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Perturbed linear rough differential equations®

Laure Coutin' Antoine Lejay*
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Abstract

We study linear rough differential equations and we solve perturbed linear
rough differential equation using the Duhamel principle. These results provide
us with the key technical point to study the regularity of the differential of the
It6 map in a subsequent article. Also, the notion of linear rough differential
equations leads to consider multiplicative functionals with values in Banach
algebra more general than tensor algebra and to consider extensions of classical
results such as the Magnus and the Chen-Strichartz formula.

1 Introduction

Linear Rough Differential Equations (RDE) have been considered by several authors
since they are an essential tool for studying the derivative of the It6 map and its flow
properties (See the bibliography in [21]|). However, with the exception of the works
of D. Feyel, A. de la Pradelle and G. Mokobodzki [27] and S. Aida [1], linear RDE
have hardly been considered as objects as such with their own properties, excepted to
control the growth of the solution as in [30,40]|. Instead, they are generally presented
as a special case of RDE. However, the Baker-Campbell-Hausdorff-Dynkin formula
was among the inspirations of the theory of rough paths [4,9]. The algebraic view
of solution of controlled differential equations through for example Chen-Fliess series
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[16] as well as some numerical simulation algorithms stem directly from the theory
of linear controlled ordinary differential equations (See [8] for an overview and |20,
30,31,46,48,49] for the relationship between algebra and RDE). Linear equations are
among the first examples given in the article [48] and the book [49] as motivation for
developing rough paths theory.

The main goal of this article is then to study linear RDE in a general setting. For
this, we define the notion of p-rough resolvent, which is an extension of the notion of
multiplicative functionals |48,49] taking their values in a Banach algebra. Chen series,
and their rough paths extensions which are the core of the theory, are solutions to
linear RDE taking their values in tensor spaces, for which more precise results could
be given.

Our initial motivation for this article was to consider the perturbation of the
It6 map. We then deal with a variation of constant/Duhamel principle for perturbed
linear RDE. Yet we also extend the Chen-Strichartz formula, and the Magnus formula
providing exponential representations of solutions.

The content of this article may be applied to bounded linear operators on an
infinite dimensional Banach space. Of course, dealing with unbounded family of
operators, for example for solving Stochastic Partial Differential Equations, is much
more intricate and needs specific treatments. The reader is referred to the quickly
growing literature on these subjects [11,12,31-33], ... The variation of constant
principle is also linked to Volterra equations which have been studied in the rough
path context by A. Deya [23,24].

In Section 3, we define for any p > 1 the notion of rough resolvent which is a
family of linear operators giving the solutions to the linear RDE. The idea is to solve

t
Y, = Id+/ Y, dAg
0

when (Ay):cjo,r] is an operator values path of finite p-variation through the constitutive
relation Y, ; =Y, Ys, forany 0 < s <r <t <T with Y, = Ys_lYt. For this, we find
an approximation B,; of Y, when ¢ — s is small enough. The sewing lemma, which
is the technical core of the theory of rough paths, is then extended to transform By,
into Y.

In Section 4, we provide a series expansion for such solutions when the solutions
are represented in the formal algebra of power series. As a byproduct, we obtain
an exponential representation of the p-rough resolvents, at least for a small time.
This provides us with extensions of the Magnus [8] and Chen-Strichartz formula [55].
Although these formulae were already known for the (fractional) Brownian motion
(See e.g. [5-7,14]), it was not clear whether or not it could be extended easily to case
of drivers of finite p-variation as soon as p < 1.



In Sections 5 and 6.1, we consider perturbed linear RDE of type
t
Yt: |d+/ stAs+Bt
0

and we show a Variation of constant/Duhamel principle. Of course, when p € [2,3),
we need to know some appropriate extensions of both A, and B,.

In Section 6.2, we show that our notion is well adapted for the kind of linear
equations which arise when one differentiates the It6 map with respect to its starting
point. In a subsequent article [21], we use these properties to show that the I1td6 map
is differentiable with a Lipschitz or Holder continuous Fréchet derivative.

2 Notations and standard results

By C, we denote a constant whose value may vary from line to line.

We set K =R or C. and V denotes a Banach space over K with a norm | - | and
its dual V*.

When V = U & W for two Banach spaces U and W, we denote by my : V — U
the projection onto U orthogonal to W.

We also denote by £ a Banach algebra with a norm || - || (See Section 2.2 below
for a definition). The unit element of £ is constantly denoted by Id.

2.1 Times, multiplicative properties and control

Fix 0 < S <T. Let

AF(S,T):={(5,1)|S <s<t<T} A (S, T):={(s,8)|S <t <s<T},

For i = 2,3, we write AF(S,T) to denote either A (S,T) or A; (S, T) depending
on the context. When S = 0, we set AF(T) := AF(S,T).

For the sake of simplicity, a family (A;et)ier indexed by a set T is also denoted
by A, when this notation introduces no ambiguity.

For a family (A;)ier of elements of £ indexed by a set T, we write

Aﬁ. = sup ||A|.
teT

Definition 1. A family (A,;) (s ) eAE(T) is said to satisfy the right/left multiplicative
property if
A A=A, for (s,r,t) € AF(T). (1)



By this, we mean that a family (As7t)(s7t)e AF(T) satisfies the right multiplicative
property if A;,A.; = A, for (s,r,t) € AT (T) and a family (Aus)(s,t)eA;(T) satisfies
the left multiplicative property if A;, A, s = A, for (s,r,t) € A5 (T). This notational
trick will be widely used below.

Definition 2 (Control). A control is a function w : Aj (T') — R which is continuous
close to its diagonal and such that w(s,r) + w(r,t) < w(s,t) for all (s,7,t) € A5 (T).

We extend a control w on [0,T]? by setting w(t, s) = w(s, t) for (s,t) € A (T).
Given a control w, a constant C' and p > 1, we write for a family (As,t)(s,t)eAzi(T)
of elements of £

A, < Cw'? to mean that ||A, || < Cw(s, )" for (s,t) € AF(T).
Remark 1. Of course, since w(t,t) = 0 for t € [0,T], A, < Cw'/? implies that A;; = 0
for any ¢ € [0, 7.
A family indexed by t € [0,7] may be transformed into a family indexed by
(s,t) € AE(T) satisfying the left/right multiplicative property.

Lemma 1. Given a family (Ay)ep,r) of invertible elements in £, we set Ay := AJTA,
for (s,t) € [0, T)?. Thus (As,t)(&t)eA;r(T) satisfies the right multiplicative property and
(At,s)(s,t)eAg(T) satisfies the left multiplicative property.

2.2 Associative algebras and Banach algebras

A Banach algebra £ is a unital algebra (£, +, -) over K with a unit Id which is a Banach
space with a norm || - || such that ||ab|| < ||a]| - ||b]| for any a,b € £, |[Aa|| = |A| - ||a]|
for A € K and ||ld|| =1 (See [25]).

2.2.1 Inverse, exponential and logarithm.

Several operations on £ may be defined using series representations. For example,
when converging (for example when |la — Id|| < 1),

+oo

a~l =) (~D)fa—Id)* (2)

i=0
is a left and right inverse of a. The exponential and logarithm maps are defined by
+o00 (_1)k—1

k

exp(a) = Id + Z —aF and log(a) = (a—Id)* when a € exp(£). (3)

k=1

In particular, a condition for existence of the logarithm is that ||[a — Id|| < 1. In this
case, [|log(a)|| <la —Id[|/(1 — [la — Id]).



Lemma 2. Fora,be £,

lexp(a) — exp(b)|| < [la — bl| exp([[al| + [[b]]),
la — b

|l log(a — Id) — log(b — Id)|| < log
lall + bl = 1 = [all = [Ibl]

for [lall + [[b] < 1,

[b — afl

for |]a—=Id|| +||b—Id|| < 1.
la—Id]| = [|b— Id]

2= = b7 <
1—|

Proof. All these inequalities stem from the following result easily shown by recurrence
la™ — b"[| < [|la = bl|(]lal| + [[b])"~" for any n > 1. O

There are several kind of associative algebras and Banach algebra we consider in
this article.

2.2.2 Space of operators

Let £ = L(V,V) be the space of linear bounded operators on V. The norm of £ is
[All = supyey, juj=1 [Aul.

An operator in L(V,V) will be seen as an operator acting on the right, will an
operator in L(V* V*) is seen as an operator acting on the left.

Then V = K%, we identify L(V,V) with the space of matrices M gy4(K).

2.2.3 Space of sequences

An element a of £2° will be written a = (ag,a1,...,). Let m : 827 5 ¢ and
Ter : £27 — 277 be defined

mr(a) = ay and m<x(a) = (ag,...,a,0,...).

We also set 1 := (Id,0,...). We also consider £ = {a € £%2":m(a) = ald, @ € K} and
we identify (a,a;,as,...) with (ald,aj,as,...) for a € £.

For a subspace X of £27, we set 7, X = {m<x(a);a € X}.

The space (£, +,X) is an algebra with the product X defined by

k
m(@a®b) =) ab, ; for k=0,1,2,....
=0
For a € €, set [[a]laum = Y ;sp Ii(a)].

Lemma 3. Equipped with addition + and product X, of & = {a € £; ||al|sum < +00}
1s a Banach algebra with unit 1.



2.2.4 Graded algebra

An associative algebra £ is a graded algebra if it may be decomposed as £ = K &
£1®LyD--- where the £;’s are vector spaces and ab € £;; when a € £; and b € £
for i,7 > 1. We call £; the subspace of elements homogeneous of degree j.

When £ is a graded algebra, there exists a isomorphism ¢ between (£,+) and
(£, +) by setting m¢(a) = a for a = agld +a; + - -- with a, € £,. We then define a
norm || - [|sum on £ by setting ||al|sum := [|¢(a)|sum. Note that ||a|| < ||a||sum- We then
extend naturally m; and m<; to a graded algebra £.

On the graded algebra, we define

allom == sup{[|mi(a)]|*/}. (4)

1>1

2.2.5 Tensor algebra

Given a vector space U, we construct a tensor algebra by
TU)=KaeUs (UU)e(UUeU)®---

with the tensor product ®. This is a graded algebra.

The tensor space (U)®* is endowed with a norm | - | such that |a ® b| < |a] - |b]
for any a € (U)®" and b € (U)®¢) ¢ =1,...,0—1 25, Ex. 1.36 and 2.31|. This
norm is then extend to T(U).

For the sake of notational simplicity, for k& = 1,..., 00, we write T (U) for the
subset of elements a of 7<,T(U) with ||a]|sum < +00.

With the tensor product ®j defined by a ®, b = m<x(a ® b), (Tx(U),+,®y) is a
Banach algebra with || - ||sum- The space Ty (U) is the quotient space T (U)/ ~ with
a ~j b when m<;(a —b) = 0. To simplify the notations, when there is no ambiguity,
we simply write | - || for || - ||sum and ® for ®.

Remark 2. With ¢ : 2 € V — 1+ 2 € Ty(V), we embed V into Ty(V). Since
exp(V) = {14z € T1(V);x € V} forms a group, (V, +) is isomorphic to (exp(V), ®1).
Besides, |z| < [|¢(2)||sum and ||¢(z) — 1||sum = 0 implies that = = 0.

2.2.6 Algebra of words

Fix d € N, let us consider the algebra of words 2J whose basis is
(D U{T = (i1, ..., 4) with (iy,...,43) € {1,...,d}*, k€ N}

The multiplication on 20 is defined by the concatenation I.J = (i1, ..., 0, j1,.--,J¢)
for (41,...,ix) and J = (J1,...,Jjk), and O = I) = I. The word 0 is the null word.
For I = (iy,...,ix), we write |I| = k, the length of I, and |(}] = 0. The algebra of
words is a graded algebra K & 20, @ - - - where 20, = Span{[;|I| = k}.
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When U is a finite dimensional vector space with basis {ej,...,e4}, then 20 is
homomorphic to T(U) through ¢ by setting

gb(j) =e; =€, ¥ - Qe when [ = (21,7’%)

More generally, for a finite family X := {a',... a%} of d elements, called the
alphabet, we write al := a -..a% for I = (iy,...,4;). This way, to X is associated
T(X) =K@ £, ® -+ which is isomorphic to T(R?) through the isomorphism defined
by ¢(al) = e; for any word I.

2.2.7 Free Lie algebra and groups

A Lie algebra | is a vector space over K with a bilinear mapping [-,-] satisfying
[a,b] = —[b,a] and the Jacobi identity [a, [b,c]] + [c, [a,b]] + [b,[c,a]] = 0 for any
a,b,c €. For a,b € £, [a,b] = ab — ba defines a Lie bracket [36].

Let X = {al,...,a%} be a finite set of d elements. A free Lie algebra on X is a Lie
algebra Lie(X) and a map 1: X — £Lie(X) such that for any Lie algebra g and any
] : X — g then there exists a unique Lie algebra morphism k : £ie(X) — g such that
ko1=7j (See e.g. [9,54]). In addition, the Lie algebra Lie(X) is isomorphic to the
Lie algebra £ie(R?) where for a d-dimensional vector space V with basis {e; }i=1... 4,

Lie(V @ka , Siey(V) =V and Liey1(V) = Span{[a,b];a € V,b € Liey(V)}

with [e;,e;] = e; ® e; — e; ® e;. Indeed Lie(V) is the smallest Lie subalgebra of T(V)
containing V.
Basically, in the theory of rough paths, there are three kind of free Lie algebra
that are under considerations:
e Tensor algebra and tensor Lie algebra, which allows one to define rough paths,
following the work of K.T. Chen on iterated integrals [19].
e Lie group of matrices, in which lives the flows of some linear differential equa-
tions [4].
e Left-invariant vector fields [10].

2.2.8 Baker-Campbell-Hausdorff-Dynkin formula

For a and b in a Banach algebra £, the Baker-Campbell-Hausdorff-Dynkin (BCHD)
formula states that under appropriate conditions, there exists ¢ such that exp(a) expb =
exp(c) with

+oo j 1

=30 2. H!K!(hl+---+hn+k1+---+kn)Dh’k(a’b) (5)

j=1 n=1 (H,K)eW,
|H |+ K|=j




with H! = hy!--- by,

h1 times k1 times hy, times k. times
DH,K(aab):[aa[a7[ba[ba[aa[a7[ba[vb]“]]”]v

and

W, = {(1,J) € (Z)"; (ir, 1), -+, (in, Jn) 7 (0,0)} .
When this formula holds, we write a x b := c. If £ is a nilpotent matrix group,
then a x b is always defined. Otherwise, for a simply connected group, it holds for
elements with norms small enough. A detailed discussion in given in [9, Sect. 5.5].
The BCHD formula stems from combinatorial considerations, so that (5) is formally
valid in associative alegbras.

Theorem 1 (Convergence of the BCHD formula [9, Theorem 5.54, p. 341|). For
a,b € £ withmax{||al], |b]|} < 1log(2), then the series in (5) is absolutely convergent.
Besides, the series in (5) is totally convergent on any set {(a,b),||a]| + ||b]| < 4},
0<éd<ilog2.

There exists several alternative representations for the series giving axb. We refer
to [9] for a detailed account on this rich topic and various proofs.

2.2.9 Shuflle algebra and Lie elements

The shuffle algebra is the main tool to relate Lie elements and elements in tensor
algebras.

Definition 3 (Shuffle product and shuffle algebra). For words I = (i1, ..., %) and
J = (j1,---,Jjs)), let Sh(I,J) be the set of words of type K = (ki,..., ki) such
that each letter of K corresponds exactly to one letter of I or J and the order of the
letters of I and the order of the letters in J is preserved.

Hence the shuffle product on two words is defined by linearity from I ® J =

> kesn(r,j K for words I and J in 20, and (W, +, ®) is the shuffle algebra.

Definition 4 (Lie element). An element x = Y, erz’ of T(R?) is called a Lie element
if xy = 0 and for each k, the homogeneous term Zm”:k ez’ of length k belongs to
Siek (Rd)

Since T(R?) is a unital algebra, we define inverse, exponential and logarithm by
power series using formal series given by (2) and (3). We set

gr(R?) = exp(Lie(RY)) C T(RY).

Hence, if x is a Lie element, then exp(z) € gr(R?) and such an element is called group
like, and (gr(R?),®) is a group, as exp(z) ® exp(y) = exp(z x y) with x x y given
formally by (5).



Remark 3. When [ is a matrix Lie algebra, then exp([) is a matrix Lie group with
respect to the product of matrices [4].

Following the work of K.T. Chen [18], R. Ree has proved the following result.

Theorem 2 (R. Ree [53, Theorem 2.5|). For elements x € T(R?) of type

r=1+ Z eral, of €K,
L|I>1

then log(z) is a Lie element if and only if the linear map ¢ : W — K defined by

#(0) = 1 and ¢(I) = o' is an algebra homomorphism between (T(R?), +,®) and

(20, +, ®), that is if and only if a'a’ = ZKesh(Lj) a for any words I and J.
Besides, if the coefficients satisfies the shuffle relation,

—1—1—22 0461

k>0 I;|1|=k
%
with T = (ig,...,01) when I = (i, ..., ).

Example: The Heisenberg group. The Heisenberg group provides us with a
simple non trivial example of non-commutative matrix Lie group, which is nilpotent
of step 2. The Heisenberg algebra is

(a,b,c) € R

=
I
c oo
oo
RIS

The space b is the Lie algebra of the Heisenberg group

= (a,b,c) € R® 3 = exp(h).

O O =
O = Q
= S0

The product of 3 matrices in b is equal to 0. Indeed, b is a simply connected nilpotent

Lie algebra of step 2. Let A = [0(1)8 B = [(ég%} and C' = [000} Then [A, B] :=

AB — BA = C so that the Lie algebra b is generated by the two matrices A and B,
although b is a vector space of dimension 3.
The BCHD formula is always valid, with

exp(A) exp(B) = exp(A*x B) with Ax B=A+ B + 1[A B] for A, B € b.



2.3 Spaces of functions
2.3.1 Chen series and Chen-Strichartz formula

The notion of Chen series, initiated by K.T. Chen in the 50’s, provides us with a way
to transform a regular path z : [0, 7] — R? into an algebraic object taking its values
in T(R?). This is one of the core ideas of the theory of rough paths to extend this
theory to paths of irregular variations.

In the next statement, formula (7) has been given by R. Strichartz in [55] and
relies on the Baker-Campbell-Hausdorff-Dynkin formula.

Theorem 3 (K.T. Chen [17-19], R. Strichartz [55]). Let = be a path of bounded
variation with values in R%. Then the solutions, called Chen series, to

t t
xt:1+/xs®dx5 andytzl—/ dz, @y (6)
0 0

are such that for any t € [0,T], x;, = y; ',

I T i ., j
x; =1+ g erxo, andy; =1+ E erxg, with x, = [ xg,dzl.
LlI>1 L1 B

Besides log(x,,) andlog(ys,) are Lie elements in T(R?) and for e;y = [e;,, [esy, - - -, [€ir e, )1l

—1)e@)
log(x,) = Z Z vi(s,t)ey) with i (e) = Z %XU(I) (7)

(eo)
kE>1 I;|I|=k o€Permy, e(o)

where Permy, is the set of permutations of {1,...,k}, o(I) = (o(i1),...,0(ix)) for I =
(i1, .0y ik),
elo) =#{je{l,....k=1}0(j) >o(j +1)}.

Let us consider a family A, ... A? of elements in B as well as a path z : R, — R?
of bounded variation. Set A, = 37| Aizi for ¢ € [0,7]. The linear equation

t t d
Yt:Id+/ Y,,dAT:IdJr/ Y, ) Adal (8)
0 0 i=1

is easily solved by considering the algebra homomorphism 1 : T(R?) — B by v(e;) =
A” with the conventions of Section 2.2.6. Indeed, for x solution to (6) with z; =
S el Yo =(xy), t € 0,7

The proof of eq. 7 relies on the Baker-Campbell-Hausdorff-Dynkin formula, and
contains it. For this, simply set x; = t1scp1) + 11y and z7 = tliepg. One

10



recovers then log(exp(A') exp(A?)) as log(Yz) with Y. solution to (8) by applying the
homomorphism ¢ to (7).

For an operators-valued path (A;)icjo,r; of bounded variation and a partition
{t?}r_, of [0,T], we may consider solving

t n—1
Yy =Id +/ Yy Z Loep an, ) Asr iz, (9)
0 i=0

This means that (9) may be seen as a special case of (8) with

d=mn, e = At?,tgzr and xf: = (- t?)lte[t?,t?_‘_l) + (ti — t?)lte[t?,t"

1 7,+1]'

With Theorem 2, Y, may be expressed as the exponential of operators defined as
series defined in the Lie algebra containing the Ay, ¢ € [0,7]. This remains true as
n — oo [55].

The Magnus formula, and its variant, gives an explicit expression for this for-
mula, and could be think as a “continuous analogue of the Baker-Campbell-Hausdorft-
Dynkin formula”. We refer to [8,50,51], ... on this topic.

2.4 Functions of finite p-variation

For p > 1, let RP(V) be the set of continuous paths with values in V such that
|zo| < +o00 and 2, < Cw'/P which means with our conventions of Section 2.1 and
Remark 2, that

el = sup o

——— < 400 with 244 1= 2y — z,.
(syent(r) wis, )P ! '

Note that || - ||, is just a semi-norm, but z — ||z||, + |x| defines a norm. An element
in RP(V) is called a function of finite p-variation controlled by w. Under the condition
that w(s,t) =t — s, then paths in R?(V) are a-Holder continuous with o = 1/p.
For a € V, we set RE(V) the subset of paths x € RP(V) with zy = a.
For 0 > 1, if |zs4] < Cw(s,t)? for (s,t) € Ay (T), then z is constant since for any
partition {ti}i=0,--~7n of [57 t]? ‘xs,t’ < Z?:_OI |xti7ti+1‘ < w(O, T) SUP;=o,....n—1 w<ti7 ti+1)0_1'

2.5 Rough paths

Let us consider a control w : As(T) — R,

Definition 5 (p-rough path). A p-rough path x of order ¢ is a path taking its values
in Ty(V) with
(i) The order ¢ satisfies £ > |p|, where |a| is the integer part of a.

11



(ii) For any ¢ € [0,T] mo(x¢) = 1 and x; is invertible in Ty(V).
(iii) With (4), ||Xe||lnom < Cw'/.

We write
k) . k
Xt = ng,t) with xg’t) = Z efxit

k>0 words I, |I| =k

with ey = 1 and th =1 for the null word 0.
We denote by RP?(R?) the set of p-rough paths. This space is equipped with the

semi-norm
|X(kt)|
Ix||, ;= sup sup ——2—
P (s,t)eAT(T) k=1,...,¢ W(Sa t)k/p
and the norm ||x||oop = supyeio 7y [%e] + [1%][-
As we can see, a rough path is an extension of a function of finite p-variation and
RPP(R?) = RP(RY) for p € [1,2).
Let us present briefly some particular classes of rough paths (See [30,49] for a
detailed account on these notions).

e A smooth rough path is a rough path x € RPY(R?) whose projection on R? is a
smooth path from [0, 7] to R? and such that

I 11 ik
Xs,t - // dxs,h dxs,sk
0<s1 < <5 <t

for any word I = iy ---ig, k < £. Such a path takes its values in m<,gr(R?). It is
the projection onto Ty(R?) of the Chen series of Theorem 3 above a given path.

e A geometric rough path is the closure in RPY(R?) with respect || - ||oo, of the set
of smooth rough paths.

o A weak geometric rough path is a rough paths taking its values in &,(R?). The set
of such paths is denoted by WGRPY(R?).

Indeed, any path in WGRP?(R?) is the limit of a sequence of smooth rough paths
in RP}(R?) for ¢ > p. Besides, for p € [2,3), non-geometric rough paths may be
interpreted as a geometric ones in R? ® R? @ R? [42]. With the appropriate algebraic
structure involving trees, a similar result also holds for any value of p [34].

We refer to [30,41,43,48,49] among others for the properties of a rough paths.

2.6 Young integrals

The theory of rough paths is an extension of the theory of Young integrals [27,49,57|.
Let X, Y and Z be Banach spaces with a product (x,y) € X X Y +— zy € Z, such
that |zy| < [z|-[yl.
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Let = and y be two paths of finite p-variation controlled by w with p < 2 respec-
tively with values in X and Y.
In the sequel, we make use of the following inequalities:

lzylly < llzllpyé + lyllpei and 2% < |zo| +w(0,T)Y7|]|,- (10)

For any (s,t) € AF(T), [y.dx, may be defined as a Young integral, that is
as limit of Riemann sums >/ Y (wip,, — wyp) for partitions {t}'};_, whose mesh
decrease to 0.

Let us recall some standard results about Young integrals.

Proposition 1. With the above setting,
(i) If u € RP(Z) satisfies for C >0 and 6 > 1,

up =0 and (w — us = YsTst) (s yenz () < o’

then u; = fot ysdas fort € [0,T].
(ii) For any (s,t) € AF(T),

/ o da, — yolze — 22)| < CED) 2l llyllpwls, 02 (11)

with ((q) == >_,5,1/n%, ¢ > 1.
(iii) The following control holds:

‘ / yr dz,
0

This construction is very general. We will either use X =Y = Z = £ for an
algebra £ defined as in Section 3.3, or X = Z =V and Y = L(V,V) for a Banach
space V.

We present only Young integrals. From the results in Proposition 1, differential
equations driven by finite p-variation paths with p < 2 are easy to consider [39].

< (Iyol + [yll,w(0, T)V") |z, + ) 2 lpllyllw(0,T) 7. (12)

p

2.7 The Gamma function and the neo-classical inequality

Let T'(2) := 0+°° e 't*~1dt be the Gamma function [2, Chap. 6, p .76]. We use a

majoration as in [1].

Lemma 4. Let x be a positive real and p > 1. Then for { > |p|,

ak/p ple/pl+1
ZW <1+ LpJ)eXp(:v)F< (1Vx).

= L¢/p] +1)
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Proof. For an integer i, the set of integers k such that |k/p| = i is included in
{lip],..., |p(i+ 1)]}. This set contains at most (|p] + 1) elements. Hence,

ajk/p

r'(z V1)
LS 2 2 Far (-9

k>¢ i>|¢/p]+1keN s.t. |k/p|=i

But the I'" function is increasing, so that

k/p

' (z V1 T
> o < 2 )+ DI < (1) + 1y 0 Y i
Again with the properties of the Gamma function,
Z i v exp(x)
ST~ TR T
since I'(¢ + k) > I'(9)['(k) for i,k > 1 [2]. Hence the result. O

We give give now the so-called neo-classical inequality, proved first by T. Lyons [4§]
and then improved by K. Hara and H. Masanori [37].

Proposition 2 (Neo-classical inequality, [49, Theorem 3.1.1, p.35|, [37]). For any
p>1,neNanda,b>0,

n

i/pp(n—i)/p n/p
HIOHCR6
p p p

3 Rough resolvent

(13)

Before introducing our main result, we present the features of linear RDE in the case
p < 2 which motivates our definition of a rough resolvent.

3.1 Linear RDE in the Young case

Let A :[0,T] — £ be a path of finite p-variation with 1 < p < 2, that is A € RP(L).
Let us consider the equations

t
Y, = Id +/ Y, dA, (14)
0

t
and Z, = Id — / dA,Z, for t € 0,7). (15)
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Proposition 3. The follows properties hold:
(i) There exist unique solutions Y and Z to (14) and (15).
(ii) For some constant C' and (s,t) € AF(T),

IY: = Yy = VoAl < Cowls, )P and ||Z, — Z, + A, Zy|| < Cw(s, )*7 (16)

and Y,Z € Rjy(£).

(iii) Any paths Y and Z in Ry, (L) satisfying (16) are solutions to (14) and (15).

(iv) For any t € [0,T], YiZ; = Z;Y, = Id.

(v) For Asy == Y'Y, with (s,t) € [0,T)?, (Ast)(spyeaz(r) satisfies the right/left
multiplicative property.

(vi) For (s,t) € AF(T),

— —

A —1d — Ay || < Cuw(s, t)?. (17)

Proof. Fix Ty < T and consider only ¢ € [0,T}]. Set YEO) = Id and Yt(kﬂ) =1Id+
fot Y dA,. From the properties of the Young integral, since p < 2 and YO € RY,(£),
an induction proves that Y ¢ Ry, (L£). Besides, the Young integral is linear, so that

IYEH = YO, < ¢@2p) YD = YO || Al (0, Ta) . (18)

For Ty such that ¢(2p)||All,w(0,T1)Y? < 1, (Y®)),en is a Cauchy sequence in RP(L)
which converges in g-variation for any ¢ > p to Y € RP(£) which is solution to (14).

With an inequality similar to (18), the solution Y to (14) is unique, and by
linearity, the solution to y, = a + fot ys dAg is given by y, = aYy, t € [0,T1].

As the choice of the maximal time 7} depends only on w, ||Al|, and p, it is
possible to extend the solution to [T, Ty] with (2p)||A|l,w(T}, T2)Y? by solving y; =
Y1, + fot ys A7 4 for t € [0,7; — T1] and then Y, = y;_p, for t € [T}, T3], and so on...
Since w is continuous close to its diagonal, it is possible to find a finite family (77);>0
such that w(T;,T;11) < 6 for any § > 0 and 7; = T for some j > 1.

A similar reasoning apply to Z,.

Inequalities (16) in (ii) follows immediately from (11). It is then immediate that
Y and Z belongs to Ry, (£).

Conversely, that (16) characterizes uniquely (14) and (15) follows from Proposi-
tion 1(i).

For (s,t) € Ay (T),

YtZt - Yszs - (Yt - Ys - YsAs,t)Zt - Ys(zt - Zs + As,tzs) + YsAs,t(Zt - Zs)

Thus t — Y;Z; is a continuous path of p/2-finite variation and then constant and
equal to Id since Yg = Zy = Id.
The multiplicative properties in (iv) are immediate from the construction of Ay .
Finally, (17) in (vi) follows by multiplying Y; — Y, — Y. As; by Y,Y; ! and using
the fact that Y, is bounded. O
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3.2 Rough resolvent

Based on the previous computations, we define using the vocabulary of differential
equations the notion of rough resolvent, which is a multiplicative functional [48,49]
taking its values in the Banach space £.

Definition 6 (Rough resolvent). A family (As,t)(s,t) eaf(m) of elements in £ satisfying
the right /left multiplicative property (1) and

A, —Id < Cw'/? (19)
for some constant C' is called a right/left p-rough resolvent.

Let us start with some simple properties.

Lemma 5 (Extension property). Assuming that on a partition 0 =Ty < Ty < -+ <
T, = T of [0,T], we have a family of p-rough resolvent (Ai,t)(s,t)eA2i(T,-,Tq;+1)' Then
exists a right resolvent (Asy) (, neatr) such that Asy = AL, for (s,t) € AS(T;, Tita),

i=0,...k—1.

s,t

Proof. For s,t € Ay(T;, Tit1), set A,y = AL, For s € [T3,T41) and t € [T}, Tj4q)
with 7 < j, set A, = Al '

s A Then (Agy) (s peng () satisties the multiplicative

property (1) and
Agr—1d = (A

8, Ti+1

— Id)Ai+! c AL+ AT c AL

Tiv1,Tiq2 Tiv1,Tiq2

Iterating this procedure leads to (19). A similar construction holds for left p-rough
resolvent. O

Lemma 6 (Existence of an Inverse). If (Asy),peatr i a right/left p-rough resol-
vent, then there exists a left /right p-rough resolvent (Am)(s,t)e%i () such that Ag A s =
AusAse = Id, that is A,y = A} for (s,t) € A (T).

Proof. Using the extension property of Lemma 5, it is sufficient to prove the existence
of an inverse of A, ; for w(s, t) small enough, whose existence follows from (2) and (19).
m

The next proposition is the converse of Lemma 1.

Proposition 4. A path (A¢)icpr € Riy(£) may be associated to to a right/left p-
rough resolvent A,.
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Proof. For a right p-rough resolvent (As,t)(s,t)eA;(T)’ A; := Ay is such that A,; =
ASA; since AgAs; = Ao,y for (s, t) € Ay (T). Besides,

1A = Al = [IAAT (A — A < AL[A — Id]| < ALCw(s, )7

Thus, t — A; € R{,(£). Similar results holds for left p-rough multiplicative resolvent
Wlth At == At707 te [O,T] D

Lemma 7 (Uniqueness of a p-rough resolvent). Let A, and Bs be two left/right p-
rough resolvent such that Ay >~ Bs. Then Ay = B,.

Proof. Let us consider that A, and B, are right p-rough resolvent. Then for f(t) :=
AO,tBa}u
F() = f(s) = Aos(AsBy —1d)Co)
and then
F(t) = f(s)] < ALBLF[IAB: — Id].
Since
A.B;} —1d = (A,B;} —1d)B,,B;} = (A,, — B,/)B;}

s,t

it follows easily that f is a finite f-variation with & > 1 and then that Ag; = By, for
any t € [0,T]. This leads to A, = B,. O

3.3 From almost rough resolvent to rough resolvent: the sewing
lemma

As in this article, we focus on linear RDE, we introduce some vocabulary which
refers to the theory of linear differential equations. Thus, £ is though as a space of
operators. However, the proofs may be used for tensor algebras.

Following the construction proposed by T. Lyons, we construct a rough resolvent
from an almost rough resolvent. However, our proof borrows some ideas to the elegant
proof of Theorem 10 in [27] where w(s,t) = V(t — s) provided that for some 6 > 2,
Ym0 "V (t27") < 400 for any t > 0, as well as the ones from [3]| regarding the
composition of flows.

Definition 7 (Almost rough resolvent). A family (By;)(,yecatr) of elements of £
satisfying for some constants p > 1,0 > 1, C' > 0, B > 0 and for any (s, r,t) € AT (T),

B. — Id < Bw'/?, (20)
IBs.rt|| < Cuw(s, 25)‘9 for (s,r t) € Agt(T) with Bs, s := Bs,B,: — Bs: (21)

is called an almost right/left p-rough resolvent.
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The next lemma is similar to the extension lemma 5.

Ty =T and w(T;,Tivq) < n. For each i, consider a family (ng)(sjt)eA;(ThTiH) of
almost right p-rough resolvents, each with the same constant C' and B in (20)-(21).
Then

o BBy, BY 4 Bra if Ty <s<T, <Tjy <t < Ty,
K Bsy if T, < s <t < Thur.

Then Aq is an almost right p-rough resolvent with
A, —Id < BN(1+ BpYP)N720? and ||A, 5.l < C(1+ Bn/P)N=1w(r, 1)’
for (s,m,t) € A (T).

Proof. Fix (r,s,t) € Af(T) and consider the indexes 14, j, k such that r € [T}, T;, 1],
s € [7}77}+1]7 le [Tk)Tk-i-l]a Then

ArAst — Ay = Arr (Az Ay — Az my i )AT s
so that
A oll < (1+ Bp'P)NTw(Ty, Ty)? < (14 Bpt/P)N =1 Cw(r,t)”.
In addition
A.:—1d= (A1 — |d)AT¢,T¢+1 o Ags AL, Ay — Id

so that
HAr,t - Id” < BW(Ta Ti)l/p<1 + Bnl/p)N_l + |‘ATi7Ti+1 o 'ATk,t - Id“

j
< B(1+ By/n)¥! (cu(r,ml“’ £l T) W@,ww)
=i
< BN(1+ Bp'/»)N="Yw(r, t)V/7.

Hence the result. O

For an almost right /left p-rough resolvent (Bs,t)(&t) eAZ(T) and a family (Cs,t)(s,t) erZ(m)
we write By ~ C, when there exists some constants C' and 6 > 1 such that

B, — Co < CuP.
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Lemma 9. If B, is an almost p-rough resolvent and Cy ~ B, for a family C,, then
Ce is an almost p-rough resolvent.

Proposition 5. Let B, be an almost right p-rough resolvent. Then there exists a
constant L such that for any partition m = {t;}i=o...n of [0,T],

.....

e, {|_3>87tl.B,51.,M+1 By, ,1,Biy  withs € (titin], t € (t, ;1] with i < j,
* Bs,t Zf t, <s<t< ti—i—l
(22)
satisfies BT — B, < Lw?, so that B™ is an almost right p-rough resolvent. A similar
result holds for almost left p-rough resolvents.

Proof. Set f(n,L) := 14 Bn'? + Ln? for n, L > 0 and consider L solution to
C(2%¢(0)f(n, L)* +1) = L,

where ( is the zeta function defined in Proposition 1. This is a second order polyno-
mial equation in L which has some solutions provided that

(1= 2(1+ By'P)n’C2°C(0))* = 4(1 + 2°¢(0)(1 + By'/?)*)C*2°¢(0)™.

For n small enough, depending only on 6, B and C, this is always possible.

Now, let us construct recursively a sequence (7)r>o such that 7, = 0 and
w(Ty, Tk+1) < m. As w is continuous close to its diagonal, there exists a choice of
such a sequence which forms a finite partition of [0, 7.

Let us fix (s,t) € A (Tk, Tr11). Let us proceed by induction over the number of
points in the partition 7 that belongs to s, t].

Our induction hypothesis is that

n—1
m . f , 1)299
||Bs7t - Bs,t” S LnUJ(S,t)O Wlth Ln = C (1 —I— Z % S L,

k=1

as soon as #(m N [s,t]) = n for some n > 1.
For i = j, that is n = 1, then |BT, — B,,| < Cw(s,t)? and L, = C.
If the induction hypothesis is satisfied at step n, then

IBT,|| < 1+ Bw(Tk, To1)"? + Lyw(Th, Tir)? < f(n, L),

for any partition 7 with # (7w N [s,t]) = n.
Let us consider m be a partition of size n 4+ 1. As soon as n > 1, it is possible to
choose t; € (t;,t;) (where t; and ¢; are defined by (22)) such that

2w(o, 1)

wW(ti—1, i) < (23)

n
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(see equation (1.4) page 11 of [46]). Set 7 = =« \ {t¢,}. Then from the induction
hypothesis,

1B =Busell < I1BT =BT+ Luw(s, )" < BT 1,13 1Br,_y ot [1X1BT s +-Leo(s, 8)?

(29 - f(T,n)?-C

< 719 + Ln) w(s, t>9 S Ln+1w(57t)9'

The induction hypothesis is then true at step n + 1. Combined to Lemma 8, this
leads to the conclusion. O

Theorem 4 (The sewing lemma). Let (Bt,s)(s,t)eA;(T) be an almost right p-rough
resolvent as in Definition 7. Then there exists a unique right p-rough resolvent
(Ast) (s yenz ) such that

A, — B, < Lo, (24)

for all (s,t) € A3 (T) for some constant L that depends only on B and C in (20)-(21)
and T. Of course, a similar result holds true for almost left p-rough resolvents.

Proof. The uniqueness follows from Lemma 7.

We consider only the proof for right p-rough resolvents. We use the trick intro-
duced in |28, Remark 2,p. 862] to reduce the analysis to the case of w(s,t) =t — s.
Let us consider ¢(t) = w(0,t) for t € [0,7] and

¢~ (u) == inf{t € [0,w(0,T)] | $(t) > u},

the generalized left-continuous inverse which is such that ¢(¢~1(t)) = t.
As w is super-additive, it holds that w(s,?) < w(0,t) — w(0, s) and then

w(g™(s), 07 (1) <t —s.
Set Cyy 1= By-1(5)0-1(1) for (s,t) € AF(¢(T)) so that
|Corsll < Clt — 5% and ||C,, — Id|| < Bt — s|"/.

Define recursively

Cl, = C,yand C7H = € C7, with s = 2"
We prove by induction that for any n,
ICs, = Coe'll < O 2t — s (25)
with D,
K=o and Dr := T RTG + BTY? 41,
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provided that T is small enough so that x < 1. Here, B and C are the constants in
(20)-(21). The existence of such a choice for k < 1 is proved by considering solving

ar _ cT? 1+ BTYP
m:m—FﬁTWl‘chaT:: 501 and SBr ::T

This equation has a solution x < 1 as soon as
1+ Br— /(14 Br)? — dar < 2,

and then if 1 + BT'Y? < 29-1 which is possible since 6 > 1 and then 20~ > 1.
This choice implies that if (25) is true for up to order n, then

C
IC2 0 < N1CY = Coll + 1Co = Ml + 1 < 1 Bt = 57+ ——]t — 5" < Dr.
’ ’ 1_f€

Clearly, C%,t — C}ﬁ’t = C, 5+ so that the induction hypothesis is true at step 1. If it
is true at step n,

Gt = =C(C, — G ) — (G = oty
and then, because s —r =t —r = (t — s)/2,

Dy ,_
I = Chll < Cggmpn™ It = rl? < Cr"|t — |’

This means that our induction step is true at step n+ 1. Thus, (Cj},t)neN is a Cauchy
sequence for any (r,t) € Ag(T'). Let D, be its limit. To proof that D, is a multi-
plicative functional is the same as in [27] so that we skip it.

Finally, we set A; := Do 4 and A,; = D&é(s) Do,s(t) for (s,t) € AS(T). As such,
it holds that for some universal constant C’ and 6 > 0,

1At = Brell < C'lw(0,8) = w(0,5)|", (s,t) € A7 (0, T).

Fix r € [0,T), and consider applying the same argument to (Bst) (seas ) leads to
the existence of right p-rough resolvent (A(s)),neat(ar) Such that

||A8,t(r) - BSJH S C,|UJ(T, t) - OJ(’/‘,S)|9, <S7t) € A;—(’I“, T)

From Lemma 7 on the uniqueness, A,;(a) = A,; for any (s,t) € AF(r,T). In
particular, for s = r,

A1) = Brall = [Are(r) = Brell < C'lw(r,t) = w(r, )|’

for 0 <r <t<T. Then A, ~ B,.
As the choice of T' depends only on w, B and C, the extension property (Lemma 5)
to prove the existence of A, on [0, 7] for any time horizon 7. O
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From the very construction of a p-rough resolvent from a resolvent, we deduce the
following results.

Corollary 1. Let & be a close subgroup of £ for the multiplication and an almost
p-rough path Be which takes its values in &.

(i) The p-rough resolvent A, generated by B, takes also its values in &.
(i) Let p : & — Ry be a continuous function such that p(ab) < p(a) + p(b),
a,be &. If p(B.) < w, then p(As) < w.

Remark 4. Using the group isomorphism between a vector space (V,+) and the
group (exp(V), ®) of the Banach algebra (T1(V), +, ®) given in Remark 2, Theorem 4
contains the additive sewing lemma which implies 1(i) and from which rough integrals
are constructed.

Corollary 2. Let B, be an almost p-rough resolvent and let C, ~ B,. Then C,
generates the same p-rough resolvent as B,.

Proof. With Lemma 9, C, is an almost p-rough resolvent. The proof follows then
from the uniqueness in Theorem 4, which follows from Lemma 7. O]

The proof of the next continuity result is similar to the one of Theorem 4 so we
skip it. It is an extension of Theorem 3.2.2 in [49].

Corollary 3 (Continuity property). Let By and B, be two almost p-rough resolvents
such that for some € > 0,

B. — B, < ew!'/? and 1Bt — B;MH < ew(s,t)?, for any (s,r,t) € AT(T).
Then there exists a constant L such that
|Ase — Bsy — (AL, — B’St)|| < eLw(s,t)? for any (s,t) € AL(T),
where A (resp A') is the p-rough resolvent associated to B (resp. B').

Corollary 4. Let (A¢)icpr and (B)icjor) in Riy(L) such that (AB)s ~ Id with
(AB).; = A7'ABB;! for (s,t) € AF(T). Then B, = A fort € [0,T].

Proof. For (s,t) € A5 (T),
AB, —AB, = AsAs_l(AtBt — ASBS)BS_IBS = As(AsB s — Id)B;.

Thus,
|AB; — AB,| < AZBECw(s, t)’.

As 6 > 1, this implies that A;B; is constant and equal to Id since Ag = Bg = Id. Thus,
A, =B, ! for t € [0,T). O
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Lemma 10. Let (B;, )(8 HeAE (T ) be an almost p-rough resolvent. Let ¢ be such that
Bs.: is invertible for w(s,t) < 0 and (B )(S e (T)w(st<s S uniformly bounded. Let
(Ct.s) (s,)carmy(r) e a family in £ such that (CtSBst)(S Deaz(r) = ~|d. Then C, ~ B 1.

Proof. Set €5, = C; By —Id, so that e, >~ 0 and estBSt =Cs— Bs_t1 when w(s,t) <6
Hence the result. [

Proposition 6. Let (Bs,t)(s,t)eAg(T) be an almost right p-rough resolvent generating
the right p-rough resolvent (Ast)(s t)eAJr(T). Then there exists 6 > 0 such that for

w(s,t) <8, By is invertible and (Bj}) is an almost left p-rough resol-

(s,)EAT (T)w(s,0)<8
vent generating the left p-rough resolvent (A;Sl)(s’t)eA;(T).
A similar result holds for almost left p-rough resolvent.

Proof. For (s,r,t) € A5 (T),
IBs,Brs — Id|| < Cw(s, t)V/P(1 + BE).
Choose 9 such that
|Bs By — Id]| + ||Bs; — Id|| < 1 for (s,r,t) € AJ(T), w(s,t) <.

For this choice of §, B is invertible when w(s, ) < § and B;'—Id < C(1—C¥§) ™ w!/?.
Besides,

IB5; — B./Boll = IIBs; — (BarBrt) 'l < 1By — (Bars +Bsy) 'l
With Lemma 2 and the definition of B, in (21),

1B 1H < O (S t) S
1—|[Bsy — Id|| = |Bsys +Bey—Id]] = 116

|’B;1t1 - w(s,t)o.

Let (Cys)(s,)cas() be the p-rough resolvent associated to (B} )(seas(r)- For (s,t) €
A3 (T),
As tcts - As t(Cts - Bstl> + (As,t - Bs,t)Bs_; + Id

from which we deduce that (AC), ~ Id and then that C;; = A} from Corollary 4. O

Remark 5. If A € RP(£) with 1 < p < 2 is a path of finite p-variation and Y and Z be
the solutions to Y; = Id + fot Y,dA, and Z, = Id — f(f dA,Z, understood in the Young
sense, then Y, and Z, are paths of finite p-variation in Rj,(£) associated respectively
to the almost p-rough resolvents (Id £ As¢)(, yeaz () OF eXP(EAs) (s neas -
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3.4 Using the Baker-Campbell-Hausdorff-Dynkin formula

Unless £ is nilpotent where we set £(6) = £, we then consider a subset £(§) of
elements b of £ such that ||b|| < ¢ with 0 < log(2)/4. This way, log(b) exists and (5)
holds true for any (b,a) € £(9).

The next theorem is a direct consequence of Lemma 2.

Theorem 5. Let p € (0,+00] and let us consider a family (), penz (1) such that
Jor w(s,t) < p, Qs; € £(0).
Let us assume that for some constants Cy, Cy and 6 > 1,
Q. < Cw'/?,
Q0. % Qs — Q]| < Cow(s, t)? for (s,7,t) € AF(T).
Then there exists a family (O¢)(st)ero(@)w(st)<p SUch that O, % O,y = Oy, and for
some constants K, and Ky, ©, < Kiw'? and ©, — Q. < Kou?.
Remark 6. Of course, one may also deduce the construction of (Ors)  ses (1).w(st)<p
satisfying ©,, x ©,, = O, for (s,r,t) € AJ(T) from a family Q, satisfying ||, *
Qs — Qiol| < Cow(s,t)’.
Remark 7. Using Theorem 1, if €,; belongs to a free Lie algebra [, then ©,; also
belongs to [ for any (s,t) € AF(T).

Remark 8. Despite ©4; may be defined for (s,t) small enough, the A, = exp(©,)
may be extended to a p-rough resolvent for any (s,t) € A3 (7) thanks to Lemma 5.

3.5 Linear differential equations in the Heisenberg group

We consider the simplest non-trivial example. The results of this section may be
extended to Carnot groups which are described for example in [10].

We now consider that £ = §), the Heisenberg group introduced in Section 2. As $)
is a nilpotent group of step 2,

1 1
log(A —Id) = A — 5,42 for A € $ and exp(B) = Id + B + 582 for B € b.
It is then easily checked that for A, B € b,
1
A*B:A+B+§[¢4,B]. (26)

Let z,y : [0,7] — R be two paths of finite p-variation, 1 < p < 2 and consider
the controlled linear differential equation

t t
U, = Id+/ AUsdx5+/ BU, dy,, U; € Msy;(R) (27)
0 0

for A and B in b.
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Proposition 7. The solution (Uy)cjor] € Riy(H) to (27) is defined by U;'U, =
exp(Os ) with

1 t t
Ost = Axsy + Byst — §[A’ 5] (/ Tsp dy, — / Ys.r de> ) (28)

Proof. For a constant matrix F € Msy3(R), the linear equation U; = Id + fot FU,ds
is solved by U; = exp(tF) [4]. When F € b, then U, € $ for any ¢ > 0.
This suggests to use as an approximation of the flow exp(Qs,) with Qg := Az, +
Bys:. Then
12001 < (JAI ]l + Bl lyll)w(s, t)77

and |
Qr,t * Qs,r - Qs,t - 5[-’47 B](xr,tys,r - xs,ryr,t)
so that
19206 % Qe — Qaall < NAIIBI o1yl (s, )7

and 2/p > 1. This gives the existence of Z, for any (s,t) € Aj(7T) such that
Ert* s = Zpp and [[25; — Qyf| < Kw(s,t)?P. On the other hand, it is easily
checked that ©, defined by (28) satisfies these conditions so that =, = O,. O

Remark 9. A slightly different construction of the flow may be given by the Trotter-
Kato formula, which is slightly different: For this, we would have considered as an
approximation of the flow

1
B, = exp(Ax, ;) exp(Bys:) = exp (Axs,t + By + §[A; B]l"s,tys,t) :

This would however has led to similar computations.
For a short proof of the Trotter-Kato formula in the context of p-rough paths,
p < 2, see [27].

Using approximations of weak geometric p-rough paths by smooth rough paths
and the results of [42] for non-weak geometric rough paths, we get the following
corollary.

Corollary 5. For x, € RP(R?) with p € [2,3), write Xo; = 1+ 3,4, X, +
Zi,j:l,Q thei ® €;.
(i) If x e WGRPH(R?) and
1
@S,t = Axi,t + sz,t - 5["47 B] (X;?t - Xz,lt)v

then exp(©,) defines a left p-rough resolvent in $.
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il) If x € RP3(R?) \ WGRPZ(R?), then x5; may be decomposed as Xyt = Vst + Pst
(i) If > 2(R?), + may p £ = Ysp+ O,
fO?“ o€ 722”(]1%2 ® R?) which is symmetric, that is ¢sr = Y, 1 5 dpei ® e with
& = it With
1
O 1= Aygy + Byg, = LA BI(ys: — vii) + (AB+ BA)GS + A0y, + B 67,

then exp(Os:) defines a left p-rough resolvent in $).

4 Series expansions

4.1 Extension theorem

Let us fix p > 1 and let 8 be a constant such that

5zp<1+§;(§)w>. (29)

The choice of § will be justified later by the neo-classical inequality (13). For a € £,
set

1 1
~va = | ao, ai, ag, ... |.
( " BL(1/p)" BT(2/p)" )
Recall that £ and & have been defined in Section 2.2.3.
Let us consider the following subspaces of £:

3 1= {3 €% a0 =1, 10l = sup(ST /) ]} < o0
D= {2 a0, falhom = sup([a) < oo}
i>1

The next lemma is immediate from the properties given Section 2.7.

Lemma 11. The spaces B is a close subset of & for || - ||sum and stable under X.
Besides,

17(@ R b)lhom < ([Vallhom + 175 IlEem)? < [1¥allnom + [[7BlIhom (30)
fora,b e B.

Lemma 12. Ifa € ®, ||aljhom < 1, then a € & and ||a||sum < [|al|hom/ (1 = ||a]|lnom)-

In addition, -
[ — mce(a) foum < —2i0m (31)
— Ty sum > S -
= ° 11— “aHhom
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Lemma 13. Let f(2) =), o, cm2™ be an analytic power series with ¢ = 0. Assume
that for some constant L,

()

Then for a € £ with ag = 0 and ||va|lhem < 1/L, f(a) belongs to ® NS with

k
Z e |m*? < LF for all k € Z*. (32)
m=0

1/ (a)llhom < Ll[7allnom and [|f(@)[lsum < Ll[vallhom/ (1 = Ll7allnom)-

Proof. Let a € £ with ag = 0 and ||va||pem < +00. Then

(@) = Y ayea, and m(f(2) = 3 cnmel(2)®).

Cditedim= m2>1

Since ag = 0, any product a;, - - - a;,, for which one the the i;’s is equal to 0 vanishes.
This is necessarily the case as soon as iy + --- + 4, = k and m > k. Using the
neo-classical inequality (13)

k/p
1vallfom—7~  if m <k with o := [|7allhom,
PR E o (%)
zlzltméigzk} 0 otherwise.

It follows that

ok b

lm(fl = ——~ > " lem|m*™? < ||vallfom LF.
5F <;> m=1

The result follows then from Lemma 12. OJ

Corollary 6. There exists a constant p, depending only on p, such that z — z71 —1
and z — log(z) map B := {a € B;||7allhom < p} into ® NS with

H371 — Unom < Cilvallnom and [|1og(a)lnom < Col|vallnom-
In addition, if for a,b € B and some € > 0,
17(@ = b)[lnom < € then || f(a) = f(b)[lnom < €Cs

for f(z) =log(z) and f(2) =271 —1.
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Proof. Remark first that ||a|lnom = || = 1||hom and [|7a|lnom = [|7(a — 1)||hom since
| - |lnom does not depend on the first term.
For f(z) = log(1 4 2) = Y5, (—1)*2"/k, it holds that

k
Z |Con| /P < P

m=1

On the other hand (See e.g. [2, 6.1.39, p. 78|),

") ()

(SIS

k
P
Thus, for n > 1,

k
1 log (k) 1( 1

1 . 1 1
_5+510g(p>+ o T | g los(p) —log(ns v2ﬂ))m’yp -—];+];10g(10)-

k 1
1 1 k\r 2
% log(k:k/p) — —log (nﬁ_lv ome kP (1_7) >

Hence, for some x > 0, the condition (32) is satisfied with L = e".

For f(z) = (1+2)"' =1, ¢g = 0 and ¢; = (—1)* for k > 0, the conclusions are
the same.

For the continuity, note first that when i; + --- 4+ 14,, = k,

m
ai, -+ ai, — by by, = [ Jan - ai, (3, = bi)biyy, b,
j=1

Iterating the neo-classical inequality,

kmk/r & i i1 be i
la, -+ @, — by, -+ by || < €F - <k) vallhos 2 bl
p) i=l
kmk/P
< ek—(l V [[7allhom V H’Ythom)k'

}1
VRS
SRR
N—

Hence the result since p < 1. [

For ¢ € N, set B
alkyb=m<(a®b), a,be L.
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Lemma 14. For { € N, 7B is a close subset of the Banach algebra (1<,S,+,X,)
stable under W, and ||y(a ™y b)|lhom < |[7allhom + |7b||hom for a,b € m<B. Besides,

there exists p > 0 such that for any a € 7</B with ||ya|lnem < p, then T<(a™') €
ng%.

Proof. Of course, the properties of Lemma 11 are still true then B is replaced by
m<¢B. The existence of an inverse in a small ball follows from Corollary 6. ]

Proposition 8. For |p] < ¢ < +o0, let (bst)(yent(r) be a p-rough resolvent in
(1<¢6, 4+, Ry) taking its values in 7<¢B with ||Ybe||lnom < w'/?.
(i) The family be is an almost p-rough resolvent in (S, +,X) generating a p-rough
resolvent a, that satisfies ||Yae||hom < w'/? and m<;(as) = b,.
(ii) Forp>1, k> { and (s,t) € AL(T),
w(57t)(L(k+1)/pJ+1
L(Lk/p] +1)

(iii) The p-rough resolvent ag' satisfies ||y(agt —1)|lnom < Cw'/? for some constant C.

25,0 = T<h (@) lsum < (14 [p])(1V w(s, 1)) exp(w(s; ).

Remark 10. This theorem is a variation of the extension theorem of T. Lyons [49,
Theorem 3.2.1] which allows one to pass from a p-rough path of finite order to a
p-rough path of infinite order. This theorem itself may be seen as a generalization of
the notion of Chen series (See Theorem 3).

Remark 11. Of course, the extension is continuous and the proof relies on similar
arguments so that we skip it. The results in [45] could be used to improve the
controls given by the neo-classical inequality.

Proof. For (s,r,t) € A (T),

k .
C (b )i i(by) k=041, .20
bs”r X br’t — bs725 + Cort where TkCort {02]20 7TJ( ) )ﬂ-k ]( ,t) 1 +

otherwise.

As ¢ > |p], it follows that b, is an almost p-rough resolvent in &. Hence, (i) follows
from Lemma 11 together with Corollary 1 used with p(a) = ||al|hom-

The control (ii) follows from Lemma 4.

When w(s, t) is small enough, by, is invertible in &. With Lemma 14 and (31),

’ﬂ'gg(bs_’tl) € ng% and b._l ~ ng(b._l).

Then 7<,(b,!) is an almost p-rough resolvent in (7<,&,+,X,) which gives rises to
a p-rough resolvent in (7<,S,+,X,) still taking its values in 7<% by Corollary 1.
Then (i) may be applied to give rise to a p-rough resolvent taking its values in & N 5.
Necessarily, this p-rough resolvent is b;! by the uniqueness in the sewing Lemma so
that (iii) is proved. O

29



4.2 Linear differential equations, 1 < p < 2

We may now consider linear differential equations in the Young sense in &.

Assume that 1 < p < 2 and let A € R(L).

Set a(t) = (Id, A 0,...), which defines a path in R}(&) that takes its values in
T<1Biq.

Let us consider the linear differential equation in the Young sense

=1+ y(s) B da(s), y(e) € RY(S). (33)

Proposition 9. Let A € RP(£) for p € [1,2). There exists a unique solution y(e)
of (33) in RY(S). This solution satisfies ||7Ye|lhom =< BT (1/p)||All,w? and yi(e) =
mi(y(®)) is given by the recursive relation

yolt) = 1d and yyn () = / ye(t) dA.. (34)

Proof. Let us set ag; := (Id, As4,0,...) for (s,t) € AT (T).

With Proposition 3, there exists a unique solution y € RY(sum) to (33) and
llye — aa|| < Cw2’”. This equation is easily solved recursively by (34).

On the other hand a, defines a p-rough resolvent in (7<;&,+,X),;) that takes
its values in m<1°B. Thanks to Proposition 8, it generates an almost p-rough resol-
vent ¢, € G with T<jcq = a, and ||ce — e [|sum < Cw??. This proves that ¢, = y,. [

The next result is an immediate consequence of Proposition 9 and Corollary 6.

Corollary 7. There exists C > 0 and § > 0 such that for (s,t) € AJ(T), w(s,t) <9,
log(ys:) € D NG and ||10g(Yst)|lhom < Cw(s,t)Y?.

When applying the algebra homomorphism ¢ : & — £ defined by ¢(a) =
> k>0 Tk(a), Proposition 9 yields a series representations of Dyson type [26] for Y

solution to Y, = Id + fot Y, dA,.

4.3 Magnus and Chen-Strichartz formula

Combining the previous results with Theorem 3 and using a continuity argument, we
may extend the results on Chen series to weak geometric rough paths, as well as the
Chen-Strichartz formula (7).

Proposition 10. For x € WGRPL(R?) with ¢ > |p], and ||x|, < C, then x may be
extended to a rough path z in RP(R?) such that for some & and any (s,t) € AF(T)
with w(s,t) < 8, 74, is a Lie element, log(zs,) belongs to ® N T (RY) and (7) holds.
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For BY,...,B% € £, let us consider the algebra homomorphism ¢ from (£, +, ®)
to (S, +, ) defined by
B il =],

0 otherwise.

mo(Y(er)) = {

For x € WGRP?)(R?), we then get that for some § > 0 and that for (s,t) € AF(T)
with w(s,t) < 9, there exists Q,; € £ such that

X = Z B'x!, = exp(Qy:) (35)

L|11>0

and Q,; = ¢(log(zs,)). When x, lies above the smooth path z : [0, 7] — R? then X,
is nothing more than the solution to

d t
X, = Id + Z/ X B dat.
i=1 70

Remark 12. When B’ are the entries of a matrix A, then one in recovers (7) the
Magnus formula [50], which is extensively presented in [8].

Other formulas, with various names, may be used to represent this logarithm [§].
In any case, the Baker-Campbell-Hausdorff-Dynkin formula is the main tool [9].

Remark 13. A large literature is devoted to the construction of numerical procedures
relying on this kind of computation for smooth paths [8,35], or for Brownian paths
(See [15,44] for example).

Remark 14. Clearly, our estimates for the existence of a logarithm are not opti-
mal. However, unless one consider nilpotent algebras, one cannot expect in general
that (35) converges for any time (s,t). The radius of convergence of the logarithms
of Chen series of paths of bounded variations is finite in general [47].

In the case of Magnus series, see for example [8,52]. For stochastic processes,
see 6] regarding the fractional Brownian motion and |7] for the Brownian motion.

5 Perturbed linear RDE when 1 < p < 2

Throughout all this section, we consider two paths A and B in R?(£) with p € [1,2).

Proposition 11 (Duhamel principle/Variation of constant formula). Fiz p € [1,2).
Let Y and Z be the solutions to (14) and (15). Let us consider that either

(a) B*,B e RL).

(b) B* € RP(V*) and B € RP(V).
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Then

t t
S, = (/ dB;Yj) Y, and T, = Z, (/ Z, d15’5> :
0 0

are the unique solutions to

t t
S, = / Sed A, + B, and T, = / dAT, + Boy, (36)
0

0

where S, T € RP(L) in case (a) and S € RP(V*), T € RP(V) in case (b).
Besides, there exists a constant C depending only on w(0,T) and p such that

IS, < A+ 11l + [AIDIB [l and [[Tll, < C(L+ [All, + [AIR)IBl,-

Proof. The existence and uniqueness of solutions to (36) follows from the same argu-
ments as in Proposition 3.

We only consider S, the computations being similar for T. Using the characteri-
zation of the Young integral of Proposition 1(i), it is sufficient to show that

(St — Ss - SsAs,t - B:,t)(s,t)GA;(T) ~ 0.

We have

t s
S;—S, = (/ dBrYr‘l) Y, + (/ dBTYﬂ) (Y= Y,)
s 0

t
_ ( / dBrYr‘l) Yo+ SV (Y= Ya) = By €5, Y+ Su (YUY, —1d — Ay ) +So s
with e, < Cw??. Hence the result with Proposition 3(vi).
The control on the p-variation follows from (10). O
Corollary 8. For B* € RP(V*) and B € RP(V)), A € RP(L). Then the solutions
p € 1,2 and S¢, T¢ (defined by linearity) to

¢ ¢
S =a+ / S¢dAs + By, and T§ = a + / dATS + Boy
0 0

defined flows of homeomorphims a € V* +— S¢ and a € V +— T¢.

Proof. By linearity for a,b € V*, C, = A2 — A? is solution to C; = (b—a) + fot CsdAs.
This proves that C; = (b — a)Dy with D; = Id + fot D,dA, and D is invertible by
Lemma 6. This proves that C; is one-to-one for any ¢ € [0,7]. The proof is similar
for T,. O
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6 Perturbed linear RDE when 2 <p <3

6.1 A Duhamel principle

Let us consider now A € RP(£) with 2 < p < 3.
Let (Ag,?)(s neat(r be a family in £ such that AP < Cw?? and for Ay =

Id+ A+ + AM satlsﬁes
|A — A ALl < Cw’/?(s,t) for (s,r,t) € Af(T).

Thus way, A, is an almost right p-rough resolvent, to which is associated a right
p-rough resolvent R, which satisfies

Re — A, < C’ws/p,

and so that R; := Ro; € R{,(£) is formally the solution to

t
R, = Id +/ R, dA..
0

Let us also consider
Dy, =1d— Ay, — AP + A, - A, for (s,t) € AS(T).
It is easily checked that D, is an almost left p-rough resolvent and that
1D, oA |l < Cuo(s, )7,

Thus, D, ~ A;" when w(s,t) is small enough and D, generates a left p-rough resol-
vent L, which satisfies
L, — D, < Cw?/?.

The path defined by L; := Lio € RI,(£) is formally the solution to
t
L, = Id+/ dD.L,
0

and L, = R, ! for ¢t € [0, T].

Definition 8 (p-rough lift). For B = £ or B = V*, a right p-rough lift (_>st) s A (T)

of B € RP(P) with respect to A, is defined as B.:= B, + B® where B( t) € B and
for some 6 > 1,

B, < Cw'?, BY < Cw?, (37)

1Bst— Bsr — Bri — BspAra| < Cw(s,t)? for (s,r,t) € AT(T). (38)
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The smallest constant C' for which (37) holds is denoted by || §>||p.
For P = £ or P =V, a left p-rough lift (ﬁts)(s,t)eA;(T) is defined similarly with
(38) replaced by
|Bts = Bris — Brs — AntBsyr|| < Cw(s, t)? for (s,r,t) € Af(T).

Proposition 12. Set P = £ or P = V. Assume that B € RP(P) admits a right
p-rough lift §>. with respect to Ao. Then there exists a path S in RP(*B) with which
satisfies So = 0 and

ISt = SeA s = Biell < CllBllpw(s,t)*” and [IS|l, < C|| Bly- (39)

This path is denoted by S; = f; db grRr,t: where the b stands for “backward integra-
tion’.
Proof. Set for 0 < s<t<u<T,

fsp(u) = ByiRyy so that pe(u) < Rfﬁ||§>||pw1/p. (40)
With (40),

,us,r,t(u) = ,us,t(u) - H’s,’r(u) - H’r,t(u) = _(Qs,rRr,t + Ls;r,t - gs,t)Rt,u

= _<§>s,r<Rr,t - Id) - Bs,rAr,t)Rt,u = _(Bs,r(Rr,t —Id — Ar,t) - Bg?r?(R'r,t - Id))Rt,u

Hence || psre(u)]| < C’Hl_3>||pw(s,t)3/p for (s,t) € AF(T). With the additive sewing
lemma, there exists a path vy(u) such that (u(u) — vi(u) = vs(u)pearr <
OB,

The integral fot db B,R,; is defined as vi(t).

For s <t <wv < w, pst(u) = ps(v)R, so that again by the uniqueness in the
sewing lemma, p(u) = pi(v)Ry,, for any ¢t < v < .

It remains to check the regularity of ¢ — u,(t) and (39). For (s,t) € A5 (T),

pe(t) = ps(5) = pa(t) = p1s(t) + ps(5) (R — 1d).

With (40), this proves that (v4(t) = vs(s)) s peaz ) < Cw'/?. In addition, R,—A, ~ 0,
hence (39). O

The proof of the next propositions follows the same lines so that we skip them.

Proposition 13. Set P = £ or P = V. Assume that B € RP(B) admits a left p-
rough lift ﬁ. with respect to Ao. Then there exists a path T € RP(P) which satisfies
To=0 and

ITe = DT~ Buall < OB Iyl 0% and [T, < CI B, (41)
This path is denoted by T, = fg Ly dbér.
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Proposition 14. Assume that in Propositions 12 and 13, B € RI(P) with ¢! +
p~t > 1. Then one may take B¥ =0 and
t
/ L., d"B,
0

t
‘ / d°B,R,
0

In addition, the “backward integrals” are indeed Young integrals.

< C||Bll, and

p

< C|Bl,-

p

Of course, an equivalent of Corollary 8 holds also true for 2 < p < 3.

6.2 Application to rough differential equations

Let U, V. and W be Banach spaces. The space W is assumed to be finite-dimensional.

Let x € RP5(U) be a p-rough path controlled by w with p € [2,3).

Let us consider a function g : V — L(U, V) such that g is bounded whose first and
second order derivatives Vg and V2¢g are bounded and V?2g is y-Hélder continuous,
2+v>p.

These conditions are sufficient [30,38] to ensure the existence of a unique solution
y* € RP(V) to

¢
i =a+ [ g ax, (42)
0
which satisfies y§j = a and
vy —ys — gy <) — gVa(ys x?) < Cw(s, t)# /P for (s,t) € AF(T).
t S S st s s,t 2
In addition, there exists a family (yxxs,t)(&t)e AF(T) with values in V ® U for which

YIXTe = Y XTIy, + Y X Ty +Ys, @ Ty and |yt a,| < Cw?? (43)

for all (s,r,t) € AT (T).

The map .# : a € V— y € RP(V), called the Ité6 map, is Lipschitz continuous
[30,38]. Set Z(a) := y;. When x is a smooth rough path, then y is solution to an
ODE and .% : V — V defines a flow of diffeomorphisms for any ¢ € [0,7]. Using
an approximation argument, P. Friz and N. Victoir proved in [30] that .# is a flow
of diffeomorphisms when x € WGRP5(RY). The gradient of .# is solution to the
Jacobi flow

V) =1+ | V() 54 (a) dx,. (44)

which is a linear RDE.

In a forthcoming article [21], we provide an alternative proof of these facts with-
out relying on an regularization argument, which allows to consider x € RP%L(U).
Moreover, we show that .# is Holder continuous. The core idea is the following. For
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a,hin U, € >0, set Af(a) = H(a+ eh) — F(a), write a first order Taylor expansion
of g(H(a)) as

9(Fi(a+€h)) — g(Fi(a)) = Vg(Fi(a))Aj(a) + G(Si(a + €h), Fi(a))

and show that

Bia) = eh+ [ Vo(si(a)ai()dx, + / G(A(a+ eh), Fi(a)) dx.,

0

Thus, A;(a) is solution to a perturbed linear RDE and the convergence of e ' A,(a) to-
wards V.7 (a)h with V. (a) given by (44) is studied by giving bounds on fot G(S(a+
e€h), i (a)) dx;.

In [21], we also study differentiability properties with respect to perturbation of
a parametrized family of vector fields f = V(-; A) or of the driving path x by a path
in RY(U), ¢! + p~! > 1. This leads to study

t ¢

Yy = a+/ V(y2, A) dx —I—/ V(ye, A\)dhs, h € RY(V) with 1/p+1/g > 1

0 0

with respect to a, A and h. In this case, f(-) = VV(-,A). Again, Propositions 13
and 14 lead to the conclusion.

Let us now consider a function f : V — L(W ® U, W) such that f is bounded
with a bounded derivative V f, which is «-Hélder continuous, 1 + v > p. We also
consider a path y € RP(V) for which a family (yX ), neat(r) satisfying (43) exists.

Typically, f = Vg and y is the solution to (42) as above.
Our first aim is to consider the solution to the differential equation

2 = a—l—/o f(ys)zs dxs. (45)

If U=R?% V=R" and W = R™ and x is a smooth rough path living above z, by an
equation of type (45), we mean

t
d=a+ Y /f,z’J(ys)zgdx’j, i=1,...,m.
d 0

In the sense of Davie, a solution of (45) is sought as satisfying for some constants
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C >0and @ > 1, with xglt) = x; — s and xft) = f;[xr — x5 ® dzx,,

i’j
k
sup |- z= Y R - Y Syl
i=L...,m k=1...d k=1...d
Jj=1,...,n Jj=1,...,n
r=1,...,n
. L
= D7 P P () x| < Cu(s b)) V(s t) € AS(T),
k=1,....d
j=1,..n
q=1,....d
p=1,...,n

which we write under the more compact form
|2t — 25 — f(Z/S)ZsXSt) = V(ys)zsyX s s — F(Z/S)stgt)| < Cuw(s, t)ev (46)

with Fyo(ys) = fe(ys) fe(ys) is a matrix in R™ for k,¢ = 1,...,d, and then F' may be
identified with a map from V to L(W @ U ® U, W).

Proposition 15. Let A; = fg f(ys) dxg be the path in RP(L(W,W)) defined by the
rough integral A,z := mw (fot fys)z dxs> € RP(W) for any z € W. Then there exists
a left p-rough lift A of A.

Proof. For (s,t) € Ay (T), let A,; be the linear operator in L(W, W) defined by

Az =2+ [ys) 21X + V(o) Flywas, + Fy)[21x%, ze W, (47)
Then

AurArsz = 2+ fyo)[xD) + Fyn) %) + V F(ys) [Elyxas, + V() [lyxez,,
+ Fy)[21x@) + Fy) % + ) fyo)2lxh) @ x4+ a(s, 7, 1)[2]

where o (s, 7,t)[z] contains all the terms which are smaller than C|z|w(s, t)? for some
constant C. Since X;; = X;, ® X,; and then x§22 = x§22 + xff,? + x&? ® x,(n}t) and
using standard computations, this proves that |A; | < Cw(s,t)? and then that A is
an almost left p-rough resolvent. Then A, is the p-rough resolvent associated to A,

through Theorem 4. O]

Proposition 16. Under the above hypotheses on f, x and y, the three notions (linear
RDE, in the sense of A.M. Davie 22| and in the sense of Lyons) of solution to (45)
are equivalent.

Proof. The equivalence between solutions in the sense of Davie and in the sense of
Lyons have been proved in [38]. The equivalence with solutions of linear RDE follows
from the sewing lemma and the definition of A, in (47). O
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Let us consider now bounded function g : V. — L(U, W) with a bounded derivative
which is v-Holder continuous and set

t
by := / g(ys) dxs.
0
which means that b, is the unique path in R?(W) satisfying

Ibsr — g(ys)x\Y — Vag(ys)yxas| < Cu(s, t)?

for some 6 > 1.
Our second aim is to consider the solution to the differential equation

Zt:a+/0 f(ys)zsdxs+/0 9(ys) dxs. (48)

Proposition 17. Under the above hypotheses on f, X and y, there exists a unique
solution to (48) and for any t € [0,T], a — 2 defines an homeomorphism from W
to W. Besides,

121, < Clal + llgll + Vgl + H,(Vg)), (49)

where C depends only on ||f|le ||V flleo, Hy(Vf), x, w(0,T), p and v, and H,(Vg)
is the v-Hdélder norm of Vg.

Proof. Let us set for (s,t) € A (T),

t t
o= 1+ [ 1)+ [ () dx, -+ gl0) @ Fu)x
Let us consider X := 1@ L(W,W) & W & (W ® L(W,W))) which is a Banach sub-
algebra of (To(L(W, W) @ W), +,®) when equipped with a ® b = mx(a ® b). Thus,
working only in X,
piae = s @ piry = (9(5) ® F(u) = () @ Fu))x77
# (sxtd = [ otmiax,) o )

+/8Tg(yu)dxu® (f(ys)xgt) _ /th(yu)dxu> |

Using the regularity of f and ¢ and the properties of the rough integrals, it fol-
lows that (Ns,t)(s,t)e Af (1) 1S an almost right p-rough resolvent with values in X. Let
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(1/57,5)(870 eAF(T) be the corresponding p-rough resolvent with values in X given by the
sewing lemma. The multiplicative property vy, = v, ® v,; implies that

t t
WL(W,W)@W(Vs,t) = f(ys) dXs + / g(ys) dXs

and V§,2t) = §2r) + V7E,2t) + bs,r ® Awg,lr) with Vgt) = WW@L(W,W))(Vs,t)'

)

Let us now introduce the linear map from (X, +) to (W, +) defined by ®(a) = a,
O(b) = P(c) =0 and P(a ® b) := bla] for a € W, b€ L(W,W) and ¢ € R.

Then ét,s = ®(vs;) defines a left p-rough lift é. of b. The result follows then
from Proposition 13 O

References

[1] S. Aida, Notes on Proofs of Continuity Theorem in Rough Path Analysis (2006). Unpublished
note, Osaka University.

[2] M. Abramowitz and I. A. Stegun, Pocketbook of mathematical functions, Verlag Harri Deutsch,
1984.

[3] L. Bailleul, Flows driven by rough paths (2012), available at arxiv:1203.0888.

[4] A. Baker, Matriz groups: An introduction to Lie group theory, Springer Undergraduate Math-
ematics Series, Springer-Verlag London Ltd., London, 2002.

[5] F. Baudoin, An Introduction to the Geometry of Stochastic Flows, Imperial College Press, 2004.

[6] F. Baudoin and X. Zhang, Taylor expansion for the solution of a stochastic differential equation
driven by fractional Brownian motions, Electronic Journal Probab. 17 (2012), no. 51, 1-21, DOI
10.1214/EJP.v17-2136.

[7] G.Ben Arous, Flots et séries de Taylor stochastiques, Probab. Theory Related Fields 81 (1989),
no. 1, 29-77, DOI 10.1007/BF00343737.

[8] S. Blanes, F. Cases, J.A. Oteo, and J. Ros, The Magnus expansion and some of its applications,
Physics Reports 470 (2009), 151-238.

[9] A. Bonfiglioli and R. Fulci, Topics in Noncommutative Algebra. The Theorem of Campbell,
Baker, Hausdorff and Dynkin, Lecture Notes in Mathematics, vol. 2034, Springer-Verlag, 2012.

[10] A. Bonfiglioli, E. Lanconelli, and F. Uguzzoni, Stratified Lie groups and potential theory for
their sub-Laplacians, Springer Monographs in Mathematics, Springer, Berlin, 2007.

[11] M. Caruana and P. Friz, Partial differential equations driven by rough paths, J. Differential
Equations 247 (2009), no. 1, 140-173, DOI 10.1016/j.jde.2009.01.026.

[12] M. Caruana, P. K. Friz, and H. Oberhauser, A (rough) pathwise approach to a class of non-
linear stochastic partial differential equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 28
(2011), no. 1, 27-46, DOI 10.1016/j.anihpc.2010.11.002.

[13] T. Cass, C. Litterer, and T. Lyons, Integrability and Tail Estimates for Gaussian Rough Dif-
ferential Equations, Ann. Probab. 41 (2013), no. 4, 3026-3050, DOT 10.1214/12-A0P821.

39



[14] F. Castell, Asymptotic expansion of stochastic flows, Probab. Theory Related Fields 96 (1993),
no. 2, 225-239, DOI 10.1007/BF01192134.

[15] F. Castell and J. Gaines, The ordinary differential equation approach to asymptotically efficient
schemes for solution of stochastic differential equations, Ann. Inst. H. Poincaré Probab. Statist.
32 (1996), no. 2, 231-250.

[16] K.-T. Chen, Expansion of Solutions of Differential Equations, Arch. Rational Mech. Anal. 13
(1963), 348-363.

[17] , Formal differential equations, Ann. of Math. (2) 73 (1961), 110-133.

[18] Kuo-Tsai Chen, Integration of paths—a faithful representation of paths by non-commutative
formal power series, Trans. Amer. Math. Soc. 89 (1958), 395-407. MR0106258 (21 #4992)

[19] K.-T. Chen, Integration of paths, geometric invariants and a generalized Baker-Hausdorff for-
mula, Ann. of Math. (2) 65 (1957), 163-178.

[20] L. Coutin, Rough paths via sewing Lemma, ESAIM Probab. Stat. 16 (2012), 479-526, DOI
http://dx.doi.org/10.1051 /ps/2011108.

[21] L. Coutin and A. Lejay, Sensitivity of rough differential equations (2013). Preprint.

[22] A.M. Davie, Differential Equations Driven by Rough Signals: an Approach via Discrete Approx-
imation, Appl. Math. Res. Express. AMRX 2 (2007), Art. ID abm009.

[23] A. Deya and S. Tindel, Rough Volterra equations. 1. The algebraic integration setting, Stoch.
Dyn. 9 (2009), no. 3, 437477, DOT 10.1142/50219493709002737.

[24] , Rough Volterra equations 2: convolutional generalized integrals, Stochastic Process.

Appl. 121 (2011), no. 8, 1864-1899, DOI 10.1016/j.spa.2011.05.003.

[25] R. G. Douglas, Banach algebra techniques in operator theory, 2nd ed., Graduate Texts in Math-
ematics, vol. 179, Springer-Verlag, New York, 1998.

[26] F.J. Dyson, The Radiation Theories of Tomonaga, Schwinger, and Feynman, Phys. Rev. 75
(1949), 486-502.

[27] D. Feyel, A. de La Pradelle, and G. Mokobodzki, A non-commutative sewing lemma, Electron.
Commun. Probab. 13 (2008), 24-34.

[28] D. Feyel and A. de La Pradelle, Curvilinear Integrals Along Enriched Paths, Electronic Journal
Probab. 11 (2006), no. 34, 860-892.

[29] M. Fliess and D. Normand-Cyrot, Algébres de Lie nilpotentes, formule de Baker-Campbell-
Hausdorff et intégrales itérées de K. T. Chen, Seminar on Probability, XVI, Lecture Notes in
Math., vol. 920, Springer, Berlin, 1982, pp. 257-267.

[30] P. Friz and N. Victoir, Multidimensional Stochastic Processes as Rough Paths. Theory and
Applications, Cambridge University Press, 2010.

[31] M. Gubinelli, Abstract integration, combinatorics of trees and differential equations, Combina-~
torics and physics, Contemp. Math., vol. 539, Amer. Math. Soc., Providence, RI, 2011, pp. 135—
151.

[32] Deya. A., M. Gubinelli, and S. Tindel, Non-linear Rough Heat Equation, Probab. Theory Re-
lated Fields 153 (2012), no. 1-2, 97-147, DOI 10.1007/s00440-011-0341-z.

40



[33] M. Gubinelli, A. Lejay, and S. Tindel, Young integrals and SPDEs, Potential Anal. 25 (2006),
no. 4, 307-326, DOI 10.1007/s11118-006-9013-5.

[34] M. Hairer and D. Kelly, Geometric versus non-geometric rough paths (2012), available at arxiv:
1210.9294.

[35] E. Hairer, C. Lubich, and G. Wanner, Geometric numerical integration: Structure-preserving
algorithms for ordinary differential equations, Springer Series in Computational Mathematics,
vol. 31, Springer, Heidelberg, 2010.

[36] B. C. Hall, Lie groups, Lie algebras, and representations, Graduate Texts in Mathematics,
vol. 222, Springer-Verlag, New York, 2003. An elementary introduction.

[37] K. Hara and M. Hino, Fractional order Taylor’s series and the nmeo-classical inequality, Bull.
Lond. Math. Soc. 42 (2010), no. 3, 467-477, DOI 10.1112/blms/bdq013.

[38] A. Lejay, Global solutions to rough differential equations with unbounded vector fields, Séminaire
de Probabilités XLIV, Lecture Notes in Mathematics, vol. 2046, Springer-Verlag, 2012, pp. 215—
246.

[39] , Controlled differential equations as Young integrals: a simple approach, J. Differential

Equations 249 (2010), no. 8, 1777-1798, DOI 10.1016/j.jde.2010.05.006.
, On rough differential equations, Electron. J. Probab. 14 (2009), no. 12, 341-364.

[40]

[41] _ | Yet another introduction to rough paths, Séminaire de probabilités XLII, Lecture Notes
in Mathematics, vol. 1979, Springer-Verlag, 2009, pp. 1-101.

[42] A. Lejay and N. Victoir, On (p, q)-rough paths, J. Differential Equations 225 (2006), no. 1,
103-133, DOI 10.1016/j.jde.2006.01.018.

[43] A. Lejay, An introduction to rough paths, Séminaire de probabilités, XXXVII, Lecture Notes in
Mathematics, vol. 1832, Springer-Verlag, 2003, pp. 1-59.

[44] G. Lord, S. J. A. Malham, and A. Wiese, Efficient strong integrators for linear stochastic
systems, STAM J. Numer. Anal. 46 (2008), no. 6, 2892-2919, DOT 10.1137,/060656486.

[45] T.Lyons and W. Xu, A uniform estimate for rough paths (2011), available at arXiv:1110.5278.

[46] T. Lyons, M. Caruana, and T. Lévy, Differential Equations Driven by Rough Paths, Ecole d’été
des probabilités de Saint-Flour XXXIV — 2004 (J. Picard, ed.), Lecture Notes in Mathematics,
vol. 1908, Springer, 2007.

[47] T. J. Lyons and N. Sidorova, On the radius of convergence of the logarithmic signature, Illinois
J. Math. 50 (2006), no. 1-4, 763-790.

[48] T.J. Lyons, Differential equations driven by rough signals, Rev. Mat. Iberoamericana 14 (1998),
no. 2, 215-310.

[49] T. Lyons and Z. Qian, System Control and Rough Paths, Oxford Mathematical Monographs,
Oxford University Press, 2002.

[50] W. Magnus, On the exponential solution of differential equations for a linear operator, Comm.
Pure Appl. Math. 7 (1954), 649-673.

[51] B. Mielnik and J. Plebanski, Combinatorial approach to Baker-Campbell-Hausdorff exponents,
Ann. Inst. H. Poincaré Sect. A (N.S.) 12 (1970), 215-254.

41



[52] C. Moan and J. Niesen, Convergence of the Magnus series, Found. Comput. Math. 8 (2008),
no. 3, 291-301, DOI 10.1007/s10208-007-9010-0.

[53] R. Ree, Lie elements and an algebra associated with shuffles, Ann. of Math. (2) 68 (1958),
210-220.

[54] C. Reutenauer, Free Lie algebras, London Mathematical Society Monographs. New Series, vol. 7,
The Clarendon Press Oxford University Press, 1993.

[55] R. S. Strichartz, The Campbell-Baker-Hausdorff-Dynkin formula and solutions of differential
equations, J. Funct. Anal. 72 (1987), no. 2, 320-345, DOI 10.1016,/0022-1236(87)90091-7.

[56] Y. Yamato, Stochastic differential equations and nilpotent Lie algebras, Z. Wahrsch. Verw.
Gebiete 47 (1979), no. 2, 213-229, DOI 10.1007/BF00535284.

[57] L.C. Young, An inequality of the Holder type, connected with Stieltjes integration, Acta Math.
67 (1936), 251-282.

42



