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Abstract. In this article, elastic wave propagation in a homogeneous isotropic elastic medium with
rigid boundary is considered. A method based on the decoupling of pressure and shear waves via the
use of scalar potentials, is proposed. This method is adapted to a finite elements discretization, which is
discussed. A stable, energy preserving numerical scheme is presented, as well as 2D numerical results.

1 Introduction

Decomposing the displacement into potentials is a well-known tool in elastodynamics, and it expresses
the decoupling of the pressure wave and the shear wave inside a homogeneous isotropic media. Although
this tool is classically used when searching for analytic solutions [1], it does not seem to have been exploited
for numerical computation using finite elements for instance. However, this is a priori attractive since,
contrary to a displacement field approach for instance [5], it allows to decouple the approximation of P
and S waves and to adapt the discretization process (mesh size, order of elements) to the dynamics of each
type of wave, which is a priori particularly interesting when S-waves propagate much more slowly than P-
waves (soft materials such as rubber). The main difficulty is to cope with the coupling of the different types
of waves (the so-called conversion of modes) which occurs, due to wave reflections and transmissions,
at interfaces between homogeneous media or at physical boundaries. The simplest situation where this
phenomenon appears is the propagation of elastic waves in a homogeneous domain with clamped boundary.
This is the model problem that we address in this paper.

2 Potentials Formulation of the Elastodynamics Problem

In what follows, we consider a two-dimensional space, and we will use the following notations for
differential operators: (x = (x1, x2) will denote the space variable, u = (u1, u2) a vector field and u a
scalar function) ∇u =

(
∂x1u
∂x2u

)
,

−−→
curl u =

(
∂x2u
−∂x1

u

)
,

curl u = ∂x1
u2 − ∂x2

u1, div u = ∂x1
u1 + ∂x2

u2 ,

and we recall:

−∆u = −div (∇u) = curl (
−−→
curl u), div (

−−→
curl u) = 0, curl (∇u) = 0 . (1)

In the particular case of an isotropic homogeneous elastic media into a domain Ω ⊂ R2, the linear elasto-
dynamics equations that characterize the variations of the displacement field u(x, t) are [1]:

ρ
∂2u

∂t2
− (λ+ 2µ)∇( div u) + µ

−−→
curl ( curl u) = 0, x ∈ Ω, t > 0 , (2)
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where ρ > 0 is the (constant) material density, λ > 0 and µ > 0 its Lamé coefficients (also constant). In
the following, we want to solve the elastodynamics equations (2) in a domain Ω ⊂ R2 with rigid boundary
Γ = ∂Ω and we complete (2) with homogeneous Dirichlet boundary conditions:

u = 0, on Γ, t > 0 . (3)

To define a well-posed problem, one must provide initial conditions to (2) and (3):

u(x, 0) = u0(x), ∂tu(x, 0) = u1(x), x ∈ Ω . (4)

In the following, we introduce the decomposition of the displacement field with the help of potentials.
Although this is classical, we recall this notion for completeness and for fixing notations. From (2), we
easily see, using (1), that the divergence and the (scalar) curl of the vector field, respectively d = div u and
r = curl u verify a scalar wave equation, respectively:

ρ
∂2d

∂t2
− (λ+ 2µ)∆d = 0, ρ

∂2r

∂t2
− µ∆r = 0 ,

where the speeds associated with these equations are the P-wave (pressure wave) speed VP and S-wave
(shear wave) speed VS , namely:

V 2
P =

λ+ 2µ

ρ
, V 2

S =
µ

ρ
.

This observation suggests to seek the displacement field in terms of a decomposition into potentials using
the Hodge-Helmoltz decomposition (see [6] for more details):

u = ∇ϕP +
−−→
curl ϕS , (5)

where the P and S wave potentials ϕP and ϕS verify a scalar wave equation:

ρ
∂2ϕP
∂t2

− (λ+ 2µ)∆ϕP = 0, ρ
∂2ϕS
∂t2

− µ∆ϕS = 0, x ∈ Ω, t > 0 . (6)

Indeed, using again (1), it is easy to verify that if ϕP and ϕS are solutions of (6), then the vector field u
given by (5) is solution of (2). We have:

ρ
∂2u

∂t2
= ∇

(
ρ
∂2ϕP
∂t2

)
+
−−→
curl

(
ρ
∂2ϕS
∂t2

)
.

Using (6) and (1), we get:

ρ
∂2u

∂t2
= (λ+ 2µ)∇

(
div(∇ϕP )

)
+ µ
−−→
curl

(
curl (

−−→
curl ϕS)

)
.

This equality is not modified if we write, thanks to (1) once again:

ρ
∂2u

∂t2
= (λ+ 2µ)∇

(
div(∇ϕP +

−−→
curl ϕS)

)
+ µ
−−→
curl

(
curl (∇ϕP +

−−→
curl ϕS)

)
,

and we obtain (2) by using (5) again. Therefore, we can see that the equations that characterize the P and S
waves, that is to say ϕP and ϕS , are totally decoupled inΩ, but coupled on the border through the boundary
conditions, in our case for a rigid boundary:

∇ϕP +
−−→
curl ϕS = 0, on Γ . (7)

We will use this last equation in a more natural way in what follows, by projecting it on normal and tangent
vectors. To achieve this, we introduce along Γ the unit outgoing vector normal to Γ , n = (n1, n2) and a
curvilinear abscissa τ ∈ R, oriented such as any smooth enough scalar function ϕ defined on Ω satisfies:

∂φ

∂τ
= ∇φ× n, on Γ ,



where, for all (x, y) ∈ R2 × R2, we denote: x× y := x1y2 − x2y1 . If we use the notation:

∂φ

∂n
:= ∇φ · n, on Γ (x · y := x1y1 + x2y2) ,

we easily check that:

−−→
curl ϕ · n = −∂ϕ

∂τ
, and

−−→
curl ϕ× n =

∂ϕ

∂n
, on Γ . (8)

Therefore, (7) is equivalent to the scalar equations:

∂ϕP
∂n
− ∂ϕS

∂τ
= 0, and

∂ϕS
∂n

+
∂ϕP
∂τ

= 0, on Γ . (9)

The potentials problem will be to find two scalar functions:

ϕP (x, t) : Ω × R+ −→ R, ϕS(x, t) : Ω × R+ −→ R (10)

satisfying the ‘inside’ equation (6), the boundary conditions (9) and the initial conditions (11):ϕP (x, 0) = ϕp,0(x), ϕS(x, 0) = ϕS,0(x), x ∈ Ω ,

∂tϕP (0, x) = ϕp,1(x), ∂tϕS(0, x) = ϕS,1(x), x ∈ Ω .
(11)

We established, at least formally, the link between this problem and the initial problem (2, 3, 4). We write
it as a ‘theorem’ which we choose to state without mathematical framework, for simplicity :

Proposition 1. If ϕP and ϕS are solutions of (6, 9, 11), then the vector field u (the displacement field)
defined by (5) is solution of (2, 3, 4) with the following initial conditions:

u0 = ∇ϕP,0 +
−−→
curl ϕS,0, u1 = ∇ϕP,1 +

−−→
curl ϕS,1. (12)

Remark 1. Proposition above has naturally a reciprocal: if we decouple the initial data (u0,u1) into poten-
tials such as (12), then we can decompose the solution u of (2, 3, 4) into potentials such as (5), where ϕP
and ϕS are solutions of (6, 9, 11).

3 Variational and Energetic Approach of the Potentials Problem

3.1 Energy Conservation

The formal equivalence between (2, 3, 4) and the potentials problem (6, 9, 11) ‘shows’ that this last one
is well-posed. Nonetheless, it is useful to have a direct proof of the well-posedness to solve it numerically.
Such a proof will be a consequence of an energy equality result, as expected. However, there is a small
trick, as we will see, insofar as the conservative energy is not the sum (nor any convex combination) of the
energies naturally associated with the two wave equations (6), that is to say:

E 6= 1

2

∫
Ω

(
ρ
∣∣∂ϕP
∂t

∣∣2 + (λ+ 2µ) |∇ϕP
∣∣2)+ 1

2

∫
Ω

(
ρ
∣∣∂ϕS
∂t

∣∣2 + µ |∇ϕS
∣∣2) ,

which would be a conservative energy if, for instance, each potential was vanishing on the boundary (and in
that case, the two potentials would be totally decoupled). In fact, as we can expect, the right energy which
we obtain from such a combination will differ only from a boundary term. In order to see that, we will start
from the energy identity obtained from the equations (6) after dividing them by λ+ 2µ and µ respectively,
multiplying by ∂tϕP and ∂tϕS respectively, and integrating the result over Ω. We obtain:

d

dt

[ 1

2

∫
Ω

( 1

V 2
P

∣∣∂ϕP
∂t

∣∣2 + |∇ϕP ∣∣2) ] = ∫
Γ

∂ϕP
∂n

∂ϕP
∂t

,

d

dt

[ 1

2

∫
Ω

( 1

V 2
S

∣∣∂ϕS
∂t

∣∣2 + |∇ϕS∣∣2) ] = ∫
Γ

∂ϕS
∂n

∂ϕS
∂t

.



Then, we use the boundary conditions (9), replacing the normal derivatives with tangential derivatives, as
they appear in (9). We sum these two equalities to obtain:

1

2

d

dt

[ ∫
Ω

( 1

V 2
P

∣∣∂ϕP
∂t

∣∣2 + |∇ϕP ∣∣2 + 1

V 2
S

∣∣∂ϕS
∂t

∣∣2 + |∇ϕS∣∣2) ] = ∫
Γ

(∂ϕS
∂τ

∂ϕP
∂t
− ∂ϕP

∂τ

∂ϕS
∂t

)
.

(13)
Here, it is useful to introduce some notations. We will consider:

Φ := (ϕP , ϕS) ∈ H1(Ω)2, Ψ := (ψP , ψS) ∈ H1(Ω)2 , (14)

and introduce the bilinear form:

b(Φ, Ψ) :=

∫
Γ

(∂ϕS
∂τ

ψP −
∂ϕP
∂τ

ψS

)
, ∀ (Φ, Ψ) ∈ H1(Ω)2 ×H1(Ω)2 , (15)

so that the second side of (13) is:

b
(
Φ(t),

dΦ

dt
(t)
)
.

We observe that, with some integrations by parts along the border (details are left to the reader), the bilinear
form b(Φ, Ψ) is symmetric, and that leads to:

b
(
Φ(t),

dΦ

dt
(t)
)
=

d

dt

[ 1

2
b
(
Φ(t), Φ(t)

)]
,

so that (13) can be rewritten:
d

dt
E(t) = 0 , (16)

where the function E(t)–which is an energy as we will see later, cf. lemma 1–is given by:

E(t) :=
1

2

[∫
Ω

( 1

V 2
P

∣∣∂ϕP
∂t

∣∣2 + |∇ϕP ∣∣2)+ ∫
Ω

( 1

V 2
S

∣∣∂ϕS
∂t

∣∣2 + |∇ϕS∣∣2)− ∫
Γ

(∂ϕS
∂τ

ϕP −
∂ϕP
∂τ

ϕS

)]
.

To ensure that E(t) is an ‘energy’, particularly a positive function, we can rely on the following lemma:

Lemma 1. We have, for all (ϕP , ϕS) in H1(Ω)2,∫
Ω

(
|∇ϕP

∣∣2 + |∇ϕS∣∣2)− ∫
Γ

(∂ϕS
∂τ

ϕP −
∂ϕP
∂τ

ϕS

)
=

∫
Ω

|∇ϕP +
−−→
curl ϕS

∣∣2 . (17)

Proof. We restrict ourselves to smooth enough ϕP and ϕS , and we conclude by density and continuity. We
first develop the right term of (17) to obtain:∫

Ω

|∇ϕP +
−−→
curl ϕS

∣∣2 =

∫
Ω

(
|∇ϕP

∣∣2 + |∇ϕS∣∣2)+ 2

∫
Ω

∇ϕP ·
−−→
curl ϕS ,

where we used |∇ϕS | = |
−−→
curl ϕS |. Then, we use the Green’s formula:∫

Ω

∇ϕP ·
−−→
curl ϕS = −

∫
Ω

ϕP div (
−−→
curl ϕS) +

∫
Γ

−−→
curl ϕS · n ϕP ,

thus, using (1) and (8),

2

∫
Ω

∇ϕP ·
−−→
curl ϕS = −2

∫
Γ

∂ϕS
∂τ

ϕP = −
∫
Γ

(∂ϕS
∂τ

ϕP −
∂ϕP
∂τ

ϕS

)
.

We obtain the second inequality by integrating by parts along the boundary Γ , and this proof is achieved.

A corollary of this lemma is that the function E(t) is a positive energy, and another expression of E is:

E(t) =
1

2

∫
Ω

( 1

V 2
P

∣∣∂ϕP
∂t

∣∣2 + 1

V 2
S

∣∣∂ϕS
∂t

∣∣2)+ 1

2

∫
Ω

|∇ϕP +
−−→
curl ϕS

∣∣2 . (18)



3.2 Variational Formulation of the Problem

In this section, we consider the Hilbert spaces:

V := VP × VS , VP = H1(Ω)2, VP = H1(Ω)2 , (19)

and the bilinear forms:

m(Φ, Ψ) := mP (ϕP , ψP ) +mS(ϕS , ψS), a(Φ, Ψ) := aP (ϕP , ψP ) + aS(ϕS , ψS) , (20)

where we denoted:

mQ(ϕQ, ψQ) :=
1

V 2
Q

∫
Ω

ϕQ ψQ, aQ(ϕQ, ψQ) :=

∫
Ω

∇ϕQ · ∇ψQ, Q ∈ {P, S} . (21)

Then, it is a simple exercise to see that the weak space formulation of (6, 9, 11) can be written as:
Find Φ : R+ → V satisfying (11) such that:

d2

dt2
m
(
Φ(t), Ψ

)
+ a
(
Φ(t), Ψ

)
− b
(
Φ(t), Ψ

)
= 0, ∀Ψ ∈ V .

(22)

In what follows, we consider an abstract problem of the framework (22). We can denote that:

– Theoretically, the important properties will be:
The bilinear forms m(·, ·), a(·, ·) and b(·, ·) are continuous and symmetric on V,

The bilinear form m(·, ·), is positive definite,

The bilinear form a(·, ·)− b(·, ·) is positive.

(23)

In our case, these properties are satisfied with (19), (20), (21) and (15), thanks to lemma 1.

– From a practical point of view it is important that V = VP × Vs and that we have a decomposition
of m(·, ·) and a(·, ·) as (20), which means that the unknowns ϕP and ϕS are just linked by b(·, ·).
Regarding the present application, the fact that b(·, ·) is an integral on the boundary (15) will have
practical consequences: the numerical treatment of the coupling will be less expensive.

4 An Energy preserving Discretization Scheme

4.1 Construction and stability analysis

We first discretize in space by a Galerkin method, introducing a family of finite dimension subspaces
Vh of V , where h is an (abstract) approximation parameter. One can write the semi-discrete problem as
follows (in order to simplify, we pass over the handling of the initial data):

Find Φh : R+ → Vh such that:

d2

dt2
m
(
Φh(t), Ψh

)
+ a
(
Φh(t), Ψh

)
− b
(
Φh(t), Ψh

)
= 0, ∀Ψh ∈ V ,

(24)

which modulo some abusive but obvious notation that we omit to precise, is equivalent to a finite dimension
differential system:

Mh
d2Φh
dt2

+AhΦh −BhΦh = 0, (25)

where, using (23), Mh,Ah and Bh are symmetric matrices, Mh is positive definite and Ah − Bh is
positive. Then we discretize in time with a leap-frog scheme, and we allow ourselves to treat differently



(we will explain why later) the terms a
(
Φh(t), Ψh

)
, treated explicitely and b

(
Φh(t), Ψh

)
, treated implicitely

with a θ-scheme. The numerical scheme can be written (θ ∈ ]0, 1[) in its variational form:
Find Φnh ∈ Vh, (n = 0, 1, 2, · · · ) such that, for all Ψh in V :

m
(Φn+1

h − 2Φnh + Φn−1h

∆t2
, Ψh
)
+ a
(
Φnh, Ψh

)
− b

(
θ Φn+1

h + (1− 2θ)Φnh + θ Φn−1h , Ψh
)
= 0,

(26)

or in its algebrical form:

Mh
Φn+1
h − 2Φnh + Φn−1h

∆t2
+AhΦ

n
h −Bh

(
θ Φn+1

h + (1− 2θ)Φnh + θ Φn−1h

)
= 0 . (27)

The interest of this framework of schemes is that if θ ≥ 1/4, its stability condition is independent of the
bilinear form b(·, ·). We prove it in the following:

Theorem 1. When θ ≥ 1/4, the scheme (26) is stable as long as:

θ∆t2‖Ah‖ ≤ 1, where ‖Ah‖ := sup
Ψh∈Vh\{0}

a
(
Ψh, Ψh

)
m
(
Ψh, Ψh

) . (28)

Proof. We use an energy method. We first point out that:

θ Φn+1
h + (1− 2θ)Φnh + θ Φn−1h = Φnh + θ∆t2

Φn+1
h − 2Φnh + Φn−1h

∆t2
,

to rewrite (26) as:

m∗∆t
(Φn+1

h − 2Φnh + Φn−1h

∆t2
, Ψh
)
+ a∗

(
θ Φn+1

h + (1− 2θ)Φnh + θ Φn−1h , Ψh
)
= 0 , (29)

where we denote:

m∗∆t(Φ, Ψ) := m(Φ, Ψ)− θ∆t2 a(Φ, Ψ), a∗(Φ, Ψ) := a(Φ, Ψ)− b(Φ, Ψ) . (30)

Then, we can see that:

θ Φn+1
h + (1− 2θ)Φnh + θ Φn−1h =

Φn+1
h + 2Φnh + Φn−1h

4
+
(
θ − 1

4

)
∆t2

Φn+1
h − 2Φnh + Φn−1h

∆t2

to rewrite (26) as:

m∗∆t
( Φn+1

h − 2Φnh + Φn−1h

∆t2
, Ψh
)
+
(
θ − 1

4

)
∆t2 a∗

( Φn+1
h − 2Φnh + Φn−1h

∆t2
, Ψh
)

+ a∗
( Φn+1

h + 2Φnh + Φn−1h

4
, Ψh
)
= 0 .

If we choose Ψh =
Φn+1
h − Φn−1h

2∆t
, we obtain a result of energy conservation:

1

∆t

(
E
n+ 1

2

h − En−
1
2

h ) = 0,

where we denote:∣∣∣∣∣∣∣∣∣∣
E
n+ 1

2

h :=
1

2
m∗∆t

(Φn+1
h − Φnh
∆t

,
Φn+1
h − Φnh
∆t

)
+

1

2

(
θ − 1

4

)
∆t2 a∗

(Φn+1
h − Φnh
∆t

,
Φn+1
h − Φnh
∆t

)
+

1

∆t
a∗
(Φn+1

h + Φnh
2

,
Φn+1
h + Φnh

2

)
Classically, the stability of the scheme is a consequence of the positivity of this energy. To conclude, one
need to keep in mind that, by hypothesis, the bilinear form a∗(·, ·) is positive and (28) is nothing but the
time step condition on ∆t needed for the positivity of m∗∆t(·, ·) [4].

�



Remark 2. The stability condition (28) taken strictly implies the inversibility of the matrixMh−θ∆t2Bh,
the matrix we have to inverse on each time step of the algorithm.

Remark 3. We notice that considering (28), we obtain the classical stability condition by taking θ = 1/4,
it is the condition that we obtain by solving the two equations independently. In the following, we always
take θ = 1/4.

4.2 Computational aspects

We use high-order Lagrangian finite elements on quadrilateral grids (also called spectral elements as
in [2]) with a priori different meshes and orders for each potential adapted to each wave speed (a similar
idea has also been developed in a nearby context in [3] for fluid-structure interaction). We also use a mass
lumping technique [2] in order to have a mass matrix Mh seen in equation (25) diagonal. As a consequence,
the computation is purely explicit, except for the degrees of freedom located on the boundary, which are
coupled through the matrix Bh. Moreover, Bh has the structure of a 1D finite element matrix so that the
additional cost due to the computation of the boundary unknowns is marginal.

5 Numerical Results

In our experiments, the domain of computation is a 2D annulus. We have chosen a S-wave ‘point source’
term (a localized in space right hand side in equation (6), that varies in time as a Ricker pulse). Speaking
of the meshes, we took the same quadrangular meshes for the P-wave and the S-wave, but different orders:
3 for the P-wave and 6 for the S-wave, taking into account the shorter wavelength for S waves: VP is taken
about 3 times bigger than VS .

In figure (1), we displayed snapshots of numerical solutions (to be seen column per column) corresponding,
from top to bottom, to instants 1.6, 2, 2.4, 2.8, and 5. The first three columns correspond to calculations
made with our new method. On the first two columns, we represent the modulus of the displacement
for the P and S waves respectively, that is to say ∇ϕP and

−−→
curl ϕS , whereas we represent in the third

column, the modulus of the total displacement field ∇ϕP +
−−→
curl ϕS . In the last column, we represent

the same quantity for anther numerical solution computed with a finite element approach for the classical
displacement formulation. We observe a very good agreement between the results in columns 3 and 4.

6 Conclusion

In this paper, we have proposed a quite satisfactory solution, from both theoretical and practical points
of view, for the model problem of section 1. However, this remains insufficient with respect to applica-
tions. For this type of method to be convincing, we should be able to treat transmission problems and free
boundary conditions. We expect that if we get a good solution for the free boundary condition, then we
shall de able to deal with transmission conditions. Unfortunately, this problem appears to be much more
challenging than the one treated in this paper: the first attempts that we have done so far, although they
seem to work for the time harmonic problem, meet severe instability problems with the time dependent
case. Solving this major difficulty appears to be the bottleneck for future developments in the direction of
this paper.
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Fig. 1. Propagation of an S-wave in a disk. From left to right: modulus of the P-wave, the S-wave, the sum of the two
waves and u solution of the elastodynamic equation.


