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Abstract:  We study the properties of the rolling horizon and the approximate rolling horizon
procedures for the case of two-person zero-sum discounted semi-Markov games with infinite horizon,
under several assumptions on the reward function, when the state space is a borelian set and the
action spaces are considered compact. Under suitable conditions, we prove that the equilibrium
is the unique solution of its dynamic programming equation, and we prove bounds which imply
the convergence of the procedures when the horizon length tends to infinity. The approach is
based on the formalism for Semi-Markov games developed by Luque-Vasquez in [II], together
with extensions of the results of Hernandez-Lerma and Lasserre [4] for Markov Decision Processes
and Chang and Marcus [2] for Markov Games, both in discrete time. In this way we generalize the
results on the rolling horizon and approximate rolling horizon procedures previously obtained for
discrete-time problems.
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Procédures d’horizon roulant dans les jeux
semi-Markoviens: le cas actualisé

Résumé : Nous étudions les propriétés de la procédure de décision & horizon roulant et une
approximation de cette procédure, pour le cas de jeux semi-Markoviens & somme nulle avec
horizon infini et actualisation, sous différentes hypothéses concernant la fonction de récompense,
quand D’espace d’états est un ensemble borélien et les espaces d’actions sont compacts. Sous
des hypothéses appropriées, nous montrons que ’équilibre est I'unique solution de 1’équation de
programmation dynamique associée au jeu, puis nous prouvons des bornes d’erreur impliquant la
convergence des procédures quand 'horizon de programmation tend vers 'infini. Notre approche
est basée sur le formalisme pour les jeux semi-Markoviens développé par Luque-Vasquez [11],
joint & des extensions des résultats de Hernandez-Lerma et Lasserre [4] pour les processus de
décision Markoviens et Chang et Marcus [2] pour les jeux Markoviens, ces deux derniers travaux
étant en temps discret. De cette fagon, nous généralisons les résultats sur la procédure a horizon
roulant obtenus pour les problémes en temps discret.

Mots-clés : Jeux semi-Markoviens, procédure & horizon roulant
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1 Introduction

In this work we analyze two approximation procedures applied to zero-sum semi-Markov games
with the expected total discounted reward as the performance criterion. Specifically, we work
with methods derived from the Rolling Horizon procedure.

Semi-Markov Games (SMG) generalize Markov Games (MG) by allowing the decision
maker to choose actions whenever the system state changes, modeling the system evolution
in continuous-time and allowing the time spent in a particular state to follow an arbitrary prob-
ability distribution. The system state may change several times between decision epochs but
only the state at a decision epoch is relevant to the decision maker. Semi-Markov games with
discounted reward are analyzed in [II] and later, in [9,[12]. All these papers deal with the charac-
terization of the value function as the fixed point of certain dynamical programming operators.
Besides, discrete-time Markov Decision Processes (MDP) can be seen as a particular case of
MG where just one player takes decisions.

On the other hand, Rolling Horizon (RH) control is an usual procedure for making decisions
in many infinite stage decision problems. It is based on choosing the best most immediate action
based on the knowledge of the information of the problem just for a certain number of periods in
the future. One design issue of the controller will be then to determine how many periods in the
future must be taken into account, in order to make the optimal immediate decision [16]. RH
strategies are largely used in several areas: we can mention here production control problems,
stabilization of control systems, and macro-planning problems. The study of this and other
applications can be found in [10].

The objective of the present work is to extend the analysis of the accuracy of the RH
method and of an Approximate Rolling Horizon (ARH) method to Semi-Markov Games with
the total discounted reward criterion, when the state space is assumed to be Borel, and the action
space compact. As mentioned previously, the SMG structure was studied from the theoretical
viewpoint by [11] and we borrow some of their results. On the one hand, [4, [5 [2] can be seen as
particular cases of our results shown here because the two first investigate the accuracy of the RH
procedure for discrete-time Markov Decision Processes (MDP) (just one decision-maker) with
bounded and unbounded rewards functions, respectively, and the last one deals with discrete-time
zero-sum Markov games with finite state spaces (two players who play a game whose temporal
evolution is discrete). On the other hand, this work also generalizes our previous work [3] where
we study the RH procedure applied to semi-Markov Decision Processes (SMDP) (continuous
temporal evolution of the problem where just one decision maker acts). Also as a particular case,
all the results obtained here apply to continuous-time MG where, up to our knowledge, RH and
ARH have not been applied so far.

This paper is organized as follows. In Section [2] we present the model, the notations and
we state the assumptions on the data of the problem. In Section [3| we present the performance
criterion and the dynamic programming operator for this case, mentioning the results on the
associated optimality equation and recursion scheme. Section [f] contains our contributions about
the convergence of RH and ARH policies rewards to the optimal reward. The approach in this
section is based on [5] where the discrete-time MIDP case is treated and on [2] for the case of
finite state spaces. As compared with this last work, we have not only proved results of the
ARH for more general state spaces and possibly unbounded cost functions, but we also have
improved significantly the error bounds. Finally, Section [5]is devoted to the concluding remarks.
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4 E. Della Vecchia, S. Di Marco and A. Jean-Marie

2 Preliminaries and Notations
We consider a semi-Markov game of the form
M:=(S,AB,{As:s€ S} {Bs:s€S},Q,F. 4 )
where
e S is the state space.
e A and B are the action spaces for players 1 and 2 respectively.

e For every s € S, we define the sets A and B; as the sets of actions available in state s for
respective players, and, therefore

A=J A, B=JB.

seS seS

o Weset K={(s,a,b) :s€S,a€ A,,bec B}

e The transition law Q(-|-), is a stochastic kernel on S given K, and F(-|s,a,b) is the distri-
bution function of the holding time in state s € S when actions a € A, and b € B, are
chosen.

e The reward function is ¢ : K — R and « is a discount factor.

If at time of the n-th decision epoch, the state of the system is s,, = s, and the chosen actions
are a, € As and b,, € Bs, then the system remains in the state s during a nonnegative random
time 6,41 with distribution F(-|s,,an,b,) and a continuously discounted, stationary reward
£(8p,an,by) is received by player 1 and paid by player 2. The decision epochs are therefore
Tp :=Tp_1 + 6, for n 2 1, and Ty = 0. The random variable 6,11 = T,,+1 — T, is called the
sojourn or holding time at stage n.

For Borel sets X and Y, we will note with P(X) the family of probability measures on X
endowed with the weak topology, and with P(X|Y") the family of transition probabilities from Y
to X.

The space H,, of admissible histories of the process at the n-th decision epoch, consists of
sequences of states and decisions up to that epoch. At the initial epoch Tj, the history consists
of the initial state sy € S. At the first decision epoch T7, the two initial actions chosen by the
players, the holding time at initial state and the new state are added to the initial state, and so
on. A typical element of H,, = (K x RT)" x S is therefore written as

hn = (803 ao, bOa 61, S1,01, b17 62 ceeyySp—1,0n—1, bn—la 577,, sn)~

A Markov strategy (or Markov policy) for player 1 is a sequence m = {m,} of stochastic
kernels 7,, € P(A|H,) such that for every h,, € H, and n € N, 7, (A, |hn) = 1. We denote by
IT the set of all Markov strategies of player 1. A Markov strategy = = {m,} is called stationary
if there exists f € P(A|S) such that f(s) € P(A;) and m, = f for all s € S and n € N. In this
case, we identify = with f, ie., m = f = {f, f,...}. We denote by Il the set of all stationary
strategies.

Similarly, a Markov strategy for player 2 is a sequence v = {~,}, where v,, € P(B|H,,), such
that for every h, € H, and n € N, 7,,(Bs, |h,) = 1. In this case we note with I' the set of all
Markov strategies of player 2. A Markov strategy ~ is called stationary if there exists g € P(B|S)

Inria
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such that g(s) € P(Bs) and ~,, = g for all s € § and n € N. For player 2, we denote It the set
of all stationary strategies.

For each pair of strategies m# € Il and v € I', and any initial state s there exist a unique
probability measure P™7 and stochastic processes {S,}, {A.}, {Bn} and {J,,}. S, A, and B,
represent the state and the actions at the n-th decision epoch. E7'7 denotes the expectation
operator with respect to PI"7.

We note
B(s,a,b) := /00 e~ “'F(dt|s,a,b) (1)
0
and
I(s,a,b) = w . (2)

From here on, we make the following abuse of notation: for each s € § and given a pair of
probability distributions £ and ¢ on A and B, respectively, fAs st h(s,a,b)(db)¢(da) whenever
the integral is well defined, will be denoted by h(s, &, (). Also, for a function ¢ defined on K, we
note ¢(s, f, g) instead of ¢(s, f(s),g(s)), for given stationary policies f and g.

In order to evaluate the performance of policies, we use a total discounted criterion. We
assume that the rewards are continuously discounted, with a discount factor a. More precisely
let, form 21, s €S, m € Il and v € T, the expected n-stage a-discounted reward be defined by

Thy1

Vios) = EMZ / ey, Ay, By)dt

—adpy1

E™Y Z gmom LT U(Sk, Ay, Br) .

The infinite-horizon total expected a-discounted payoff is
1 — e @0kt1

VTI(s) = sze*aﬂ (S, Ay, Br,) - (3)

Alternatively, given a pair of policies w and 7, we can write its reward using the variables (3
and ¥ and obtain for the finite stage horizon and for the infinite horizon respectively,

oo t—1
V™ (s) =Eq | Y [] B(Sk: Ak, Br)9(Se, Ar, Br)U(Si, Ay, By)
t=0 k=0
n—1t—1
Vi (s) = B, lZHﬂ (Sks Ak, Br)O(S, Ar, B)U(Sy, Ar, By)|
t=0 k=0

where we adopt the usual conventions that H;O Xi =1 and Zt;loYt = 0. Briefly, the first
expression above comes from the following considerations.

Te+6¢41
Vﬂ"y( = ]Eﬂ- 24 [Z/ 70‘“du é(St,At,Bt)

RR n° 8019



6 E. Della Vecchia, S. Di Marco and A. Jean-Marie

1 _ —a5t+1
e T =% 48, Ay, By)

- E™
s o

«

o0
=0
> —ad
syl —emadu
= E” ZG_Q<Z’“:° W) U(Sh, Ar, By)
=0
o0

— ™Y
= KT

t—1
<H B(Ska Aka Bk)ﬂ(Sh At7 Bt)) E(Stv At7 Bt)

k=0

Similarly, the second one can be justified.
At this point, we observe that we can work with an instantaneous one-step reward functions
r: K — R defined by r(s,a,b) = 9(s,a,b)l(s,a,b). We obtain the new expressions

Z <1:[ B(Sk, Ak, Bk)) (S, A¢, By)

VT (s) = ESY ; (4)

t=0 \k=0
n—1 /t—1

Vil(s) =Eg7 lz (H 5(Sk,Ak,Bk)> 7(St, At, Bt) (5)
t=0 \k=0

We shall make further assumptions on the distribution probabilities of the holding time and
the instantaneous reward function, under which we will work in the future.

Assumption 1.
(a) The state space S is a Borel subset of a complete and separable metric space.
(b) For each s € S, the sets As and Bs are compact.
(c) For each s € S, and b € B, r(s,-,b) is upper semi-continuous on As.
(d) For each s € S, and a € As, r(s,a,-) is lower semi-continuous on Bs.

(e) For each (s,a,b) € K and each bounded measurable function v on S, the function (a,b) —
[ v(y)Q(dyls,a,b) is continuous on As x Bs.

(f) The function (s,a,b) — [;° tF(dt|s,a,b) is continuous on K.

Remark 2.1. Ttems (a)-(e) in the previous assumption are those considered in [II]. The last
one is adopted from [8].

Assumption 2. p:=sup, , ek B(s,a,b) < 1.
The following result has been extracted from [I1, Lemma 4.1].
Proposition 2.1. If there exists a pair of positive numbers 6 and € such that
F(f]s,a,b) < 1—¢
for all (s,a,b) € K, then Assumption |2 holds with p =1 — ¢ + ee®?.

Let us denote with M(S) the space of measurable functions on S, and M (S) the subspace
of nonnegative functions of M(S). On M (S), we define the operator L which maps v to Lv in
the following way: for s € S,

(Lv)(s) = sup /S o(2)Q(d2s, a, b). (6)

a€A;,beB;

Inria



Rolling horizon procedures in Semi-Markov Games: The Discounted Case 7

Let L"v = L(L" ') for n € N, with L% = v. Clearly, L(\v) = AL(v) for every positive scalar
A

Assumption 3. Let R(-) : S — R be

s) =Y p(L'ro)(s) (7)
t=0

r(s,a,b)|. Assume R(s) < oo,Vs € S.

where ro(s) = SUPyeA.
If p € ML(S) is strictly positive, for v € M(S) we define the u-weighted norm [|v||, =
sup,es [v(s)|/n(s)-
Assumption 4. There exist a measurable function p : S — [1,00) and a positive constant m
such that for all (s,a,b) € K,

(a) |r(s,a,b)| = muls),

() [ u(2)Q(dz1s,a,b) < u(s).
Assumption 5. There exists M > 0 such that |r(s,a,b)| £ M for all (s,a,b) € K.

Remark 2.2. With the definition of ry introduced in Assumption Assumption E| (a)
can be written ||rgl|, < m. If r verifies Assumption 5] then by setting ¢ = 1 and m = M,
Assumption [4] is satisfied.

In [5] and in [7, Proposition 4.3.1., p. 53], it is shown that Assumption @implies Assump-
tion [3] for the case of MDP. A similar argument is valid for SMIG’s. Indeed, since

|@%x>§€;ﬁg/\ﬂl 2)Q(dzls.a,b) .

we have
1L roll S [IL Mol £ -+ Z Irollu Em

and then ||R|[, = l”j—p, or, for all s € S,

—
I
)

implying the finiteness of R.

Remark 2.3. The theory of SMDP can be found in [1] for the case of Borel state spaces, and
in [I5] and [I4] for the case of discrete and finite state spaces, respectively. All of them work
with Assumption [2|and the consequent Proposition [2.1] restricted to only one player.

Besides, an assumption similar to Assumption |3| appears in [I] for the SMDP case and
in [5] for the MDP case, both for a single player, while Assumption [4| could be associated to
similar ones in [14, Chapter 6] and in [6, Chapter 2|, both of them for MDP.

Remark 2.4. This semi-Markov environment covers two important special cases:

1. Discrete-time models. In this case F(-|s,a,b) = 6;(-) for all (s,a,b) € K. This corresponds
to the theory of MGs. Such a function F(-) satisfies Assumption [1] (f).

2. Continuous-time Markov models. This arises if the holding time distributions are expo-
nential: F(duls,a,b) = 6(s,a,b)e ?(*@Dudy, where §(s,a,b) is a continuous function from
K into [0, 00) (continuity is required for satisfying Assumption [1| (f)). The process {S;}
turns out to be a Markov process when (7,7) is a pair of Markov policies, and a time-
homogeneous Markov process when () is a pair of stationary policies.

RR n° 8019
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3 Performance Criterion and Related Results

Under suitable hypotheses, in this section we want to characterize the value function for the finite
and infinite-horizon games and the strategies which produces the equilibria through operators
defined in and . We also analyze the convergence of the values for the finite-horizon
games to that of the infinite-horizon one. These results will be used to prove the convergence of
RH and ARH procedures described in the next section.

The lower and the upper value functions of the infinite-horizon game are defined, as usual,
for s € S, as

V*(s) = sup inf V™7(s) and V' = inf sup V™7 (s) (8)
nell 7Er 7€l renn
respectively. We know that, in general, for all s € S, V*(s) < V' (s). If for all s € S, V*(s) =
V*(s), we refer to this common value as the value of the game, and we note it with V*. Likewise
for the finite-horizon games.
Suppose that our games have a value, then, the objective of the players is to find (when it
exists) a pair of policies that solves, given the current state s:

(7(s),7(s)) = argmgxm’yin VT (s). (9)

Such a pair of strategies 7* € IT and v* € I is said to be an equilibrium.
We denote

e R(-) being defined (7)), under Assumption 3] define R = {v € M(S) : |v(s)| < R(s) for all
se S}

o M, (S) is the linear subspace of M(S) of the functions with finite y-weighted norm. This
is a Banach space.

Define the operator T' : M(S) — M(S) by
(Tw)(s) := aseui bienlfs {r(s,a,b) —I—ﬁ(s,a,b)/SU(Z)Q(dz|s,a,b)} , (10)

and, given a pair of policies r € I, y € T, T™" : M(S) — M(S)

(T™70)(s) == r(s,m,7) +ﬁ(s77w)/SU(Z)Q(dZISJ,V) : (11)

Under Assumptions [1} [2] and [3] the sup inf is attained for each s € S. Denoting with
(f(s),g(s)) an equilibrium pair at state s, a well-known result of measurable selections (see for
example [13, Lemma 4.3|), ascertains that f,g € M(S).

Taking into account that p(LR)(s) = Y ,=, p'(L'ro)(s) = R(s) — ro(s), note that for all v € R,

[To(s)] = ro(s) + p(L|v])(s) = ro(s) + pLR(s) = R(s), (12)

which implies Tv € R. On the other hand, under Assumption if v € M,(S), for all
(87 a7 b) 6 K7
v(z)

/ v(2)Qdz]s,a,b) = / T ETE)Qs]s.0.0) < o)

and ||Tv||, < m+pl|v||, which implies that Tv € M, (S). We have therefore proved the following
preliminary result:

Inria



Rolling horizon procedures in Semi-Markov Games: The Discounted Case 9

Lemma 3.1. Under Assumptions and [3, the operator T maps R to itself. Under As-
sumptions @ and T maps M, (S) to itself. If v is a bounded function, then Tv is also
bounded. The same holds for the operators T™7.

The following results provide the existence of optimal stationary strategies, then bounds and
convergence results related to the operator L.

I:emma 3.2. Under Assumptions |z| and (3|, for each v € R there exist stationary strategies
f € Igtas, G € Dgtar such that

(To)(s) = r(s, f.3)+ B(s. f.9) /S v(2)Q(dzls, .3)

= sw (o) 00, 1) [ o@D £} (13)

fEHstat

=it {0+ 06, 0) [ Qs Fa)

g€ stat

Proof. According to Lemma for each v € R, Tv € R. The proof makes use of well-known
measurable selection theorems and is similar to that of Lemma 5.1 in [IT], but with the weaker
Assumption [1] (f), which is enough to guarantee the existence of the pair of policies stated.

Lemma 3.3. Suppose that Assumptions [1} 2] and [3] hold. Then, for alls€ S, n €Il, v €T,
v € R and t € N, we have

(a)
ET7[o(Sy)] £ (Lfv)(s). (14)
(b)
nh—>H;o Eg”y f[ 6(5;67 Ak7 Bk)’l)(Sn) =0. (15)
k=0

Proof. We prove (a) by induction on ¢t. Consider the policies 7 = { fo, f1,...} and v = {90, 91, - . .}.
Since we are dealing with Markov policies 7 € IT and 7 € T', by [6 Properties 2.5 e and f, pp. 5-6],
we have

B [0(Si41)[So = s, Ao = a, By = b, S1 = z] = ET 7 [u(S})] (16)

where we denote with 7' = {f{, f1,...} and v = {g{, ¢}, ..} the policies defined by f/(:|h:) =

fer1(ls, a,b, he) and g;(-|he) = gey1(-[s, a, b, ).
For t = 0 the result is obvious. For t =1, since [4v(2)Q(dzls,a,b) < (Lv)(s),

B27(s] = [ [ [ vo0(asls.a (@) < o).
In general, using , we have for any ¢:
BT [o(Sis1)] = /A /B /5 E™ [0(Se41)|So = 5, Ao = a, By = b, Sy = 2]
Q(dzls, a,b)go(db) fo(da)

RR n° 8019
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- / / / 7 [0(S0)]Q(dz]s, a, b)gh (db) f3(da)

AJBJS
/ / / (L) (2)Q(dz]s, a, bgh(db) £y (da) < (L10)(s).
AJBJS

A

For the proof of (b), we have:

n—1
BT (H ﬂ(sk,Ak,Bw) oS)| € EWS) < (L))
k=0
S PULTR)(s) = Y p'(Liro)(s) — 0,
t=n
as n — oo, by Assumption O

The next result generalizes Theorems 4.3 and 4.4 from [II], where proofs are made under
Assumptions [T}, 2] and [4]

Theorem 3.1. Suppose that Assumptions [1}, [2] and [3] hold. Then
(a) Forallm € and v €T, V™.V and V are in R.

(b) The finite-stage games have values. We have Vi = 0 and, for n = 1, the function V,* :=
TV | € R is the value function for the n-stage horizon problem, and the Markovian

pair of policies {fg, f1,.... fi_1}, {96,957, . 95_1}, where the functions f; and g; are the
corresponding mazxi-minimizing functions, for k =0,....n — 1, form an equilibrium.

(¢) The infinite-horizon game has a value, and for all s € S, |V*(s)=V(s)| < > oo, p'(L'70)(s)
= p"(L"R)(s) — 0 as n — oc.

(d) V* is the unique function in R satisfying the optimality equation TV* = V*. Moreover,
there exists a pair of stationary policies (f*, g*) which is an equilibrium pair for the infinite-
horizon game.

(e) In addition, if Assumption holds, T is a contractive operator on M, (S) of modulus p

and ||[V* = V||, = mp

Proof.

I—p-
(a) By definition of rg, for all (s,a,b) € K, |r(s,a,b)| £ ro(s), and taking v = 7
in Lemma (a), for all t € N

ET7r(Se, A, By)| = EX|ro(Sy)] = (L'ro)(s),

which implies

VT () £ 3 pHLIETY [r(Se, Ar, By)|) < R(s)
t=0
and therefore

V(s)l = R(s), |V(s)| = R(s).

The main ideas of the proof can be sketched as follows. By backward induction and
well-known arguments, it is possible to prove that starting from V7 =0 € R, after n
successive applications of the operator T', we obtain the value function of the game
as well as the equilibrium strategies. In this recursive application it is crucial taking
in mind that Assumption [3|implies that 7" maps R into itself (Lemma. In this
way, for each k < n, V' is in the domain of T', R.

Inria
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(c)
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For any s € S, 7 € Il and v € T, consider formulas and for V™7 (s) and
V.77(s). Then we have

VT (s) = Vi ()| £ D p'BT[r(Se, Ary Be)| £ ) o' (Lhro) (). (17)
t=n t=n

In addition, according to Lemma [A72]in the Appendix,

o —%

|V (3)—‘/”(8)\ = infsupV”W(S)_infsupVJ,W(s)
Y ox o
< supsup|[V™(s) = V7 (s)] -
Ty
Then using (17),
V()= Vils)| < swpsup Y P BT r(S0 Ao Bl € 3 (Liro)(s).
" K t=n t=n

Likewise,
[V*(s) = Vi (s)] < supsup [V (s) = Vi (s)] £ D p'(Lhro) ().
™ v t=n

From part b) we know that each finite-stage game has a value (and then V7 (s) =

*

V,(s) = V*(s)), and taking into account the fact that Assumption (3| implies

Yoo, PH(Lro)(s) — 0 as n — oo, we have that the infinite-horizon game has a
value, which verifies
V*(s) = lim V(s),

n—oo

with the convergence bound
V¥ (s) = V()| £ D p'(L'ro)(s) = p™ (L"R)(s). (18)
t=n

First, we will prove uniqueness. That is, that there is at most one V' € R such that
TV = V. For this, observe that Lemma [A.2] implies the following inequality for any
pair of functions u and v in R, for any s € S,

[(Tu =Tv)(s)| = p sup / u(z) = v(2)|Q(dz[s, a,b) = p(L{u —v[)(s) . (19)
a€As,bEBs JS

In general, for n € N,
|(T"u = T"0)(s)| = p" (L™ |lu — v[)(s) = 2p"(L"R)(s) — 0,

as in Lemma (3.3 (b).

Now we verify the identity proposed. Assume V* € R. By Lemma [3.2] there exists a
pair of stationary strategies f* € It and g* € I'gat such that

(TV)(s) =r(s, [, 9%) + B(s, [7, 97) /S V*(2)Q(dzls, 7, 97) (20)
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and V* is a fixed point in R of T/ 79",
We show now that for any arbitrary pair w € II, y € T', and s € S,

VI (s) S VI (5) S VIT(s), (21)
which will imply, by (8) and @, that V779" is the value of the game, and that
TV =T/ v =9y —yihe —yr,

The proof of the first inequality in follows passing to the limit as n — oo and
from an application of Lemma [3.3] (b) to the following inequality, justified in Lemma
3.4 below:

VI (s) —ETY KH B(Sk, Ar, Bk>> vine <Sn+1)]
k=0

n t—1
g ngg* [Z <H ﬂ(SkHAk;Bk)) T(SthtaBt)

t=0 \k=0

)

for all n € N. The second inequality follows in the same manner.

(e) The contractivity of T is proved in [11, Lemma 6.1] (under a stonger Assumption
f). Alternatively, in our context, we state the result as a direct consequence of

Inequality .
For the second part, observe that from (L8), [V*(s) — V;(s)| < 3252, p'(Ltro)(s), and
using Remark

S E)) S Y pmils) = 1 uls)

which gives
N mp"
v = Vzll, < 7
Lemma 3.4. For the pair of strategies f* € Igat and g* € Dgar as in the proof Theorem
(d), Equation (@), and any strategy m € 11, there holds:

VI (s) BT [(H B(Sr, Ar, Bk)> Vi <Sn+1)]

k=0
n t—1
> E™ [Z (H ﬁ(sk,Ak,Bm) r(Si, Ay, By)
t=0 k=0

Proof. For each t 2 1, hy € Hy, a € Ag,, b € Bs,, since at the ¢-th epoch of decision, given the
history h;, the realizations of the processes Sy, Ay, and By for k < ¢ were respectively sg, ax
and by, by properties of the conditional expectation we have

t
ETY lH ﬁ(sk,Ak,Bka*’g*(Sm)huaubtl
k=0

_ 9"
= ET

t
H ﬁ(skh Qf, bk)vf*’g* (St+1)|h‘t7 at, bt]

k=0

Inria
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= <H ﬁ(sk,ak,bk)> E‘g’,g* |:Vf*’g* (St+1)|ht,at,bt}
k=0
= B(sk,a 75-)> VI (2)Q(dzse, T (se), 9 (5¢)) (22)

<k1:[O ks Qk, OF /s g

t—1
= B(sk, ak, b )> Blse,a,be) [ VI (2)Q(dz]st, m(se), 9 (s1))

(I]JO ks Uk, Uk { L g

o, m(50), 97 (50) = (o n(50).°(50) |

t—1
= (H ﬁ(szﬁak,bw) {@m s VI (s) = r(sem(se). " () }
k=0

A

(f[ ﬂ(sk,ak,bw) (VI (50) = (st m(s0), 97 (50) } (23)
k=0

where, in (22) we make use of the definition of the conditional expectation, and in of
Equation (13) from Lemma Inequality rewrites as

t—1
(H B(sk, ak, bk)) VI (s)
k=0

t
,E;T,g* l(H 5(Sk, Ak; Bk)) Vf*,g* (St+1)|ht, g, bt‘| (24)

k=0
t—1
= (H ﬂ(shakvbk)) T(Stvﬂ-(st)vg*(st)) :
k=0
In particular for ¢t = 0, this writes as:

VI (s) —ET9 [ﬁ(so,ao,bo)vf*’g*(&)} 2 7(s0,mo(s0), 9" (s0)) -

Finally, taking expectations under the pair of policies (7, g*) and summing the last inequality to
the ones in , written for ¢ = 1,...,n, we obtain a telescopic sum and therefore the inequality
to be proved. O

4 Approximation Procedures

4.1 Rolling Horizon Procedure

For a wide class of stochastic control or game problems, obtaining an optimal policy explicitly
is a difficult task. This is why practitioners often use instead a heuristic method called the
Rolling Horizon procedure (also, Receding Horizon, or Model Predictive Control), which works
as follows. To the infinite-horizon game is associated a finite-stage horizonEI game: for a given

1For continuous-time models, it is important to distinguish a time horizon and an horizon measured in a
number of control/game stages.

RR n° 8019
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integer N (the stage-horizon length) and a state s, find:

N—1 /t—1
(FHP) sgpir;ng’"’ lz <H ﬁ(Sk,Ak,Bk)> r(St, Ay, By) (25)

t=0 k=0

Solving this problem for each initial state results in a sequence of pairs of Markovian policies

v =N N1, fo f1), v = (NS gN—1,- -+, 92, 91), (26)

where fi(sy_1) is the best action to be applied at stage t = N — 1 by the first player, and
g1(sn—1) for the second one, when only one stage remains to reach the horizon, fs and g, are
the best decision rules to be applied for the players when two stages remain to get the horizon,
at time t = N — 2, and so on. In particular, fx(sg) and gn(sg) are the best decision rules to be
applied to the initial state sq.

The RH method prescribes to repeatedly solve a finite-stage horizon problem, taking the
current state as initial state. Then, only the first decision will be applied.

Specifically, the procedure to construct a RH policy is the following one. Fix some integer
N and consider a denumerable set of epochs.

RH1 At iteration ¢, and for the current state s;, solve the N-stage game (FHP), taking s; as
initial state. A pair of actions fn(s¢), gn(s¢) is obtained.

RH2 Apply a; = fn(st), br = gn(st).
RH3 Observe the achieved state at time ¢ 4+ 1: s;41.
RH4 Set t:=t+1 and s; := s;+1 and go to step 1.

The RH procedure does not specify how to compute the values fn(s;) and gn(s). Its
efficiency is based on the idea that computing the values fy(s:) and gn(s:) alone is usually
much easier than computing the N decision rules in . On the other hand, the performance
of the resulting sequence of decisions is not the optimal one, although the intuition is that when
N is “large enough”, the performance should be close to the optimal. The practical issue is
then to choose N so as to obtain a proper compromise between precision and the computational
effort needed to obtain fx(s:) and gn(st). We address this issue through two formal qualitative
and quantitative questions. Let Uy (s) be the expected gain achieved by player 1 with the RH
procedure with horizon length N, starting in state s:

Q1 Under which conditions on the problem is it true that limy_ . Un(s) = V*(s)?
Q2 Given a state s and € > 0, is it possible to compute N such that |[Un(s) — V*(s)| < €7

In what follows we prove the convergence of the procedure to the value of the original game. The
term “convergence” has to be understood in the sense that when the horizon N goes to infinity,
the value obtained with the procedure approaches the value of the game. The preliminary obser-
vation, classical for studying Rolling Horizon, is that the procedure RH effectively implements,
for both players, a stationary Markov policy. Since player 1 will repeatedly play according to
the state-feedback function fy, and player 2 will play gy, we have Uy = VIv.9n,

Theorem 4.1. Suppose that Assumptions [1}, [2] and [3] hold. Then, for all s € S,

0 < V*(s) = Un(s) < 20V (LVR)(s) .

Inria
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Proof. By definition of an optimal N-stage strategy, for all s € S and N = 1,

Vii(s) = r(s, fvs gn) + B(s, fv, o) /S Vi1 (2)Q(dzls, i gw), (27)

and by (5) and Theorem 1, part b),

N-2 /-1
Va_1(s) = supir;fIEg” Z (H 5(5k7Ak7Bk)> 7(St, At, Bt).

t=0 k=0

If we add and subtract HkN:_02 B(Sk, Ak, Be)r(Sn—1, AN—1,Bn_1):

N-1t-1

Vi) = supigmzﬂ[Z [T 605k, Av. Bor(S:. Ar. Br)
" t=0 k=0

N—2

- H ﬂ(SkaAkaBk)r(SN—laAN—hBN—l):|-

=0

E

Since for all s € S, a € A, and b € B, by Assumption |3} —r(s,a,b) < ro(s) we have:

Vi_1(s) £ Vx(s) + supsup ET7
Ty

N-2
H B(Sk, Ak, Bk)TO(SN—l)] .

k=0
Also, taking into account that 7o = 0, by Lemma [3.3] ET77o(S;) < (L'ro)(s), and
Vi_1(s) S Va(s) + pN 1LY o) (s). (28)

By using this inequality in and taking into account that 5(s, fx,gn) < p, we have that:

Vn(s) = r(s,fn,gn) + Bls, fN,gN)/S(VR?(Z)+pN_l(LN_lTo)(Z))Q(dZI&fN,gN)

[IA

s fwgw) + 0V (ENT0)(8) 4 (s fvoon) [VREQUE frgn) . (29)
Written for V3 (2), reads as:

Vi) £ rlefwaw) + oM (V)G + 0 o) [ Vil)QWylz fvom)
Substituting inside the integral in , we obtain

Vi(s) = rls fvygn) +pN (LNro)(s)

+ B x| [mz,fN,gN) N (L) ()

Bz f o) /S Vi (0)Q(dylz, o gv) | Q(dzls, fivs a)

IN

T(S»fNygN)+ﬂ(57fNagN)/ST(Z»vagN)Q(dZ|SvaagN)

N (o) (s) + oY LN ) (5)

RR n° 8019
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4 / / B(s. - gn)B(zs f g VR () Q(dyl2 fv a)Q(dz]s, fv g)
SJS

In general, for every n = 1,

n—1t-1
Vi(s) £ E[vov [Z Hﬁ(SmfN,gN)T(St,fN,gN)]

=0 k=
N+n—1t ’ n—1
+ ) pl(Liro)(s) + EINox lH B(St, fs gn ) Vi (Sn) (30)
t=N t=0

Let us analyze the terms of the r.h.s. of (30), as n — co. The first one converges to Un(s).
The second one converges to Y oy p'(L'70)(s). On the other hand, since, by Theorem part
(b), for all s € S, |Vy(s)| £ R(s), the third term satisfies, by Lemma

n—1 n—1
BN [H B(Se, I 9n)ViS(Si) ‘ = B | [T 8BSk fv gn) Vi (Sh)
0 t=0
S PUEININ (VR (Sn)| S p"ELNIN[R(S,)]
< p"(L"R)(s),
which converges to zero, since
p"(L"R)(s) = > p'(L'ro)(s)
t=n

and >~ p'(L'rg)(s) is supposed to be convergent for all s € S in Assumption (3| Finally
implies

Vi (s) S Un(s) + ) p'(Lfro)(s), (31)
t=N
and using Theorem [3.1] (c),
Vi(s) = Un(s) £ V*(s)=Vi(s)+ Y p'(L'r0)(s)
=N
< PNENR)(s)+ Y p(LPro)(s)
t=N

I
[N}
i)
s
h
2
=
=

O

Remark 4.1. Theoremgeneralizes to SMGs the results in [5, Theorem 4.2] for discrete-time
MDP.

In order to improve the bounds obtained, we also can assume the following
Assumption 6. For any s € S, V*(s) 2 0.

Observe that this is the case, for instance, when the reward function r is positive.

Inria
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Proposition 4.1. Suppose that Assumption [6] holds. Then for n € N and for all s € S,
Vi (s) = Viga(s).

Proof. Since V§ = 0, we can write Assumption [6]as Vi (s) < Vi*(s), for all s € S. If this is
the case, for any pair of strategies f € Il .y and v € Tggay, it is Tf’QVO* (s) £ T/9V(s), and by
Lemma TVy(s) £ TV (s). The last inequality rewrites as Vi*(s) < V5'(s), for all s € S.
The result follows now by induction with similar arguments. O

Corollary 4.1. If in Theorem Assumption [6] holds, then, for all s € S,
0 V*(s) = Un(s) < p" (LY R)(5).

Proof. If Assumption [6]holds, by Proposition [d.1]it is possible to improve the bound into:
Vi _1(s) = V3(s). Then, instead of Inequality (30), we have:

n—1t—1 n—1

Vi(s) < B0 \S T B(Sks favogn)r(Se, fns fa) | + B9 [H B(St, fns g )V (Sn)
t=0 k=0 t=0

From here, following with the proof of Theorem [I.1] the new bound follows. O

Corollary 4.2. Suppose that Assumptions and [ hold. Then, for all s € S,

\ 2mp"
0 S V() -Unlo) £ (o).
and therefore
QmpN
V*—Uyn < .
H s T
If in addition Assumption [6] holds, then
N
. mp
v - Unll, £ T

Proof. Following the proof of Theorem {4.1/ up to Inequality (28) we obtain Vy_,(s) = Vy3(s) +
pN 7L (LN 1rg)(s). If Assumption [4] holds, then (see Remark [2.2), ||[LY ~1ry]|, < m so that

Vioi(s) S Vi(s) +mp™u(s) (32)

and can be replaced with

Vi (s) S 7(s, f, gn) +mp™ uls) + B(s, fn,gn) | Vi (W)Q(dyls, fv, gn) -
S

Following the line of proof, we obtain that can be replaced with

n—1t—1
Vi(s) < E[von [Z 11 BCSk. fx. gn)r(S:, fN,gN)]

t=0 k=0

N+4+n—1 n—1
+ Z mptu(s) + EIN-9x lH B(St,fMgN)VJTI(Sn)] :
t=N

t=0

RR n° 8019



18 E. Della Vecchia, S. Di Marco and A. Jean-Marie

As in the proof of Theorem the first term converges to Uy (s) and the third one, taking into
account the fact that Assumption [4] implies Assumption [3] tends to zero as n — oo. The

third term converges to Y .o mptu(s) = %u(s), and then the last inequality becomes

m
Vi (s) SUN(s) + 1 7u(s)
Finally, from Theorem [3.1| (e),
N
* * m
VE(s) = Vils) < 7o) (33)
and then N
2m
V*(s) = Un(s) < prMﬁ-

Now, if we have Assumption @, Inequality can be put in the tighter form V3 _,(s) < V3 (s),
and continuing with the proof up to Inequality (33), for all s € S, V3 (s) < Un(s). Again the
result follows combining Theorem 1] with this inequality. O

When, in particular, we require Assumption [5|instead of Assumption [4] bounds in Corol-
lary [£:2] take the following form:

Corollary 4.3. Suppose that Assumptions [1}, [2] and Assumption [5] hold, then for all s € S

2M pN
0SV*(s) ~Un(s) S T,
L—p
and therefore,
2M pN
IV* = Unlle £ 5.
—p
If in addition Assumption [6] holds,
. MpN
V"~ Unll € 72
P

4.2 Approximate Rolling Horizon Procedure

Suppose now that the players do not have exact information about the problem to be solved at
RH1 in the RH procedure, but suppose they know or are able to compute an approximation
of that value. We are interested in implementing a procedure where this last approximation is
used instead of the value function of the game with finite horizon. We want to estimate the error
introduced.

Then, for a function V, supposed to be close in some sense to V3;_;, choose

(fn(s),gn(s)) € arg max min {r(s, a,b) + 5(s, a, b)/ V(2)Q(dz|s, a, b)} .

acAs; Bs S
Specifically,

ARH1 Choose some function V' a priori near V3;_; where Vy,_; is the IV —1-stage value function.

Inria
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ARH2 At iteration ¢, and for the current state s;, solve

max min {r(st,a,b)—i—ﬁ(st,a,b)/ V(z)Q(dzsha,b)}.
S

aCAs, bEBs,

A pair of actions fn(s;), n(s;) is obtained.
ARH3 Apply a; = fn(si), by = gn(se).
ARH4 Observe the achieved state at time ¢ + 1: s441.
ARHS5 Set t:=t+ 1 and s; := 5441 and go to step 2.

We will note with Uy the total discounted reward of the pair of stationary policies fN and gn.
The next result gives answers to questions Q1 and Q2 stated in this section for the sequence of
successive rewards Uy.

Theorem 4.2. Suppose that Assumptions E' and E| hold. Given V€ M, (S) a function
such that for some N 2 1, [|Vy_ = V||, £ €, consider a pair of policies f € Ilgay and g € Tspas
such that TH9V =TV . Then,

2mpN 2
e —vh, < 220 4 2
1—p 1—-p
If in addition Assumption [6] holds,
N
mp 2pe
V-V, < .

Proof. We shall prove the first statement by bounding the two terms on the r.h.s. of the inequality

[ - (34)

In order to work with the first term, observe that, from Theorem [3.1] part (e),

V" = VIl S IV =TV I+ [TV = Vo

TVR_1 = TVI|u = pllVi—y = VI = pe, (35)
and also
IV = Vil < 5
Nilp = 1_p .

The previous inequalities gives then
* < * * * < mpN
WV =TVl = IV* =TVR il + ITVN 1 =TV = T, + pe. (36)

Now we work with the second term in the r.h.s. of (34). Observe that, from Inequalities (32)
and for all s € S,

V(s) S Vi_1(s) +enls) S Vi(s) + (e +mp™~Hu(s) < (TV)(s) + (pe +¢ + mle)#(S)(~ |
37

Then, taking into account Assumption |4} part (b), for all s € S,
(TV)(s) = (T)V(s) = r(s. .0) + (5. L.9) [ VI2)Qaz]s. 1.0

RR n° 8019
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< (s f.9)+ B(s. f.9) /S (TV)(2) + (pe + & + mpV D)u(2)]Q(dzls, f. 9)
< (s, f.9) + Bls, f.g) /S (TV)(2)Q(dzls. f.9) + (o= (1 + p) + mp™ Yu(s)
= (s, f,9)
+3(s.1.9) [ Qasls, .9) (r(z,f,g>+/3<z,f,g> / V<y>cz<dyz,f,g))
+(pe(1+ p) +mp™)u(s)
= T(Svag)
+ﬁ(87f,g)/SQ(dZ|s7f,g)r(2,f,g)
+ﬁ(8,f,g)/5(z7 f,g)/V(y)Q(dzl&fﬂ)@(dylz,f,g)+(p6(1+p)+mpN)u(S)
S S
<

r(s, £.9) + B(s. £.9) /5 Q(dzls, f.)r(z £.9)

(s, frg) /5 B(=. 1.9) /S (TV)W)Q(dzls. £, 9)Q(dyl= f. 9)
+{[PPe(1 4 p) + pe(1 + p)] + (mp™ T +mp™)} u(s).

In general, for every n =2 1 and s € S,

n—1

+ EBL9 | T] B(Se, £,9)TV(S)
t=0

n—1t—1
TV(s) < E[¢ lz 11 8(Sk: £, 9)r(Se, f,9)

t=0 k=0

F{lpe(L+p) + -+ p (L4 p)] + (mp" + - +mp" )b p(s).  (38)

In order to study the behavior of the terms in the r.h.s. of the last inequality, note that the first
term converges to V59 as n — oo, and that the second one converges to zero, since TV € M,(S),
as in the proof of Corollary Now it follows that for all s € S,

} p(s)-

mp™

TV(s) — VI9(s) < [pfflfpp) e

Similarly it can be shown that TV (s) — V/9(s) > — {%ﬁp) + %’):} wu(s) for all s € S.

Finally,

V*=VI9), = [V =TV|,+[|TV = V]9,
N N
m (1 + m
< T e p) . mp
1—p 1—p 1—p
2mpN 2
_ P 2
1—p 1—-p

which gives the desired result.

Now, if in addition Assumption [6]holds, the preceding proof can be done with the inequality
V(s) £ (TV)(s) + (pe + £)u(s) instead of Inequality (37), and the bound takes the form

mp™Y 2pe
me_ ., 2P

v —vhy|, < :
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Remark 4.2. Observe that the result for the case ¢ = 0 correspond to the N-horizon RH
approximation, and it was already proved in Corollary 4.2

Corollary 4.4. Suppose that Assumptions ' |z| and |§| hold. Given V. € M(S) a bounded
function such that for some N 20, ||V3_; — Vl|eo £ €, consider a pair of policies [ € Il and
g € Dstat such that THV =TV. Then,

2M p™V 2
IV = V9|l < 0 4 22
1—p 1—0p
If in addition Assumption [6] holds,
MpN 2
WV — Vi) < 22y P2
1—p 1-p

So far in this work we have considered the situation where, given an approximate value
function V, the maximizer plays the policy f € Il such that, for each s € S, TH9V = TV,
Suppose now that this player chooses any f € I, such that, for all s € S,

(TTV)(s) = (TV)(s) ,

where
@) = inf {r(6u 10+ 85,1 [ VioQsls s}

This situation corresponds to the worst-case scenario for player 1. The next result gives us
bounds for this second ARH framework.

Theorem 4.3. Suppose that Assumptions |z| and @ hold. Given V. € M, (S) a function
such that for some N 2 1, ||Vi_y — V||, = €, and a policy f € Tlgae such that for all s € S,
(T'V)(s) = (TV)(s). Then,

N
< 2mp n 2pe

vV —
I < T+

where g* € Dgat s an infinite-horizon equilibrium strategy for player 2.
If Assumption [6] also holds, then

2pe

N
Ve =V, < T e
-p l-p

Proof. In this case we shall bound the terms on the r.h.s. of the inequality, with TV = TV,
|V* = VIS || SV =TV, + [|TTV = VI,
Note that we already have the bound for the first term from Inequality (B6): |[V* — TV]|, <

%”Z + pe. On the other hand, as in the proof of Theorem ,

V() S Vi) +enls) S Vi(s) + (e +mp 1) o)
( V)(s) + (e + pe+mp™N 1) p(s)

(TIV)(8) + (e(L+ p) +mp" ") uls) | (39)

A NIA
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and, for every s € S,

@) = g {re 045610 [ VIS £0)]

A

r(s £.9%) + B(s, f4") /S V(2)Q(dz]s, £,g7)
(s, f.g%) + B(s, f,g%) /S[(TfV)(Z) + (e(1+ p) +mpN 1) u(2)1Q(dz|s, £, g%)

A

[IA

r(s, £.9%) + B(s. f.97) /S (TIV)(2)Q(dz]s, fg") + p (2(1+ p) +mp™ ) pls)

In general, for every n € N, and s € S,

n—1t—1

NS T BCSk: £,9%)r(Se. £, 9*

t=0 k=0
+ [(p+~~+p")6(1+p)+(p+~--+p)mpN’l]u(s),

(T/V)(s) < )| +EL HﬁSuﬁ )TIV(Sy,)

In this case the first term converges to V79" (s) as n — oo and again the second term converges
to zero.

Finally,
. L+p)  mpV
TV (s) — VI (5) < | 2L
(9= VI () = | P T )
and
N N
. mp pe(L+p)  mp
Vv*—vihe <
|| I s Pt B2 2
2mp™N 2
_ Py 2PE
1—p 1—p

Again if Assumption |§| holds, Inequality rewrites V (s) < (T7V)(s) +e(1 + p)u(s) and
N
x 2
Ve —vhay, < 22 4 LpPe
1—p 1-p

O

Corollary 4.5. Suppose that Assumptions [1}, [2] and [5] hold. Given V € M(S) a function
such that for some N 2 1, ||Vy_1 — V|| £ €, consider a policy f € Ilgat such that for all s € S,

(TTV)(s) = (TV)(s). Then,
2M pN 2

P 2
1—p 1-0p
where g* € Tsay s an equilibrium strategy for player 2.

If Assumption [6] also holds, then

V= vho, <

MpN 2
PN 2
1—p 1-—p
Remark 4.3. Theorems [4.2] and 4.5 generalize to SMIG our results for SMIDP presented in [3]

and improve results for finite state discrete-time MG described in [2, Theorems 6, 7]. The use
of finer bounds even allows us to improve their “O((1 — p)~2)” term into a “O((1 — p)~1)” one.

Ve —vie, <
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5 Concluding Remarks

Through this work we have dealt with semi-Markov games models with discounted payoff, under
different assumptions on the reward function. We have generalized known properties of the
equilibria of games for both the finite-horizon and the infinite horizon case.

In addition, we have studied the performance of the rolling horizon procedure and of an ap-
proximate rolling horizon procedure. We have proved the convergence of the values related to the
rolling horizon procedure to the optimal reward function. We obtain simple pointwise conver-
gence if Assumption [3]is verified and pointwise geometrical convergence when Assumption
holds. As a particular case, we have obtained uniform geometrical convergence for the case of
uniformly bounded rewards functions, i.e. under Assumption [5]

Finally we have discussed an approximate rolling horizon procedure, based on the possibility of
the controller of not to having perfect prediction of the future needed to take the best immediate
action, but approximations of it. Here we have completed the analysis studying the case when
the maximizer deals with the possibility of a worst-case scenario.
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A Appendix

Lemma A.1. Consider two functions f,g: X xY — R such that, for allz € X and y € Y,

f(z,y) < g(x,y). Then

sup inf f(z,y) < sup mf g(z,y) .
zeX YEY zEX YE

Proof. Consider the functions F(z) = inf ey f(z,y) and G(x) = inf ey g(z,y). For any z € X
fixed, and for all y € Y, F(z) £ f(z,y) < g(z,y), and then F(z) < inf ey g(z,y) = G(z).
Consequently, sup, ¢ x F(x) < sup,cx G(x), which is the stated inequality. O

Lemma A.2. Consider two functions f,g: X xY — R. Then:

inf sup f(z,y) — inf supg<x,y>\ < sup sup |£(z,9) - 9(,9)]
YEY geXx yeY gex rzeX yeyY

and

sup inf f(z,y) — sup inf g(z, y)‘ < supsup |f(z,y) — g(z,y)| .
zeX YEY r€EX YE zeX yey

Proof. Without losing generality, let us suppose infycy sup,cx f(z,y) —infyey sup,ex 9(z,y) 2
0. If it is not the case, interchange f with g.

Given € > 0, take y* € Y such that

sup g(x,y*) —e < inf sup g(z,y) .
zeX yeY zeXx

Then

inf sup f(z,y) — mf sup g(x,y) < sup f(z,y") — sup g(x,y") +¢
YEY peXx z€X rzeX

Now, taking «* € X such that

sup f(z,y") < f(=",y") +e,
rxeX

sup f(z,y") —sup g(z,y") +¢ = f(2",y") —g(z™, y") + 2¢,
rzeX zeX

which implies

inf sup f(z,y) — inf sup g(x,y)| < supsup|f(z,y) —g(x,y)| + 2¢ .
YeY gex YEY geXx zeX yeY
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Since € is any arbitrary positive number, the first inequality is proved.
The second inequality follows in the same manner, taking, for € > 0, z* € X such that

sup inf f(z,y) < mf flz*,y) +e
zEX YEY

and y* € Y such that
) —e < inf g(at,y) .
g(z*,y*) —e = yuelyg(x Y)
Indeed, if sup,¢ y infyey f(z,y) — supyecx infyey g(z,y) 2 0,

f — f < inf — inf g(z*
j‘;;;;g f(z,y) Sup m fo(z,y) = ylgyf( Y) ylgyg(w .Y)

é f((E 7y*)_9($*73/*)+25a
and

sup inf f(a,y) — sup inf g(z,y)| < sup sup|f(z,y) —g(z,y)[ + 2 .
zeX YeY r€X Y€ zeX yey
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