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Abstract: In this report, we are interested in blind restoration of optical images
that are degraded by a space-variant (SV) blur and corrupted with Poisson noise.
For example, blur variation is due to refractive index mismatch in three dimen-
sional fluorescence microscopy or due to atmospheric turbulence in astrophysical
images. In our work, the SV Point Spread Function (PSF) is approximated by a
convex combination of a set of space-invariant (SI) blurring functions. The prob-
lem is thus reduced to the estimation of the set of SI PSFs and the true image. For
that, we rely on a Joint Maximum A Posteriori (JMAP) approach where the im-
age and the PSFs are jointly estimated by minimizing a given criterion including
[y and [, norms for regularizing the image and the PSFs. Our contribution is to
provide a functional for the SV blind restoration problem allowing to simultane-
ously estimate the PSFs and the image. We show the existence of a minimizer of
such a functional in the continuous setting. We describe an algorithm based on
an alternate minimization scheme using a fast scaled gradient projection (SGP)
algorithm. The efficiency of the proposed method is shown on simulated and real
images.
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Restauration aveugle spatialement variante

Résumé : Dans ce rapport, nous nous intéressons a la restauration aveugle des
images optiques qui sont dégradées par un flou spatialement variant (SV) et cor-
rompu par un bruit de Poisson. Par exemple, la variation du flou est due au change-
ment des indices de réfraction dans la microscopie a fluorescence tridimension-
nel ou due a la turbulence atmosphérique dans les images astrophysiques. Dans
notre travail, la fonction d’étalement de point SV ("Space Variant Point Spread
Function (SV PSF)" en anglais) est approchée par une combinaison convexe d’un
ensemble fonctions de flou spatialement invariants (SI). Le probleme se réduit
alors a I’estimation de I’ensemble de ces fonctions ainsi que 1’image nette. Pour
ce faire, nous nous appuyons sur une approche par Maximum A Posteriori Joint
(MAPJ) ou I'image et les PSFs sont estimées conjointement par minimisation
d’un critere donné contenant les normes /i et l, pour régulariser I’image et les
PSFs. Notre contribution consiste a fournir une fonctionnelle pour la restauration
aveugle SV permettant d’estimer simultanément les PSFs et I’image. Nous mon-
trons I’existence d’un minimiseur d’une telle fonctionnelle dans un cadre continu.
Nous décrivons ensuite un algorithme basé sur un schéma de minimisation al-
ternée, chaque probleme de minimisation élémentaire est résolu par une méthode
rapide de gradient projeté. L’efficacité de la méthode proposée est montrée sur
des images simulées et réelles.

Mots-clés : JMAP, PSF spatialement variante, restauration aveugle, SGP
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1 Introduction

1.1 General framework and state of the art

Since the first telescopes invented in the XVth century, optical imaging systems
have known a considerable advance providing high resolution and good contrast
photography. Nevertheless, till now they suffer from some artifacts mainly due to
the inherent limitations of the optical instruments as well as the imaging environ-
ment. First, optical images are affected by a blur coming from different sources
such as light diffraction, defocus, motion, etc. This resulting blur may vary ac-
cording to the imaged point in the scene due to different reasons, for example,
atmospheric turbulence in astrophysical imaging or moving objects in a real scene
imaging. In three-dimensional (3D) fluorescence microscopy, images are affected
by a variant blur due to refractive index mismatch between the different mediums
composing the system. In addition to this blur, optical images are affected by
random errors usually modeled by Gaussian or Poisson noise (or both). Facing
such optical limits, it is essential to remove both blur and noise using numerical
processing. In a mathematical point of view, the considered degradation can be
modeled by the following equation:

g=N(H(f)) (1)

where f denotes the original image that we are looking for, H is a linear blur-
ring operator, N is the noise operator and g is the observed image. Knowing only
the observation g and the noise statistic N, our goal is to recover the sharp image
f- When the blurring operator H is additionally known, this inverse problem is
known as image restoration. When the blur is space-invariant (SI), the operator
H(.) = hx. is a convolution with a blurring function 7 commonly called Point
Spread Function (PSF) or the system’s impulse response. In this case, the consid-
ered problem is known as deconvolution. When the blurring operator is unknown,
the problem is called blind restoration (BR). Blind deconvolution (BD) is thus a
particular case of BR where the blur is assumed to be SI. Actually, this problem
is more difficult than the non-blind case since the number of unknowns increases
without any increase of the number of observed variables. The solution of such
a problem is not unique and the problem is thus ill-posed. Literature on BD is
wider than literature on BR. A review of the main BD methods can be found for
example in (??) and the references therein. Despite the numerous references on
that topic, BD remains a difficult under-determinate inverse problem which is still
open in image processing.

RR n° 8073
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Nevertheless, dealing with significant space variation of the blur such as in 3D
fluorescence microscopy (??), a rigorous SV model should be used. In this case,
the convolution is no longer a valid representation since the system response is
different at each point. The degradation operation should be computed at each
point separately, which makes computations extremely time consuming. In this
context, different methods dealing with the SV BR problem have been developed.
Most of them can be seen as an extension of the previous SI BD methods to the
SV case. Let us recall some of these works.

In the first BR methods in a SV blur framework, the PSF is assumed to be
piecewise-invariant in such a way that the image can be segmented into sub-
images where the blur is assumed to be invariant, see (??). Then, the blur is
locally estimated by applying SI blur identification methods. However, this usu-
ally leads to domain decomposition artifacts.

Recent methods consider a smoothly varying blur where the SV PSF is mod-
eled by a combination of SI ones. Two different approximation models of the SV
PSF have been developed in the literature, one in (???) and the other in (??). They
essentially differ in the way of interpolating the SI PSFs. Study and comparison
of these two modeling classes are discussed in (??). Nevertheless, none of these
aforementioned methods automatically estimate the SI PSF locations or the com-
bination functions used to compute the SV PSF from the SI PSFs. They usually
assume that combination functions and SI PSF locations are known and that the
accuracy of the results can be enhanced by increasing the SI PSF number. In our
knowledge, the only fully automatic work is the one presented in (?). However, in
that method, it is assumed that there are only two different blurs and that the blur
difference is very significant. In our work, both abrupt and smooth blur variations
can be estimated. We also assume that the SI PSF number is known. The SI PSF
locations and combination functions are thus fixed.

Other works consider a continuously varying PSF as in (?). In other words, the
PSF is estimated at every point of the image. This actually leads to a very accurate
result at the expense of a huge computational time. The practical application of
these methods, especially in 3D imaging, remains thus prohibitive.

In essence, all existing BR methods differ in the way of regularizing the SV
PSF and the image in order to compensate for the severe lack of information en-
countered in the BR problem. For example in (2?), the authors consider a piece-
wise smoothness of both the image and the PSF through an anisotropic diffusion
based regularization. In (?), the SV PSF is parameterized by a single blur param-
eter, smoothness constraints on the spatial variations of the blur parameter is also
incorporated using Markov Random Field (MRF) model. In (?), an autoregres-
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sive (AR) model and a Tichonov term are used for the image regularization. In
(?), the Mumford-Shah regularization for the image is used for the SV deblurring
problem.

1.2 Problem and main contribution

In this report, we propose a solution for the BR problem of optical images that
are degraded by a SV blur and corrupted with Poisson noise. In order to avoid
the extensive computations due to the SV blur, we approximate the SV PSF by a
convex combination of a set of SI PSFs that we denote by ht, .. WM with M > 1
the number of PSFs. That is, we consider an expression of the SV blurred image
of the following form:

H(f)=H(f,n',...n") )

An explicit expression of His given in sub-section Thanks to this approxima-
tion, the blind restoration problem boils down to the estimation of the image f and
the set of SI PSFs &', ..., ”¥™. For that, we rely on a Joint Maximum A Posteriori
(JMAP) approach where an estimate of (f, h', ..., ©) is given by minimizing a
criterion of the following from:

J(fhY o B =0 (f 0 B T2 () + ) (R B (3)

Jé ( foht M ) is a data fidelity term arising from the considered image forma-
tion model. J7 (f) and J; (h', ..., i) are respectively prior terms on the image
and the SI PSF set resulting from a given probability distribution. In our work,
we use /; norm to built J? (f) and I, norm to built J}I; (hl, e hM). These norms
are applied on the gradient of the variables in order to promote smoothness on the
solution: /; norm is applied on the gradient of the image in order to obtain an edge
preserving smoothing and /; norm is applied on the gradient of the PSF in order
to capture as much as possible blur in the PSF and not in the recovered image.
After defining the criterion to be minimized, we show the existence of a so-
lution to such a minimization problem in a given set of functions that we define
in the following section. To the best of our knowledge, the present report is the
first one that provides such a theoretical proof. In fact, all existing BD methods
based on a similar approach either attempt to minimize the criterion assuming
the existence of such a minimum, either assume some hypothesis on the objec-
tive function to be minimized. For example, in (?) a coercivity condition on a
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functional similar to is assumed for the minimization problem. Note that in
that work of (?), a Gaussian noise model is considered. Furthermore, we derive
an algorithm for the numerical resolution of the considered problem, an algorithm
which is appropriately designed to overcome the computational time limit. To this
end, we use a scaled gradient projection (SGP) algorithm as proposed in (??) in an
alternate way on the image f and the SIPSFs A!, ..., ®¥™. In fact, SGP algorithm is
known to provide fast convergence by approximating Newton method. We show
on 2D and 3D simulated and real images that the SV blur model as well as the
proposed algorithm are efficient for solving the considered BR problem. In par-
ticular, we apply our method on digital camera images where the blur is assumed
to be SV due to spherical aberrations coming from the non-ideal shape of lenses
(i.e. difference of the lens shape between the center and the edges). We also apply
our method on 3D confocal microscopy images where the blur is varying along
the z-axis (or the depth of the imaged point). Comparisons with the Maximum
Likelihood Expectation-Maximization (MLEM) (?) embedded with the alternate
minimization procedure (AM), are also reported to assess the accuracy as well as
the computational gain provided by the proposed method.

We now outline the contents of this report. Section 2 is devoted to notations,
definitions, preliminary lemmas and problem formulation. In section 3, we prove
the existence of a minimizer of a functional that we define in (14)). In section 4, we
describe the proposed SGP based optimization method embedded with the AM
algorithm for solving the considered problem. Experimental tests on simulated
and real images are reported and discussed in section 5. The report concludes in
section 6 with a summary and some perspectives of our research work.

RR n° 8073
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2 Problem formulation

Let ¢ and .# be two bounded sets of R"” (with n = 2, 3 the image dimension),
standing for the object space (i.e. true scene) and image space (i.e. observed
scene) respectively. Let f € L' (€) and k € L' (.#) be two functions modeling
respectively the original and blurred images. We denote by hell (S x O) the
SV PSF i.e. E(, u’) refers to the system response to a point source placed at «’, a
location in the object space &'. Neglecting the noise effect, the SV blurred image
can be modeled by the following equation:

k(u) = /f/ﬁ(u,u/) S () d' \Nue . s 4)

In spite of the accuracy and the effectiveness of model (), we cannot use it in
the estimation process because it is prohibitive in terms of computational time.
Approximation of this model is needed in order to avoid such extensive compu-
tations. For that, we first recall some preliminary notations and introduce some
necessary lemmas which will be used throughout this report. Then, we present
the proposed approximate SV blur model based on a linear interpolation of a set
of SI PSFs. Afterwards, relying on a JMAP approach, we focus on inverting that
model by defining a criterion to be minimized.

2.1 Notations and preliminary lemmas

Let & =[—1, 1]",n =2, 3, be the support of the observed 2D or 3D image, and
B(O,R) be a closed disc or sphere centered on O, and of radius R € [0, 1] such
that B(O,R) C .#. Consider the following spaces:

 H'(S)={he?(F),Vhe? ()"}

e« #={heH (F);h>0; [, h(u)du=1; supp(h) C B(O,R)} where supp(h)
refers to the support of function 4. When [, h(u)du = 1, the PSF h is said
to be normalized on .7 .

o # ={feBV(R");f >0, .4 — periodic} where BV(R") is the space of
functions of bounded variations, see (?).

» Fo={feF; [, f(u)du=c}, where 0 < ¢ < +oo is a positive constant.

RR n° 8073
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In the case of SI blur, the degraded image observed on a bounded set .7, is as-
sumed to be obtained by convolving the image f with a SI PSF that we denote
by A. In a practical point of view, the convolution is computed in the Fourier do-
main. Consequently, the image f is assumed to be infinite and periodic of period
. That is why we consider .# -periodic functions in .#. Then, the convolution
operation

hx f(u) = /nh(u—u')f(u’)du', Vue s

= | flu—u)h(d)du',Vuec .7
Rn

(&)

is defined for f € . and h€ H! (.¥).

We consider in this work a photon conservative optical system. That is, the
number of photons entering the optical system is the same as the number of pho-
tons leaving the optical system. This property is known as flux conservation. We
prove that it is equivalent to PSF normalization, first in the SI case, then in the SV
case for the considered approximate SV blur model. In fact, these two latter prop-
erties (i.e. flux conservation and PSF normalization) are important for reducing
the ambiguity due to the ill-posedness of the problem. For example, one can note
that by imposing PSF normalization, one can discard many possible PSF solutions
obtained by rescaling the true one.

Lemma 1. Let f € FZ and h€ H' (%), supp (h) C B(O, R), we have:

/jf*h(u)duz/jf(u)du<:>/3(07mh(u)du:1 ©)

Proof. First, we need to prove the following lemma.
Lemma 2. Let f € L* (%), and .# -periodic, then we have the following result:

/f{z} fu)du= / f(u)du,Vz e R" (7)

5

Proof. Let prove the lemma[2]in the 1D case. The generalization to the n-dimensional
case is straightforward. Consider .# = [—1, 1], z> 0 and f is 2-periodic. We have

/]_{Z}f(u)du _ /_11—_Zf(u)du
— /‘1 Zf(u)dlu_/_ll fu)du— ]_Zf(u)du

B

®)

RR n° 8073 !
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The first term of this latter equation can be expressed as: [ :1172 fuw)du= | 1171 fly—
2)dy = fll—zf(”)d”‘ Replacing this latter result in , we get: f_ll_fz (u)du =
[, f(u)du. For z < 0, the proof is similar. O

Now, we return to the proof of the equivalence between flux conservation and
PSF normalization in the SI case:

/jf*h(u)du:/ /nh u—u’ f u’) du'du
—/ /OR) f(u—z)dzdu

El

o1 | [ stz a:

~fronh@| [ 1w du} a2

Using lemma 2] we obtain:

/f*h du—/OR dz/f

From the above equation, it is obvious the equivalence between flux conservation
and PSF normalization on B(O, R). O

Remark. To reduce boundary artifacts in image restoration, usually the image is
extended by using a reflected version of it or simply by padding to it zeros (if
the image boundaries are zeros) (?). The new domain € on which the image is
defined, is thus more extended than .# (i.e. .# C Q). In this case, the convolution
computed using Fourier transform is periodic of period €. Therefore, the flux
conservation no longer holds on the domain .#, but on the domain Q. period
considered in the circular convolution.

2.2 SV blur model

Approximate SV blur models based on a linear interpolation of a set of SI PSFs
were previously studied and compared in (??). In our work, we consider an ef-
ficient approximation similar to that proposed in (???) given by the following
equation:

k(w= Y hsx(y.f)(u) Yues )

RR n° 8073
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where k stands for the blurred image, f € .%, h e 0,1 <i<Mis aset of SI

PSFs, and W' € 27, such that ' : R" — [0, 1], 1 <i < M s a set of weighting func-

tions verifying Y i («') =1, Vi’ € R". Each weighting function is associated
1<i<M

with a SI PSF allowing to alleviate transitions between neighboring SI PSFs. Ac-

cording to the variations of the considered weighting functions y',i =1, ..., M,

the transitions between the different SI PSFs is more or less smooth. The expres-

sion of the SV PSF associated with model (9) is shown to be as follows:

E(u,u/) = Z v (i (u—u),Yue 7, u e R (10)

1<i<M

An other model, proposed in (??) consists in interpolating the SI PSFs in the
image domain i.e. ' vary with the image coordinates or u in our notations.
It is proved in (??) that such an interpolation is less realistic and less efficient
than model (9). In fact, we can easily verify that the SV PSF given by
is normalized and the flux conservation property is satisfied when the SI PSFs
R i=1, ..., M are normalized (see lemma and . Whereas, this is not the case
for the other model of (??). Consequently, in the sequel of this report, we consider
the approximate degradation model given by (9).

Lemma 3. Let f € L>(.%), W' € 5,1 <i <M, and B(«', R) a bounded disc or
sphere of radius R € [0, 1], centered on u' € R", we have the following result:

/( | Y v)h (u—u)du=1vu € R (11)
B,

Proof.

1<i<M B(u',R)
— Y i) / W (1)t
= Y v
1<i<m

RR n° 8073



Space Variant Blind Image Restoration 12

Lemma 4. LethLZ(J),hiE%”, 1 <i<M, we have:

/ Y W (y'f) (u)du:/jf(u)du (12)

I <i<M

Proof. We have:

I (v f) (u)du = I (v f) (u)du
[, L i wa= ¥ [ w

1<i<m

As i , 1 <i <M are normalized, we obtain from lemma
Y [ v swdi= [ Y viw.fwad
1<i<M’¥ J1<i<M
= / f(u)du
7

2.3 JMAP criterion

After defining the SV blur model and checking some necessary properties, we
now introduce an objective functional allowing to solve the SV BR problem. In
addition to the SV blur, we take into account two kinds of noise:

First, the background noise usually appears in astrophysical and microscopy
images. For example, in fluorescence microscopy, the background noise is a re-
sult of the mounting media either auto-fluorescing or reflecting and scattering the
imaged specimen’s fluorescence. Similarly, in astronomy, the background noise
comes from the diffusion of the incoming light from nearby sources from the sky
or from the telescope itself. In fact, even if no visible astronomical objects are
present in given part of the sky, there always is some low luminosity present, due
to light diffusion from the atmosphere. comes from an error in the calibration of
the imaging system so that there is usually an offset in the detector that can be as-
similated to a non-negative constant b, > 0. This kind of noise can be assimilated
to a non-negative constant b, > 0 that can be easily estimated from a dark area of
the observed image which does not contain a signal (?). Then, b, is assumed to
be known in our model.

Second, a Poisson noise originates from the stochastic nature of the photon
detection process at the sensor, usually appears in astronomical and confocal mi-

RR n° 8073
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croscopy images. Consequently, the observed image denoted by g follows a Pois-
son statistic of the following mean:

¢~ gv( Y i (. f) (u)+bg> (13)

1<i<M

For a fixed set of weighting functions, our goal is thus to jointly estimate both
the SI PSF set #/,1 < i < M and the true image f from the observation g. This
problem is ill-posed since the solution (f, ', ..., B) is not unique. In particular,
one trivial solution is (g, 8, ..., §) i.e. the SI PSFs are Dirac functions and the
recovered image is the same as the degraded image. Hence, regularization should
be introduced for both image and SI PSFs. In our work, we propose to use a total
variation (TV) regularization for the image f (?) and a quadratic term for each
of the SIPSFs hi,1 < i< M i.e. I, norm of the gradient of each of the SI PSFs.
In other words, we are interested in minimizing w.r.t (f, 4!, ..., ) the following
JMAP criterion:

_/jg(u).log ( Z hi*(wi-f) (u)-|-bg> du (14)

The two first terms corresponds to the data fidelity component related to the Pois-
son statistic (??). The third term is the total variation function (?) which allows
to smooth homogeneous areas of the recovered images while preserving sharp
edges. The last term, introduced for regularizing the PSFs, allows to promote the
largest possible PSF and subsequently prevents a part of the blur to be associated
with the recovered image. « and 8/, 1 <i < M are regularizing weight parameters
that quantify the trade off between these regularizing components and the data fi-
delity term. As the PSFs 4, 1 <i < M are different, the regularizing parameters
Bi, 1 <i < M could also be different. Furthermore, as it is stated previously, in ad-
dition to these regularizing terms, we take into account some other constraints in
order to reduce the degree of freedom of this problem: On the one hand, positivity
and normalization constraints are imposed on the SI PSFs. On the other hand,
positivity and flux conservation constraints are imposed on the image. According

RR n° 8073
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to lemma (1} constraints of flux conservation and PSF normalization are redun-
dant. However, both of them are useful for regularizing the ill-posed problem and
need to be included in the estimation process (see section [)). Finally, we propose
to solve the SV BR problem by solving the following constrained optimization
problem:

(f,hl,...,hM>: Arg Min J(f,h', ..., i) (15)

Fox M
f=0
hW>0,1<i<M
sub. to .
Il =11 <i<nm
£l =c

where ¢ = ||g||; = [, g(u)du, and F, and ™ are as defined in sub-section
It is worth stressing that minimizing such a criterion is a difficult problem since
it is not jointly convex w.r.t (f,h', ..., h”™). Whereas, it can be shown that it is
convex w.r.t. each of the variables separately, strictly convex if and only if the
data g is strictly positive. Nevertheless, one of our contributions is to prove the
existence of a minimum (f, ', M )min Of the considered objective function in
the continuous setting. The proof remains also valid in the SI case. In fact, it
suffices to take M = 1 and y' (u) = 1,Vu € R".

3 Existence of a minimizer

Our goal is to prove the existence of ( 1, n L., hM) € F, x M satisfying equa-
tion (T3]

According to (?), it suffices to show the existence a minimizing sequence
(s By, -, W) Of functional J that converges to (fo, hy, ..., hf) ) € Fe x A™M
such that:

Hm T (fuy By ooy W) > T (fo, By ey Y

n— oo
For this end, some necessary lemmas should be proved:

Lemma 5. Ja > 0 and b € R such that V¢ > 0, we have:
t—g(u)log(t) >at+b,Vue 9. (16)
Proof. Let us define the following function for fixed a and b in R:

F(t)=(a—1)t+g(u)log(t)+b,Vt >0 (17)

RR n° 8073
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The first derivative of this function is given by: F'(f) =a—1+ %’4). We know
that F'(1) > 0 & g(t—”) > 1 —a. Consequently, for a €]0, 1], we have F'(t) > 0

% > t. In other words, F is increasing from F(0) = —oo to F(%) in |0, %]
and decreasing from F (%) to F(+o) = —co in [%, +oo[. Furthermore, we
have:
gu), _
F(7—) =b—g(u)(1+1log(1 —a) —log(g(u))).

l1—a
Hence, for a €]0, 1], we have: F(M) <0,Vu € .#. If we choose:

l—a

b< Ig;g(u) (1+1log(1—a)—log(g(u)))

we have F'(1) < 0,Vu € . ie. t—g(u)log(t) > at+b,vt>0,Yuec . In
particular, forr = Y h'x (l//’.f) (u) + bg, we have:
1<i<M

Y W (Wf) (u) + by

1<i<M

—g(u)log(" Y. hx(y'.f) (u)+by)

1<i<m

>a Y W (W.f) () +bg+b

1<i<M

Corollary 1. From the previous lemma, we can deduce that:

J(f,h)Z(abg—kb)\fH—a/j( Z hi*(wi,f)(u)>du

1<i<m

(18)
; 2
+o [ i+ ¥ BVA;

1<i<M
where |.7| is the measure of .#.
Now, let (fn, hl, ... h%) € F. x /M be a minimizing sequence ofJ(f, ht, .., hM)
ie. (fn, h}l, ey hﬁ”) verifies:
Uim J (fu, by s M) = Inf J(f, 0", ..., k™) (19)
n—teo Fux M

Moreover, assume that this infimum is finite. That is, there exists a constant
Kj > 0 such that J ( s h}l, e hﬁ’[ ) < Kj. Hence, from this assumption and 1D
we deduce the following lemma.
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Lemma 6. There exist constants C; > 0 and C; > 0 such that:

VA s <Ci1<i<M (20)
/ IDfa] < Cy 21)
52
[t (v wausco 1 <i<m (22)
54

Corollary 2. For 1 <i < M, there exist h6 € # and a sub-sequence of (hi),
which we also denote by (#,,), that weakly converges to i, in H 1(.#) and strongly
converges to Al in L (7).

Proof. We know that each 4, 1 <i < M is bounded in L' (.#) since A/, > 0 and
[ h,(u)du= 1. From the Poincaré inequality, we have )h; - |—j¢| [ hﬁi(u)du’

C ‘Vh;l ’ 2(9) with C a positive constant. From the inequality , we deduce that

1

h——
7| s

R (u)du

<CC
L2(F)

Hence, %, is bounded in L?(.#). Thus, there exist hi € H' (.#) and a sub-
sequence of /!, that weakly converges to /) in H' (.#) and strongly converges to /i)
in L? (.#). Furthermore, we can easily prove that hf) € J¢ since we can easily ver-
ify by taking the limit that 4} > 0, [, hi)(u)du = 1 and supp(h})) C B(O,R). [

Lemma 7. There exists a constant C4 such that | f,| L) S Ca

Proof. To show this lemma, we first need to prove the following preliminary
lemma.

Lemma 8. Leth e #,and v € [? (&), 7 -periodic, then we have:
‘h*V|L1 = |V‘L1 (23)

Proof. Letv € L?(.#), . -periodic, we have:

vl :/ (s v(u)| du

—/ /R2 u—u' W )du

RR n° 8073 / / u—u }du du
RZ
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Space Variant Blind Image Restoration 17

Thanks to the .#-periodicity of [v(«')| and lemma |1} we obtain |[hx V| <
[z |v(u)| du. O

Now, we focus on proving that the sequence (f,), is bounded. For that, let
consider the following two functions:

1
Wy = ?/y fn(u)du

Vi = fn—Wn

We can easily verify that [ ,v,(u)du = 0 and Dv,, = Df,. Consequently, from
1), we obtain [, |Dv,(u)| = [, |Df,| < Cy. Furthermore, from the Poincaré
inequality, there exists a constant C > 0 such that

1
vp—— [ vy(u)du < C |Dv .
n |f|/] n( ) Ll(j) = ‘ n|L1(,ﬂ)
Hence, since [, v,(u)du = 0, we obtain
|vn|Ll(j) <G; (24)

with C3 = CC;j.
Besides, we know that A}, x y'w,, = k! x y' f,, — h), * y'v,. Hence, we obtain

’h;* l//iwn|L1(]) < ‘hi,* l//ifn‘Ll(j) + ‘hz* WiV”‘Ll(])'

From inequality || and lemma (8| we get: |kl * y'w,|,, ) < Cot valpi -
From inequality (24), we obtain for all i € {1, ...., M }:

(5 Wiwal ) SC+C3=Ca (25)

Besides, thanks to the periodicity of W, we prove that
|y WiW”‘Ll(/) = /yfn(u) du.

Indeed,
du.

‘hil*lljiwn‘Ll(j) = /j ‘/thn(”_“/) ' wi (' )dul!
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Since h’n l//i and w,, are positive, we obtain:
|h;*wiwn‘L1 / / (u—u) W' (u") wy(u)dud' du

’y‘/f” du// (u—u) ' (') du' du

Since [po B (u—u')du' = 1,Vu € ., and y' is .#-periodic, we obtain using
lemma |I] the following result

i i 1 i
x vl ) = 17 [ Aot |y wdu

Summing over i and taking into account that Y w'(u) =1,Yu € .7, we
1<i<M
obtain,

Consequently, [, fu(u)du < Cyie. |fulp1( s < Ca.

We proved that f,, is bounded in BV(J) ie. |fulp < Cqand |Dfy| < C.
Consequently, there exists fy such that f, weakly converges to fy in BV (.#) and
strongly converges to fo in L' (.%).

Now, let us prove that fj € .%.. By taking the limit of f,, it is easy to show
that [, fo(u) du = c. It suffices to show that f is .#-periodic. For sake of clarity,
we present the proof in the 1D case i.e. .# = [—1, 1], the considered period is thus
2.
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Let fy be the .#-periodic extension of fy and ¢ € L' (.#). We show that for
each cell .9 = [—1+4 2k, 1+ 2k|, k € Z, f, weakly converges to fy in L' (.#)

1+2k

nLHEoo — 142k Jalw)g (w)du = nlirfw /11 Jnlu-2609 (ut-2k)du

= lim 1 fn(u)@(u+2k)du

Thus, f,, weakly converges to fo in L' (.#). In a similar way, we prove the peri-
odicity of D fj. [

Theorem 1. The problem Inf J (f, n', .., hM) has at least one solution.
Fox M

Proof. Thanks to the previous lemma, we have that any minimizing sequence
(fn, h}l, ey hnM)n converges (up to a subsequence) to (fo, h(]), ey hg”) € Fex M.
We have to prove that limian (fas By ooy 1Y > T (fo, 1), .o BY).

N— 100

From the convexity of functions [, |Vhi(u)|*du, 1 <i < M and [, |Df(u)
we infer that:

B

liminf [ [Vh 2d>/Vh 24 26

im inf j! n(u)|"du > j| o(u)|“du (26)
liminf / Df| > / D foldu 27
n—te [ g s

It remains to show that

lim jG ( Y o (W' fn) () —l—bg) du

Ao 1<i<M

2/]G< ) ho* (W' fo) (u)—i—bg) du

1<i<Mm

with G(t) =t — g(u)log(t),¥t >0and u € .7.
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We know that G(¢) has a lower bound since G(t) > u — g(u)log(u) > Inf u—

uey
g(u)log(u) =
Assuming that m > —oo, the sequence

<G< Y k(v f) (u)—I—bg))
1<i<M "

has a finite lower bound. Hence, using Fatou lemma, we obtain:

m fG( Y, hyx (v f) (”)”’g) o

1<i<M

> [ im G v f) (

That is,

Z (W fn u)+bg | du

)
s o %, )
el X )

Z ho* (W' fo) (u) +bg | du

Thereby, we proved that

l1m1an(fn, oo BB > T (fo, gy -y Y

n— oo

and hence we showed that

1 M 1 M
(fo, hg, -, hg') = Arg A;I%MJ(f,h LMY

4 Numerical minimization
We focus in this section on the numerical approximation of a solution of prob-

lem (I5). For that, we use an alternate minimization (AM) procedure. Each of
the problem variables is thus estimated alternately by setting the others to their
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previous estimates. The global minimization problem is thus divided into many
elementary minimization problems. To solve each of them, we use a recent scaled
gradient projection (SGP) method since it is shown to provide a high convergence
speed compared to other gradient based optimization methods (?). For sake of
compactness, we call this method SGP based alternate minimization algorithm
and we denote it in the sequel by SGPAM. In this section, we first introduce the
discrete version of the considered problem and describe the proposed AM proce-
dure. Then, we introduce the SGP method in its general form. Afterwards, we
show how we fit this latter algorithm to image and PSF estimation problems.

4.1 Discrete notations and AM scheme

First of all, we need to introduce some discrete notations. We denote vectors by
bold symbols and matrices by uppercase letters. The 2D or 3D image can thus
be represented by an N-dimensional vector f = (fi, ..., fy)! € R¥ considering
lexicographical order of pixels (or voxels), with N the image size. The SI blur
operator can be represented by a matrix H € RV*Y which is block circulant with
circulant blocks for 2D images and block circulant with circulant block circulant
blocks for 3D images. The circular convolution is thus computed by the following
matrix-vector multiplication H f. Roles can be inverted and the circular convolu-
tion can be computed as Fh where F € RV*V is a matrix representing the image
and h € RY is N-dimensional vector representing the SI PSE. The discrete func-

tion that we are interested in, is also denoted by J < f.h', ... nM ) and is expressed
as follows:

J(f,hl,...,hM):1T< y Hl'yﬂ'f+bg>

1<i<M
g [ T Hvir b @)
1<ieM
. 2
+a Vel + ), B'|VA
1<i<M 2

where 1 € RV stands for N-size vector whose components are all equal to 1, b, c
RY is a strictly positive constant vector (all its components are equal) modeling
the background noise, ¥ € RV*N 1 <i < M is a set of diagonal matrices referring
to weighting coefficients for the SV blur, and H i e RNXN ,1 <i<Mis a set of
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matrices modeling the SI blur operators. Numerical computations of the gradients
as well as /1 and [, norms used in the considered regularizing terms are given in

appendix [Al
The constrained optimization problem that we are interested in, is the follow-

ing:

GJUWW):A@“%mmNﬁMWJﬂ (29)

f=0

Il =c
R>0,1<i<M

], 1<

sub. to

supp(h’) CB,1<i<M

where ¢ = ||g||, is a positive constant and B is a given index set corresponding
to the support of the SI PSFs. As it is shown in lemma constraints Hhi Hl =1

and || f]|; = c are redundant. However, it is important to incorporate both of them
in the minimization algorithm since proceed by alternate minimization does not
necessarily preserve these two properties even if one of them is satisfied (see sub-
section 4.2). One trivial way for minimizing J is to stack the image and the PSF
vectors into the same vector X and then apply any optimization method on this
variable. However, this is not the optimal way for dealing with such a multivari-
ate optimization problem. In fact, this should be extremely slow especially when
using gradient-descent-based optimization methods since the gradients of the cri-
terion w.r.t. the image and w.r.t. the PSF vectors may have different orders of
magnitude. AM scheme is known to be appropriate to such a situation i.e. the
objective function to be minimized has two or more unknowns with different or-
ders of magnitude. It consists in splitting the problem into two or more stages
and alternating between them. First, keeping the PSF vectors constant, estimate
the image. Then, update each of the SI PSFs one after the other by fixing the
remaining PSFs and the image to their previous estimates. That is to say, starting

(0) (0)

from an initial guess of the PSFs m L hM , the algorithm is given by the two

following steps:
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* Image estimation step:

n ~ (k A~ (k
FED = ArgMinJ (f, a )) (30)
f=0,
sub. to Z fz —©c
1<i<N

* PSF estimation step:

A (k+1) . ~, (k) a7 (k)
B =ArgMinJ <f(k“), [0 SR )
h
1
>
sub. to | <TEN i
supp (hl) CB
A (kt1 N ~ (k+1) A (kD)
' ):Arnggan (f(k+]),hl R Lt ,hM)
h
M
>
h —OM 32)
sub. to Z hi =1
' 1<i<N

Supp (hM ) CB
One can remark that at each AM step, the global energy monotonously decreases:

~ ~ (0 ~ (0 A ~ (1 A~ (0
J(f“),hl( ), ...,hM( )) zj(f(l),hl( ), ...,hM( )) > ...
1) A ,
21( m .,hM(l))>...
N ~ (K A (K
2J<f(K),h1( e )>

where K > 1 is the number of iterations.
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Several convex optimization methods have been developed in the literature.
In particular, gradient-search techniques such as RLTV algorithm (?) are widely
used. Here, we propose to use an efficient SGP method (?) very suitable to our
constrained problem and presenting the advantage of fast convergence. In the
following sub-sections, we describe this algorithm and show how we use it to

solve problems (30), and (32).

4.2 SGP algorithm

Recently, SGP method is shown to be efficient for solving convex constrained
optimization problem of the following form:

MinlJ(x) (33)

xeQ

where x = (x1, ..., xy)7 € R" is an N-dimensional vector, Q C R" is a closed
convex set, and J : Q — R is a differentiable function. The method was firstly
applied for image deblurring by minimizing a non linear convex function arising
from the maximum likelihood approach, subject to non-negativity and flux con-
servation constraints (?) (no regularization term used in the objective function).
Then, it was applied for Poisson noise removal by minimizing an objective func-
tion including a total variation term and the Kullback-Leibler divergence (?). The
main success of this method consists in exploiting effective scaling strategies and
step-length updating rules, appropriately designed for improving the convergence
rate and thus the computational time also. We limit ourselves to the presentation
of the main lines of this method. Details of the algorithm can be found in (?). The
method solves problem (33)) by approximating the following fixed point:

x'=Pos(x*—065VI(x")) (34)

where 0 is a positive scalar referring to the step-length of the proposed descent
method and S is symmetric positive definite N x N matrix which corresponds to
the scaling matrix. (8S) used in allows to approximate the inverse of the
Hessian matrix of J in order to enforce quasi-Newton properties and thus provide
good convergence rate. Appropriate selection of these two latter parameters i.e.
the scaling matrix S and the step length o is thus an important task. In (?), a
technique for selecting these parameters is derived. In particular, the scaling ma-
trix § is chosen from the KKT condition (see sub-sections and [4.4) and the
step-length O is chosen by using an adaptive alternation of Barzilai and Borwein
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rules (???). Furthermore, the convergence of the proposed method is proved in
(?) when the elements (s;;)1<; j<n of S verify:

1
nging,L>1 (35)
Pos: RN — Qused in ll is the projection operator expressed as follows:
Pos(x)=A ] —X
o.5(x) = Argmin |ly — ||

where ||.|| indicates the vector norm associated with the symmetric positive defi-
nite matrix S: ||x||¢ = vVxT Sx.

To apply the SGP method for image and PSF estimations, it suffices to specify
the objective function J, its derivative VJ, the scaling matric S, and the step-length
0 for the considered problems. This will be the goal of the two following sub-
sections. For further details about the algorithm and its technical implementation,
we invite the reader to refer to (?).

4.3 SGP algorithm for image estimation

We are interested in this sub-section in solving problem (30). As the PSF set is
supposed to be fixed at this step, the objective function to be minimized is reduced
to:

Jo(f)=1" Z Hiwif+bg

1<i<M (36)
~g'log ( )3 Hi‘l’if+bg> +a ||V,

1<i<M

We apply on this functional the SGP algorithm with positivity and flux conser-
vation constraints on the variable f by following the same steps as in (?. Never-
theless, since we are considering a different objective functional from that used
in (?), some variables need to be expressed, namely the gradient of the functional
VJo (f) and the scaling matrix S used in equation (34). The step-length & depends
on § but it can be easily updated using equations (29) and (30) of (?). In fact, in
the functional that we propose, we consider an additional regularizing term which
is not used in the deblurring problem of (?), only a similar data term including a
simple blur operator is considered. In (?), a similar regularizing term is used for
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image denoising but without considering any blurring operator. In the functional
that we propose, we consider both of the blurring operator and the regularization
term.

We now focus on expressing VJ (f), then we infer an expression of the scal-
ing matrix S:

Vio(f)= Y. wH" (1-Y"'g)+aVJ§(f) (37)

1<i<Mm

where Y 1s a diagonal matrix with the following entries:

Y=Y Hvy'f+b, (38)
1<i<M
As the PSFs are normalized, then we can easily prove that Y y'H i1 =1.
1<i<M
Expression can thus be simplified as:
il
VIo(f)=1- Y VH Y 'g+aVI§(f) (39)

1<i<m

The gradient of the regularization term VJ§ (f) can be split into positive and
negative parts:

=VIG(f) = U5 (f) = V5 (f) (40)

where VI (f) and UR (f) are non-negative vectors in RV. A similar splitting to
that proposed in (?), for 2D and 3D images is given in appendix

—Vfo(f):< )3 w"H"TYlg+aU§<f))

1<i<m

41)
—(1+aV§(f)

Now, we infer an expression of S from the first KKT condition for a minimum
f* of function (36), i.e. f*VJo(f*) =0. That is, one can use the following
minimizing iteration:

Flert) — 707! f<k>( y yiH Y ® gt qu (f<’<>)> (42)

1<i<M
where Z(¥) is a diagonal matrix with entries 1+ avl ( f (k)>.

RR n° 8073



Space Variant Blind Image Restoration 27

Remark that the above equation can be seen as a regularized version of the
Rishardson-Lucy (RL) or Maximum Likelihood Expectation Maximization (MLEM)
algorithm (?) fitted to a SV PSF. Note that this version has an important advantage
w.r.t. the widely used RLTV algorithm (?). Thanks to the proposed decomposition
of the gradient of the regularization term, the algorithm preserves the positivity of
the solution which is not guaranteed by RLTV algorithm. Furthermore, we can
prove that can be expressed as:

FlD) — f0) _ 7007 by, ( fu«)) (43)

This iteration corresponds to the SGP algorithm for & *) =1 and S®) a diagonal
matrix as follows:

s®) = diag (S(k)> ,s® = (5:0) <oy = z0™!

A (44)
As the scaling matrix should satisfy condition (35]), we choose:
1
si%) = min{L, max{~, W i=1,.. N, L>1. (45)

As it is suggested in (?), L should be set to a high value (e.g. L = 10'" in our

tests). By computing VJy (f) as in and choosing S as in and (43), one
can easily apply SGP algorithm on f.

4.4 SGP algorithm for PSF estimation

Now, to solve problems (31)) and (32)), we follow a similar strategy as previously.
Consider for example the optimization problem w.r.t. the PSF W, je {1, ..., M}.
Denoting by F', i € {1, ..., M} the matrix obtained from the vector W' f, we look
for minimizing the following function w.r.t. b/, j € {1, ..., M}:

J; (hf)=1T< y F"h"+bg)

1<i<m

—gllog ( Z Fihi+bg> —1—[31'15e <hj)

1<i<m

(46)

. 112
with J§ (hJ ) = HVhJ Hz To apply SGP algorithm on the above functional with

positivity, PSF normalization, and PSF support constraints, we need to compute
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VJ; (hj ) and S for this problem. Note that SGP algorithm has never been used for

such a problem where the regularizing term is quadratic and the operator applied
on the variable to be estimated, is not normalized (F'1 # 1).

Let us first express the gradient of functional J? <hj ) w.rt. h/:
VI (W) =F" (1-w~"g) + BIvat (W) (47)

with W = diag ( Y F'h'+ bg> a diagonal matrix. In an analogous way as in
1<i<M

, we decompose VJ?e (hj > into positive and negative parts (see appendix :

v (hj> =R (hj) — vk (m)

Now, we can derive an expression of S from the following iteration of the regular-
ized RL algorithm:

(k+1 ~1, (k) (T ~1 , (k
W = O Y (PO g piuk (W) (48)
where E®) is a diagonal matrix with entries:

Fi1+pivE (hj(k)>

and W = diag [ F/n/ ® + Y F ihi+bg> is a diagonal matrix. We
ie{l,...M}—{j}
can prove that equation (48)) is equivalent to the following one:

k+1)

. (k —1. :(k .
W =W g0 W v, () (49)

Consequently, an expression of S® = diag (s(k)> , that can be used for this prob-

lem is: |
50 = min{L, max{ . sV i=1, . N, L' >1. (50)
with sg(k), i=1,...,N are entries of the following vector: §*) = E 0" 31 and

L' is a constant of high value.
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S Experimental tests

We test our method on two kinds of data: 2D images of a digital camera and 3D
images of confocal microscopy. We first validate our method on simulated data
of both systems, then we apply it on real data. According to the considered ap-
plication, we define appropriate weighting functions dealing with smooth or non
smooth blur variations. The choice of these weighting functions was previously
discussed in (?), where linear weighting functions as those considered in our ex-
periments are compared with those obtained by a Principle component analysis
(PCA) method (?). No very significant difference in the precision provided by
both models is noticed in that report. Furthermore, in our experiments, the SGP
parameters are set as in (?) for both image and PSF estimations: L =L' = 10'0 are
used in and to bound the scaling matrices, lower and upper bounds &,
and 8,4 Of the step-length § are set as follows: iy = 107, §pax = 10°. The
global iterative algorithm is stopped when the global energy remains unchanged
(i.e. the normalized energy error between two successive iterations is less than a
small threshold) or when a maximum number of iterations of the global algorithm
is achieved (e.g. in our tests, the maximum number of iterations used is 1000).
The maximum number of iterations of the SGP algorithm is set to 10. All our tests
are performed on a machine having a processor frequency of 1.86 GHz. In order
to assess the performance of the proposed BR method, we measure two different
evaluation criteria:

¢ the relative reconstruction error defined as:

02 (51)
where f refers to the image vector to be reconstructed and f‘ is an estimate
of this latter.

* structural similarity index (SSIM) allowing to detect changes in structures
between two images (?), expressed as:

(Z‘Ll,j,uf +C1) <26}‘f —|—62>
,Llj‘cz,ufz +C1> <G}26f2 + Cz)

SSIM (f) - ( (52)

where i and Hy are respectively averages of f and f‘, sz and 6}2 are their

variances and Oj¢ is the covariance of f and f. ¢; and ¢, are two constants
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to stabilize the division that can be set as ¢; = (k| R)?, ¢» = (ko R)?, with R
the dynamic range of the pixel-values, and k; and k» two constants that can
be chosen as k1 = 0.01 , k» = 0.03. More the SSIM value is close to 1, more
the two image structures are similar.

In order to better evaluate our method (SGPAM), we compare it with an other AM
based algorithm where elementary minimizations are performed using a regular-
ized version of RL method (see equations (42) and (48)). We denote this latter
method by RRLAM. In order to show the interest of the proposed SV blur model,
we present some BD results using one SI PSF.

5.1 Test on 2D digital camera images

The first experiment is related to optical distortions in digital camera which can-
not be considered as uniform, simply because an optical device (lenses, mirror,
etc) is not flat and does not have the same imaging properties at the center and at
the edges due to its spherical shape (??). Optical deformations are not identical
over its entire surface. Nevertheless, these distortions could be considered homo-
geneous on a given crown whose center is the center of optics. That is why we
consider circular variations of the PSF in our experiments. In Fig. [I|(a), we show
an example of two weighting functions used in our experiments. The dominant
noise in digital camera can be considered as Gaussian because of the the high illu-
mination. Nevertheless, our method designed for Poisson noise corrupted images
can be applied on these images. In fact, for high intensity level, the Poisson dis-
tribution is very similar to the Gaussian distribution. In (?), the authors prove that
the Poisson criterion can be approximated by the Gaussian criterion. Our tests
are performed on two different simulated images of a digital camera system, with
different blur variations and different noise levels.

First, consider the sharp image of 256 x 256 pixels, depicted on Fig. [2(a), that
we denote by the letter "A". We blur this image with a SV PSF constructed from a
combination of two Gaussian PSFs displayed on Fig. [2|(e) and (i) in a logarithmic
scale. For that, we use two circular varying weighting functions as in Fig. [I] (a).
Before adding the Poisson noise to this blurred image, we add to it a background
constant of by = 1072, The final degraded image that we obtained, depicted in
Fig. [2| (b) has a peak signal to noise ratio (PSNR) of 18dB. Starting from a ran-
dom initial guess of the two PSFs which is not very far from the true ones (cf.
Fig. 2] (f) and (j)), we run our SGPAM algorithm on that image. The regularizing
parameters are set in an empirical way by test/error in order to visually obtain a
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satisfactory reconstructed image, say o = 0.005 and B = 10, i = 1,2 for SV and
SI restoration tests. Note that & and 8 have an antagonist impact on the recovered
image: a very high value of 8’ leads to a wide PSF and a sharp recovered image
(ringing artifacts could appear on the recovered image) while a low value of o
leads to a smooth image and a narrow PSFE. The estimated image and SI PSFs are
respectively depicted in Fig. [2] (c), (g) and (k). In order to evaluate the proposed
method, we compare in terms of quality of reconstruction and speed of conver-
gence with RRLAM algorithm. Constraints of positivity, flux conservation and
PSF normalization are added to that algorithm by projecting each of the estimates
on a convenient set. In fact, without these two constraints, the algorithm leads to
disappointing results. The obtained image and PSF estimates by this latter algo-
rithm are displayed in Fig. [2(d), (h), and (I). In order to show the interest and the
efficiency of the proposed BR method, we compare our result with that obtained
by considering one single SI PSF. In table[2] we summarize the main comparison
results. For the different considered tests, we present in that table the RRE and
the SSIM measures between the recovered images and the original one. We also
give the mean computing time per iteration (z,,), the global computing time (),
and the required number of iterations (nb it).

Our second test is performed on an other image simulated with a more realistic
blur model. In fact, in the previous test, the PSFs used are Gaussian while in this
test we use real PSFs of a digital camera system. Furthermore, in the previous
test, the PSF is assumed to be the same on a given crown. However, an accurate
model should take into account the variation of the blur on the same crown (?7?).

Let consider the original image of Fig. [3| (a) of size 500 x 500 pixels. We
denote this test image by letter "B" in table 2] We decompose it into three crowns,
then each of these crowns unless the central one is sectioned into four pieces.
In Fig. [1] (b), we present such a decomposition. As the blur variation between
two neighboring regions is not significant, we consider a SI PSF at each region.
That is, weighting functions are chosen to be indicator functions (y’ = 1 on the
considered region and y’ = 0 outside that region). Note that it is possible to chose
other weighting functions, for example angular and radial varying functions in
order to take into account the transitions between neighboring PSFs. Having nine
measured PSFs, the distorted image is obtained by applying each of these PSFs on
the corresponding region, adding a background constant of b, = 107> and finally
adding the Poisson noise. The resulting image depicted in Fig. [3|(b) has a PSNR
of 29dB. Restoration results using SGPAM and RLAM are respectively depicted
in Fig. [3](c) and (d). The used regularizing parameters are set in an empirical way
by test/error: a = 0.05 and ﬁi =1,i=1,...,9 for both SV and SI tests.
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5.2 Test on 3D confocal microscopy images

Confocal laser scanning microscopy (CLSM) (??) allows to observe a 3D bi-
ological living specimen at a resolution of about 100nm. However, 3D images
coming from this system are distorted by a blur varying along the z-axis i.e. the
depth of the imaged point in the specimen. This varying blur is basically due to
light refraction phenomenon when crossing mediums of different refractive in-
dexes in this system. As the system provides three-dimensional images, the PSF,
the image of a point source is thus 3D. Consequently, we deal with 3D image
restoration. The PSF variation mainly manifests by three aspects when increasing
the depth: radial and axial spread of the 3D PSF, axial dissymmetry, and axial
shift of the main lobe w.r.t the central plane (see Fig. [ (e) and (i) which show
axial slices of two PSFs at O um and 14.5 pm of depths respectively). Knowing
all the imaging parameters such as light wavelength, refractive indexes of the dif-
ferent system mediums, the PSF at different depths can be computed using the
theoretical model developed in (??). Nevertheless, some of these parameters are
inaccessible, especially the refractive index (RI) which is very sensible to changes
of the temperature. That is why a blind or semi-blind restoration method need to
be developed for this system.

In what follows, we show test results on both simulated and real CLSM im-
ages. The simulated CLSM image is generated using the theoretical PSF model
presented in (?).

5.2.1 Test on a simulated CSLM image

Consider a 3D image of 100 x 100 x 100 voxels, of three spherical beads, whose
axial slice is depicted in Fig. [] (a). We denote this image by letter "C". The
beads are assumed to be embedded in a medium of RI ny; = 1.48. The CLSM
imaging system assumed to have a magnification of 100X, a numerical aperture
of 1.4 and an oil immersed lens with a RI of n; = 1.5. The cover-slip chosen
to have a RI very close to that of the objective immersion medium (n, ~ 1.5),
so that aberrations induced by the RI mismatch between these two mediums are
negligible. The excitation and emission wavelengths are respectively assumed to
be 560 nm and 600 nm. The pinhole of the confocal microscope is considered
to be very small so that it can be approximated by a Dirac function in the PSF
generation model of (?). Radial and axial sampling steps are respectively set to
50nm and 145 nm, respecting Nyquist sampling. Knowing all these acquisition
parameters, we generate 100 PSFs, each at a different depth, using the theoretical
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PSF model in (?). Then, we generated the blurred image using a discrete version
of model . Adding to it a background noise of bg = 10~* and Poisson noise,
we obtain the simulated observation whose axial slice is presented in Fig. {] (b)
with a PSNR of 13dB.

In order to restore that image, we approximate the depth-variant PSF by a
combination of two SI PSFs, taken at the top and the bottom of the sample. The
considered weighting functions are varying along the z-axis, and constant along
x,y axis, cf. Fig. [I] (c) that shows a plot along z of the used weighting functions.
The two SI PSFs to be estimated are initialized using the theoretical model (?),
parameters included in this model are set in an approximate way (some random
errors are introduced in these parameters). The regularizing parameters are set
as follows @ = 1073 and ﬁi =0.1,i =1, 2 for all tests. The estimated PSFs as
well as the recovered image using SGPAM and RLAM methods are respectively
shown in Fig. @] (c), (d), (g), (h), (k), and (1).

In order to better evaluate the proposed BR method, we show in Fig. [5](a) the
plots of intensity profiles along the z-axis passing through the centers of the orig-
inal beads, the observed beads, and the restored beads with SGPAM and RLAM
methods. We also show in Fig. [5|(b) and (c) the intensity profiles along the z-axis
of the true, initial, and final estimated PSFs.

5.2.2 Test on a real CSLM image

Consider a real image of a bead shell of diameter 5 um, embedded in a polymer
medium. Radial and axial slices of this 3D image of size 140 x 140 x 70 voxels,
are depicted in Fig. [6] (a) and (). We denote this image by letter "D". This image
is observed with a Zeiss LSM 780 microscope having a numerical aperture of 1.4,
an oil immersed lens and a magnification of 63X. The radial and axial step-sizes
are respectively 54 nm and 150 nm. In order to test our algorithm, we also consider
a combination of two SI PSFs. To generate the initial PSF estimates, we use
the theoretical PSF model (?). For that, we consider the following approximate
RI values of the polymer ny = 1.45, of the cover-slip n. = 1.5, and of the oil
immersion medium n; = 1.5. The regularizing parameters used in this test are
fixed as follows & = 0.05 and B/ = 10, i = 1, 2 for all tests. The restored images
using SGPAM and RRLAM methods are respectively displayed in Fig. [] (b), (f),
(c) and (g). We also present in Fig. [0] (d) and (h) a restoration result using a SI
PSF.
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a) (b)

( () (d)

Figure 1: (a) Circular variations of two considered weighting functions for the
test image A: y! is increasing from the center to the edges of the image while
v? is decreasing from the center to the edges of the image, the presented image
intensities vary from O in blue to 1 in red, (b) considered decomposition for the
test image B. The blur is assumed to be invariant on each region. Nine weighting
functions are used for this test, each of them is chosen to be an indicator function
(l//i = 1 on the considered region and l//i = 0 outside that region), (c) and (d)
linear variation of the two considered weighting functions along the z-axis for the
test images C and D: the presented plots show only a z-line of the 3D weighting
functions.

Image A Image B
RRLAM SGPAM RRLAM SGPAM
SI SV SI SV SI SV SI SV

RRE (%) | 8.71 6.18 | 7.62 6.31 | 1.09 1.10 | 1.02 1.05
SSIM 0.933 | 0.955 | 0.943 | 0.955 | 0.974 | 0.974 | 0.975 | 0.975
tm (min) | 0.010 | 0.01 | 0.011 0.02 | 0.08 0.71 | 0.22 1.29
ty (min) 10.59 | 18.01 | 6.31 | 1897 | 898 | 72.09 | 5.07 | 41.48
nb it 1000 | 1000 | 563 796 | 101 101 23 33

Table 1: SGPAM method vs. RRLAM method. Tests are presented for 2D of
digital camera.

5.3 Discussions

From these experiments, we can say that:

First, one can notice from table 2 that SGPAM algorithm provides faster con-
vergence and more accurate results than RRLAM algorithm. Although one itera-
tion of SGPAM is longer than one iteration of RRLAM, SGPAM converges faster
since it requires less iterations than RRLAM to reach its convergence. Because
of the static step-length value in RRLAM, the algorithm rapidly stagnates to a not
necessarily optimal solution. However, in SGPAM method, thanks to the dynamic
step-length selection, SGPAM gives more accurate results than RRLAM. To illus-
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(a) (b) (c) (d)
(e) () (2) (h)
i) ) (k) @
Figure 2: BR results on the test image A: (a) Original image, (b) observation, (c)
restoration using SGPAM, (d) restoration using RRLAM, (e) first true PSF ht, (f)

~ (0 ~ ~
initial PSF hl( ), (g) estimated h! with SGPAM, (h) estimated 4! with RRLAM,

~ (0 N
(i) second true PSF /2, (j) initial PSF hz( ), (k) estimated 42 with SGPAM, (1)
estimated 42 with RRLAM.

trate this analysis, we present in Fig. [/|the global energy variation with iterations
for the test image A.

Second, from the presented tests, one can remark that the proposed BR gives
more accurate result than BD when the blur variation is significant. This is illus-
trated in Fig. [5] (a) which shows the intensity profiles passing through the centers
of each of the three restored beads using a SV PSF (in magenta) and a SI PSF (in
black). In particular, the last bead is not well restored by the BD algorithm since
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(b) (d)

Figure 3: BR results on the test image B: (a) original image, (b) degraded image,
(c) restoration using SGPAM, (d) restoration using RRLAM

Image C Image D
RRLAM SGPAM RRLAM SGPAM
SI SV SI SV | SI SV | SI SV
RRE (%) | 20.17 | 16.59 | 16.03 | 7.81 - - - -
SSIM 0.85 0.88 | 0.90 | 0.95 - -

Iy (mMin) 0.21 035] 022 1036|033 | 05076 | 1.6
t, (min) 6.90 910 | 6.7 | 6.18 | 5.02 | 144 | 537 | 11.8
nb it 32 17 30 26 | 16 23 7 9

Table 2: SGPAM method vs. RRLAM method. Tests are presented for 3D images
of confocal microscopy.

the blur at the bottom of the sample (i.e. for high z) is more significant than at
the top of the sample (i.e. for low z). This also can be seen on the PSF images
presented in Fig. [] (e) and (i) as well as their intensity profiles along the z axis
in Fig. [5] (b) and (c). One can notice that the second true PSF (Fig. [§] (c)) is
more spread than the first PSF (Fig. [5 (b)). Furthermore, using the proposed BR
approach, one can efficiently recover the spread of these two different PSFs (see
plots in magenta in Fig. |§] (b) and (c)). However, one can remark from the RRE
and SSIM values in table [2] that restoration with SI and SV PSFs have practically
the same accuracy for the test image B. This is also can be noticed by visually
comparing images of Fig. [3|(c) and (d). This is can be explained by the fact that
the blur variation across the processed image of Fig. [3] (b) is not very significant.
Hence, when the blur variation is not very important, it is not worth applying our
BR algorithm since it requires more computational time than BD without any gain
in the restoration quality.
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(c) (d)
(8 (h)
(k) @
Figure 4: BR results on the test image C: a simulated CLSM image. Only (Y, Z)

sections of the 3D volumes are presented: (a) Original image, (b) observation, (c)

restoration using SGPAM, (d) restoration using RRLAM, (e) first true PSF hY, (f)
~ (0 ~ ~
initial PSF hl( ), (g) estimated h! with SGPAM, (h) estimated 4! with RRLAM,

~ (0 o
(i) second true PSF /2, (j) initial PSF hz( ), (k) estimated 7?2 with SGPAM, (1)
estimated 42 with RRLAM.

G

6 Conclusion

In this report, we presented a BR method for images degraded with a SV blur and
Poisson noise. In this method, the SV PSF is approximated by a convex com-
bination of a set of SI PSFs. In a JMAP framework, we defined a convenient
criterion to solve the simultaneous estimation problem of the SI PSF set and the
sharp image, the set of weighting functions being fixed. Different constraints on
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T Origired beaits
T Degraded beads
Restored beatts with RRLAM
T " Restored beats with SGPAM
T " Restored beats with SGPAM and a 51 PSF

Bead Intensity profiles

— True PSF
— Initial PSF

Estimated PSF with RRLAM
— — " Estimated PSF with SGPAM

100

True PSF
Initial P5F

Estimated PSF with RRLAM
— = " Estimated FSF with SGPAM

Figure 5: (a) Intensity profiles along the z-axis passing through the centers of the
three beads: the blue plots correspond to the original beads, the red plots cor-
respond to the degraded beads, the magenta plots correspond to the restoration
using SGPAM, the green plots correspond to the restoration using RRLAM, and
the black plots correspond to the restoration using a SI PSF and SGPAM method.
(b) and (c) intensity profiles along the z-axis of the first and second SI PSFs taken
respectively at the top and the bottom of the considered sample. True PSFs are pre-
sented in blue, initial PSFs are presented in red, estimated PSFs with SGPAM are
presented in magenta, and estimated PSFs with RRLAM are presented in green.

the unknown variables are involved, namely positivity, PSF normalization, flux
conservation, smoothness of the recovered image and spread out of the SV PSF.
We proved the existence of a solution of the considered problem, a minimizer of
the given criterion. We then proposed an SGPAM algorithm for the numerical res-
olution of this problem. That is, the multivariate minimization problem is solved
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Figure 6: BR results on the test image D: a bead shell image acquired by Gilbert
Engler and Elie Maalouf at INRA with a Zeiss LSM 780 microscope. The first
raw shows (X, Y) slices and the second raw shows (Y, Z) slices. The first col-
umn ((a) and (e)) corresponds to the observation, the second column ((b) and (f))
corresponds to the restoration using SGPAM, the third column ((c) and (g)) corre-
sponds to the restoration using RRLAM method, and the fourth column ((d) and
(h)) corresponds to the restoration using a SI PSF and SGPAM method.

o soo ooo 1 500

Figure 7: Energy variation with iterations for the test image A.

by alternating between mono-variate minimizations using an SGP algorithm, an
efficient algorithm that provides fast convergence. Comparison of the proposed
method with the RRLAM algorithm (a regularized version of RL algorithm em-
bedded with the AM procedure) on simulated and real images of digital camera
and confocal microscopy shows that our algorithm is faster and more precise. Fur-
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thermore, comparison of our algorithm with a BD algorithm where one SI PSF is
used reveals the potential interest of the SV blur model.

Nevertheless, some limitations of this work should be reported. In fact, in
our method, the number of the considered SI PSFs as well as the set of weight-
ing functions are fixed by the user. Further investigations about the choice of
these parameters and their impact on the accuracy of the solution, in a completely
automatic BR framework, would be an interesting future work. Moreover, regu-
larizing weight parameters included in our method are set in by try/error. It could
be interesting to automatically estimate them during the estimation procedure.

A Gradient decomposition

We give here a decomposition of the gradient of the used regularizing terms for
both 2D and 3D images. In this report, the considered regularizing terms are of
the following form:

 for 2D images X € R" x R™:
0=} ¢(D)) (53)

1<i,j<n

where D7 ; = |(VX);, j|2 and the discrete gradient (VX); ; is computed by
adding one column and one row to X as follows:

(X Xy
(VXMW_(&JH—XW oD

with Xn+1,j =X17j and Xi,n+l = Xi71;

 for 3D images X € R" x R" x R™:

)= ¥ ¢(Dh) (55)

1<i,j<n
2 . : :
where D? k= |(VX); x| and the discrete gradient (VX); j« is as follows:
Xit1,je = Xi jik

(VX)ijk= | Xijjs1h—Xijk (56)
Xi jir1—Xijk

with X, 11 i = X1 s Xint1x = Xit o a0d X j 1 = Xi jnt1
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The function ¢(r) is chosen as ¢(r) = 2Vt + €2, Vt > 0, € > 0 for the total varia-
tion term used in (36) and as ¢ (r) =, Vt > 0 for the quadratic regularizing term
used in (@6). The parameter € is a very small scalar used to avoid singularity
points in the derivative of the total variation term (e.g. in our simulation we con-
sider € = 1078 as it is suggested in (?7?)).

Now, let us first consider 2D images. The gradient of function @ wrt. X; ;
is expressed as:

Vi IR (X) =" (D7) (2% — Xiv1,j—Xijr1)
+¢' (D7 1) (Xij—Xim1j) (57)
+9' (D7 ;1) (Xij—Xij1)

with ¢’(¢) the derivative of ¢ (¢). A possible decomposition of the gradient V; ;J%(x)
into two positive terms is as follows:

UR(X)=¢"(D7;) (Xis1,j+Xija1) + 9" (D71 ) Xiz1

(58)
+0' (D7 1) Xij1
VR(X) = [2¢" (D};) +¢" (Di_1;) +9' (D} j—1)] X (59)
Now, we give similar expressions for 3D images:
URX) = ¢/ (DF ) (Xi 1o+ Xijira Xy ]
(60)
+¢’ (D,-Z_L j,k> Xi—1,jk+9' (Diz, j—l,k) Xij-1x+¢' <D?, j7k—1> Xi jk—1

VR(X) =X; j[29' (Diz,j,k> +¢’ (Dizfl,j,k> +9¢' (Diz.,jfl,k> + 1)

¢’ <D12,j,k—l)]
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