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GLOBAL SOLVABILITY OF A NETWORKED
INTEGRATE-AND-FIRE MODEL OF MCKEAN-VLASOV TYPE

F. DELARUE, J. INGLIS, S. RUBENTHALER, E. TANRE

ABSTRACT. We here investigate the well-posedness of a networked integrate-and-
fire model describing an infinite population of neurons which interact with one
another through their common statistical distribution. The interaction is of the
self-excitatory type as, at any time, the potential of a neuron increases when some
of the others fire: precisely, the kick it receives is proportional to the instantaneous
proportion of firing neurons at the same time. From a mathematical point of view,
the coefficient of proportionality, denoted by «, is of great importance as the
resulting system is known to blow-up for large values of a. In the current paper,
we focus on the complementary regime and prove that existence and uniqueness
hold for all time when « is small enough. The critical value for existence and
uniqueness is made explicit in some popular examples in neurosciences and is also
compared with numerical experiments.

KEYWORDS: McKean nonlinear diffusion process; renewal process; density esti-
mates; integrate-and-fire model; network of neurons; neuroscience.

1. INTRODUCTION

The stochastic integrate-and-fire model of the membrane potential V' across a
neuron in the brain has received a huge amount of attention since its introduction
(see [18] for a comprehensive review). The central idea is to model V' by thresh-
old dynamics, in which the potential is described by a simple linear (stochastic)
differential equation up until it reaches a fixed threshold value Vg, at which point
the neuron emits a ‘spike’. Experimentally, at this point an action potential is ob-
served, whereby the potential increases very rapidly to a peak (hyperpolarization
phase) before decreasing quickly to a reset value (depolarization phase). It then
relatively slowly increases once more to the resting potential (refractory period).

Since spikes are stereotyped events, they are fully characterized by the times
at which they occur. The integrate-and-fire model is part of a family of spiking
neuron models which take advantage of this by modeling only the spiking times
and disregarding the nature of the spike itself. Specifically, in the integrate-and-fire
model we observe jumps in the action potential as the voltage is immediately reset
to a value Vi whenever it reaches the threshold Vg, which is motivated by the fact
that the time period during which the action potential is observed is very small (of
the order of 2-3ms). Despite its simplicity, the integrate-and-fire model has been
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able to predict the spiking times of a neuron with a reasonable degree of accuracy
[10, 11|, and as such provides the basis for a good first study.

Many extensions of the basic integrate-and-fire model have been studied, including
ones in which attempts are made to include noise and to describe the situation when
many integrate-and-fire neurons are placed in a network and interact with each other.
Indeed, in [13| and [14] the following equation describing how the potential V; of the
i-th neuron in a network of N behaves in time is proposed:

Vi) =i+ S5 3 s t)+ %S0+ I Fondt) (1)

j nj=—oo J#i

for Vi(t) < Vp and where V(t) is immediately reset to Vi when it reaches Vp. Here
It (t) represents the external input current to the neuron, 7;(t) is the noise (a white
noise) which is importantly supposed to be independent from neuron to neuron, and
the constants A, 5, and ¢ are chosen according to experimental data. Moreover,
the interaction term is described in terms of ¢,,, which is the time of the n-th spike
of neuron j, and the Dirac function §. Precisely, it says that when ever one of the
other neurons in the network spikes, the potential across neuron 7 receives a ‘kick’
of size a/N.

In the case of a large network i.e. when N is large, many authors approximate
the interaction term in the above finite system by an instantaneous rate (the so-
called mean-firing rate) v(t) (see for example [1, 2, 14, 16]), but in the neuroscience
literature little attention is paid to how this convergence is achieved. Mathematically
the mean-field limit as N — oo must be taken, and it is a not at all clear that one
observes a propagation of chaos phenomenon. This is the subject of a forthcoming
manuscript [5].

Just as important is the question of whether solutions exist for the resulting non-
linear equation when the mean-field limit is taken, and if so what type of solutions
are admissible. Again this is not treated rigorously in the neuroscience literature,
and it is in this diction that we proceed here. Since the mathematical difficulties lie
within the jump interaction term, we in fact isolate it by making two simplifications.
Indeed, we suppose that there is no external input current (I£**(¢) = 0), and that the
interaction term is composed solely of the jump or reset part (8 = 0). Although this
is a big simplification from a neuroscience perspective, it still captures all the math-
ematical complexity of the resulting mean-field equation, and standard approaches
(see for example [20]) would then allow extensions to more realistic models.

Without loss of generality, we also take the firing threshold Vr = 1 and the reset
value Vi = 0 for notational simplicity. We finally choose to describe the problem
in the language of stochastic processes, so that the precise nonlinear stochastic
differential equation under study here becomes

t
Xt = XO —|—/ b(Xs)dS + CK]E(Mt> + O'Wt — Mt) t 2 O, (12)
0

where Xy < 1 almost surely, a € R, 0 > 0, W, is a standard Brownian motion in
R and b : R — R is Lipschitz continuous. The jumps, or resets, of the system are
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described by
M, = Z Lo, (7%)

k>1

where (7x)x > 1 stands for the sequence of hitting times of 1 by the process (X;); > ¢.
That is (M), > ¢ counts the number of times X, hits the threshold before time ¢, so
that E(M;) denotes the expected number of times the threshold is reached before ¢.
This equation corresponds to what we would expect when the limit N — oo is taken
in (1.1) when the above simplifications are made, where the resets are now included
in the equation by the presence of the counting process (M;);>o. It is indeed the
case that the associated finite system of N neurons converges to this nonlinear limit
equation (again this is shown in our forthcoming manuscript [5]).

In fact a less general version of equation (1.2) has been rigorously studied from
the PDE viewpoint before, though not completely satisfactorily. If one applies
the generalized Ito6 formula for jump processes to f(X;) for a suitable function f,
then in the standard way one arrives at the Fokker-Planck equation for the density

p(t,y)dy = P(X,; € dy):

0wt ) + 0, () + €' (1) plt, )] — 30%,p(t,2) = By — Vi)e(1), y <1,

where e(t) = E(M,), subject to p(t,1) = 0, p(t,—oc0) = 0, p(0,y)dy = P(X, € dy)
and dy is the Dirac measure at 0. Moreover, the condition that p(¢,y) must remain
a probability density translates into the fact that we must have

d 1
e'(t) = —E(M;) = —=0,p(1,1), Vit > 0.
dt 2
Now, in the case when b(z) = —z, this nonlinear Fokker-Planck equation is exactly

the one studied in [3] and [4]. Therein, the authors define a solution to be one in
which ¢€/(t) remains bounded, since the explosion of €/(t) corresponds to the situation
where a large proportion of the neurons in the network all spike at the same time.
Given this definition, the equation is shown to be uniquely solvable in the cases
a = 0and o < 0 (see Theorem 1.1 in [4]), the latter one being referred to as
“self-inhibitory” in neuroscience. In the so-called “self-excitatory” framework, i.e.
for a > 0, existence of a solution for all time has been left open. Instead, very
interestingly, a negative result was established in [3], stating that, for any o > 0, it
is possible to find an initial probability distribution P(X, € dy) such that there is a
blow-up, i.e. such that €/(t) = oo in finite time. As a remarkable point, it says that
solvability in the long run may fail for possibly small values of . On the contrary,
it does not come as a surprise that solutions may explode in a finite time for the
prescribed values of Vi and Vi when v > 1: indeed, if Np particles in (1.1) reach the
threshold Ve = 1 between some times ¢; and ¢, for some proportion p € (0, 1], then
all the particles perform a jump of size greater than ap(/N — 1)/N within the same
period, which reads as a size greater than ap in the ideal case N = oo corresponding
to (1.2); in particular, when ap > 1 and the reset is fixed as 0, particles keep on
crossing the threshold an infinite number of times between ¢; and t5. Such a picture
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Y

indicates that the system enters a sort of “super-self-excitatory” regime when « is
above Vi — Vg, which matches 1 with our convention.

Here we thus investigate the case v € (0,1). We then contribute the associated
positive and until now unknown result, by proving that, given a starting point
Xo = xp, we can find an explicit a small enough so that there is a unique solution
to (1.2) (and hence to the associated Fokker-Planck equation) for all time, such
that €'(t) = [d/dt]E(M;) remains bounded. The surprising difficulty of this result is
reflected in the rather involved nature of our proofs.

Our result is for a general Lipschitz function b, but there are two important spe-
cific cases that we study further: the Brownian case when b = 0 and the Ornstein-
Uhlenbeck case when b(z) = —Az, A > 0. The Ornstein-Uhlenbeck case is most
relevant to neuroscience since it is often used in the literature, but surprising diffi-
culties remain in the purely Brownian case. In both these cases we are able to give
an explicit oy depending on the starting point g such that (1.2) has a solution for
all o < ap. However, it is interesting to note that our explicit values do not appear
to be optimal, in the sense that from our numerical simulations there appears to
be a real ‘gap’ between our positive result and the negative result of [3]. Precisely,
our simulations show that for a given x, there exist classical solutions for all time
for o bigger than our explicit g, while there exist solutions that blow-up that do
not satisfy the conditions of [3]. Thus a very interesting, and perhaps very difficult
question is to determine the true critical value . for a given initial starting point.
We discuss this further at the end of the paper.

Equation (1.2) can be thought as of McKean-Vlasov-type, since the process X
depends on the distribution of the solution itself. However, it is highly non-standard,
since it actually depends on the distribution of the hitting times of the threshold by
the solution. This renders the traditional approaches to McKean-Vlasov equations
and propagation of chaos, such as those presented by Sznitman in [20], inapplicable,
because we have no a priori smoothness. Thus our results are also new in this
context.

The general structure of the proof is quite typical of the methods used to investi-
gate well-posedness of nonlinear systems, and especially well-posedness of Markovian
stochastic differential equations (or equivalently of partial differential equations of
second order) involving some non-trivial nonlinearity. Precisely, the first point is to
tackle unique solvability in small time: when the parameter « is (strictly) less than
1 and the mass of the initial condition decays linearly at the threshold, it is proven
that the system induces a natural contraction in a well-chosen space provided the
time duration is small enough. In this framework, the specific notion of solution at
hand plays a crucial role as it defines the right space for the contraction. Below,
solutions are sought in such a way that the mapping ¢ — E(M,) is continuously
differentiable. The proof is at the intersection between probability and PDEs. The
second point is then to extend existence and uniqueness from small to long times.
Exactly as for PDEs of quasilinear type, the point is to prove that some key quantity
is preserved as time goes by. Here, the point is to prove that the system cannot
accumulate too much mass in the right vicinity of 1. KEquivalently, this amounts
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to showing that the Lipschitz constant of the mapping ¢ +— E(M;) cannot blow-up
in a finite time. This is where the condition a small enough comes in: when « is
small enough, we manage to give some estimates for the density of X; in the neigh-
bourhood of 1, the critical value of a explicitly depending upon the available bound
of the density. Generally speaking, we make use of standard Gaussian estimates of
Aronson type of the density; in the cases b = 0 and b(x) = —Az, x € R, for some
A > 0, the bounds are explicit enough to derive a numerical ay up to which unique
solvability holds. Unfortunately, the estimates we use are rather poor as they mostly
neglect the right behavior of the density of X; at the boundary, thus yielding a non-
optimal value. Anyhow, they serve as a starting point for proving a refined estimate
of the gradient of the density at the boundary: this is the required ingredient for
proving that, at any time ¢, the mass of X; decays linearly in the neighbourhood of
1, uniformly in ¢ in compact sets, and thus to apply the existence and uniqueness
argument in small time. Such a refined estimate is proven on any interval where a
solution does exist: below, it is thus referred to as an a prior: estimate. Coupled
with the result of existence and uniqueness in small time, it permits to prove by
induction that existence and uniqueness hold on any finite interval and thus on the
whole [0, 00).

The layout of the paper is as follows. In the first section below we make the
necessary definitions and describe the setting in which we will be working. Section
3 is devoted to proving the existence and uniqueness of a solution to (1.2) in small
time. Long-time a priori estimates are proven in Section 4. This section contains
the crux of our argument, since we here show that, for a small enough, if there
exists a solution, it does not exhibit the blow-up property highlighted in [3|. In
Section 5 the final step is made, whereby we show that under the a priori Lipschitz
bound, a unique solution exists to (1.2) that does not blow-up at any time. We
conclude the paper in Section 6 with a discussion of the critical value a, such that
for & < a. (1.2) has a solution, in both the Brownian and the Ornstein-Uhlenbeck
cases, by calculating an explicit lower bound «q for a., for fixed xo. However, we
show numerically that oy < a..

2. SETTING

As stated in the introduction, we are interested in solutions to the nonlinear
McKean-Vlasov-type SDE

t
X, = Xo + / b(X,)ds + aE(M,) + W, — M,,  t>0, (2.1)
0

where X < 1 almost surely, o € (0, 1) and W; is a standard Brownian motion with
respect to a filtration (F); > ¢ satisfying the usual conditions, with values in R and
starting from 0. The jumps, or resets, of the system are described by

M, = Z Lo (), (2.2)
k>1
where the sequence of stopping times (74 )k > o are defined by 75 = 0 and
n=inf{t > : X =1}, k>1. (2.3)
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We assume that b : (—oo, 1] — R is Lipschitz continuous such that
b(2)| < A(lel+ 1), [b(z) = b(y)| < Klz —yl,  Va,y e (—o0,1].

Remark 2.1. Although we take the intensity of the noise in (2.1) to be 1 rather than
a general o > 0 as stated in the introduction, this results in no loss of generality.
Indeed, by setting u = t/o? we can rewrite (2.1) as

2

Xo2u = Xo + / b(XS)dS + CYE(Mo)gu) + Wozy — M 2415 u =0,
0

o

Jor an arbitrary o > 0, where we have emphasized the dependence of the process M
on X by writing M = MX. Now, by Brownian scaling we have that W2, = UW
where W is another Brownian motion starting from 0. Set X = Xy2u. Then,
since the number of times the process X hits the threshold before time ou is equal
to the number of time the process X hits the threshold before time u, we have that
M2, = M. Hence it follows that

2

X, = Xo+ / b(Xs)ds + a]E(Mf) + oW, — Mf, u = 0.
0
By a change of variable we then have
X, = Xo+ / o2b(X,)ds + aB(MX) + oW, — MY, u>0.
0

Thus, if we modify the function b accordingly, X satisfies exactly the equation of
interest, but with now an arbitrary noise intensity.

As discussed in the introduction, the key point is to look for a solution for which
t — E(M,;) is continuously differentiable, which would correspond to a solution
whose derivative does not exhibit a finite time blow-up. To this end we introduce
the following objects:

e The space L: For T, A > 0, let
L(T A) = {e €C'0,T] :e(0) =0, e(s) <e(t) Vs <t, sup |€(t)| < A}
0<t<T

where as usual C'[0, T'| denotes the space of continuously differentiable functions on
[0, 71.

e The map I': For e € L(T, A) define
D(e)(t) = E(M) (2.9

where

= 1py(r) (2.5)

k>1
and 75 = inf{t > 77, : X7 > 1}, 70 = 0 and (X}, M;) is a solution to

t
Xf:XO—I—/ b(X$)ds + ae(t) + Wy — M{, t>0, Xo < 1. (2.6)
0
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Note that the solution is well defined as b is Lipschitz continuous. The map I is
thus defined as a map from £(T, A) into the set of non-decreasing functions on [0, 7.
It thus depends on A as its domain of definition depends on A; for this reason, it
should be denoted by I'. Anyhow, since the family (I'*)4 - ¢ is consistent in the
sense that, for any A’ < A, the restriction of T4 to £(T, A’) coincides with T4, we
can get rid of the superscript A in I'* and then use the simpler notation T.

The idea is to look for a fixed point of I' in a certain space, which means that we
are to find a space that is kept invariant by I"'. With this in mind, the following a
priori stability result for I' will be useful, the proof of which we leave until the end
of the section.

Proposition 2.2. Given T > 0, e € L(T,A) and some real a > E[(Xy)+] (where
(x)+ indicates the positive part of x € R), it holds that

(Vt € (0,7, e(t) < g(t)) = (Vt € [0,T], T(e)(t) < g(t)), (2.7)
with

a+ (4+ ATV2)/? 2At
g(t) == ( ) exp ( ) :

l—« 1l -«

With thus also introduce the space H, and our definition of a solution to (2.1):
e The space H: For an initial value Xy < 1, let
H(T, A, X,) = {e € L(T, A) : e(t) < CT(ﬂ+]E|XO|)e“} ,
where C'r and 0 are chosen according to Proposition 2.2, that is

A+ AT g 20

Y

Cr: = :
T 1 -« 1—-a

(The parameter a in Proposition 2.2 being chosen as E|Xy|.) Equip H(T, A, Xo)

with the norm ||e|lxr.a.x0) = |[€lloor + ||€[|oo,r- Then H(T, A, X) is a complete

metric space, since it is a closed subspace of C![0, T]. We set:

Definition 2.3 (Solution to (2.1)). The coupled process (X, My)icor) will be said
to be a solution to (2.1) up until time T if (My)co1) satisfies (2.2) subject to (2.3),
([0,7] > t — E(M,)) € H(A,T,Xo) for some A > 0, and (Xy)iejor) s a strong
solution of (2.1) up until time T.

With the above definitions, it is clear that, for any A > 0, any fixed point of I'
that belongs to H(A, T, Xy) provides a solution to (2.1), and conversely that, for
any solution (X¢, My)ejor) of (2.1), ([0,7] 3 ¢ — E(M,)) must be a fixed point for
Tin H(A, T, Xo).

2.1. Proof of Proposition 2.2:

Proof of Proposition 2.2: Fix T > 0. We first note that we may write
Mg =sup|(Z5), ], Zf =X+ Mg, telo,T], (2.8)
s<t
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Indeed, one can see that for t € [7¢,70,4), k>0

sup L(ZS)JFJ = max { e[Sup L(Xse +j)+J , sup L(Xse + k)J}

s<t 0<j<k-1 T ) sE[TE )
= max  +1,k} = M?
0<j<hk-1 {] I } to

using the fact that X7 < 1 for all t > 0.
Then, given ¢t € [0, T] such that Z¢ > 0, we denote by p¢ := sup{s € [0,t] : Z¢ < 0}
(sup @ = 0). Pay attention that p® is not a stopping time. Then, for s € [p®, t],
X < AL+ [XE) < AL+ 18]+ M) = AL+ (Z0) + M) (29)
By (2.8), we know that M¢ < supg <, < ((Z5)+. Therefore,
X < A(L+2 sup (Z9)4).
0<r<s

By (2.6), we obtain:
t

7 < 75, +A/ (142 sup (Z)1)ds + ac(t) + Wi — W, (2.10)

pe 0<r<s

If p° > 0, then Z5. = 0 as, obviously, (Z¢)o < s < 7 is a continuous process. If p® = 0,
then Z7. = X > 0. Therefore,

¢
(Z9)+ < (Xo)+ + A/ (1+2 sup (Z9)s+)ds+ae(t)+2 sup |[W.  (2.11)
0

0<r<s 0<s<t

Obviously, the above inequality still holds if Z7 < 0. Therefore, taking the supre-
mum in the left-hand side, taking the expectation and applying Doob’s maximal
inequality for martingales,

E[ sup (Z9)4] <E[(XO)+]+A/;(1+2E[ sup (Z)+])ds+ae(t) + 42, (2.12)

0<s<t 0<r<s

which shows that E[sup, <, < 7(Z7)4] is finite. In particular, if

E[(Xo)s] + (4 + ATY?)t1/2 exp ( 2At ) |

Vi€ [0,T], e(t)<g(t), with g(t):=

l—« 11—«

and R° stands for the deterministic hitting time:
Re:=inf{t € [0,T]: E[ sup (Z5)4] >g(t)} (infl = +o0),
0<s<t

S
IS

then, for any ¢t € [0, R° AT
E[ sup (7).]

0<s<t

<E[(Xo)+] +A /t(l + 29(3))ds + ag(t) + 4t'/?

< (E[(Xo)4] + (4 + AT'/2)1/2) {1 + /Ot 20 exp( 24 )ds] + ag(t)

l1—«a 1l—«
= (1 —a)g(t) + ag(t) = g(t).
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Now, by continuity of the paths of Z¢ and by finiteness of E[sup, <, < 7(Z;)], we
deduce that E[supy ., ,(Z5)4] is continuous in ¢. Therefore, if R® < T, then
E[supg < s < ge(Z5)+] must be equal to g(R°), but, by the above inequalities, this
sounds as a contradiction. By (2.8), this proves the announced bound when « in the
statement exactly matches E[(X),]. The proof is completed in the same way when
a > E[(Xo)4]. 0

Remark 2.4. In the case when Xy = 0, we have that I' exhibits the same stability
on functions e such that e(t) < Crv/te®.

3. EXISTENCE AND UNIQUENESS IN SMALL TIME

The main result of this section is the following:

Theorem 3.1. Suppose there exist 3,¢ > 0 such that P(X, € dz) < (1 — z)dz for
any x € (1 —¢,1]. Then there exist constants Ay > 1 and Ty € (0,1], depending
upon Xy through B, € and E|X,| only, such that

T(H(A1, Th, Xo)) C H(AL, Th, Xo).
Moreover, for all ey, es € H(A1,T1, Xo)
1

IT(e1) — F(62)||H(A1,T1,X0) < B ler — €2||H(A1,T1,Xo) .

Hence there exists a unique fized point of the restriction of I' to H(Ay, T, Xo), which
provides a solution to (2.1) according to Definition 2.3 up until time T;.

3.1. PDEs. Given e € L(T, A), we have

D(e)(t) = E(M;) = Z /0 ]P)(Tifﬂ € (s,t] |1y = s)P(T,f €ds)+P(ry < 1),

k>1

where P(7¢ € ds) is a convenient abuse of notation for denoting the law of 7 and
B(R) > A — P(1;,, € A|rg = s) stands for the conditional law of 7, , given 7 = s.
Here B(R) is the Borel o-algebra on R. Observing that the solution X¢ to (2.6) is
a Markov process, we may write

C(e)(t) = E(M;) = Z /OtIP)(Tqu <t —s|Xo=0)P(rf €ds) +P(r{ <t), (3.1)

k>1

where e stands for the mapping ([0, — s] 3 t — e(t + s) — e(s)) € L(T — s, A).
Thus in order to understand the behaviour of I', one must study the density of the
killed process

d

d—y]P(Xf € dy,t <Ty).

Note here we have used the notation of the Radon-Nikodym derivative to denote
the density of the killed process with respect to the Lebesgue measure, which makes
sense thanks to the following Lemma:
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Lemma 3.2. Given an initial condition Xy satisfying the same assumption as in the
statement of Theorem 3.1 together with a continuously differentiable deterministic
mapping [0,T] 5 t — e(t) satisfying e(0) = 0, consider the solution (xt)o<t<t Of
the SDE

dxi = b(xe)dt + e’ (t)dt + dW,, t€[0,T]; xo= Xo, (3.2)
together with the stopping time
m = inf{t € [0,T] : x: > 1}.
Then, for any t € (0,T), the measure
B((—00,1])) 2 A= P(x: € At <7)

has a density with respect to the Lebesque measure. Here, B((—o0,1]) denotes the
Borel subsets of (—oo,1]. Pay also attention that the density is not normalized.
Denoting the density by

d
p(t,y) = @P(Xt € dy,t < 7'1), te0,T], y <1, (3.3)

it is continuous and continuously differentiable iny on any compact subset of ([0, T] x
(—00,1]) \ ({0} x (—00,1 — €]) and admits bounded Sobolev derivatives of order 1
in t and of order 2 in y on any compact subset of (0,T] x (—o0,1). Moreover, it
satisfies the Kolmogorov equation:

0w(t,) + 0, (bly) + ' O)p(t.v)] — 30E,p(6.0) =0, 1€ (0.T] y<1, (3.4)

with the Dirichlet boundary condition p(t,1) = 0 and the measure-valued initial
condition p(0,y)dy = P(X, € dy), both p(t,y) and dyp(t,y) decaying to 0 as y —
—00. Finally, the distribution of 7y has a density on [0,T], given by
d 1
_]P)(Tl < t) =35 yp(ta 1)7 te (OvT]7 (35)
dt 2
the supremum norm of which can be bounded in terms of a, b, T" and the supremum
norms of e and €' only.

Lemma 3.2 is quite standard. Anyhow, it is difficult to find a complete proof of
it under our assumption. For this reason, we provide a complete proof in appendix,
see Section 7. Here is an application to (3.1):

Proposition 3.3. Given e € L(T, A), the mapping [0,T] > t — T'(e)(t) is continu-
ously differentiable. Moreover,

d "1 (0 d 1
—[T(e)] ) == [ z0,p > (t—s,1)—[(e)](s)ds— zOype(t,1), ¢ €[0,T], (3.6)
dt 0 2 ds 2

where p. represents the density of the process X€ killed at 1 and pSP’S) represents the
density of the process X% killed at 1 with X{jﬁs =0.
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Proof. We first check that I'(e) is Lipschitz continuous on [0, 7"]. Considering a finite
difference in (3.1), we get, for t,¢t +h € [0,T7,

(e)(t+h) — Z/t (<t h—s)P(rf € ds)
—‘Z/ /H B 0,p " (r, 1)drP(rf € ds) (3.7)

- —/ Oype (s, 1)ds
2/,

By Lemma 3.2, we can handle the two last terms in the above to find a constant
C' > 0 such that

L'(e)(t+h) — Z/t " < <t+h—s)P(rf € ds)

k> 1
+ Ch(1+T(e)(T)),

the last term in the right-hand side being finite thanks to Proposition 2.2. Moreover,
from the continuous differentiability of e, we deduce that

s s
lim su P(rf" <h|XS =0
h\00<s<pT h ( | )

is is
=lim su P( sup Z5 > 1|X; =0)=0,
h\00<s<pT h (Ogrzh " ’ 0 )

(3.8)

where Z¢ is given by (2.8), the second line following from (2.11). Therefore, there
exists a mapping 7 : Ry — R, matching 0 at 0 and continuous at 0 such that

L(e)(t+h) —T(e)(t) < n(h)[T(e)(t + h) —T(e)(t)] + Ch(1+T(e)(T)).

Choosing h small enough, Lipschitz continuity easily follows.
As a consequence, we can divide both sides of (3.7) by h and then let h tend to
0. By (3.8), we have for a given ¢ € [0,7T),

. eﬁs . efts _ e
Jim ™ k;/t <t+h—s|X§" =0)P(rf € ds)

=0.

< lim { ap Bl < hjxg = )N R ~ D)
SN0 [ocs<Ton h

Handling the second term in (3.7) by Lemma 3.2 and using the Lebesgue Dominated
Convergence Theorem, we deduce that

t d . s d

1
=— Z / ypgo At — 5, 1)P(rf € ds) — §8ype(t, 1).

k>1
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Formula (3.6) follows from the relationship

}:/‘ (r¢ € ds), tel0,T). (3.9)

k>1

O

3.2. Density estimates in short time. Suppose that Xy = xy < 1. Following
the parametrix method in [8, Chapter 1], one can show that the solution to (3.4)
(then denoted by p°) is given by

po(t) = attro0) — [ / ac/(s) + b(1)) 2.2 (5, 2)q(t — 5,7, y)dzds, (3.10)
for t € (0, 7] and y < 1, where ¢(t, x,y) is a solution to the PDE

Ouq(t,x,y) = (1/2)05,q(t, z,y) — 9y [(b(y) — b(1))q(t, z,y)]
q(t,z,1) =0 (3.11)
q(0,2,y) = do(x —y)
on [0,7] x (—00,1] x (=00, 1]. We will need the following bound on the behaviour
of q.

Proposition 3.4. For any T' > 0 there exists a constant By > 0 such that

B & —yl?
10,q(t, 2,y)| < TTexp ( | tBTt | ) : (3.12)
and
B x — &Y, )2
|ayq(t,x,y)\ < TTexp (—%) , (3.13)

for allt € [0,T], z,y < 1, where
t/-\./
& == +/ b(&X)dr, teR, (3.14)
0

and b(v) = b(v) — b(1) if v < 1 while b(v) = —b(2 —v) ifv > 1
Proof. Let (X;); > ¢ denote the solution of the SDE:
dX, = b(X,)dt + dW,. (3.15)

We can then see that ¢(t,z,y) is the transition density of X, killed at 1 (equation
(3.11) is the Fokker-Planck equation for the killed process).
Note that b(1 +v) = —b(1 — v) for v € R, so that b is odd with respect to 1.

Therefore, when initialised at X, = 1 the process (X 1)o <+ < 7 satisfies

t~~
Xt—1:/b(Xs—1+1)ds+Wt, te0,T]
0
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and the process (1 — )?t)o < ¢ < T satisfies

t t_ ~
1— Xt = —/ b(XS)dS — Wt = / b(2 - Xs)ds - Wt
0 0

t~ ~
:/ b(1— X, + 1)ds — W,,
0

which is the same equation. Hence (1 — )zt)ogth and ()?t — 1)o <t <7 have the
same distribution when X, = 1. Therefore the reflection principle (see [17, Section
1.13]) applies and

q(t7 l’? y) = a(t7'r’ y) _a(t7x72 _y)7 t 6 [07 T]’ x)y < 17 (3'16)
where (¢, x,y) is the transition density of the non-killed process.

We thus need to estimate the transition density ¢ of the non-killed process. By
Theorem 1 of [6] it follows that

ly =&
Brt

Br

q(t,z,y) < —ex , t>0, z,y e R, 3.17
q(t,z,y) Y p( ) y (3.17)

where .
&=z +/ b(EH)ds,  t>=0.

0
We claim that a similar bound holds for |9,q(t, z, y)|, i.e.

~ Br ly — &1
e

Before we prove (3.18), we show that it implies (3.12) and (3.13). By (3.16), we
deduce that

|8ZUQ(t7:C7y)‘ < TT |:eXp (_|y—§t|) + exp <_w>:|7 t> 07 T,y < L

), t>0, r,y € R. (3.18)

BTt BTt

Since 3(1) =0, we have £} = 1 for any ¢ > 0. Therefore, by the comparison principle
for ODEs, it must hold & < ftl =1 for any t > 0 and x < 1. As a consequence, for
t>0and z,y <1,
ly—&l=1y—1) = (& - DI <y =1+ [& -1
=l-y+l-G=2-y-&=02-y-&|
Therefore, the largest exponential term in the above bound for |0,q(¢, x,y)| is the

first one. Equation (3.12) follows directly (adjusting Br as necessary). Now, by
Gronwall’s Lemma and thanks to the Lipschitz property of b, we have:

e Uler —yl S 1€, — €] < el — vl (3.19)
for all s € [0, 1], so that, choosing s = ¢, we get (3.13).

We now turn to the proof of (3.18). Without any loss of generality, we can

assume b to be a twice continuously differentiable function with a bounded second-
order derivative. Indeed, if we can prove that, in such a case, (3.18) holds with
respect to a constant Br that does not refer to the second-order differentiability
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of E, then (3.18) holds in the original setting as well by a standard mollification
argument. Since ¢ is the transition probability of the solution to (3.15), it satisfies
the Fokker-Planck equation

- 1o~
0(t, w,y) = 505,d(t, v, y) = b(y)0,d(t, v, y) — V(y)at,z,y),
for t € [0,T] and z,y € R. Define (YY), > ¢ to be the solution of the SDE

{dffty = —b(YY)dt + dW;, (3.20)

W o =uv

By Theorem 39 [15, p. 312|, we know that, a.s., the mapping [0, +00) xR > (t,y) —
Y}Y is continuously differentiable with respect to y and that

8,YY = exp (—/0 b(YY )du) (3.21)

Moreover, by Lemma 3.2, we know that ¢ is regular enough in order to apply the
[t6-Krylov formula (see [12, Section I1.10]) to [0,¢/2] s +— gT(t — s, x, iy>:

) =8 [ (20 78)] - [ B [pATA (1 0 72) s

By the Malliavin-Bismut-Elworthy formula (see, for example, Theorem 2.1 of [7]),

9,q(t,z,y) =

q(t/2, z, W/ 0,YYdW,

_/Ot/gl {a bV (= s,2,77) /8deW}ds (3.22)

By (3.21), |8y}7;y\ < exp(K's). Thus using (3.17) we can compute for any 0 < s < /2
(where the constant Br changes from line to line below)

1/2

/AN
W | =

=
—

Pt—s.272)]

N

I(s,t) == EE [qN(t — 5,1, 17;/)/0 ayiydwrl
- ~ 1/2
E ((}Q(t —s,, Y;y)ﬂ

S - 2
E (/ 8erydWr> ]
0
| 1 |Yy_§t s|2
t—sE (exp( Br(t —s)

:t i - /R exp < ’;T_(ft_ 3‘)2 ) P(YY € dz)]

N

/2

SIF SIF SE




AN INTEGRATE-AND-FIRE MODEL OF MCKEAN-VLASOV TYPE 15

By an estimate similar to (3.17) but for the density of Y, we deduce

o< 2 o (e (50) ]

< BT |: 1 ( ‘gt—s_gzs‘2>:|

S—F=|l7—Fep ("5

Vs VT = sVt Brt

where, to write the first line, we have used the fact the flow associated with the ODE

driven by —b is nothing but the backward flow associated with the ODE driven by
b, i.e. (£%,):> o satisfies

t~
&= [ Heyas 10
0

and, to pass from the first to the second line, we have recognised a Gaussian convo-
lution. By (3.19), we deduce that

Br 1 & — y\2>]
] ’t < - = B -5 . b
005 7 Lo (s
from which (3.22) yields

~ Br |f —yl?
oyatt. ) < 7 exp (-

’é} y’2) /t/2 1 { 1 }1/2
+B ex =T B——— dS
T ( Brt o VS LVE—svi
Br [S3 —y|2) Br ( |§f—y|2> /t/2 1
—exp|———F— | +—Fexp| ——— —=ds.
t p( Brt Vit P Brt 0o VS

This proves (3.18). O]

Lemma 3.5. Let T' > 0. Suppose Xog =1x¢g <1 and e € L(T,A). Then there exists
a constant k1(T) (independent of A and xo) which increases with T such that

sup [\/_Ilf?y °(s,-) = 0ya(s, 0, )] < (@A + [p(1)])r1(T),

0<s<
for all non-negative t < min {[2(aA + |b(1)|)r1(T)] 72, T}.
Proof. For notational sake, define
FEo(t,y) o= 0ype° (t, y) — 9yq(t, o, y).
By (3.10), we see that

t 1
|FXo(t,y)| < (A + \b(l)|)/ / 10.q(s, o, 2)0yq(t — s, 2,y)|dzds
0 oo (3.23)

t 1
A+ b)) [ [ 1000(2) - Dl ) Byae = 5, 2.9)] dads.
0 —00
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Thus defining A := A+ |b(1)| and allowing By to increase as necessary from line
to line below, by Proposition 3.4 we see that for ¢t < T

[EZ°(t,y)]

|2 = &0 2=yl
< AB Lt — _E S — U ) ged
T/ / s) exp< Bos exp Br(t — ) zds

AB " 1 o ! |Z_Sg(tfs)|2 dzd
w4 [ Il [ e (o ) deds

We can recognise the first term in the above as a Gaussian convolution. Thus

JZBT t 1 |€g(t—s) - £§0|2
Fro(t < — d
’ e (73/)‘ \/I_f 0 \/g\/mexp< BTt

+ ABy

= L (3:21)

~ 1 Y, — xol? -
<y (Lo (Y Ly [ 1L,

where again we have used (3.19). Therefore, by multiplying both sides of the in-
equality by /%, we deduce

sup [V5|[F2 (s, )] < ABr+ VEABr sup [V [[F(s,)]l.o].

0<s<t 0<s<t

We can conclude that, for ¢ € [0, 7] such that ¢ < [2ABr] ™2 = [2(a A+ |b(1)|)Br] 2,
we have that

sup [v/s]|0,p2(s,.) — 0yq(s, o, .)|| ] < 2ABr. (3.25)

0<s<t
U

Proposition 3.6. Let T' > 0. Suppose Xo = x¢ < 1, and that e € L(T,A). Then
there ezists a constant ko(T) (independent of A and xo) which increases with T such
that

0,02°(04) = 0y0(t.30.)| < raT) (A + 1)~ exp ( o ) |

for all t < min{[(aA+ |b(1)))k2(T)]72,T} and y < 1, where (§°);=¢ is as in
Proposition 3.4.

Proof. Throughout the proof, we will use the fact the mapping
(p(0) = 1), (3.26)
is non-decreasing. We will also use the same notation as in the proof of Lemma 3.5:

Fxo (t y) ype (t; y) - ayQ(ta Zo, y)

T
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First Step. As noted in (3.23), we have for ¢ € [0, T

(
ot
|HW&H<4//‘WM&MA%W—&AMW%
0 J=eo (3.27)

t 1
P A [ [ Rl 190t~ b, dids
0 J—oo

where we have denoted A = oA + |b(1)|. The fact that ¢ given by (3.26) is non-
decreasing says that, for t € [0, T7,

1 —exp(—2KT) < 1 — exp(—2K1) o< exp(2Kt) —1 < exp(2KT) — 1

~X ~X ]- AN ~ Y
2KT 2Kt 2Kt 2KT
from which, together with Proposition 3.4, we deduce there exists By > 0 such that
Br v — &4,
10yq(t, 7, y)| < T 2kt &P (— 2B (1 = 21 (3.28)
Br & —yl?
0y9(t, 2, 9)| S —gr— P <_2BT(e2Kt ) (3.29)
Unlike in the previous lemma, By is now fixed. We then introduce the kernel

1 & —yl? .
_ f1>0
Br(e2Kt — 1) xp < 2By (2Kt — 1) e >0,

1 x— &)
PR exp (— ZB’T(l _é}elm)) if t <0.
For 0 < s <t < T, K satisfies the Gaussian convolution property:
K(s,z,)® lC(—(t —3), ~,y)
= /RIC(s,x,z)lC(—(t — s),z,y)dz

AV, 2 |§§ - gg(t—s) |2
\/Br(e2Ks — ¢=2K(t=9)) 2Bp(e2Ks — e—2K(t=s))

By (3.19), we know that |7 — y| < eK0=9)|¢7 — 52@75)] for all 0 < s < t. Therefore,

| o Vor O [
K(s,, )®IC( (t—s), ,y) < /Br(l — e—2K1) p( 2By (e2Kt — 1)) (3.31)

< V2K (t, 2, y).
By (3.27), (3.28) and (3.29), we deduce that, for ¢ € [0, 7],
V2T s
\/€2KS _ 1\/1 — ¢—2K(t—s)

Fxo t
+A33/2// Fer(t y1) (= (= 1), y1, y)dyadta.

1 _e—QKt t1)

K(t,z,y) = (3.30)

|Foo(t,y)| < AB3eRTK(t, o,y
(3.32)
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Using (3.26), we notice that

! ds < V2KT ds
0 VeIKs —1y/1 — e 2K(=s) V1 —exp(—2KT) Jo V2Ks\/2K(t — s)
= VT ds
V2K (1 —exp(—2KT)) Jo Vsvt—s
WT on (3.33)

<
V2K (1 —exp(—2KT))
Finally, (3.32) yields

[F2o(t,y)| < ACTBEK(t, 20, y)

Feo (3.34)
+ABB/2/ / L y1)| K(_(t_t1)7y17y>dy1dt17

1 _6—2Kt tl

with Cp := v27Cp exp(KT).
Second Step. We now prove by induction, that for any N > 0,

N B
|Feo(t,y)| < ACrBIK(t,70,y) (VEZC*TB;/Q\/E) +Rya(ty),  (3.35)
1=0
where

N—-1 1
C.dt
N ! g \/1 — e 2K(ti—tit1)

N-1

/( ” dyn ... dyy [FZ° (tn, yn)| H K(—=(t = ti1), Yir1, vi),
00,1 i=0

Rn(t,y) = (ABY*)N /
0<tny <

<...<t1p

with the convention ¢y = ¢t and yo = y. In the first step, we established (3.35) when
N = 0. Assume now that, for some N > 0, (3.35) holds for any ¢ € [0,7] and y < 1.
Then, plugging the induction assumption at rank N into (3.34), we get:

|E(t,y)]
< ACrBEK(t, 20, y)

T\ ~ t . T )
0

1 — 6—2K(t—t1)
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By (3.31), we deduce that

[F(t )]
< AV@TB%’C(tv Zo, y)
—— N —— i\ ~ t
+ AC7p B3, (Z (\/EACTB;Q\/E) )ABg/zx/ 27T6KTIC(t,$0,y)/
0

i=0
+ Rn42(t, ).

1
1 _ e*QK(tftl)

dt,

Following (3.33), we have:

/t ds y V2KT /t 1 s
o V1I—e 2Kt /T —exp(—2KT) Jo /2K (t — s)
= VT /t ! ds
V(1 —exp(—2KT)) Jo Vvt—s

2VVT
S V(1 —exp(—2KT)) S VIVECr.

Since Cr = 27 exp(KT)Cy, we deduce that (3.35) holds at rank N + 1.

Third Step. Suppose that v/t < [\/?ZéTB;/Q]_l/Q. Then, the series in (3.35) is
convergent (and bounded above by 2). The point is thus to prove that Ry (t,y) — 0
as N — oo for all y < 1. By Lemma 3.5, we deduce that, for v/t < [2A4k,(T)]7},

RN(t7 y)

< (VERABY") Y Aw(T) [

! 1T ! dt, ... dt
1...0lN.
0<tn <tyo1 <<ty VIN g VI — e 2K limtin)

N-1

Using (3.26), we obtain

Ry(t,y) < (@ZB;/Q\/%) Ak (T)

(3.36)
1

1 N-1
X dtl
/ogtNgtNl <. <ty VIN g Vi —tiv1

dty.

To compute the integral in the right-hand side of the above, define

t
Jn(t) = / w2t —u)"V2du, t>0, neN.
0
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By the change of variable u = ts, we have J,(t) = t"/2.J,(1). Note that Jo(1) < 4.
Moreover, for n > 1,
1-1/n 1
Jn(1) < nl/z/ w2y 4 / (1 —u)"Y?du
0 1-1/n (337)
2n1/2

+ 2072 L anT2,
n—+1

N

With this notation

1 1
]N,()(t) = / dtl...dt]\/
0<tn <ty 1<..<to VIN 15 Vi —lip

1
= JO(tN—l) T
AStNl <...<t?p i=0 \/tl _ti-i-].

where the second equality holds for N > 2. More generally, setting for any n < N —2

dtl Ce dtN_l,

N—(n+2) 1

[N,n(t) = / Jn<tN— n+1 ) —dtl Ce dtN_ n+1)5
0<tN_(ny1) <. <SP0 ( ) ];10: V t; — ti—l—l ( )

we have, for any 0 <n < N — 3,

N—(n+2) 1
n/2
xalt) = 1u(1) [ ey 11 ettt
0<tN_(nt1) S <o i=0 i bi+l
n/2
th(n+2) tN— n
— Jn(l)/ |:/ (n+) dtN,(nJrl)
0 <ty (ns2) < <to LJO VIN-(n+2) — IN—(n41)
N—(n+3) 1
X ity dty_,
g Vi — iy ! N-(n+2)
= Jn()Innt1(t),
so that, by (3.37),
N-3 N—-2
tval®) = | TT 0] tvav-a) = | T 0()] 100
n=0 n=0

= ﬁ__[l Jn(l)} FN=D/2 [N (N )12,

n=0

using the fact that Inn_o(t) = Jv_2(1)Jn_1(t). Going back to (3.36), we deduce
that Ry(t,y) — 0 as N — oco. Hence taking the limit as N — oo in (3.35) yields

(with v < [VEKACBY?71/2)
‘Fexo (ta y)’ < QAVGTB%IC(t> o, y)7

from which the result follows. O
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Complementary to the above two results, we have the following two, which esti-
mate the difference between the densities of two processes driven by two different
drifts.

Lemma 3.7. Let T > 0. Suppose Xo = xo < 1, and that ey, es € L(T, A) where
(w.l.o.g.) aA+ |b(1)| = 1. Then there exists a constant k3(T) (independent of A
and xq) which increases with T such that

sup  [v/s || 9ypi0 (s, ) — Oypes (5, )| ] < (@A + [b(1)[)ss(T)le} — 3lloct,

0<s<t

for all t < min{[(aA + |b(1)|)r3(T)] 2, T}.

Proof. Let y < 1. Again by (3.10), we see that
0,020 (t,y) — 020 (t,y))|

< (A +1b(1) / / 002 (s, 2) — 0.p° (s, 2)| [0,q(t — s, 2,y)| dzds
+OéH€1 eQ”oot/ / |azp€2 S, Z Zq S, g, 2 Hayq S,Z,y)’dZdS

—|—oz\|e’1—e/2||oo,t// 10.q(s, 70, 2)| [0,q(t — s, 2, )| d=ds. (3.38)
0 —00

Using Proposition 3.4 once again and the notation (3.30) (see also (3.28) and (3.29))
together with (3.26), we see that

0,02 (t,y) — D22 (t, y)]
\AHB( ) sSup |:\/_Hazp61 )_azng(s’)”oo}

0<s<t

0.p20 (s, 2) — 0-q(s, xo, 2
+ r3(T) |61_62||oot// | t—s( . M/C(—(t—s),z,y)dzds

e — ¢ o K(s, 70, )K(—(t — ), 2, y)dzds,
I e e T

for some constant k3(T) > 0, where we have denoted A := A + |b(1)|. Using
Proposition 3.6 and (3.31), and allowing the constant x3(7") to increase as necessary
from line to line below, it follows that

|0ypey (t.y) — 0,23 (. )|
\A'K‘;3( ) sup [\/_Hayph ayp§§(8’>Hoo]

0<s<t

t 1
~ 1
TAle, — € K
+"{3( ) ||€1 e?”oo,t/(; /—oo /t_

+ ’%3(T> Hei - eIQHOO,t IC<t7 o, y)?

(s, 0, 2)IC(—(t — ), z,y)dzds
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for all ¢ < min{[Ary(T)]72,T}. Using (3.31) again, together with the assumption
A > 1, we deduce:

10,20 (t,y) — 022 (t,y)| < Ars(T ) sup [Vs [0 (s ) = 9 (s )]l
+ k3(T )A||61—€’2||oo,t’C(t7wo,y), (3.39)

Assuming that s3(T) > ky(T) and multiplying the above inequality by v/t, we
deduce that, for t < min{[2Axs(T )]_2 T} we have

sup [\/_Haype1 ypez H }

0<s<t
Vit
< 2k3(T) su e —e .
X 3( )0<t£)T \/BT 2Kt)] || 1 2||oo,t

OJ

Proposition 3.8. Let T' > 0. Suppose Xog = xo < 1, and that ey, es € L(T, A),
where (w.l.o.g.) aA+ |b(1)| > 1. Then there exists a constant k4(T) (independent
of A and o) which increases with T such that

1 fo_ ? / !
050 = 2,22 (1.0)| < @A+ PD(T) ex0 (‘%) Ief — bl

for all t < min{[(aA + |b(1))ka(T)] 72, T} and y < 1, where (§°);>¢ is as in
Proposition 3.4.
Proof. We follow the strategy of the proof of Proposition 3.6. We thus define

Gzlo 62< ) aype1 (t y) aypeg (t y)

Going back to (3.38) we can proceed in the same way as Lemma 3.7 in order to

bound the second two terms of this expression. We then get that, for some constant
/€4(T) > 0

G2, (ty)] < ﬁm4<>||ea—e;||m/c<txo,y>

8182 t17y1)|
+ AT // \/W’C(—(t—h),yl,y)dyldtl.

We can iterate this inequality in exactly the same way as in Proposition 3.6 (see
(3.35)), and the convergence follows from Lemma 3.7. This yields the result. O

3.3. Conclusion.

Proposition 3.9. Let T > 0 and suppose P(X,y € dx) < p(1 — z)dz, for z €
(1 —¢,1], with (w.lo.g.) B > 1. Suppose e1,e3 € H(T, A, Xo) with (w.l.o.g) A :=
aA+1b(1)] = 1. Then there exist a constant k(T'), independent of A, 5 and €, and
increasing in T, and a constant (T, B, ¢€), independent of A and increasing in T,
such that

sup | E(M) — LE(M)| < AR(T B,V (1 +EIXo]) el — ¢l

o<s<t|ds ds
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for t < min{[(aA + |b(1)|)s(T)]72,T}.
Proof. We have by (2.5) and (3.6)

d d
ery _ e
SR - GEO)
1 1
<3 / 0,5, (4,1) — Oy, (1, 1| P(X, € da)
+ = Z / {ayp(e? S (t — s, 1) — @ypgg S)(t — s, 1)‘ P(r:' € ds) (3.40)

k:>l

d

d
/ \aype2 (t—s, 1)| ’£E(M§1) — %E(M?) ds

2(L1 + Ly + Ls).

Suppose t < T and v/t < [(aA + |b(1)])ka(T)]7*, where k4(T) is as in Proposi-
tion 3.8. Considering the first term only, we can use this result to see that

b <A ([ Lo (A2 (- i) el - e

#anm) ([ Lew (< pt e ) e - e

where we have used the bi-Lipschitz property (3.19) in the statement of Proposi-

tion 3.8, together with the fact that & =1 for all t and A = aA 4 |b(1)| as usual.
Indeed, by definition (see the statement of Proposition 3.4), we have

¢l = 1+/t’5(g;)ds, b(1) = 0.
0

We deduce that there exists a constant k5(7, 5, €) > 0, which is independent of A
and which is allowed to increase as necessary from line to line below, such that (the
value of k4(T') being also allowed to increase from line to line)

" e’ Z2
Ly < ABry(T)WVi ( e (—ﬁ) dz) 1¢h — &l
0

. 1 €2 o 3.41
T e IR a4

< ZK5<T7ﬁ7€)\/¥||6/1 - 6/2H00,t‘

We can then use Proposition 3.8 again to see that

~ B 1 e
Lo < Ani0) s 572 exp (=) [ BOI) e -

0<s <t

By Proposition 2.2, we deduce that
Ly < Ara(TWVHVE + EIXo])lef — bl (3.42)
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where we use the elementary inequality e~v < v forall v > 0. We finally turn to L;
n (3.40). By Proposition 3.6, Proposition 3.4 and (3.19), we also have that

0,509t — 5,1)| < ma(T)A f—p( i) + a0
< > A L]
< fa(T) exp k(T t—s) Vi—s t—s

(3.43)
Thus, from (3.40), (3.41), (3.42) and (3.43), we deduce

d d .
L E0) - 2B < AnsL,5.0VHL+ BN~ ¢
t
+ Awy(T) /
0

By taking the supremum over all s < ¢ in the above, we have, for ¢ < (2r4(T)A) ™1,

d d
—E(M:) — —E(M?)| ds.
CE(M) - B(M:)

SR - SEOL)

ds ds < 212{’{5(1—;676)\/%(1 + IE|‘XV0|) ||6/1 - 6/2||C>Oat‘

sup
0<s<t

Proof. |Proof of Theorem 3.1| Choose

CE0)

1
dt +

Ay =2 sup

0<t<1

Note that A; depends on 3. Then choose T} < min{[(aA; + |b(1)|)x(1)]72,1} such
that
~ 1
VTR B, e) (oA + [b(1)])(1 + E|X,|) < 7 (3.44)
where k(1) and K(1,[3,€) are as in the Proposition 3.9. By that result, if e €
H(Al,Tl,Xo) then
’ d

d
—E(M?
o (M)

E(M) -

< VIR(TL B, )(ady + (L)) +E|Xo) A, + ‘

for all ¢ < min{[(aA; + |b(1)])x(T1)]"%,1}. By definition, we have T} < 1 so that
k(1) < ( ) and K(T1, B, €) < K(1, 5,¢€). Therefore

d

' d —E(M])

SEAME)| <

< VER(L B, &) + 1)) +E|Xo|>A1+‘
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for all t < min{[(aA; + [b(1)|)x(1)]7%,1}. Hence for all t < Ty

d - d
‘ﬁE(Mte) < VER(L, B, €)(aA; + [b(1))(1 + E|Xo|)A; + ’gE(MtO)
< — —E(M)| <A
2 +02115121 dt (M) !

by (3.44), so that I'(e) € H (A, T1).
To prove that I is a contraction on H (A1, 11, Xo), first note that for e € H (A, T3, Xo)

1€ lloor: < llellram xo) < 2[1€[loom

by the mean value theorem, since e(0) = 0 and 77 < 1. Thus for any ey, ey €
H(A17T17X0>

IT(e1) = T(e2) lagga, 1 xo) < 2[1T(€1)" = Tle2)' | oz

d d
<2 —E(M) — —E(MS?
tsgu% dt ( t ) dt ( t )

< 2V TE(Th, B, €) (1 + E[Xo|) (aA + [b(1)])]le) — €5 loon

1
< 5”61 — €2||H(A1,T1,Xo)’

by our choice of 77 and using Proposition 3.9 once more. Since H(Ay,T1, Xo) is a
closed subspace of C'[0,T] (a complete metric space), the existence of a fixed point
for I follows from the Banach Fixed Point Theorem. O]

4. LONG-TIME ESTIMATES

In order to extend the existence and uniqueness from small time to any arbitrarily
prescribed interval, we need an a priori bound for the Lipschitz constant of ¢ —
E(M;) on any finite interval [0, 7. In the whole section, for a given initial condition
Xo = xp € (—o0, 1), we thus assume that there exists a solution to (2.1) according
to Definition 2.3 i.e. such that e : [0, 7] 5 t — E(M,) is continuously differentiable.
The aim is to then prove a universal bound for the Lipschitz constant of [0,7] >
t+— E(Mt)

Theorem 4.1. For a given € € (0,1), there exists a positive constant oy € (0, 1],
only depending upon €, the Lipschitz constant K and the linear growth constant A
of b, such that, for any a € (0,0a09) and any positive time T > 0, there ezist a
constant M, only depending on T, €, K and A, such that, for any initial condition
Xo = x9 < 1 — €, any solution to (2.1) according to Definition 2.3 satisfies
Ve [0,T], () = %E(Mt) < My

Remark 4.2. In the proof below, we provide an expression for ag (or put it differ-
ently a lower bound for the best possible choice of ag): we refer to the statement of
Proposition 4.5, where the constant oy therein is the same as the one in the statement
of Theorem 4.1. Without any further assumptions on the coefficients, the expression
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i Proposition 4.5 is not completely explicit as it depends upon a non-explicit con-
stant. Howewver, it becomes tractable when b(x) = —Ax, which is the common case
treated in the neuroscience literature. We thus refer the reader to Subsection 6.1 for
a detailed discussion about the critical threshold cq in this framework.

4.1. Reformulation of the Equation and a prior:i Bounds for the Solution.
In the whole proof, we shall use a reformulated version of the nonlinear equation
(2.1). Indeed, given a solution (X, M;)o<¢ <7 to (2.1) on some interval [0, 7] ac-
cording to Definition 2.3, we set

Zt :Xt+Mt, t € [O,T] (4.1)

Then, the dynamics of (Z;)p <+ < r have the form:
t
Z, = Xy + / b(Xs)ds + aE(My) + Wy, t€]0,T], (4.2)
0

so that, by continuity of the mapping [0,7] > t — e(t) = E(M,), the process
(Zt)o <+ <1 has continuous paths. Moreover, as noted above in Proposition 2.2, M,
is completely defined in terms of Z;, since it holds that

M= swp Z),) = sup [(Z)). (43)

0<s< 0<s<t
Following the proof of Proposition 2.2, we claim:

Lemma 4.3. There ezists a constant B(T,«,b), only depending upon T, o, b and
non-decreasing in o, such that

sup e(t) =e(T) <E[ sup (Z)4] < B(T,o,b). (4.4)

0<t<T 0<t<T

A possible choice for B is

B(T,a,b) =

E[(Xo)4] +4TY2 + AT ( 2AT )
exp .

11—« 11—«

Proof. The proof is a straightforward consequence of (2.12) in the proof of Proposi-
tion 2.2. O

4.2. Local Holder Bound of the Solution. We now turn to the critical point of
the proof. Indeed, in the next subsection, we shall prove that, for o small enough,
the function ¢ +— e(t) = E(M;) generated by some solution to (2.1) according to
Definition 2.3 (so that e is continuously differentiable) satisfies an a priori 1/2-
Holder bound, with an explicit Holder constant. This acts as the keystone of the
argument to extend the local existence and uniqueness result into a global one. As
a first step, the proof consists in establishing a local Hélder bound for e in the case
when the probability that the process X lies in the neighbourhood of 1 is not too
large:

Lemma 4.4. Keep the same notation as in the previous subsection and consider in
particular a solution (Xi)o<t<1 to (2.1) on some interval [0,T], with T > 0 and
initial condition Xo = xg. Assume in addition that there exist some time ty € [0, T
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and two constants € € (0,1) and ¢ € (0,1/a) such that xy < 1 — €, and, for any
Borel subset A C [1 — €, 1],
P(X,;, € A) < |4, (4.5)

where |A| stands for the Lebesque measure of A. Then, with

_exp(2A)[(8+5c+ 8 A+ 4(1+c+ e
B 1 —ca '

By

it holds, for any h € (0,1),

Byexp(2AR)hY/2 < €/2

— 1/2
to + h < T } = €(t0 + h) €(t0) < Boh .

Proof. Without any loss of generality, we can assume ty = 0, with 7" being under-
stood as 1" — ty. Indeed, setting

XFo = X, 0, t€]0,T —t), (4.6)
we observe that, for t € [0,T — t¢],

t
Xfto = XtO +/ b(qutO)dT’—’— aE(Mt+t0 — Mt()) + Wt+t0 — Wto — (Mt+t0 — Mt()) . (47)
0

Here M, ., — M, represents the number of times the process X reaches 1 within the
interval (o, t+to]. Therefore, this also matches the number of times the process X o
hits 1 within the interval (0,¢], so that X*o indeed satisfies the nonlinear equation
(2.1) on [0,T — to], with tho = X, as initial condition and with respect to the
shifted Brownian motion (W, := W, 1t — Wi )o<it<7-1,- In what follows, ¢ is
thus assumed to be zero, the new T standing for the previous 7' — ¢, and the new
X matching the previous X;, and thus satisfying (4.5).

For a given h € (0,1), such that h < T, and a given By > 0 (the value of which
will be fixed later), we then define the deterministic hitting time:

R =inf{t € [0,h] : E(M,) = e(t) > Byh'/*}.

Following the proof of (2.11) (see more specifically (2.9)), we have, for any ¢t €
[0,h A R],

t
M, < sup (Zo); < (Xo)y + A/ (1+ (Zs)+ + My)ds + ae(t) +2 sup |[W]
0

0<s<t 0<s<t

0<s<t

¢
é(X0)++2A/(1+Ms)ds+a5’0h1/2+2 sup |Ws
0

¢
< (Xo)y +2Ah + 2A/ Mds + aBoh*? + 2 sup |Wsl,
0

0<s<t
where we have used (4.3) to pass from the first to the second line. By Gronwall’s
Lemma, we obtain

M, < exp(2Ah)[(Xo)1 + 2Ah + aBoht* +2 sup  |[W|],

0<s<h

< (Xo)+ + exp(2Ah) [4Ah + aBoht? + 2 sup (Wil],

0<s<h

(4.8)
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as exp(2Ah) < 1+ 2Ahexp(2Ah) and (Xp)4 < 1.
Assume that Byexp(2Ah)h'/? < €/2 < 1/2. Then, by Doob’s maximal inequality
for martingales,

§ P(M, > § P(exp(2Ah)[4Ah +2 sup |[Wi|] =k —3/2)
0<s<h
k>2 k> 2 (4.9)
< 2exp(2AR)E[4Ah + 2|W|] < exp(2Ah) [8AR + 4h'/?].

Moreover,
P(M; > 1)
< P((Xo)+ + exp(2Ah) [4Ah + aBoh'? +2 sup |W;|] > 1)
0<s<h
< IP(XO € [1 —¢,1], Xo + exp(2Ah) [4Ah + aBoh'/? +2 sup |W5|] > 1)

0<s<h

+ P(exp(2Ah) [4Ah +2 sup |W,|] = €¢/2)

0<s<h

= [1 + 127

where we used By exp(2Ah)h'/? < €/2 in the third line.
By Doob’s maximal inequality again, we deduce that

I, < 2exp(2Ah)e 'E[4AR + 2|Wy|] < exp(2Ah)e ' [8AR + 42 (4.10)
We now switch to ;. By independence of X, and (Wy)o < s <1 and by (4.5),

I < / P{exp(2Ah) [4Ah + aBoh'? +2 sup |W, ] > z}da
0

0<s<h

+o0
< c/ P{exp(2Ah) [4Ah + aBoh'? +2 sup |W, | > z}da
0

0<s<h

= cexp(2Ah)E [4Ah + aBoh!/? + 2 sup (W]

0<s<h
By Doob’s L? inequality,
I < cexp(2Ah) [4Ah + aBoh'/? + 4h1/?].
Together with (4.10), we deduce that
P{M, > 1} < exp(2Ah) [4(c + 26 AR+ 4(c + € A2 + caByh'/?].
From (4.9), we finally obtain, for ¢t < R A h,

E(M) =)  P(M, > k)

k>1
< exp(2AR)[42 4 c+ 26 )AL+ 4(1 + ¢+ e M2 + cozBOhl/z]
< exp(2Ah) [(8 4 5e + 8¢ AR 4+ 4(1 + ¢ + ¢ 1)h'?] + caByh'/?,
provided By exp(2Ah)hY/? < €/2 < 1/2, which implies
caBBy exp(2Ah)hY? < caByht’? + cAh
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(using the fact that e < 1 + 2Ahe® ). Therefore, if R < h, then we can choose
t = R in the left-hand side above. By continuity of e on [0,7], it then holds
e(R) = Byh'/?, so that
(1 — ca)Boh'? < exp(2Ah) [(8 + 5c + 8¢ AR+ 4(1 + ¢ + ¢ 1)h!/?]
< exp(2A)[(8 + 5+ 8¢ A +4(L +c+ e M)A,
which is not possible when

_exp(2A)[(8+5c+ 8 A+ 4(1+c+e )]
B 1—ca '
Precisely, with By as above and By exp(2Ah)h'/? < €/2 it cannot hold R < h.

By

O
4.3. Global Holder Bound. In this subsection, we shall prove

Proposition 4.5. For a given € € (0,1), there exists a positive constant g € (0, 1],
only depending upon €, K and A, such that, for any o < ag, there exists a constant
B, only depending on «, €, K and A, such that, for any positive time T > 0 and any
initial condition Xo = xo < 1 — €, any solution to (2.1) according to Definition 2.3,
so that the mapping e : [0,T] > t — E(M,) is continuously differentiable, satisfies,
for any h € (0,1) and ty € [0,T],

Bh'/? < e/2
to+h<T

Note that B above may differ from By in the statement of Lemma 4.4. The constant
g can be described as follows. Defining Ty as the largest time less than 1 such that

(1 —€)exp(ATy) < 1—7¢/8, ATpexp(ATy) < €/8,

then o can be chosen as the largest (positive) real satisfying (with B(To, g, b) as in
Lemma 4.3)

} = ety + h) — e(ty) < B2,

Oé()B(jﬁo7 Qp, b) < 6/4,

. 1
a025/2(c')3/2 exXp (—5) [6_1 + B(To, Qp, b)] < 1,

_ 1

Qo |:C/TO 12 + 23/2(6/)3/2 €xp <_§) B(T07 Qq, b):| < 17
where the constant c is defined by the following property: ¢ > 0 depending on K
only is such that for any diffusion process (Uy)o <t <1 Satisfying

dUt - F(t, Ut>dt + th, t € [0, 1],

where Uy = 0 and F : [0,T] x R — R is K-Lipschitz in x and satisfies F(t,0) = 0
for any t € [0, 1], it holds that

d d x?

The proof relies on the following
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Lemma 4.6. Given an initial condition Xg = xy < 1 — ¢, with ¢ € (0,1), and a
solution (X)o<¢<1 to (2.1) on some interval [0,T], the random variable X; has a
density on (—oo, 1], for any t € (0,T]. Moreover, defining Ty as in the statement of
Proposition 4.5 and choosing o < oy satisfying

OélB(To,Oél,b> < 6/4,
then, for x € [1 —€/4,1),

1
di]P’(Xt € dx) < 2%/%(¢)3? exp (—§> e+ B(Ty, o, b)] ift < Ty
x

d _ f 1
—-P(X, € dz) < Ty 4 232()3 2 exp (—5) B(Ty,a,b) if t > Ty,

where the constant ¢’ is as in the statement of Proposition 4.5.

Before we prove Lemma 4.6, we introduce some materials. As usual, we set
e(t) = E(M;), for t € [0,T], the mapping e being assumed to be continuously
differentiable on [0,7]. Moreover, with (Xi);co,7], We associate the sequence of
hitting times (7% ) > o given by (2.3) . We then investigate the marginal distributions
of (X¢)iejo,r)- Given a Borel subset A C (—o0, 1], we write in the same way as in the
proof of (3.1):

]P(Xt € A) — P(Xt c A77_1 > t)
t
+ Z / P(X; € A, Tjyq > t|me = s)P(1x € ds), (4.11)
0

k>1

where the notation P(-|7, = s) stands for the conditional law given 7, = s. Following
(4.6) and (4.7), we can shift the system by length s € [0,7]. Precisely, we know
that (Xﬁs = XSH)TG[O,T,S] satisfies

Xb = X, + / b(XE)du + ae® (r) + Wy, — Wy — MP, (4.12)
0
with
e (r)i=e(s+r)—e(s) ; Mp:= Z Loa(78)
k>1 (4.13)
7',25 = inf{u > T,ES_I C X = 1}, k>1 ; Tgs = 0.

Conditionally on 7, = s, the law of (X)g<,<7_s until 7{* coincides with the law
of (Z8%)g < » < 7_s until the first time it reaches 1, where, for a given Fy-measurable
initial condition ¢ with values in (—o0,1), (Z%¢)y <, < r—s stands for the solution of

the SDE:

o / b(ZEC)du+ aks(r) + Wy, te[0,T—s].  (4.14)
0
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Below, we will write Z¢ for Z#<. In the end, we thus have (by (4.11)):

t
P(X, € A)SP(ZX € A)+ > / P(Z5° € A)P(r, € ds)
e (4.15)
=P(Z e A) +/ P(ZF0 € A)e(s)ds,
0

for any Borel set A C (—o0, 1], the passage from the first to the second line following
from (3.9).

We can now turn to:

Proof of Lemma 4.6. Given an initial condition z¢ € (—o0,1 — €] for € € (0,1), we
know from Delarue and Menozzi [6] that Z has a density for any ¢ € (0, 7] (and
thus Z"? as well for 0 < s < t). From (4.15), we deduce that the law of X, has
a density on (—oo, 1] since P(X; € A) = 0 when |A| = 0 where |A| stands for the
Lebesgue measure of A. Moreover, there exists a constant ¢ > 1, depending on K
only, such that, for any ¢t € [0,7 A 1]:

d_ A d [z — 9702
—P(Z° e dx) < — —_ 4.1
o (Zf° € dx) \/%exp( o , (4.16)
where ¥;° is the solution of the ODE:
d
%ﬁt = b('l?t) + @6/(t>, t e [O,T], (417)

with J3° = zo. Above, the function [0,7] > t — e(t) represents [0,7] > t — E(M,)
given Xy = xy, which means that the initial condition xg of Xy upon which e depends
is fixed once for all, independently of the initial condition of ¥J. In particular, as
the initial condition of ¢ varies, the function e does not. We emphasize that ¢ is
independent Qf e and can be taken to be that defined in Proposition 4.5. Indeed, we
can write P(Z° € dx) as P(Z* — 9}° € d(xz — 9}°)), with
d(Z7° —97°) = F(t, 27 —9°)dt +dW,, t€[0,T]; Z3° -9 =0;
F(t,z) =b(x +07°) —b(¥f°), te0,T], zeR

We then notice that F(t¢,-) is K-Lipschitz continuous (since b is) and satisfies
F(t,0) = 0, so that, referring to 6], all the parameters involved in the definition of
the constant ¢’ are independent of e. The fact that ¢ is independent of e is crucial.

As a consequence, we can bound (d/dz)P(Z*? € dz) in a similar way, that is, with
the same constant ¢ as in (4.16): for any 0 < s <t < T, with ¢t — s < 1,

d_ - c [z — 9i0)?
—P(Z0 e dr) < _ Ttmsl 4.18
dx < t—s l’) t—Sexp< C/<t_3) ) ( )

where %0 is the solution of the ODE:
d

d
Eﬁﬁs =b(Wf) + ozaeﬁs (t), telo,T— s,

with ¥5° = 0 as initial condition.
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Bound of the density in small time. Keep in mind that Xg = x¢ < 1—e. Therefore,
by the comparison principle for ODEs, ¥7° < ;¢ for any t € [0,7T], so that by
Gronwall’s Lemma

U7 <9, < (1— e+ AT + ae(T)) exp(AT).
By Lemma 4.3, we know that e(T") < B(T, a, b), so that
07 < (1 — e+ AT 4+ aB(T, o, b)) exp(AT). (4.19)
Now choose Ty as in Proposition 4.5, i.e. Ty < 1 such that
(1 —€)exp(ATy) < 1—7Te/8, ATpexp(ATy) < €/8,

and then take ay € (0,1) such that

a1 B(Tp, aq, b) exp(ATh) < €/4.
Then, whenever o < aq, it holds that

V<1 —¢/2, te]0,TyNT].
Therefore, for z > 1 — €/4,

[z — 3] &
exp <—T < exp 1ot ) t €0, Ty AT (4.20)
Similarly,
990 < 3¢/8<3/8, 0<s<t<TyAT.

Indeed, e (T — s) < e(T) for s € [0,T], so that (4 19) applies to 9% with 1 —

therein being replaced by 0. Therefore, for 2 > 1—e/4, it holds z—9%" > 3/4—3/8 =
3/8 > 1/4, so that

[z — 9P ! 0<s<t<TyAT.  (4.21)
exp| ——F+—""] <exp|—-———+——], 0<s < : :
P d(t—s) P 16¢/(t — s) 0

In the end, for z € (1—¢/4,1) and t < Ty AT, we deduce from (4.15), (4.16), (4.18),
(4.20), (4.21) and Lemma 4.4 again, that

dIP’(Xtedx) <dwmole ' +e(TAT)] < dwole ' + B(Ty, o, b)],

dx
where
1 1
_ —-1/2 _ 2 _ 03/2
w0 [ (g5 )| - v mplnesncit) =2 (3.

Bound of the density in long time. We now discuss what happens for T' > T and
t € [To, T]. Then,
d

d T d t—T7
—P(X, € dr) < P <Xt € de, 7™ TO> + P (Xt € de, 71 > To>

dz (4.22)

= T +7TQ,

with 7,7 = inf{u > 0 : X; g4 = 1} = inf{u > 0 : Xit:TO > 1}. The above
expression says that we split the event (X is in the neighbourhood of x) into two
disjoint parts according to the fact that X reaches the threshold or not within the
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time window [t — Tp, t]. We have chosen this interval to be of length T} in order to
apply the results in small time.

We first investigate mo. The point is that, on the event that TftiTO > Ty and within
the time window [t — Tp, t], X behaves as a standard diffusion process without any
jumps, namely as a process with the same dynamics as Zb-10:Xe-10. Following (4.16),
we then have

d N
Ty = %P(ZﬁTtofTo’X“To € dx,TfthO < To)
d STy Xt — d STy 2 —1/2
< P2y, T e dr) < sup - P(Z5," € dr) < Ty P (4.23)

We now turn to 7. Here we write that

=P <Xt € du, 7™ < T0> =Yp (Xt € da, 7y " < Ty < rﬁl}“)

k>1
To
- Z / P (Xt € dux, T,ﬁt_TO <Tp < T,g:fo ]T,ﬁt_TO = s) P(T,gt_To € ds)
k>170
T 5 st -1 0 Sy -1,
_ Z/ P (ZTO_S 0 e dz, Ty < T,MO) P(ri™ € ds),
k>170

-1,

since on the event that 7, ° < Tj < T,gj;lT ° and given that the k-th (and last) jump
of X in the interval [t — Ty, t] occurs at time t — Ty + s with s € [0,Tp], we have

that the process X, for r € [t — Ty + s,t] coincides with the process ZAqﬁﬁ =100 for
u € [0,Ty — s]. Thus

To d .
T < Z / %IP’ (ZﬁTZTS_TO’O € dw) P(Tgt_TO € ds)
£2 ’ (4.24)
0 d Aﬁs t— 70
= /0 %]P’ <ZT0ts e dx) e(s+t—Ty)ds.
By (4.18), we have

/TO iIP (ZAﬁSH_TO’O € dx) e(s+t—"Ty)ds
0 dx To—s

To / T — ﬁﬁs-&-t—TOyo 2
< exp (— [ rs | e(s+t—Ty)ds.

g J—
0o VvV TO — S C,(TO — 8)

Following the shift in (4.12), it is well seen that the mapping [0, Tp] > s — €70 (s)
satisfies Lemma 4.3, that is

sup et T(s) = sup [e(s+t—Ty)—e(t—Ty)] = e(t) —e(t—Tp) < B(Ty, a,b).

0<s<To 0<s<Ty

Therefore, we can follow the same strategy as in short time. Indeed, for a < a4, by
the choice of Tj as before, it holds that

1 < CIWOB<T0, a, b),
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for x € [1—e€/4,1). Using (4.23) and the above bound, we deduce that, for ¢t € [Ty, T,

%P (X, € do) < [Ty "? + woB(Ty, o, b)].

O
Now, we can complete the proof of Proposition 4.5.

Proof of Proposition 4.5. Proposition 4.5 follows from the combination of Lemmas
4.4 and 4.6. Indeed, given T and «g as defined in Proposition 4.5, then by Lemma
4.6 it follows that P(X; € A) < (1/a)|A| for any Borel subset A C [1 — €/4, 1], any
a < ap and any t € [0,T]. The result follows by Lemma 4.4, with B being given by
By exp(2A) with e in By replaced by €/4. O

4.4. Estimate of the Density of the Killed Process. In light of the previous
subsection, for a solution (X;)o<¢<7 to (2.1) such that the mapping [0, 7] > ¢ —
e(t) = E(M;) is continuously differentiable, we here investigate:

d
d—P(Xt€d$,t<7'1), te|0,T], <1,
X

where 7 = inf{t > 0: X;_ > 1} as usual, which is the density of the killed process
(Xiam )ieo,r] and which makes sense because of Lemma, 4.6.
Here is the main result of this subsection:

Lemma 4.7. Foranye € (0,1), any T > 0 and any B > 0, there exist two constants
wr and nr, only depending upon T, B, €, K and A, such that, for any initial condition
ro < 1—€ and any continuously differentiable non-decreasing deterministic mapping
[0,T] >t e(t) satisfying

e(0)=0 ; le(t)—e(s)| <B(t—s)Y2 (s,t)€[0,T]?
if (Xt)o <t <1 denotes the solution of the SDE
dxe = b(xe)dt + a€'(t) +dWe,  t€[0,T] 5 xo = o,
then, with p(t,y) denoting the density of x; killed at 1 as in (3.2), we have
p(t,y) < pr(l—y)"™, te€l0,T], ye[l—¢e/4,1]. (4.25)

Proof. First Step. The first step is to provide a probabilistic representation for p.
For a given (T, z) € (0,+00) x (—00,1), we consider the solution to the SDE:

dY, = —[b(Y;) + o' (T — t)]dt + dW,, Yy =1y, (4.26)

together with some stopping time p < po A T, where py = inf{t € [0,7] : Y; > 1}
(with inf() = 400). Then, by Lemma 3.2 and by Ito-Krylov formula (see [12,
Chapter II, Section 10]),

1
+ 0yp(T —t,Y;)dW,
— W (Y)p(T —t,Y,)dt + 0,p(T — t,Y;)dW,,
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for 0 <t < p. Therefore, the Feynman-Kac formula yields

p(T,y) =E|p(T - p,Y,) 1y, 213 exp <— /Op b’(Ys)ds)}, (4.27)

the indicator function following from the Dirichlet boundary condition satisfied by
Second Step. We now specify the choice of p. Given some free parameters L >

1
and 0 € (0,€/4) such that Ly < €/4, we assume that the initial condition y in (4.26)
is in (1 — 0,1) and then consider the stopping time:

p=inf{t € [0,T]:Y; & (1 — L5, 1)} A 46> (4.28)
Assume that 46% < T. By (4.27), we deduce that
(t,2)€Q(4,L)

with
Q(6,L) = {(t,2) € [T —46*,T] x [1 — L3, 1]}.
The point is then to give a lower bound for P(Y, = 1). By assumption, we know

that e is B Holder continuous on [0, 7). Therefore, since Yy = y € (1 —6,1), we
have, for any t € [0, A pl,

Y, >1—-68—mdé*—aBs+ W,

with
m= sup |b(2)]. (4.30)

0<z<1
Therefore, for moé < 1,
Y, >21-26—aBs+ W, te[0,6*Ap)],
so that
{Y,=1} >{ sup W, > (2+aB)s}nN {0 5{ S (2+aB—L)§}. (4.31)

0<t<82
Choosing L = 3 + a8 and applying a scaling argument, we deduce that
P({ sup W;> (2+aB)s}n{ inf W,> (2+aB—L)s})
0<t< 82 0<t< 42

= P({ sup Wt > (2 + OZB)} N {0 gllgfglwt > _1}) =: C// e <07 1)

0<t<1

(4.32)

We note that the above quantity ¢’ is independent of § and T". Moreover, we deduce
from (4.31) that P(Y, = 1) > ¢’ and therefore, from (4.29), that
p(T,y) < (1= c")exp(4K4?) sup sup p(t, 2),
2€Z(L5) te[0,T]
with Z(r) = [1 — r,1], for » > 0. Choosing § small enough such that (1 —
") exp(4K6%) < (1 — ’/2), we obtain

7z

c
p(T,y) < (1 — 5) sup sup p(t,z), y€Z(0).
z€Z(LJ) t€[0,T]
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Modifying ¢’ if necessary (¢’ being chosen as small as needed), we can summarize
the above inequality as follows: for § < ¢,
p(Toy) < (L—c") sup sup p(t,z), ye€I(0) (4.33)
2€Z(LJ) t€[0,T]
We now look at what happens when 7" < 442 in (4.29). In such a case p in the

previous argument must be replaced by pAT. Observing that p(T'— p AT, Y ar) =0
on the event {p > T} U{Y,,r = 1} and following (4.29), we obtain, for y € Z(J),

p(T,y) < exp(AKS*)[1 =P({Yrr =1}U{p>T})] sup  p(t,2), (4.34)
(t,2)eQ’(4,L)
with @'(6,L) = {(¢t,z) € [0,T] x [1 — Ld,1]}. Now, the right-hand side of (4.31)
is included in the event {Y,rr = 1} U {p > T'} so that (4.32) yields a lower bound
for P({Y,rr = 1} U{p > T'}). Therefore, we can repeat the previous arguments in
order to prove that (4.33) also holds when T < 442, which means that (4.33) holds
true in both cases.
Therefore, by replacing T by ¢ in the left-hand side in (4.33) and by letting ¢ vary
within [0, 7], we have in any case,

sup sup p(t,y) < (1—c") sup sup p(t, 2).
y€Z(9) te[0,T 2€Z(L6) te[0,T)

By induction, for any integer n > 1 such that L"0 < rg, with ro = ¢’ A (¢/4),

sup sup p(t,y) < (1—c")" sup sup p(t,2).

y€Z(6) tel0,T] 2€Z(L"S) t€[0,T)
Given § € (0,79/L), the maximal value for n is n = |In[ry/d0]/In L]. We deduce
that, for any 0 € (0,70/L),

sup sup p(t,y) < (1 —)Wro/A/mb=1" gy sup p(t, 2). (4.35)
yeT(5) te[0,T] 2€T(e/4) te[0,T]

Following (4.16), we know that

cr [z — 97°]2

sup sup p(t,z) < sup sup |—=exp|————]], (4.36)
2€T(e/4) te[0,T] eZ(e/a) telo,) LV crt

for some constant ¢y only depending upon 7" and K and where (97°)o < ¢ < 1 stands

for the solution of the ODE

% = b(ﬁt) + ae’(t), t e [O, T] ) 190 = Zg.
Pay attention that we here use the same notation as in (4.17) for the solution of the
above ODE whereas e(t) is not given as some E(M,;). Actually, we feel that there
is no possible confusion here. Notice also that e is fixed and does not depend upon
the initial condition zg.

By the comparison principle for ODEs and then by Gronwall’s Lemma, we deduce
from the fact that e is B-Holder continuous of exponent 1/2 that

970 <9, < [1L— e+ At + Bt exp(At), t€[0,T].
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Using the above inequality, we can bound the right-hand side in (4.36): precisely,
the above inequality says that the exponential term in the supremum decays expo-
nentially fast as ¢ tends to 0 so that the term inside the supremum can be bounded

when ¢ is small; when ¢ is bounded away from 0, the term inside the supremum is
bounded by 1/+/%. It is plain to deduce that

sup  sup p(t, 2) < cr, (4.37)
2€Z(e/4) te[0,T)

for a new value of ¢, possibly depending on € as well. Therefore, for § € (0,7¢/L),
(4.35) yields

<2 (L)
sup sup p(t,y) < ——~(— | ,
yeT(6) te[0,T] (1—=¢") \ro
with 7 = —In(1 — ¢’)/In L. This proves (4.25) for y € (1 —ry/L,1). Using (4.37),
we can easily extend the bound to any y € (1 —€/4,1) by modifying if necessary the
parameters pp and nr therein. This completes the proof. O

4.5. Bound for the gradient. Here is the final step to complete the proof of
Theorem 4.1:

Proposition 4.8. For any e € (0,1), any B > 0 and any T > 0, there ezists a
constant My > 0, only depending upon T, B, €, K and A, such that, for any initial
condition xo < 1 — €, any continuously differentiable non-decreasing deterministic
mapping [0,T] 3 t — e(t) satisfying

e(0)=0 ; le(t)—e(s)| <B(t—s)"% (st)€[0,T),
if (Xt)o <t <1 denotes the solution of the SDE
dx: = b(xp)dt + €' (t) +dWy, t€[0,T); xo= o,
then, for any integer n such that n > [4/€],
Mo =T
0t )| < T T T T g e T
where p(t,y) is the density of x; killed at 1 as in (3.2), nr is as in Lemma 4.7, and
Cr= sup €(t).

0<t<T

(1+aCy), telo,T),

Proof. We consider the barrier function:
q(t,y) = Oexp(Kt)[1 —exp(y(y —1))], t>0, yeR, (4.38)

where v and © are free nonnegative parameters. Then, for t > 0 and y < 1,
1
a(t,y) + (by) + e’ (1)) Dya(t, y) = 50,,a(t,y)

= O exp(Kt) exp(r(y — 1) (~((y) + €' (1) + 377) + Kalt, )

Keeping in mind that
sup €'(t) = Cr,

0<t<T
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and choosing
v = 2(max(m, 1) + aCr), (4.39)
where m = supg < , < ; [b(2)| as before, we obtain, for ¢ € [0,7] and y € (0, 1),
1
—(b(y) + €' (t))y + 572 > — 2(max(m, 1) + aCr)® + 2(max(m, 1) + aCr)* = 0.

We obtain, for ¢t € [0,7] and y € (0, 1),
! 1 /
Da(t,y) + (b(y) + ac' (1) dyalt, y) — 595,4(t,y) = Kalt.y) = =V (y)a(ty),
which reads
, 1
a(t y) + 0y [ (b(y) + ae' (1)) a(t,y)] — 595,4(ty) = 0. (4.40)

For a given integer n > [4/€], we choose © as the solution of

o {1 . (_2(max<m, nl) + acT))} - (4.41)

with p7 and 7r as in the statement of Lemma 4.7. Pay attention that the factor in
the left-hand side cannot be 0 as max(m, 1) > 0. Notice also ¢ thus depends upon
n. By Lemma 4.7, we deduce that

1 1
n n

Now, we can apply the comparison principle for PDEs. Indeed, we also observe that
q(0,y) = p(0,y) = 0 for y € [1 —1/n,1] and g(¢t,1) = p(t,1) = 0 for t € [0,T].
Therefore, by (4.40), we have

pty) <qlty), tel0.T], ye {1 _ % 1} | (4.42)

Since p(t,1) = 0 = ¢(¢,1), we deduce

00t )] < 0300, 1] = e SO exp(K). (1.43)

O

We now complete the proof of Theorem 4.1. We make use of Proposition 3.3.
Recall (3.6)

t
¢(t) = — / %(%p(o’s)(t _ 5,1)¢/(s)ds — %ayp(t, 1), telo,T],
0

where p represents the density of the process X killed at 1 and p(®*) represents the
density of the process X* driven by e’ = e(- + s) —e(s) (see (4.12)) killed at 1 with
XZ* = 0 as initial condition.

By Proposition 4.5, we know that, for a given s € [0,7) and for the prescribed
values of «, the mapping [0, T —s] 3 r ~ e+ (r) is 1/2-Holder continuous, the Hélder
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constant only depending upon «, ¢, K and A. Therefore, by Proposition 4.8, we
know that

MTnfnT
1 — exp[- M7 (1 + aCp)n—1]

10,0 (t — 5,1)| < (14+aCy), tels,T), (4.44)

for n > [4/€e] and for some constant My only depending upon 7', «, €, K and A.
The same bound also holds true for d,p(¢, 1).
We deduce that, for any ¢ € [0,7] and any n such that n > [4/€],

/ Mopn™" e(T) + 1
1) < 1 Cr)————.
e 1 —exp[- M7 (1 + aCT)n—l]( +alr) 2

By Lemma 4.3, we have a bound for e(7") = E(M7), which means that we can bound
(e(T)+1)/2 in the right-hand side above by modifying the constant M. Recalling

C’T = sup ¢ (t) )

0<t<T
we deduce that

Cr(1 — exp[-Mz' (1 + aCr)n ")) < Mz(1+ aCr)n . (4.45)
Choosing n large enough such that the right hand side is less than (1 + aCr)/2 (so
that n depends on T') and multiplying by «, we get (since o € (0, 1)):

a—gT < % + aCrexp[— M7 (1 + aCr)n™].

This shows that aCp must be bounded in terms of M+ and n. Precisely, we have

aCr <1+ 2sup [zexp[-Mz' (1+7r)n7']] := R < +oc.

r>0

By (4.45), we deduce that

Mr(1 —nr
C'T < sup T( _’__r)n )
o<r<r|1—exp[—Mp (1+7)n"1

which is independent of « (for a € (0, o)), as required. O

5. EXISTENCE AND UNIQUENESS FOR ALL TIME

We now put everything together to arrive at our goal, which is Theorem 5.2 below.

Lemma 5.1. For any T > 0, wnitial condition Xy = xo < 1, and a < ag, where ay
is as in Theorem 4.1, there exists a constant Cye,(T) depending only on T, zy, K
and A such that any solution to (2.1) on [0,T] according to Definition 2.3 satisfies

d
d_y]P (Xt S dy) < Cden(T)(l - y)7

forally € (1 —¢€/8,1) and t € [0,T], with e = min(1,1 — zy).
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Proof. We assume that (X;)o <+ <7 is the unique solution to (2.1) with Xy = z¢ up
until time T, and set e(t) = E(M,;). Following the notation of Section 3 (see also
the last part of the proof of Theorem 4.1), for y < 1 and ¢t < T, let

d
p(t,y) = d—yP(Xt €dy,t<m),

d
POy) = 5 P (X € dy,t <7f|XE =0).

By Theorem 4.1, we know that e is Mp-Lipschitz continuous, so that by (4.42),

1
) <attn), teTh ve [1- 1],

where n stands for [4/¢] and ¢ is given by (4.38), with v and © being fixed by (4.39)
and (4.41), with Cr = M. By the specific form of ¢, this says that there exists a
constant C%., depending only on T, zy, K and A, such that

’ €
p(t7y)<CT(1_y)7 t6[07T]a ye[l_g,l],

¥ L x for x € R. Clearly, the same argument

using the elementary inequality 1 — e~
applies to p®)(t — s,7), i.e.

PO —s5,y) SCH(1—y), 0<s<t<T ye1-51].

Now, following the proof of (4.11), we get for ¢t € [0,7] and y € [1 — €/8,1],

d%P(Xt € dy) = p(t,y) +/0 pOI(t = s,y)'(s)ds
< Cr(1+e(T)(1 —y),

where we use Lemma 3.2 for justifying the passage to the density in (4.11). By
Lemma 4.3, this completes the proof. O

Theorem 5.2. For any T > 0, wnitial condition Xg = xg < 1, and o < oy, where
ag as in Theorem 4.1, there exists a unique solution to the nonlinear equation (2.1)
on [0,T] according to Definition 2.3.

Proof. We would like a solution up until fixed time 7" > 0. The idea is to iterate
Theorem 3.1, which is possible thanks to Lemma 5.1. Indeed, by Theorem 3.1, we
have that there exists a solution to (2.1) with X, = z¢ up until some small time
Ty > 0. By Lemma 5.1, we therefore have that

P(Xr, € dy) < Cam(T)(1—y), ye [1-2.1],

where € = min(1 — xp,1). If 7} > T we are done. If not, since we have the above
density bound and since we have an explicit bound for E| X, | deriving from Lemma
4.3 and from Gronwall’s Lemma, we can apply Theorem 3.1 again to see that there
exists a solution to (2.1) on some interval [T},7 + T3] starting from X7,. As Ty
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depends upon X7, through €, Cyen(71) and E| X7, | only and as these quantities can
be bounded in terms of T, ¢, K, A only, we then see that

T, > ¢(T)

for some constant ¢(7) that refers to T', ¢, K, A only. Now we know that there
exists a solution to (2.1) with Xy = x¢ on [0,7 + T3|. If 77 + T, > T we are done.
If not, by Lemma 5.1 once again,

€
P(X7, 11, € dy) < Caen(Th +T2)(1 —y), y € [1 — 3 1} ,

and we can then repeat the argument n times to get a solution up until time 77 +
-+ T, where all Ty, > ¢(T') for k > 2 i.e. each time step is of size at least ¢(7T').
It is then clear that there exists n > 1 such that T} +---+ 1, > T, and so we are
done for the existence of a solution.

Uniqueness of the solution proceeds in the same way. Given another solution
(X{, M{)cjo,r] on the interval [0, 7] in the sense of Definition 2.3, it must satisfy the
a priori estimates in the statements of Theorem 4.1 and Lemmas 4.3 and 5.1. In
particular, dividing the interval [0, 7] into subintervals of length ¢(7") (except for
the last interval the length of which might be less than ¢(7T)), with the same ¢(T')
as above, we can apply the contraction property in Theorem 3.1 on each subinterval
iteratively. Precisely, choosing A; accordingly in Theorem 3.1, we prove by induction
that the two solutions coincide on [0, ¢(T")], [0,2¢(T)], and so on. O

Remark 5.3 (A closed formula for e(t) = E(M,;)). This section is motivated by the
proof of finite time blow-up in |3| (Theorem 2.2). In fact, thanks to the knowledge
about the existence of a solution for o sufficiently small provided by Theorem 5.2,
we can extract some interesting formulae by modifying the methods in [3].

Indeed, fix xo < 1 and suppose that we are in the Ornstein-Uhlenbeck case, so that
b(x) = —Ax with A > 0. Let o be as in Theorem 5.2. Then for a < g a solution
to (2.1) with Xo = xo < 1 exists for all time in the sense of Definition 2.53. Set
e(t) = E(My).

For pn >0, let p(x) = exp(ux). Then since e(t) is continuously differentiable, by
the generalized Ito formula we see that

E(p(X:)) = E(p(Xo)) +/0 (ape'(s)E(p(Xs)) — AE(X (X)) ds

+ 5 [ B + (610) = c(1)BOA,)

Differentiating with respect to t and writing w(t) = E(p(X})) yields

Cn(t) = o (tw(t) — ME(Xep(X,)) + u(t) + (p(0) — o(1)e(1)

for all t > 0, with initial condition w(0) = exp(uxg). Setting

_ (1) =»(0) _ exp(p) —1
o ap
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and using the fact that X; < 1 we then see that

2
iw(t) > |ape'(t) — A+ £

p 5 w(t) — vaue ().

In other words w(t) satisfies the differential inequality

Cu) > ) Fo), £ 0
w(0) = exp(uo),

with n(t) = ape' (t) — M+ p?/2 and v(t) = —vape' (t). The associated differential
equation 1s

%z(t) = n(t)z(t) + v(t), t>0
2(0) = exp(uwo),

which can be solved by the standard method to give

+(t) = exp (/Ot'r](s)ds) {zm) +/Oty(s) exp (- /Os'r](u)du> ds} |

It follows that w(t) > z(t) for allt > 0.

We now claim that z(t) > 0 for allt > 0. Consider the process Y; := Xo+ ae(t) —
M+ W, — M, where (X, M) > o is the solution to (2.1). Then by Ité’s formula once
more we arrive at

LB (o)) = [uae'u) St ’ﬂ E (p(¥0)) — vape'(1),

and E (¢(Yy)) = E (p(Xo)). Therefore (by uniqueness of solutions to the first-order
linear ODE) we have that z(t) = E (p(Y;)) = Elexp(uY:)] = 0.

Hence we have that w(t) > z(t) > 0. Setting y(t) := exp (ape(t) + (u?/2 — ) t),
we see that

(t) = exp ( / ()

\_/
||
2
(@]
S~—
_|_
O\W
D
>
ko)
/T\
<D\U_;
=
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QU
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N————
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= (1) |2 /0 apue' () exp ( apie(s) — <’§ _ Au) s) ds}
_ 'y(t) )+ v /O tdii lexp(—ape(s))] exp <— ("; _ /\u) 3> ds}
I A

o

|
() (% - Au) /0 exp (—aue(s) - (“2 - Au> 3) ds
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by integration by parts. Simplifying

a(t) > 20 =20 [20) + 0 (07 = 1)] 4200 (5~ ) v [ 20
N {2(0) —u+t <’§ - )\u) U/Ot’y(s)ldsl >0 (5.)

It is worth noting here that in the Brownian case (A = 0), we actually have that
w(t) = z(t), so that we have an explicit formula for the exponential moments
E(erXt).

(C’om)mg back to the general Ornstein-Uhlenbeck case, note that (as is done in [3])
that

w(t) = E [exp(uXy)] <

for all't > 0, i.e. w(t) is bounded. Moreover, for u
ast — oo. Thus by (5.1) we must have that

w(0) — v + (%2 - /\M) U/Oty(s)—lds —0

as t — 0o. Indeed, if the limit was positive then w(t) — oo as t — oo, which is a
contradiction since we have just noted that it is bounded. On the other hand if the
limit was negative, then z(t) — —oo as t — oo, which is also a contradiction since
2(t) = 0 for all t.

We have thus arrived at the following surprising closed formula, which character-
izes e:

for all p > 2\ and o < ay.

e,
> 2\ it is clear that y(t) — oo

6. EXPLICIT BOUNDS FOR THE CRITICALLITY

Theorem 5.2 says that, for a given initial condition x, existence and uniqueness
of a solution to (2.1) holds when the self-excitation rate « lies in (0, ap(zy)), for
some ag(zg) € (0, 1], the value of which is given in the statements of both Theorem
4.1 and Proposition 4.5. This raises several questions:

(1) Does the model indeed exhibit several regimes for global solvability according
to the values of a?

(2) If, so, are there two phases exactly (using an analogy with statistical me-
chanics)? To put it differently, does there exist a critical threshold a, such
that global solvability holds for a < a, and fails for « > «.? Or are there
any more complex cases when global solvability fails for some at and then
holds for some a~ > a7

(3) Conversely, are there any cases when global solvability holds for any « < 17

Although Theorem 5.2 does not provide any answer to these questions, it says that,
for a given initial condition zy < 1, the critical rate

o, (z9) = sup{a~ € (0,1] : G(a, zo) holds for any o € (0,07}
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makes senses as it is (strictly) positive, since it is larger than ag(zg), where G(«, o)
stands for the property of global unique solvability of Eq. (2.1) when driven by «
and initialized with x.

In this framework, the lower bound o (o) > ag(xo), with ag(zg) given by Propo-
sition 4.5 and Theorem 4.1, is complementary to the previous result by Caceres,
Carrillo and Perthame [3]: in [3], it is indeed proven that existence of a solution fails
in the long run for some values of & < 1 and some initial conditions, including Dirac
masses located right below the barrier 1, in the case when b(x)+ Az > 0, with A > 0.
This shows that, in some cases, a; (o) is indeed strictly less than 1. Actually, the
result in [3| says more: for any value of A > 0, there exists a critical threshold
x. < 1 such that, for any zq € (., 1), there exists some ay(zg) < 1 such that global
existence fails (in the sense that ¢’ blows up in finite time) for any o € (ag(zo), 1).
In other words, the critical rate

af (zo) = inf{a® € (0,1] : G(a, o) fails for any o € (a™,1)}

C

is well-defined and strictly less than 1 for xy close to 1. Obviously,
a (zo) < af (o),
but, as written above, the following questions remain open:

(1) Are there any cases when a (xq) # a (x¢)?
(2) Are there any cases when o (zg) = 17

More generally, finding the optimal values of o (z¢) or/and o (z() turns out to be
a really challenging problem.

In this section, we address two problems: (i) the first is to provide an explicit
lower bound for « (0) in the case when b(z) = —Az, x € R, for some A > 0; (ii)
the second is to provide a lower bound for o (zy) and an upper bound for o (zo)
in the case when b = 0 but g is chosen in such a way that o (z¢) is known to be
less than 1 and then to discuss the bounds in light of some numerical experiments.

6.1. Ornstein-Uhlenbeck Case. In this paragraph, we investigate further the case
when b(x) = —Az (referred to as the Ornstein-Uhlenbeck case, since the dynamics
of X up until the first jump time coincide with those of the Ornstein-Uhlenbeck
process), which is choice most often made in neuroscience. As above, we assume
that the diffusion coefficient is 1. We then exhibit a lower bound for the optimal
value of a according to the methodology described in the previous subsection. As
the method involves rather tedious computations, we will focus on the case Xy =0
only: this makes things a bit simpler.
We thus consider

t
Xt = —)\/ Xst + Oée(t) + Wt — Mt, t> O, (61)
0

where e(t) = E(M;). When X, = 0, as is the case here, numerical experiments indi-
cate that existence and uniqueness of a global solution may hold for any a € (0, 1).
Equation (6.1) is then solved by using a particle method: we refer to the forthcom-
ing paper [5]| for a complete description and analysis of the numerical scheme. For
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instance, when A = 0.01, we get as a plot of the mapping ¢ +— e(t) associated to the
approximate solution that given in Fig 1.

T
X0=0.0

FIGURE 1. Plot of ¢t — e(t) for Xo =0, A = 0.01 and ¢ € [0, 10].

Numerically speaking, existence and uniqueness is then suspected to hold since
the graph of the mapping ¢ + e(t) is smooth and, in particular, has no jump. We
refer to Subsection 6.2 for a counter-example when a jump occurs for some xg # 0,
indicating that existence of a solution, as defined above, cannot hold. Below, we
are not able to prove that « (0) = 1, showing that our methodology is not optimal.
Anyhow, we manage to give an explicit lower bound for the critical value of o (0)
and to prove that it converges toward 1 when A tends to +oc0.

The strategy is to seek «q such that, for any ¢ > 0 and y in a neighbourhood of
1, P(X; € dy) < 1/a for all @ < o so that the condition (4.5) in Lemma 4.4 is
satisfied.

First Step. The first step is to provide some a priori estimates for the solution
on any interval [0, 7] where existence holds. Precisely, the point is to refine the a
priori L bound for the function (e(t) = E(M;))o <+ <7 given in the statement of
Lemma 4.3, by taking advantage of the mean-reverting property of the Ornstein-
Uhlenbeck process. (As in Section 4, in all the a priori estimates below, we assume
that (X, My)sepo,r) stands for a solution to (6.1) in the sense of Definition 2.3.)

Here is the first claim:

Lemma 6.1. For any t € [0,T],

maX(E[[(Xt)H vz E[(X)+], 1—a) exp(—)\t)/o exp()\s)e’(s)ds) < fi(A\ 1),

1-— exp(—2/\t)] 1/2
2\

where (r)_ = max(—x,0) for z € R.

with  fr(\ 1) = [

?
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Proof. We first investigate how far the process (X;)o<: <7 can go in the negative
direction. The point is to apply It6’s formula to ([(X;)_]%)o <t <7

[(X;)-]?
_ 9y /Ot(Xs)Xst — 2 /Ot(Xs)e'(S)ds +/O

t

t
1{X37<0}d8 — 2/ (XS,),dWS
0

t t t t
= —2)\/ (X,)%ds + 2@/ Xsl{XS<0}e’(s)ds+/ 1ix,<opds — 2/ (X )_dWs,
0 0 0 0

for t € [0,T]. Here, (X_)_ stands for the negative part of the left-limit of X at time
s. To pass from the second to the third line, notice that X,_ = X, when X,_ < 0.
Multiplying by exp(2At), reapplying Itd’s formula and then taking the expectation,
we deduce:

E [exp(2Xt)(X;)2] < /Ot exp(2As)ds = % =exp(2At) fE (N, 1), (6.2)

Now, multiplying in the same way (6.1) by exp(At) and applying [t6’s formula, we
get:

exp(M)X; = «a /t exp(As)e’(s)ds + /t exp(As)dW, — /t exp(As)d M.
0 0 0
Taking the expectation, we deduce:
(1-a) /Ot exp(As)e’(s)ds = —E [exp(At) Xy],
so that, writing X; = (X;)4+ — (X¢)—, with () = max(z,0),

E [exp(At)(X;)+] 4+ (1 — a)/o exp(As)e'(s)ds = E[exp(At)(X;)-]

(6.3)
< exp(At) fi(A, 1),
where the last inequality follows from (6.2) and Holder’s inequality. U
We deduce:
Lemma 6.2. For any t,t' € [0,T], t <t
N =t T
e(t') —e(t) < PO =T — )

with
fo(A, 7, T) = min [exp(l)fl()\, T)(l + )\7"), 1+ ()\/2)1/2r + (2r/7r)1/2].

Proof. We prove first that the bound holds with respect to the first argument in the
minimum defining f;. By Lemma 6.1, we know that, for 0 <t <t+h < T,
t+h AT
le(t + h) — e(t)] exp(—Ah) < exp[—A(t + h)] / exp(As)e’(s)ds < M
0

1l—«
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Choosing h = 1/, we deduce that for 0 <t < s <T A (t+1/N)

Ji(A,T)
l—a

e(s) — e(t) < exp(1)

Summing over a subdivision of [¢,#] made of small intervals of lengths less than 1/,
we complete the proof for the first argument in the minimum.

We now turn to the second argument in the minimum. As in the proof of Lemma
4.4, we can assume without loss of generality that ¢ = 0 by shifting the system
(the shift being of length t), provided the new initial condition X, is chosen as an
arbitrary random variable. Precisely, the new initial condition X is then understood
as the previous X;. Similarly, the new variables (Xj)o < s < #—¢ are understood as the
previous (X;); < s <¢ so that, by Lemma 6.1, we can assume the new (X)o<s<¢ ¢
satisfy

s << 5]

Following the proof of (2.10)—(2.11), we then get for any s € [0,¢ — ¢]:

e(s) =E(M,) <E[ sup (Z,)4] <1+ A/OSE[(XS)+}d3 + ae(s) +E[ sup W,]

0<r<s 0<r<s
\11/2
<1+ {—} (t' —t) + ae(s) + E[ sup W,],
2 0<r<s
so that, for any s € [0,¢' — ¢],
L+ N2V —t)+/2(t —t)/m
e(s) < :
-«
the last term in the right-hand side following from
2t
E ( sup WS) =1/—. (6.4)
0<s<t s

Indeed, by the reflection principle,

2 a
P (Sup Ws < (1) =2P(W; <a)— 1= /_/ e—z2/2tdz7
sst tm Jo
[2 [ [2t
E (sup WS) = _/ .7 T el
s<t tm Jo T

Second Step. According to the program we fixed in the proof of Lemma 4.6, we
now investigate the bound of the density in small time. In the Ornstein-Uhlenbeck

so that

O
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case, (4.16) (with xy = 0) has the form:

1
(2m)2f1 (A1)
1

X exp {_m (a: ~ aexp(—A) /0 t exp(Ar)e'(’r)dr)Q} |

for t < T, with fi(\, ) as in the statement of Lemma 6.1 and Z° given by (4.14) .
More generally, (4. 18) reads:

dip (Z? e dx) -
! (6.5)

_ fs,0
dz P<Zt : de) (2r 1/2fl N t—s)

! (x o expl—A(t — s)] /0 t_sexp(/\r)e'(s+7‘)dr>2],

2f(\t—s)

for s <t <T. By Lemma 6.1, we notice that the “mean-term” in the exponential is
bounded by

X exp[

aexp[—A(t — s)] /0 B exp(Ar)e'(s + r)dr = aexp(—At) / exp(Ar)é/(r)dr

(6.6)
< Oéf1<)\, t) .
-«
By Lemma 6.2, it is also bounded by
t—s —
aexp|[—A(t — s)] / exp(Ar)e'(s +r)dr < a(e(t) —e(s)) < afz(i\’t i t). (6.7)
0 -«

Therefore, since r — fo(A, r, t) is non-decreasing, if, for some € € (0, 1),

1%mln[fl()\ t), (At 1)] <1-—¢,

then, for x € (1 —&6,1), with 6 € (0,1), we have for any s € [0,%) (pay attention
that this covers (6.5) as well):

d 5,0 1 (]. — 5)252
S < _—
i (ZH < dx) S @Ot —s) exp{ 2f2(Nt — 5)

S <1—15>eg ((}&%)

where




AN INTEGRATE-AND-FIRE MODEL OF MCKEAN-VLASOV TYPE 49

using the fact that v — g(u) is non-increasing and r — fi(\,r) is non-decreasing.
Therefore, by (4.15), for x € (1 —&6,1)

; Ltet) ((1—0)e
o F (X €dr) < (1—0)? ( fi(As1) ) |

Define Ty = 1 A AL, Then, by Lemma 6.2, for t < T ATy,

d fa(N, To, To) 1 (1—9)e
agt e € ) < (” —a )(1—6>eg (flu,To)) (68)

again since ¢ is non-increasing, provided
« .
T g mun 1N TY), o (N Ty, To)] < 1—¢ (6.9)

holds true.

Third Step. We now investigate the bound of the density for ¢ > Ty. We first
discuss 7 defined by (4.22). By (4.24) (plugging inside the current value of Tj), and
the same arguments as in the second step,

1 (1=9)e
TS T 0)e! (m,m

) (elt) — elt — Th).

provided
T a a min[fl(/\,oo),fg()\,To,oo)] <1l-= (6.10)
— o

Pay attention that, in fi(A,-) and fo(A, Tp, -), - is understood as Tj in (6.9) whereas
it is understood as oo in (6.10). The difference between both comes from the fact
that, above, t may be large. By Lemma 6.2,

1 1-9 Wk

m < g (L=0)e) fold To 00) (6.11)
(1 — 5)5 fl()\, To) 11—«

[t now remains to investigate my also defined in (4.22). We start with the case A > 1,

so that Ty, = A™'. Following (4.23) and (6.5) (keeping in mind that ToA = 1), we
have

o < sup ma(z), (6.12)

with -
1
A R WYY
X exp {—m (:c —exp(—1) [z +« /01/A exp(Ar)e'(t — Ty + T)d?":|)2‘| :

Actually, the bound can be refined for A large by taking into account the fact that z
is understood as a realization of X, 7, and that the probability that X, 7, is away
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from 0 is very small when A\ is large because of the mean-reverting property of the
Ornstein-Uhlenbeck process. Precisely, we claim:

Ty < max| sup ma(z), sup m(z)P{X, 7, > 1/2}]

2<1/2 z<1
s (6.13)
< max| sup m(2), (2/A) "7 sup ma(2)],
z2<1/2 z<1

the last line following from Lemma 6.1 and Markov’s inequality. As above, we know
that the mean term in the exponential in m(2) is bounded by

1/A
exp(~1)z + aexp(-1) [ exp(un)e't ~ Ty + )i
0

To
= exp(—1)z + aexp(—ATp) / exp(Ar)e'(t — Ty + r)dr
0

t

= exp(—1)z + aexp(—At) / exp(Ar)e' (r)dr

t—To
< exp(=1)z + ——min[fi(X,0), fo(\, Ty, o0)].
Therefore, if (6.10) holds for ¢ € (exp(—1), 1), then, for z € (1 — (¢ —exp(—1))d, 1),
we get from (6.12) and (6.13):

my < min[f4(0,A), f5(6, A)],

with
_ 1 (1—0)%(e —exp(—1))?
16 = Gy | e
_ 1 (1= 0)*(c —exp(=1)/2)*] 272 fu(5, )
6 = mas{ s sy - ] e
Finally, we have
i 1 (1 —5)8 fg()\,To,OO)
d:L‘]P{Xt €d$} < (1—5)59 (fl()\7T0)> 1—a (6.14)
-+ min [f4(5, A), f5(9, )\)} .
provided (6.10) holds true, since [d/dz]P{X; € dz} < m + 7 by (4.23).
We now turn to the case A < 1. Then, Ty = 1 and
1
S GO AT
Therefore,
d 1 (]_ —5)6 fg(/\,To,OO) 1
ol (X € doy < (1—0)’ (fl(/\,To)) —a T @EpoD 619

Conclusion. For our purpose, it is worth noting that ¢ can be chosen as small
as desired, so that the critical value o (0) can be obtained by putting § = 0 in all



AN INTEGRATE-AND-FIRE MODEL OF MCKEAN-VLASOV TYPE 51

the previous. The reason is quite simple: the strategy for proving Proposition 4.5
applies provided the estimate of the density holds true on a small interval of the
form (1 — §,1), § being possibly really small. Obviously, when ¢ tends to 0, the
resulting Holder constant in Proposition 4.5 blows up, but this does not affect the
determination of a; (0).

Therefore, when A > 1. From (6.8), (6.10) (which implies (6.9)) and (6.14), we
get as critical conditions for « in order to satisfy (4.5):

. [1 . min | f; (X, 00), fQ()\,TU,oo)]] -1

1—¢
L 1 € a 6.16
(o) o T () 7 < (610
) 1 «
minf 450, 0. M+ 2RV To 00 (1) 1o < L

When A < 1, we get similar conditions as in (6.16), but the third line in (6.16) is
replaced by

(2@1/2}1()\ T0>Oé + éfz()\,To,O@g (fl(; To)) 1 iéoé < 1. (6.17)

The first inequality in (6.16) is explicit. The two last (and (6.17) as well) are of the
form

o
cloz—l—021 <lecga?—(1+ce+ce)a+l1>0

—
1+Cl+02— [<1+C1+02)2—401]1/2

S a<
261

’

where we used a € (0,1) in the two equivalences. Therefore, a lower bound for
the critical value of a can be computed numerically: we denote it by af as the
coefficients in (6.16) depend upon ¢ € (exp(—1),1). Optimizing o over €, we get a
new bound, which must be read as the ag (or ap(0) if indicating the initial condition)
in Proposition 4.5 and in Theorem 4.1. See Figure 2 for a plot of ap(0) in terms of A
(the optimization of af with respect to & being performed numerically over a mesh
of step size 0.01 for the parameter ¢) and Figure 3 for a zoom on the initial values.

The minimum is of™"(0) ~ 0.301. Tt is reached at A = 0.23, which is the point at
which Figure 3 has a singular behaviour. Actually, such a singularity is expected to
be of computational essence and certainly indicates that the computations we have
performed are far from being optimal, especially for A small. Anyhow, for \ large,
Figure 2 shows that the critical value o (0) is (at worse) close to 1, which sounds
as an interesting result from a practical point of view. Indeed, by scaling, the case
A> 1and 0 =1 (with o as in (1.2)) is equivalent to the case A =1 and 0 < 1: for
a macroscopic value of A, the system is thus uniquely solvable for most of the values
of @ in (0,1) when the noise is small. Actually, the convergence of ay(0) towards 1
as A — 0o can be proven rigorously, as stated in Proposition 6.3 below.
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FIGURE 2. Plot of ag(0) in terms of A € [0; 80].

1.07

a(0)

0.9

0.8

0.7

FIGURE 3. Plot of ap(0) in terms of A € [0;10].

Proposition 6.3. In the case when Xo = 0 and b(x) = —Ax (with 0 = 1), the
critical value g in Theorem 4.1 and Proposition 4.5 can be chosen such that, for \
large,
1 1 1
] ~MAstoo 1 — .
(1 —exp(—1))(2A)'/ (1 —exp(—1))(2A)'/
~1—1.122712

060:[1+

In particular, cg — 1 as A — +o0.

Proof. The proof is quite straightforward and follows from the fact that, in (6.16),
when ¢ is given, the coefficients of o and a/(1 — «) in the second and third lines
tend to 0 as A tends to the infinity, so that the conditions are automatically satisfied
for A large. In the first line, the condition is of the form

1

S T

| <1

Letting € tend to the minimal authorized value exp(—1), we complete the proof. [
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The idea of the proof of Proposition 6.3 is thus very simple: the optimal strategy
when ) is large consists in choosing ¢ close to the minimal authorized value exp(—1).
Such a strategy is well-checked from a numerical point of view. Indeed, here is a
plot of the optimal choice for € in terms of A, when optimizing «f with respect to ¢
(¢ being chosen amongst a mesh of step size 0.01):

0.55 7]

Optimal &

0.50 ]
0.45 |

0.40

FIGURE 4. Plot of the optimal value of ¢ in terms of A € [0;40].

6.2. A Case with Blow-Up. We now investigate the Brownian case (so that b =
0). We have already proven that, for any initial condition X, = x¢, a; (zg) > 0. On
the other hand, by adapting the strategy in [3], we can prove that o} (z9) < 1 for
some xg (note that the result in [3] is written for a non-zero \).

Indeed, from Remark 5.3 (see in particular (5.1)), we know that, for any solution
(X¢, My)e > 0 to (2.1), the Laplace transform of X; at point p > 0 (w(t) = z(¢) in the
notation of Remark 5.3) blows up as ¢ — oo whenever

exp(p) — 1 (6.18)
ap

(i.e. whenever z(0) > v in the notation of Remark 5.3), which sounds as a contradic-

tion since the Laplace transform at positive points keeps bounded as t — oo, since

X remains bounded above by 1. In such cases, existence of a solution must fail.

Minimizing over p in (6.18), we deduce that existence fails for o > inf - [[exp (1) —
1]/ [uexp(pao)]), so that a7 (z0) < infsoflexp(u) — 1)/[uexp(uao)] (if less than 1,
which might not be the case). As in the previous subsection, this value must be
compared with numerical experiments. Indeed, by investigating numerically the
graphs of e(t) = E(M;) for different values of a, we can detect the emergence of
some discontinuity and thus give a numerical bound for o (xg).

We choose 2y = 0.8. Numerically, we find inf,o[[exp(p) — 1]/[pexp(0.8u)]] ~
0.539, so that o (0.8) < 0.54. In Figure 5, we numerically observe that the graph
of e is regular for « = 0.38 but has a jump for a = 0.39. We also observe that the
associated particle system keeps stable for @ = 0.38 but blows up a = 0.39. From
the observations we have for other values of «, it seems that, in this framework,

exp(pro) >
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global solvability fails for a > 0.39 and holds for o < 0.38. We thus expect that, in
this framework, o (0.8) and «a; (0.8) coincide, with a common value between 0.38
and 0.39. Figure 6 below summarizes these facts (when b(z) = 0 and z, = 0.8).
For « in region D, by the above argument, we know that global uniqueness fails.
For « in region C, by numerical experiments it seems that global uniqueness also
fails, but we are unable to prove it. Similarly, we have proven in this article that
for o in region A, for some a((0.8) > 0, a unique solution for all time exists, while
numerically it seems that global solutions also exist for « in region B. We thus
suspect that « (0.8) = «f(0.8) lies in the region in between B and C.

0.38 —
0.9 - 0.39

0.8 -
0.7 -
0.6 -
0.5 -
0.4
0.3 -
0.2 -

0.1 -

0 1
a0(0.8) 0.38 0.39 0.54
| | |
| | |
N—— ~~ —— ~ _
A B C D

FIGURE 6. Critical regions of a € (0,1), for 2o = 0.8 and b(z) = 0.

To complete Figure 6 we now explicitly find such an a((0.8) in the case b = 0
under consideration, which can be used in Theorem 4.1 and Proposition 4.5 to prove
global existence and uniqueness according to Theorem 5.2. Precisely, we prove that
ap(0.8) can be taken as 0.104.

In fact we carry out the calculations for a general zy € (0,1). As in the previous
section, it suffices to find an ag(zo) > 0 such that in a neighbourhood of 1

d 1
—P(X, €d — 1
dr ( t € I) < a’ (6 9)
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for all o < ag(zo) and all £ > 0, where X; is a solution to (2.1) with b =0, i.e.
Xt = X + C(e(t) + Wt — Mt, €(t) = E(Mt)

Suppose that a < 1 —1n for n € (0,1) with 5 to be chosen later and zp < 1 — «.
Then consider = € [xo/(l —a)+e, 1] withe = (1/2) [1 — 2¢/(1 — «)]. The following
simple Gaussian estimate will be our starting point'

d d
1 & x+k—x0—ae(t))2)
< exp | — , 6.20
Egggp( " (620

where as usual Z; = X; + M,.
We will need an a priori estimate of e(t), similar to the one given in Proposition

2.2. However, in this simple case when b = 0 we can do better. Indeed, using the
fact that M, = |sup,  (Zs)+] (see (4.3)) and following (2.10)—(2.11), we see that

dw=MM0—EO w(z)-)

<t
9p11/2
< xo + et ( ) xo + ce(t) + l—] , (6.21)
< m
the last inequality following from (6.4). By (6.21), this yields
1
e(t) < (w0 + CV) (6.22)

1 — «

where C' = /2/7. As in the previous section we look at what happens first in small
time ¢.
Small t: By (6.22), we have that, for any z € [zo/(1 — a) + ¢, 1],

C C
r—x9—ae(t) = x— o _ aﬂ}e— a\/z_f
l—-a 1—« 11—«

> (6.23)

N ™

when vt < e(1 — a)/(2Ca). Let ty = [en/(2C(1 — 7))]2. Then since a < 1 — 1 we
have that

e(l—a)
Sh=Vis (1—77)< 2Ca

so that (6.23) holds for all t < ¢y. At thls point we define 5 := C(1 —n)/n, so that
Vito =¢/(28). From (6.23), we thus have that, for all ¢ € [0, ¢o],

(LB L ()

. (_ (2 +k — - ae(t))2> < o (_k;_2)

and
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for k£ > 1. Hence by (6.20)

1 p(x, € dr) < — ( 52)+ = i ( k2> t € [0,t]
— z) < exp | —— exp| —— |, ,
dz ! V2rt P 8t 2t +— P t 0
Note that

1 — k2 1 < [k z2 1

exp| —— | < exp| —— | dx = =.

27#,; p( t) \/27rt,;/kl p( 2t> 2

Moreover

1 g2 \/5 1\ 1
Ssu ex _— — — ex R -,
t ;% V27t P 8t s P 2/) ¢

and the supremum is attained when ¢ = £2/4.
We thus arrive at

d 2 11 1
L px <4/Z L to]. 24
. (X; € dx) \/;exp( 2)€+2 t €0, (6.24)

Large t (i.e. t > ty): For fixed z € [xo/(1 — ) + ¢, 1] and ¢ > 0 define
N(t,x) = max {|ae(t) + zo — x],0} .
Then, by (6.22) again, we have that

N(t,z) < (ce(t) + o —z), < ( Ca \/E—kliaxo—x)
+

+ 11—«
C C
< <—g + = ﬁ) <" Vi (6.25)
1—« 4 11—«
for all t > 0. Moreover, for t > tg,
Q- (x4 k — zo — ae(t))?
e (_ 2
1 (x +k —xo — ae(t)) ) ( )
< exp | —
o (T 7
k:z+kfzoiae(t) <1 g
[N (zt)
1 k:2) 1
< exp|—=|+1| +=
V2t ;; P ( ot 2
[CVta/(1~a)]
1 k2 1
< exp|—=—|+1| +=
Ner ; P ( 275) >
2 Ca 1 1 15 1
< + + = —+ = 6.26
V2o (1 —a)y2r 3 S B \/ ) (640

using the fact that \/to =¢/28, 8 =C(1 —n)/n > Ca/(1 — a).
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We now consider two cases.
Case 1: when the RHS of (6.24) is bigger than the RHS of (6.26). This occurs if

2 1 2 1\ 1 1 1

2
S 2+ Cexp(1/2)(4+¢)

& 1—-n

We therefore fix n such that 1 —n =2/(2+ Cexp(1/2)(4 +¢)). Thus we have a set
of constraints on « in order to achieve (6.19), which are

(Lot l)
“ Wexp 27¢ 2

2
T 2+ Cexp(1/2)(d+¢)

a<l—n

subject to a < 1 — zp. Substituting in the value of ¢, the constraints become

o< (QCeXP(—1/2)<1 ) X 1) o = 7 (a) (6.27)

I —a—u 2
2 o
“ s 24+ 4+l —a—12/[2(1 —a)]) Cexp(1/2) = f5*(a), (6.28)

still subject to o < 1 — xg, with C' = y/2/7. The first thing to note is that f°(«)
decreases to 0 on the interval a € [0,1 — z¢). By plotting the curves of f°(«) and
5% (a) (v € 0,1 —1xp)) for different values of g, we see that (6.27) is more stringent
than (6.28) for large values of xy, while the reverse holds for small values of .
Indeed the critical value of x is approximately 0.51.
Hence for o £ 0.51, if (6.27) is satisfied subject to & < 1 — x, then we achieve
(6.19). Thus for zo £ 0.51, we choose ag(xo) = min{l — zg, a(xo)} where ay(zo) is
such that

1-— 620(1’0) — X 2

1 = do(a0) (ZC'eXp(—l/Q)(l — ap(z0)) N 1> |

which solves as a second-order equation. For instance, this yields a(0.8) ~ 0.104,
which completes Figure 6 above.

Now, if 2y < 0.51 then (6.28) is the more stringent. In this case we must solve
ap(zg) = f5°(ap(xg)). For example, ag(zg) ~ 0.264 when zo = 0.4. We note here,
however, that as g | 0, f5°(a) = 4/[4 + 9C exp(1/2)] ~ 0.2525 for all a € (0, 1).
We can in fact hope to do better when x( is small.

Case 2: when the RHS of (6.26) is bigger than the RHS of (6.24). In order to
try and do better for xy small, we now look at this case, which occurs when (4 +
e)p = 2exp(—1/2): here £ depends upon o but § does not so that § acts as a free
parameter that can be tuned accordingly to the value of xy3. Such a strategy turns
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out to be efficient when xq is small. Indeed, our constraints now become

-1
228 B8 1 4 g 1\
Oz<<\/;?+\/—2—7r+§) :<(g+1>\/—2_7r+§) (6.29)
¢ p
B+ C BrC
again subject to o < 1—xzg, where we may vary 3, as long as (4+¢)5 > 2exp(—1/2).

Now, optimizing (6.29) and (6.30) over [ by equalizing the two right-hand sides and
thus by solving

a<l-n=1 (6.30)

4 1 4
5(<_+1) %+-) —f1Ce (_+1) CF?— 20 =0,
€ 2 2 €
we would like to take (8 such that

2(§+1)05:1+\/1+4(§+1>202.

This can be done provided it remains true that (4 +¢)5 > 2exp(—1/2), i.e. that

e (11 (B 1)2c2) 5 acom (1) (41).

which we can see numerically holds for e > 0.15 (which basically says that zy must
be small, as announced).

If we suppose that o < 0.42 (we will see below that we do not in fact lose anything
by doing this), then since ¢ = (1 —xg—«)/2(1 — «), it is certainly true that ¢ > 0.15
when z is small. Indeed it is true when xy < 0.28. In this case, take ag(zg) such

that
ao(zo) = 4 (3+ \/1+4 (§+ 1) 202>
_4 (3 + \/1 +4 (18£1a;(j25x—0)5)50 + 1) 202)

Then it follows that whenever xy < 0.28, (6.19) holds for all a < ag(zg). Taking
zo = 0 we calculate that

-1
ao(0) = 4 (3 +vVI+ 7202> ~ 0.41,

which is much better than that achieved above for small z.

-1

-1

7. APPENDIX: PROOF OF LEMMA 3.2

First Step. We first discuss the solvability of (3.4). We start with the following
case: we assume that yo = xg € (—00,1), that b is smooth and bounded, with
bounded derivatives of any order, and that e is smooth as well. Then, by |9, Th
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1.10, Chap. VIJ, we know that the generator of x, namely the family of second-order
differential operators

(Lar = (60) + /() + 5ad2,)

s€[0,T)’
admits a Green function G : [0,T]? X (—00,1)* 3 (s,t,2,y) — G(s,z,t,y). For a
given (t,y) € [0,T] x (—o0, 1], the function [0,t) X (—o0,1] 3 (s,z) — G(s,x,t,y)
is a classical solution of the PDE

aSG(Sa x, t7 y) + CS,:EG(Sv z, t? y) = 07
with G(s,1,t,y) = 0, for s € [0,t) and G(s,z,t,y) — d,(x) as s 7 t, where J,
is the Dirac mass at point y. Following [8, Th. 5, Sec. 5, Chap. 9], for a given
(s,z) € [0,T) x (—o0, 1), the function (s,T] x (=00, 1] > (t,y) — G(s,x,t,y) is also
known to be the Green function of the adjoint operator

1
O+ 0,[(b(y) + a€'(s))0,] — =0

2 Y,y

In particular, it satisfies the Dirichlet boundary condition G(s,z,t,1) = 0 together
with G(s,z,t,y) — 0,(y) as t \(s. When xo = x¢, we then set

p(t,y) = G(0,z0,t,y), te(0,T], ye (—oo,1].

By 9, Th. 1.10, Chap. VI| (applied to the adjoint operator), we know that p(¢,y)
decays exponentially fast as t tends to 0 and y stays away from xq. This proves that
p is continuous on any compact subset of ([0,7] x (—o0,1]) \ {(0,z0)}.

Second Step. Still in the smooth framework, we now make the connection with
the diffusion process x when Xy = zy. Precisely, the point is to prove (3.3) when
Xo = xo. Given a smooth function ¢ : [0, 7] x (—o0, 1] — R, with a compact support,
the analysis of the Green function in [9, Th. 1.10, Chap. VI| says that the PDE
8Su(t,:c)—i—(b(x)—l—oze'(s))@xu(s,x)—l—%@ixu(s,:U) =¢(s,x), (s,7)€ (0,T]x(—00,1),
with u(7,z) = 0, x € (—o00,1), as initial condition and u(s,1) = 0, s € [0,7], as
Dirichlet boundary condition, admits a (unique) classical solution:

Tl
u(s, ) —/ /_ G(s,z,t,y)o(t,y)dtdy, se€0,T), z<1. (7.1)

Precisely, u is bounded and continuous on [0, 7] x (—oo, 1] and is once continuously
differentiable in time and twice differentiable in space on [0, T') X (—o0, 1). Therefore,
we can expand (u(tATy, Xian ))o <t <7 by 1t6’s formula, with 7 = inf{t > 0: x; > 1}.
We then have the well-known representation formula:

(0, 7o) = E /0 T e Xt (7.2)

By equalizing (7.1) and (7.2), we deduce that

E /0 T (Xt = /0 ' /_ ; p(t, y)o(t, y)dtdy. (7.3)
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Writing

TAT T
E/() ¢(t7 Xt)dt:A E[¢<t7Xt)1{t<Tl}}dt

T 1
= / / o(t,y)P(x¢ € dy, t < 71)dt,
0 —00
we deduce that

/OT /_IOO o(t,y)P(xe € dy,t < 71)dt = /OT /_100 p(t,y)o(t, y)dtdy, (7.4)

so that (3.3) holds in the smooth setting.
In the same framework, we then prove (3.5). The cumulative distribution function
of 7 is given by
1

]P(Tl < t) =1- ]P(Tl > t) =1 —/ p(t,y)dy.
By 9, Th. 1.10, Chap. VI, we can differentiate the above expression with respect
to t and exchange the derivative and the integral. From (3.4), we deduce:

d
EPTI\ / 8tpty

:/ 8y([ "(t) + b(y)|p(t,y) dy——/ yptydy, t>0.

Again by |9, Th. 1.10, Chap. VI|, we know that both p(¢,y) and d,p(t,y) tend to
0 exponentially fast as y — —oo. So, using the boundary condition p(t,1) = 0, we
obtain (3.5).

Third Step. We now aim at proving the same results, still with xo = x¢ but under
the original assumptions on b and e. The strategy is to use a mollification argument.
In order to so, we must prove that, in the smooth setting, p and d,p can be bounded
by constants that only depend upon 7', A, K and A.

We thus go back to the case when b and e are smooth and bounded with bounded
derivatives of any order. By Proposition 3.6, for ¢ € [0, 7] small enough, we already
have a Gaussian bound for 9,p(¢,y) in terms of T, A, K and A only (notice that
the argument applies since we know that p indeed satisfies PDE (3.4) in the smooth
setting). With the same notation as in the statement of Proposition 3.6 (using in
addition Proposition 3.4), the bound is of the form

C & —yl?
< — .
0yp(t,y)| < > eXD ( o ) , (7.5)

for t € (0,9], where (£7°);>¢ is given by (3.14) and C' and § are constants that
depend on T, A, K and A only. Plugging this bound into (3.10) and repeating the
Gaussian convolution argument used in (3.31), we deduce that, for t € (0, d],

O fo _ 2
p(t,y) < %exp <—%> : (7.6)
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up to a new value of C.

Actually, (7.5) and (7.6) can be seen as bounds for the Green function G and
its derivative in small time since p(t,y) = G(0, zo,t,y). In the same way, we could
prove similar bounds for G(s,z,t,y) and 0,G(s,z,t,y) when t — s € (0,d]. By a
standard chaining argument, we then deduce that (7.5) and (7.6) are valid on the
entire [0, T], for a possibly new value of C. Indeed, for a given t € (0,T], we can
consider a sequence 0 = t; < ty < --- < ty = t such that t,.1 —t; < 0. Then, by
using the Markov structure of y, we have:

t N
p(t,y) = / H G(tim1,ti; 21, 2i)d21 - . day
0 =1

1=

with the convention zyp = 0 and zy_; = y. Noticing that N can be assumed to be
bounded from above and using again a Gaussian convolution argument, we deduce
that (7.5) and (7.6) can be extended to the entire (0, 7.

Fourth Step. We still assume that the coefficients are smooth. By the third step,
we are then able to reduce the PDE (3.4) to a heat PDE with a non-trivial source
term:

Op(t,y) — %Qﬁyp(t,y) = —0,[(b(y) + ' (t))p(t,y)], te€(0,T], y<L.

For any compact subset K C (0,7] x (—o0, 1], we can consider a smooth cut-off
function 7 : [0,7] x R — R, matching 1 on K and vanishing outside another
compact subset X' C (0,7] x R, K C K. Then, the function (0,7] x (—o0, 1] 3
(t,y) — [np](t,y) satisfies the heat equation:

1
§a§y) [7729} (ta y) = f(ta y)? (77)
with [np](0,-) = 0 as initial condition and with [np|(¢,1) = 0 and [np](t,y) = 0 for
t € [0,7T] and |y| large enough as boundary conditions, where f is a smooth function
which can be bounded in terms of A, n, K, A and T only. By [8, Th. 4, Sec. 2,
Chap. 7], we deduce that np and 0,[np| are (1/4,1/2)-Hélder continuous in (¢, ),
the Holder constant depending on T, A, n, K and A only. Therefore, on any compact
subset K of (0,7 x (—o0, 1], p and 9,p are (1/4,1/2)-Holder continuous in (¢, z), the
Hélder constant depending on T'; A, I, K and A only. By the same argument, on
any compact subset IC of [0,7] X Z, T being a finite interval included in (—oo, 1] not
containing xg, p and 9,p are also (1/4,1/2)-Holder continuous in (¢, x), the Holder
constant depending on 7', A, I, K and A only. Indeed, in such a case, p(t,y) and
Oyp(t,y) tend to 0 as ¢ tends to 0 and y stays in Z, so that the compact support X' of
n can be assumed to be included in [0,7] x R (and not necessarily in (0,7 x R). In
the end, we deduce that, on any compact subset IC of ([0,7] x (—o0, 1]) \ {(0,z¢)},
p and Oyp are (1/4,1/2)-Holder continuous in (¢, ), the Holder constant depending
onT, A, K, K and A only.

In order to tackle the second-order derivatives in space, we assume that K' C
(0,T] x (—00,1), K being the support of . Then, the function (0,7] xR > (¢,y) —
[np](t,y) satisfies (7.7) on the whole (0,7] x R, so that it can be represented as a

s
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standard Gaussian convolution. Then, by Calderon and Zygmund estimates, see
[19, Eq. (0.4), App. A], for any ¢ > 1, the LI(]0, T| X R, dt ® dy)-norms of 9;[np] and
Oyynp] are bounded in terms of A, n, K, A and T only. Therefore, on any compact
subset K of (0,7] x (—o0,1), for any ¢ > 1, the LYK, dt ® dy)-norms of d;p and
Oyyp are bounded in terms of 7', A, K, K and A only. For example, when K is a
cylinder of the form [§,T] x [y — 1,y + 1], (7.5) and (7.6) say that

T o _ .2
/ (10p(t, 2)|7 + 102, p(t, 2)| ") dtdz < Cqﬁ/ exp (—|§S—y|) ds, (7.8)
K 5 Ca.s

for a constant C, s that is independent of z( and y.

Fifth Step. We now have all the required ingredients to go back to the original
framework. The point is to approximate b and e by two sequences (b"), > and
("), > 1 that satisfy the previous smoothness conditions. The associated solutions
to the PDE (3.4) are denoted by (p™),>1. On any compact subset I C ([0,7] x
(—o0,1]) \ {(0,z0)}, the sequences (p"), >1 and (9yp"), =1 are uniformly bounded
and (1/4,1/2)-Hélder continuous in (¢,x). Therefore, there exists a subsequence
(¢(n))n =1 such that (p#™), - and (9,[p?"™)]), 1 are uniformly convergent on
compact subsets of ([0,7] x (—oo,1]) \ {(0,20)}. Similarly, we can assume that the
sequences (9;[p?™]), > 1 and (92, [p*™]), > 1 are weakly convergent for the L(K, dt®
dy) topology, for any ¢ > 1 and any compact subset K C (0, 7] x (—oc, 1). The limit
function of the sequence (p¥™),, ~ 1 is denoted by p: clearly, it is a solution of (3.4)
(in the Sobolev sense), with p(¢,1) = 0, for ¢ > 0, as Dirichlet boundary condition.
By (7.6), it tends to 0 as ¢ tends to 0 and y stays away from x,. Moreover, J,p
exists and is continuous on ([0, 7] x (—oo, 1]) \ {(0,x¢)}.

Then, we can prove (3.3). Indeed, we know that (p#(™), -, converges toward
p uniformly on compact subsets of ([0,7] x (—o0,1]) \ {(0,z0)}. Moreover, it is
standard to prove that the solution x" to the SDE (3.2), but driven by " and e”
instead of b and e, converges in law (as n — oo) toward y on the space C([0, 7], R)
of continuous functions on [0, 7] endowed with the uniform topology. Denoting by
= inf{t > 0 : x} > 1}, we claim that the pair (7{" A T, x") converges in law
toward (73 AT, x) on the product space R x C([0,7],R) endowed with the product
topology. Indeed, the mapping

C(0,T,R) s+ (inf{t 2 0:2(t) 2 1}) AT
is continuous at any path z satisfying the “crossing property”
(3t el0,T):z(t)21)= (Vp=1, 3, € (t,t+1/p):x(t,) >1), (7.9)

and (7.9) holds for a.e. trajectory of x because of the Brownian part in the dynamics
of x, see (3.2). Recalling that (7.3) holds true in the smooth setting, that is with
p and 77 therein replaced by p" and 7', n > 1, we can pass to the limit along the
subsequence (¢(n)),>1. We deduce that (7.3) holds in the general setting as well,
from which we deduce that (7.4) also holds in the general setting, provided xo = xo.

By the same approximation argument (using Scheffe’s Lemma), we can prove that
(3.5) holds in the general setting as well, provided xo = .
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Below, we shall denote p™ for p to indicate the dependence upon zy. By (3.3),
p*® depends upon x( in a measurable way.

Sixth Step. To complete the proof, it remains to discuss what happens when yq
does not reduce to a Dirac mass. The point is then prove that

1
pe) = [ rpBwed), 120y -1, (7.10)
is the right candidate for solving the Fokker-Planck equation and for making the
connection with y.

Actually, (3.3) is direct consequence of the Markov property for y. The point is
thus to check that p satisfies (3.4) and (3.5). To this end, we must justify that we
can differentiate under the integral in (7.10): this is a direct consequence of (7.5)
and (7.8). Indeed, by (3.19), we have that, for any constant C' > 0, there exists a
constant C’; only depending on 7', C' and K, such that

/_ exp(—u)}?(xg € d:zs)

o Ct
1 2
|z — &%
< /_wexp(—c—/tt)IP’(Xoedx)
1— Yy o2 1 9 Y _ Y2
= exp(—’C—i_t’) +/ %exp(—’xc—/;’)ﬁp()@ < a:')d:c
_|1_€gt’2 /1 2|z — &% E(]12 — xol) _|x—§gt|2

gexp( ot )+ N 2 — ) exp( o )<+oo,

the third line following from an integration by parts and the last one form Markov’s
inequality. This also proves that both p(¢,y) and J,p(t,y) tend to 0 as y tends to
—00.
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