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Abstract

In this paper, we discuss the problem of instability in theelision of a spline space over a T-mesh. For bivariate
spline space$(5, 5, 3, 3) andS(4, 4, 2, 2), the instability in the dimension is shown over certaipey of T-meshes.
This result could be considered as an attempt to answer tbsgtiqn of how large the polynomial degreaw, (1)
should be relative to the smoothness’() to make the dimension of a spline space stable. We show ficplar that

the boundn > 2r + 1 andnt > 2r’ + 1 are optimal.
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1. Introduction order two, even the dimension is not easy to calculate,
) ) _ and it is exactly known only for some particular classes
This paper is motivated by a recent work [1] devoted 4t T.meshes. Therefore, the dimension is one of the cru-

to the observation of instability in the dimension of & ¢j5| characteristics of a spline space over a T-mesh that
spline spac&(m, m, m— 1, m- 1) over a T-mesh. must be analyzed.
Splines over a T-mesh [2] could be a useful tool in We briefly recall some basic notations and recent re-

many areas_such as surface mOde"”9 and _f|n|te ele'sults concerning the dimension of a spline space over a
ment analysis. For instance, polynomial splines over T-mesh

hierarchical T-meshes (PHT-splines) [3] appeartobe a =, 1. ooy i basically a subdivision of some domain

natural generalization of B-splines over hierarchical T- . : : :
o into rectangular cells that allow T-junctions (see Fig. 1).
meshes. A method has been proposed for stitching sev- . L .
In this paper, only a rectangular domain is considered.

eral surface patches and for fitting genus-zero meshes
using PHT-splines [4]. Splines over T-meshes allow one
to avoid the problem of superfluous control points, be- b, b, b,
cause inserting an extra node implies only local refine-
ment of a control mesh. From this point of view, splines
over T-mesh also have a good prospect for using in iso- v v, v,
geometric analysis [5]; for instance, see [6], [7].

However, unfortunately, the problem of describing
the basis functions of a spline space over a given T-
mesh is generally non-trivial. For bicubic splines with
continuity of order one, anfigcient algorithm has been
proposed to construct basis functions over a general T- b > b,
mesh [8]; these basis functions satisfy remarkable prop-
erties such as local support, nonnegativity, and partition
of unity. However, for bicubic splines with continuity of

b
§ b, by
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LetS(m nt,r,r’)(T) denote the space of functions of
variablesx, y that are piecewise polynomials of degree
m, ' and the class of smoothne@s” over the given T-
meshT. We also refer t&s(m, n7, r,r’)(T) as the spline
space over T-mesh. v, Q,

In [2], the exact formula for the dimension of the
spaceS(m,m’,r,r’)(T) is obtained whem > 2r + 1, Q v
m > 2r’ + 1. In this case,

dim S(m, ', r,r')(T) = (Mm+ 1)(m' + 1)fo— R
M+ 1) + 1) — (' + 1) + DY+ (1) X,
(r + )" + 1)fo,

. h Figure 2: Two adjacent cells.
wheref; is the number of cells of, fi' andf) respec-

tively are the numbers of horizontal and vertical interior

edges (these intersect the interior of the rectangular do-  We will show hereafter that the conditioms> 2r +1,

main of T), and fp is the number of interior vertices nv > 2r’ + 1 are optimal by giving explicit cases where

(these are in the interior of the rectangular domain). m = 2r, m = 2r ' orm=2r -1, m = 2r’ - 1 for

For instance, in Fig. 1yi,...,v7 are interior vertices;  which the dimension of the spline space changes with

bovo, viva, vertical interior edges; anldyvy, vev7, hori- the position of the vertices.

zontal interior edges. In [10], Li et al. made the following improvement
The method used to calculate the dimension of to the dimension formula. They found the constraint

S(m,n,r,r")(T) in [2] is based on Bézier nets. In other  on the T-mesh that guarantees the dimension of the cor-

words, in [2], the formula for the number of elements responding spline space to be calculated using formula

in a minimal determining set of Bézier ordinates is ob- (1).

tained. It appears that the last progress in the analysis of the
Proofs of analogous results have been presented ingimension of a spline space, in a general case, was made

[9] and [10] independently. However, the approach n [11]. In this study, the results presented in [9] and

used in these studies is based on the SmOOthing COfaCtOI[]_O] were reproved_ In addition to the Smoothing Cofac-

method. . _ tor method, [11] exploited homology techniques to pro-
All these methods are based on the following simple yide additional insight on the analysis of the dimension
observation. LeP1(x,y) andPx(x,y) be two polynomi-  of the spline spaces. Finally, the dimension of a space

als of degreen, m' defined on rectangular domaifs S(m v, r,r’)(T) is represented in this study in the fol-
andQ;, respectively, and having the common interval |owing manner:

(v1,v2) (see Fig. 2). Then, the piecewise polynomial

defined onQ; | Q, hasr-th order of smoothness for dim S(m ', r, r')(T) = (m+ 1)(M + 1)fo—
variablex, if and only if (m+ 1) + 1)f1h MDD (@)
_ _ r+1 , ,
P1(X.y) = P2(xy) = A(X, Y)(X = X0)" 7, (r + 1) + L)fo + Hior (T,
for some polynomial(x, y) of degreem—r — 1, nY for )
variablesx, y, respectively. where the meaning of the terh{;{m(T) is described in

Here, we do not provide any detailed explanations of the next section.
the approach used in these studies, but only mention the Recall that the hierarchical T-mesh is either the ini-
fact that the smoothing cofactor method appears to betial square or is obtained from a hierarchical T-mesh
the basic method for all further results concerning the by splitting a cell along a vertical or horizontal line.
dimension of a spline space over a T-mesh. A valuable observation was made in [11] about the up-

Thus, wherm > 2r+1,m’ > 2r’ + 1, one can express  per estimation of the summarh\ﬁ{;w(T) for a hierarchi-
the dimension formula in simple topological quantities cal T-meshT. This estimation allows one to establish
such as the number of cells, edges, and vertices. Thisthe constraint on a hierarchical T-me§ifor the sum-
fact implies that any small variation, saving the topol- mandh[;[,’w(T) to be zero, and this constraint, in some
ogy of T-meshrT, does not change the dimension of the manner, generalizes the one obtained in [10]. There-
spline spac&(m, m, r, r’)(T). fore, if a hierarchical T-mesh satisfies the constraint



proposed in [11], then the dimension of a spline space
S(m,m',r,r’)(T) is given by (1).

In a general case, the formula for the dimension
of a spaces(m, v, r,r’)(T) cannot be expressed using
only the simple topological characteristicslafsuch as
fo, £, Y, andf.

Recently, Li and Chen [1] demonstrated that the di-
mension of a spacB(m,m m- 1, m- 1)(T) may also
depend on the geometry of a T-mekh

For instance, the dimension of a sp&¢8, 3, 2, 2)(T)
for T, shown in Fig. 3, depends on the values of the
coordinatess, tj, i = 1...6. There are certain values
of the coordinates,t;, i = 1...6 for which the di-
mension jumps with a small variation in these values;
this indicates the instability in the dimension of space
S(3,3,2,2)(T).

The interesting question stated in [1] is how large
the polynomial degree should be relative to the smooth-
ness for the dimension of a spline space to be stable.
In this work, we treat the new caseS(4,4,2,2)(T)
andS(5, 5, 3, 3)(T), and provide certain examples of T-
meshed with instability in the dimension of the spline
space. This shows that the constraimis> 2r + 1,

m > 2r’ + 1 known to yield a combinatorial dimen-
sion formula are optimal.

We note that the key approach to construct examples
of T-meshes with instability in the dimension was in us-
ing the abovementioned constraint on a T-mesh. The
key was to violate this constraint to guarantee that the
dimension is not given by (1). Unfortunately, the sum-
mandh[;{;w(T) for some T-mesH should be calculated
as arank of the corresponding matrix. However, it is dif-
ficult to control even for small degreasnY. Therefore,
we specified coordinates of some nodes to simplify the
calculations. As shown in the next section, the number
of rows of this matrix linearly depends on the number
of maximal interior segments. Therefore, to minimize
the matrix size and make its rank unstable, we treated
T-meshes with four maximal interior segments.

We investigated the case$(4,4,2,2)(T) and
S(5,5, 3, 3)(T) because after the result of [1], they were
the first natural candidates to test the stability in the di-
mension. The other motivation was that splines with
small polynomial degree could be of interest in many
applications.

We also assume that further generalizations of our re-

The remainder of this work is organized as follows.
In section 2, we explain the dimension formula (2) in
detail and interpret it in a form pertinent for show-
ing the instability in the dimension. In section 3, we
explain how the dimension formula (2) can be used
to prove the instability in the dimension of a spline
spaceS(3, 3,2, 2)(T) for certain types of T-mesheb
described in [1]. In section 4, we describe certain types
of T-meshe§ and prove the instability in the dimension
of spline space$§(5, 5, 3,3)(T) andS(4,4,2,2)(T). In
section 5, we present the conclusions of this work and
discuss future works.

2. Dimension of a spline space S(m, v, r, r’)(T) over
T-mesh T: General formula

In this section, we explain the dimension formula (2)
in detail. We also transform it into a form pertinent for
showing the instability in the dimension. For reference,
one can also find similar types of formulas for the di-
mension of a spline space in previous works [9],[10].

The general formula (2) for the dimension of the
spaces(m, nY, r,r’)(T) for some T-mesh of the rectan-
gular domain is found by using the homology technique
[11].

The summandh[;{;w(T) in (2) may be considered as
the dimension of the factor spabt K [11]. The space
M is the direct sum

M= D [PIRmm-o

PEMIS(T)

over the entire set of maximal interior segments
MIS(T).

The maximal interior segment is the maximal union
of connected edges of the same direction, such that there
is no intersection with the border of the domain (for ex-
ample, the segmentsyg andv,vs are all maximal inte-
rior segments of the T-mesh shown in Fig. 1).

Here,Rmnry denotes the space of polynomials of de-
greem,m of variablesx,y, respectively, and(p) =
(O,r" + 1) if p is the horizontal segment anffp) =
(r + 1,0) if p is the vertical segment.

One can consider the spadé as simply a vector
space formed by the formal sutBsemis(m)B[0], where

sults require more sophisticated techniques. We believeg, € Rmnr-r-1) if p is the horizontal maximal interior

that investigating the instability in the dimension of a
spaceS(m,nY,r,r’)(T) is an important issue because it
provides a better understanding of the main problem,
namely, how the basis of a spa8ém,nY,r,r’)(T) can

be described.

segment, anf, € Rm-r-1m) if p is the vertical maximal
interior segment.
The subspack c M has the following form:

K= ZyeTg(AL’r/[pV('Y)] - A\r/’r/[Ph(V)])R(m—r—l,m’—r’—l),



whereTgJ is the set of vertices of maximal interior seg-
ments (for instance, v4, vs, andvg are all points ofl'g
for the T-mesh shown in Fig. 1). In addition,

A= =) LAY = (k=)
wherex,,y, denotes the, y coordinates of the vertex
v. Furthermorepn(y) andpy(y) are the corresponding
horizontal and vertical maximal interior segments con-
taining the vertexy (for example, in Fig. 1pn(v4) =
v4vs, pyv(va) = v1ve). For more details, see [11].

To investigate the question of instability in the dimen-
sion of a spac&(m, ', r,r’)(T) over some T-meshH, it
is only necessary to consider the summhﬁm(T).

Let n be the number of vertices dfg, andl, Iy be
the numbers of horizontal and vertical maximal interior
segments, respectively. One can interrbfréiﬂ(T) for
some T-mesfT in terms of the rank of the correspond-
ing matrix. Indeed,

hot = dimM = dimK = (m+ 1)(m = r')lp+
(m + ) (m-n)l, - (Mm-r)(m —r’)n+
dimN
whereN is the subset
N c @ R(m—r—l,m’—r’—l)’
yeTg

so that each element dfis a set of polynomials

<ay € Rm-r-1m-r-1),¥ € T8> ,
such that it satisfies the following conditions:

Eyepha')/(x_ Xy)r+l =0 (3)
for each horizontal maximal interior segmert and

zyepva'y(y - yy)r,+l =0 4)
for each vertical maximal interior segment
However, the spadd can be represented as the space
of solutions of the system of linear equations = 0,
wherev is the column vector of cdicients of polyno-
mialsa,,y € TJ. Here, we do not describe the structure
of the matrixL in the general case because it is simpler
to understand it from the examples below.
We simply note that the number of columns in matrix
L is (m-r)(m’ — r")n and the number of rows isn(+
(' =r’)lp+ (M + 1)(M-r)l,. One can computagim N
as
dimN=(m-r)(m —r)n-rankL
Thus, for some T-mesh T,
her () = (m+ 1) = )l

)
(m + 1)(m-r)l, —rank L

3. Example of T-mesh with instability in the dimen-
sion of a spline space (3, 3, 2, 2)(T)

In order to establish the instability in the dimension
of a spline space, it is necessary to find a T-mesh in
which the dimension jumps for some small change in
the mesh. The proof of dimension jumping is based on
calculating the rank of the corresponding matrixFor
m=m,r =r’ = m- 1, examples of such T-meshes are
found in [1].

We describe in detail the example given in [1] for the
casem=m =3,;r=r'=2.

76 t
177 '714 1

123 W4 s V.
2 3 ® '7/| ¢ 4 13
Y10 Vs 713 419 4P ¢
@ 4 » =) 4
.78 Vs 1
716 ty
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Figure 3: Unstable T-meshfon=nm' =3,r =r' = 2.

For the T-mesh shown in Fig. 3, every element of the
spaceN (see (3),(4)) is simply the 16-th dimensional
column vectorv of the real numbersj,j = 1...16
(eachu; correspondsto the vertex, j = 1...16), such
that the following equations hold for arbitraxyandy:

5% 101X~ %,)° = O,

E?:5ai (y - y}/i)3 = 0,
ai(x— %) =0,
2H sy — ¥y ) + aa(y - )% = 0.

Note that these equations correspond to the maximal in-

terior segmentszya, ¥eys, Y10v12, andyiayie, respec-
tively.

Because the cdicients of the polynomials in these
equations are zero, one can obtain the following system
of linear equations:

a2§i + a’gé + asé + alsﬁ + a4§; = 0,



a’sti + a7t|§ + a5t§ + a’gti + a'gtg = O,
a’loé + a’géé + a’lgéz + allé + a’lzé =0,
a/14t'§ + a/ltg + a/lgtﬁ + a/15t|§ + a’letg = O,
fork=0...3.

By writing these linear equations in the follma = 0,
we obtain the following form for the 1& 16 matrixL:

11 1 1 1 000
s s % 5 8 000
$ S S 0 0 0
S S S 0 0 0
0 0 00 1 1 11
0 0 0 0tz t tp ts
0000t§t§t§t§
0 0 0 0 t§ t t t
0O 0 00O 0 OO
0O 0 00O OO OO
0 0 00O O 0O OO
0 0 00O O 0O OO
10 0 0 0 0 0O
t 0 0 0 00O 0O
tt 0 0 0 0 0 0O
téooooooo
0 000 O 0 OO
0 000 OO0 OO
0 000 OO0 OO
0 000 O 0O OO
1.0 0 0 0 00O
tt, 0 0 0 0 0 0 O
t 0 0 0 0 0 0O
t 0 0 0 0 0 0O
11 1 1 1 00 0
S 2 s s % 0 00
$ g $ 0 00
S s $ 0 00
0 0 0 0 1 1 11
0 0 0 0ty b t5 tg
2 2 42 42
000 o0dddd
4 2 5 76

Itis shown in [1] that the determinant of the mattids
zero if and only if

(ss—s)(Ss— ) _ (S1—51)(S6—~ %)
(tt-t)ts—ta)  (a—t)(te—ts)

This equation holds, for instance, when = t;, i
1...6. However, a small change in coordinasgs, i
1...6 makes the matrix. non-degenerate, which im-
plies jumping of thaank(L), and therefore, because of
(2) and (5) jumping of the dimension of the spline space.
The bound of [11] yields in this caseDhZ5(T) < 1.

Note that the structure of the T-meshes in [1] is not
complicated, and these T-meshes only have four maxi-
mal interior segments.

The observation of instability in the dimension of
S(mmm - 1,m - 1)(T), given in [1], inspired us
to construct examples of T-meshes with instability
in the dimension for the caseS(4,4,2,2)(T) and
S(5,5,3,3)(T).

4. Examples of T-meshes with instability in the
dimension of spline spaces S(4,4,2,2)(T) and
$(5,5,3,3)(T)

In this section, we describe certain types of T-meshes
T and prove the instability in the dimension of spline
spacesS(4,4,2,2)(T)andS(5,5, 3, 3)(T).

We start with the casB(5, 5, 3, 3)(T), because for the
example of the T-mesh given f&(2, 2, 1, 1)(T) [1], in-
stability in the dimension of the spa&5,5, 3, 3)(T)
has been demonstrated. This T-mesh is shown in Fig. 4.

41. Case:n=m =5r=r"=3

7o
iz % .
B 2
t2
7| 712 710 7
t3
Vs Vel Va Vs
@ . 4 ® |7,
73
@ Ls
s, S, S, S, 8

Figure 4: Unstable T-mesh for cases= m' = 5,;r = r’ = 3 and
m=m=2r=r"=1.

The polynomialsy,, € Riy1),7 € T9,i =1...12 can
be represented as
@y = Ki(X = X,) (Y = ¥y) + Kai (X = Xy,)
+Kai(y = Yy ) + Kai.
Letv denote the column vector of the length 48, such

that forj = 41 +r, r = j mod 4, the j-th coordinate of
v equalsky.1)0+1). Then, the set of polynomials

(ay,i=1...12)



is in N (see (3) and (4)) if and only if the following
polynomials are zero:
z:yiepkli (X - x}/i)s + k3i (X - Xyi)4 = O’
z:}/iEkai(X_ X’)’i)s + k4i(x_ X’)’i)4 =0
if p is the maximal horizontal interior segment, and
z:)/iepkli (- yyi)s +Kai(y - yyi)4 =0,
Zyiekai (y - y}/i)s + k4i (y - y}’i)4 =0
if p is the maximal vertical interior segment.

LetV, denote, for some givemnthe rectangular 124
matrix of the form

(6)

(7)

1 0 0 O
t -2 0 0
t2 _§t 0 O
2 -2 0 O
tt —§t3 0 O
Vi tt -t* 0 O
Yo o0 1 o0 |
o o t -%
0 o0 ¢t —Zr’t
o o ¢ —§5t2
o o0 t —§t3
0o 0 t° -t
andHg¢ be a matrix of the form
1 0 O 0
s 0o -1 o0
£ 0 -%2s 0
$ 0 -i2 o0
¢ 0 -d9 o
He = £ 0 - 0
STl o 1 o0 0
0 s O -2
0 & 0 -2s
0 ¢ o0 -%
0 ¢ o -3
0 £ 0 -g

Then, from equations (6) and (7), one can obtain
the system of linear equations for dbeientsk;, j =
1...4,andi =1...12in the following manner:

ki
kai
ks
Ky
if p is the maximal horizontal interior segment, and
ki
kai
ks
Ky

%,eoHx, =0 8)

Zyi epVin =0 (9)

if p is the maximal vertical interior segment.

We consider the system of linear equations (8) and
(9) for codficientsk;, j = 1...4, andi = 1...12in
terms of the linear systeitav = 0. Then, the matrixd
has 4x 12 = 48 columns and 1% 4 = 48 rows. By
using equations (8) and (9) and sequentially taking the
maximal interior segmentgys, ysys, Y7y, andyiyii
(see Fig. 4), one can represent the maltrin terms of
12x 4 blocksHy ,Vy, ,i = 1...12 and zero block®
filled with nulls in the following manner:

Vi Vi Vi Vy O O

0 0 0 Hg He Hs

O 0 0 0 0 O

H, 0 0 0 0 O
O 0 0 0 0 O
H, 0 0 0 0 O
Ve Vi, Vi, V, 0 O
0 0 0 Hg Hsg Hg

Thus, according to (5), for the given T-mesig?
equals 48- rank(L).

In this work, we do not consider the question of cal-
culating the rank ofL for an arbitrary set of values
t1,...,tsands,, ..., S5 to describe all possible positions
with instability in the dimension.

We are simply interested in the topology of the
T-mesh and in providing some concrete values for
t1,...,tsands, ..., s such that dimension jumping oc-
curs for some small change in these values.

For instance, let us consider the following values:

ti=S=-2b=5=-Lt3=5=0,

s=t=15=t=2.

Then, rank. = 46. In order to be both rigorous and
simple, we fix all values except and calculate the de-
terminant of the matri.. One can check that the deter-
minant is nonzero when # -2, implying that the rank
of L is equal to 48.

Therefore, the dimension &(5, 5, 3, 3) is increased
by 2 whent; = -2, and therefore, we have dimension
jumping.

Notice that the bound of [11] yields @ hZ(T) < 4.

42. Case:m=nmi =4,r=r"=2.

ForS(4, 4, 2,2)(T), the example is a bit more curious.
It is shown in Fig. 5.

The approach used in this subsection is the same as
that used in the previous one.
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Figure 5: Unstable T-meshfon=nY =4,r =r’' =2

Again, the polynomialsy, € Ruy1),7i € TJ.i
1...10 can be represented as

@y, = kli(x_ Xyi)(y_yyi) + k2i(x_ X%) + k3i(y_y7i) + Ky,

Let v denote the column vector of length 40, such
thatforj = 41 +r, r = j mod 4, the j-th coordinate of
v equalsky.1)0+1). Then, the set of polynomials

(ay.i=1...10)

isin spaceN (see (3) and (4)) if and only if the following
polynomials are zero:

Zyepkai(x = %, )" + ka(X = %,)* = 0,
Zyepkai (X = %,)* + Kai(x = %,)* = 0

if p is the maximal horizontal interior segment, and

(10)

z“Yiepkli (y - y}’i)4 + Kai (y - y%)s =0,
z:yi€pk3i(y - y}/i)4 + k4I(y - y}/i)3 =0

if p is the maximal vertical interior segment.
We define the 1& 4 matricesV; andHg as follows:

(11)

1 0 0 O
t -2 0 0
2 -t 0 O
tt -3 0 0

Vi #* -t 0 0

"o o 1 o0 |

o o t -1
0 o0 t& -it
o o ¢ —ﬁztz
0O o0 t* -t

1 0 O© 0
s 0o -1 o0

£ 0 -is 0

$ 0 %2 o
|0 -8 0
sTlo 1 o0 0
0 s 0 -2
0 ¢ 0 -is
0§ o -3

o ¢ o0 -¢

Then, from equations (10) and (11), one can obtain
the system of linear equations for ¢beientsk;, j =
1...4,andi =1...10 in the following manner:

Kii
Kai
Kai
Kai

if p is the maximal horizontal interior segment, and

Eyi E,DH Xy (12)

Ky
kai
Kai
Kai

if p is the maximal vertical interior segment.

We consider the system of linear equations (12) and
(13) for coeficientsk;, j = 1...4, andi = 1...10in
terms of the linear systeav = 0. Then, the matrix
has 4x 10 = 40 columns and 1& 4 = 40 rows. By
using equations (12) and (13) and sequentially taking
maximal interior segmentgyys, yays, y7vs, andyiyg
(see Fig. 5), one can represent the maltrin terms of
10x 4 blocksHy ,Vy, ,i = 1...10 and zero block8
filled with nulls in the following manner:

Zyi Epvyyi (13)

Vi, Vg Vi Vi O
0 0 0 Hs Hg
0 0 0 0 0

H, 0 0 0 0

O 0 0 0 O
H, H, O 0 0
0 V, Vy, V, O
0 0 0 Hsg Hg

We take the following values forty,ty,t3,t4 and
S1, &, Ss!

th =0t =1Lt3=3t4 =4,

312073221,3523.



If we substitutes; = s, then the rank ofL is 38,

Korea government(MEST) (No.

2011-0018023) and

otherwise it is 39. This means that the dimension of partially supported by the Industrial Strategic technol-
S(4,4,2,2) for the given T-mesh increases by 1 when ogy development program, 10035474, Development of

Ss = 4. Again, the bound of [11] yields & h75(T) <
4.

inspection platform technology based on 3-dimensional
X-ray images funded by the Ministry of Knowledge

Note that both examples have only four maximal in- Economy(MKE, Korea).

terior segments and their structures are quite simple.
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appear to be the simplest ones in some sense. One
can construct more complicated examples of T-meshes
with instability in the dimension by some combinations
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more careful analysis dfn{m We intend to investigate
these questions in our future work.

6. Acknowledgement

This research was supported by the National Re-
search Foundation of Korea(NRF) grant funded by the

8

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]
El

[11]

X. Li, F. Chen, On the instability in the dimension of s
spaces over T-meshes, Computer Aided Geometric Design 28
(2011) 420-426.

J. Deng, F. Chen, Y. Feng, Dimension of spline spaces over
T-meshes, Journal of Computational and Applied Mathematic
194 (2006) 267-283.

J. Deng, F. Chen, X. Li, C. Hu, W. Tong, Z. Yang, Y. Feng,\rol
nomial splines over hierarchical T-meshes, Graphical isode
74 (2008) 76-86.

X. Li, J. Deng, F. Chen, Surface modeling with polynomial
splines over hierarchical T-meshes, Visual Computer 28720
1027-1033.

J. A. Cottrell, T. J. R. Hughes, Y. Bazilevs, Isogeometinal-
ysis: Toward Integration of CAD and FEA, John Wiley & Sons,
2009.

N. Nguyen-Thanh, H. Nguyen-Xuan, S. Bordas, T. Rabczuk,
Isogeometric analysis using polynomial splines over Iiera
chical T-meshes for two-dimensional elastic solids, Cot@apu
Methods in Applied Mechanics and Engineering 200 (2011)
1892-1908.

A.-V. Vuong, C. Giannelli, B. Juttler, B. Simeon, A hanchical
approach to adaptive local refinement in isogeometric argly
Computer Methods in Applied Mechanics and Engineering 200
(2011) 3554-3567.

X. Li, J. Deng, F. Chen, Polynomial splines over general T
meshes, The Visual Computer 26 (4) (2010) 277-286.

Z. Huang, J. Deng, Y. Feng, F. Chen, New proof of dimension
formula of spline spaces over T-meshes via smoothing cofac-
tors, Journal of Computational Mathematics 24 (4) (2006)-50
514.

C.-J. Li, R.-H. Wang, F. Zhang, Improvement on the disien

of spline spaces on T-mesh, Journal of Information and Com-
putational Science 3 (2) (2006) 235-244.

B. Mourrain, On the dimension of spline spaces on pla-
nar T-subdivisions, preprint, inria—00533187, availalaie
httpy/arxiv.orgabg1011.1752v1.



