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Abstract

A numerical scheme is presented for the solution of the cesgible Euler equations over unstructured grids in cylin-
drical and spherical coordinates. The proposed schemeségitin a mixed finite volumgfinite element approach.
Numerical simulations are presented for the explosionlprabin two spatial dimensions in cylindrical and spheri-
cal coordinates, and the numerical results are comparddtidt one-dimensional simulations for cylindrically and
spherically symmetric explosions.

Keywords: Compressible flows, Cylindric&8pherical Coordinates, Explosion problem, Finite Eleratime
Methods

1. Introduction

Some gasdynamics problems exhibit such strong symmelréscould be more convenient to describe these
problems in a curvilinear reference, i.e. cylindrical ohegcal, rather than in a Cartesian one. These are, e.mp; ast
physical flows, Inertial Confinement Fusion (ICF) applioas, sonoluminescence phenomena and nuclear explosions
[1].

To compute the numerical solution of the compressible flowadigns for these kind of flows, an interesting
possibility is provided by the use of a mixed finite volume F\finite element (FE) approach [2]. For example, in
viscous flows, it is possible to use the FV and the FE to comiheeadvection and dissipation terms, respectively,
within the same algorithm. Such a possibility is expectetamf use in the study of thdtect of viscosity on e.g.
the formation of stable shock fronts and on the determinatibthe onset and dynamics of Richtmyer-Meshkov
instabilities in cylindrical and spherical implosions [3]

The combined use of these twdigrent techniques is made possible by the introduction ¢élsié equivalence
conditions that relate the FV metrics, i.e. cell volumes Brelgrated normals, to the FE integrals. Equivalence con-
ditions relating FV and FE schemes have been derived foe€iart coordinates in two and three spatial dimensions
[4, 5] and for cylindrical coordinates in axially symmettigo-dimensional problems [6]. In both cited references,
equivalence conditions are obtained by neglecting highgeroFE contributions. Subsequently in [7], equivalence
conditions for the cylindrical coordinates have been dtifor the first time without introducing any approximation
into the FE discrete expression of the divergence operaakin [8] the dfferences between the consistent scheme
and an alternative one violating the the equivalence camdithave been quantified for the case of one-dimensional
problems in cylindrical and spherical coordinates. In thespnt paper the consistent formulation is presented in the
cylindrical and spherical reference systems. Numericallte for the implosion and the explosion problem are also
provided to demonstrate the correctness of the proposedagn

The present paper is structured as follows. In section Zdhakar equations in cylindrical and spherical coordinates
are introduced. In sections 3 and 4 the spatial discretizatof the scalar equation by FE and FV are presented in
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cylindrical and spherical coordinates respectively. Eglgince conditions between FE and FV metrics are also shown.
In section 6, numerical simulations are presented for th@ldsion and the explosion problem in the cylindrical
coordinates on thB-0 andZ-R (axisymmetric) planes and in the spherical coordinatesien-t plane. Numerical
results are also compared to one-dimensional simulatiargection 7 final remarks and comments are given.

2. Scalar equation in cylindrical and spherical coordinates

For simplicity we consider first a multidimensional scalanservation law. The model equation in a three-

dimensional cylindrical reference reads

ou oafz 19 101,
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wheret is the time,Z, R and@ are the axial, radial and azimuthal coordinates, respagfiv = u(Z, R, 6, t) is the
scalar unknown andl® (u) = (fz, fr, fs) is the so-called flux function. A more compact form of theabequation is
obtained by introducing the divergence operator in thrieeedsional cylindrical coordinaté®? - (-) as follows
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The model equation in a three-dimensional spherical retereeads
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wherer, 6 and¢ are the radial, polar and azimuthal coordinates, respagtir = u(r, 6, ¢, t) is the scalar unknown
and f°(u) = (fy, fg, fy) is the flux function. In a compact form, using the divergeaperator in three-dimensional
spherical coordinatg®°- (), it can be rearranged as

) oo corn
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3. Finite Volume/Element in cylindrical coordinates

3.1. Node-pair finite element discretization

The scalar conservation law (2) is now written in a weak fosnmultiplying it by the radial coordinat® and by
a suitable Lagrangian test functigne V,, ¢ H1(Q). Integrating over the suppd®; of ¢; gives

wai@in+fR¢iVZ-f@(u)dgi=o, VieN, (4)
Qi ot Qi
where N is the set of all nodes of the triangulation. Note that by iplying by R, the numerical singularity of

the cylindrical reference system is formally removed [6] the following, to simplify the notation, the infinitesimal
volumedQ = RdR @dZ is not indicated in the integrals. Integrating by parts indiagely gives

chpi@Zfng-Vz i+f<pifz-VgR— Rtpif@-nf (5)
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wheredQ? = 9Q; N 0Q, with 6Q; anddQ are the boundary af; and of the computational domad, respectively,
and wheren? = nzZ + ngR + ny@ is the outward normal versor ;. The scalar unknown is now interpolated as

UZ R 6,0 = U(Z R 6D = D utlp(Z R 0),
keN



to obtain the Bubnov-Galerkin approximation of the (1), eiym
dw 123 z 1%} 2 2| 123 i3
> G M= [ REPW)- Vi + | @f(u)-VR- | Rt (un)-n”, (6)
ke & Q oy

whereN; is the set of shape functiopg whose suppo®y overlap; of ¢; and where

def
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with Qi = Qi N Q. By resorting the so-called flux interpolation techniqug e flux functionf®(uy) is now
expanded using the same shape funcfige V;, as follows

f7(up) = £° [Z U(Oek(Z R, 9)) ~ Z fe(Me(Z R, 6),
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wheref/(t) = f?(ux(t)), to obtain
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Whereaﬂﬁ( = 0Qi N IQk N IQ andNia is the set of all boundary nodes@f. Using the following identities
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demonstrated in Appendix A, the node-pair representatig@)as find to be
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whereN; . = Ni\{i} andNﬁ = \{i}, and the following FE metric quantities have been introduce
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In the next section, the corresponding FV metrics are dédrive



3.2. Edge-based finite volume discretization

The spatially discrete form of the scalar conservation WY now obtained according to the node-centred finite
volume approach [10]. To this purpose, the integral form2)ttines the radial coordinaiis enforced over a finite
number of non-overlapping finite volumeés, with boundarydC;. Over each control volumé€; the cell-averaged
unknown is introduced as follows

u(zZ, R,Ht)_u(t)_—fu(z R 6,1),

whereV, is the volume of thé-th cell. Splitting the boundary integral into interfacedaadge contributions

id“'— ZfRf‘Z’-E’ LRf”-nf’+ f7.R (8)
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whereA, . is the set of the finite volum@y sharing a boundary witf;, excludingC; and where&Cix = dCi N dCx #
0,k # i, is the so-called cell interface. As it is standard practibe flux vector is assumed to be constant over each
cell interface. Under this assumption, the domain and bagncbntributions read

fng.ni@ ~ fii'f = fo.ye with v dfffRnf’ and
Cik aci ' OCi
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respectively. If a second-order centred approximatiohefiuxes is considered, namefy, = (f7 + f,7)/2, the final
form of the finite volume approximation of (2) reads,

gdu f'g+ff oz o 2 -] dEf
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to be compared with the corresponding FE discretization (7)

3.3. Finite Elemen¥olume equivalence

The equivalence conditions relating the above FV metriaitjtias and the FE ones defined in the previous section
are now derived. To this purpose, relevant properties oFthand FV discretizations are briefly recalled.
Considering FE metric quantities first, from its definitidre tvectom,, is asymmetric, namelyy; = —n,; which

will be referred in the following as property FEM-a. ProgefEM-b is obtained by noting that (’l.i - §ii)+§f’ =
0 which gives immediately

= >+ & (10)
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Property FEM-c stems from the following identity

Ravex = [ Raxent = [axR- [ Re v, (11)
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wherex? is the position vector® = ZZ +RR(6). By substituting the exact expansigfi = Tken: X ¢k, and applying
node-pair representation described in the subsectioriE4.1(11) can be written as
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By substituting property FEM-b in the above identity, onalfiy obtain property FEM-c as
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Considering now FV metric quantities, from the fact thdt= —n; overdCi, property FVM-a reads; = —v,
which corresponds to the conservation property of the seh&mom the Gauss theorem, one also has

ngR = 9§Rnf’,
Ci aCi

which, from the definition of FV metric quantities, gives pesty FVM-b as

V= Z Vg + v/ (13)
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Property FVM-c is obtained by noting that
3v? =fRVg-xg = Rxg-nf—fﬁ-xz. (14)
Ci dCi Ci

The right hand side of (14) is now computed by means of the Berdtization described in subsection 3.2 as
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which from property FVM-b becomes
X2 + x?
v = Y o (15)
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Therefore, a FV approximation can be formally obtained fieEhnmetric quantities defined over the same grid
points by setting (see properties FEWM-a and -b)

Ve =M. vi =&, Vi =L;.

Note that the mass lumping approximation,

duk dUi
Mﬁ — x| =
Ig\;i K dt 'odt

has to be introduced in the Eq. (7) for the equivalence camwitto be applicable. By subtracting Eq. (12) to Eq. (15),
one finally has

z z
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It is remarkable that, dlierently from the Cartesian case [4, 5], in the cylindricdérence the FV cell is not coin-
cident with the FE lumped mass matrix. Moreover, the shapbefV cells that guarantees equivalence with FE
discretization still remains to be determined.

4. Finite Volume/Element method in spherical coordinates

4.1. Node-pair finite element discretization

In the present section the spatial discretization of coradem law in a spherical reference system is presented.
The scalar conservation law (3) is multiplied by the quantising to formally remove the singularity of the
spherical coordinate system along the zenith directione FB node-pair discretization is obtained as done in the

cylindrical case [11], namely

du; fo+ f° fp—f° — fo—f?
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where the following metric quantities have been introduced

Mii < fr Sinfpipk dQ°, 5 def fr Sind(¢i Viok — ok Vi) dQ°,
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4.2. Edge-based finite volume discretization
The FV spatially discrete form of the scalar conservation(8) multiplied by the quantity siné reads

Odu f®+f§ X0} (o] 7° o] o}
Vid_';:;; |2 Vi + Vi = ey (18)

where
\7fd§f fV@(r sind), v « fr sinory and ¥} d:‘erfrsinangD
ac? ACik ac?
4.3. Finite Elemeptolume equivalence

The equivalence conditions relating the FV and FE schemetdiegned like in the cylindrical case. The following
properties are introduced for the FE metric quantities

(FEM-a) n; = -, (19)
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kENi;
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and for the FV metric quantities
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Therefore, a FV approximation can be formally obtained felExmetric quantities defined over the same grid points
by setting (see properties FERV/M-a and -b)

Vi =M. Vi =& v(lD = ET
By subtracting (FEM—c) to (FVM—c), one finally has
X2 — X° X2 — X°
vi®:|_<§+2%.§?k_2%.xfk, (21)
KEN » keN?,

where, like the cylindrical case, the mass lumping appratiom has been introduced. It is clear that also in this case
he FV cell is not coincident with the FE lumped mass matrixdwedshape of the FV cells that guarantees equivalence
with FE discretization still remains undetermined.



5. Fully discrete form of the Euler equations in cylindrical and spherical coordinates

The Euler equations in cylindrical and spherical coordindbr compressible inviscid flows are now briefly re-
called. The dterential form reads
ou”? 1 ou® 1
— + V7.7 = =¢° d Vefo = ——¢,
ot " R an ot " rsiné

respectively, where?(Z, R, 6, t) = (o, m*, EY)T andu°(r, 6, ¢, t) = (o, P, EYT, with p density,m® = (mz, mg, my)",
P = (m, my, M;)" momentum and' total energy per unit volume. The flux function and the sotece are defined
as follow in the cylindrical case
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and in the spherical one
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wherell is the pressure function in terms of the conservative viggab
The FV spatially-discrete form of the Euler equations indfindrical and spherical refrences reads

gduiz _ ff+fi2’ I3 o 24 d
VW = _k; oMy + LS 1767 an (22)
eENi,#
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respectively, where the following notation has been Lq?e%ff s7(u?), § def ), s aef s°(u?). The termsV” and

V> are computed from the equivalence condition in cylindrarad spherical case, respectively. In the computation,
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a TVD [12] numerical flux is used, with the van Leer limiter [13The fully discrete form of the Euler system is
obtained by a two-step Backwardfrencing Formulae. At each time level, a dual time-steppegrique is used
to solve the time-implicit problem [14]. In all simulatiohd ideal gas model for the nitrogep € c,/c, = 1.39) is
used.

6. Numerical results

In the present section, numerical results for convergind) dierging shock waves are presented for both the
cylindrical and spherical cases.

The first problem consider is a one dimensional simulatiorafverging shocks in cylindrical and spherical
symmetry. This kind of problems can be seen as a special Riem@blem in cylindrical and spherical coordinates
for which Guderley [15] has showed that the position of thevenging shock has a similar solution as follows

R t\*
— =A(1-—]|,
&= (¢

whereR = R(t) is the position of the shock as function of the timé&, is the position of the discontinuity at initial
time andt; is the time value at which the discontinuity reaches theiodthe domain. The rational numberis the
exponent of the similar law an8l* and A~ are the cofficients for the converging and diverging shock, respedtivel
All these codficients can be computed in the case of the polytropic idedlidds

The numerical simulation are performed on a one dimensidoigdain with wall boundary conditions at the two
boundaries. The initial solution consists of a uniformriligttion of the density, the velocity is zero everywherejlevh
the pressure has a discontinuity at the center of the donitirawalue of the pressure on the outer part of the domain
ten times higher that the value on the inner part.

In figure 1 the Guderley’s law is compared against the nurakrésults on a grid of 501Af = 2 x 107%) nodes
with a time stepAt = 10~ for both the cylindrical and spherical problems. The nusaand the analytical solutions
agree very well, even near the origin of the domain whereethes strong shocks. After the shocks reflections, there
are complex interactions between the waves coming to tiggnaaind those reflected that are not taken into account
by the analytical model.

Numerical solution
——————— Analytical solution

Numerical solution

0.8 ————em Analytical solution 0.8

0.6 0.6

RIR,
RIR,

04 04

0.2 0.2

(@) (b)

Figure 1: Position of the converging shock as function oftthree for the one-dimensional simulation and for the
analytical solution of Guderley: (a) cylindrical probleh) spherical problem.



The explosion and the implosion problem are now consideréue case of two spatial dimension. The computa-
tional domain is shown in figure 2, where a representativepegational grid is also shown.

Figure 2: Exemplary grid for the explosion and implosionlgems. The grid is the coarse grid.

Initial conditions for the explosion problem are as folloviEhe velocity is assumed to be zero everywhere; the
density is uniform and equal to 1, whereas the pressure fsramand equal to 10 in a circular region centered at the
origin with radiusr = 0.5. In the remaining portion of the domain, the pressure ifoami and equal to 1.

The thermodynamics variables are made dimensionless bgaitesponding value at rest (outer region), the
spatial dimensions are made dimensionless by the radihe afldmain. Velocity and time are made dimensionless by
the square root of the reference pressure divided by theerefe density; the reference time is the reference length
divided by the reference velocity.

In figure 3 and 4 are reported the numerical solution resgelgtfor the cylindrical coordinates system on the
planeR-6 and spherical coordinates on the plarng for the explosion problem. The density isolines dfetent time
levels are shown together with the pressure profiles alomgxisy = 0. The grid is made with 39 153 nodes 77 587
triangles and the time step is52x 10%. A shock wave propagates towards the outer boundary of tmputational
domain; the shock wave is followed by a contact discontinditrarefaction wave propagates towards the origin and
is then reflected outward. Note that the initial corrugatbithe shock front, due to the un-even shape of the initial
discontinuity caused by its discrete representation owematructured grid of triangles, is clearly visible alsdedér
times. The pressure profiles are compared against refeoaeedimensional results for the threédient time levels.
One-dimensional computations were performed over a evsgdged grid made of 2001 nodes, which corresponds
to an element spacing o510

A grid dependence study is shown in figure 5. Pressure sigialg they = 0 axis are compared at tinhe- 0.16
for three diferent grid resolutions: the coarse grid is made of 9551 naddsl8 745 triangles, the medium one is
made of 20 683 nodes and 40 841 triangles, the fine one is m&B®¥I&3 nodes 77 587 triangles. Numerical results
are found to be almost independent from the grid resolutidme step dependence can be appreciated from figure
6, where the pressure signals for thre@atent time steps is shown at tirhe- 0.16 for the medium grid. Numerical
results are found to be independent from the chosen time step

In figure 7 and figure 8, numerical results for the implosioolgbem are showed in cylindrical and spherical case
respectively. In the implosion problem the initial condits are as in the explosion problem where now the high
pressure region is the outer one and the low pressure regain k 0.5. The grid is the fine grid and the time step is
2.5x 1074, A rarefaction wave propagates towards the outer boundastypck wave and a contact surface propagates
inwards. The intensity of the shock increases as it moveardsthe origin; when the shock wave is reflected at the
origin, a region of high pressytemperature is observed. In the spherical case, fféstds more evident.
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Figure 3: Density isoline for the cylindrical implosion flem: (a)t = 0.02; (b)t = 0.12; (c)t = 0.16. Each isoline
corresponds to a densityffirence of\p/pres = 0.03. (d) Pressure signal along the: 0 axis at the same time levels:
the solid line is the reference one-dimensional solutitresdot-dashed line is the bidimensional solution.

Due to the symmetry of the solution and of the computatiomahalin, the spherical implosion and explosion
problems can be also simulated by axially symmetric Euleiaégns formulated in a cylindrical coordinate system,
as done in [7]. The spherical and axisymmetric solution egpond to the solution of the same problem on two
different planes, i.e., the¢ plane in the spherical problem and theR plane in the axisymmetric problem, whete
is the coordinate along the axis of symmetry &tid the cooridate along the axis normal to the axis of symm@ing
solutions in spherical coordinates are shown together thighcorresponding solutions in axisymmetric coordinates
in figure 9 for the implosion problem. In order to reconstrtiet complete spherical solution the spherical and
axisymmetric solutions are represented on each own plane.

10
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Figure 4: Density isoline for the spherical implosion perht (a)t = 0.02; (b)t = 0.12; (c)t = 0.16. Each isoline
corresponds to a densityffirence oi\p/pres = 0.03. (d) Pressure signal along the: 0 axis at the same time levels:
the solid line is the reference one-dimensional solutitresdot-dashed line is the bidimensional solution.

7. Conclusions

A novel unstructured-grid hybrid finite elemg@rdlume method in a cylindrical and spherical reference was p
sented. The proposed approach represents an extensianmddie-pair scheme earlier for the cartesian coordinates
and moves from suitable equivalence conditions linkingdimlement integrals to the corresponding finite volume
metrics, such as the cell volume or the integrated normaig. éfuivalence conditions, as done for the first time in
the case for the cylindrical coordinates [7], were deriverktwithout introducing any approximation and allowed to
determine all needed finite volume metric quantities frontdielement ones. Numerical results are presented for
one and two spatial dimension compressible flows: thesdstdnshe numerical simulation of the explosion and im-

11



1D
2D coarse
- — — 2D medium

35

Co 25 ——mms
3fF N
f r
- 2_
0-2.5._ o [
I N
I [
2; 15
[ 1D N
I - 2D coarse s
151 - - - 2D medium i
[ ——rme— 2D fine |
L P P P P T 1 [ P P P P 1
o 0.2 0.4 0.6 0.8 1 055 0.2 0.4 0.6 0.8 1
r r

(@) (b)

Figure 5: Comparison of pressure signals along teeDyaxis for the explosion problem at tinhe= 0.16 for different
grid resolutions against one dimensional simulationst:lafindrical case, right: spherical case.
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Figure 6: Comparison of pressure signals along tkeOyaxis for the explosion problem at tinhe= 0.16 for diverse
time steps against one dimensional simulations. Leftndyical case, right: spherical case.

plosion problems, in which an initial discontinuity in psese results in the formation of a diverging and converging
shock, respectively. The computed pressure and densifijepagree fairly well with one-dimensional simulation in
cylindrical and spherical symmetry over a very fine grid. Sbkitions obtained in spherical reference also agree very
well with the corresponding solutions in a cylindrical nefece where the axisymmetric condition has been used to
simulate spherical explosions and implosions.
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Figure 7: Density isoline for the cylindrical implosion flem: (a)t = 0.02; (b)t = 0.12; (c)t = 0.16. Each isoline
corresponds to a densityffirence of\p/pres = 0.03. (d) Pressure signal along the: 0 axis at the same time levels:
the solid line is the reference one-dimensional solutitresdot-dashed line is the bidimensional solution.

Appendix A. Node-pair finite element for a scalar conservatn law

In this appendix, the following two identities are demoattd, namely

fZ+1f? fZ—f? i
o @ k 2] Kk ] k 2]
e forn- B ) 2w
keN; ik keN;,# keN;,#
and
> tie [Rawnt = 3 (5 - 1) xi - 1767 (A.2)
keN; 0 keNi‘L
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Figure 8: Density isoline for the spherical implosion perht (a)t = 0.02; (b)t = 0.12; (c)t = 0.16. Each isoline
corresponds to a densityffirence oi\p/pres = 0.03. (d) Pressure signal along the: 0 axis at the same time levels:
the solid line is the reference one-dimensional solutitresdot-dashed line is the bidimensional solution.

which together allow to recast the discrete Bubnov-GaleRmation (6) in its node-pair counterpart (7).
The proof of the identity (A.1) is considered first. The im&gn the left hand side of the Eq. (A.1) is assembled
considering the contributions coming from each eleneintthe mesh, exploiting the local support property of the

shape functions, as follows
Z ff- thpkvg(pi = Z Z ff- LeR(kaglpi, (A3)

keN; ec&i keNe©

whereé&; is the set of the elements having the nodecommon andve is the set of the nodes of elementThe first
summation on the right-hand side is limited to the elemeaitgained in the suppof?; of nodei , which are the only
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Figure 9: Pressure (a), (c) and density (b), (d) contourth®implosion problem at two fierent time levelst = 0.1
first row, t = 0.32 second row. On the horizontal plane is represented theticolof the bidimensional spherical
problem on the—¢ plane, while on the vertical plane is represented the soiudf the cylindrical axisymmetric
problem on the-R plane.

ones to give a nonzero contribution to integrals contaitfiegfunctiony;. Note that); = (Jeg, Q°. Considering now
the following identity from the Gauss theorem

f Vo(Reig) 47 = f Reigan® doQ,
Qe 0Qe

which allows to write

fRQDkV%i = —fR<Png<Pk—ftpitpkﬁ+ Rpigkn?. (A.4)
Qe e Qe

Qe
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whereR = V°Ris the unit vector in the radial direction. Thanks to the jvas relation one deduces

1
R‘kag i + P R‘ka @i

Rek Vi
Qe

1 n
RokV 21 + > (— Rpi Vo — f‘Pi‘PkR + R‘Pi‘Pkng) (A.5)
Qe Qe Qe

0Qe

1 1
=-3M ~3 fso.sokR+ > | Reigkn®,
Qe

where in the last equality has been introduced the elemeatatibutionsy,.“ of the elemeneto the vectom;,
e def & >
" = | R@iV%% — oV ),
QixNQe
such thatyy = Yec(sney n3.” . By the relation (A.5), the integral (A.3) becomes

fT‘PkV == >t ( o7+ 2 Lzoupk—%fagf«pigokn@). (A.6)

keN. ec&; keNe

On the other hand, from the Eq. (A.5) follows also that

7= —2fR<ka2’t,0i —f¢i¢k|§+[ Reigkn?,
Qe Qe Qe

which can be recast, using the equation (A.4), as
My = ZfR‘PiV%kJrstisOk@— Reigkn®.
Qe Qe Qe
Summing up the last relation for all the noddselonging to the eleme1® and using the fact thgt . ye V2 (X?) =

0,Vx? € Qf, one obtains
> ('Iiig - Lf@kﬁ + j{;ﬂ?‘ﬁiﬁoknz) =0. (A.7)

keNe
Summing up the previous relation for all the elements belmp & and multiplying by the vectof,”, follows that

Z Z f- ('Iiig —f¢i¢k§+f R‘Pi‘Pkng) =
ec&; keNe Qe Qe
Multiplying this relation by 72 and adding it to the right hand side of (A.6) one has

fo'fR‘Pngi: ZZ(fﬂHg +fE;f?'f¢i¢kﬁ)

keNi Qi ec&; keN® ¢

ecEi keN®

By recalling thaty};” = Ofor e ¢ (& N &), thaty,, = 2ec(EnE) n3.” and thaty] = 0, the right hand side of the last
equation can be written as

f2+f° fg—f°
fo. R‘pkvzi:_Z(%.]]ﬁ_f_%.{i)

keN; Qi keNi »
o 2]
fk B fi I
F 2T R
keNi‘L 9%
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that is the relation (A.1).
Considering now the proof of the identity (A.2), in the le#ird side of (A.2) the contribute of the nodis put

into evidence, namely
fg th,D,ngn fg th,D,ngn + fg th,D,gD.

Z fo- fR‘Pltpkn

keN?,

keN " keN?, 9

The quantity

is now added and subtracted from the right hand side to obtain
PRrE thp,tpkn D10 thp,gokn +17- > | Ragun®.
KeN? KeN?, ken? V0%

By recalling that} .5, ¢k(X?) = 1,x° € Q%, Ve € &, one has

3 i JRagn® = 301210 [Ragn” + 17+ [ R

keN? keN?, 9

= D (=) xp + 1747

N,

which is the relation (A.2). Using the relations (A.1), (Ai& possible to write (6) as follow

 du, fats i :
kZ: Mika = — Z ( > "]ik + Z f fgﬂitka
eN; keN;,# keN; ik (A 8)
L 6
keNi‘L

with the metric quantities defined in the subsection 4.1hé&revious relation is necessary to write in node-pair form
also the second term on the right hand side. By recalling that

Zf f%tka Z ff'f90i¢k§+ff" prkﬁ,
KeN; KeN; Qik Qik
by adding and subtracting to the previous relation the falg quantity
Z fiz' f‘ﬁﬂpkﬁ,
ke » Qik

one has

fo'ﬁpiwﬁ > -1 ¢|¢kR+Zf f«pltka

keN; Qi keN; « keN;
= D010 [emRe 17 o (A9)
kENi; Qi
= > (fg-1) |amR+ 717
kENi; Qik
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by substituting this relation into the (A.8) one has the npd# FE discretization of the scalar equation (2)

Qrdu' f|?+ f 2] ff_ f7 o o T%9
e e A.10
_ Z 1:k _fi o _fo go ( )
2 Ak~ T i

keN?,

where the mass matrix has been lumped

With L? = yep, M2.
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