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Perturbed linear rough differential equations®

Laure Coutin' Antoine Lejay*
August 6, 2012

Abstract

We study linear rough differential equations and we solve perturbed linear
rough differential equation with a representation using the Duhamel principle.
These results provide us with the key technical point to study the regularity of
the differential of the It6 map in a subsequent article.

1 Introduction

Linear Rough Differential Equations (RDE) have been considered by several authors
since they are an essential tool for studying the derivative of the It6 map and its
flow properties (See the bibliography in [15] for the many references about the flow
properties). However, at the exception of the works of D. Feyel, A. de la Pradelle
and G. Mokobodzki [21] and S. Aida [1], linear RDE have hardly been considered
as objects as such with their own properties, except to control the growth of the
solution as in [23,31]. Instead, they are generally presented as a special case of RDE.
However, the Baker-Campbell-Hausdorff-Dynkin formula was among the inspirations
of the theory of rough paths [2,7]. Indeed, the algebraic view of solution of controlled
differential equations through for example Chen-Fliess series as well as some numerical
simulation algorithms stem directly from the theory of linear controlled ordinary
differential equations (See [6] for an overview and [23,25,38,39| for the relationship
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between algebra and RDE). Linear equations are among the first examples given in
the article [38] and the book [39] as motivation for developing rough paths theory.

The main goal of this article is then to study linear RDE in a general setting
by extending some of the results of [21]. Our initial motivation was to extend the
Duhamel principle to deal with sensitivity analysis of the Itd6 map.

The content of this article may be applied to bounded linear operators on an
infinite dimensional Banach space. Of course, dealing with unbounded family of
operators, for example for solving Stochastic Partial Differential Equations, is much
more intricate and needs specific treatments. The reader is referred to the quickly
growing literature on these subjects [8,9,25-27|... The Variation of constant principle
is also linked to Volterra equations which have been studied in the rough path context
by A. Deya [17,18].

In Section 2, we define for any p > 1 the notion of rough resolvent which is
a family of linear operators giving the solutions to the linear RDE. We study its
main properties and give a representation in term of Dyson like series (or Neumann
expansion) for equations of type

d t
e = 1o+ Z/ y B’ dx,
i=1 70

for a family of matrices B® € Mgxq(R) and a path z of finite p-variation extendeded
to a rough path by completing some of the results in [38, Section 2.4.1|. Besides, we
establish that the Chen-Strichartz [42] or Magnus formula [6] holds for any geometric
rough path and for any (s,t) such that w(s,t) is small enough. This means that the
resolvent A, which is defined so that y; = yoA,; may be written as

Asi = exp <Z Z IXi,t)

k>1 words I of length k

where 37 4o 7 of lengtn x X 18 the component of the full rough path x in (R?)®* and 8’
is a linear combinations of the iterated Lie brackets [- - - [B%, B®2], -, B*] for iy, ..., i €
{1,...,d}. Here, the exponential is the matrix exponential and the series in the
exponential is normally convergent in (s,t¢). This result then extended to the rough
path situation the results of K.-T. Chen [13,14] and of R. Strichartz [42]. This kind
of expansion has already been studied for the Brownian motion [5, 11,12, 35| and
the fractional Brownian motion [4] and may serves as basis for numerical simulations
[12,35]. However, it was not clear from the current literature that the involved series
converges in general excepted for differentiable paths x with bounded derivatives (See
[6,40] or the discussion in [42] and in [4] for the fractional Brownian motion).
In Section 3, we specialize our results for linear RDEs of type

t
Yt = Yo +/ d-Asys; (1>
0
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where A is a path of finite p-variation p € [1,2) with values in the set of linear
operators. We give a variation of constant principle for the solution to

t
Yt = Yo + / dAsys + (bt - bO) (2)
0

and a representation in terms of Dyson series:

t
B, = (Id +y Ag’“)> yo with A" = A, — Ay and AFTY .= / dAAY),

k>1 0

as well as the Magnus formula in short time.

In Section 4, we consider the case of linear RDE for A of finite p-variation with
p € [2,3). For operator-valued paths of finite p-variation with p € [1,3), we provide
a Duhamel principle/Variation of constant principle for a perturbed linear equation.
In particular, it is required to extend properly the notion of perturbation and define a
proper notion of integral, and then to lift A as well as the perturbation b to consider
linear RDE of type (1) or perturbed linear RDE of type (2).

In Section 4.3, we show that our notion is well adapted for the kind of linear
equations which arises when one differentiates the It6 map with respect to its starting
point. In a subsequent article [15], we use these properties to show that the Itd6 map
is differentiable with a Lipschitz or Holder continuous Fréchet derivative.

2 Rough resolvent

2.1 Almost rough resolvent and rough resolvent

From now, C' denotes a constant whose value may vary from line to line.

Let Ao(T) :={(s5,1)|0 < s <t < T} and A3(T) := {(s,7,t)|0 < s <r <t <T}
Let w : Ao(T) — R4 be a control, that is a function which is continuous close to its
diagonal and such that w(s,r) +w(r,t) < w(s,t) for all (s,r,t) € As(T).

Let £ be a unital algebra over K = R or C which is a Banach space with a norm
|| - || such that [|[AB|| < ||A|| - || B]| for any A, B € £, ||[AA|| = |A] - ||A]] for A € K and
IId|| = 1, where Id is the neutral (left and right) element for the multiplication. This
space is called a Banach algebra [19].

Remark 1. For k= 1,...,00, let T,(R?) be the tensor algebra defined by Ty(R?) :=
RORIP (RH®2 @ - - @ (RY)®* with the addition + and the tensor product ®. The
tensor space (R4)®* is endowed with a norm | - | such that |a ® b| < |a| - |b| for any
a € RH and b € (RH) ¢ =1,...,4 —1. For such a choice of norm which



transforms (R?)®* into Banach algebra, see [19, Ex. 1.36 and 2.31]. The norm we use
on Ty (R?) is then

k k
||| = Z |zg| when z = ng with z, € (R%)®".
£=0 £=0

The tensor space Ty (R?) corresponds to the space T4, (R?) quotiented by the relation
x ~y when z —y € (R)®EHD g (RH)©F+2) g ... For any k = 1,...,00, Tp(R?)
becomes a Banach algebra when equipped with the norm || - || and the unit 1 € R.

For A € £ such that ||A —Id|| < 1,

+oo

AT =D (=DRA - 1d)k.

1=0

is a left and right inverse of A.
Typically, we will consider for £ the space L(V,V) of linear bounded opera-
tors on a Banach space V with a norm | - |, which we equip with the norm ||A| =

SUPyev, |ul=1 | Aul.
Definition 1 (Rough resolvent). A family {A;;} (e, () of operators in £ satisfying
Ast = ArtAs, (tesp. A = A Ave), Y(s,rt) € As(T),
|As: — Id|| < Cuw(s, )P, Y(s,t) € Ay(T) (3)
for some constant C' is called a p-left rough resolvent (resp. p-right rough resolvent)

Our main tool is the following. An alternative and elegant proof may be found in
[21, Theorem 10] for some w(s,t) = V(t — s).
Following [10], we introduce

r
r=1

+oo
1
Tiy1 = inf {t > 75, (14 Buw(m, 1)) + C’4ew(7'i,t)ez — < 29/2} with 75 = 0,

Np, =sup{neN, 7, <T}.

Theorem 1. Let (Byy)(spenqr) be a family of operators in £ such that for some
0 > 1 and some constants C and B,

IBss — Id|| < Buw(s, t)/?, ¥(s,t) € Ao(T) (4)
HBs,t - Br,tBs,rH S OW(S,t)o, v<577na t) € Ag(T) (5)

Then there exists a unique left p-rough resolvent {As;}(snenq(r) such that

A = Bugll < 25V LO(2 + Bw(0,T) 7w (s, 1)’, (6)
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for all (s,t) € Ao(T) where L = 495 °° r7%. Besides, As; is invertible for any
(s,t) € Ao(T). Such a family is then a p-left rough resolvent.

Similarly, a p-right rough resolvent satisfying (6) may be associated to a family of
operators {Bs i} spennr) in £ satisfying (4) and

IBss — BsBril| < Cw(s, t)? for (s,r,t) € As(T).

Definition 2. A family {B;;}(sea,(r) of operators satisfying the above hypotheses
is called an almost left-resolvent.

Remark 2. The family of operators B and A necessarily satisfies B;; = Id = A, for
any t € [0, 7.

Remark 3. If By, takes its values in a Lie group & (See [2] for an introduction) for
any (s,t) € Ay(T'), then A, also takes its values in & for any (s,t) € Ao(T).

Remark 4. For £ = Tj(R?), then one recovers the sewing lemma which allows one to
transform an almost rough path to a rough path. When £ = T, (R?) and B,; = x,;
for a rough path x with values in T, (R?) of finite p-variation controlled by w, then
Theorem 1 gives the extension of x to To(R?), which the the Chen series associated
to x [13].

Proof of Theorem 1. Let us prove first uniqueness of a p-rough resolvent satisfy-
ing (6). Note first that any p-rough resolvent which satisfies (6) also satisfies an
inequality of type (4) with a constant C’. Then, for (s,t) € Ay(T) such that
C'w(s, )P < 1, A is invertible. Using the property As; = A,:As;, it is then
easily obtained that Ay is invertible for any (s,t) € Ay(T).

Now, let A and C be two left p-rough resolvent satisfying (6) and set f(t) =
C(;,tlAO,t' Hence,

f(t) = f(s) = C(;,% [As,t - Cs,t]Ao,s-

Note that [|C.;| < m, for Cw(s,t) < 1. Using property Co; = Cs:Co s, we
obtain sup,c.r [Coyll < +o0. With (6), one gets that [|A,; — Cyyf| < Cw(s,t)? for
some constant C'. Then f is of finite #-variation with § > 1. This means that f is
constant and equal to f(0) = Id. This proves the uniqueness of a p-rough resolvent
satisfying (6).

Let us now prove the existence of a p-rough resolvent. Our proof consists in mixing
the proof of Theorem 3.2.1 in [39] and the one of Theorem 7 in [21].

Fix (0,7) € Ao(T) and let D = {0 =ty < t; < --- < t, = 7} be a partition
of [o,7]. Set

A(D)S,t = Btj,tBtj_htj e Bti, Bs,ti

tit1

where t,_; < s <t; and t; <t < t;4; with by convention t_; = —o0 and ¢,; = +00.
If not such interval [t;,¢;] exists, then set As(D) = Id. When r > 3, it is possible to
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choose t, such that
2w(o, T)
W(te—1,tep1) < —]

With such a choice t;, set D' = D\ {t;}. Then if ¢, € (;,,),

2

G-t
A(D)s — A(D)sr =B ( 11 Btjlm,tjm> (BresterBtoovte = Bro_ite)
m=0

(—i—2
’ H Bt(*Z*”m,thlfm BS,tw
m=0

if t, = t;,

l—i—2
A(D)Sﬂf - A(D,)S,t = (Btzthtz—ht/z - Bt/z—lﬂf) ’ ( H Btf—Q—mvtf—l—m> BS,ti?
m=0

if t, =t

j—0—2

A(D)si — A(D')s; = By, ( 1T Btj_l_m,tj_m) (Biyte,1Bste — Boy)-
m=0

Otherwise, A(D)s; = A(D')s;. Let

h.(o,7) = sup sup  ||A(D)ssl], for r > 2,
D partition of [o, 7], (s,t)€A2(T)
|D|<r [s,t]Clo7]
Uy(o,7) = sup sup  ||A(D)ss — A(D")s4l|, for r > 3.
D partition of [0, 7], (s,t)€A2(T)
|D|<r [s,t]C[o,7]

With (5), we deduce that for r > 2,
hyi1(o,7) < hp(o,7) + Upya(o, 1),

2°Cw(o, )’
< 24 LW\O,T)
Ur+1(07 7) > hr(‘7> T) (r _ 1)0 ’

where C'is the constant appearing in (5). With (4) and (5),
hao(o,7) < (14 Bw(o, 7)Y?)2.

Let us choose o and 7 so that

+00
1
(1+ Bw(o,7)'7)* + C4w(0,7)" > 5 < 2012 (8)

r=1



where B is the constant appearing in (4). This choice is possible since w is continuous
close to its diagonal and 6 > 1.
This implies that hy(o, 7) < 2%/2 and that

w(o, 1)’

(3-1)°
We now assume that for 3 <7 <r,

w(o, 7)?
(i —2)°

Us(o,7) < 4°C and hg(o,7) < ho(o,7) 4+ Us(o, 7) < 272,

Ui(o,7) < 4°C and hy(o,7) < 2972, 9)

With the induction hypothesis (9),

Cw(o,7)°
< 9—’.
Ur+1(07 7_) — 4 (7" . 1)9

Besides, with (8),
hys1(o,7) < ho(o,7) + Upy1(o,7) + Up(o,7) + - - - + Us(o, 7)

r 0
< (14 Bw(o,7)'/7)> +4°C> % <202,
1=2

This proves that (9) holds for any r > 3.
Hence, for any partition D of [0, 7| with (o, 7) satisfying (8), this proves that

IA(D)s; — Bssl| < LCw(a, 7)° (10)

with L = 49 Zfil Zie For this, it is sufficient to remove successively some points of D
in a way which satisfies (7).

One the other hand, choose 71 such that (0, 7;) satisfies (8). Construct a sequence
of partitions D" with D' = {0,7;} and by adding successively a point an in interval
[te—1,tes1] of D™ such that (7) is satisfied and the mesh of the partition decreases
to 0 as n — oo. Our previous controls (9) on U,(0,7) and h,(0,7) shows that
{A(D")+}n>2 is a Cauchy sequence, with a limit A, for any (s,?) € Ay(7) uniformly.

Using a diagonal extraction argument, it is possible to assert that A(D")s; con-
verges to A, for any (s,t) € Aqg(1) N Q2

Let us remark that A(D"),, = A(D},),, with D7, = (D" N [s,t]) U{s,t}. Passing
to the limit in (10), this proves that A satisfies ||As; — By|| < LCw(s, t)? for (s,t) €
Ay(11) N Q2. Hence, we may extend A, to Ag(71) by continuity since (s,t) — By, is
continuous on As(7y), as well as w(s,t).

Moreover, for 0 < s <r <t < 7, using (18),

IA(D™)50 — A(D™),  A(D™)s || < 2°Cuo(tizy, tinr)’

7



where t; € D" is such that ¢; < r < ¢;;;. Passing to the limit, A;; = A, /A, , for
(s,r,t) € Az(m) since w is continuous close to its diagonal. By continuity, this is true
for any (s,r,t) € Az(m).

Since w is continuous close to its diagonal and [0, 7] is compact, N, < +o00. We
extend A to Ag(T') by defining first A on an interval [7; AT, 7,41 AT), i < Nrp,,. For
sin [1;, 7i41] and ¢ € [75, 7j41] with i < j, weset Agy = A A oo A A

With (8) and our definition of 7;,

Ti+1,Ti42" "8, Ti41"

[|Bs.t]| < 204 and || A, || < 202 for (s,t) € [, isa AT), i =0, .. . Nrg.
For (s,r,t) € As(T),
As,t - Bs,t - Ar,t(As,r - Bs,r) + (Ar,t - Br,t)Bs,'r + Br,tBs,r - Bs,t

Set
Ui = sup “As,t — BS,tH
(s;t)EA(Ti41) w(57 t)e

and note that ug < LC from (19). For t € [r;, 7;11] and s < 7; and r = 75, then
A — Ball < 2°2u;_yw(s,7)? + MLCw(r, )’ 4+ Cuw(s,t)?

with M = sup(, jyea,(r) [1Bsell < 14 Bw(0,T)"?. With the super-additivity of w,
u; < max{2%?u;_;, MLC} 4+ C < 2°%u;_ + C(ML + 1).

Hence,

o(Nrw+1)0/2 _ 1

sup HAs,t - Bs,t” S

max{CL,C(ML +1
(5,8)€A(T) 20/2 _ 1 { ( )}

< oWrt D020 (N 4 1)

since L > 1.
It is easily checked that {A,;}(s¢ea.(r) satisfies all the required properties. [

Corollary 1. Let {Bg;}(snenqnr) satisfying the hypotheses of Theorem 1 and let
{Cot}spens(m) be a family of operators satisfying for some 0 > 1, ||Cs; — Byyl] <
Cw(s,t)? for all (s,t) € Ay(T). Then C is an almost resolvent and the associated
resolvent is the one generated by B.

Proof. 1t is easily seen that C satisfies (4)-(5). The proof follows then from the
uniqueness in Theorem 1. O

The proof of the next continuity result is similar to the one of Theorem 1 so we
skip it. It is the linear counterpart of Theorem 3.2.2 in [39].
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Corollary 2 (Continuity property). Let B and B’ be two almost right p-rough resol-
vents such that for some e > 0,

IBss — B, || < ew(s, t)'/? and ||By; — B., — BB, + B.,B.| < ew(s,t)’

r

for any (s,r,t) € As(T). Then there exists a constant L such that
A — By — AL, — B < eLuo(s, 1)

where A (resp A') is the p-rough resolvent associated to B (resp. B').
A similar result holds for almost left p-rough resolvent.

Let (V,|-|) be a Banach space and V* be its dual.

A linear operator in L(V,V) will be seen as an operator acting on the left, while
an operator an operator in L(V*, V*) be will seen as an operator acting on the right.
These spaces are endowed with the norm operator, denoted by || - || When V is a
finite dimensional space, an element of V will be identified to a column vector, while
an element of V* will be identified to a row vector. A linear application in L(V,V)
or L(V*,V*) will then be identified with a matrix.

For p > 1, let RP(V) be the set of paths with values in V such that |xy| < 400
and

2]l ==  sup il oo with Loy = Ty — Ty

(s:t)ens(T) W(s,t)1/P

An element in R?(V) is called a function of finite p-variation controlled by w. Under
the condition that w(s,t) = t — s, then paths in R? are a-Holder continuous with

a=1/p.

Corollary 3. Let B be an almost left (resp. right) p-rough resolvent with values in
L(V,V) and A be its associated left (resp. right) p-rough resolvent as in Theorem 1.
Let z € RP(V) be such that

|2t — Byyzs| < Cw(s,t)? (resp. |zs — Bgyz| < Cw(s, t)?), V(s,t) € Ay(T).
Then z = Ao izo (Tesp. zo = Aozt), t € [0,T).
Proof. Since Ag; = As Ao s is invertible and Aa} = AaiA;tl, set u; = Aajzt so that
u = Agy (2 — Bagzs) + Agt (Bay — Asy)zs + .

This proves that w is of finite #-variation with 6 > 1 and is then constant and equal
to zp.
For right p-rough resolvent, set u, = Ag 2o and the same result holds. O



2.2 Constructing right p-rough resolvents from a left p-rough
resolvent

Let us consider a p-rough left resolvent {As,t}(s,t)e Ao(r) in £. Then there are at least
two ways to construct a p-rough right resolvent.

Proposition 1. If {A;;}(seaq(r) @5 a left p-rough resolvent in £ then {Ap_y 15} (s yens(r)
s a right p-rough resolvent in £

Proof. The proof is immediate. O]

Proposition 2. If {A;}senq(r) in £ is a left p-rough resolvent, then A, is invert-
ible for any (s,t) € Ao(T) and {A;tl}(s,t)eAQ(T) is a p-right rough resolvent in £.

Proof. This follows from Theorem 1. O]

2.3 An alternative version

As said above, the proof of Theorem 1 relies on mixing two approaches. We could
have also used the neo-classical inequality (See [39, Theorem 3.1.1]) to get the fol-
lowing control. As the proof is similar to the one of Theorem 3.1.2 of [39] (See also
Theorem 4.1 in [1] for the linear case), we skip it. See also [36] for a continuity result.
This approach is also used by P. Friz and N. Victoir in 23] for weak geometric rough
paths. When w(s,t) =t — s, D. Feyel et al. [21] obtain the same result by noting
that A\ — Z,EPZJO )\’“Bgft) for A € C and B® satisfying (11)-(12) below is an analytic
map and an almost resolvent. The map is then transformed using their multiplicative
sewing lemma into an analytic map A — > oo AkBg’fQ for (s,t) € Ao(T') which is a
resolvent.
Let I'(2) = [," e**~! dt be the Gamma function.

Theorem 2. Letp > 1 and (B ) (s)ens(r), kK =0,...,|p], be a family of operators
in £ such that

B =Id, (11)
k
st*ZBf}Bkrla ST,t)EAg(T), OSkSLpJ,

w(s,t) k/p

(12)

Lpl+1
where 3 is a constant such that 8 > p? (1 +>3 2 (3) E ) . Then, B = Z?’io B*) 4s

an almost left p-rough resolvent. Moreover, there exists a unique sequence (A(k))(s,t)EAQ(T)y

10



k € N of operators in £ such that Inequality (12) holds for k € N, A®) = B®)
0 <k < |p| and A =372 A® is the left p-rough resolvent associated to B. Of
course, a similar result holds for right resolvents.

The following control follows from the inequality shown at the end of the proof of
Theorem 4.1 in [1] (See also the proof of Corollary 5 below).

Corollary 4. Let A be a p-rough resolvent constructed from an almost resolvent B as
above. Then there exist some constants C7 and Cy depending only on B and p such
that

|As ]| < CL(1 + w(s,t)) exp(Cow(s, t)),V(s,t) € As(T).

2.4 Series representation of the resolvent

In this section and the following, we consider the case of controlled linear RDE, that
is, of RDE corresponding formally to equations of type

t d
ytzyo+/ > yBdal,
0 =1

where B!, ..., B? are some matrices in M,,xm(R) or M,,xm(C), and z¢ are the com-
ponents of the projection of a rough path of finite p-variation x. If z is smooth,

then
d ¢ s d
ye=1o+u0 > Bh, + / / >y BB dal da, (13)
i=1 0 J0 4 i=1
and so on...

Following the formalism developed by K.T. Chen [14| and the one of Magnus
formula [6], which was one of the inspiration of rough paths theory (See [38]), our
aim is then to construct first a representation of the resolvent by a series of operators
and then as the exponential of another series.

Let T, (R?) be the tensor space as defined in Remark 1.

Let x be a rough path of finite p-variation, p > 1 with values in T,|(R?). This
means that x is a path from [0, 7] to T,,|(R?) whose component in R is 1 so that x; is
invertible. The increment of x is X, ; := x; !®x; and x; = Xq,. For any (s,t) € Ayo(T),
the components of x; in (R?)* may be decomposed as xg’ft) =D ords I st 0=k xgvt,
where a word is a concatenation of letters in {1,...,d}, and the component of x,,
in R, corresponding to the empty word (), is th = 1. In addition,

Xs,t = Xs,'r & Xr,t fOI‘ any (87 T, t) S A3(T>7 (14)
> x2,| < Crw(s, )/ for (s,t) € Ao(T), k=1,...,[p].  (15)

words I s.t. |I| =k

11



The set of such rough paths is denoted by RP(T, (R%)). We refer to |23, 32,34,
38,39] for the properties of a rough paths.
Let us assume that Cj in (15) is such that

1
k= BT (k/p)

where [ is as in Theorem 2. This is always possible up to changing w.

From the extension theorem [39, Theorem 3.1.2|, for any m > |p|, x may be
uniquely extended to a rough path with values in T,,(R?) in a way such that (14)
and (15) are satisfied.

Let B,---  B? a family of matrices in Mgy (K) with K =R or K = C. For a
word [ =iy - - -1y, we set Bl = B ... B,

With @(s,t) := max,—i__q||B||Pw(s,t), it holds that

k=1,...,|p, (16)

,,,,,

B ) ()
words I s.t. |I|=k

Using the unique extension of x to a rough path with values T,,(R%) for m > |p],
let us set B = Id and

Bg’ft) = Z leg,t for 1 <k <m.

words I s.t. |I|=k

Equation (13) justifies to consider A%) := Z’;:O B® as an almost rough resolvent.

Corollary 5. For k > |p|, A® = Z?:o B is an almost right p-rough resolvent
whose associated right p-rough resolvent is equal to

+oo
A = Z Z B'x!, (18)
k=0 words I s.t. |I| =k

and for some universal constant L and any k > |p],

b < Ll +1)
Al < BU((k+1)/p)

Besides, the map x € RP(T|,,|(R?)) — A is continuous.

1A, — (1+3(s, 1)) exp(l +&(s, £))(s, )2 (19)

Remark 5. In Section 3.4.3, this representation will be generalized to matrix valued
paths of finite p-variation, 1 < p < 2.

Remark 6. To consider a left linear RDE instead of a right linear RDE, it is sufficient
to use for Bst the value B ZII\ i B! Xst with I =iy -4, when I =iy...4; [13].
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Proof. For k > |p],

AL =ADAT + Y >, BUx{x], (20)
{=k+1 words I,J s.t. |IJ|=1¢

Hence, A®) is an almost right p-rough resolvent which may be uniquely extended by
Theorem 2 to some right p-rough resolvent A¥. With Corollary 1 applied to A®) and
A with k,¢ > |p|, A¥ does not depend on k and so we denote it by A.

Using the neo- classmal inequality (See [39, Theorem 3.1.1]) on (20), this proves
that

AL — ABAY| < Z
>k+1 B E/p

As in [1, Theorem 4.2] and using the properties of the I' function, we have that for
k> 1pl,

(:)(S,t)(é_k_l)/p (1 +c~u(s,t))1+ij (1 _i_a(s’t))eﬂ
gﬂ L'(¢/p) = ; T((¢+k+1)/p) < (ll+) ; T+ (k+1)/p)

since there are at most (|p| + 1) integer values of ¢ such that [{/p| = n for any
integer n, and I is increasing. But

L(OT () > T(0)T ()

'+ a)= >
(40 [l =11 — t)e-Ldt

for £ > 1, a > 1. Hence,

G(s, )R ~ +w 5,1))
ezzk;l Dy = PDie0) <F k+1)/p) Z T(OT((k + 1 /p))

(lp] + DA + (s, t))
- ((k+1)/p)

Hence, (19) holds for some universal constant L. Letting k£ going to the infinity yields

exp(L + 3(s, ).

that A is the resolvent associated to A®). This proves that Ag’fQ converges to A and
then that (18) holds.
The continuity of x € RP(T,(R?)) — A follows from the results in [36]. O

2.5 Exponential representation of the resolvent

We are still in the same framework as above by adding some restrictions the the
rough path and on the operators.

13



We assume that x is a weak geometric rough path, which means that it takes its
value in G, (R?), the free nilpotent Lie algebra of step |p| defined the following way:
Let A, (R?) be the smallest subset of T, (R?) containing R and which is stable
under [+, -] defined by [a,b] =a®b—b®a for a,b € T, (R?). Let log and exp be the
logarithm and exponential in T ,|(R?) formally defined by

log(1l+a) = Z Ta®k and exp(a) =1+ Z Ea‘gk.
k=1 k=1 """

for an element a = a + ...+ al?), then G|, (RY) = exp(A(R?)).
A smooth rough path is a rough path constructed from a smooth path z : [0, 7] —

R? by setting
o t 1 lg—1 .
Xzsl’tlk — / / . / ;L'E .. x;: dtl s dtk- (21)

By definition, a geometric rough path is the limit of smooth rough paths with respect
to the norm induced by p-variation [24,39]. Any geometric p-rough path is a weak
geometric p-rough path, while any weak geometric p-rough path is a g-rough path for
any q > p.

Geometric rough paths satisfy the same properties as the truncated Chen series.
In particular, log(x,;) € A, (R?) may be extended as a series involving the terms
of x5, as in 13,41, 42] (See also [3, 11,22, 43] for example for the Brownian case).
Then one obtains the following result which is an adaptation of the ones given in
these references.

In particular, weak geometric rough paths satisfy the shuffle property [13,41]: for

two words I and J,
x'x’ = Z xK (22)

KeShuffle(1,J)

where Shuffle(Z, J) is the set of words made from the words I = (iy,...,%;) and
J = (Ji,---,Jj) of type (ki1,...,kjr4+15) such that each letter of K corresponds
exactly to one letter of I or J and the order of the letters of I and the order of the
letters in J is preserved.

Lemma 1. Let x be a weak geometric rough path satisfying (15) and (16). Then
there exists a constant T > 0 such that for (s,t) € Ao(T) with w(s,t) < T,

+o0
Ast = exp Z Z alxg,t , (23)
k=1 |I|=k

where the series in the exponential is normally convergent and each o is a linear
combination of elements of {B”} =1, independent from x.

14



Remark 7. For 2 < p < 3 any p-rough path x with values in T, (R?) may be
decomposed as the sum of a weak geometric p-rough path y with values in G, (R%)
and a path ¢ : [0,7] — ded(Rd) of finite p/2-variation such that ¢}’ = ¢J" for any
t €[0,7] and all 4,j = ,d [33]. The almost p-rough resolvent associated by x
and {B'},—1._4 as given in Corollary 5 is

d
A% =1d+> Byl + Z BBy 4 Z BB
=1

3,j=1 7,j=1

Since 2 < p < 3, p/2 <2 and 2/p+ 1/p > 1. Being defined as Young integrals, the
iterated integrals between y and ¢ exists, as well as the iterated integrals between ¢
and itself. Hence, the path z defined by

d

t t t
Z=yitoy (/ (s@i—s@%)@dwi+/(yi—.\76)®d¢é+/(902—906)®dyi)
0 0 0

4,j=1

is a p-rough path with values in T, (R? ® R? @ R?).
Thanks to Corollary 1, the almost rough resolvent associated to x and {B'};=1 4

-----

Theorem 3 below are then easily extended for non- geometrlc rough path of finite
p-variation when 2 < p < 3. The situation seems more cumbersome when p > 3.

Proof. Let us set for \ € C,

+oo
k
) = Z AkBg,t)'
k=0

With Corollary 5, it holds that (17) holds for any integer £ > 1 and then for any
T>0,

+oo k/p
up0<s<t<s+7' (S t)

E M sup < g \E .

1| | ogs§t§s+T ! BI(k/p)

With the same majoration as in Corollary 7, this proves that A, ;(\) — Id is normally
convergent in (s,t) and that there exists a constant K depending only on p, w(0,7T),
4 ||BY|| and p such that

-----

[As:(N) = Id|| < Kw(s, )P, VA < 2.

Hence, if (s,t) is such that for some k' > k > 1, Kw(s,t)'/? < 1/k" and |)\| < k, the
series defined by

gl () = 3 T 1) — gy

n>1

15



is normally convergent in (s,t) and A. Furthermore, exp(log(As:(N))) = As+(A),
where exp is the matrix exponential [2, Prop. 2.3, p. 48]. By composing power series,
for some k' > k > 1, for |\| < k and Kw(s,t)'/? < 1/K/,

log(A+(N) = Y A*CY (24)
k>1
with i
k <_1)m+1 ny nm
ng&) = Z T Z Bg,t b Bg,t g
m=0 ni+-+nm=~k

Using the definition of the B*®) and the shuffle property (22), this yields (23) by
taking A = 1. O]
Let us consider now that case where the matrices B?, i = 1,...,d belongs to a

simply connected Lie algebra g C Mg« (K) [2,29].

A striking result from K.-T. Chen [13,14] is that log(As:) may be formally ex-
panded as a series of type >, D7 BIx!, where the 87 indeed belong to the Lie
algebra g and is the linear combination of |I| iterated Lie brackets of the B"s. As
shown by R. Ree in [41], the shuffle property is necessary for this. In the matrix
case, a simpler result asserts that locally around Id, exp maps g to & with log as its
inverse [29]. Yet applied to Ay, this result does not give the decomposition as a series
whose coefficients involve x’. Our aim is then to express A,; when w(s,t) is small
enough as the exponential of a series normally convergent whose terms belong to g.
This is indeed an extension of the Chen-Strichartz series [42] or Magnus series [6].

For I =1q,..., 14,

I (1) i) Rioe2 i
Bl = ;m[[...[[ga()’gu( ], -], Blo)] (25)
A" e(o
where & is the set of permutations of {1,...,k} and e(0) = #{j € {1,...,k —
1};0(5) > o(j +1)}. Note that 8! € g for any word 1.
Let us consider a smooth path x which is extended to a smooth rough path x us-
ing (21). Using the Baker-Campbell-Hausdorff-Dynkin formula |7,29], R.S. Strichartz
have shown in [42] that the solution to

d

! 7 )

Zt—Zt)\E B' - x;
i=1

may be written formally

2 = Zs €xp Z AF Z ﬁlxit (26)

k>1 |I|=k
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for any A € C. Besides, if |[B'#{|| < M for any ¢ € [0,T], then |[B'x],| < M*(t—s)*/k!
when |I| = k and then for |A\|[M(t — s) < 1, the series in the exponential converges
normally [42, p. 337-337].

Theorem 3 (Chen-Strichartz series). Let x be a weak geometric rough path satisfying
(15) and (16). Then there exists a constant T > 0 such that for (s,t) € Aqo(T') with
w(s,t) <,

+oo

Ase=exp (> Y p'xl ], (27)

k=1 |I|=k
where B! is given by (25).

Remark 8. Let us assume that the smallest Lie algebra g generated by B, ..., B is

nilpotent of step n. This means that for A and B in g, [A, B] := AB — BA belongs
to g and the bracket operator [-,-] : g x g — g is such that [---[g,g], - ,g] = 0 when
more that n brackets are involved. In this case, the exponential is a diffeomorphism
between the Lie algebra and its Lie group and (27) holds for any (s,t) € Ay(T).

In Section 4.2, we give an example of application to the Heisenberg group, whose
Lie algebra is nilpotent of step 2.

Remark 9. However, in the general case, one cannot expect that (27) holds for any
time (s,t) € Ay(T'), since the existence of the real logarithm of a matrix is not always
granted. See [37] and [40] for explicit counter-examples and discussion.

Proof. Let x be a smooth path with |[B'#!| < M fori = 1,...,d and any ¢ € [0,T].
The path z is lifted as a smooth rough path x

If C € Mgxa(R) is such that ||C|| < log(2), then log(exp(C)) = C [29, Theo-
rem 2.7|.

Let 7 be small enough such that the series in the exponential in (26) and in (24)
are normally convergent and have a norm smaller than log(2) for |A\] < 2 and (s,t)
with w(s,t) < 7. Then for such a choice of (s,t), whatever the smooth rough path x

chosen as above,
I I _ I I
E Xgp = E Xy

\I|=k \I|=k

To identify the coefficients, let us note that for I =i, - - - iy,

deI I ;
G| =Bl

t=0

and a similar relation holds when /37 is replaced by af. From the freedom of choice
of the path z, this proves that of = 3! for any word 1. O
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The question of the maximum time interval on which the involved series con-
verges is treated for example in [6,40]. For stochastic processes, see [4] regarding the
fractional Brownian motion and [5] for the Brownian motion.

Note that other formulas may be used to represent this logarithm [6] whose for-
mula is known under various names (Chen-Strichartz , Chen-Fliess , Magnus, ...). In
any case, the Baker-Campbell-Hausdorff-Dynkin formula is the main tool [7].

A large literature is devoted to the construction of numerical procedures relying
on this kind of computation for smooth paths |6, 28|, or for Brownian paths (See
[12,35] for example).

3 Linear and linear perturbed equations when 1 <
p <2

3.1 Young integrals

Let us recall some elementary facts on Young integrals [21,39,44].

Let X, Y and Z be Banach spaces with a product (z,y) € X x Y — zy € Z.

Let x and y be two paths of finite p-variation controlled by w with p < 2 re-
spectively with values in X and Y. Hence for any (s,t) € Ay(T), fst Y, dx, may be
defined as a Young integral, that is as limit of Riemann sums Z;:ol Yir ([Et?H — Tpn)
for partitions {t!}_, whose mesh decrease to 0. Besides,

/ yr day — (@ — )| < C2p)llzlpllylw(s, )P (28)

with ((¢) = >_,5,1/n% ¢ > 1. Note that from (28), t f(f yrdz, is of finite
p-variation controlled by w and

‘ / Y da,
0

This construction is very general. We will either use X =Y = Z = £ for an
algebra £ defined as in Section 2.1, or X = Z = V and Y = L(V,V) for a Banach
space V.

< (yol + [yl (0, 7))l ]l + ¢ (2p) Il gl (0, )P, (29)

p

3.2 Linear RDE, 1 <p <2

In this section we follow and extend the ideas introduced in [21].
Let A : [0,T] — £ be continuous and of finite p-variation controlled by w and A
be defined by Ag; := Id + A, with Ay := A, — A, for (s,t) € Ay(T).
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It is easily checked that for all (s,t) € Ay(T),
1d + As — (Id + A0 ) (Id + A, ) || = [ AreAs || < Cw(s, 1),

and then that A is an almost left p-rough resolvent. A similar inequality also holds
for ||As+ — As,Ary]| so that A is also an almost right p-rough resolvent.

Let L4 and R4 be the left and right rough resolvent in £ associated to A € RP(£)
through Theorem 1.

Lemma 2. For A € RP(£), Laf‘R()‘ft = R{)‘ftLaft =Id for allt € [0,T].
Proof. Note that
(As7t - |d)(¢457t + |d) - |C| - As,tA&t. (30)

Hence

Ry = RL(RY, — I1d — A, ) + Ryl (Id + A, ),
Loi = (L = 1d + A Lo + (Id — A, )L 2,

so that for (s,t) € Ao(T),
R Lor — RoLLoz = o(s,t) + Ry A 1 A L2,
where ||o(s,t)|| < Cw(s,t)? for some constant C, since
HR;"‘t —Id — Ay 4|| < C'w(s,t)* and HL;Z4 —Id + A, || < C'w(s,t)?

and (s, t) € Ay(T) — |RA| + |IL;7|l is bounded. Then, ¢ — Ry',Lgy" is of finite
2p-variations with values in £. Since 2p > 1, this means that Ra‘ftL& g“ is constant.
With Remark 2, Rg\Lg7! = Id.

This proves that Rét is the left inverse of L, A, Since Rét and Ly A are invertible,
Rét and L, A are reciprocal inverses. [l

Let now V be a Banach space and set £ = L(V, V).

On the other hand, for A € RP(L(V,V)) and u € RP?(V), one may define the
Young integral f(f dAsus as a path with values in RP(V). By definition, for (s,t) €
Ay (T), for a family of partitions {¢!'}i—o,. . of [s,t] whose mesh decreases to 0,

.....

n—1

t
/ dA'rur = nh—>nolo Z At?,tﬂ_luti'
s i=0
Besides, it satisfies for (s,t) € Ay(T),

t
/ dAzur = Aspuis| < K [ullp ]| Allpw(s, ), (31)

19



for some universal constant K.

The next proposition shows the equivalence between several objects we have con-
structed. A function u € RP(V) satisfying (33) below is said to be a solution in the
sense of Davie [16].

Proposition 3. The unique solution in RP(V) to

t
Uy = U +/ dAus (32)
0

which is equal to uy = Létus, which is also the unique function u € RP(V) satisfying
lup — s — Aggus] < Lw(s, t)®|u,|, V(s,t) € Ay(T). (33)
Besides, for any t > 0, the application a La‘fta defines a flow of homeomor-
phisms, since R&fLéta =a for any a € V and any t > 0.
A similar result holds for right linear equations: v, = vg + fot ve dA, with v €
RP(V*) when A € RP(L(V*,V*)).
Proof. For u; := Létuo and v; := ug + fot dA,u,, with (31) and (6),

[or — v — (ur — us)| < |Jvp — vg — As s — (up — us — A )|
< Lw(s, 6)* 4+ K |ull, || Allyw(s, t).

Since 2p > 1, v — u is constant and vg = ug, which proves that v = u and that u is
solution to (32).

Inequality (33) is a direct consequence of (6). The same argument as above show
that a function in RP(V) with ug = a given is equal to Lz a.

Existence follows from Corollary 3. m

It is now possible to consider operator valued linear RDE. Let Y and Z be some
paths with values in L(V,V) which are solutions to

t t
Y:=1d +/ dAYs and Z; = Id — / Z,dA,.
0 0

Since the product of two bounded operators in L(V, V) remains a bounded operator
in L(V,V), the existence and uniqueness of Y and Z is granted by the computations
in the proof of Proposition 3. Besides,

Y, =LY, and Z, = Z,R;{* so that Y, = Lg}, and Z, = R;}*

because Yo = Zy = Id. Hence, Z; = Y; ! for any t € [0, 7.
By linearity, the solution to (32) is equal to u; = Yyuo, t € [0,T7.
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3.3 Perturbation of linear differential equation

Definition 3 (Perturbed linear RDE, 1 < p < 2). Let b* € RP(V*) (resp. b € RP(V))
and A € RP(L(V*,V*)) (resp. A € RP(L(V,V))). A solution a the perturbed right
(resp. left) linear RDE is defined by a function y € RP(V*) (resp. y € RP(V))
satisfying equivalently for all (s,t) € Ay(T),

lyy — ysRﬁt — bl < Cw(s,t)? (resp. |y, — L;‘}tys — by < Cuw(s,t)?), (34)

|yt —Ys — ys-As,t - b:,t| < CW(S, t)e (resp. |yt —Ys — As,tys - bs,t| < CW(S, t)9>’ (35)
t t

Y = Yo + / ys dAos + b5 s (resp.y; = yo + / dAosys + bot) (36)
0 0

with b7, := b — b} (vesp. bs; := by — by).

If it exists, the uniqueness of y follows from the linearity property. The equivalence
between these definitions follows from computations similar to the one of Proposi-
tion 3.

Lemma 3. Ify € RP(V*) ory € RP(V) satisfies (36), then

1yll, < Clyol + [11l»)

for a constant C' that depends only on p, w(0,T) and ||A,.

Proof. 1t is immediate from the properties of the Young integral that for some con-
stant K,
1yl < Mylloo I Al + K (Al 11,00 (0, T2 + [1B]]-

Since [|y]loo < ||yll,w(0, T)P + |yo|, choosing first 7' small enough so that
w(0, )P All (1 + K) <1/2

allows one to get the desired control first for small time, and then for any time
(See [30] for details). O

Let us also note that with (3),

IR3Y — Roysll = [[Ros(1d = R < Do (s, )'/” i IR,
re|0,

so that t — Ry, belongs to RP(L(V*,V*)). Similar computations show that s €
[0,¢] — R, s € [0,¢] = L, and ¢ — Lg, are also of finite p-variation controlled
by w.
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Proposition 4 (Duhamel’s principle). Let A € RP(L(V*,V*)) (resp. A € RP(L(V,V)))
and b* € RP(V*) (resp. b € RP(V)) with p > 1. The unique solution of the right
(resp. left) perturbed linear RDE defined by (34), (35) or (36) is

t t
ytzyong( / db:Laf‘) R =i+ [ @RA. D)
0 0

t t
(resp. yy = Létyo + Lét/ Ra;‘l db, = Létyo + / Lft db,),
0 0

t € [0,T], where the integrals are understood as Young integrals.

Proof. We only consider the right linear RDE, the proof follows the same lines for
the left ones.
The integral fot db*L# has to be understood as Young integral, which means that

r-rt
for by, := b, — bs,
n—1

t

1 —A\ 18 * —-A

/S dbr(Lo;") = nlglgo Z btf,t?H LO,tZTL
i=0

for a family {tI'},—o._ . of partitions of [s,t] whose mesh decreases to 0. Using

Lemma 2,

.....

n—1 n—1

* - ApA __ * A
E bt?,tfH I—o,t;l RO,t = E :bt?,t;grl Rt?,t
i=0 i=0

t t
< / db:ng‘) Ry, = / dbiR%,.

Besides, one knows that
t
*1 —A * 1 —A
/ dbrLO,r - bs,tLO,s
S

for some constant K that depends only on w(0,7") and p. Let y be defined by (37).
Then for (s,t) € Ay(T),

S t
Yy = yOROAjSR;‘}t + ( / db:L(;;f‘) ROAjSR;‘}t + ( / db:Lg;‘) R,
0 s

t
= y,R%, + ( / dbiLgt — b:vtLg?f> RgY + b5 Lo 2R\

so that

< KBl IL= A lpw (s, ) (38)

Since with Lemma 2, L fRét = RZ},. This proves that

t
Yt — ysRﬁt - b:,t = (/ db:'—&f - b:,ﬂ—&,?) Rét + b:,t(Rﬁt - ld)-

S
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Since b7, RZ,| < [|b]|,|RA — 1d|[,w(s, t) for (s,t) € Ao(T).
With (38), this proves that y satisfies (34). O

Corollary 6. Under the hypotheses of Proposition 4, the family of maps @5, : V* —
V* (resp. @5, : V= V) for (s,t) € Ay(T') defined by
t
q)s,t(a) =Yt where Yy = a + / Yr dAT‘ + b:,t

t
(resp. yr = a +/ dA.y, + bst)

forms a flow of homeomorphisms.

Proof. Again, we consider only the case of right integrals. The continuity of ®,, with
respect to a is immediate from (37), as well as the composition property: ®,,0®;, =
O, for (s,r,t) € As(T).

Let us set

U, (a) = al i — ( / dbjR;“t> Lol

With Lemma 2, it is easily checked that W, (P .(a)) = a for any a € V*. O

3.4 Examples and applications
3.4.1 Controlled linear differential equation

Let z € RP(RY) with 1 < p < 2 and (A4%);
following linear differential equation

4 be d square real matrices. The

.....

d t
Yt :y0+2/ Aiysdl‘i,, S [O,T],
i=1 Y0

can be seen as a linear left RDE on V = R? and A : [0, 7] — Mgxq(R) given by
AP = ZAjk%tE 7).

3.4.2 Lie group values RDE

Let & be a Lie matrix group with a Lie algebra g [2]. Let A be a path in R?(g). We
have seen that A;; = Id + A; — A, is an almost p-resolvent.
Another way to construct an almost resolvent is to consider

1 1
Bst = exp(As+) with exp(M) =1d + M + 2|\/|2 4= o ~MB 4+
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With Corollary 1, B and A gives rise to the same p-rough resolvent D (left or right).

In the context of Lie groups, considering B is more natural than A since By,
belongs to the Lie group & for any (s,t) € Aqg(T). It follows immediately from
Remark 3 that D, belongs to the Lie group &.

3.4.3 Dyson and Magnus series

Let V = R and let a be a continuous path from [0, 7] to Myxq(K) with K = R or
C. The solution to the linear ordinary differential equation

yzle =a(t)ys, yo=1d

may be expressed as the series

yt:|d+§/0t dt, /Ot/ot dtpa(t)alts) - -a(ty), (39)

called the Dyson series, also called Neumann expansion and follows from the Picard
principle [6,13,20].

Let A be a rough path of finite p-variation controlled by w with values in £.

Set ASQ = A, so that ||A§12|| < || All,w(s, )P and A(()l) = 0. Define recursively
from k = 1 the paths

t
AR [ aang,
0

each of the path being of finite p-variation controlled by w with values in £. With (29),
since A[()k) =0,
IA®FL, < (14 ¢(2p))w(0, T) P |AB|, LAl

For p := (14 ¢(2p))w(0,T)"/?, that
IASHDY], < WA, B=12,.

Define
Bi=1ld+» A (40)
k>1
Provided that 7' is small enough such that u||Al|, < 1, the series (40) converges
absolutely and

_ w1l Allp
sup [|Byl| < 1+ ) p | Alfw(0, )P < 1+ X ;
te[0,7) 1 P L+¢(2p)  1—ulAl,

A
Bl < e
— || Allp

This implies that B is of finite p-variation controlled by w.
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Proposition 5. If T is small enough so that (1 + ¢(2p))w(0, T)Y?||A|l, < 1, then B
given by (40) is the solution in £ to the linear RDE

dYt - dAth, Y() - Id
Remark 10. Similarly, one may construct the solution to the right linear RDE dY,; =

Yt dAt, Yo == |d

Remark 11. Consider for £ the tensor space To(R?) and A =z, — x, for a path
of finite p-variation controlled by w with values in R?. As shown by K.T. Chen in
[13,14], the solution to dY,; = Y, d.A; takes its values in Too(Rd) and corresponds to
the Chen series associated to z.

Proof. Since B is of finite p-variation controlled by w and B; is an absolutely converg-

ing series,
t
Id + / dAB, =1d+Y A" =B,
0

k>1
which allows one to conclude. [
For a continuous path a with values in £ = M;y4(K) and A, = fo ) is
nothing more than the Dyson series (39).
Assume from now that V =K% and identify £ = L(V,V) with Mg4(K).

Then, a linear equation driven by A € RP(M4xq(K)) may indeed be identified
with a linear equation controlled by a geometric p-rough path x = (x;” Jij=1.... d,t€[0,T]

=1,...

st_ZAZ]Xsta St GAQ( )

i,j=1

For A, = fo t)dt and o a permutation of {1,...,k}, set

t
/0 [d Ay, [+ [dA ), Ay ]

:/0 /Ok,,./02[a(t0(k)),[... o [altog@)s alto@)]] -+ ] dty -+ dbg. (41)

Now, it is easily shown that A € RP(M x4(K)), is the limit in g-variation of piecewise
linear paths A" for any ¢ < p. Let us write A} = fot a"(s) ds. By continuity of the
Young integral, we define the left hand side of (41) as the limit of the right hand side
of (41) with a replaced by a".

Theorem 3 may then be rewritten the following way.
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Proposition 6. When A € RP(Myxa(K)), 1 < p < 2, then for T small enough (in
function of w, ||All, and p),

_1)e(o) t
B, = exp <Z Z (kg(lk)(b /0 [dAL o [ [d A o) dA - H)

k>1 0c€6y,

for0<t<T.

Remark 12. One recovers the Magnus formula [6]. In particular, the first terms are

1/t I
Bt:exp(A07t+—/ dASAos——/AOSdAS—I---->.
2 Jo ' 2 Jo '

Remark 13. More generally, even in the case of differentiable paths A, an interesting
question concerns the maximal time interval on which the Magnus formula is defined.
See [6,40] for insights and sharp results about this problem in the case of differentiable
paths A.

4 Linear and linear perturbed equations when 2 <
p <3

4.1 Perturbation of linear RDE

In this section we adapt the ideas of the previous section.
Let A € RP(L(V,V)) and let us assume that there exists two families of operators

{Ai}t)}(si)eAg(T) and {Aft)}(sgt)e As() such that for some 6 > 1,

Al = A, — A, (s.1) € Ao(T)
A% —A® — AP~ AWAD | < Cu(s, 1)’ (s,7,t) € Ag(T),

s,r s,riirt

|AS] < Cools, )7, [AZ] < Cuols, 1?7
Set Ay, = Al + A®) and A, == Id + A,
Definition 4. When it exists, we call A a p-right lift of A.
The proof of the following lemma is straightforward.
Lemma 4. The family {As;}spenqcr) s an almost right resolvent.

Let us set

B, = —AY) — A® + ADAY and B, == Id + B,,.
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Lemma 5. The family {Bs}(seaqr) is an almost left resolvent.

Proof. We have

Bys = Id— AL — A — A® — AP L AUAD L ADAD L ADAD o
with ||os,.4]| < Cw(s,t)? so that
IBs,t — BriBs,o || < Cw(s, t)".
This proves that B is an almost left-resolvent since 6 > 1 and 3p > 1. m
Proposition 7. For any t > 0, R, L§, = L§ ,RE, = Id.
Proof. Let us remark that for (s,t) € As(T),
||R§,tLE,t —(Id + Ai,t + Az,t)(ld - A;,t - Ag,t + Ai,tAi,t)H < Cuw(s, )’

since both [|R}, —Id—Al, —AZ, || and |[LS, —Id+Al,+AZ, —Al Al | are both smaller
than Cw(s,t)? for # > 1. On the other hand,

(Id+AL, +A2)(Id— AL, — A2, +ALAL) =0o'(s,t) +1d
with [[o?(s,t)|| < w(s,t)* and 3p > 1. Besides,
ROA,tL(?,t - ROA,SR'SA\,tLE,tLE,r = ROA,s(ld + 02(87 t))l—(?,s

with |oa(s, )] < Cw(s,t)*. This way, Rj,LF, is of finite 3p A f-variation controlled
by w and is constant. To conclude, it remains to remark that L§, = Rf, = Id. Note
that both Lg’t and Rét are invertible. ]

Definition 5 (Linear RDE). Let A € RP(L(V*,V*)) (resp. RP(L(V,V))) which ad-
mits a p-rough lift A. We say that a continuous path y of finite p-variation controlled
by w is the solution to the right (resp. left) linear RDE if there exists some constants
C >0 and # > 1 such that for any 0 < s <t < T,

lyr — ysAst] < C’w(s,t)e (resp. |y — As1ys| < C’w(s,t)e). (42)

We also denote y as the solution to y; = y, + fst yr dA, (resp. y = ys + f; dA,y,) .

Proposition 8. Let A € RP(L(V,V)) (resp. RP(L(V,V))) having a p-rough right
(resp. left) lift A. The unique solution of the right (resp. left) linear RDE is y, =
yoRat, (resp y; = LOAJyO), t € [0,T]. Thus, R (resp. L") define some a flow of
homeomorphisms.
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Proof. Let y be a path in RP(V*) satisfying (42) and set z; = L8, t € [0,T]. Then
2t = (Y — ysR?,t)L(lit + ysRQtLgt-

With Proposition 7, y,RLE, = yLf, = z,. With (3), |2 — 2| < Cw(s,t)? with
0 > 1 so that z is constant and z, = yo for ¢ € [0,7] since L§, = Id. Again with
Proposition 7, This proves that y, = yoRét.

On the other hand, for y; := yo ROAﬂf7 we have

Yt — YsAst = yS(Rg‘,t - As,t)

and from the construction of R* from A in Theorem 1, (42) is satisfied for y which is
then a solution to the right linear RDE.

That RA and L? define flow of homeomorphisms is immediate from Proposition 7.

O

Definition 6 (Rough lift). Let b € RP(V*) (resp. b € RP(V)). We say that b have
a p-rough right (resp. left) lift with respect to A, denoted by b = b)) +- b® is a
function from Ay(7T") — V* (resp. V) satisfying

b} = b, — b, for (s, 1) € Ay(T),
b(2)|
b ‘= sup —| ot
H ||p/2 (50 (T) w(s’t)p/Q
bgt) = bg'z + bft) + bST)ASt)a V(Sa T, t) € AS (T)7

(resp. b =b® + b + AVbY).

< 400,

Definition 7 (Perturbed linear RDE). A path y € RP(V*) is said to be a solution
to the right perturbed linear RDE by b having a p-rough lift right (resp. left) b with
respect to A if there exists some constants C' > 0 and 6 > 1 such that

lyy — ySRQt — by < Cw(s,t)?, V(s,t) € Ay(T), (43)
(resp. |y — L2ys — byl < Cw(s,1)?).
We also denote y as the solution to y; = ys—l—f: Yr dA, +0bs 4 (vesp.yr = ys—l—f; dA,y,+

bst).

Remark 14. In this definition, one may change R* and L* by A in (43), since for any
(s,1) € Ay(T), [|Asy — RE,|| < Cuw(s,t)?, and [|Asy — L3, || < Cuw(s, 1)’

Lemma 6. Let A € RP(L(V*,V*)) (resp. A€ RP(L(V,V))) which admits a p-rough
right (resp. left) lift A. Let b € RP(V) which admits a p-rough right (resp. left) with
respect to A. Let u be the functional defined for u € [0,T] by

p(u)s, = bSmRﬁu, (resp. p(u)s, = Lﬁubs,T), (s,r) € Ag(u),
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Then there exists, Cy and Co depending only on || Allp, [|A@],2, w(0,T), > 1 and
p such that

|lu(u)8,t| S Cl(”bHP + ||b(2)||p/2)w(sat)1/pv \V/(S,t) € A2(u)7
Osraps(w)] < Ca(lbll, + [DP|2)w(s, ), (s,7,t) € Ag(u), u € [0,T),

where §q . ppt(w) = p(uw)ss — p(w)s, — ().
Proof. For (s,r,t) € Az(u),

Gurapt(u) = (b = bs £+ b~ IR, — (b = by + DR,
But Rﬁ,u = RAT,tRAtﬂJ, and

5s,r,t:u(u) = [br - bs + bg?t) - br?t) - (br - bs + bg?)Rﬁt}RtA,u
Using the definition of b®) we derive
Oupebt() = bur(1d — ALY = RT) + bE)(1d — RY)IRY,

But from the very construction of R?, for some constant Cs depending only on [|AM)|,
IA®], w(0,T), 0 and p,

IR, —1d — A} = AL < Cow(r,t)’, 0> 1,

since for some constants Cs and Cy, HAf}t)H < Caw(r, t)V/7, HAfazt)H < Cyw(r, t)?/P,
This is sufficient to prove the result. O

From the control we get on p(u), the sewing lemma [21] shows that there exists a
path {7i(u);}iej0,.) and a constant K depending only on w(0,7"), # and p such that

[(w)se = Filu)e + )| < KCo(|[bll, + 1D [yp2)w(s, ), (s,1) € Ag(u).

This path is denoted by zi(u), := fot d’b,R2, for t € [0,u]. Here the superscript b on
dP stands for “backward integration”. Using the fact that R? is a p-rough resolvent,

(), = N(U)s,rRﬁ,u’ U<

and then from the uniqueness in the Sewing lemma [21],

/ d"b,R., = ( / dbbSRQU) R, V(r,v,u) € As(T). (44)
0 0
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Proposition 9 (Duhamel’s principle). Let A € RP(L(V*,V*)) which admits a p-
rough right lift A. Let b € RP(V*) which admits a p-right lift with respect to A. The
unique solution of the perturbed linear RDFE

¢
Y = Yo + / Ys dAs + bO,t
0
18 .
g = yOR3t+/ d"b,R2,.
0
Besides, there exists a constant C' depending only on ||A|,, ||A®||,/2, w(0,T) and p
such that
lylls < Clyol + 101l + D ,2)-
A similar result holds for left linear RDE.

Proof. The only consider the right linear RDE, the proof follows the same lines is the
left side.

Uniqueness of the solution of the linear perturbed RDE follows from the unique-
ness of the linear RDE.

If z,:= [, d"b,R%,, then with (44),

)

t
/ d"b, R, — p(t)sy = 2 — 2,R0, — by,

s

On the other hand, from the sewing lemma,

t
/ "b,RA, — plt)ea| < s, 1), s € [0,1).

s

This proves that z is solution to the perturbed linear RDE with 25 = 0. On the
other hand, we have seen in Proposition 8 that aRa, is solution to the linear RDE

Z=a+ fg z,dA,. By linearity, this proves the result. O
Corollary 7. Let Oy, be the map from V* to V* defined by ®s(a) := y, where y is
the solution to y, = a+ [ yr dA, +bsy, u>'s, so that O 4(a) = aRY, + f: d"b,R?,.

Then ®,.(a) defines a flow of homeomorphisms from V* to V*.
A similar result holds for left linear RDE.

Proof. It is immediate that ®,; is continuous on V*, and that ®,; o ®,, = &, with
(44). Let us define

t
U,i(a) =all, — ( / dbbTRﬁt) L.

Hence,
CI)&t(\I/s,t(a)) =a

so that (®g¢)(sen,(r) defines a flow of homeomorphisms from V* to V*. O
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To end with, let us note that if the perturbation b is regular enough, then there
is no need to consider a lift of b.

Proposition 10. Let b € RY(V*) with 1/p+1/q > 1. Then with bg?t) = fst bs,dA,,
bs: = bss + bfft) defines a right p-rough lift of b with

2
b | < K[]] ]| Allpw(s, )71/, (45)

t t
/ d"b,R%, = / db,R%,
0 ’ 0 '

where the integral in the right hand side has to be understood as a Young integral.
A similar result holds for left linear RDE.

Besides,

Proof. From the condition 1/p+1/q > 1, f; bs,» d A, is well defined as a rough integral

and (45) is immediate. Besides, fg derﬁt is well defined as a Young integral and is
associated to the almost additive function v(t)s, = waﬁ,t. But

,u(t)sm - V@)s,r = bs,r(ld - R?,T‘)R’é,t + bgg Rﬁ,t-
But [[ld — RA,|| < Cw(s,r)? and |[bE)|| < Cuw(s,r)/r+1/a. With (45),
|:u(t)8,7“ - V(t)s,r| < CW(S, T)l/p-ﬁ-l/q‘

This is sufficient to prove the equality of the corresponding integrals. m

4.2 Integration on the Heisenberg groups, 2 <p <3

Let x be a weak geometric rough path (see however Remark 7 on non-geometric rough
paths) with values in To(R?) of finite p-variation controlled by w, 2 < p < 3.
Let Ay, ..., Aq be matrices in the Heisenberg algebra

0 a c
h:=<¢ [0 0 b||(abc)eR’
00 0

The space b is the Lie algebra of the Heisenberg group

1
H:=< |0 (a,b,c) € R® 3 = exp(h).
0

O = Q2
—_ S0

The product of 3 matrices in b is equal to 0 so that b is a simply connected nilpotent
Lie algebra of step 2.
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Set

d
aSt) = Z:Alxglt)z and aft) = [A;, Aj]igi)’i’j, (s,t) € Ao(T),
where X2 = %(X@)’i’j —x®77) the anti-symmetric part of x(?). Set also

d
ASQ = ZAixs’lt’ and A Qt) ZA A X(Q)ZJ’ (5,1) € Ao(T),

=1

and Ag; :=Id + NS Aft) Note that As; = exp(a gt) + agt) Since

s,t

x2)0 = x(Dd g x4 x Wil (s, t) € Ag(T), Viyj=1,....d,

T T rt7

it follows that A,,A,; = A, for all (s,r,t) € Ag(T). Thus, A is a lift of AL} and A
is a right p-rough resolvent.
This means that the solution of

; d
e = ys + / ysd A, A=) Ay (46)
0 i=1

is given by
Ye = Yoot = Yo exp(ay ( ) +a§2)

and 1; belongs to the Heisenberg group $). This 1mphes that one may solve (46) by
solving the ODE

Yoy (T) = 25y (1) (@) +2%)), 7€ 0,1], 20 = v

and setting y; = 250 (1).

4.3 Application to rough differential equations

Let U, V and W be Banach spaces and W is assumed to be finite-dimensional. Let
x € RP(Ty(U)) be a rough path of finite p-variation controlled by w. Let y € R?(V)
such that there exists a family {yxz,, t} s,)enq(r) With values in V ® U for which

YXTst = YXTsp + YX Tyt + Ysr X Ty and [yxag | < C’w(s,t)p/2
for all (s,r,t) € As(T).

Let us consider a function f: V — L(W ® U, W) such that f is bounded with a
bounded derivative V f, which is v-Holder continuous, 2 + v > p.
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Our first aim is to consider the solution to the differential equation

2 = a+/0 f(ys)zs dxs. (47)

If U=R% V=R"and W =R™ and x is a smooth rough path living above z, by an
equation of type (47), we mean

t
d=d+ Y /f,z’J(ys)zgdxfj,izl,...,m.
0

k=1,....d

In the sense of Davie, a solution of (47) is sought as satisfying for some constants
C >0 and @ > 1, with xSQ = 1, — xgs and xg) = f;[acr — x4 ® dx,,

1,5
1),k k
sup |z — 20— D [l w)xt = D0 S () =yxa)
=1,...,m k=1,....d k=1,....d
j=l,..,n j=1,..,n
r=1,...,n
= > ) P () 22X G| < Cw(s, 1), (s, t) € Ag(T),
k=1,...d
J=1.m
qg=1,....d
p=1,....,n

which we write under the more compact form
’Zt — Rs — f(ys)zsxgt) - Vf(ys)zsyxxs,t - F(Qs)zsxft)‘ S CW(S, t>67 (48)

with Fyo(ys) = fe(ys) fe(ys) is a matrix in R™ for k,¢ = 1,...,d, and then F' may be
identified with a map from V to L(W @ U ® U, W).

Proposition 11. Let A; = f(f f(ys)dxs be the path RP(L(W, W)) by the rough in-

e
tegral Az = <f0t fys)z dxs> € RP(W) for any z € W. Then there exists a p-left
rough lift B of A.

Proof. For (s,t) € Ay(T), let Ay, be the linear operator in L(W, W) defined by

As1z =2+ f(ys)[z]xilt) + Vf(ys)[zlyxaxs s + F(ys)[z]xft), ze W.
Then

AP,z =2+ fys)xD) + Fyn) %Y + V F(ys) [Elyxa, + V() [lyxez,,
+ Fy)[21x@) + F(y) % + Fye) fyo)2lx) @ x4+ a(s, 7, 1)[2]
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where o (s, r, t)[2] contains all the terms which are smaller than C|z|w(s, t)* for some
constant C. Since X, = X,, ® X, ; and then xgt) = xfr) +x ( ) + gg & Xf. t) and using
standard computations, this proves that |As; — r,tAs,r|CW(S t)? and then that A is
an almost p-resolvent.

Let B=1d+B® + B® be the p—rough resolvent associated to A through Theo-
rem 1. It is easily checked that Bst = A; — A, for any (s,t) € Ay(T) and that B is

a p-left rough lift of A. m

Proposition 12. Under the above hypotheses on f, x and y, the three notions (linear
RDE, in the sense of A.M. Davie and in the sense of Lyons) of solution to (47) are
equivalent.

Proof. For z; = A +a, this proves that z € R?(W) and that it satisfies (48). It is then
a solution in the sense of A.M. Davie, and then in the sense of T. Lyons (See [30] for
the relationship between solutions in the sense of T. Lyons and int he sense of A.M.
Davie).

The latter statement means that one may construct a family {ZWCS,t}(s,t)eAQ(T)
with the same properties as yxz such that u = (x,y,z,yXz,zxx) is solution to
the fixed point equation u; = ug + fo ug) dug where f is the differential form
f(z,y,2) = dz + dy + f(y)zdz. Then, z is a path in RP(W) satisfying (48), which
is then a solution in a sense of A.M. Davie of (47). Then it follows from Corollary 3
that z; = Ao20. O

Let us consider now bounded function g : V. — L(U, W) with a bounded derivative
which is y-Holder continuous and set

¢
by :—/ g(ys) dxs.
0

This integral is well defined as the rough integral associated to the functional g(ys)xgt) +
V(ys)yxzsy, and b € RP(W) in the sense that

Ibsr — g(ys)x\Y — Vag(ys)yxas,| < Cu(s, t)?

for some 6 > 1.
Our second aim is to consider the solution to the differential equation

Zt:a+/0 f(ys)zsdxs—l—/o 9(ys) dxs. (49)

Proposition 13. Under the above hypotheses on f, x and y, there exists a unique
solution to (49) and for any t € [0,T], a — z defines an homeomorphism from W
to W. Besides,

121, < Cllal + llglle + Vgl + H,(Vg)), (50)
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where C' depends only on ||f|le IV flleo, Hy(Vf), x, w(0,T), p and v, and H,(Vg)
is the ~v-Hélder norm of Vg.

Remark 15. Similarly as above, f V f(yu) 2, dx,, may be understood as a rough inte-
gral.

Proof. Let us set

t t
hoyi= 14 / Flyn) dx, + / 9(4r) A% + 9(ys) ® Fl)x

Keeping only the terms in X :=1® L(W,W)® W & (W ® L(W,W))), we have that

fo — sy @ fire = (9(ys) ® F(ys) — 9(y) @ flyr))x

; (g<ys>xg}2 -/ rg(ywdxu) ® £(y)x)
+ /T 9(Yu)dx, ® (f(?JS)Xv(",lt) _/ f(yu)dxu> .

Using the regularity of f and g and the properties of the rough integrals, it follows
that {/is:}(sens(r) is an almost multiplicative functional to which is associated a
family {vg¢}(spens(r) with values in X satisfying v,; = v5, ® 1,4 and so that

¢ ¢
Vé}t) — / flys) dx +/ g(ys) dx, and Vs(?t) - yfr) + yﬁ?t) + by, ® Bgt).

Let us now introduce the linear map from (X, +) to (W, +) defined by ®(a) =
O(b) = P(c) =0 and P(a ® b) := bla] for a € W, b€ L(W,W) and ¢ € R.

Then by, := ®(v,,) is a left p-lift of b.

Using Proposition 9, this proves (50) and that the map @, defined by

t t
O, 4(a) ==z with 2z, = a +/ f(yu)zr dxy +/ g(ys) dxs, 7 € [s,1] (51)

defines a flow of homeomorphisms. n

Equations of type (51) are important since they appear when ones consider to
differentiate parametrized solutions of

t t
= a+/ V(ye, A) dx, +/ V(ye, A) dhs, b€ RI(V) with 1/p+1/q > 1
0 0
with respect to a, A and h. In this case, f(-) = VV(-,\). Propositions 9 and 10, as
well as Corollary 3, will then be used to study the regularity of the map (a,x,h) — y
in [15].
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