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SOME REGULARITY RESULTS FOR A CLASS
OF UPPER SEMICONTINUOUS FUNCTIONS

ANTONIO MARIGONDA, KHAI T. NGUYEN, AND DAVIDE VITTONE

ABSTRACT. We study regularity properties enjoyed by a class of real-valued upper semicon-
tinuous functions f : R — R whose hypograph satisfies a geometric property implying, for
each point P on the boundary of hypo f, the existence of a sort of (uniform) subquadratic
tangent hypersurface whose intersection with hypo f in a neighbourhood of P reduces to P.
This geometric property generalizes both the concepts of semiconcave functions and functions
whose hypograph has positive reach in the sense of Federer; the associated class of functions
arises in the study of regularity properties for the minimum time function of certain classes of
nonlinear control systems and differential inclusions.

We will prove that these functions share several regularity properties with semiconcave func-
tions. In particular, they are locally BV and differentiable a.e. Our approach consists in
providing upper bounds for the dimension of the set of nondifferentiability points. Moreover,
a finer classification of the singularities can be performed according to the dimension of the
normal cone to the hypograph, thus generalizing a similar result proved by Federer for sets with
positive reach. Techniques of nonsmooth analysis and geometric measure theory are used.

1. INTRODUCTION

We study a class of upper semicontinuous functions f : R? — R whose hypograph hypo f
(see Definition 2.3) satisfies a geometric regularity property, namely: there exist ¢ > 0, 6 €]0, 1]
such that for each P on the boundary of hypo f there exists a unitary Fréchet (outer) normal
v € Nt (P) NS to hypo f with
(1) (0,P Q) < c|P—QI"*"  for every Q € hypo f.

Geometrically speaking, this inequality expresses the fact that, in a neighborhood of each point
P on the boundary of hypo f, there exists a “subquadratic” smooth hypersurface I'( P) whose
intersection with hypo f reduces to P. One could also say that I'(P) is supertangent to hypo f
in a generalized sense.
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When 6 = 1 condition (1) reads as

(2) H(P—%) —QH > % for every @ € hypo f,

which means that the open sphere of center P — % and radius =

5 5. lies outside hypo f and
touches the boundary of hypof at P. This property is also called exterior sphere condition
and was studied by several authors, mainly in connection with regularity problems arising in
the control theory. In particular, in Proposition 3.2 of [9] it is proved that if a closed set
K C R satisfies an interior sphere condition (i.e., the closure of its complement satisfies an
exterior sphere condition), then the distance function dist(-, K') satisfies in R4*+! \ K a regularity
property called semiconcavity with a linear modulus, which can be regarded as a smooth C?
perturbation of concavity. We refer the reader to the monograph [10] for a detailed description
of the properties of semiconcave functions and their applications to the regularity theory for
the value function of optimal control problems.

If we strenghten the exterior sphere condition by requiring (2) to hold for every v € N}f;po +H(P)N
S?¢ (while in its formulation this is required just for at least one normal) we are in the class
of functions whose hypograph has positive reach in the sense of Federer. In finite dimension,
sets of positive reach were introduced by Federer in [24] as a generalization of convex sets and
sets with C?-boundary. They enjoy several strong geometrical characterization, the following

statements being indeed equivalent:

i. K C R%! is a closed set with positive reach:;

ii. property (2) holds for every v € N, ;(P)N S
iii. there exists a neighborhood U of K such that dist(-, K) is of class C*1(U);
iv. there exists a neighborhood U of K such that the metric projection onto K is single-

valued.

If we are also allowed to take C' = 0 in condition (1), then the set is convex and U = R+,
Several authors studied sets with positive reach in both finite and infinite dimension; we refer
to [21] for a comprehensive summary of the results on this topic.

Upper semicontinuous functions whose hypograph has positive reach share several regularity
properties with concave functions: it was proved in [15] that around a.e. points of their domain
they are actually Lipschitz continuous, semiconcave with linear modulus and twice differentiable
a.e. In [17], [19] and [20] some regularity results were proved for the minimum time function of
control problems; under suitable weak controllability assumptions, the latter is proved to have
epigraph or hypograph with locally positive reach, thus generalizing the results of [9] and [10].

The link between the exterior sphere condition and the positive reach property was recently
investigated in a series of paper [32-36] where several properties and sufficient conditions grant-
ing positive reach properties are proven starting from the weaker exterior sphere condition. One
of the main results in this sense is that if a set satisfies an exterior sphere condition and it is
wedged (i.e., the normal cone does not contain lines) then it has positive reach. From a differ-
ent viewpoint, it was shown in [30,31] that the notions of exterior sphere and positive reach
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are almost equivalent in the sense of measure: namely, up to a closed exceptional set of zero
measure, every set satisfying a uniform exterior sphere condition has positive reach.

However, it is easy to give examples where the hypograph of the minimum time function
does not satisfy an exterior sphere property, so that the results of [19,30] can not be applied.
Let us consider the constant control system

#(t) = 0,
(3) y(t) = u(t) € [0, 1],
((0

),4(0)) = (20, %0) € R?,
together with the target 7 = {(z,0) | B > f(z)}, where

1 if x <0,

Jlw) = {—xi if x> 0.

FIGURE 1. The system & = 0, y € [0, 1] and the target 7.

The minimum time to reach the target 7 subject to the above control system is denoted by T
It can be proved (see the Appendix) that hypo T’ does not satisfy an exterior sphere condition,
but still enjoys the weaker uniformity regularity property (1) with 6 = 1/2.

The previous considerations motivate us to study the class .7 (€2) of real functions defined on
Q) C R? satisfying condition (1) in order to provide a new regularity class which, hopefully, will
cover the regularity properties for the minimum time function of certain classes of nonlinear
control systems and differential inclusions [11] that does not satisfy an exterior sphere condition.

We state our first general result for closed set K C R*! concerning the structure and
dimension of the set KU) of points on K where the Fréchet normal cone to 9K has dimension
larger than or equal to j. This result generalizes a similar result proved by Federer for sets with
positive reach. Indeed, it shows that K@) can be covered by countably many Lipschitz graphs
of d — 7 + 1 variables.
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Theorem 1.1. Let K € R be closed; then K is countably 47+ rectifiable. In particu-
lar, also K are countably %=+ rectifiable.

The sets K. j(g ) are here defined in the same way of KU) by taking the normal cone to, respectively,

K and Ré+1\ K; see Definition 4.1. Concerning the differentiability properties of functions, we
denote by .7 the set of non-differentiability points of f and prove the following result:

Theorem 1.2. Let Q be a nonempty open subset of R and let f € BViee(Q2) be an upper
semicontinuous function; set K := hypo f. Assume that for s#%-a.e. (x,(,) € 0K N (Q x R)
it holds NE(x, 3,) # {0}. Then L) = 0.

The previous result is applied to show that functions in the class .#(Q2) will share several
properties with semiconcave functions with a nonlinear modulus like having (locally) bounded
variation and being differentiable a.e. Moreover, for function in .Z () finer BV estimates can
be performed around singular points; such estimates give sharp upper bounds, related to the
exponent ¢ appearing in (1), on the dimension of .%;.

Theorem 1.3. Let Q C RY be nonempty and open and let f € F (). Then for any open set
U CC Q we have ,
AT (SN U) < oo

0
1+6°

In particular, dim, % < d —

There is still an open problem, arising in the study of the minimum time function, to provide
suitable sufficient conditions yielding SBV regularity; indeed, as showed in [18], in general this
property does not hold even in the positive reach case.

The paper is organized as follows. In Section 2 we fix the notation and state definitions and
preliminary known results of nonsmooth analysis and geometric measure theory that will be
used later. In Section 3 we introduce the main objects of our investigations and discuss their
simplest properties. Section 4 and 5 are devoted to the proofs and consequences of, respectively,
Theorems 1.1 and 1.2. In Section 6 we give sufficient conditions on functions ensuring the local
semiconcavity property out of the singular set and perform a comparison between the Frechét
and measure theoretic normals to sets. In Section 7 we prove Theorem 1.3. Finally, in the
Appendix we discuss an example arising in the minimum time problem.

2. PRELIMINARIES AND NOTATION

We begin by recalling some basic notation.
Definition 2.1. Let K be a closed subset of R, S C RY z = (11,...,24) € K, y =
(Y1, -, ya) € R r > 0. We denote by
. {-,-), the usual scalar product in R%
. 0S, int(S), S, the topological boundary, interior and closure of S, respectively;
. diam(S) := sup{||z1 — 22| : 21,22 € S}, the diameter of S
. P(S):={B CR?: BC S}, the power set of S;
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B := {w € RY: ||w| < 1}, the unit open ball (centered at the origin);

.Sl i={w e RY: ||w|| = 1} = 0B?, the unit sphere (centered at the origin);

. B(y, ) ={zeR?: |z —y| <7} =y + B the open ball of center y and radius 7;

< Sq(y,r) = { 21y, 24) € R?: max lyi — 2zi| < r} the open square of center y and side
T

«di(y) :=dist(y, K) = min{||z — y|| : 2z € K}, the distance of y from K;
Tr(y) i ={z€ K : ||z —y| = dk(y)}, the set of projections of y onto K.
If mi(y) = {£}, i.e. it is a singleton, we will identify the set mx(y) with its unique element
and write 7 (y) = &.

The characteristic function xs : R? — {0,1} of S is defined as ys(z) = 1 if z € S and
xs(x)=0ifx ¢ S.

If S1, S, C RY, their symmetric difference is defined as S;ASy = (S; U Ss) \ (S1 N Ssy).
If V,IWW C R? are two subset of R? we will write V cC W if V is bounded and V C .

The Fréchet normal cone and the Bouligand tangent cone to K at x are defined respectively
by

Ng(z) = {U € R%: limsup <v,u> < 0};
yor ly — ||
yeK\{z}
TK( ) = {/\geRd )\>O H{yn}ngK\{l’} yn_>l'St f— lim —Hy _:EH}
n—=oo ||Yp — T

Notice that N (z) is always closed and convex. We have
Ni(z) = (TE(2)) == {v € R (v,w) <0 for all w € TE ()}
Definition 2.2. Let V, W C R%*! be nonempty. The vector space generated by V is
Span(V) := {Zajvj: neN, aq; € R, v; EV,jzl,...,n}.
j=1
The set W is called convex if for every wy,ws € W, A € [0, 1], we have Aw; + (1 — Nwy € W.

We denote by dim W the dimension of the linear space Span(W — W) spanned by the elements
of W =W :={w; — wy : wy,wy € W}, and notice that Span(W — W) = Span(W) if 0 € W.
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Definition 2.3. Let Q C R? and f : Q — RU{Zo00} be a function. For z € Q fixed we denote

by
Fl@):=limsup f(y),  f(x) :=limsup f(y) = max{f(z), ()}
Y y—x
J() =liminf f(y), f(2):=liminf f(y) = min{f(z), f(2)}
y#T

dom(f) :={z€ Q: f(2) € R}, the domain of f;
hypo f :={(2,0) € Q xR : 3 < f(2)}, the hypograph of f;
epi f:={(z,0) € A xR :a > f(2)}, the epigraph of f;

0" f(x) = {v €R": (~v,1) € Nygpo s(x, f(2))};
Opf(x) == {veR": (v,-1) € Nj ¢, f(2))}.

We say that f is upper (respectively, lower) semicontinuousif f(z) > f(z) (vesp., if f(z) < f(z))
for any = € Q. Equivalently, if hypo f (resp., epi f) is relatively closed in 2 x R. For u.s.c.
functions it holds

f@)=f(@) < flx) < f(z) = f(z) VzeQ

while for l.s.c. functions one has

f@)=f(2) < f(z) < flz) = fz) Vze

The sets OF f(z) and Opf(x) are called respectively the Fréchet superdifferential and the
Fréchet subdifferential of f at x. We recall that

Orf(r) = {U e R?: liminf fy) = f(z) = v,y — 2) > 0} ;

y—r ly — |

8Ff(l'): {UGRd: limsup f(y)—f(fﬂ)—(i),y—l'> SO}

y—e ly — =]

are respectively the set of Fréchet subgradients and supergradients of f at x. If O f(z) contains
more than one element, we have that 8% f(z) = 0 and conversely if ¥ f(z) contains more than
one element, we have that dr f(z) = 0. Tt may happen that Orf(x) = 8% f(z) = 0. We have
that f is differentiable at x, with differential denoted by Vf(z), if and only if drf(x) and
OF f(z) are both nonempty; in this case O f(z) = 9% f(x) = {V f(x)}.

For the sake of completeness we state and prove the following simple results, which we will
use several times throughout the paper.

Lemma 2.4. Let Q be a nonempty open subset of R and f : Q — R be a function. Set
K :=hypo f. Then

(i) if (x,8) € K and v € NE(x, 3), then vy > 0; N

(ii) for all x € Q we have (z,0) € 0K < f(z) < B < f(x);

(iil) if f(x) < B < f(z) we have Nie(x,3) CR? x {0};
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(iv) if f(z) < B < f(x) we have NE(z,8) C R4 x {0};

() if () < B < By < F(), then NE(z, Br) € NE(z, Bo).
Proof. Let us begin with statement (i). Let {(zx, Ok)}reny € K be a sequence converging to
(x,B3) € OK. Since

= min{0, B} — [lax — 2|2 < B < f(a)
we have also (zg,7,) € K for any k. Moreover, one has (zx, vx) — (x, ) and
lzi — 2| = o([lzx — 2['"*) < o(lw — B1)

(we have used |y, — 8] = 8 — v > ||lzx — z||/?) and this gives
<'U, (xka’Yk) B ('raﬁ) > <0

12k, vi) = (2, B

—Vgy1 = klim

—00

because v € NE(z, ).

We now examine statement (ii). If 8 < f(z) (respectively, 3 > f(z)) it is easy to show that

(z,3) € int K (resp., (x,8) € int (R¥1\ K)). This proves one implication. For the reverse
one, fix z € Q and let {z; }ren, {Tk }ren be two sequences in  converging to x and such that

f(@k) — f(iﬁ)a f(zy) — f(x) as k — +oo.

Take f(z) < B8 < f(z), B € R; possibly passing to a (not relabeled) subsequence we have for
large enough k&
flzy) < B+ and B -3 < f(Th),
ie.,
(2, 8+7) ¢ K, (70,0 —3) € K.
This gives (z, 3) € K because both (z,8 + ) and (Ty, 3 — ) converge to (z, 3).

Concerning statement (iii), we want to prove that, if v = (v/,v4;1) € R? x R is such that
Vg1 # 0, then v & Njy(z, 8). If € > 0 is small enough we have 5 + € sgn(var1) € f(x), f@)]
and, by statement (ii),

(x, 8+ esgn(ve)) € OK.
Thus

lim
e—0t

ie, vé Ni(x,3).
As for statement (iv), we have by (i) that vy > 0 for any v € NE(z,3), 8 € [f(z), f(2)].

(1, 202 0)) = (2.9
T

(x, 0+ esgn(vis1)) — ($75)||> = [va+1] >0,

Since (z, 3 +¢) € K for € > 0 small enough one has

(l‘,ﬁ—i—é‘) - (33,6)
Q EXEDE <x,ﬁ>u> =0

Ugr1 = lim
e—0t

whence vg,1 = 0, as desired.
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Finally, statement (iv) ensures that, if v € NE(z,3;) and ) < (32, then vg,; = 0. Therefore

<U (%7)‘(%52) > _ <U (y77_(ﬁ2_ﬁ1))_($7ﬁ1) >
Ny, ) = (2, B2 1y, v — (B2 — B1)) — (z, Bu)|

(y7’?) _ (:Eaﬁl)

b= ="

lim sup
Ka(yy’Y)_)(quZ

lim sup ,
K3(y,7)—(z,62) )
< limsup <v,
Kawa) -

i.e., v € NE(x,[32). We have used the fact that
(yafy) - (‘r7ﬁ2> — (y7§/) = (yvfy - (ﬁZ - 61)) - <x7ﬁl>
(v,7) € K= (4,7) = (,7 = (B = A1) € K,

This concludes the proof of statement (v) and of the Lemma. O

Definition 2.5. Let C C R*! and N : C — P(R™!) be a set valued map, which will be also
called a multifunction and denoted by N : C' = R%!. We say that N has closed graph if,
for every sequence {(Z,,vn)}nen € C x R4 converging to (x,v) € C' x R*! and such that
v, € N(z,,) for every n € N, we have v € N(x).

A multifunction N : C = R is upper semicontinuous if for every € C' and ¢ = ¢, > 0
there exists & = §(c,, z) > 0 such that N(y) C N(x)+c, B! for every y € CN(x+5(c,, )BT,
It holds that a compact-valued multifunction with closed graph is upper semicontinuous (see
e.g. Theorem 1 p. 41 in [1]).

The notion of semiconcave function will also be used (see [10]):

Definition 2.6. Let Q C R be open, @ : [0, +0o[— [0, +0o[ be an upper semicontinuous
nondecreasing function such that lim, g+ @(r) = 0. We say that a function f : Q@ — R is
semiconcave of modulus W if the inequality

Af(x) + (1 =N [f(y) = fOz + (1= Ny) <AL= No((lz —yl)]z -yl
holds for every z,y € Q, X € [0, 1] such that Az + (1 — \)y € 2. We call locally semiconcave a
function which is semiconcave on each compact convex subsets of its domain.

This definition generalizes the classical notion of semiconcavity, which concerns moduli w(+)
of the form w(r) = cr, for a suitable constant ¢ > 0. If this is the case, we say that f is
semiconcave with linear modulus and we call ¢ semiconcavity constant. A function f is called
semiconvex if — f is semiconcave.

The following result gives characterization of semiconcavity with linear modulus (see [10]).
Proposition 2.7. Let O C R? be open and f : Q@ — R be a function. Then the following

statements are equivalent:

(1) f is semiconcave with linear modulus and semiconcavity constant ¢ > 0;

(2) the function x — f(z) — c|z|* is concave in every convex subset of .

(3) f€CUQ) and f(y+h) + fly—h) —2f(y) < c|h|* for any y,h € R? such that the
segment joining y + h and y — h is contained in Q.

We recall some basic concepts from geometric measure theory. The major references are [22],
[24] and [2].
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Definition 2.8. Let 2 C R? be open and L > 0. We say that a function f : Q — R is Lipschitz
continuous of rank L in €, and we will write f € Lip(Q2), if

[f(@) = fW)| < Llle =yl forall z,y € Q.

We say that f is locally Lipschitz continuous in €2, and we write f € Lip,.(€), if for every open
bounded set U C Q we have f € Lip(U).

Rademacher’s theorem, see e.g. Theorem 2.14 in [2], states that if f € Lip,,.(£2) then f is
differentiable at #%-a.e. point of €.

Definition 2.9. Let A C R? and 0 < p < d. The p-dimensional Hausdorff measure S£P(A) is
defined by JP(A) = 61iron+ HF(A), where

J(A) = wyinf {i (diam(U;))P : A C U Ui, diam(U;) < 5} ,

and
B ZPF(’% +1)
o 71']3/2

, ['(p) ::/ tr~tetdt.
0

When p € N, the constant w, equals the p-dimensional Lebesgue measure of the unit ball in
RP. Moreover, #4(A) = £(A) for any A C R<.
We define the Hausdorff dimension dim_(A) of A by setting

dimy(A) :==inf{p > 0: HP(A) =0} =sup{p > 0: HP(A) = +oo}.
Let k € N, we say that A C R? is countably S*-rectifiable if

Wp -

AgNUGSi

i=1

where S; are suitable k-dimensional Lipschitz surfaces' and N is a s#*-negligible set. We say
that A is J#*-rectifiable if it is countably J#*-rectifiable and s#*(A) < oo, while A is locally
HF-rectifiable if AN K is s¢*-rectifiable for any compact set K C R%. Given an open subset
Q of R? and a Lipschitz continuous function f : Q — R™, with Lipschitz rank L > 0, for every
0 < k < d, the estimate J%(f(S)) < LF%(S) holds for all S C Q. (see Proposition 2.49(iv)
in [2]).

We will use several times the following result about Hausdorff and Radon measures, for which

we refer to [2, Theorem 2.56].

IWe say that S C R%*! is a k-dimensional Lipschitz surface if for any = € S there exists an open neighbour-
hood U 3 z, a k-dimensional plane 7 and a Lipschitz function ¢ : 7 — 7+ such that

SNU={(y, fly) enxnmt:yen}nU.
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Theorem 2.10. Let Q C RY be an open set and p a positive Radon measure in Q. Then for
any t €10, 4+00] and any Borel set B C Q) the following implications hold:

]Bd
limsup“C B S veen —  us LB
0+ wprP
Bd
limsupM <t Ve B = u<2tx’LB
r—0+ wprP

The concepts of functions of bounded variation and of sets with finite perimeter will also be
used (see p. 117 and p. 143 in [2]).

Definition 2.11. Let 2 C R be open, and u € L*(Q). We say that u is a function of bounded
variation in € (denoted by u € BV (Q)) if the distributional derivative of u is representable by
a finite Radon measure in 2, i.e., if

/uago dx:—/godDiuforallcpEC’so(Q),izl,...,d
o Oz Q

for some Radon measure Du = (Dju, ..., Dqu). We denote by ||Dul| the total variation of the
vector measure Du, i.e.,

|Dull(©) = sup { / u(e)div(e) da : ¢ € CHQRY), 6= < 1}.

Accordingly, v € Li.(Q) is a function of locally bounded variation in Q (denoted by u €

BViee(Q)) if u € BV(U) for every open set U CC {.

Definition 2.12. Let £ C R%*! be Z%*!-measurable, and let Q C R**! be open. E has finite
perimeter in ) if its characteristic function x g has bounded variation in €2; the perimeter of £
inQis P(E,Q) :=||Dxgl/(2). We say that E has locally finite perimeter in Q if P(E,U) < 400
for every open set U CC ().

Definition 2.13. Let u be a Radon measure on R?, and let M be the union of all open sets
U C R such that pu(U) = 0; the complement of M is called the support of p and it is denoted

by supp(p).

The following concept of normal vector was introduced by E. De Giorgi.

Definition 2.14. Let  be a nonempty open subset of R and E C R¥*! be a set of finite
perimeter in €; we call reduced boundary of E in Q the set 0* F of all points = € supp(||Dxg||)NQ2
such that

vg(z) := lim Dxp(r + pB™) _ 4Dxp (x)
BT o Dyl + pBIHY) — d||[ Dl

exists in R¥! and satisfies ||vg(z)| = 1. The function —vg : 9*E — R4t is called the measure
theoretic outer normal to E in x.

Finally, the following measure-theoretic concepts will be used in our analysis.
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Definition 2.15. Let £ C R4 be a Borel set. For x € R¥*! and 0 < k < d + 1 we set

AHE N (z+ pB))
J

o (z) = li

provided the limit exists. It is well known that for £ = d 4+ 1 the limit actually exists and is
equal to 1 for Z%1-a.e. v € E; we call Lebesque point of E any such point.

Definition 2.16. Let £ C R be £ !-measurable. We set (see p. 158 in [2])

E% .= {z ¢ R™: (5%“@) =0}, the measure theoretic exterior of E;
E' = {z e R 587 () = 1}, the measure theoretic interior of E;
OuE =R\ (E°U EY), the measure theoretic boundary of E.

Concerning the relations among the above introduced concepts of boundary, we recall the
following (see Theorem 3.61, p. 158, in [2]).

Theorem 2.17 (De Giorgi, Federer). Let Q2 be a nonempty open subset of R4 and B C R4
be a set of finite perimeter in Q. Then 0*E N is % rectifiable,
(4) Dxpl Q= vgH' 1 ("ENQ)
(5) IDxE||LQ =2 (0"ENQ)
(6) FENQC{zeQ: o5 (z)=1/2} COMENQCIENQ
and
A (Q\ (E°U*EUE")) =0.

In particular, E has density either 0, or %, or 1 at #%a.e. x €, and N (OyE \ *E) = 0.

We conclude this Section with a Lemma which will be used several times in the sequel; the
interested reader is refered to [2, Section 3.2].

Lemma 2.18. Let f € BV(a,b); then there exists a measurable set I C (a,b) such that
LY ) =b—a and
IDfll(a,0) = |f(t) = f(s)|  foranyt,s .

3. STANDING HYPOTHESIS AND FIRST CONSEQUENCES

Definition 3.1. Let U C R%! be open and K C R%! be nonempty and relatively closed in
U. We say that K is N-reqular in U if there exists an upper semicontinuous multifunction
N : 0K NU = S% such that for every x € 0K N U the following two properties hold:

(N1) @ £ N(x) C NE(x) N S%

(N2) there exist ¢, € ]0,dist (z,0U)[ and a continuous function w, : R* — R with

lim, g+ w,(r)/r = 0 and satisfying the following uniformity property: for every y; €
(z 4 6,B*™) N OK there exists v(y;) € N(y1) such that

w(y),y2 — 1) < wollly2 — wl]) for all yo € (x + 5w]Bd+1) nK.
We will say that K C R™! is N-regular if K is N-regular in R4t
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Remark 3.2. Roughly speaking, a set is N-regular if we can find a suitable selection of the
normal cone satisfying good properties of uniformity and continuity. Clearly, every set K that
is the closure of an open C' domain is N-regular: just set N(z) := {vi(x)} for every z € IK,
vk (x) being the exterior unit normal to K.

Also, a closed convex set C'is N-regular with

N(z) =Ni(z)NS'={vesS’: veR™ : (v,y—z) <0forallyeC}.
Remark 3.3. One could give several different characterizations of N-regular sets. For instance,
K is N-regular in U if and only if one of the following condition holds:
(1) KNV is N-regular in R¥*! for any C! domain V CC U;
(2) KNV is N-regular in R*! for any C! domain with V C U;
The same holds if one replaces the C'* smoothness of V, in the previous conditions, with the
assumption that V' is a N-regular domain.

Remark 3.4. Possibly replacing the set-valued map N with x — N(x), when K is N-regular in
U we can always assume that N has closed graph.

Definition 3.5. Let U C R%! be open and K C R%! be nonempty and relatively closed in
Us; let also z € 0K NU, 6 €]0,1] and C' > 0. We define

(1) APV(z) = {CERM (¢ —2) <CHIC| - 17 — 2| forall ' € KN U} .

If K is closed, U = R*! and z € 9K we will simply write 4,"%(z) instead of C/VKC’G’RdH(z).
We notice that 0 € 4,C%Y(2) € NE(z). Moreover (we omit the trivial proofs)
(a) if ¢ € APV (2), then u¢ € APV (z) for all p > 0;
(b) the multifunction 4" : 9K N U = R%*! has closed graph.
Let now 2 C R? be nonempty and open and f :  — R be upper semicontinuous. By adapting
the previous definition, for (x, ;) € 0 hypo f N (2 x R) we define Jii%if(m,ﬁx) as the set of
those (v, A) € R? x R such that

8) (N (y =28~ 5:)) < Cll(w, M (Ily — 21" + 18 = Bul""")  V(y,5) € hypo .

We notice that there exist constants ¢;, ¢y > 0 depending only on d and 6 such that
Wclc,e,QXR(I"/@x} g jc,@ ($7ﬁx) g JVCQC,G,QXR(‘%‘7B$)'

hypo f hypo f hypo f

It is clear from the definition that also J{;’go fiOhypofN(QxR)= R has closed graph.

Ezample 3.6. Geometrically speaking, formula (7) expresses in a quantitative way the existence
of a subquadratic surface touching the set K from outside. Figure 2 gives example of these
subquadratic surfaces “lying outside” the set K (in a sense given by (7)) in the 2-dimensional
case. We draw the curves implicitly defined by the equation

(v, P= Q) =v]l - 1P — Q"

by taking @ = 0, ||v|| = 1 and different values of 6. Notice that the case § = 1 corresponds
to a circle and, as # — 0, the suface shrinks to its longest axis of symmetry, whose direction
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is given by v. The pictures show the situation for v = (cos ¢, sin ) respectively in the cases
e {0,7/6,7/2} and 6 € {1,1/2,1/4,1/8}.

FIGURE 2. The subquadratic surfaces in R?, ¢ = 0,7/6,7/2.

We are ready now to introduce the classes of sets and functions subject of our investigation.
Definition 3.7. Let U C R%! and Q C R? be open. We define
FU .={K C U : K is relatively closed in U and 3C >0, 0 < 0 < 1 s.t.
NPV (2) # {0} for all z € DK N U}
F =g
F(Q):={f: Q—R: fusc, hypo f € FP¥}
={f:Q—>R: fusc,IC >0, 0 <6 <1 such that
MO (w, ) # {0} Y(x, B,) € Dhypo £ N (Q x R)}.

Remark 3.8. One could be tempted to define the class % (Q2) as that of those functions f such
that hypo f € .#. Anyway, it is desirable for .#()) to contain at least smooth functions, and
one can check that (with this second definition) not even the constant functions would belong
to .Z (€2) when 0 is “very irregular”.

If K € ZY, then there exist C > 0, 0 < § < 1 such that K is N-regular in U with
N(z) := 4 () ns? C NE(z),  wy(r) := rH? Vee OKNU.
The upper semicontinuity of N follows from the fact that </VKC’0’U($) has closed graph.

Definition 3.9. Let C' > 0. We say that a closed set K € .%
a. satisfies the uniform exterior sphere condition of radius 55 if NN (2) # {0} for all

z € 0K;
b. has positive reach if N0 (z) = NE(2) # {0} for all z € K. In this case, we set
1
reach(K') = inf {% - N (2) # {0} for all z € OK} ;

c. has locally positive reach if K NrB9*! has positive reach for any r > 0;
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d. is convez if reach(K) = +o0.

We refer the reader to [21 24] for a survey of the properties satisfied by sets with positive
reach, on which the class .% is modeled.

4. REGULARITY RESULTS FOR SETS: RECTIFIABILITY OF THE SINGULAR SET AND FINITE
PERIMETER

In this section we will prove regularity results for the boundary of a closed set K C R in

a quite general setting. They will be used later to prove fine regularity properties for functions
in the class .#(Q).

The first result extends an analogous result for the class of sets with positive reach proved
by Federer in Remark 4.15 of [24]. It concerns rectifiability and Hausdorff dimension of the
sets of points where the Fréchet normal cone has large dimension (i.e. corners or cusps): more
precisely, if we partition the boundary of K according to the dimension of the normal cone to
the boundary, we have that the Hausdorff dimension of such sections decreases as the dimension
of the normal cone increases. Roughly speaking, points with large normal cone are relatively

few.
Definition 4.1. Let K C R%! be closed; for j = 1,...,d + 1 we define

(9) KY) = {z € 0K : dim (N} (z)) > j},

(10) KY = {z € 0K : dim (NE(z)) > j},

(11) K9 = {a € 0K : dim (NEro(o)) = 5}

We notice that KUY D K(ﬁ) K(jl) D K(jz) KUY D KY2) if 1 < j1 < jo < d+1, and that
KY € KO, Clearly, KO = {z € 0K : Nfj (z) # {0} }.

In order to use local arguments, we will need the following estimate which gives some uni-
formity with respect to the elements of the normal cone:

Lemma 4.2. Let K C R be closed and define 6 : KM x]0, 1] —]0, +-00] by setting
d(z, )
1
= 5 sup {6€eR: (v,y—x) <elly—z| for ally € OK N (z + B, v € Nji(z)NS*}.

Then for every v € KU and 0 < ¢ < 1 we have §(x,e) > 0.

Proof. Since N2 (x) NS? is compact, we can find a finite set A, := {vy,...,on.} C N (2)NS?
such that -
NEA(2) NS C A, + §Bd+1.

By definition, there exist d1,...,0y. > 0 such that

(vi,y —x) < gHy — x| for every y € 0K N (z +6B"), i=1,...,N..
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Set d := min{J; :

= ., N.} > 0. For every v € N2 (x) N'S%, there exists i € {1,2,..., N.}
such that ||v — UZH <

% Hence, for every y € K N (z 4 dB4*!), it holds
(v, —x) = (vi,y —x) + (v — v,y —x) <elly — x|

Thus d(z,e) > 0/2 > 0 and the proof is concluded. O

We are now ready to prove the first main result of the paper.

Proof of Theorem 1.1. We begin by constructing a countable covering {Kffm h, nmohien of KW
we will prove later (see Claim 3) that each element of the covering is rectifiable and this W111

establish our result.
Define the function w : (R¥1)7 — [0, 1]

J
w(vy,...,v; —mln{ Zavz SaiGR,Z|ai|:1}'
i=1

We notice that w is continuous and invariant under permutations of its arguments. Roughly
speaking, w(vy, ..., v;) measures how much V := {vy,...,v;} is far from being an orthonormal
set, a case which occurs precisely when w = 1/4/7. Moreover

w(vy,...,v;) =0 <= vq,...,v; are linearly dependent.

By symmetry, we will write w(V) instead of w(vy, ..., v;) it V- ={vy,...,v;}.
Consider the set

AV = {V' € Q™" : card(V') = dim Span(V’) = 5},

where card(X) denotes the number of the elements of a set X. Being AY) countable, we can
order its elements and write AY) = {V'}, cx.

We set V9 = Span(V/) and consider the countable set of j-dimensional planes V) :=
{V }neN Define also

W = (VO and WO = {W9y, neN.

Let {a;}ien be a Countable dense set in R4*1. Finally, for x € KU) choose V, C Nk (z) NS¢

such that V, = {v, ... ¥’} and dim Span (V;) = j.
Given n,m, h,l € N, let vy,...,v; € Q¥ be such that V! = {vy,...,v;} and set

1 1 1
w(Ve) 2 i 02, mrae) 2w

c KU + A B4t
x (al 2(ht1) ) HU( _ UzH < T fori=1,...,j

where 6 (z, m) is as in Lemma 4.2 with ¢ = (2(m + 3)?)~!

Claim 1: KU) C UnmhleNK(])

n,m,h,l*
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Proof of Claim 1: Let x € KY. Since V, is a set of linearly independent vectors, we have that
w(V,) > 0, hence there exists m € N, such that w(V,) > 1/(m + 3) for all m € N with m > m.
By the density of Q in R, for all m > m we can choose V' = {vy,...,v;} C Q4™ such that

max [jv; — ol < ;
=15 " T 2(m 4+ 3)2
For m large enough, we have also that dim Span(V’) = j and
1
12 Vy> —
(12) w( )_2(m+3),

hence there exists n € N such that V/ = V. According to Lemma 4.2 we have 6(z, W) > 0,
thus we can choose I € N such that

) L > L
S omy32)  het

By the density of {a;}1en in R we can select [ € N such that z € a;+ 2(h+1 Bd“ This proves

that x € K ny and Claim 1 is proved. o

Claim 2: For any x1,x5 € K (Jzn n; the orthogonal projection Ty - K ff}n I W7 satisfies

”2>m—|—1

(13) 170 (22 — 21)
Proof of Claim 2: By assumption we have

— 2| <oy — —aql < ——
[z1 = 2| <[lz1 — @l + [|z2 azll_h+1

oo ) 4 b))

Let vy, ...v; € Q¥ be such that V! = {vy,...,v;}; by the definition of 4, for every i = 1,...,j
it holds

(i, 22 — 1) < (04 Ug(cl)7$2—$1>+< 9(51)71’2—%) < mllxz—xﬂh
(o =) < (0= 11 = 22) o (o1 = 22) € T =)
and this gives
[(vs, w0 — 21)| < ( |wy — 21|  foreveryi=1,..., 5.

m + 3)2

Given v € V9 # 0, we can find (in a unique way) «; € R, i = 1,...,7 such that v =
Y1, a;v;; therefore

j: |ai] - [{vi, 29 — 21)] |72 — 4] j: |
, Ty — X < L=l < i=1 .
‘<|| || : 1>‘ B szzl Olz‘UiH ~ (m+3)? ||Z§:104iUiH
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Set B = i />>7_, |as|; we have 77 |3 = 1 and thus

'<_ oy x1> M=zl 1 |22 — 2] 1 2 T
|| || B (m+3)2 H Zzzlﬁzvzn - (m+3)2 w(Ul,...,Uj) “m+3
because w(vy, . ..,v;) > (2(m + 3))~" (recall (12)). Therefore,
||7TW7gj> (22 = 2)|” = [lo2 — 2 ||* - <7TV75J'>(1‘2 — 21), Ty — T1)
2
> ||lzg — a|]* — - 3H7TV75J'>($2 — x1)|l[z2 — 21|
m+1

> —

~ m+3 5 — 21|
This proves Claim 2. o

Claim 3: The set K( ) ha 18 4T+ rectifiable.
Proof of Claim 3: By (13) for each n,m, h,l the inverse map

Wﬁlm : 7TW<J>(K7(12nh ) — KY)

n,m,h,l"

is Lipschitz continuous and by Kirszbraun’s Theorem, it can be extended to a Lipschitz function
defined on the whole W), This establishes the Claim. o

The theorem is now an easy consequence of Claims 1 and 3. O

Corollary 4.3. Let K C R%*! be closed and N-reqular. Then 0K NU is a finite union of
Lipschitz graphs for any open set U CC R and, in particular, K has locally finite perimeter
in RIHL,

Proof. By N-regularity we have 0K = K(U): moreover, for every x € 9K there exist 0 < 6, < 1

and w, : [0, +00[— [0, +oo[ such that lim, o+ w,(r)/r = 0 and the following holds. For every
Y1, Y2 € (:L’ + (5:,3183‘”1) N OK there exist v(y1) € N(y1), v(y2) € N(y2) such that

W),y —v1) Swe(llyr —w2l) and  (v(y2), 11 — yo) < welllyr — val))-

Let U C R be a bounded open set; by compactness we can find a finite set {z; : | =

., L} C 0K such that
L

OKNT C |z + 6, BT
I=1
By N-regularity, for each [ = 1,..., L we can find 0 < §; < 1 such that for every y € 9K N
(21 + 6,,B%T1) there exists v, € N(y) with

1
(vy, 2 —y) < §||z —y|l  for any z € OK N (z; + 0, B with ||z —y|| < 6.

By compactness of 0K N (z; 4 0,,B9*1), we can select a finite set {yi, ..., ya, } € 0K such that
L M

L
oK NT | JoK N (z+ 6,87 c | J|J oK n (yh + %Bdﬂ) A (x + 6, BF).
=1

=1 h=1
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We set By, = (yh + %;Bd“) N (z; + 0,,B9*1), and we notice that if y € B, N OK, then there
exists v, € N(y) such that

1
(vy, 2z —y) < §Hz —y|| for every z € By, NOK.

Now, by compactness of S¢, we can find Mg € N and a finite set {vy, ..., va, } € S? such that
St C U i +B1/3).
Form=1,...,Myand h=0,..., M, con31der the set
Ky pm = {y € B pNOK : |Juy — vyl < ;}

We have that Uhh’m Kipm 2 UNOK. Given y1,y2 € Kjpm, we have

(Ums 1 = y2) = (U = Vs y1 = 42) + (Vo y1 — 12) < lln — 2]l
(Ums Y2 — Y1) = (Um =y, Y2 — y1) + (Vg 42 — y1) < 2llyn — w2,
whence [(Un, y2 — y1)| < 3|ly1 — y2|| and thus, as in the proof of Theorem 1.1,

5
170 (Y1) = s (Y2) 17 = N7 (y1 — 92) 12 = Nl — w2ll* = (Wmoy2 — y1)* = = llyn — 12>

So .1 is (linear) injective and hence invertible on Kj . We denote by f,, := W;f its inverse

map, which is Lipschitz continuous (with Lipschitz constant not greater than 3/4/5) and is
defined on a subset of a d-dimensional space. We can extend it to a map defined on the whole
of vk

We notice that by Lipschitz continuity of f,, we have:

A (f (70 (Bin))) < (3/V5)%2(BY).
Then

AU NOK) < %d( U fm (m#@(Bl,h))) < L-M - M,-(3/V5)12%B?) < +o0.
l,hym
According to Theorem 4.5.11 and Remark 4.5.12 pp. 506-508 in [25], we have that P(K,U) <
+00 (see also Theorem E in [12], recalling that dy K C 0K). The proof is concluded by the
arbitrarity of U. U

Remark 4.4. Let us notice that Theorem 1.1 holds for any K C R%*1: the closedness assump-
tion has never been used. Clearly, Definition 4.1 can be stated for general K. Theorem 1.1
implies that if at each point x of the boundary of a closed set K there exists at least one non-
trivial Fréchet normal (either external to the set, i.e. in NE(x), or internal to the set, i.e. in

NH@*W(:E))’ then the boundary K is countably J#%rectifiable. To prove Corollary 4.3, i.e.,

that the set has locally finite perimeter, it is crucial to strengthen the hypotheses of Theorem
1.1 by assuming the N-regularity of the set.
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For example, it is easy to see that the hypograph K C R? of the function u : R — R

r?sin L if 2 £ 0.
u@) '_{ 0 if 2 =0,

which is closed because u is continuous, satisfies K) = 9K (because u is differentiable) but
its perimeter measure is not locally finite. This happens because K is not N-regular in any
neighbourhood of (0, 0), while it is of class C*! away from the origin.

The proof of Corollary 4.3 can be easily adapted to prove its “local” version.

Corollary 4.5. Let U C R be open and let K C R be relativey closed and N -regular in
U. Then, for any open set V. .CC U we have that 0K NV is a finite union of Lipschitz graphs;
in particular, K has locally finite perimeter in U.

U

The application of these results to sets in the class #" is immediate.

Corollary 4.6. Let U C R be open and let K € .FV. Then
(1) OKNU = KYNU and 0K NV s a finite union of Lipschitz graphs for any V CC U;
(2) forany j=1,...,d, K9YW NU is countably s -rectifiable;
(3) K has locally finite perimeter in U.

Proof. According to Definition 3.7, we have that K is N-regular in U and, in particular,
NE(x) # {0} for all z € K NU. Thus 0K NU = KW N U and the conclusion follows
from Theorem 1.1 and Corollary 4.5. 0

Remark 4.7. Our result is strictly related to Theorem 5.8 in [4], where the authors estimate the
perimeter of sets enjoying an internal cone property. Indeed, the same arguments of Corollary
4.3 (for # = 0,0 < C < 1) easily gives the same conclusion of [4]. See also [26, Proposition 2.4].

5. APPLICATION TO FUNCTIONS: BV REGULARITY AND STRUCTURE OF SINGULAR SET

In this section we will apply the results obtained in the previous one to closed sets that can
be written as hypographs of upper semicontinuous functions possessing at least one normal
direction at a.e. point of the boundary of their hypograph; our goal is to obtain regularity
results for such functions.

Assume for simplicity that f € #(Q) N C°(Q). According to the second part of Corollary
4.6, we already know that at #?-a.e. point z € Q there exists an unique (up to the sign)
unit Fréchet normal (¢,€) € RY x R to hypo f at (z, f(x)). This is a necessary condition for
f to be differentiable at x, however it is not sufficient: in fact, if £ = 0, i.e. the (unique) unit
normal to the hypograph is horizontal, then 0F f(z) is empty, hence the function cannot be
differentiable at z. For example, the graph of f(x) = sign(x) y/]z| from R to R is of class C'!
but 0¥ f(0) = dpf(0) = 0, so the function cannot be differentiable at 0.

Motivated by the previous considerations, we distinguish between three kinds of singularities
that can occur:

(1) points & where the Fréchet normal cone to the hypograph at (x,5) € dhypo f reduces
to {0};
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(2) points & where the Fréchet normal cone to the hypograph at (z,3) € dhypo [ has
dimension greater than 1 (e.g. corners, cusps...);
(3) points x where the Fréchet normal cone to the hypograph at (x,(3) € dhypo f has
dimension 1, but its unique (up to the sign) element of norm 1 is horizontal.
The first type of singularity is excluded by the definition of the class .#(2), while the second
kind of singularity can be controlled thanks to Corollary 4.6. The third one is not yet covered
by previous results.

In [5] it is proved that given a Ls.c. function f : R? —]— 0o, +00], the set of points where the
lower Dini subdifferential contains more than element is #¢~'-rectifiable. This result was later
improved in [38], where it was proved that the set of points where the lower Dini subdifferential
has convex dimension k is % *-rectifiable. These results cannot deal with the third kind of
singularities, since in that case the subdifferential is empty. Our purpose is to cover also this
situation.

Definition 5.1. Let € be a nonempty open subset of R and f : Q2 — R be a function. For
each x € (), we define

Jr={xeQ: f(z) # f(z)} = {z € Q: [ is not continuous at z},

Sp=A{z € Q\ Jp: (871 x {0}) N Ny (. f(2)) # 0},
yf = Jf @) Sf.
We begin with a trivial corollary of Theorem 1.1, dealing with the singularities corresponding

to large dimension of the normal cone. Let us point out once more that for upper semicontinuous
functions it holds f = f < f < f = f.

Corollary 5.2. Let Q be a nonempty open subset of R and f : Q0 — R be an upper semicon-
tinuous function. Set K = hypo f and assume that
NE(z,B) # {0} for #%a.c. (x,8) € 0K N (Q xR).
Then for £-almost every x € Q there exists (, € S such that
NE(z, B) CRE, for all B with (z, ) € 0K N (2 x R).
Proof. Recalling Definition 4.1, we have that
A (0K \ KW)Nn (2 x R)) = 0.

By Theorem 1.1 and Remark 4.4, K® is s#% '-rectifiable and hence s#?-negligible. If 7 :
Q x R — Q denotes the canonical projection on €2, then QN (7(0K \ KW) U (K®@)) is
Z4-negligible, hence
E:=Q\ (r(0K\ KW)unr(K®?))
has the same measure of 2. It is enough to prove the statement for any point x € E.
If v € E, then by Lemma 2.4 (v, 3) € K if and only if f(z) < 8 < f(z). By definition of
E we have (z,3) € KM\ K® for any such 3, hence
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for a suitable ¢, 3 € S*N NE(z,3). Hence it is enough to show that actually one can choose
Ce,p = o f(x), 50 that (; g is independent of 3. This follows from Lemma 2.4 (v), which gives

Cot(a) € NE(z, f(2)) C NE(z,8) SR
for any 8 € [f(), f(x)]. 0

One of our primary goals is to estimate the size of the singular set .#%; to this aim it will be
important to assume that f is of class BV. We can now prove the second main result of the

paper.
Proof of Theorem 1.2. We reason by contradiction and prove that the assumption £%(%;) > 0
contradicts the fact that f € BV,.(2). The first step consists in reducing the problem to
estimate the total variation around points where the unit Fréchet normal to the hypograph is
unique and horizontal. More precisely we define the set T" of points where the normal cone has
dimension 1 and is horizontal

T:={(z,8,) € 0K N (2 xR): there exists v, € S*! with Ni(z,8,) C R(v,,0)},

where as usual we have set K := hypo f. The projection of T" on the first d components is the
set

S:={zeS: I, eS" B, € [f(z), f(z)] s.t. Ni(z,8;) C R(vg,0)} .
Throughout this proof, for each z € S we denote by (3, a real number such that

B € [f(2), f(2)], dim Nf(z,8.) =1, and NE(z,3,) € R? x {0}.

Claim 1: L4\ S) = 0.
Proof of Claim 1: Define (see also Definition 4.1)
N=n(KPNQxR)U{zrecQ: 36, € R with (z,8,) € 9K and NE(z,3,) = {0}},

where K(f) is as in Definition 4.1 and 7 is the canonical projection 7 : @ x R — €. By
assumption, and using Theorem 1.1, Remark 4.4 and the Lipschitz continuity of 7, we have

that .Z4(N) = 0. We notice that
a. if x € Jy \ NV then (by Lemma 2.4) there exists f(x) < f, < f(x) such that

NE(z,8,) CR? x {0} and dim Ni(z,3,) =1,

hence x € S.
b. by definition, S O Sy \ V.
This gives S O . \ N, i.e., 5\ S C N, and Claim 1 is proved. o

By Claim 1, for our purposes it will suffice to show that £4(S) = 0.
Claim 2: There exists ¢ = c¢(d) > 0 such that for every ¢ € ]0,1/16[ and for £%-a.e. x € S
there exists d,. > 0 such that

IDf||(z + 6B%) > g(sd 6 €10, 0,.].
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Proof of Claim 2: Let ¢ € ]0,1/16] be fixed. By compactness, there exist m € N and
V1, ..., Uy € S¥1 such that

St C U (vi + B/8).
i=1
Given i € {1,...,m} and § > 0 we define

St = {x e S dist((v;,0), N (z,B,)) < 1/8}
and
S’ = {x € 5" :Sq(x,40) C Q and Jv, € v; + B/4 with (v,,0) € NE(z, 5,) and
(vo,y — ) <ellly — 2| +[f(y) — Bal) Vy € Sa(z, 46)}.

Clearly, S = U Si?. Denote by 5% C Si° the set of Lebesgue points of S§°; since
>0

S0 C §1%2 for any 0 < 0y < Oy
287 = LSE°) — £4(S") monotonically increasing as § — 0%,

2i(s\[Js) =0,

6>0

2(s\[Js™) =0,
i\
Therefore it is enough to prove the claim for any point x € S for which there exist i,d such
that x € Sh%.

Let then # € S%%° and § € ]0,8;[ be fixed; here, §; = 6,(x) < dy is a positive constant
which will be chosen later. For any y € S* N Sq(z,6) we have y = x + u + tv; for suitable
u € v; NSq(0,0) and t €] — §,d[. By assumption there exists v, € v; + B?/8 such that

(0,0) € NE@,8,)  and (.2 — ) < (1|2 — yll + |£(2) — By1) ¥= € Saly, 40).
In particular, for any z such that z = z +u+ sv; for s €]20, 34| (i.e., z —y = (s — t)v;) we have
z€5q(y,40) and d<s—t=|z—y| <49.
Thus, for any 3 < f(z) we have

we have

and thus

0 < (v z—y) = (vi —vy, 2 —y) + (vy,2 —¥)

< (vi — vy, (s =)y +e(ls =t + (8 = By])
0 +e(46+ |8 - By))
%5 +elB — Byl

AN A

Therefore

(14) elB =B, 230 VB f(2).
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If 5, < f(#), then we are allowed to take 5 = 3, in the previous inequality obtaining 6 < 0, a
contradiction. So we must have 3, > f(z) and taking 8 = f(z) in (14) we get

(15) fy) = 1(z) = B, — f(2) =

because f(y) = f(y) > 8, > f(y) by upper semicontinuity.

Since x is a Lebesgue point for S for any § € ]0, dy|[, there exists a positive §; < dy such
that for all 6 €]0, 01]

LS N Sq(w,d8)) > LS NSq(x,d)) > L.24Sq(z, ) = 27157

For any u € v; N Sq(0,d) denote by L, C Sq(x,d) the line segment joining = + u — dv; and
x + u + dv;. Moreover, define f*:] — 46,40[— R by

9
4e

fr) = flr+u+ry).
By Fubini’s theorem
(16) Z48 NSq(x,0)) = / LYSY N L,)dZLHu),
v;-NSq(0,6)
and, since the integrand is not greater than 26, we must have
L7 ({u € v NSq(0,6) : LN (S N L,) > 0}) > 207267

otherwise (16) would be contradicted.
It is well known that f* € BVj,.(—46,46) for £ 1-a.e. u, hence the set

U = {u € v;- N8q(0,8) : L1(S* N L,) >0 and f* € BVoo(—49,46)}

satisfies £4-1(U®9) > 24-2§9-1 By Lemma 2.18, for any u € U%*° there exists I* C] — 4, 49|
such that | — 46, 45[\I" is £ -negligible and

D f*[(—40,40) = [f*(t) = f“(s)] Vi, s € 1"

Since for any u € U £1(S* N L,) > 0 and I* covers almost all | — 46,46[, we can find
t € I'N] —§,0] such that y := x + u + tv; € S*° N L,; moreover we can choose s € *N]24, 3.
The previous inequality and (15) give

IDFUI(—46,46) > f1(2) = £(5) = fly) — f(2) = & Vue U

whence (see [2])

IDN(Sa(w,46)) = || D, f[(Sa(w, 40)) =/ 1D [[(—40,46) d.2*~

v;-Sq(0,46)
> / | [(—43, 46) d.2®-!
Um,i,é

5 ) 2d—4
> S gl umidy > 25t s e]0,6y,
4e €

where we have denoted by D,, f the distributional derivative of f in direction v; and by || D,, f||
the total variation of such measure. This proves the Claim up to standard considerations. ¢
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Claim 2 allows to conclude easily. Let ¢ €]0,1/16][ be fixed; Claim 2 implies that there exists
S' C S with £4(S\ ") = 0 such that

d

ey 12511+ 55)

50+ wqd?

for a suitable ¢ = ¢(d) > 0. By Theorem 2.10 we deduce

c
> Vred
€

IDF|LS > | Df|LS > gzdLsﬂ _ gzdLs.

In particular, for any U CC €2 we have

fd(SﬂU)§6w<+oo

which gives Z4(SNU) = 0 for any U CC €. This proves the Theorem. O
6. SMOOTHNESS OF FUNCTIONS WITH N-REGULAR HYPOGRAPH

6.1. Semiconcavity with modulus.

We are going to study the regularity properties of upper semicontinuous functions f such
that hypo f is N-regular. More precisely, we will prove that the set . introduced in Definition
5.1 is closed and Z%negligible. In particular, we will show that f is locally semiconcave with
a modulus w in Q \ .} and hence enjoys several regularity properties (see [10] or Chapter 10
in [42]).

The natural counterpart of Corollaries 4.3 and 4.5 for functions is given by the following

Proposition 6.1. Let Q2 C R¢ be a nonempty open set and f : Q — R be an upper semicontin-
uous function with f € L (2). Assume that the closed set K := hypo f is N-regular in 2 x R.
Then f € BVipe(Q2).

Proof. Let us prove that f € BV(U) for any open set U such that U CC 2. By assumption
there exists M > 0 such that |f(z)| < M for £%a.e. x € U; this implies that

P(K,UxR) =P(K,Ux ] —2M,2M]) < oo,

where we have also used Corollary 4.5, which guarantees that K has locally finite perimeter in
2 x R. This implies (see e.g. [28] or [27, Theorem 14.6]) that f € BV (U).
0

Remark 6.2. The assumption f € Ly () is crucial in Proposition 6.1. Indeed, the hypograph
of the u.s.c. function f: R — R

f@)=—1/lz|ifx#0,  f(0)=0
is N-regular but f ¢ BVj,.(R).
The following corollary is a consequence of Proposition 6.1 and Theorem 1.2.

Corollary 6.3. Under the assumption of Proposition 6.1, we have (%) = 0.
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We are now going to study the closure of the set .y under the the N-regularity assumption
on hypo f. Let us begin with the case in which f is continuous.

Lemma 6.4. Let Q C R? be open and f : Q — R continuous. Assume that K := hypo f
is N-regular in Q x R. Let x € Q be such that Ni(z, f(z)) N (S** x {0}) # 0. Then, also

Nz, f(x))N (Sd_l X {0}) is nonempty and, in particular, /; = Sy is closed.
Proof. The proof is in spirit of Lemma 4.2 in [30]. Let z € 2, v € S%~! be such that
(v,0) € Nig(z, f(2)).

Set x,, = x +v/n. According to Clarke’s Density Theorem (see Theorem 1.3.1 in [14]), for each
n € N there exists {2z, }nen C € such that

Orf(zn) # 0 and ||z, — z,|| < 1/n*.
Since NE(z,, f(2,)) # {0} by the N-regularity property, we have that f is differentiable at z,.

Moreover
(—Vf(za),1)
=V G < N(zn, f(zn))-

Up to subsequence, still denoted by {z, }nen, we may assume that the left hand side converges
for n — 400 to a vector ((, &) € S%. In order to prove the lemma, it is enough to show that

lim [V (z0)]] = +o0,

which would give £ =0 and ((,0) € N(z, f(z)) because N has closed graph.
Assume by contradiction that liminf, . . [|[Vf(z,)]| = L € R. Up to subsequence, still
denoted by {z, }nen we may assume that {V f(z,,) }nen converges to some vector in R%. Recalling

that
(=V[f(z), 1)
[(=Vf(z), Dl

(v,0) € N(z, f(z)) and € N(zn, f(zn)),

we have for n large enough

(17) (v, 20— ) S w, (V20— 2P+ 150 = J@)P) |
(=V/f(zn), 1)
(18) <H(—Vf(2n), 1)|| ) (.% - Znaﬁ - f(2n>>> S W <\/Hl‘ o ZHH2 + ‘ﬁ o f(Zn)’2> )
for all 5 < f(x), B, < f(z,) such that | f(z) — 8|, |8, — f(2,)| are sufficiently small.
Since z, —x = (v + n(z, — z,))/n, we have that =2 — v. We take /3, = f(z,) in (17),

(e |
divide by ||z, — z|| and pass to the liminf as n — oo, obtaining

w2 P @) = TGP \/ (@) = FG)])?

1 < liminf a4 /1 LA A N
=R Vilze =22+ 1f(2) — f(z)? i ( |20 — | )

This implies that

(19) oy (@) = f(za)

noo |z, — 2

—= —|—OO’
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otherwise the right hand side would vanish.
Now we distinguish two cases. If there exists a subsequence {2, }ren € {2n}, oy Such that
f(@) < f(zn,), we take 5, = f(x) in (17) and divide by ||z, — z||. We have

<U, “np — X > wa(Hznk—xH)
[z, — | [2n, — |
On passing to the limit as n, — 400, the right hand side converges to 1, while the left hand

side vanishes leading to a contradiction.
Otherwise, there exists ng > 0 such that f(x) > f(z,) for all n > ny and by (19) we have

(20) lim @) = Jzn) = 400

I X

Using the fact that ||V f(2,)] is bounded, we take 5 = f(x) in (18) and for n sufficiently large
we get

—Vf(zn) B fx) — flzn)
< W,x zn> +

< wo(Vlzn — 2]+ [f(z) = f(z) ),

I+ |Vf(zn I+ ’vf(zn)P B
whence
D) L (VT = 2P 17— TC]F) + .
Thus
T L ey e P A @~ TEIP)
F@)—fn) )2 Ve =2l +f(2) = f(z)]?
H( Ton o] >

and, by (20), the left hand side tends to 1, while the right hand side vanishes, leading to a
contradiction.
We have thus proved that |V f(z,)|| is not bounded and this concludes the proof. O

We now weaken the regularity hypothesis on f by requiring it to be only upper semicontinuity.

Proposition 6.5. Let Q) be a nonempty open subset of R? and f : Q — R be an upper semi-

continuous function. Assume that K := hypo f is N-regular in Q@ x R. Then %} is closed in
Q.

Proof. Fix x € Q\ .. We need to prove that there exists 7, > 0 such that z +r,B¢ C Q\ ..
Assume by contradiction that for every € > 0 it holds

(21) (z+eBY) NS # 0.

Recalling that . = J; U Sy, two cases can occur.

Assume that for every e > 0 we have (z + eB?) N J; # (. Then we can take a sequence
{n}nen € Jf,x, — x such that for any n there exists 8, €|f(x,), f(x,)[. By statement (iv)
in Lemma 2.4 we have B

{0} # N(zn, 8n) C N}?C%,ﬁn) C R? x {0},
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hence there exists {v, }neny € S¢! such that (v,,0) € N(x,, 3,). Up to subsequences, we can
assume that (v,,0) — (v;,0) € S x {0}. Since z € Q\ ., f is continuous at x, hence
Bn — f(x). Tt follows that (v,,0) € N(z, f(z)) € NE(x, f(x)) because N has closed graph.
This implies that x € Sy and contradicts the fact that x ¢ .75 D S;.

Otherwise, there exists 6 > 0 such that (:E + (5IBd) NJ; =0, hence f is continuous in z + JB<.
By (21), for all € €]0, [ one has (z +cB%) NSy # 0, hence there exist sequences {2, }nen C S
and {v, }neny € S such that

(Un,0) € NE(2p, f(2,)) and z,, — .

According to Lemma 6.4, we can assume that (v,,0) € N(z,, f(x,)). Since N has closed graph,
up to subsequence we have

(00, 0) = (vz,0) € N(z, f(x)) C Ng(a, f(2))
and thus z € S, which gives again a contradiction. This concludes the proof. 0

This result extends a similar result proved in [30] for the exterior sphere case:

Theorem 6.6. Let ) be a nonempty open subset of R? and f : Q — R be an upper semicontin-
uous function. Assume that K := hypo f is N-reqular in Q x R. Then f is locally semiconcave
with a modulus in the open set Q\ .

Proof. The set Q\ .7} is open by Proposition 6.5 and f is continuous on Q\.%. Let x € Q\ .7%;
we begin by proving that f is Lipschitz continuous in z + §,B¢ for some 6, > 0 such that
v+ 0,BC Q\ . Since K is N-regular and f is continuous in a neighbourhood of x, there
exists &, > 0 such that, for every y € x + §,B%, there exists (—v,, 1) € NE(y, f(y)) such that

(—vy, 1) B _ . L
(T (= 8= £0) ) < wtason (1 = .5 = S

for all z € Q and § < f(z) sufficiently close to z, f(x) respectively. Since z ¢ .7, there are
constants 0 < 41 < §, and C > 0 such that ||v,|| < C for all y € z + §:B%; otherwise, we would

have

N(z, f(x)) N (ST x {0}) # 0
and thus z € Sy, a contradiction. Hence, by the continuity of f on x + §,B¢, there exists a
modulus w, : [0,262) — [0, +00) such that lim,_g+ w,(r) = 0 and

(22) (v, 2 —y) + f(2) = f) S walllz =yl [z =yl + () = FWI] V2,5 €z + 6,B.

Given y1, 92 € = + §1B? we can assume without loss of generality that f(y») > f(y1) and the
previous inequality can be rewritten as

[ (y2) = Fly)] (1= walllye = ml) < [wallyz — w1l + CT lye = wll.

Since lim, g+ w,(r) = 0 there exists 0, > 0 such that f is Lipschitz continuous in x + 6,B¢
with Lipschitz constant 2C'. B
Using again (22), for any w € x + §,B? there exists v,, € 7 f(w) such that

—(vu, w' = w) + f(w') = f(w) <wy (o' —w]) | —w| V' €z +5,B,
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where w! = (1 + 2C)w,. Let then y,z € x + 6,B% and t € [0,1] be fixed; we can substitute

x
w' = z (respectively, w’ = y) and w = ty + (1 — t)z in the previous inequality to get

— tvw, 2 —y) + f(2) = flty + (1 = 1)2) < w,(t|(z = y)l)) tl2 =yl
(1= t) (v, 2 = y) + fly) = flty + (1 = 1)2) w (L =Dz = »)]) 1 =)z —yll.
Multiplying the first inequality by (1 — ¢), the second one by t and summing up we obtain

tfy) + (1 =0)f(z) = flty + (1 = 1)2) < (1 = )wa(lly — z[Dlly — =]
where
w = ! M1 — .
Zulr) = max {wh(07) + wA((1 = 7))
Thus f is semiconcave with modulus @, in z + 0,B%. The proof is completed by observing that,
if U is an open set with U CC Q\ .%%, then U can be covered by finitely many balls {z; +

,,,,,

g

Corollary 6.3, Theorem 1.1 (together with Remark 4.4) and the differentiability properties
of locally semiconcave functions (see e.g. [10]) allow us to summarize the regularity properties
of functions belonging to .7 (2) N LS. in the following

loc

Proposition 6.7. Assume that f : Q — R satisfies the assumptions in Theorem 6.6 and
feLgE(Q). Then

loc

(1) f is differentiable on the open set Q\ .} out of countably 7%~ -rectifiable set. Moreover
{x € Q\ .7 : f is differentiable at v} = {x € Q\ S} : #0" f(z) = 1}
and V f is continuous on its domain of definition.

(2) f is differentiable £-a.e. in Q.
(3) (Rifford) the set {x € Q : dim (span O f(x)) > k} is countably S~ *+! rectifiable.

6.2. Reduced boundary and measure theoretic normal to N-regular hypographs.
Since N-regular sets have (locally) finite perimeter, it is natural to investigate the properties
of their reduced boundary and of the measure theoretic normal.

Proposition 6.8. Let U be a nonempty open subset of R and let K C R™! be N-regular in
U;letx € U. Then x € 0*K if and only if NE(x) N'S? contains a unique element; in this case
one has

NE(x)NS* = {—vg(z)}.
Proof. By Corollary 4.5, K has locally finite perimeter in U. Without loss of generality we may
assume that x = 0.

Claim 1: If NE(0) N'S? contains more than one element, then 0 ¢ 9*K.
Proof of Claim 1. Assume that NE(0) N'S? contains two different elements vy, v,. This

implies that for every € > 0 there exists p > 0 such that

v,Y) < € _
EU; Zi <éf; Vye KnpB™, pelo,q.



SOME REGULARITY RESULT FOR A CLASS OF U.S.C. FUNCTIONS 29
In particular
KN pB C (09 nod N pBY) + 2epB* Vp €10, g
where v? = {z : (v;,z) <0} denotes the polar set of v;, i = 1,2. Since v; # vy we have
LY Nvd N pBTY) < aplwgyr Yo >0

for some 0 < a < 1/2. Let & € |or, 1/2[ be fixed; if € is small enough we can find p > 0 such
that

L (0] Ny N BT + 2epB™) < apwap Vp €10, 7]

whence
LK N pBHY) 1
lim sup - <a< -
p—0F Wa+1p"" 2
which, recalling (6) in Theorem 2.17, proves Claim 1. o

Claim 2: 1f 0 € K then NE(0) NS? = N(0) = {—vk(0)}.

Proof of Claim 2. By Claim 1 we have NZ(0) NS? = N(0) = {v} for some v € S%. For
every € > 0 there exists 6. > 0 such that

{z € 6B : (v,2) >¢||z]|]} SR\ K forany 0 < § < 6..
Thus
d+1 Bd+1 Rd-i-l K 0
S0t LTI (§BAH)
Since 0 € &* (R \ K) and vgas1\(0) = —vk(0), Theorem 3.59 in [2] ensures that
d+1( SR+t RN KA 0
" LB N (B K) A (rx(0))")
S0t FATL(§BIH)
It is not difficult to show that equalities (23) and (24) imply that v = —vk(0), as desired. ¢

DN | —

=0.

In particular the implications

Ng(0)NS? = {v} N(0) = {v}
{a:j}jeON CoO*K - N(xj)oz {-vk(z;)} = vk(z;) = —v

hold because N has closed graph; as a consequence we have

(25) lirgl+ sup{|vi(2) +v| : 2z € " K N pBY = 0.
p—

Claim 3: If NE(0) N'S? contains a unique element v, then 0 € 9*K and vk (0) = —v.
Proof of Claim 3. We have N(0) = N£(0) N'S? = {v}. It will be enough to show that
(26) P(K, pB*) = | Dykl| (4B > 0 for any p >0,
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because in this case one would get

lim Dy (pB™) lim Joeknppars Vi (2) A (2)
p—0+ [ Dxk||(pBHY) — pmor UK N pBi+)

(27)

=—v+ lim (Vi (2) +v) d#(2) = —v.
p=0% Jor K pBa+L

In the previous formula the first equality comes from (4) and (5) in Theorem 2.17, while the
last one is justified by (25). This would imply that 0 € 0*K and vk(0,0) = —v, which in turn
would conclude the proof.

We have to prove (26). To this aim it will be enough to show that
(28) LB\ K) >0 and LN K NpBT™) >0 Vp>0;
indeed, the isoperimetric inequality (cfr. Theorem 3.46 in [2]) would give

DX | (PBHY) > C - min{ 24 (K 0 pBHY), 25 (pBH\ K}

for a suitable C'= C(d) > 0, and (26) would be proved.

Let us prove (28). Since there exists p > 0 such that

(PBTIN\K) 2 {z € pB™ : (v1,2) > ||2]|/2} for any 0 < p < p,

we have that £+ (pB1 \ K) > 0 for any p > 0.
We are only left to prove the validity of the second inequality in (28). Assume by contradiction
that there exists p > 0 such that £ (K N pB¥*!) = 0; this implies that K N pB*! =0, i.e.,

(29) KN pB™ = 0K N pBH.
Since —v ¢ NE(0) there exists a sequence {x, }ney € K such that x,, — 0 and
(30) (—v,x,) > |z, Vn e N

for some a > 0. By (29) we have z,, € 0K for n large enough; the N-regularity of K ensures
that for any n there exists v, € N(x,) such that
(v, =2a) < wo(llzal))
for a suitable function w(r) such that wo(r)/r — 07 as r — 07. On the other side, since N
has closed graph we have v, — v and thus
(=0, 2n) = (Un = v, 2n) + (Vn, =2n) < o([|znl]]) + woll|zal])-
This contradicts (30) and concludes the proof. d
The following result is an immediate application of Proposition 6.8.

Proposition 6.9. Let Q be a nonempty open subset of R? and f : Q — R be upper semicon-
tinuous; assume that K := hypo f is N-reqular in 2 x R. Then

(1) (x,8) € *K N (2 x R) if and only if NE(z,3) N'S? contains a unique element; in this

case we have
N[};(ZE, 6) ns? = {_VK(xv ﬁ)}
(2) the set (OK \ 0*K) N (Q x R) is countably 5% -rectifiable.
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Proof. Statement (1) follows from Proposition 6.8. As for (2), we set
A= {(z,8) € 0K N (Q x R) : dim N&(z, 3) > 2}
B:={(z,8) € (OK\ A)N(Q x R) : NE(x, 3) N S? consists of two elements}.
and notice that, by statement (1), (0K \ 0*K) N (2 x R) = AU B. The set A is countably

9~ L_rectifiable according to Theorem 1.1 and Remark 4.4, and the same holds for B according
to Theorem 1.1 in [31]. This concludes the proof. O

7. THE UPPER ESTIMATE FOR THE HAUSDORFF DIMENSION OF ./}

The hypograph of a function f € Z(Q) is N-regular and, consequently, f satisfies a bunch
of regularity results which have been presented in the previous section. In this section, we
shall give a sharp upper bound on the dimension of the singular set .%; (see Definition 5.1) for
f € ZF(Q). The main tool is provided by Lemma 7.2, which gives lower estimates on the total
variation of f around points of ;. We begin with a preliminary result.

Lemma 7.1. Let Q C RY be nonempty and open and let f € F(Q); then f is locally bounded
from below in Q. In particular, f € LS. ().

Proof. The second part of the Lemma easily follows from the first one because f is upper
semicontinuous; therefore, it is enough to prove that f is locally bounded from below in €.

Assume by contradiction that there exists a compact set C' C €) such that info f = —oc;
then there exists © € C' such that

f(z) =liminf f(z) = —o0.

Set K :=hypo f; by Lemma 2.4 (ii) we have
(z,8) € 0K VB < f(z) = f(z).

By Lemma 2.4 (iv) and the assumption that f € .%#(Q2) there exist C, 6 such that the following
holds: for any 3 < f(x) there exists vg € S*! such that

(v3,0) € A (, B).
This means that for any 8 < f(z) it holds
(31) e,y — @) < Clly — 2™ +18, = BI") ¥y eQp, < fy).

Let us fix a decreasing sequence {3,}, such that 3, < f(z) for any n, £, — —oco and v, :=
vg, — v € ST1. Choose also § > 0 so small that

Cs" < /4 and y:=x+6veEN

and n € N so large that
(vg,v)y > 1/2 and i < f(y).
We can then use (31) with § = 8, = [, to get
§/2 < {vg,60) < O < §5/4

which gives a contradiction and proves the Lemma. ([l
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Lemma 7.2. Let Q C R? be nonempty and open and let f € F(Q). Let x € % be such that

Nisoo p(, f(x)) = R (v,0) for some v € S* 1. Then there exists 6y = do(x) > 0 such that
(32) IDf|[(Sq(x,8)) > 2472 6% 1% for all 0 < & < &.

Proof. Lemma 7.1 ensures that f(z) > —oo; in particular, without loss of generality we may
assume that

r=0€Q, fl)=0 and N . (0,0)=R"(e1,0).
For any ¢ > 0 define

Rs :={y= (y1,---,ya) € 5q(0,0) : %5 <y <6},

Ssi={y= (Y1, ya) €85q(0,6) : =0 <y < —4/2}.

Claim: There exist d1, o > 0 such that

1
(33) fly) §—§ 00, Yy € Rs, 6 < 01
and
(34) fly) >0 Yye S50 <ds.

Proof of Claim: Let us prove (33). For y € Rs; we have
30 < {(e1,0), (. 8)) < C- (IlylI"*" +181"*")  ¥5 < f(y)

whence
146
(35) W <C@T e 418, VB < f(y).
Notice that, for 6 small enough, it holds
fly) <0 for any y € Rs;

indeed, by contradiction, if f(y) > 0 one could choose 5 = 0, thus violating (35) for § sufficiently
small. Formula (33) easily follows for a small enough 0, on taking 8 = f(y) < 0 in (35).

Let us prove (34). Assume by contradiction that there exist sequences {4, }, and {y"}, such
that

6, — 07, y"e€Ss, and f(y") <0.

Since y" — 0 and f(0) = 0 we get lim,_ f(y") = f(0) = 0. Hence, by the upper semi-
continuity of N, there exists a sequence {(v", &™) }nen such that (v, a") € N(y", f(y")) and
(v™, ™) — (e1,0) (we recall that if (v™, a™) € N(y", f(y™)) then |[(v",a™)|| = 1); in particular,
v" — ey. Moreover, for all 5 <0 = f(0) it holds

(0", 0™),0,8) = (", fly™)) < - (ly" " + 18 = Fy™)I™).
Since f(y") < f(0) = 0 we can choose # = f(y") in the above inequality and get
(", —y") <Oyt
Thus
57" — [ = 61”\/6_1571 < e, —y") + (V" —er, —y") = (", —y") < Od%g 5111%‘
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Dividing both sides by 6,, and passing to the limit as n — oo we obtain a contradiction. This
concludes the proof of the Claim. o

The Claim allows us to conclude: indeed, for any § < §y := min{d;, >} and any z € (-6, )%}

we get
1
’f(yav Z) - f(yb7z>| > E(Sm vya S ]%575[7 Yp E] - 57 _5/2[

By virtue of Lemma 2.18, for any z € (=6, §)?~! there exist y,(z) €]34, 6] and y,(2) €] -6, —6/2]
such that

IDf[(=0,0) = [f(ya(2), 2) = f(n(2), 2)| =
where f, := f(-,2). By [2, Theorem 3.103] we obtain

IDAISa00) 2 [ DS+ = len)ds

- / IDf:NI(=0,6)dz
]7575[d—1
> (20)%7!. %5%9 _ gd-25-1ty

where we have denoted by D,, f the distributional derivative of f along e; and by z+] — ¢, d[ey
the line segment joining (—4, z) and (4, z). This concludes the proof of the Lemma. O

We are ready to prove the third main result of the paper.

Proof of Theorem 1.3. Set K = hypo f; by Proposition 6.1, without loss of generality we may
assume U = Q and f € BV(Q).

Let 7 : R4 — R? be the projection m(z1,...,24¢1) = (21,...,24). The set (0K \ 9*K) N
(2 x R) is countably 7%~ !-rectifiable by Proposition 6.9 (2); since 7 is Lipschitz continuous,
also .} \ m(0*K) is countably J#% -rectifiable because

F\7T(OK) CQ\7(0K) =n((0K \ 0*°K) N (Q x R)).
In particular ,%”d_ﬁ(ﬁ \ 7(0*K)) = 0 and it will be enough to show that
AT (S N (07 K)) < +00.

According to Proposition 6.9 (1) and the estimates given by Lemma 7.2, there exists a constant
C > 0 depending only on d, § such that

>C

D B
oy 121+ OB)

0
5-0t W, o 0T
~Tro

for all x € Sy N7w(0*K). By Theorem 2.10 we get
IDSI( N 7(0°K)) = CoH* 75 (S N (0 )

and we can conclude because || D f]|(2) < +o0. O
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The following result shows that the bound dim % < d — 1%9 is sharp. We will focus on
the case d = 1, # = 1, i.e., when hypo f satisfies an uniform external ball condition, but our
construction can be easily adapted to cover more general cases.

Proposition 7.3. For every € > 0 there ezists a continuous map f :[0,1] — R such that for
any x € [0,1] there exist v, € Nii o ¢(x, f(z)) NS" with

(Vo y —x) < |y — " + |f(y) = f(@)]*  for every y € [0,1]
and dim » S5 > % — €.

Proof. Fix € > 0 and let A €]0,1/4[ be such that

1 1 1
5—5§10g/\§:10g1//\2<§.

Consider the Cantor set C'\ constructed in this way:

Step 0: remove from I := [0, 1] an open interval I? of lenght 1 — 2\ centered at the middle point
of I, ie. 1/2. We are left with 2 closed intervals of lenght A.

Step 1: From each of the two remaining intervals, remove an open interval of lenght A(1 — 2))
centered on its midpoint. In this way we are removing two intervals I} and I} and we
are left with 22 = 4 closed intervals of lenght \2.

Step n: From each of the 2" remaining closed intervals of lenght A", remove open intervals
It ... 1%, of lenght A\"(1 — 2)) centered in their midpoints. We are left with 27+
closed intervals of lenght \"*1.

We define C'\ as the intersection of all the closed intervals we are left with at each step or,

equivalently,
oo 2™

av=o\ Yy

n=01:=1

It is well known (see e.g. [23]) that
1
dlmjf CA = 10g1/)\2 Z 5 — E.

We are going to provide a continuous function f : [0, 1] — R such that .#f = C) and for every
z € [0, 1] there exists v, € N, ;(z, f(x)) NS' with
(ve,y — ) < |y — 2> +|f(y) = f(2)] for every y € [0,1].

Let {b'} nen C]0,1[ be such that
i=1,...,21

I =10 = A"(1 = 2A), b7
and define

/ I—bn—f-l
— —(r = b 2\ _ i
g(x) = (=Vi=le=a+1f) V1= (z =0 +1)

0 otherwise.

if x € I,
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We have that g(z) > 0 and

/ng(x)dx: [—\/1—(93—b?+1)2]

2

— N 0
z—bi

a=bn—A"(1—2))

= /2X7(1 — 20) — A22(1 — 2)0)2 < /2(1 — 2)\) A2 < V2 A2,
This implies that g € L*(0,1) because

[ ot da:_iZ/ e <VEYY fzgf

n=0 =1 n=0 =1

which is finite because A\ < 1/4. Thus the function f : [0,1] — R defined by

fz) = / Cg(t) e

belongs to AC([0, 1]) and, in particular, is BV and continuous on [0, 1], and of class C' on each
interval I;'. Let y € I}*; we have
y

Fly) — F00) = / g(x)ds = —/T= (= bF T 1)2

A
%

whence
(fly) = fFOD)* + (y—b7 +1)" =1 Vyel
Thus the graph of f restricted to each I corresponds to an arc of unit circle centered at

(b — 1, f(b)) and it is not difficult to see that hypo f satisfies an external ball condition of
radius 1. Moreover

{(_170)} S le;pof(b?a f(b?)) N Sl’
because g(y) — +oo asy — (b7)~. So S D {b' :neN,i=1,...,2"} and, since .#; is closed
and

{tF:neNji=1,...,2n} = (),
we have .4 O C). Moreover we have also .y C C) because .y N I = (0 for every n € N,
t=1,...,2" thus 5 = C), as desired. 0

Remark 7.4. The previous result corrects Example 5.2 in [15].

APPENDIX: AN EXAMPLE IN OPTIMAL CONTROL

We resume the discussion of the example described in the Introduction. We were considering
the constant control system (3) together with the target 7 = epi f, where

f(@) = Xj—c00)(T) — ’$\2/3X}0,+oo[(95)-
The minimum time 7" to reach target 7 subject to the above control system can be explicitly
computed. Given (x,y) ¢ 7, we have

11—y if x <0,
(36) T(z,y) = { 2By if x>0
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Clearly, T is discontinuous on the set {(0,y) € R? : y < 0}. Moreover, for every r > 0, the
closure of the sublevel {(z,y) : T(x,y) < r} does not satisfy an exterior sphere condition at
(0, —r). Hence, such condition does not hold for the hypograph of T at the point (0, —r,7)
either. Similarly, the exterior sphere condition does not hold for epi f at the origin.

F1GURE 3. The graph of the minimum time function 7.

However, T belongs to the class .Z(Q) for Q := R?\ 7. Indeed, one can first see from (36)
that 7" is upper-semicontinuous on €2, thus we need only to check that hypoT € Z*R  To
this aim, it suffices to prove that hypo Tjq € #.

Define
Sy ={(z,y,2) €ER*: 2 +y—1<0and z <0}
Sy = {(z,y,2) €R*: (z+y)’+2*> <0and z > 0}
Sy = {(2,9,2) €R*: x <0 ory < -2} = {(z,y,2) € R : & < max{0,y}*?}
Sy ={(z,y,2) €eR*: y < 1}.

and notice that
hypO j—iﬂ == (Sl U SQ) N 53 N S4.

Since the class .# is closed under intersection, in order to prove that hypoTjq € # it is enough
to prove that S; U S,, S3 and Sy belong to .%.
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Using the fact that the map y — max{0,y}/? is of class C*'/2, it is not difficult to show that
c1/2
NP (2,y,2) {0} V(z.y,z) € 05,

for a suitable C' = C(S3) > 0; in particular, S3 € .#. The halfspace S, clearly belongs to 7.
Finally, under the linear invertible change of coordinates

(u,v,w) = F(x,y,2) = (z,2 4+ y,z2 — y),
under which . is clearly closed, we have
F(S1) = {(u,v,w) € R*: v <1 and u < 0}
F(Sy) = {(u,v,w) € R*: v* < —u? and u < 0}.
This means that F'(S; U Sy) = (hypo g) x R, where

—o0, v>1
g9(v) = {0, v e [0,1]
lv[*2, v <.

In order to prove that F'(S; U Sy) € Z it is enough to show that hypog € F® and this can
be easily checked using the fact that g € C*'/?(] — 00,1]). We have that hypo g is N-regular
and

MOV, 0) £ {0} Y(u,v) € Shypog.

ypog
This is enough to conclude.
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