,....n—1

n—1

i=1
It is clear that X is surjective. Moreover, observe that f = h + &, + S Le X,
so that @f =0;h+& foralli=1,...,n—1, and hence we deduce that \ is an
isomorphism.

Now, B(x,) is an A-algebra by the canonical inclusion of A in B(x,). Using
the isomorphism A, we get that Qp, /a4 ~ Qp 4 and A — D is given by (4.6.5)
(without the X;’s that have been removed). Setting A = k[U, | @, < d— 2], so that
A = Al&,...,&,], we get maps of rings A — A — D and the relative cotangent
sequence

D®y QA/A ﬂ) QD/A — QD/A —0

which is exact. Since Q4,5 ~ @& AdE; and Qp 5 ~ @' DAX;, the map can
in this sequence can be represented by a matrix in the basis d&i,...,d&E, and
dXy,...dX,_1 respectively. By straightforward computations, we get

n—1 62;L n—1 62‘]’5

can(d&;) = — ————dX;

= - oedX; |, i=1,...,n—1,
= 0X;0X; ’ = 0X,0X; ’

and

can(dE,) Z lejaan dX; = Z ZXJE)X@X dx;
iz

n—1

=— Z Xjcan(dE;)

Jj=1

so that the first n — 1 columns of this matrix corresponds to —Hess( f) and its last
column is the span of the n—1 first ones. Therefore, the image of can is isomorphic
to the image of the map D" ' — D"~ defined by the matrix —Hess(f), and the
claimed result follows. O

The computation done in this lemma shows that the unramified points of Proj(B)
over Spec(A) are the non-degenerated quadratic points, that is to say the points
where the Hessian of f does not vanish. We used it at the end of the proof of
Theorem 4.26 to show that the canonical projection of Proj(B) over Spec(A) is not
birational if char(k) = 2 and n is even under the assumption that k is a domain.
If n is odd or 2 is a nonzero divisor in k then this projection is birational (without
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assuming that k is a domain). The purpose of the next section is to prove this fact
by providing an explicit blowup structure to Proj(B).

4.7. Effective blow-up structure. For the sake of simplicity in the text, we
introduce a particular notation for some coefficients U, of the generic homogeneous
polynomial f € A of degree d > 2 :

F(X1, 0, X)) =S X X 4 XX 4+ 6 X X+ 6, X
Moreover, we introduce n — 1 polynomials
gi( X1, Xp) = > VigXP i=1,....n-1
|Bl=d—1
and define the coefficient ring
kA’:kA[VigH§i§n—1,|6|:d—1}

so that f and ¢1,...,gn—1 belong to yA’[X1, ..., X,]. For the sake of simplicity, we
will omit the subscript k£ in the notation whenever there is no possible confusion.

The resultant S := Res(d1 f,...,0n—1f, f) € A can be obtained by specialization
of the resultant R := Res(g1,...,9n-1,f) € A’. More precisely, for all integer
i=1,...,n—1 we have

aof X 3
X, = Z O‘zUaZ = Z (ﬂz + I)Uﬁ-‘reiX
|a|=d,a;>1 |8|=d—1
where e; stands for the multi-index such that X¢ = X; for alli =1,...,n — 1.
Thus, we define the specialization
p: A — A
‘/;‘ — (ﬂi+1)UB+€i7 1217,71—1
Ug — Ug

so that p(R) = S. Notice that we also have p(OR/0E,) = 0S/0E,. Now, set
D :=Disc(f) € A and recall that f(X1,...,Xn-1) = f(X1,...,Xn-1,0).

Proposition 4.32. There exist polynomials A1(f), ..., An(f) € zA such that

Disc(F)Ai(f) = p (35) € A,

For any commutative ring k, we define the polynomials A1(f), ..., An(f) € tA by
change of basis 7. — k.

Moreover,
oD
A = A 4.7.1
and for all 1 < 4,7 < n we have
Al(f)X] — Aj(f)Xl S TFm(alf, ceey 8n,1f, f) C kA[Xl, . ,Xn] (472)

Proof. We begin by proving the claim about A,,(f). For that purpose, introduce a
new indeterminate T. By Taylor expansion we have

Res(glw"?g’nflvf"_TXZ) _R:TSTR mod (T2) c kA/[T]
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Applying the specialization p and the definition of the discriminant, we obtain

OR
0&n

But the Taylor expansion also yields the equality

Disc(f)(Disc(f + TX¢) — Disc(f)) = Tp ( ) mod (T?) € A[T]. (4.7.3)

Disc(f +TXY) — Disc(f) = TSTD mod (T?) € xA[T). (4.7.4)

Therefore, combining (4.7.3) and (4.7.4) we deduce that

oD <8R) 08
=) —

Disc(f) A (4.7.5)

oe, ~"\oe,) " g, ©F
so that the claim A, (f) = 0D/JE, in A is proved since Disc(f) is a nonzero
divisor by Corollary 4.9.

Now, we turn to the polynomials Aq(f),...,A,—1(f) and hence we assume that
k = Z. From [Jou91, Lemme 4.6.1], we know that for all multi-index « such that

|a| = d we have

OR OR
Xi—— - X*_— €TF s Gn).
naUa 8(€n S m(gh s 9 )
Moreover, [Jou91, Lemma 4.6.6] then shows that the specialization of X; by OR/JE;

foralli=1,...,n yields

ORN"OR _(OR\N™ (ORN™ OR .

0¢,) ou,  \o& 08,) 9, *
By the properties of the resultant, R is irreducible, OR/JE,, # 0 and OR/IE, ¢
R.z A’ so we deduce that

OR\“' OR OR\™ OR\ ™" )
() a0 () () <mr

Taking suitable choices for the multi-index «, we finally obtain that for all integer

i=1,...,n—1
OR\“' OR OR\*
<85) U <85') € RzA. (4.7.6)

Now, since Disc(f) divides S = p(R), by definition of the discriminant and divides
p(OR/DEy,) by (4.7.5), we deduce that it also divides p(OR/0E;)* for all integer

i=1,...,n— 1 by specialization of (4.7.6) under p. But Disc(f) is irreducible in
zA, so we finally deduce that Disc(f) divides p(OR/0E;) for alli =1,...,n—1 and
hence the existence of the polynomials Ai(f),...,Ap_1(f) € ZA.

It remains to prove (4.7.2). Recall from [Jou91l, Lemma 4.6.1, (4.6.3)] that for

all 1 <14,j5 <n we have
OR OR
Tty
o0&, 0&;

Applying the specialization p, we deduce that

Xi € TFm(glw'wgnflaf) C kA/[le---;Xn]~

Disc(f) (Ai()X; — A;(f)X:) € TF (D).

Therefore, we deduce that (4.7.2) holds if & = Z because in this case Disc(f) is
irreducible and does not divide Disc(f), hence does not belong to the prime ideal
TFn(D). Finally, (4.7.2) holds for any k by change of basis Z — k. O
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We are now ready to define a map from C to a Rees algebra. Recall that
P := TFn(xD)o C rA and denote by A; the image of A;(f) by the canonical map
A — A/ for all i = 1,...,n. Introducing a new indeterminate 7', we define the
A-algebra morphism

©: C = kA[Xl, . ,Xn] — ReesA/m(Al, ey An) C A/‘B[T]
h=> h(X1,....Xn) = Y h(Ar,... AT
veN veN
where the notation h, stands for the homogeneous part of degree v of h € C.
Notice that it is a graded and surjective map.

Lemma 4.33. With the above notation, ¢ vanishes on TFy (D).

Proof. Since ¢ is graded, it is sufficient to check the claimed property on graded
parts. Let h € C,. By using (4.7.2), we obtain that

It follows that if h € C, N TF (D) then XXh(A1(f),...,An(f)) € TFn(D). Sim-
ilarly, we get that XYh(A1(f),...,An(f)) € TFu(D) for all j = 1,...,n and
consequently, we deduce that

hAL(f); - An(f)) € TFm(D)o =B C &4,

hence h,(Ay,...,A,) =0¢€ A/P. O

As a consequence of this lemma, the morphism ¢ induces
@ : kC/TF (D) = yB/H(B) — Rees 4 j3(A1, ..., Ay)

From a geometric point of view, ¢ defines a map from a blow-up variety to the
discriminant variety. Below, we will prove that this map is an isomorphism under
suitable assumptions. As a consequence, it will follow that the scheme morphism

Proj(B) = Proj(B/H2(B)) — Spec(A/P)
is birational since ¢ identifies Proj(B) to the blow-up of Spec(A/P) along the ideal
(Alv cee ;An)

Lemma 4.34. Assume that k is a domain and that n is odd or 2 # 0 in k.
Let a € B = TFn(D)o. If da/OE, = 0 then a € TFy(D?)o. In particular, if
0a/0E, = 0 then 0a/OU, € B for all multi-index « such that |o| = d.

Proof. Let a € B = TFu (D)o such that da/0E,, = 0. by Corollary 4.17, there exits
an integer N and polynomials Py, ..., P,_1,Q € yA[X1,...,X,] such that

XVa=Poif+0of + -+ 0u1f +QF. (4.7.8)

Since 0; f does not depend on &, for all 1 < i < n — 1, by derivation with respect
to &, we get

Oa OP 0P, _ oQ
N 1 n—1

_— = 78 e 3,1,
" o8, 98, M Tt g OS5

It follows immediately that
XleQ € (faalf,~~'7an—1f)

0=2X f+oxa
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and hence, by comparing with (4.7.8), we deduce that there exits polynomials
Ll, ey Ln—h M e kA[Xh [N ,Xn] such that

XN4a = L1y f + LaOof + -+ + Ly—10n—1f + M f2. (4.7.9)

Computing the derivatives with respect to X; for all 1 < j < n — 1, we get the
equalities

2oL, of |

= af
0= ZZ;LaXE)X 8X 6‘X

f—+67f2 1<j<n-1.

Hence, for all 1 < j < n — 1 we have

ZL@X@X (fzaalf""aan—lf)

and Cramer’s rules show that for all 1 <1 <n — 1 we have

det (32"0) Lie (f%0uf,...,00-1f).
aXian 1<i,j<n—1

Finally, by comparison with (4.7.9) we obtain

0% f
X7JLV+dadet () € (fa61f782fa-~-aan—1f)2'
0X;i0X; /1<, j<n—1
In other words, using the notation f(Xl,...,Xn,l) = f(X1,...,Xn-1,1), we
obtained that 3 o 3
Hess(f).a € (f,01f,...,0n_1f)% (4.7.10)
Now, Proposition 4.28 implie§ tha~t Hess( f ) is a nonzero divisor in the quotient
ring B = ;iA[X}, e ,Xn_k]/(f, O1f,...,0n_1f). Moreover, Proposition 4.2, (ii)
shows that f,01f,...,0,—1f is a regular sequence in ;A[Xy,..., X, 1] and hence

(o0t} oo v o e

is a free B-module. Therefore, this and (4.7.10) show that

a € (f’alfv"'van—lf)2'
Finally, using Corollary 4.17 we conclude that a € TF x, )(D?) = TF,(D?). O

Corollary 4.35. If n is odd or if 2 is a nonzero divisor in k then 0D/OE, is not
a zero dwisor in the quotient ring ,C' | TF (D).

Proof. We first assume that k is a domain. Then, observe that we can assume
without loss of generality that k is actually a field by extension to the fraction field
of k. Now, if 0D/0E, # 0 then Lemma 4.34 implies that D divides 0D /dU, for
all multi-index « such that |«| = d and hence that 9D/0U, = 0 for all « such
that |a| = d by inspecting the degrees. If k has characteristic zero then we deduce
that D = 0, a contradiction with Theorem 4.26. If k has characteristic p > 0, then
passing to the algebraic closure of k (which is a perfect field) we get that D must be
some polynomial raised to the power p, again a contradiction with Theorem 4.26.

It remains to prove that the claimed property holds for an arbitrary ring k,
knowing that it is valid for a domain. To do this, we can proceed exactly as in the
proof of Proposition 4.28. g
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We are now ready to prove the main result of this section.
Theorem 4.36. Ifn is odd or 2 is a nonzero divisor in k, then @ is an isomorphism.

Proof. Since @ is graded and surjective, it is sufficient to show that it is injective
on graded parts. So let h € C,, and assume that h(A1(f),...,An(f)) € B. Then,
(4.7.7) and (4.7.1) shows that

<g£)uh(X1,...,Xn) € TFu(D). (4.7.11)

But by Corollary 4.35, 0D /JE,, is not a zero divisor in the quotient ring ,C / TF (D).
Therefore (4.7.11) implies that h(X1,...,X,) € TF (D) and from here we deduce
that ¢ is an isomorphism. |
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APPENDIX - TWO FORMULAS OF F. MERTENS

In this appendix, we give rigorous proofs of two outstanding formulas that were
given by Frantz Mertens around 1890 in its study of the resultant of homogeneous
polynomials [Mer86].

Let R be a commutative ring and suppose given n > 1 homogeneous polynomials
fi,-oo, fn in R[Xy,...,X,] with positive degree dy, ..., d, respectively, such that

[T;, d; > 1. Introducing news indeterminates Uy, ..., U,, we define

O(Ur,...,Un) :=Res(fi,..., fn-1, > UiXi) € R[U1,...,Uy]
i=1

and 6;(Uy,...,U,) := 00/0U; € R|Uy,...,U,] for all i = 1,...,n. In addition, let
Viyoo sV, Wi, ..., W,, X,Y be a collection of some other new indeterminates and
consider the ring morphisms

p:R[UL,....,U,] — R[Vi,..., Vo,Wi,..., W,][X1,...,X4]
Ui = Vi(Q_WiX;) = Wi(Y_ ViX;).
j=1 j=1
and
p:R[U,...,U] — R[Vi,...,V,,Wq,..., W,][X,Y]
Ui = ViX+W}Y
First Mertens’ formula:

Resx,y (p(0), p(fu (01, - . 0n))) = (1) Discx y (p(0)) " Res(fi1, ..., fu).

Second Mertens’ formula:

Res(f1, -y fa1, p(fn(01, ..., 0,))) = (=1)"%Discx y (p(0)) " Res(f1, . - -, fn)-

Notice that the subscript X, Y is written to emphasize that the discriminant, or
the resultant, is taken with respect to these two variables.

Proof. We begin with the proof of the first formula and then we will deduce the
second formula form the first one. Observe that we can assume that R is actually

the universal ring of coefficients of the polynomials fi,..., f, that we will denote
by A.
From definition, € is an inertia form of the polynomials fi,..., f,—1, Z:.l:l U; X;

with respect to (Xi,...,X,): there exists an integer, say N, and polynomials
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hi,...,hn_1,h in the polynomial ring A[Uq,...,U,]|[X1,..., X,] such that

n
XNO=hifi+ -+ hp_1fa1+ h(z U X,).
i=1
A simple computation then shows that X;0; — X;6; is an inertia form of the
same polynomials for all couple (i,j). By successive iterations, we deduce that
Xdn £ (01,...,0,) — 0% f.(X1,...,X,) is also such an inertia form. Finally, we
obtain that f,(01,...,6,) is an inertia forms of the polynomials

fl»"'afnflafnsziXi

i=1
with respect to (Xi,...,X,). Obviously, the same holds for 6.
Set R := Resx y (p(0),p(fn(b1,...,0n))). There exists an integer N; such that
XMR e 5(0),5(fn(01,...,600)) CAVA, ..., Vi, Wy,...,W,][X,Y]

and therefore we deduce that there exists an integer Ny such that

XMXNR e (fr,. o 0O Ui XD))
=1

CAWVL, ..., Vo, W, ... WL ]IX, Y[ X, ..., X0
Now, specializing X to > ; W;X; and Y to — Y ", V;X; we obtain that

O - Wix)M XNV R e (fi,.. fa) CAVAL . Vo, W, WX X
i=1
In other words, (3°1, W;X;)N' R is an inertia form of the polynomials fi,..., f
with respect to (X1,...,X,). Moreover, since Y., W;X; is obviously not such an
inertia form, we deduce that R is. Consequently, there exists
M e A[Vl,...,Vn,Wl,...,Wn]
such that

R = Resx.y (5(0), 5(fa(01,...,00))) = MRes(f1,. .., fn). (A1)

Looking at this equation, we see that both R and Res(fi,..., f,) are homo-
geneous with respect to the coefficients of the polynomial f,, of the same de-
gree dy ...d,_1. Therefore, M must be independent of these coefficients, but it
could depend on the degree d,,. To emphasize this property, we use the notation
M(f1,..., fn_1,dyn). If we specialize f, to X%~ in (A.1), we obtain

Resx,y (p(0),p(0,))™ = M(f1,-.., fa-1,dn)Res(f1, ..., foo1,Xn)".
But on the other hand, form the definition of M, we have

Resx,y (p(0),p(0n)) = M(f1,..., fu—1, D)Res(f1,..., fn—1,Xn).

By comparison, it follows that M(fi,..., fa_1,dn) = M(f1,-.., fn_1,1)% and
hence it remains to determine M(f1,..., fn—1,1). For that purpose, noticing
that 9p(0)/0Y = Y., Wip(6;), we choose to specialize f, to the linear form
St WiX;. We obtain

9p(0)

aT) = M(fla"'7fn—171)ReS(fla"'afn—laZWiXi)-

i=1

Resx v (p(6),
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Now, by definition of Discx y (p(¢)), we have

Resy (7(6). 27)) = Discx.y ((0) Res v (7(6), X)

— Disex.y (7(6)) 5(6)(0, 1)

= Discx,y (5(0))Res(f1. .-, fuo1,— D WiX))

i=1
— di...dn—17); - -
=(-1) Discx,y (B(0))Res(f1, ..., fa1, Y WiX;).
=1

It follows that M (fi,. .., fa_1,1) = (=1)%9-1Discx y (p(f)) and the first formula
is proved.

We turn to the proof of the second formula. For the sake of simplicity, define
h:= p(fn(gla . ,Qn)) S A[Vl, ey Vi, W, oo 7Wn][X17 . 7Xn]

and denote by d, its degree with respect to the variables X1,..., X,,. It is not hard
to check that dy, = d,,(d; ...d,—1 —1) which is a positive integer by our assumption
H?:l d; > 1.

By applying Mertens’ first formula, we obtain the equality

Resx.y (0,p(h(01,...,0,))) = (—1)d1'“d””thiscX’y(ﬁ(@))d“Res(fl, A fn,l(, h) |
A2

= Discx,y (p(0)) " Res(f1, - -, fn1,h)

From the definitions we have

(b0, 00)) = ([fnwl, 0] Vi W0,) — WS V6), .>)

Jj=1 Jj=1

=[O, 00)] (. ViDD Wip(6))) = Wi(Y_Vip(6)), - )

) o50) . opo) .
=[O O] (o Vimg st = Wimgem, )

Thus, if we define

F(X,Y):=p(fn(b1,.-.,0,)) = [fu(01,...,0,)] (..., V;iX + W;Y,...),
then

_ (090 O _ i 000) 900)

(b0, ..,00)) = F (aY’_aX = V(v
where the last equality holds because deg(F') = dj,. Now, from Proposition 3.7,
recall that

ap(0) 0p(0 ) _
Ressy (7(0), F(~ 00 POy — ey ((0), P, ¥))Disex v (3(0))™

Therefore, we have (observe that (—1)%-dn-1dn = 1)

Resx,y (p(6), p(h(61, . ..,6,))) = Resx vy (p(8), F(X,Y))Discx,y (p(6)) "
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and using again the first Mertens’ formula for Resx v (5(9), F(X,Y")), we obtain

Resx,y (p(6), p(h(01,...,0,))) =
(fl)dl'“d”Discx,y(ﬁ(G))d"Res(fl, cee fn)DiSCX,y(ﬁ(G))dh. (A.3)

Now, the comparison of the equations (A.2) and (A.3) yields

Discx,y(ﬁ(G))thes(fl, R h)
= (=) I Discx y (p(0)) " Res(f1, .- -, fn)Discx,y (5(6)) ™

We conclude the proof by observing that Disc(p(0)) € A[V4,..., Vo, Wr,...,W,] is
nonzero, a fact that we show in the following lemma. (|

Lemma A Discx y(p(0)) is nonzero in A[V1,...,Vy, Wi,...,W,], where A is the
universal ring of the coefficients of the polynomials f1,..., fn—1-

Proof. We exhibit a specialization for which Disc(5(0)) is easily seen to be nonzero.
We start by specializing each polynomial f;, ¢ = 1,...,n — 1 to the product of d;
generic linear forms

d;
l@j =U; 1 X1 +U; ja Xo+ - +U; jn Xy = Z UijrXp, i=1,...,n,5=1,..., d;.

r=1
Set A" =Z[U;jr:i=1,...,n, j=1,...,d;, r=1,...,n]. After this specializa-

tion, we get

0= H det(ll,jlalQ,an--~aln—1,jn—17U1X1 +,Uan)

1<j;<d;
i=1,..n—1

in A'[Uy,...,U,]. For each (n — 1)-uple A := (j1,...,4n—1) in the above product
we denote by Ay (U, ...,U,) the corresponding determinant. We deduce that

8%@:2 A(Wi,. W) T w4
A My BFEN

Now, on the one hand we have (the resultant and the discriminant are taken with
respect to X,Y)

Res (p(@), (W) =

Disc(p(6)).p(6)(0, ~1) = (—1)% 41 Disc(p(0)) [[ Ar(Wi, ..., W),
A
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and on the other hand

A My PFEN
= (H A/\(Wh 7Wn)> H Res (,O(AA)7P(AM)>
A A p
AF

Therefore, choosing an order for the (n — 1)-uples A, we deduce that

Disc(p(8)) = (~1)" 7™ [ Res (3(A1), 5(A,))?

A<p

with N =d; ...d,—1. Moreover, for any (n — 1)-uple ), it is easy to see that
ﬁ(A)\) = A,\(Vl, ey Vn)X + A,\(Wl, ey Wn)Y
It follows that in A'[Vy,...,V,, Wh,...,W,] we have the equality

N24N

Disc(p(0)) = (=1)" =" x
[T (A, V)AL (W, W) = AW, W) AL (VAL V)P (A)

A<

To finish the proof, we specialize a little more our polynomials fi,..., f,_1 by
specializing each linear form I; ; to X; — U; j »X,. Then, it is not hard to check
that

A)x:(jl,...,jn,l)(vla R Vn) = Ul,jl Vi+ U2,jzv2 +-+ Unfl,jn_l Vo1 + Vo (A5)
and hence that Ay(0,...,0,1) = 1. Therefore, we deduce that for any couple (X, p)
such that \ # u we have

ANO0,...,0, DA, (Wy,...,Wy) — Ax(Wh,...,W,)ALQ,...,0,1) =
Ay (Wi, W) — A(W,... . Wy)
and this quantity is clearly nonzero in view of (A.5). O
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