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GLOBAL LYAPUNOV ANALYSIS OF MULTI-STABLE
NONLINEAR SYSTEMS

EFIMOV DENIS

ABSTRACT. A new type of stability is introduced and its equivalent Lyapunov
characterization is presented. The problem of global stability for the compact
set composed of all invariant solutions of a nonlinear system (several equilib-
riums, for instance) is studied. Such problem statement allows us to analyze
global stability properties for multi-stable systems. It is shown that several
well-known multi-stable systems satisfy this new stability property.

1. INTRODUCTION

The problem of stability of nonlinear systems is one of the main issues in dy-
namical system theory. The main attention is paid to local or global stability of
equilibriums or trajectories [11, 13, 14, 17, 24], set stability [16], stability with re-
spect to part of variables [23, 34], robust stability in presence of exogenous inputs
[27, 30, 29] and oscillation analysis [4, 8, 31]. An interest to multi-stability is also
growing during the last decade [1, 2, 3, 7, 22]. Multi-stable systems include bistable
ones (the class of systems with at least two stable equilibriums), almost globally
stable systems (which have one attracting invariant set and the rest are repellers)
and nonlinear systems with generic invariant sets. Each invariant solution or equi-
librium can be analyzed locally applying a conventional stability paradigm. The
multi-stability phenomenon arises when it is necessary to analyze behavior of a sys-
tem globally, taking into account all its possible final states and motions. One of the
main areas of application of the multi-stability framework is the theoretical biology
(the models of cell differentiation, cell cycle and circadian oscillators, apoptosis and
many others have several compact invariant sets or equilibriums [15]). Another
traditional area is mechanics (Duffing equation, Van der Pol equation, Hamilton-
ian systems, under some conditions they all have several invariant solutions and
different number of stable equilibriums [12]).

There are several approaches appealing to multi-stability problem. The first
monograph devoted to this subject was published over 30 years ago [10]. The prob-
lem of Lyapunov function existence for multi-stable systems on a compact manifold
has been studied in [35, 20, 19]. One popular modern approach is based on density
functions [1, 33, 18, 22]. This approach assumes the existence of a single asymp-
totically stable equilibrium or invariant set and the presence of several unstable
ones. To establish stability of the attracting set, this approach substitutes the con-
ventional condition on Lyapunov function existence with another one involving a
density function. The obtained property is called almost global stability since it ex-
cludes from consideration the set of initial conditions with zero measure (attraction
is guaranteed for all initial conditions except a set with zero Lebesgue measure).
This approach cannot be applied to a system with several attracting subsets and it
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could be rather hard to find a density function for a particular example. Another
line of research deals with analysis of monotone systems, which are widely used in
biology. Multi-stability of this type of models is addressed in the papers [2, 3, 4, 9],
where several constructive conditions for equilibrium stability have been developed.
In the papers [7, 31] bistable systems are considered for a particular form of equa-
tions, which have two stable invariant sets with right hand sides described by a full
state linear negative feedback plus bounded nonlinearities, each stable set is char-
acterized by local input-to-state stability. In the paper [21] a Lyapunov density
based notion of almost everywhere stability is introduced. This approach is based
on solution of a partial differential equation.

The present paper aims to add another solution in the palette of approaches
dealing with the multi-stability. Contrarily the previously mentioned works, which
mainly deal with local stability of an invariant solution or almost global stabil-
ity of the single stable set, in this work a global asymptotic stability notion for
multi-stable systems is proposed. The set of all invariant solutions of the system
(including locally stable or unstable ones) is chosen as the object of investigation.
The obtained solution is inspired by biological and mechanical systems discussed in
the next section. Section 3 contains definition of the new stability notion. Section
4 presents the necessary and sufficient Lyapunov characterization. Some examples
are considered in section 5.

2. MOTIVATING EXAMPLES

Consider Lotka—Volterra equations, also known as the predator-prey equations:
T = ax— Bxy;
(1) y = —ay+(6+u)ry,
where x > 0 is the number of preys, y > 0 is the number of predators, o, 5,6 > 0
are parameters representing interactions between these two species, u € R is the

control input ensuring the desired population dynamics. For the case u = 0 the
system (1) has Hamiltonian function

H(z,y) = éx + By — aln(zy)

with the minimum Hy = a[2—In(a?/{36})] at the unique equilibrium of the system
(a/8, /), the rest trajectories of the unforced system (1) are closed orbits. Tacking
the control input
u = k(a— By)x[H(z,y) — Hal,

where Hy < Hy < + 00 is the desired level of Hamiltonian function and k > 0 is
a parameter, it is possible to asymptotically stabilize the particular system orbit
corresponding to Hy. Therefore, the set of all invariant solutions of the system is
given by W = {(a/d,a/B8) UT'}, where I = {(x,y) : H(x,y) = Hz}. The system
(1) has Lyapunov function W (z,y) = 0.5[H (z,y) — Hg)?, whose time derivative can
be presented as follows:

W = 7ky27 Y= (Oé - By)I[H(IL’,y) - Hd]

Boundedness of W implies boundedness of the state (z,y). We know from the
Krasovskii-LaSalle invariance principle that all trajectories converge to the set
Z = {(z,y) : y = 0}. Since W C Z and the set W contains all invariant solu-
tions of the system, the global attractiveness of W is ensured. Trajectories of the
system and contours of the Lyapunov function are presented in Fig. 1. Since the
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FI1GURE 1. Trajectories and Lyapunov function contours for the
system (1)

equilibrium is unstable (for « = § = § = 1, k = 0.1 the system linearization has two
complex conjugate eigenvalues with positive real parts in the equilibrium) almost
all trajectories converge to the limit cycle I'. A peculiarity of this example is that
many other controlled Hamiltonian systems have a similar function W.
The second example is the Duffing system:
&1 = @g;

(2)

This system has three equilibriums with coordinates (0,0), (—1,0), (0,1). Lin-
earization of the system in these points shows that the first equilibrium at the
origin is a saddle point (one positive and one negative real eigenvalues) and the
last two are locally asymptotically stable (complex conjugated eigenvalues with
negative real parts). It is a good example of bistable systems, all trajectories con-
verge to one of the stable equilibriums depending on initial conditions. The set of
all invariant solutions of this systems W is composed by these equilibriums, i.e.,
W = {(0,0), (-=1,0), (0,1)}. This set is globally attractive (see Fig. 2,a). The
system (2) has Lyapunov function

W(x1,20) = 0.25(x] — 227 + 223) + 0.25,

igz—x2+m1—xi’, r1 € R, x € R.

which equals zero in the stable equilibriums only and it is positive otherwise (the
function W contour plot is presented in Fig. 2,b). Its time derivative for the system
(2) is not positive:

W = —y2, Yy = 3.
By the same Krasovskii-LaSalle arguments all trajectories are bounded and con-
verge to the set W. The stable equilibriums attract trajectories for almost all
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FI1GURE 2. Trajectories and Lyapunov function contours for the
system (2)

initial conditions, the exceptions are the equilibrium at the origin and the stable
separatrices of this equilibrium.

The presented systems are multi-stable and possess some special non strict Lya-
punov functions (the functions equal zero on the attracting limit set and are positive
otherwise, their time derivatives are negative semidefinite). Let us generalize these
examples and propose a stability property with respect to such a set WW character-
ized by the observed Lyapunov functions.

3. STABILITY DEFINITION

The section starts with preliminaries. In the second subsection the definition of
stability is presented and discussed. In the third subsection it is shown that under
some mild conditions, nonlinear systems satisfy the proposed stability property
with respect to the set of all invariant solutions. In the last subsection, some useful
upper estimates on such a system solutions are established.

3.1. Preliminaries. To deal with the systems presented in the motivating exam-
ples, it is necessary to consider nonlinear systems evolving on a manifold:

(3) x = f(x),

where x € M, dim(M) = n is the state and M is a smooth manifold with a metric
d: MxM >Ry, Ry ={se€R: s>0};f: M = TM is a locally Lipschitz
manifold map. For all initial conditions xo € M, the corresponding solution is
denoted x(t,x0) (the short notation x(t) is used if origin of initial conditions is
apparent). The solutions are unique, continuous and defined at least locally in
time. If the trajectories x(t,x¢) are defined for all xo € M and ¢ > 0, then the
system is called forward complete (further we will always assume that (3) is forward
complete). Denote for any point x € M the norm |x| = d(x,0,7), where 0y is “the
origin” on the manifold M, then for any set A C M the distance to the set from a
point x € M is defined as |x|4 = infec 4 |x —&].

A set A C M is called forward invariant for the trajectories of the system (3) if
x(t,x0) € Afor all xg € Aand ¢t > 0; aset A C M is called backward invariant for
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the trajectories of the system (3) if x(¢,x0) € A for all xg € A and ¢ < 0; and a set
A C M is invariant if it is forward and backward invariant simultaneously for (3).
For the system (3) an invariant set A C M is locally attracting if there exists an
open neighborhood X ¢ M, A C X such that t@w\x(t,xo)u =0 for all xg € X;

an invariant set R C M is locally repelling if there exists an open neighborhood
X C M, R C X such that tlim |x(t,%0)|r = 0 for all xo € X.
——00

An equilibrium of (3) xo € M is called hyperbolic if the matrix Ax, = 0f(x)/0%|x=x,
has k eigenvalues with positive real part and n — k eigenvalues with negative real
part, 0 < k < n (n is the manifold dimension). In neighborhood of a hyper-
bolic equilibrium there exist n — k-dimensional invariant submanifold S,J{O and k-
dimensional invariant submanifold Sy such that

mt*%Foo‘X(t,g) — XO‘ = O7 mtﬁ,oo|x(t7 C) — XO‘ =0

for all ¢ € S;fo and ¢ € Sy . An invariant set H C M is called locally hyperbolic
if for any x¢ € H the point x is a hyperbolic equilibrium (then xq is an isolated
equilibrium) or the tangent space Ty, M can be decomposed into a direct (Whitney)
sum Ty, M = Ef ® E & Ego (Efi0 is spanned by phase velocity vector and defines
movement of the trajectory x(¢,x¢) in the direction of the set #). The following
inequalities have to be satisfied for all £ € E,J{O and ¢ € B :

CN'[C] < [Dx(t,%0)¢] < CNIC],
CA[E] < |Dx(t,x0)¢| < CATFIEL, £ >0

for some 0 < C < C, 0 < A < 1, where Dx(t,xq) denotes the trajectory x(t,xo)
differential [5, 6, 26]. For any xg € H the stable and unstable invariant submanifolds
Sy and S can be defined in a neighborhood of the point x in a similar way. Let

H — UXOGH SH M = UXOeH S

then H = HT NH".

A closed invariant set A C M is called minimal if it does not contain other
smaller invariant sets. Further talking about invariants of the system (3) we always
assume that the invariant sets are closed and minimal.

3.2. Stability property.

Definition 1. For a set W C M:

— the system (3) is W-stable if for some given R > 0 and for any R < € < +00
there exists 0 < § < 400 such that [x(Z,x0)|w < € for all t > 0 whenever [xo|yy < 0;

— the system (3) is W-attracting if for any 0 < € < +00 and x¢ € M there exists
0 < Tx,,e < 400 such that [x(¢,x0)|w < € for all t > Ty, ..

— the system (3) is W-asymptotically stable if it is W-stable and W-attracting.

The properties introduced in definition 1 differ from conventional Lyapunov sta-
bility properties [17, 16] in the following aspects. First, W-stability is introduced
for € > R for some R > 0 (for R = 0 the W-stability property is reduced to
the conventional Lyapunov stability), the presence of R implies that setting initial
point of a trajectory in some infinitesimal vicinity of the set W with § — 0 does
not ensure location of the trajectory in this vicinity. The case R > 0 corresponds
to possible “unstable” equilibriums inclusion into the set W, when the trajectories
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FiGUure 3. Illustration on the stability property definition

initiated close to these equilibriums have to exit neighborhoods of unstable equilib-
riums converging to stable ones. As an illustration of such behavior see Fig. 3,a,
where the colored trajectory starting in J-vicinity of a hyperbolic equilibrium goes
to e-vicinity of the attracting fixed point. Following the illustration, the constant
R can be related to the radius of the set W, i.e., with supy ., [X1 —X2|. In Fig.
3,b another situation is presented, when the colored trajectories closely initiated
to separatrices converge to different attracting states. The left and right distances
from the separatrices to the attracting states can differ significantly, which again
indicates the necessity of the constant R introduction, giving flexibility for the tra-
jectories local behavior near the equilibriums. Second, according to definition 1,
for any r > 0 it may be
TT,E = +o0, TT',E = Sup Txo,a-
[x0lw<r

In other words, there is no uniform time of convergence to the set W for compact
sets of initial conditions. This property is the result of “unstable” equilibriums/sets
presence also.

Recall that a continuous function 4 : R1 — R, belongs to class K if 1(0) = 0 and
it is strictly increasing; additionally it is of class K if it is also radially unbounded;
a continuous function 8 : Ry xRy — Ry isof class L, if 8(-,t) € K forany t € Ry,
and ((s,-) is strictly decreasing to zero for any fixed s € R;. Applying standard
arguments the following more useful equivalent characterization of W-stability for
the system (3) can be obtained.

Proposition 1. The system (3) is W-stable for the given R > 0 if and only if there
exists a function ¢ € K such that |x(t,x0)|w < ¢(|xolw + R'), R = ¢~ Y(R), t >0
for all xg € M.

Proof. To prove sufficiency, denote ¢ = ¢(§ + R') for any § > 0 (¢ > ¢(R') = R),
then the W-stability holds.

Necessity. From definition 1, for a given R > 0 and for any € > 0 there exists
0 > 0 such that |x(¢,x0)|w < R+ ¢ for all t > 0 whenever |xg|yy < §. For all
s > 0 define a function g(s) = supjx,|,, <s.¢>0 [X(t;X0)|w and let g(0) = R, then
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g(s) < +oo for any s € Ry (by definition of W-stability) and g(s1) < g(s2) for
s1 < s2. From the definition, for all € > 0 there exists 6 > 0 such that g(§) < R+-e,
then for any & > 0 there exists &' > 0 such that |g(s’) — g(s)| < & whenever
|s —s| < ¢ for all ' € Ry. Therefore, the function g is not decreasing and
continuous. Then there exists a function ¢ from class K yielding ¢g(s) < ¢(s + R’),
R’ = ¢~(R), which is required. O

The conventional Lyapunov stability with respect to an invariant set VW can be
introduced as follows [16]: for any initial conditions xg € M, there exists a function
0 € K such that |x(t,x0)w < 6(|xolw) for all ¢ > 0. Thus the deviations of
trajectories from the set W are proportional to the initial divergence from the set.
According to proposition 1, in the W-stability case, the deviations are proportional
to the initial ones subject to a shift R’ (similarly the practical stability with respect
to the set W can be formulated in the conventional framework [16]). If the set W
is not connected and contains stable and unstable subsets, then the constant R
characterizes the distance between the subsets, i.e. locally trajectory can exit any
vicinity of an unstable subset and enters the stable ones. However, globally (when
|xolw > R’) the trajectories deviations are governed by the initial divergence,
similarly to the conventional Lyapunov stability.

3.3. Stability with respect to set of all invariant solutions. Let W C M be
a compact non empty set containing all invariant sets of the system (3) (the set W
is not necessarily connected). Let , ligrn |x(t,%x0)|w = 0 for all xo € M.

—+o0

The global attractiveness of the set W excludes from consideration the systems
with unbounded solutions, additionally this assumption prevents some configura-
tions of invariant sets obeying separatrices with solutions approaching infinity. Due
to compactness of the set W there is a constant D > 0 (related with |0z]yy) such
that

x|w < (x| + D), x| < pa(xhw + D), i1, p2 € K.
Further we assume that the manifold M has the property sup,cas |x|w = +o0.

For the set W formed by all invariants of the system (3), the property of W-
asymptotic stability is naturally satisfied.

Lemma 1. Let W C M be a compact set containing all invariant sets of the system
(8) and

lime—s 4 oo|x(t,%0) |y =0
forallxg € M. Then there ezists R > 0 such that the system (3) is W-asymptotically
stable.

Proof. The set W contains all invariant solutions and . @ |x(t,%0)|w = 0 for all
— 400

Xo € M, then for each such xq for all € > 0 there exists a finite time Ty, . > 0 such
that |x(¢,x0)|w < ¢ for all t > Ty, . (if a point xo € M\W satisfies the property
Tx,,e = +oo for some € > 0, then the corresponding trajectory x(,xo) does not
approach the set W with t — +o00, therefore x(t, x¢) has its own invariant set, that
is a contradiction), thus the system is W-attracting.

Next, consider the set of initial conditions x¢y € Dj for some § € Ry, Ds =
{x € M : |x|w < 6}. Define ny, = sup,>¢ [x(t,%0)|w, nx, = |[Xolw and N5 =
SUDy, e p; Mxo+ Assume that N5 = +4-oc for some finite 6’ € R, it means existence of
asequence X; € Dgr, 4 > 0 with trajectories x(t, x;) such that sup,>q sup,> [x(t,%x;)|w =
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FIGURE 4. Illustration to facts 1 and 2

+oo . Take 0 < ¢ < 4, then there exists 0 < Tk, < 400, ¢ > 0 such that
|x(t,x;)|w < e for all t > Tk, . and all x; € Ds/. Therefore, the trajectories x(t,x;)
approach infinity and return back in a finite time (T, . is an upper bound). How-
ever due to compactness of W and continuity of the solutions, the norms |x(¢,x;)|
stay bounded and each particular trajectory has finite norm (the system is forward
complete). For the sequence of trajectories this implies the existence of a limit
point X, on the boundary of the set Ds with a trajectory x(t,x,) approach-
ing infinity and returning back in a finite time T __ ., which is a contradiction.
Therefore, Ns < 400 for all § € Ry, N5, < N5, for all §; < 3 by construction,

5 lirjra Ns = 400 due to the property sup,cs [x[w = 400, then R = infscr, N is
—>+00

as required and for any € > R there exists § > 0 with the property Ns = e. g

Let W = AURUH, where the set A is composed by locally attracting invariant
sets, the set R contains locally repelling invariant sets and # is hyperbolic invariant
one (some of these sets may be empty). From now on a such set W constitutes the
main object of investigation.

If the sets R and H are not empty then always R > 0 (ny, > 0 for any 6 — 0
with |xglr < d or |xo|l < d, xo ¢ RUH). If we exclude from the admissible set
of initial conditions some neighborhoods of the sets R and #, then it is possible to
prove existence of the finite time T, . = sup|x|,, <y Tx,,e- Let

U=RUHT

be the set containing all repulsing invariant sets of the system (3). Formally, this set
is not minimal (R U is the minimal one) and not necessarily compact due to H*
inclusion, H C U. According to definitions of the sets A, R and H, all trajectories
of the system (3) with initial conditions outside of the set U, e.g. x¢o € M\U,
asymptotically converge to the set 4. See the qualitative illustration of this claim
in Fig. 4, where the set X C M satisfies the properties i/ C X and X N A = (), and
all the trajectories initiated outside of the set X converge to A. In other words the
set A is “globally” asymptotically stable in M\X'.
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Fact 1. For any open set X C M, U C X, XN A =0 and anye > 0, r >0
there exists 0 < T,.. < +oo such that |x(t,x0)|w < € for all t > T, . whenever
xo € DA\X, D, ={xe M : |x|lw <r}.

Proof. Since the system (3) is W-attracting, then for each xo € M there exists
0 < Tx, e < +o0. Consider T;.c = supy, ¢ DA\X Ty, and assume by contradiction
that 7. = +oo for some » > 0, ¢ > 0. Then there exists some sequence of
x; € D, \X, i > 0 such that the corresponding Tx, . — +00 as X; — Xoo, Where
X~ belongs to a boundary of the sets D, and X. Consider the initial conditions
x; € X or x; € M\D, for which x(t/,x;) = X for some t' > 0 (since the set
D, \X contains all the attracting invariants, such trajectories should exist). Clearly
Tx, . = +oc for these initial conditions that is a contradiction, since it implies that
the trajectory x(t,xo) has its own invariant set outside of W. O

3.4. KL estimates. The next interesting question is the existence of KL estimates
for the solutions of a W-asymptotically stable system. If we exclude the neighbor-
hoods of the set U, then existence of the required estimate can be proven applying
the standard arguments [16].

Fact 2. For any open neighborhood X C M, U C X, XNA = () there exists 3 € KL
such that

[x(t,%0)lw < B(Ixo0lw + R, 1), £ =0
for all xg € M\X.

Proof. From proposition 1 there exists a function ¢ € K such that |x(¢,x0)|w <
d(|xolw + R), t = 0 for all xg € M, R > 0. From fact 1, for all e > 0, r > 0
there exists 0 < 7,. < 400 such that |x(¢,x0)|lw < € for all t > T,. whenever
xo € D, \X. Applying the same arguments from the proof of Lemma 3.1 [16],
we prove the existence of the map T : Rsp X Rsg — Ry such that: T(r,-) is
continuous and strictly decreasing for each fixed » > 0; T'(-,s) is increasing for
s> 0, limy 400 T(r,8) = 400; and |x(t,%0)|w < € whenever xo € D, \X for all
t > T(r,e). Further, as in the proof of Proposition 2.5 [16], if we define ¢ (r, ) =
T~Y(r,-), then for all 7 > 0 the map 1(r,-) is continuous and strictly decreasing,
¥(r,0) = +oo. By definition |x(t,x%0)|w < ¥(r,t) < ¥(r + R,t) whenever xg €
D, \X for all t > 0 and

‘X(t,Xo)lW < ZE(|X0|W + R, t),t >0, xg € M\X,

where (s, t) = min{¢(s), inf,~ 1 (r, t)}. If the function v is not from the class KL,
then it can be upper bounded by a function 8 € KL with the property ¢(s,t) <
B(s,t) for any s € Ry, ¢t € Ry [16]. O

For xo € M\ X, there is an open set X’ C X, U C X’ such that x(¢,xq) € M\ X’
for all £ > 0. In this set, all trajectories converge to “globally” asymptotically stable
set A, and this is a conventional case (see Fig. 4). That explains why the reasoning
from [16] is valid to prove fact 2.

Let X = B, for some p > 0, B, = {x € M : |x|y < p}. Clearly, there exists
pmax > 0 such that the properties i/ C B,, B, N A = ) hold only for p < pmax
(if p > pmax, then B, N A # () due to compactness of W). We also restrict the
value of ppax assuming that the quantity |x|rup < pmax implies x|y = |x|g or
%W = [x|n.
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Fact 3. For any 0 < p < pmax there exist 5 € KL, n € K such that

Ix(t, x0)[w < B(Ixolw + R, n(p)t)
for all xo € M\B,,.

Proof. From fact 2, there exists 5 € KL such that |x(¢,x0)w < B(|xolw + R, 1),
t > 0 for all xg € M\B,,,.., and from proposition 1, there exists a function ¢ € K
such that |x(¢,x0)|lw < é(Jxolw + R), t = 0 for all xg € M, R > 0. Owning the
result from [28], there exist functions 01,09 € Ko such that

B(s,t) < o1(s)oa(e™)

for all se Ry, t € Ry

For any 0 < p < pmax and r € Ry define the sets £, = {x € M : p < |x[yy <
Pmax) and & = {x € M : x|,y < r}. Then for any 0 < p < pmax and r € Ry for
all xg € £, we can define

L infi>o{x(t,x0) € M\B,,..} ifxo¢U;
) 400 ifxg €U,

T(r,p) = sup Tx,-
x0€ENL,

The time instants 7, are well defined for all xo ¢ U (all trajectories with initial
conditions in B, \U enter in a finite time the set M\B, ), and for initial con-
ditions x¢ € U the value 7y, is infinite. Hence, for the trajectories initiated into
the compact set &, N L, the value 7(r, p) estimates the maximal time of the set
M\B,,,.. access, it is well defined for any » € Ry and 0 < p < pmax (if the inter-
section &, N L, is empty we put 7(r, p) = 0). For any fixed p € (0, pmax] the func-
tion 7(-, p) is non-decreasing, for any r € R, the function 7(r,-) is non-increasing
(lim,—o 7(r, p) = +00, lim,—, .. 7(r,p) = 0). The function 7(r, p) equals to zero
for all p > pmax and r < p (if the intersection &, N L, is empty), in the domain
P={(r,p):r = pand p < pmax} the function 7(r, p) inherits continuity after the
system solutions. Then for all 0 < p < pmax and r € R, there exist p € Koo, n € K
with 7(pmax) = 1 such that

7(r, p) < o(r)/n(p).

Indeed, define p =1/p and 7(r, p) = 7(r,1/p), then 7 is a non-decreasing function
of both arguments r € Ry, p € [1/pmax, +00) and using the result of [28] in the
domain P we can find some g € Koo, 7 € Ko such that 7(r, p) < o(r)7(p) for all
(r,p) € P. Since outside P the function 7 is zero and §(r)7(p) stay nonnegative
everywhere for r € Ry, § € Ry, then the inequality 7(r,p) < o(r)7(p) is valid
for all » € Ry, p € [1/pmax, +00). The existence of functions o € Koo, n € K
follows returning to p = 1/p (under a suitable rescaling in order to provide that

N(Pmax) = 1).
Note that for any 0 < p < pmax the upper estimate

[x(t,%0)[w < B(I%o0lw + R, 1(p)t), t =0

is satisfied for all xg € M\B,,,.. (1(pmax) < 1 for any 0 < p < pmax ). Let us fix a
p € (0, pmax| and take some x¢ € L, then we have two estimates:

Ix(t,%0)|w < ¢(|x0lw + R)
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for all t > 0 and
1x(t, x0)|w < Bl[x(7x: X0) lw + R, n(p)(t — )]

for all t > 7«,. Substituting the first estimate into the second one we get

Ix(t,x0)lw < Blo(|xolw + R) + R,n(p)(t — 7x, )]
S o1 [¢(|XO|W +R)+ R]o’z(e_”(/’)(t—TxO))
< o1[é([xolw + R) + Rloa(e"Pten(9)ma).

Since o1[¢(s + R) + R] < o1[2max{¢(s + R), R}] < o1[2max{¢(s + R), R + s}] for
all s € Ry, define 0(s) = max{4(s), o1[2max{4(s), s}]}, then

|%(t,%0)|w < O(]xow + R)aa ("0 e=nP)t)

for all ¢ > 7,. Note that 7, < 7(|x0|w, p) < 7(|x0lw + R, p) < o(|xo0|w + R)/n(p),
then

[x(t, %0)[w < O(|%0lw + R)oa(etPolwtemnle)ty
for all t > 7. Define 3(s,t) = max{1,1/05(1)}0(s)o2(e2®)e~"), obviously 5 € KL,
then for any xo € £, the estimate is satisfied:

(4) [x(t,%0)lw < B(|xolw + R, n(p)t)
for all ¢ > 0. Indeed, the estimate (4) holds for all ¢t > 7, by construction and the
consideration above. For t = 7%, we have
Blxolw + Ryra( 2R 0070) - = fllxolyy + Rjra(et ol R0

Z  0(|xolw + R)oa(1) = ¢(|x0lw + R)oa(1),
therefore 3(|xo|yw =+ R, 7(p)7x,) = ¢(|x0|w +R) and the estimate (4) is also valid for
all t € [0, 7x,]. Next, for any xo € M\B,,,, the estimate [x(¢,%0)[w < B(|xolw +
R, t) is satisfied for all ¢ > 0, since ((s,t) < B(s,t) for all s € Ry, t € Ry, then
the estimate (4) is valid for all x, € M\B,, . and t > 0. Therefore, for any
0 < p < pmax there exist functions g € KL, n € K such that for all xo € M\B,,

|x(t,%0)|w < B(|xolw + R, n(p)t), t > 0.
O

Now we are in position to propose KL estimates for the solutions of W-asymptotically
stable system (3).

Proposition 2. For the system (3) the following is equivalent:
— W-asymptotic stability, W = AURUH;
— for all xy € M there exist functions € KL, n € KC such that

[x(t,%0)lw < B(|xolw + R, min{1, n(|xole)}t), U = RUHT, t > 0.

Proof. The sufficiency is clear, W-attractivity follows for all xo € M\W from the
KL estimate, and |x(t,x0)|w < ¢(|xolw + R), t = 0, ¢(s) = B(s,0) is equivalent to
Wh-stability from proposition 1.

Necessity. The system (3) is W-asymptotically stable, the set VW contains all
invariant solutions and t_l@m|x(t,x0)|w = 0 for all xg € M. From fact 3, there

exist § € KL, n € K such that
x(t, %0)lw < B(Ixolw + R, 1(p)t)
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for all xg € M\B,, B, ={x € M : x|y < p} for all 0 < p < pmax < +00, then
substitution p = |xg|ys (7(pPmax) = 1) implies the result. O

For the case xg € W, the proposed estimate is not meaningful since it can be
reduced to
0< B(Ra min{l, 77(\X0|u)}t)7
which is correct but useless. If xo € HT, then the worst case estimate |x(¢,%q)|yw <
B(|xolw + R, 0) is satisfied. In this case the upper bound on the trajectories norm
from proposition 2 does not evaluate the rate of convergence to the set H. All these
shortages are caused by the sets R and H presence.

Remark 1. The proposed W-asymptotic stability property is not related to the
stability with respect to two measures [14, 32| since the upper term here is not a
measure (the measure has to be zero on the set of interest). In addition, if U = 0,
then we have W = A and the estimate above is reduced to |x(t,x%0)|4 < B(|x0|4,t),
which is a conventional estimate for the globally asymptotically stable set A4 in the
Lyapunov sense [16].

4. LYAPUNOV FUNCTIONS

This section has four parts. In the first one, Lyapunov functions for the system
(3) and the set W are introduced and the main result is formulated. Proofs of the
main result are presented in the last three subsections.

4.1. Lyapunov function definition. In this subsection for the set VW defined as
above, an equivalent characterization of W-asymptotic stability in terms of Lya-
punov functions is proposed.

Definition 2. A smooth function W : M — R, is called W-Lyapunov function
for the system (3) if

e there exist functions aq,as € Ko and a constant R > 0 such that for all
xe M,
o ([xlw) < W(x) < ao(|x|w + R);
e there exist functions x, as € K such that for all x € M,
Lepo W (x) = W (x) /0x £(x) < — min{L, x(|xle) s (W (x)),
W=AURUH, U=RUHT.

For a continuous function h : M — R™ and a set W, the system (3) is called
Wh-detectable with respect to the output y = h(x), if for all xo € M,

y(t) =h(x(t,x0)) =0,t > 0 = lim;_, 0 |x(¢,%0)|w = 0.

Define Z = {x € M : h(x) = 0}. The detectability property implies that any
trajectory located in a forward invariant subset of Z converges to the set W.

Definition 3. A smooth function W : M — R, is called weak W-Lyapunov
function for the system (3) if

e there exist functions aq,as € Ko and a constant R > 0 such that for all
xe M,
a1 ([xlw) < W(x) < az(|x|w + R);
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e there exists a function x € K and a continuous function h : M — R™ such
that for all x € M,

LeoW(x) < —r([h(x)])

and the system (3) is W-detectable with respect to the output y = h(x).

Note that in motivating examples the weak WW-Lyapunov functions have been ob-
served. Relations between these Lyapunov functions are the main result of the

paper.

Theorem 1. For the system (3) and a compact set W, the existence of a weak
W-Lyapunov function implies W-asymptotic stability.

Theorem 2. For the system (8) and the compact set W = AURUH, where the sets
A, R and H are composed by locally attracting, repelling and hyperbolic invariant
subsets respectively, the following is equivalent:

1) W-asymptotic stability;

2) existence of a W-Lyapunov function;

3) existence of a weak W-Lyapunov function.

Since the existence of weak W-Lyapunov functions is established in the moti-
vating examples, these systems also possess Lyapunov functions and L estimates
(theorem 2, proposition 2). Existence of such Lyapunov functions implies a kind
of stability robustness of the system with respect to external disturbances or para-
metric uncertainties. Other examples of such systems are presented in section 5.

4.2. Proof of theorem 1. Under conditions of theorem 1, for the system (3),
there exists a smooth function W : M — R, such that for all x € M

a1 (|xlw) < W(x) < aa(|x|w + R), a1, 2 € Kooy, R > 0;
Lf(x)W(X) < 7H(|h(X)|)7 K€ ’Ca

for some continuous function h : M — R™, and the system (3) is W-detectable
with respect to the output y = h(x). Since W < 0, then W(t) is bounded and
aq (Jx(t)|w) < W(x(t)) < W(x(0)) < az(|x(0)|w + R) for all ¢ > 0. This inequality
implies that [x(¢)|y < ¢(|x(0)|w+R), ¢(s) = aj "oas(s). According to proposition
1 this is equivalent to W-stability. Due to compactness of the set W, there exists
a function gy € K and a constant D € Ry such that |x(t)] < u2(|x(t)|w + D)
and the state x(¢) is bounded (any solution is defined for all ¢ > 0). Thus there
exists a forward invariant attracting compact set €(x(0)) for each trajectory. If
we take x¢ € Q(x(0)), then x(¢,x0) € 2(x(0)), t > 0 and W(x(t,x0)) = ¢, t = 0
for some ¢ € Ry due to positive definiteness of W and negative semi-definiteness
of W. This implies that W (x(t,x0)) = 0, t > 0, and for x € K this is equivalent
to y(t) = h(x(¢,x¢)) = 0, t > 0. Since the system is W-detectable with respect
to the output y(t), the equality t@m|x(t,xo)\w = 0 holds and the system (3) is

W-attracting.

4.3. Proof of theorem 2. The theorem is proven as follows: (1)=(2)=(3)=-(1).
The link (3)=-(1) has been substantiated in theorem 1.
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Proof (2)=-(3). Under conditions of theorem 2, for the system (3), there exists
a smooth function W : M — R such that for all x € M

ar([xlw) < W(x) < az(|x|w + R), a1, a2 € Koo, R > 0;
L)W (x) < —min{1, x(|xr) }az(W(x)), x, a3 € K.

If we denote h(x) = min{1, x(|x|i/) }as(W(x)), then h : M — R is continuous and
W is a weak Lyapunov function since the system (3) is W-detectable with respect
to the output y = h(x). Next, the result follows theorem 1.

The proof (2)=-(1) (this part of the proof is presented for completeness) relies on
the fact that for any xo € M such that x(|xg|ys) < 1, the inequality |x(¢,%0)|y =
v(|xolys) holds for all ¢ > 0 and for some function v € K (the set U contains lo-
cally repelling subsets only, for instance, v(s) = s/(s+ 1) inf|x,|,,=s, t>0 [X(, X0)|er)-
Consequently

Ly W(x) < —min{1, x([x[er) bz (W (%)) < — min{1, n(|xoe) }as(W (x)),

n(s) = xov(s). Using standard arguments (see Lemma 4.4 in [16]) this implies the
estimate

|X(t, XO)|W < 6(|X0|W + R7 min{17n(|x0|u)}t)7 t = 07 ﬂ € ’C‘Cv

which is equivalent to W-asymptotic stability from proposition 2.

Proof (1)=-(2). In this case, for all xg € M there exist ¢ € K and R > 0
such that |x(¢,x0)lw < ¢(|xo|w + R), t = 0 (the W -stability equivalent definition
from proposition 1), and for any & > 0 there exists 0 < Ty, . < +oo such that
|x(t,x0)lw < eforall t >Tx,.. Theset W=AURUH andUY = RUHT.

We are going to show the existence of constants 0 < p1 < p2 < Pmax (Pmax is the
same as in fact 3) and two locally Lipschitz continuous functions Vi,V : M — Ry
such that

ar([xjw) < Vi(x) < az([x|w + R), o1, a2 € Ko,

Lex)Vi(x) < (
0 <7 < Va(x) < 400, Lex) Va(x) < —r(|x[r)aa(Va(x)), 5, ag € Kfor a.e. [x]y < po.
The existence of such functions is proven in lemmas 3 and 5 below. Applying

standard partition of unity technique one can substantiate existence of a locally
Lipschitz continuous function V' : M — R, such that for a.e. x € M:

ar (|xlw) < V(x) < ao(lx|w + R),
Lf(x)V(X) < — min{l, I%(|X|u)}643(V(X)), ay, a9 € Ko, a3,k € K.
For instance, this is the case for V(x) = A(x)Vi(x) + (1 — A(x))Va(x) and for a

sufficiently high v > 0, where A : M — R, is continuously differentiable and
satisfies the following requirements:

—a3(V1(x)), ag € Kfor a.e. x|y = p1;

A(x) = 0 for all |x|yy < p1; AM(x) =1 for all x|y = po;
LexyA(x) > 0 for all py < [x|y < po.

Existence of the function X follows from lemma 4 (after appropriate smoothing and
scaling). From Theorem B1 in [16] there exists a smooth function W : M — R,
such that for all x € M

(W (x) = V(x)] <05V (%), LeoW(x) < =0.5min{L, &(|xe) tas (W (x)),

that is necessary to prove.
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4.4. Auxiliary results. The following result is used in lemmas 3, 4.

Lemma 2. For any continuous functions f1 : Ry — R, fo : Ry - R and T € Ry,
the following holds

| sup fi(t) = sup fo(t)] < sup |fi(t) = fa(D)],

0<t<T 0<t<T 0<t<T
i — < — .
| ogl?iT fi(t) OglrtliT f2(t)] < OzltlgT |f1(t) — f2(2)]

Proof. There exist 0 < t; < T and 0 < tp < T such that supoc,<r f1(t) = fi(t1)
and supgg,cp f2(t) = fa(t2), then |supogicp f1(t) — supogicr f2(0)] = [f1(t1) —
fa(t2)] . For the case t; = to = t’ the result is obviously satisfied, and for other
cases we have

()

fitth) =2 fo(t2) = [fi(th) — fa(t2)] = f1(t1) — fa(t2)

< filh) = fo(t1) = [fi(t) — fa(t1)],
fi(ty) < fa(tz) = [fi(t1) = fa(t2)] = fa(t2) — f1(ty)

< fa(tr) = fi(t) = | fa(t2) — fi(t2)]

These properties substantiate the first desired inequality.

Similarly, since infocicr f1(t) = fi(t1) and infogicr fo(t) = fa(tz) for some
0<t <T,0< 1t <T,then [infogicr f1(t) — infocecr f2(B)| = [f1(t1) — fa(t2)].
For the case t; = to = t' the result is satisfied, and for other cases the second
property follows from (5). O

Recall that for pmax > 0 the properties Y C B, , B, N A = () hold only for
P < Pmax-
Lemma 3. Let all conditions of theorem 2 hold. Then for any 0 < p < pmax there
exists a locally Lipschitz continuous function Vi : M\B, — Ry, B, = {x € M :
|x|u < p} (continuous on the set A) such that a1 (x|w) < Vi(x) < az(|x|lw + R),
ar,az € Koo, L) Vi(x) < —a3(Vi(x)), az € K for a.e. x|y > p.

Proof. For any xog € M, define

v(xg) = sup |x(t,%x0)|w,
0
by construction |xo|lw < v(x0) < ¢(|%x0|w + R) and v(x) = 0 for x € W. From W-
attractivity for any xo € M there exists Tx, € R such that v(xg) = SUP)<1<Ty, |x(t,%0)|w-
Indeed, Ty, = for any x¢o € M\W and the choice Ty, = 0 is admissible

x0,|%o0|w
for xo € W. To analyze continuity property of the function v, consider
[v(x1) —v(x2)| = [sup|x(t,x1)[w — sup [x(t,x2)[w]
>0 >0
= | sup [|x(t,x1)|lw— sup |x(¢,x2)w]
0<t< T, 0<t<Tx2
< sup [fx(txa)|w — [x(t x2)wl,

0<t<T

where T' = max{T%, , Tx, } and lemma 2 is used on the last step of transformations,
X1,X2 € M. Due to Lipschitz continuity of the system (3) solutions for any compact
set of initial conditions D C M and any time 0 < T < 400, there exist K € R,
L € Ry such that

x(t,x1) — x(t,x2)| < K[x1 — %2, [|x(t,x1)|lw — [x(t,%2)|lw| < L|x1 — X2,
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for all 0 < ¢t < 7T and any x3,x2 € D. For all 0 < p < pmax and for any compact
D C M there exists T, = supy ep\p, Ix, with the property 7, < +o0 (due to local
repelling property of the set U, for any 0 < p < pmax there exists 0 < p’ < p such
that trajectories initiated into the set D\ B, never reach the set B,/ see also facts
1-3 for details). Owning this we obtain

lo(x1) —v(x2)| < sup |[x(t,x1)|w — [x(t,%2)[w]
<t<T,

< Lixy — x2|

for all x1,x2 € D\B,, and the function v is locally Lipschitz continuous on the
set D\B,, for any fixed 0 < p < pmax. The function v is not increasing on any
trajectory of the system (3), indeed for any xq € M:

v(x(t,x0)) = sup |x(7,%x(¢,%0))|w = sup |x(7,%0)|w < sup |x(7,%0)|yw = v(x0).

> T2t 720

Now, define a new function for all xg € M:

V(x0) = sup{v(x(t,x0))k(t)},
0
where k : Ry — Ry is a continuously differentiable function satisfying 0 < k1 <
k(t) < k2 < 400 and k(t) = k3(t) > 0 for all t > 0. An example of such function is

E(t) = (k1 + kot) (1 + 1)1, k(t) = (ko — k1) (1 + )72

The function V' has bounds k1|xolw < V(xo) < k20(|x0/yw + R) and V(x) = 0
for all x € W. Again, for any xo € M there exists Ty, € R, such that V(xg) =
SUP)<1<Ty,, {v(x(t,x0))k(t)}. This claim follows from the non strict decreasing of
the function v. A possible choice is Tk, = for xg € M\W and

Ty, = 0 for xg € W. Next, for all x1,x2 € M,

xo,ﬁlﬁgl‘xo‘w

V) = V)| = [sup{ulet.xi)k(1)} - sup{ul(t,xa) k(1)
= | sup (oot 3xi)K(O)} — sup {o(x(tx)k(D)
0<t<T 0<t<T
< sup K(O(x(tx0) = ot )]

< kg osup fu(x(t x1)) — v(x(t,x2))l,
0<t<T

where T' = max{Ty,, Tx, }. For all 0 < p < pmax and for any compact D C M there
exists T, = supy,ep\ B, Ix, such that 7, < 400 and

Vi(x1) = Vi(x2)| < k2 sup |o(x(t,x1)) — v(x(t,%x2))]
0<t<T,

g 52L|X(t,X1) — X(t,Xg)‘ g HQLK|X1 — X2|

for all x1,x2 € D\B,. The function V is locally Lipschitz continuous on the set
M\B, for any 0 < p < pmax and strictly decreasing for any xo € M\W:

Vx(t;x0)) = sup{o(xlr, x(t;x0)])k(7)} = sup{v(x[r, xo)k(r — 1)}

< sup{v(x[r, x0))k(7)} = V(x0),

720
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V(t) equals zero on all trajectories in the set W. Denote Lg(x,)V (X0) = }1}3}] h= [V (x(h,x0))—
V(x0)], then

Lf(xO)V(XO) <0
for a.e. xg € M\W. Take some r > ppmax such that the set D, = {x € M :
x| < r} is connected and globally attracting, then T, = supy,ep,\ 5, Ix, and by
definition

Vixhx) = suploeltx(hxo)K®) = sup {olxlt, xo)k(t ~ )
= sup (ot K (LR} K (6 h) =t < h,0,k(t )]

for a.e. xg € D,\(B, UW). Further
sup {v(x[t,xo])K(t,h)} < V(xo) sup {k(t)"'K(t,h)}

0<t<T, 0<t<T,
= V(xo)max{0, sup {k(t)"'k(t—h)}}
h<t<T,
= V(xo) sup {k(t)"'k(t—h)}
h<tLT,

and

limp,—oh ' [V (x(h, x0)) = V(x0)] = limj_0h™ " [V (x0) S {k(t)""k(t —h)} = V(x0)]
= V(xo)limhqoh’l[} sup. {k(t) " k(t — h)} — 1]
= V(xo)limy_oh™' sup k(t)"Hk(t —h)—k(t)}

h<t<T,

< V(XO)offfT k()" imy, oh HE(t — h) — k(t)}
= V(Xo)igg{—k(t)‘lk(t)} < —#y '3 (T))V (Xo)-

We approve the inequality
(6) L)V (x) < —r5 ' w3(T,)V (x)

for a.e. x € D, \B, (the inequality is additionally valid on the set A). Now, consider
the set M\D,. The time Ty, = Tx,,r = Y(|xo|w) is required for a trajectory
x(t,x0), X9 € M\D, to reach the set D,, where « is an increasing continuous
function of initial distance |xo|yy (see fact 2 for details). Thus Ty, < v[s] "V (X0)]
and applying the same arguments as in the previous case for a.e. xg € M\D, we
obtain:

(7) Lo V(%) < —r5 'R (v[R7 V(X)) V(x).
Combination of the inequalities (6) and (7) results in
Lo V(%) < —a3(V(x)), as(s) = w3 ' min{rs(T,), w3(v[ry's]), }s
for a.e. x € M\B, and «a;(s) = K15, aa(s) = Kap(s). O
Lemma 4. Let all conditions of theorem 2 hold. Then for all 0 < p < pmax there

exists a locally Lipschitz continuous function V : B, — Ry (continuous on the set
U) such that for a.e. |x|y < p:

a1 (x[y) < V(%) < aa(xfy), L V(%) = a3(V(x)), az € K.
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Proof. For 0 < p < pmax and all xg € B,\U there exists Tk, € R4 such that
x(t,x¢) ¢ B, for all t > Ty,. Define
= inf t
vloo) = [x(t 0l
by construction §(|xolu) < v(x0) < [Xolus 0(s) = s(1 4+ s) "t infjx,=s v(x), § € K
and v(x) = 0 for x € Y. To analyze continuity property of the function v, consider

lv(x1) — v(x2) inf |x(¢t,x1)|u — . inf  |x(t,x2)|ul

= |0gt<Tx

\tg x2
< sup |[x(txa)u = [x(E x2)[ul,

where T = max{Tx,,Tx,} and the last step follows lemma 2. Due to Lipschitz
continuity of the system (3) solutions for any compact set of initial conditions
D C M and time 0 < T < +00, there exist K € Ry, L € R, such that

[x(t,x1) = x(t, x2)| < Klx1 = %o, [[x(t;x1)|er — [x(t; x2) || < Llxa = xa,
forall 0 <t < T and any x;1,x2 € D. Forall0 < p' < pand D, = {x € M : |x|)y <
r} with r > p, there exists T, , = SUPx,eB,\ B,/ D, Ixo satisfying T, , < +oo0 and
Ty » — 400 with p’ — 0. This implies

[vo(x1) —v(x2)| < sup [[x(t, %) — [x(t, x2) | < L]x1 — %3]

\téTp’,r
for all x1,x2 € B,\B,y N D,, and the function v is locally Lipschitz continuous on
the set B,\ B, for any fixed 0 < p’ < p. Therefore, v is locally Lipschitz continuous
on B,\U and continuous on B,. The function v is not decreasing on any trajectory
of the system (3), indeed for any x € B,:
t = inf t
o)) = mE el x(txo)

= 1 f
o X xo0)lu

> ol Il = ol

Now, define a new function for all xo € B,:

Vixo) = _inf {u(x(tx0)k(0)},

where k£ : Ry — R, is a continuously differentiable function with properties 0 <
k1 < k(t) < ke < 400 and k(t) < —ks(t) < 0 for all t > 0. An example of such
function is

E(t) = k1 + (k2 — k1)e™t, k(t) = (k1 — Kg)e ™.
The function V' has bounds x16(|xo|w) < V(x0) < ka|xolw and V(x) = 0 for all
x € U. Next, for all x1,x3 € B,,

V) = Vo)l = [ dnf (vt xa)E(O} — b {olx(t %)k
— | dnf ot xR0}~ nt {o(x(tx2) k()]
< MO X)) — vlx(t )
< wy sup [ulx(tx1)) — o(x(t, %),

0<t<T
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where T' = max{Tx,,Tx,} and lemma 2 is again used in the second step. For all
0 < p' < pand D, with r > p, there exists T, , = SUDx, e B,\ B,/ ND, Ty, < +oo and

V) =V < ke sup  Jo(x(t,x1)) = v(x(t,x2))]

St plr

g &2L|x(t,x1) — X(t,X2)| < HQLK|X1 — Xg‘

for all x1,%x2 € B,\B,y N D,. Then the function V is locally Lipschitz continuous
on the set B,\U and continuous on B,. This function is strictly increasing for any
xo € B,\U:

Veltx) = it {ullrxtxo))k(r) > _inf {vlxlr o] k(r 1)
> it {olxlr xa)k(r)} = Vixo).

V() equals zero on any trajectories in the set U, then

L (xo)V (%0) = limp,,0h ' [V (x(h, %0)) — V(x0)] > 0
for a.e. x9 € B,\U. By definition
V(x(h,xo)) = inf  {v(x[t,x(h, x0)])k(t)}

0<t<Tx(h,xq)

= inf {u(xt,xo)k(t—h)} = inf {o(x[t, xo])k(£)k(t) " k(t — )}

h<t< Ty, h<t<Ty,
> . : —1 _
> hgizﬂxo{“(x[t’XO])k(t)}hgiifoo{k(t) k(t —h)}
. -1 _

> V(Xo)hgltIéfoo{k(t) k(t —h)}.
Finally,
limy, oh ™ [V (x(h,x0)) — V(x0)] = limhﬂoh_l[V(xo)hgtréfT {k(t) " k(t — h)} — V(x0)]

= V(xo)limp_oh ] inf {k(t) " k(t —h)} —1]

= V(xo)limpoh™t inf k()" Hk(t —h) — k(t)}

h<t< Ty,

> Vi(xo) inf k(t) MMimp,_oh H{k(t —h) — k(t)}

txLxg

= V(xo) inf {=k(t)7 ()} = ky k3(Tk)V (x0).

0<t< T,

We substantiate the inequality

L) V(x) = a3(V(x)), as(s) = Hglsv( )>in£ . k3(Tx)
x)2sAXEB,

for a.e. x € B, (the inequality is additionally valid on the set U), a1(s) = k10(s),

as(8) = Kas. O

Lemma 5. Let all conditions of theorem 2 hold. Then for all 0 < p < ppax and
any v > 0, there exists a locally Lipschitz continuous function Vo : B, — Ry
(continuous on the set U) such that

v < ‘/Q(X) < +o0, Lf(x)‘/Q(x) < 7“(|X|U)OL(‘/2(X))? K, € K

for a.e. |x|y < p.
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FI1GURE 5. Trajectories and Lyapunov function contours for the
system (8)

Proof. Since all conditions of lemma 4 are satisfied, for all 0 < p < pmax, there
exists a locally Lipschitz continuous function V' : B, — R, (continuous on the
set U) such that a;(|x[y) < V(%) < ao(|x[u), Lex)V (x) = a3(V(x)), az € K for

x|y < p. Define Va(x) = v — V(x) where v + a2(pmax) < v < 400, then
v < Va(x) < 400 and

L) Va(x) = = L) V(%) < —a3(V(x)).
Since Va(x) < v for all x € B,, then

Le(Va(x) < —a3(V (%)) < —ag 0 ar(|xly) < —v™ ag 0 an(|x|u) Va(x)

and the result follows for k(s) = a3 o ai(s), a(s) = s/v. O

5. EXAMPLES

The third example is a controlled conservative pendulum [25]:

&1 = To;
8
®) By = —w?sin(z1) + u(zy, 22);
u(zy, va) = —wo[H (21, 22) — HY], H(x1,22) = 0.505 + w?[1 — cos(x1)],
where z; € [—m,m) is the angle coordinate, x5 € R is the angle velocity, w € R is
the natural frequency of the pendulum, u € R is the controlling input, H is the
Hamiltonian function of the unforced pendulum (8), H = —x3[H (z1,22) — H*],
H* € (0,w?) is the stabilized level of Hamiltonian function. The system (8) has
two equilibriums (0,0), (7,0) and asymptotically stable limit cycle corresponding
toI' = {(x1,22) : H(z1,22) = H*}. Linearization of the system (8) shows that
both equilibriums are unstable (the first one has two complex conjugate eigenvalues
with positive real parts, the second has two real eigenvalues, one is negative and
another is positive). The set of all invariant solutions of this system W is composed
by these equilibriums and the limit cycle, i.e., W = {(0,0), (w,0) UT}. This set is
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FIGURE 6. Trajectories and Lyapunov function contours for the
system (9)

globally attractive (trajectories of the system (8) for w = 1 are plotted in Fig. 5,a).
The system (8) has Lyapunov function

W (21, 22) = 0.5[H (21, 2) — H*],

which equals zero on the limit cycle T' and is positive otherwise (the function W
contour plot is shown in Fig. 5,b). The time derivative of W for the system (8) is
not positive:
W = _y27 Y= xQ[H(xlva) - H*]

All conditions of theorem 2 hold and this system has W-Lyapunov function from
definition 1 and the corresponding L estimate from proposition 2.

Finally, consider a mass m along a circle of radius a. The circle rotates about its
vertical diameter with constant angular velocity 2. The mass is subject to gravity
and friction, the equation of motion is

ma?6 = mQ2a? sin(6) cos(0) — mgasin(h) — k0,

where 6 € [—m, 7) is the angular position of the mass and k > 0 is the coefficient of
friction. Introducing the dimensionless parameters A = g/(Q%a) and = k/(maQ?),
new coordinates z1 = 6, 5 = 6 and performing a change of time ¢ = Q¢, we obtain
the following equation of motion:

9) &1 = g, Lo = [cos(z1) — A]sin(z1) — Kxa.
For —1 < A < 0, this system has four equilibriums, and the set
W = {(0,0), (-, 0), (arc cos(A),0), (—arc cos(A),0)}.

Linearization shows that the first two equilibriums are saddle points and the last
two are stable focuses. The system has a Lyapunov function

W (zy,z2) = 0.523 4+ V(x1) — V(arccos(\)),
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where V(z1) = —Acos(z1) — .5sin(x1)? is the system (9) potential. The Lyapunov
function equals zero in the stable equilibriums only and it is positive otherwise, its
time derivative has form
W = —ky?, y = 2o.

The system is W-detectable with respect to the output y (the system trajectories
and the contour levels of the Lyapunov function for A = —0.3, kK = 0.1 are plotted in
Fig. 6). Again, all conditions of theorem 2 hold and the system (9) has W-Lyapunov
function from definition 1 and the corresponding ICL estimate from proposition 2.

6. CONCLUSION

The paper presents a new global stability definition covering the case of multi-
stable systems. Necessary and sufficient characterizations in terms of Lyapunov
functions are proposed. Useful KL estimates on systems solutions are computed.
We show that several well known in the literature examples of multi-stable systems
satisfy this new stability property. Availability of the corresponding Lyapunov
functions for these examples is established.

The proposed stability definition is rather generic. For instance, consider a
chaotic system having invariant solutions presented by a set of equilibriums (sta-
ble/unstable/hyperbolic) and by a compact strange attractor. It could be used as
a target for the proposed concept in order to analyze the system behavior glob-
ally from its multi-stability perspective. In this case, even chaotic systems have
to possess the KL estimates from proposition 2 and the corresponding Lyapunov
functions from theorem 2.

Global nature of stability property and some properties of Lyapunov functions
may help in robustness analysis with respect to external disturbances, which is a
future direction of research. Also, the conservatism of conditions can be relaxed in
future works.
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