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ELECTROMAGNETIC WAVE SCATTERING
FROM ROUGH PENETRABLE LAYERS

HOUSSEM HADDAR* AND ARMIN LECHLEITER'

Abstract. We consider scattering of time-harmonic electromagnetic waves from an unbounded penetrable
dielectric layer mounted on a perfectly conducting infinite plate. This model describes for instance propagation
of monochromatic light through dielectric photonic assemblies mounted on a metal plate. We give a variational
formulation for the electromagnetic scattering problem in a suitable Sobolev space of functions defined in an
unbounded domain containing the dielectric structure. Further, we derive a Rellich identity for a solution to
the variational formulation. For simple material configurations and under suitable non-trapping and smoothness
conditions, this integral identity allows to prove an a-priori estimate for such a solution. A-priori estimates for
solutions to more complicated material configurations are then shown using a perturbation approach. While the
estimates derived from the Rellich identity show that the electromagnetic rough surface scattering problem has
at most one solution, a limiting absorption argument finally implies existence of a solution to the problem.

1. Introduction. Consider an antenna placed over an unbounded penetrable dielectric
layer of finite height mounted on a planar metal substrate. Assuming that the antenna operates
at fixed frequency, the electromagnetic field caused by the antenna solves a source problem for
the time-harmonic Maxwell’s equations in the half-space above the substrate. The problem to
find this solution to Maxwell’s equations when given the source and the dielectric is what we
call the electromagnetic rough layer scattering problem. Figure 1.1 illustrates the setting of this
problem.
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FIGURE 1.1. Setting for the rough layer scattering problem. Points in R are denoted as v = (x1,x2,23) " .
The penetrable layer has finite distance to the hyperplane {z3 = 0}. We seek the wave field due to a time-
harmonic source situated in a neighborhood of the layer.

Due to the unboundedness of the domain, the rough layer scattering problem is quite involved
from the point of view of mathematical analysis. This is the case at least if the dielectric material
is a function of all three variables without decay or periodicity constraint, so that the problem
to find the electromagnetic wave field cannot be reduced, e.g., to a bounded domain. Actually,
already for the corresponding scalar wave problems the unbounded domain causes difficulties
because Rellich’s embedding lemma does not hold, Fredholm theory does not apply, and the
arguments needed to establish existence and uniqueness of solution to such problems are in
general far from trivial. Mathematical theory for scattering from rough unbounded structures
was developed from the mid-nineties on by Chandler-Wilde and co-workers starting with theory
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on integral equations for Dirichlet and impedance rough surface problems for the Helmholtz
equation, see, e.g., [5,10,21]. Corresponding results for the same problem in three dimensions are
very recent [6-8]. Scalar scattering problems involving penetrable media have been considered
in [9,11,12,15] both in two and three dimensions. However, rigorous mathematical solution
theory for the full Maxwell’s equations in unbounded penetrable media seems, to the best of our
knowledge, not to exist in the literature.

Time-harmonic Maxwell’s equations and electromagnetic wave propagation have been an im-
portant research area in the last years. For bounded scattering objects the mathematical theory
for this system of partial differential equations is quite well developed, see, e.g., [17]. However,
there are numerous problems that do not seem to be adequately modeled by problems posed
in a bounded domain. Those include for instance electromagnetic wave propagation above un-
bounded rippled surfaces or interfaces, modeling for instance wave propagation related to ground
penetrating radar. As a further example consider light propagation in a dielectric optical device.
Such structures are often mounted on a substrate and thus their extension along the substrate
is very large when compared to their thickness in the direction orthogonal to the substrate.
Under periodicity assumptions on the structure wave scattering problems are usually reduced
to a bounded domain and again a rather complete solution theory is available, see, e.g., [1,14].
However, if the dielectric assembly lacks periodicity, for instance due to imperfections, doping,
or combination of different sub-modules, then such a reduction does not work. Further, setting
the scattering problem on a bounded domain seems inadequate since the dielectric structure has
two different scales. Indeed, the thickness of such surface structures typically is of the order of
the wave length whereas the transverse length of the structure is several orders of magnitudes
larger. Thus, a natural way to model such wave propagation problems is to pose them on an
unbounded domain of finite height containing the penetrable dielectric layer.

In this paper, we set up a variational formulation for the electromagnetic scattering problem
in a suitably defined Sobolev space. This Hilbert space involves a singular spectral weight to
be able to integrate the radiation condition into the variational formulation. Somewhat related
spectral weights related to variational formulations for wave propagation problems have been
introduced earlier in [4,19]. For any solution of the variational formulation we derive an integral
identity, a form of a Rellich identity, which gives an a-priori bound on the solution, at least
if the dielectric material parameter satisfies certain non-trapping conditions. The appearance
of non-trapping conditions at this point is not surprising, since they are well-known to play a
crucial role in the solution theory of corresponding scalar problems, see [3,11,12,15]. However,
for the vectorial problem, the non-trapping assumptions are considerably more involved. Under
suitable assumptions on the dielectric material, the Rellich identity yields uniqueness of solution
to the variational problem.

Derivation of the Rellich identity is quite a technical matter, and we go through this proce-
dure in detail. A special problem with definiteness of the variational formulation (to be explained
below) forces us to prove the Rellich identity also for solutions to the variational problem in the
case where the real wave number is replaced by an artificial complex wave number with small
positive imaginary part corresponding to absorption. The result is that the a-priori estimate
which follows from the Rellich identity is stable as the absorption parameter tends to zero. For
the problem with absorption existence and uniqueness of solution are clear. Hence, by a limiting
absorption process we obtain existence of solution to our variational problem. The main result
on solvability of the rough layer scattering problem is formulated in Theorem 8.2. We should
mention that the limiting absorption principle we require is not necessary to prove existence of
solution to the corresponding scalar Helmholtz problem, see [15]. The reason is that the varia-
tional form of the scalar problem is an L2-perturbation of a coercive form. Our variational form
for the electromagnetic problem is not coercive modulo L2-perturbations because the bound-
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ary terms incorporating the radiation condition have no definite real part. This is essentially a
feature caused by the nature of the Maxwell’s equations.

We have to mention a further restriction of our result. All right-hand sides appearing as
source terms in our analysis have to be divergence free. The treatment of right hand sides that
are not divergence free would require a Hodge decomposition (as it is done for a bounded domain
in [17] for instance). However, due to the unbounded setting such a procedure would introduce
even more technical difficulties that are not central in our present contribution and are postponed
to a future work.

This paper is organized as follows. In Sections 2 we present the strong formulation of our
scattering problem. In Section 3 we derive suitable variational formulations set in appropriate
function spaces. Section 4 contains a few technical lemmas. The Rellich identity is presented
in Section 5. Sections 6 and 7 derive a-priori estimates from the latter identity for two classes
of dielectric material parameters. Finally, in Section 8 we prove existence and uniqueness of
solution to our variational scattering problem.

Notation: Standard L? based Sobolev spaces defined in a domain € or on a surface I' are
denoted as H*(Q2) or H*(T) for s € R (see [16] for instance). The spaces H (curl, Q) and H (div, )
contain those functions in L?(2) whose curl or divergence belongs to L?(2), respectively (see,
e.g., [17]). For s € N, W*>(£2) denotes the function space of s times weakly differentiable
functions with essentially bounded derivatives up to order s (see [16] for instance).

2. Problem Setting. We consider the time harmonic linear Maxwell’s equations at fre-
quency w > 0 in Ri = {x € R3, w3 > 0} for a rough layered geometry which models a dielectric
layer on top of some metallic plate. The electric permittivity € > 0 and conductivity o > 0 vary
inside a layer of finite height Q = {0 < 23 < h} and they are constant above this layer. The
magnetic permeability p is assumed to be constant. The two boundaries of 2 are denoted as
'y = {z3 = 0} and T, = {x5 = h}. Since we assume the dielectric layer to be mounted on a
perfectly conducting plate, the electric field E satisfies perfectly conducting boundary conditions
on I'y. Consider a function gg such that the support of gg is included in €. Maxwell’s equations
describing the electric and magnetic fields E and H due to the source gy read

cwl B —iwpH =0, cwlH +iw(e+ic/w)E=gy inR}, Exe;=0 onTy (2.1)

Here, e3 = (0,0,1)T. The system of partial differential equations (2.1) has to be complemented
by a radiation condition that we will later on set up using an adaption of the angular spectrum
representation. We eliminate the magnetic field from (2.1) to obtain a second-order equation for
the electric field,

cwrl® E — w?pu(e +i0/w)E =iwpgy in R, Exe;=0 only. (2.2)

The later variational analysis does by the way not work for the magnetic field, since we exploit
that E x ez vanishes on I'y.

Since we deal with a layered geometry, we assume that e = e, > 0 and 0 = 0 in {z5 > h—1n}
for some constant ey > 0, 0 < n < 1. The relative material parameter is then defined by
&= (e +io/w) Jet, k? := w?e, p, and (2.2) becomes

cwrl’E —k?¢,E=g¢g in Ri_, Exe3=0 only, (2.3)
where we have set g := iwugg. We shall restrict ourselves to divergence free source terms,

divg=0 inR}.
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The wave number k is physically real, but for mathematical reasons, more precisely for a limiting
absorption argument, we also need to consider complex wave numbers k € C such that

k* € {z € C, Re(z) > 0, Im(z) > 0}.

We need to complement Maxwell’s equations (2.3) by outgoing conditions in the half space
above () to have any chance to obtain a well-posed problem. To formulate these conditions we
use the two-dimensional Fourier transform F, defined for an integrable vector field ¢,

F()(E) =

Py qb( Yexp(—iZ - §)da.

We recall that this integral transform can be extended to a unitary operator on L?(R?)3 or on
L?(R?). Since the Fourier transform acts component-wise on ¢ we do not distinguish between
transforms of scalar and vector-valued functions.

Since the material parameter ¢, is constant in {3 > h}, and since the support of the source
term g is included in €, the electric field E satisfies a vector Helmholtz equation AE + k*E = 0
for x3 > h. Writing & = (z1,22)" for z = (21,72, 23)" € R®, separation of variables shows that

RzeXp(i(“* W =P +@-¢)) F (Elp,) ()¢, @3> h, (2.4)

is a representation of the upwards radiating field E, where the square root in the latter expression
is defined by a branch cut in the complex plane along the negative imaginary axis. In particular,
for real k and k% < [€|2, we have (k? — |¢]?)Y/2 = i(|¢]? — k?)1/2.

The problem we aim to solve is hence the following: Find F : Ri — C that belongs to
H(curl, {0 < x3 < H}) for all H > 0 and that satisfies E x e3 = 0 on I'g, curlcurl E— k¢, E = g
in the sense of L?(IR3)?3, and the expansion (2.4).

3. Variational Formulation. Assuming that enough regularity holds, we formally multi-
ply (2.3) by the complex conjugate of a test function ). Partial integration leads to

/ (curlE ccurlyp — k%e. E - E) dz + /
Q

[219]

(churlE)-Eds:/g-de. (3.1)
Q

The task is now to replace the boundary term v x curl E by a suitable operator that acts on
the tangential component of E|Fh, and that takes into account the upwards radiation condition.
We shall construct for that purpose the so-called Calderén operator, the natural analogue of
the exterior Dirichlet-to-Neumann operator known from the variational theory for the Helmholtz
equation [17]. Formally taking the normal derivative of E from (2.4) on I'j,, we obtain

aE 1 .~
(9—563 =5 - k2 — |€|2exp(1x.£).7:(E|Fh) (&)d¢, (3.2)
a formula which defines a Dirichlet-to-Neumann operator 7" on I'y,

(Tise) / VR~ J€[2 exp (i - £) Fp(€) d&. (3.3)

It is obvious from Fourier expressions that T, : HY?(I',) — H~Y2(T},) is bounded and, by
Parseval’s identity,

~Re(T56, ) = [ 1w (VI IP) P9 de >0, (3.9
m(T¢, ¢) = /R Re (VR —TEP) 170912 ds =0, ¢ e HYA(TY), (35)

'y
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where (, ) denotes the H=/2(I';,) — HY?(T};,) duality product that extends the L?(I'},) scalar
product. These properties directly transfer to vector fields ¢. For real k we have that

~Re(T}50, ¢ /|> VIEE R F(©)? de > 0,
T, & / VI RERIFHE)? de 20, ¢ HY2(T).

To avoid lengthy component-wise calculations we shall make use of surface differential op-
erators. We have in mind that x3 is the vertical coordinate and thus we denote the transverse
part of a vector field w = (u1,u2,u3) " by ur = (uy,u2,0)". For a scalar function v we set

- ov ov T
Vv = (0v/0x1,00/02,0)" and curlpv := (Vo) x e3 = [ m—, ——=——, .
63@2 6901

For u = (u,us,0)" we set divpu := Ouy/0x; + Ous/Oxo and, again for a general vector field

u = (u1,uz,u3)’, curlpu := divy(u x e3) = Oug/Oxy — Oui/Ox2. Then there holds

- 0
curlu = (curlpur) ez + curlpus — —u x ez for u : R® — R3. (3.6)

8563

We remark that divTchlT = 0 and curly V7 = 0. Moreover, chlT and curly are adjoint to each
other in the sense that, formally, fR2 curlruvdz = fRz w curlrv dZ for scalar function v and a
vector field u. From (3.6) it follows that

E
es xcurlE =Vp(E -e3) — OEr on Of). (3.7)
€3
Due to (3.3) we know that
OFE
r_ T,:g (E7) onTp. (3.8)
81'3

To express Vr(FEs3) we use the divergence condition satisfied by E in a neighborhood of T'p,,

E3
0=divE =divrEr + g— on I'y,. (3.9)
x3

Taking the Fourier transform and using (3.2) shows that

i k2 — €2 F (Bslp,) + i€ - F (Erlp,) = 0. (3.10)

By abuse of notation, we write ¢ - F(Er|r,) instead of ¢ - F(E|r,) and ignore that strictly
speaking F (ET|Fh) has three components, because the third one is anyway zero. Consequently,

i§
NG (& F(Erlp,)) -

Let us then introduce the operator N ,:2 defined for a tangential vector field u by
1 'f
o2 Rz \/k |§ |2

iF (Bslp,) =

N5 (u)(F) = (€ - Fu(€)) exp (i7 - £) d€. (3.11)



Then one can formally write
curlExe3:TI:E(ET|F}L)+N,:§(ET|F}L). (3.12)

Let us introduce a Hilbert subspace of TH'/2(I';,) (the space of tangential vector fields in
H'?(Iy)),
THY(Ty) = {w e THY(Th), st. (€~ Fu(©)/Ik - [¢/* € L(R?)
and 12 — ¢!/ Fu() € L2R?)? ), (3.13)

equipped with the norm

1
ey = | <W|s Flurle, )P + K - |5|2|1/2|f<uT|rh><§>|2) d.

For real k2 > 0 the weight in this norm has a singularity. VAs one can easily deduce from expres-
sion (3.11) and working in the Fourier domain, N : TH'/?(T',) — TH'?(T',)* is continuous
and satisfies

Re (N u, u) = f/RQ Im (ﬁ) € - Fu(€)]? d¢ > 0,

Im (N bu, u) = ) € - Fu(€)]? d¢ >0 for u e THY*(T),).

1
43“(@

For real k, it holds that

Re (N5u, u) € - Fu(&)]* d¢ >0,

v W 5
€l <k \/W

The variational problem associated with (2.3) is derived after substituting (3.12) in the
boundary term on I'j, appearing in (3.1). Due to the continuity properties of T,:E and N,:Z the
problem is set in the Hilbert space

Im (N, u) = € Fu(©)* d¢ >0 for w e TH/(Ty).

X2 i={u € L*(Q)3, curlu € L*(Q)?, dive,u =0 in Q,
wx es=0onTyand urlp, € THY?(')}, (3.14)

equipped with the norm

%, = llellZ2is + [l curlu][Zaq)s

1
+ /R (Wlé - Flur|e, )1 + 1K = [€2[V2|F (urlr, ) (€)

2> de.

The variational problem then reads as follows: Given

g € L§(div0, Q)% := {f € L*(Q)*, divf =0in, f-e3=0onT}},
6



find E € X2 such that

/Q (curl E - curlep — k*e,E - ) do — (T}5(Er), ¥r) — (NL(Er), ¥r) = Qg-de (3.15)

for all 9 € Xj2. In the last equation we abbreviated T};(E7) and N, (Er) instead of writing
T,;(Eﬂrh) and N,;(Eﬂrh), respectively, and we will for notational simplicity continue to
do so in the sequel. We will consider problem (3.15) for e, € Wh>(Q) such that ¢, = 1
in a neighborhood of I'y,. Even though we are interested in real wave numbers we consider
k* € {z € C, Re(z) > 0, Im(z) > 0} for mathematical reasons: the solution for real k? will be
found by a limiting absorption argument.

After manipulating the variational form, we need to investigate the relation between the
variational and the original strong formulation of the problem. For that purpose we shall need
the following lemma, where we make use of the space

X2 = {u e L*(Q)3, curlu € L*(Q)3, u x e3 = 0 on Ty and ur|p, € THY?(I';)}.

LEMMA 3.1. Assume that e, € L°°(Q)) has a positive real part bounded away from zero and
that k € {z € C, Re(z) > 0, Im(z) > 0}. Then any field W € Xy can be decomposed in the form
Y =1+ Vp with ¢ € X2 and p € HL(Q).

Proof. Let p € H}(2) be the unique solution to

/ &Vp- Ve dx = / e - Vo dz for all p € Hy ().
Q Q

The function ¥ = ¥ — Vp belongs to L2(Q)? and satisfies curlyp = curlep. On the other hand,
by construction of p, div(e;1) = 0 and Pr = P on 9. Consequently 9 € X2 and the lemma
is proven. O

LEMMA 3.2. Assume that e, € L () has a positive real part bounded away from zero and
that k € {z € C,Re(z) > 0, Im(z) > 0}. A solution E € X2 to (3.15) is a distributional
solution of

curlcwrl E — k*,E=¢g in ), and E xe3=0 onTy. (3.16)
The partial differential equation holds in L*(2)3 and

curl B x es|p, = TL(Erlp,) + Ni(Erlp,)  holds in H™'/?(T',)%. (3.17)

Proof. Using Lemma 3.1 and the observation that equation (3.15) is satisfied for ¥ = Vp
with p € H}(2) one deduces that equation (3.15) is satisfies for all ¥ € X2, i.e. without the di-
vergence constraint. Then using 1 € C§°(Q2) the solution E to the variational formulation (3.15)
satisfies the differential equation in the distributional sense. Since the right-hand side and the
zeroth order term in (3.16) belong to L?(Q)3, curl curl E is also in L?(£2)? and hence the equation
holds in L?(£2)3. To obtain the boundary equation in (3.17) one can take arbitrary C°(R3) func-
tions 11 and 2 such ¢ = 12 = 0 on I'y and consider the test function (without the divergence
free condition) " such that 17 = 0 in © and the two other components are constructed in the
Fourier domain as follows

F@i )& xs) = x((1€] = k)/m) F (i) (§,23),  i=1,2,
7



where x is a C°°(R) function vanishing in a neighborhood of 0 and equals 1 outside a bounded
neighborhood of 0. Application of the Stokes formula, together with the equation satisfied by E
inside €2, shows that

(curl E x eg, ) — <T,;E(ET) JFN;:;(ET)’ ¢g"> =0.

Then one concludes by letting  — 0, since 91|, — ¥r|r, in any Sobolev norm. O
The next lemma shows that a solution to the variational problem (3.15) is not only a weak
solution of Maxwell’s equations (2.3) but also satisfies the upwards radiation condition (2.4).
COROLLARY 3.3. Assume that e, € L (Q) has a positive real part bounded away from zero,
that k* € {z € C, Re(z) > 0, Im(z) > 0}, and let E € X2 be a solution to (3.15). Then E
extended to {x € R®, x5 > h} by

Ef(z) = /R oi((@a=m IRl +ag) o (Erlp,) (&) dg

(3.18)
i((ws—h)\/R2—|E2+3-
B0 = [ H VTR (5 (Bl ) ) 1V T
is in Xz N HY({h —n < x5 < H})? for all H > h and satisfies
curlcurl E — k%c,E = g in Ri, and E xe3 =0 onl)y. (3.19)

Proof. Let us first check that E* is well defined and belongs to H({h < x3 < H})? for all
H > h. Since Ep € TH'/?(T'},), using [8, Lemma 2.2] one obtains that E;; € H'({h < x3 < H})?
for all H > h. Let xas be the characteristic function of a set M and let us set

f1(&) = (& F (Brly,) () /VE? = [€2X¢1 <2k,
f2(&) == (- F (Brly,) () /Vk* = [€]2X || 22k

so that
Ej (2) = / coxp (i ((2s = VIR TP+ €) ) (119 + () A€ = BN () + BN (@),

One can easily check, using the Cauchy-Schwartz inequality, that |£|™ f1(€) is in L'(R?) for any
integer m and therefore B ' € C> ({3 > h}). On the other hand (1+|€]'/2) f2(€) € L2(R?) and
therefore Ey"' € H'({h < 3 < H}), H > h. We then conclude that Ey € H'({h < 23 < H}).
By taking the Fourier transform with respect to Z one checks that

curlcurl E¥Y — k?E*T =0 in {23 > h} (3.20)
3.20
E+|Fh X e3z = E|Fh X es.
Using (3.17) one also checks (in the Fourier domain) that
curlEJr’Fh X e3 = curlE|Fh X es. (3.21)

It is then the a classical exercise (using the Stokes formula) to verify that (3.16), (3.20) and (3.21)
combined with the local H(curl) regularity imply that (3.19) is verified. In turn, (3.19) implies
that divE =0in {z3 >h—n} for H >hand E € H'({h—n <3 < H})3. O
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REMARK 3.4. The corollary’s statement that the extension by (3.18) belongs to H ({h—n <
x5 < HY}) for H > h implies that (& - F (ETirh) (€)) /\/k? — [€]? is the inverse Fourier transform
of E5, due to the second equation in (3.18). This shows that a solution E to (3.15) indeed satisfies
the angular spectrum representation (2.4).

In particular, if the variational problem (3.15) has a unique solution, then this solution
is independent of the truncation parameter h (chosen large enough for not touching the rough
layer).

The central technique to prove solvability of the variational problem (3.15) is a suitable
Rellich identity for a solution of Maxwell’s equations. This tool uses integrations by parts
requiring additional regularity.

LEMMA 3.5. Assume that &, € WH°(Q) has a positive real part bounded away from zero
and let E € X2 be a solution to (3.15). Then E € HY(Q)> N H2({h —n/2 < z3 < h})3. If

€ W2(Q), then E € H*(Q)3.

Proof. Assume that e, € W1>°(Q). We shall first prove that E € H'(Q)3.

Let j € Z* and set Q} := {z € Q,|z1 — j1| < 1,|z2 — jo| < 1} and QF := {z € Q, |21 — 51| <
2,|ry — ja| < 2}. Let x be a C>°(Q) function such that x = 1 in Q§ and x = 0 outside Q3.
Considering the function E; = x(Z — j)F and the fact that dive,E = 0 in Q and that the
tangential components E; . of E; belong to H'/?(9Q3) we get from standard results on H (curl)
spaces that E; € 1((2?) and that there exists a constant C' such that

HEj”iql(Q;) < C(HEJ'||2L2(Q?) + 1l CurlEj||2L2(Q§) + HEJ'T”%{UZ(BQ?))'

The constant C' depends only on x and || lw1.~ and is independent from j due to the invariance
by translation of the norms. Setting I'} :=T', N 6(22 we have that E;, =0 on 6(22 \ I‘J Using
the definition of E; as well as the differentiation rule curl yu = Vx >< u + Xcurlu we deduce
that

1B 01y < CUENZ 2 + |l Bl L2y + [ B30 0 ))-

where the again constant C' is independent from j. Summing over j € Z? shows that
||E||it11(9) < 4é(||E||%2(Q) + | CUﬂEH%%Q) + ||ET||iL11/2(rh))-

We now prove that E € H*({h —n/2 < x3 < h}). Set Uy = {h —n/2 < x3 < h}.
Uy=1{h—n <3 < h+n/2}. We extend E € H(2)? to Uz as in Corollary 3.3 and we
denote the extension still by E. We first remark that according to that Lemma the extension is
continuous across I',. We therefore deduce that E can also be represented in {z3 > h} by (2.4).
From the first part one has that E|p, € HY?(T},)3. Consequently, using [8, Equation (2.19)]
implies that E € H'(Uz)?. Define further

U{ = {z € Uy, |a1 — j1] < 1,|z2 — jo| <1}, and
Ug={$EU2,|$1—j1|<2,|l‘2—j2|<2}, jGZQ.

Since E € H'(U;) solves an inhomogeneous vector Helmholtz equation AE + kI E = g with
constant coefficients, elliptic regularity results [16] yield

||E||H2(UJ) — (HEHHI(U.'I + ||g||L2(UJ ) ) .7 € Z) (322)

with a constant C independent of j since the geometry of U1j72 is independent of j. Summation
over j € Z? shows that || E||g2(y,) is bounded.



Assume now that e, € W2°°(Q). We proceed as above with Uy = {/2 < z3 < h —n/2}
and Us = Q. Elliptic regularity implies that there exists a constant C' that only depends on h, n
and ||&;|lw2.~ such that (3.22) still holds. We then conclude, using part (a), that || E| g2(y,) is
finite. Combining with part (a) we obtain that E € H*(Q)3. O

4. Technical Lemmas. We first prove some auxiliary lemmas that will be useful in estab-
lishing integral identities for Maxwell’s equations. The next lemma recalls integration by parts
formulas in the unbounded domain 2.

LEMMA 4.1.

(a) For w,v € H(curl,Q) there holds [, curlu-vdz = [;u-curlvds + [, (v x u) vrds.

(b) For ¢,¢ € H'(Q) there holds [, ¢ 9 /dx;dx = — |, 0¢/0z0 dx + [y vi¢dds, j =
1,2,3.

(¢) For ¢ € Wh>°(Q) and ¢ € H*(Q) there holds [, ¢ O||*/0xs dx = — [, 0¢/0xs|y|* du+
faQ V3¢ || ds.

(d) For ¢, € HY2(T},) there holds (¢, 0 /dx;) = — (0¢/0x;, V), j = 1,2.

Proof. (a) We introduce a smooth cut-off function x4 in the & variables such that x(Z) =1
for |Z| < A, x(Z) =0 for |Z| > A+ 1 and 0 < & < 1. By choosing for instance a radial function
xa(z) = xa(|Z]), one observes that we can furthermore impose that the maximum norm of the
gradient of x4 is uniformly bounded in A > 0. The integration by parts formula in Lipschitz
domains [17, Theorem 3.31] implies

/XAcur1u~vdx:/u~cur1XAvdz+/ xa(v x u)-vrds
Q Q o0

:/XAu~cur1vdx+/u~(VXAxv)dx+/ xa(v x u) - vpds.
Q Q EI)

By Lebesgue’s dominated convergence theorem, fQ xau - curlvde — fQ u-curlvdr as A — oo
and [y, xa(v x u) - vrds — [, (v x u) - vrds as A — oo by continuity of the linear form
H(curl,Q) 3 ¢ — [, (v x u) - ¢ ds. Moreover,

/u~(VXA x v)dx
Q

§2||VXA||LOO(Q)/ |lu||v|]de — 0 (A — o0)
A<|z|<A+1

since u,v € L?(Q)3. Parts (b) and (c) follow in a similar way and (d) can, for instance, be shown
using Plancherel’s theorem. O
LEMMA 4.2. Assume that e, € WH°(Q) has a positive real part bounded away from zero.
Then the following identity holds for all E € H*(Q)3:
O3 Q Er 81'3

E _
2Re/ (63 X 8_) -curl Edz = 2/
Q Ox3 o |0z3

2 . —
+/ Olos(ler]) 9IEs| da — 2/ Im <7310g(€r)) Im <%E3> dx — 2Re/ LV(&E) %dz
Q Q Q

0xs 0x3 Oxs 0xs er 0x3

2

E
0 dx + 2Re

Ve, oE
re ET—gdZE

OE _ _
—2Re/ (—3 —divE) Es ds—QRe/ divy ErEsds.  (4.1)
'y Ox3 o

Proof. Using (3.6) one has

E _
2Re/ (63 X 8_) -curl Edz = 2/
Q Ox3 Q

10

OEr
61’3

2
OFE _
dx—QRe/ L ViEs da.
q Ox3




‘We observe that

E _
72Re/a T~VTE3dx:2Re/
q O3 Q

<idiVTET> Fg dx
8$3

OFs5 _ _
= -2 Re/ divyr Er 8—3 dx + 2Re/ divrErFE3ds — 2 Re/ divr ErFE3ds.
Q €3 r

h To

Using the identity

div(e. E)

r

divrEr = —0FE3/0x3 — V(&) /ey - E +

in combination with the fact that &, is constant in a neighborhood of '}, we find that

_ E _
/ divp ErEs ds = f/ <Q — div E) Es ds.
T s Ox3

We also get
OE; 0Bs|* Ve,  OF div(e,E) OF
- 2R€/ diVTET —3 dx = 2Re/ _3 Ve B 3 de — 1V(E ) 3 dz.
Q (9:63 Q (9:63 Er 8:r3 Er 8:r3
Furthermore,

8:r3 3 (9:63 8:r3 (9—563 (9:63 (9:63

Re (fﬂog(sr)E 553) _ Olog(lex]) (GE_sEB) M (GIL(EJ) I (G_E_sEs)

and we conclude the proof by noting that

. B . E 1 . E
oRe [ Yo B8 g _ope [ YT g OB g0y ope [ Olo8(e) p OFs
Q Er (9:03 Q Er al'g Q (9:03 8503
e ; -
2Re/ Vre: -ET%d:H/ Olog(lex]) 91 Es| dx72/1m Olog(er) \ ) (9Bs Y g
o Er 0x3 o Ors 0x3 Q 0x3 0xs

O
LEMMA 4.3. Assume that E € H?(Q)2. Then

E —
2Re/z38— -curl curl Edz = f/ lcurl E* da + h/ lcurl E|? ds
o Oz Q T

E — E —
+2Re/ es x 2B -curlEdz+2hRe/ OEr (e3 x curl E)ds.  (4.2)
Q 6.’173 I 5303

11



Proof. Denote by v the outward unit normal to 2. Two integrations by parts imply that

OF —
2Re [ x3— -curl curl Edx
o Oxg
E — E —
=2 Re/ curl (Z‘ga—) -curl Edz + 2Re/ 1'38— (v x curl E) ds
Q ds oQ z3
0 OF —
= [ 23— |curl E? dx—i—QRe/ es x — | -curl Edx
o Oz Q Ox3

OF —
+2Re/ 23— - (v x curl E) ds
oo O3

=— [ |curl E]? d:c+/ 25 |curl B (v - e3) ds
Q a0

OF — OF —
+2Re/ es X — ~cur1de+2Re/ R (v x curl E) ds.
Q Ox3 o0 Oz

One then concludes by noticing that z3 =0 on I'y and x3 =h and v =e3 on [',. O
LEMMA 4.4. Assume that e, € WH°(Q) has a positive real part bounded away from zero.
Then any solution E € X2 to (3.15) satisfies the identity (4.2) and, moreover,
— dz+2Re/ Epr —dz (4.3)
Q Er

O0E — /
2Re e3 X — | -curl Edx = 2
/sz ( ° 5553) o |Ox3 Ox3

2 o
+/ dlog(|e:|) O|Es| dzd/ - (%) Im (%EB) dxnge/ 9Es - 4.
o Ozs Oz Q O3 Ox3 r. 973

Proof. Let § € C*°(R?) be a smooth and non-negative function with support in the unit ball
and [p,0dz = 1. For 6 > 0 and z € R? let 6°(2) := 6720(x/5). Let E € X2 be a solution
to (3.15) and note that Lemma 3.5 states that E € HY(Q)3NH?({h—n/2 < 3 < h})3. We extend
E to a function defined in all of R? so that the extension belongs to H!({x3 < h})3NH?({x3 > h—
n/2})? (see, e.g., [20] for a suitable extension operator for the half-space). By abuse of notation,
the extended function is still denoted by E. The convolution E? := 6° x E belongs to H?({2) and
therefore satisfies identity (4.2). Moreover, E® — E in H'(Q)3 N H?({h —n/2 < 23 < h})? and
curl curl E® — curl curl E in L?(92)? due to Lemma 3.2. Convergence in H2({h—n/2 < x3 < h})?
in particular implies that curl E® — curl E in L?(T',)3. Consequently, taking the limit as § — 0
implies that E also satisfies (4.2).

The smoothed function E° also satisfies the identity (4.1) and again we consider the limit
of this identity as § — 0. Since £, € W°(Q) it holds that div(e, E®) — div(e,E) = 0 in L?(9).
Moreover, divy E% — divyr Er =0 in H‘l/Q(FO) holds due to the convergence in Hl(Q)?’ of EY
to E and since Er = 0 on I'g. Convergence of E° to E in H2({h —n/2 < x3 < h})® implies
that 0F°/0x3 — OE/0x3 in HY/?(T}). Taking the limit as § — 0 yields (4.3). O

2

OF Ve OF;

5. Inequalities Resulting from Rellich Identities. Various Rellich identities for the
Helmholtz equation [3,8,15] motivate to multiply the Maxwell’s equations (2.3) by z3 OF/Jx3
and to integrate by parts to obtain an integral identity linking |0E/dz3|* with the right-hand
side of the variational formulation. For a limiting absorption argument we need to establish this
identity for solutions to a scattering problem with (artificial) complex wave number k, € {z €
C, Re(z) > 0, Im(z) > 0}. For simplicity, we set

k2 :=k* +ia fora€[0,1].
12



It is crucial that the estimates resulting from the Rellich identity are uniform in « € [0,1]. Note
that Proposition 5.1 below only contains the estimate resulting from the Rellich identity. The
identity itself appears in equation (5.7) in the proposition’s proof.

We consider E € X2, a solution to

/ (cwlE - curl§p — k26, E - §) d — <T,:g (Er), ¢T> - <N,j; (Er), ¢T> = [ g-%de (5.1)
Q & « Q

for all ¥ € Xjz.
PROPOSITION 5.1. Assume that &, € WH°°(Q) has a positive real part bounded away from

zero and a mnon negative imaginary part and that g € LE(div0, Q). Let k > 0 and o > 0, and set
k2 = k* +io. Assume that E € X2 is a solution to (5.1). Then it holds

It
< (w22

where we have set g :== g + iae. E + k:i Im(e;) E. Moreover,

22
8563

2
ORe(e;) o  Olog(le|) 9|F3/|? dlog(e;) OEs
2 E —2Im | —" ) Im | —F
+ F 3 (9:63 | | + (9:63 (9:63 m aIL'g m aIL'g 3 dz

: E )
—|—2Re/QVETE -ETg—jder/ Im(\/k§—|§|2) \EJ2 de

OE
8563

+ (14 2V2kh) || B| 123 ) g1l L2()2 + V20h|| Bl L2(0)s gl L2z (5.2)
L2(0)?

[ K (e do < gl Blogo (53)
Q
Proof. From the variational formulation (5.1) we infer that
/ (cwl E - curl % — k? Re(&,) E - ) dz — < & (Br), ¢T> < 5 (Er), ¢T / Pda
Q

(5-4)

for all ¢ € Xj2. Since E € Xj2 solves (5.1) we can apply Lemma 3.5 to obtain that E €
HY(Q)3 N H2({h — 1 < 23 < h}). Moreover, Lemmas 4.3 and 4.4 state that

10}
2Re x3— curl curl E dr = / curl E|? dz + h/ lcurl E|* ds
Ox3 Q T,

OEr

OE — —
+ 2Re/ (63 X —) -curl Edz + 2h Re - (e x curl E) ds.
Q Ox3

Iy Ox

In Lemma 4.4 we have already treated the term 2Re [,,(e3 x 0E/dxs3) - curl E dz, see (4.3). Due
to identity (3.6), it holds that e3 x curl E = VpE5 — 0Er/dx3 and therefore

onRre [ 2FT

— 19} —
-(ez x curl E)ds = —2h/ |OEr/0x3|*ds 4 2h Re/ L ViEsds.
T, r

'y Oz , 93

13



We then obtain
2

E — E
2Re/ 1'38— ccurl curl Edz = — [ |euwrl E|* dz + h/ lcurl E|? ds + 2/ oE dz
o Oz Q Ty o |Ox3
r oFE 01 ) O0|E3|? 0l r OF5
+2Re/ Ve ~ET—3dx+/ og(ler) O1Es|” oy (los(e) 1 (OFs b Y,
Q &r 0xs Q 0x3 0x3 0xs 0xs
O0F; — OE _
— 2Re/ 3, dsf2h/ |0Er/0x3)* ds + 2h Re L ViEsds.
s Oxs s s Oz

Now we exploit that E satisfies Maxwell’s equations (2.3) in the L? sense,

OF — OF — o0E _
2Re/ x3— - curl curl B dz:QkQRe/ zgRe(er)—-deJrQRe/ r3— - gdx
o Ors Q O0x3 o Oz3

FE _
i [ saRe(e) g B do+2Re [ oS Gas
Q

61’3 Q T3
d(z3 Re(e; OE —
:%2/ Olws Re(er) | 2 dx+k2h/ |E|2ds+2Re/x3—-gdx.
Q Ox3 Ty o O3
Together, the last two equations imply
(3 Re(e, OB |?
—/ (|curlE|2 —k2M|E|2) d$+2/ —| dzx
Q 8563 Q 8563

_ : -
+2Re/ Vre: ~ET%dz+/ <alog(|€r|) AESI” 1, otm <81L(5r)) Im <%E3>) dz
Q Q

er T3 0x3 0x3 0xs Oxs
E3 — E _
72Re/ %Eg dsf2h/ |8ET/8z3|2ds+2hRe/ OEr -VrEsds
Ty 61’3 Ty Ty aZCg

OE
+h/ (|cur1E|27k2|E|2) ds :2Re/ r3— -gdz. (5.5)
T o Oz3

Taking the real part of the variational formulation (5.4) with ¢ = E yields
/ (|cur1E|2 — k% Re(s,) |E|2) dz — Re <T,j2 (Er), ET>
o %

~Re <N,j2 (Er), ET> :Re/g-de. (5.6)
< Q

By adding (5.5) and (5.6) and ordering volumetric and boundary terms, we obtain

2

OF ORe(er) |2 Olog(lec]) O|Es|?
2|— 2ps———Y|E
/Q < 8:r3 + K 3 8:r3 | | + aIL'g (9:63 dz

+2Re/ VTET-ET%dx—/QIm Olog(en) \ 1 (05 1\ 4,
Q Er 0x3 Q O3 0x3
OBy

Ty Oz3

+ h/ (|curlE'|2 — k’|E|)? - 2|8ET/61;3|2) ds + 2h Re -VrE3ds
T'n

B3 - + +
—2Re /Fh a. Fods — Re <Tki (Er), ET> ~Re <N,€i (Er), ET>

OE _ —
:2Re/z3—~§dz+Re/g~Edz. (5.7)
o Oxs Q

14



In the sequel of this proof we abbreviate by A(E) all the volumetric terms appearing on the
left-hand side of the last equation. From the decomposition (3.6) of the curl operator we see that

- 2 |9E+|? . NE
jcwrl B = |eurly Br|* + ‘CuﬂTEB‘ + ’ Z| —2Re <cur1TE3 : w)
Oxs O3
- 2 OE+ |2 oE
= |ewrly Er|? + ’curlTEg‘ +1ZET _9Re(VpEs - 221
a-/L'3 0303

We use this relation to substitute the term |cur1E|2 in the boundary integral over T'j, in (5.7),

OEr|?

A(E —h/ ‘—

(&) (a
OF

—Re< % (Br), T>—Re<N,:é(ET), ET>2Re/Fh %jE_gds

- 2
+ K*|E)? — |curly Ep|* — ‘CU.I’lTEg‘ ) ds

E —_
:2Re/$3§—3 gdx—l—Re/g-de. (5.8)
Q

We consider now the boundary terms appearing in the second line by computing their sum in
the Fourier domain. Plancherel’s theorem implies

2
/ (mmu OEr |
Ty, awg

A A ]2 N . N A
= / [l€2|E|2 + ’ k3 — |§|2ET‘ — &1 By — &E ] — &F|Esl® — §§|E3|2] d
RZ

- 2
|curly ET|2 - ‘curlTEg,’ ) ds

= / [(kzz — (€[ + k2 — [€[?1) 1Bl + (K2 — ()| Bsf? + &2 B + @Eﬂ A
RQ
= /R [(kQ — €12 + 182 — €] + Ca(©)) 1Bl + (2 — 1¢)| Bl + |2 By +52E2f] de,
where (o (€) := o2 /(|k2 — |€]?] + |k* — |€]2]), € € R?. The identity

A A 2 . A
/R NGB+ & B[ dE = |[divr Brl|Zar,) = [0Fs/0as||72(r,) = /R ke = €11 B[ dg

and the radiation condition yield

o
/Fh (k ol +'5$3

< [ G(OIEdE+2 k2 — |€%)|Er[*dé + 2 k2 — €[] Esl* d

< [LG@Braca [ lemiBaPacea [ 02— ePB ag

< / Ca(O)| B dé + 2k / VIEJER B de.
R? €<k

Further, Corollary 3.3 implies that 0E3/0xs|., = T,5 (E3) and that

- 2
|curly ET|2 - ‘curlTEg,’ ) ds

(N (Br), Br) =i wa dg =i [ VRZ— P IEaP dc.



Hence,

—Re< & (Er), ET> Re<N,; (Er), ET>72Re/ a—nggds

= [ (VEEZTEP) Bl g [ (VRETEP) 1Bl g2 [ o (VAT =R 1B e
= [ (VTP 1B e >0,

Returning to (5.8), we find

B)-oin [ VEREIBRA—h [ G(OIBPac+ [ (VIEZTEE) 1B g
l€|<k R2 R2
< 2Re $3§—E3 gdx—l—Re/Qg-de. (5.9)

The two negative terms from the last expression can be estimated a-priori by taking the imaginary
part of the variational formulation (3.15) with ¢» = E, yielding

/(aRe(sr)+k21m(sr))|E|2dz+Im<TkJ§ (Er), ET>+Im<N,j2 (Er), ET> - flm/ g - Edz.
Q « « Q

(5.10)
All quantities on the left of (5.10) are non-negative. We recall that

mn (T, (Br), Br) = /R Re (VAZ—EF)|BrPde and
(N (Br). Br) = | Re(VRE =[PP 611

From Lemma 5.2 below it follows that (,(§) < v2aRe (\/kg - |§|2). Therefore, using (5.10)
and (5.11),

| aimracs [ vaare (VEZ=TER) 1B ac
= V2o (Im (7} (Br). Br) + Im (Ns (Br), Br)) < vV2algll 20y | Bl @y (5.12)

Inserting the last two estimates into (5.9), we obtain (5.2). Estimate (5.3) is a direct consequence
of (5.10). O
LEMMA 5.2. For k>0, a >0 and £ € R?,

2

(0%
&) = e e e < V2 Re (VR TF).

Proof. We recall that k2 = k*+ia and therefore |k2 — |«£|2‘2 = [k? —|¢]?|? + 2. For [£]? > k?
it holds

V2Re VEZ — [€)2 = VIKZ — €2 + k2 — €2

— /K2 — [€P— k2 — (€2 = - .
(k2 — [e[2] + |k2 — €22

16



Hence,

2
V2aRe /2 — € = a Vo > . L e > k2
= Tepr e e - e e e e

<1

Let now [£[?> < k2. Then v2aRe /k2 — [£[? > V2ay/a/2 > o? /(K2 — |¢?] + [k* — [¢?]). O

6. A-priori Bounds for 1D Structures. The simplest situation to prove an a-priori
estimate for solutions to the electromagnetic rough layer scattering problem is when &, only
depends on z3. One might argue whether such a material parameter still corresponds to a rough
layer. Nevertheless, in this section we investigate this simplified setting, because we rely on the
corresponding a-priori estimates when considering more general situations in the next section.
The following lemma is a direct consequence of Proposition 5.1.

LEMMA 6.1. Let &;, g and k2 be as in Proposition 5.1 and further assume that €, does only
depend on x3. Then any variational solution E € X2 of (5.1) satisfies the a-priori estimate

OFE
2| —
Ag=
OFE
< |2 1| =—
B < (b )HazB L2(0)3

k% + a)? 1/2 0log(e,
+ ((1672)|| Im(gr)||Loo||g||L2(Q)3|E|L2(Q)3) + Hlm (%) E

2 O Re(e;)

dlog(le.]) 9|Fs|* / .
klas—— Y B d Im (k2 — [€2) |E|2d
+ 3 81'3 | | + 81'3 81'3 . + R2 m ( @ |€| ) | | 6

+(1+2v2hk + v 2ah)||E||L2(Q)3> [HQHL?(Q)3 +aller| L | Bl L2 )3

(6.1)

L2(Q)3 }

REMARK 6.2. Let § be a positive constant such that 0 < § < h/2. We denote by a “tubular
domain of thickness 6”7 of Q@ any open domain Ds := {x € Q, r(Z) — /2 < z3 < r(Z) + §/2}
where r : R? — R is a piecewise Lipschitz continuous function that satisfies 6 < r(Z) < h — 4.

The following Poincaré-like result is well-known (see [15, Lemma 4.3] and [8, Lemma 3.4]).

LEMMA 6.3. Let 6 be a positive constant and let Dg be a tubular domain of thickness 0 of
Q. Then

ou |2

Ollulliz(q) < 4hlullZap,) +8H° B3

for allu € HY(Q).

L2(Q)

LEMMA 6.4. Foru € {v € H'(Q), vl =0} there holds |ul|L2) < h/\/§|\8u/8x3|\Lz(Q).

Our assumptions on ¢, are as follows:

(a) & € WH*(Q) only depends on 3.

(b) Re(e;y) is positive and bounded away from zero,
ORe(e;)/0x3 > 0, and Im(e;) > 0 in .

(¢) There exists a tubular domain Ds C 2 of thickness § > 0
and constants v > 1 and ¢ > 0 with

2 .
kagaRe(sr) 2 0log(lex|) > 0 ?n Q,
Ors Jrs c>0 in Ds.
(d) There exist constants 5 > 0 and 6 > 1/2 such that

‘Im <812Lx(3€r)) < fBIm(e)? in Q.

17



Two remarks are in order.
REMARK 6.5. Assumption (d) in (6.2) is not too restrictive compared to the conditions
(a)-(c), since it can be written as

1 O Re(e;)

0Im(e,
|2 Im(Er)Txg J

0
o < BIm(e,)

— Re(e;)

lex
and therefore roughly means that the imaginary part of €, should not vary more than exponen-
tially. This condition is for instance verified if Im(e,) = 0.

REMARK 6.6. To show that there are material parameters that satisfy (6.2) we construct a
real-valued example. For real-valued €, = e,(x3), we reformulate (6.2)(c) as

K*x3e? >~% in Q and (k*v3 — c)e? > y2%¢l in Ds. (6.3)

We construct in the following a piecewise linear function that satisfies these conditions. For
parameters 0 < hy < hg < h and 0 < e_ < 1, we define e;(x3) = e_ in (0,h1), e;(x3) = e_ +
(x3—h1) (1—e_)/(ha—h1) in (h1, h2), and ex(x3) = 1 in (ha, h). Then e, is an increasing function
in (hi, ha), it possesses a bounded weak derivative, and it satisfies (6.3) for Ds = {h1 < x5 < ha}
and 0 = 1/2 and if and only if

1—e_ 1—e_
k*hie? >y*——— and (k*hy —c)e® > *——.
162 20— and (K —c)et 2y
The latter conditions hold, e.g., for e = 0.5, hy = 0.25, ho = 0.75, k = 6, v = 3/v/8, and
c = k?/8. Condition (6.3) can be interpreted as a bound on the growth of €,. Indeed, dividing the
left inequality of (6.3) by 2 and integrating between 0 and x3 we obtain the necessary condition

£:(0) [1 + ;—;:E%sr(:cg)} > er(x3) > &.(0), w3 € (0,h).

Next we use the assumptions (6.2) on the material parameter €, to prove a-priori bounds on
a solution to (5.1).

LEMMA 6.7. Let g € L3(div0,Q)® and k > 0. Assume that e, satisfies (6.2) and set
k2 = k*+ia for a € [0,1]. Then any variational solution E € Xy2 of (5.1) satisfies the a-priori
estimate

(r

with C = (3 4+ v/2h + 2h 4+ 2v/2hk)[1 + (y(4he + h26¢) /(v2 — 1) 4+ 8h3)/(d¢)] and where

OE ||

8563

L2(Q)3

1/2
+|\E|\%z<ms+AZIm(Vk3—|£|2) |E‘|2ds> <CLa(g.E),  (64)

Lo(g,E) = ||lgll 2 + aller]| L= | E| 2 (0)s

2(k* + 1)2|| Im(ey) || L + 26%]| Im &, |20~
+ k2

1/2
|g|Lz(ms||E||L2<ms) . (6.5)

Proof. From Assumption (6.2)(d) and (5.3) we infer that

()
6303

9—1/2
Bl Ime;|| ;0
< e figl e Bl o

L)% k
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Therefore (6.1) implies

OE|® 8Re(sr) | Olog(lex) | Es? - N
A(a—m Ky E]® + o o d:ch/RQIm(\/ka—|§| )|E| e
2(h+1) H + (14 2v2hk + vV2ah) | E| 20y | La(g, E). (6.6)
Ox3 L2(Q)3

The term 0| E3|?/0x3 can be rewritten as 2 Re(E30F3/0x3). Hence, setting 7 = 1 —~~2 > 0 and
complementing the square, the first integral of (6.6) equals

9E, 2
/ (2‘
Q Oz3

O Re(e;)
0x3

0FE5 _10E3 n 0log(ler|)
81'3 al'g 7 (9:63

O Re(e, dlog(l=))\?
(i (M) o

Now we exploit assumption (6.2)(c) to estimate the latter term from below, and thereby we
obtain from (6.6) that

2
+ k223 |ET| + 5 Es‘

+‘7

+ellBaliago, + [ 1m (VRE=TEP) 1BP a¢

H 6303

L2(Q)3
OFE
< (34 V2h +2h +2V2hk) | || 57— +|El 2 | Lalg, E). (6.7)
T3 || L2 ()3
From Lemma 6.3 we see that
4he + 8h35 ‘ OE ||?
B30y < ———1 — + c||Es]|7
1 E5/|72(0) < 5 ( 925 || 1y B3l Z2(py)

and Lemma 6.4 states that ||ETHL2(Q) h2/2||8E/8z3||L2(Q)3, since E € Xj2. Combining the
last two inequalities for E7 and F3 shows that

4hc + 8h35 + h25c
2
| El72(0) < 8z3

ocy

+ C||E3||2L2(D5)> .
L2(Q)?

Using again (6.7) we obtain

4hc + 8h3y + h%5
[Faf — 50; (3 + V2h + 2h + 2V2hk) (H
X3

+ |E|L2(Q)3> L.(g,E)
L2(Q)3

and, additionally, (6.6) trivially implies that [[0E/023)|72.q) + Jp. Im(\/kZ — IE12)|E|? d¢ is
bounded by the left hand side of (6.6). Adding the last two inequalities finally yields (6.4).
0
An immediate consequence of the last lemma is the following uniqueness result.
COROLLARY 6.8. Let g € L3(div0,Q)3, k > 0, and assume that &, satisfies (6.2). Then prob-
lem (3.15) (or, equivalently, problem (5.1) with real wave number, that is, for & = 0) possesses
at most one solution E € X2.
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A further consequence of Lemma 6.7 is an a-priori estimate in H(curl, §2).
LEMMA 6.9. Let g € L3(div0,Q)® and k > 0. Assume that e, satisfies (6.2) and set

k2 = k*+ia for a € [0,1]. Then any variational solution E € X2 of (5.1) satisfies the a-priori
estimate
A 1/2
(1B + [, 1 (VAT =TEE) 1B e

< V(R + Dlellz~ +1)C? + C La(g. E), (6.8)

where C' is the constant from Lemma 6.7 and Lo (g, E) is given by (6.5).
Proof. From the real part of the variational formulation (5.1) with ¢ = E we infer that

/|cur1E| —Re<T+( ), ET>

< (NG (Br), Br) + 2l B3 zys + gl 20y 1Bl 2.

Since E solves (5.1) and exploiting Corollary 3.3 we obtain that divp Ep = —0F3/0x3. Thus,
the radiation condition implies

Re (N (Br). Br) =~ [ I (%) a¢ = [t (VEZTEP) IBaP e

Since Re< S (ET), ET> <0, using (6.4), we arrive at

H CuI‘lEH%z(Q)S + HEH%Z(Q)S + /R2 Im (\/ kg - |§|2) |‘E|2 df

< (K + Dllerll = + DIEIZ2(@pe + gl 2| Bl 20ys +2 / I (VEZ [P 1B d
< (8 + Dl +1)C? + C)La(g, B)?

where C' is the constant from Lemma 6.7. O

7. A-Priori Bounds for Rough Structures. In this section we formulate a-priori esti-
mates for solutions to the scattering problem (3.15) for dielectrics €, that are allowed to depend
on all three variables z1, z2, and x3. Using a perturbation approach we bound the dependence of
g, on the transverse variables & to preserve the a-priori estimate gained from the Rellich identity.
To this end, we shall impose that the term

OE3
Oy

ET—d

| Bl L2 () (7.1)

Loo(Q)2

VTEr 8E3 ’ H Vrer

Er L2(Q)

is small. Here, the L>° vector norm is defined as the square root of the sum of all squares of the
maximum norm of the components.
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Analogously to Assumption (6.2) we suppose that e, satisfies the following assumptions:

(a) & € WH*(Q), Re(e,) is positive and bounded away from zero,
ORe(ey)

6303
(b) There exists a tubular domain Ds C 2 of thickness § > 0
and constants v > 1 and ¢ > 0 with

2 :
s JRe(er) 2 <810g(|5r|)> > 0 in Q,
Ors 0x3 c>0 in Dy.

(¢) There exist constants 8 > 0 and 6 > 1/2 such that

‘Im (algix(jr))‘ < BIm(s,)? in Q.

(d) ||VT5r/5r||Loo(Q)2 < \/§/h

>0 and Im(e;) > 0in Q.

REMARK 7.1. It is possible to construct examples of contrasts that satisfy these requirements.
For instance, one can take the piecewise linear profile constructed in Remark 6.6 for parameters
0 < h <hy <hand0 < e_ <1, and add a sufficiently small function that vanishes for
x3 & (h1, he): ex(x) =e_ for xzs € (0,h1), ex(x) =1 for x3 € (0, h1), and

1—e_
hs — hy

Er(l') =ée_+ ($3 —hy) + (Sfl(.%'l,l’g)fg(l'z;) for x3 € (hl, ha),
where § > 0 is a (small) parameter, f; : R? — R possesses bounded weak partial derivatives, and
f2: (0, h) — R possesses one bounded weak derivative and vanishes in (0, h1)U(ha, hs). Ford >0
small enough, €, is positive and increasing in (hy, ha) with respect to x3 and ||Vrer/er| )2 <
V2/h. Condition (b) from (7.2) is also satisfied if 6 > 0 is chosen small enough.

LEMMA 7.2. Let g € L3(div0,Q)® and k > 0. Assume that e, satisfies (7.2) and set
k2 = k? +ia for a € [0,1]. Then any variational solution E € X2 of (5.1) satisfies the a-priori
estimate

1/2
(Ha B + Azlm(¢ka|s|2)|ﬁ|2dg> <CL.@B).  (13)

where Ly (g, E) is given by (6.5) and C is the constant from Lemma 6.7.
Proof. By complementing the square, we note that Lemma 6.4 implies that

L2(Q)3

VTEr 8E3
T
Zs3 LZ(Q):} Er Lo ()2 Z3 L2(Q)
OFs3 2 Vrer 0Fs3
>[5 By -2 1Bl | 222
Haw?; L2(Q)3 h? L2 r Lo ()2 @) Ox3 L2(Q)
2
0F5 HVTET 2 Ve, ? 2
| E7]| L2(0)2 — = I E7|72(q)2-
<H al'g L2(Q)3 Er Loo(Q)2 (©) h2 Er Lo ()2 ()

If HVTEr/ErHLOC(Q)Q < \/§/h, then

0Fs

6903

vT‘C«‘r

7|

1Er| L2 ()
Lao(Q)2
21

H O3 L2(Q)3 Er L2(Q) .



In consequence, inequality (5.2) implies that

2

9E o ORe(er) o Olog(ler]) O|Es|* / E TR B2
/Q < 6903 +k 3 6303 |E| + 6303 6303 d:L'+ R2 Im( ka |§| ) |E| df

9B
6903

< <2(h+1)”

4 (1+2hk + \/2a)|E|Lz(Q)3> Lo(g.E) (7.5)
L2(Q)3

where L, (g, E) is given by (6.5). The last estimate corresponds to (6.6), and the rest of the
proof follows as in proof of Lemma (6.7). O

As in the last section, we deduce a uniqueness result and an a-priori estimate in H (curl, ).

COROLLARY 7.3. Let g € L3(div0,)3, k > 0, and assume that e, satisfies (7.2). Then prob-
lem (5.1) (or, equivalently, problem (3.15) with real wave number, that is, for & = 0) possesses
at most one solution E € X2.

LEMMA 7.4. Let g € L3(div0,Q)® and k > 0. Assume that ¢, satisfies (7.2) and set
k2 = k% +ia for a € [0,1]. Then any variational solution E € Xjz of (5.1) satisfies the a-priori
estimate

1/2
(1B ey + [ o (VI TEF) 1B e

< V(R +1)]|ellz +1)C? + C La(g, E), (76)

where C' is the constant from Lemma 6.7 and L (g, E) is given by (6.5).
The proof is analogous to the proof of Lemma 6.9, it suffices to replace estimate (6.4) by (7.3).

8. Solvability of the Variational Formulation in X,2. In this section we show solv-
ability of the variational problem (3.15) for real wave number k& > 0 and right-hand sides in
L3(div0, Q)3 by combining the a-priori estimate from Sections 6 and 7 with a limiting absorption
approach. This approach consists in considering the scattering problem first for complex wave
number, say, k2 = k? +ia. The corresponding variational problem in the entire upper half-space
is easily seen to be coercive. As o — 0 we exploit the a-priori estimates from the last two
sections to conclude that the solutions E, € Xj2 remain bounded in H (curl, ), thus, we can
extract a weakly convergent subsequence and a weak limit E € H(curl, Q). This limit satisfies
the differential equation curl® E — k¢, E = g. Finally, we show that E belongs to X2 and solves
the variational formulation (3.15).

LEMMA 8.1. Assume that e, € WH(Q) satisfies (6.2) or (7.2). Let k > 0, a € (0,1] and
set k2 = k% +ia. Then there is a unique solution E, € Xy to the variational problem (3.15)
with complex wave number k2 for any right-hand side g € L3(div0,Q)3. This solution belongs to
HY(Q)? and it satisfies

I Ballyenncy + [ Tn(/B2 = €D dé < Clglaqay

with a constant C' independent of o € (0,a*] for some o* > 0. For any sequence a, — 0
as n — oo there exists a subsequence, also denoted by a,, such that E,, converges weakly in
H(curl, Q) and Eq,, |y, converges weakly in H'Y2(T',)3. The limit element E € H(curl, Q) belongs
to X2 and is the unique solution of the variational problem (3.15) with wave number k > 0.
Proof. Problem (3.15) with complex wave number k2 is equivalent to the following problem in
the upper half-space R3 = {z € R3, 23 > 0}: Find E € Ho(cur, R3) = {u € Hy(curl, RY), u x
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es =0 on I'g} such that

J

for all ¢ € Hy(curl,R3). Indeed, the restriction of a solution of (8.1) to Q solves (3.15) and
the extension of a solution of (3.15) by means of (3.18) solves (8.1). Note that the complex
wave number k2 implies that the extension by means of (3.18) is exponentially decaying in the
z3 direction. Problem (8.1) is coercive, thus, there exists a unique solution E, € H (curl, R%).
By abuse of notation, we also denote the restriction of this solution to 2 by E, and note that
the differential equation curl® E, — k2, E, = g, together with g € L2(div0,Q)? yields that
E, € X;2. Lemma 3.5 yields that E, € H'(Q)*. The Rellich identity from Proposition 5.1 is
applicable and yields, by means of Lemma 6.9 or Lemma 7.4, the existence of three constants
C1, Cy and Cj3, each independent of «, such that

1Bellyeuny + [ |1 (VEZ=TGP) ol de

< Cillglliz (s + Callgllza@ye [ Ball 2 + CsollBal 7z q)-

Cg-ypde (8.1)

+

(curlE . curl@ — kzier . 'w) dx = /

3
s R

Thus, for Csa < 1/2 one deduces the existence of a constant C' independent of « such that

1 Balleuny + [ |1 (VEZ=TEF) |Bald& < Cllglz2a

In particular, the norms ||E,|| H(curl,@) are uniformly bounded with respect to o and each
subsequence E,, , a, — 0 as n — 0o, contains a weakly convergent subsequence. Let E denote
the weak limit of such a subsequence. Since div(e; E,) = 0 in 2 we also have div(e, E) = 0 in .
On the other hand,

1B )7l Fr/2(r, )2 = /Rz(l +I€) | (Ba, )r | €

max(1,1/k?) o RPN 0
T [ IR P B

+ (149K / (1+ 16272 | (Ba, )r|? de.
[[El—k|<2k

This estimate combined with the trace theorem for the tangential component from H (curl, Q)
into H—='/2(T',)? implies that (E, )7 is uniformly bounded in H'/?(T';)2. Thus, eventually
extracting a further subsequence, (E,, )7 converges weakly in H'/?(I';)? to Ep. Further, the
trace theorem for the normal component from H(div, Q) into H~'/2(T'},) yields in the same way
that, eventually extracting a further subsequence, also (E,, )s converges weakly in H 1/ 2(Tp).

From the partial differential equation satisfied by E, we infer that curl> E — k2c,E = g
in . The same trace argument shows that I'g, E x e3 = 0 on I'y. However, we still need to
check whether E satisfies the radiation condition (2.4), or, in other words, whether E € X2 and
whether curl E x e3lp, = TI:Q(ET|Fh) + N]:;(ET|Fh).

We also know that the third component (E,)s converges weakly in H/?(T'},), that is, by
means of (3.18), the inverse Fourier transform of

£ F((Ea)r)

N
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converges weakly in H'/2(T';,) to —E3. Let x € C°(R) be a smooth cut-off function that equals
one in a neighborhood of k and vanishes outside a bounded neighborhood of k. On the one
hand, the inverse Fourier transform of (1 — x(|§]))(§ - F((Eu)7))/\/k2 — |£|? converges weakly
to the inverse Fourier transform of (1—x(|¢]))(¢- F(Er))//k? — |£]2 in HY/?(R?). On the other
hand, using Lebesgue’s dominated convergence theorem one can check that 1/4/k2 —|£|2 =
k? +ia — [¢[* converges in L' (R?) to 1/4/k? — [¢]?. Hence, x(¢])(§ - F((Ea)r))/v/k2 — €
converges in the distributional sense to x(|¢])(&-F(Er))/+/k? — |£|?. Combined with the previous
statement we obtain that the inverse Fourier transform of (§-F((Eq)1))/+/k2 — |€|? converges in
the distributional sense to the inverse Fourier transform of (§-F(E7))/v/k? — |£|?. By uniqueness
of the limit, this convergence holds also weakly in H'/2(R?). We conclude that E belongs to X.
Concerning the boundary condition satisfied by E, we note that

cwl B, x esly, = T (Ba)rlp,) + N (Ba)rly,) (53)

holds in H~1/2(I';)3. Since curl® E, is bounded in L?(2)® we can assume that up to extracting a
subsequence curl E,, x ez converges weakly to curl E x ez in H~/2(I',)?. Using weak convergence
of the trace (E,)r in HY/?(T',)? and the previous results one can check by working in the Fourier
domain that the right-hand side in (8.3) converges in H~/2(I'y)* to T;% (Erlp, ) + N2 (Er|p, ).
0

A simple corollary of the last convergence result and the a-priori estimate (7.6) is the following
existence and uniqueness result for the variational problem (3.15).

THEOREM 8.2. Assume that e, satisfies (6.2) or (7.2) and let k > 0. Then there is a unique
solution E € X2 to the variational problem (3.15) for any right-hand side g € L3(div0,2)3.
This solution satisfies the a-priori estimate given in (6.8) or (7.6) for a =0, depending on which
of the assumptions (6.2) or (7.2) is supposed.
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