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❆ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r

♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣

❋r❛♥❝❦ ❍étr♦②∗

Pr♦❥❡❝t✲❚❡❛♠ ▼♦r♣❤❡♦

❘❡s❡❛r❝❤ ❘❡♣♦rt ♥➦ ✽✵✵✸ ✖ ❏✉♥❡ ✷✵✶✷ ✖ ✶✼ ♣❛❣❡s

❆❜str❛❝t✿ ■♥ t❤✐s r❡♣♦rt ✇❡ ❡①t❡♥❞ t❤❡ ❞✐s❝r❡t❡ ✸❉ ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ t♦ ♠❡s❤ ❛♥✐♠❛t✐♦♥s✱
r❡♣r❡s❡♥t❡❞ ❛s t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t s❡q✉❡♥❝❡s ♦❢ ♠❡s❤❡s✳ ■♥ ♦r❞❡r t♦ ❧❡t t❤❡ ✉s❡r ❝♦♥tr♦❧ t❤❡ ♠♦t✐♦♥
✐♥✢✉❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❡♦♠❡tr②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♣❛r❛♠❡t❡r ❢♦r t❤❡ t✐♠❡ ❞✐♠❡♥s✐♦♥✳ ❖✉r
❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❤♦❧❞s t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s t❤❡ ❞✐s❝r❡t❡ ✸❉ ▲❛♣❧❛❝✐❛♥✱ ❛s s♦♦♥
❛s t❤✐s ♣❛r❛♠❡t❡r ✐s ♥♦♥ ♥❡❣❛t✐✈❡✳ ❲❡ ❞❡♠♦♥str❛t❡ t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤✐s ❢r❛♠❡✇♦r❦ ❜② ❡①t❡♥❞✐♥❣
▲❛♣❧❛❝✐❛♥✲❜❛s❡❞ ♠❡s❤ ❡❞✐t✐♥❣ ❛♥❞ ❢❛✐r✐♥❣ t❡❝❤♥✐q✉❡s t♦ ♠❡s❤ ❛♥✐♠❛t✐♦♥s✳

❑❡②✲✇♦r❞s✿ ♠❡s❤ ❛♥✐♠❛t✐♦♥✱ ▲❛♣❧❛❝✐❛♥✱ ♠❡s❤ ❡❞✐t✐♥❣✱ ♠❡s❤ ❢❛✐r✐♥❣

∗ ▲❛❜♦r❛t♦✐r❡ ❏❡❛♥ ❑✉♥t③♠❛♥♥✱ ■♥r✐❛✱ ❯♥✐✈❡rs✐té ❞❡ ●r❡♥♦❜❧❡



❯♥ ❝❛♥❡✈❛s ▲❛♣❧❛❝✐❡♥ ✸❉✰t ❞✐s❝r❡t ♣♦✉r ❧❡

tr❛✐t❡♠❡♥t ♥✉♠ér✐q✉❡ ❞✬❛♥✐♠❛t✐♦♥s ❞❡ ♠❛✐❧❧❛❣❡s

❘és✉♠é ✿ ❉❛♥s ❝❡ r❛♣♣♦rt ♥♦✉s ét❡♥❞♦♥s ❧❡ ❝❛♥❡✈❛s ▲❛♣❧❛❝✐❡♥ ✸❉ ❞✐s❝r❡t
❛✉① ❛♥✐♠❛t✐♦♥s ❞❡ ♠❛✐❧❧❛❣❡s✱ r❡♣rés❡♥té❡s ❝♦♠♠❡ ❞❡s séq✉❡♥❝❡s t❡♠♣♦r❡❧❧❡♠❡♥t
❝♦❤ér❡♥t❡s ❞❡ ♠❛✐❧❧❛❣❡s✳ ❆✜♥ ❞❡ ❧❛✐ss❡r ❧✬✉t✐❧✐s❛t❡✉r ❝♦♥trô❧❡r ❧✬✐♥✢✉❡♥❝❡ ❞✉
♠♦✉✈❡♠❡♥t ♣❛r r❛♣♣♦rt à ❝❡❧❧❡ ❞❡ ❧❛ ❣é♦♠étr✐❡✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥ ♣❛r❛♠ètr❡
❛ss♦❝✐é à ❧❛ ❞✐♠❡♥s✐♦♥ t❡♠♣♦r❡❧❧❡✳ ◆♦tr❡ ♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡ ✸❉✰t ❞✐s❝r❡t
♣♦ssè❞❡ ❧❡s ♠ê♠❡s ♣r♦♣r✐étés q✉❡ ❧❡ ▲❛♣❧❛❝✐❡♥ ✸❉ ❞✐s❝r❡t✱ ❞ès q✉❡ ❝❡ ♣❛r❛♠ètr❡
❡st ♣♦s✐t✐❢ ♦✉ ♥✉❧✳ ◆♦✉s ❞é♠♦♥tr♦♥s ❧✬✐♥térêt ❞❡ ❝❡ ❝❛♥❡✈❛s ❡♥ ét❡♥❞❛♥t ❞❡s
t❡❝❤♥✐q✉❡s ❞✬é❞✐t✐♦♥ ❡t ❞❡ ❧✐ss❛❣❡✴❞é❜r✉✐t❛❣❡ ❞❡ ♠❛✐❧❧❛❣❡s ❜❛sé❡s ▲❛♣❧❛❝✐❡♥ ❛✉①
❛♥✐♠❛t✐♦♥s ❞❡ ♠❛✐❧❧❛❣❡s✳

▼♦ts✲❝❧és ✿ ❛♥✐♠❛t✐♦♥ ❞❡ ♠❛✐❧❧❛❣❡s✱ ▲❛♣❧❛❝✐❡♥✱ é❞✐t✐♦♥ ❞❡ ♠❛✐❧❧❛❣❡s✱ ❧✐ss❛❣❡
❞❡ ♠❛✐❧❧❛❣❡



❆ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ❧❛st t❡♥ ②❡❛rs✱ ❛ ❤✉❣❡ ❛♠♦✉♥t ♦❢ ✇♦r❦s ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❡ ❡✛❡❝t✐✈❡✲
♥❡ss ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❝♦♦r❞✐♥❛t❡s ❢♦r ♠❡s❤ ♣r♦❝❡ss✐♥❣ ✭s❡❡ ❡✳❣✳ ❬❙♦r✵✻❪ ❢♦r ❛ s✉r✈❡②✮✳
▼❛♥② ♦❢ t❤❡♠ ✉s❡ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ❡♥❝♦❞❡s t❤❡
✈❛r✐❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❛r♦✉♥❞ ❛ ❣✐✈❡♥ ✈❡rt❡①✳ ■♥s♣✐r❡❞ ❜② t❤❡ ❞✐s❝r❡t❡ ❣r❛♣❤
▲❛♣❧❛❝✐❛♥✱ s❡✈❡r❛❧ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦rs ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛✲
t✉r❡ ❢♦r ♠❡s❤❡❞ s✉r❢❛❝❡s✱ ✇✐t❤ ✈❛r✐♦✉s ♣r♦♣❡rt✐❡s ❬❲▼❑●✵✼✱ ❇❙❲✵✽✱ ❆❲✶✶❪✳

■♥ t❤✐s r❡♣♦rt✱ ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦✲
❝❡ss✐♥❣✳ ▼❡s❤ ❛♥✐♠❛t✐♦♥s✱ ❛❧s♦ ❝❛❧❧❡❞ ❞❡❢♦r♠✐♥❣ ♠❡s❤ s❡q✉❡♥❝❡s ♦r ✸❉ ✈✐❞❡♦s✱
❛r❡ ❜❡❝♦♠✐♥❣ ✇✐❞❡❧② ✉s❡❞ ✐♥ ✈❛r✐♦✉s ❞♦♠❛✐♥s✱ s✉❝❤ ❛s ❡♥t❡rt❛✐♥♠❡♥t✱ ✸❉ t❡❧❡✲
✈✐s✐♦♥ ♦r ♠❡❞✐❝❛❧ s✐♠✉❧❛t✐♦♥✳ ❆s ❢♦r st❛t✐❝ ♠❡s❤❡s✱ r❛✇ ❛♥✐♠❛t✐♦♥s ♠❛② r❡q✉✐r❡
♠♦❞✐✜❝❛t✐♦♥s✱ s✉❝❤ ❛s ❞❡♥♦✐s✐♥❣ ♦r ❡❞✐t✐♥❣ ♦❢ s♦♠❡ ♣❛rt ♦❢ t❤❡ ❣❡♦♠❡tr②✱ t♦
r❡❛❝❤ t❤❡ ✉s❡r✬s ♦❜❥❡❝t✐✈❡s✳

❖✉r ❝♦♥tr✐❜✉t✐♦♥ ✐s t❤r❡❡❢♦❧❞✿

❼ ✜rst✱ ✇❡ ❞❡❝♦✉♣❧❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❞✐♠❡♥s✐♦♥s ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♣❛r❛♠❡t❡r
α✳ ❚✉♥✐♥❣ t❤✐s ♣❛r❛♠❡t❡r ❛❧❧♦✇s t♦ ♣r♦❝❡ss ❡✐t❤❡r ❣❡♦♠❡tr② ♦r ♠♦t✐♦♥✱ ♦r
❜♦t❤✱ ✐♥ ❛ s✐♥❣❧❡ ❢r❛♠❡✇♦r❦❀

❼ s❡❝♦♥❞✱ ✇❡ ♣r♦♣♦s❡ ❛ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ❡❞✐t✐♥❣ ♠❡t❤♦❞✱ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡
♣♦♣✉❧❛r st❛t✐❝ ♠❡s❤ ❡❞✐t✐♥❣ ♦❢ ❙♦r❦✐♥❡ ❡t ❛❧✳ ❬❙❈❖▲∗✵✹❪ t♦ t✐♠❡✲✈❛r②✐♥❣
♠❡s❤❡s❀

❼ ✜♥❛❧❧②✱ ✇❡ ❛❧s♦ s❤♦✇ ❤♦✇ ❣❡♦♠❡tr② ❛♥❞✴♦r ♠♦t✐♦♥ ♦❢ ❛ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ❝❛♥
❜❡ ❞❡♥♦✐s❡❞ ♦r s♠♦♦t❤❡❞ ✉s✐♥❣ ♦✉r ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s r❡♣♦rt ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷✱ ✇❡ r❡✈✐❡✇
r❡❧❛t❡❞ ✇♦r❦ ♦♥ ♠❡s❤ ❛♥❞ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ✐♥tr♦❞✉❝❡
♦✉r ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦✱ ✇❤✐❝❤ ✐s s✉❜s❡q✉❡♥t❧② ✉s❡❞ ❢♦r ♠❡s❤
❛♥✐♠❛t✐♦♥ ❡❞✐t✐♥❣ ✭s❡❝t✐♦♥ ✹✮ ❛♥❞ ❢❛✐r✐♥❣ ✭s❡❝t✐♦♥ ✺✮✳ ❲❡ ❝♦♥❝❧✉❞❡ ✐♥ s❡❝t✐♦♥ ✼✳

✷ ❘❡❧❛t❡❞ ✇♦r❦

✷✳✶ ▼❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣

❆♠♦♥❣ ♣♦♣✉❧❛r ♣r♦❜❧❡♠s ✐♥ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✐s ♠❡s❤ ❛♥✐♠❛t✐♦♥ ❡❞✐t✲
✐♥❣✱ ❢♦r ✇❤✐❝❤ s❡✈❡r❛❧ s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❬❑●✵✻✱ ❙❙P✵✼✱ ❳❩❨∗✵✼✱
❑●✵✽❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✉s❡ t❤✐s ♣r♦❜❧❡♠ ❛s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ s❤♦✇❝❛s❡ ♦❢ ♦✉r
❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❚❡❥❡r❛ ❛♥❞ ❍✐❧t♦♥✬s ❛♣♣r♦❛❝❤ ❬❚❍✶✶❪ ✐s ♣❛r✲
t✐❝✉❧❛r❧② ❝❧♦s❡ t♦ ♦✉r ✇♦r❦✱ s✐♥❝❡ ✐t st❛rts ❢r♦♠ ❛ st❛t✐❝ ▲❛♣❧❛❝✐❛♥✲❜❛s❡❞ ♠❡s❤
❡❞✐t✐♥❣ ❢r❛♠❡✇♦r❦✱ ✇❤✐❝❤ ✐s t❤❡♥ ♣r♦♣❛❣❛t❡❞ t❤r♦✉❣❤ t✐♠❡✳ ❖✉r ❢r❛♠❡✇♦r❦ ✐s
♠♦r❡ ❣❧♦❜❛❧ s✐♥❝❡ ✇❡ ❤❛♥❞❧❡ s♣❛❝❡ ❛♥❞ t✐♠❡ ❛t ♦♥❝❡✳ ❆♥♦t❤❡r ✇❡❧❧ st✉❞✐❡❞ ♣r♦❜✲
❧❡♠ ✐s ❞❡❢♦r♠❛t✐♦♥ tr❛♥s❢❡r ❬❙P✵✹✱ ❇❱●P✵✾✱ ❇❈❲●✵✾❪✱ ✐♥ ✇❤✐❝❤ t❤❡ ♠♦t✐♦♥
♦❢ ❛ ❣✐✈❡♥ ❛♥✐♠❛t✐♦♥ ✐s tr❛♥s❢❡rr❡❞ t♦ ❛ ♥❡✇ ✭st❛t✐❝✮ ♠❡s❤✱ ✐♥ ♦r❞❡r t♦ ❝r❡❛t❡
❛ ♥❡✇ ❛♥✐♠❛t✐♦♥✳ ❋✐♥❛❧❧②✱ s♦♠❡ ✇♦r❦s tr② t♦ r❡❝♦✈❡r t❤❡ ✉♥❞❡r❧②✐♥❣ str✉❝t✉r❡
❛♥❞✴♦r ♠♦t✐♦♥ ❢r♦♠ ❛ ❣✐✈❡♥ ♠❡s❤ s❡q✉❡♥❝❡✿ ❢♦r ✐♥st❛♥❝❡ ❛♥✐♠❛t✐♦♥ s❦❡❧❡t♦♥
❛♥❞✴♦r s❦✐♥♥✐♥❣ ✇❡✐❣❤ts ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛rt✐❝✉❧❛t❡❞ ♠♦t✐♦♥ ❬❏❚✵✺✱ ❉❆❚❚❙✵✽❪✱
♦r ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ♣♦s❡✱ s❤❛♣❡ ❛♥❞ ♠♦t✐♦♥ ❬❈❍✶✷❪✳ ❚❤✐s ❧❛st ❛♣♣r♦❛❝❤ ✐s
✈❡r② ✐♥t❡r❡st✐♥❣ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❛❧❧♦✇s t♦ ♣r♦❝❡ss ✐♥❞❡♣❡♥❞❡♥t❧② ❣❡♦♠❡tr②
❛♥❞ ♠♦t✐♦♥✳ ❖✉r ♣✉r♣♦s❡ ✐♥ t❤✐s r❡♣♦rt ✐s ♥♦t t♦ ❢♦❝✉s ♦♥ ❛ ♣❛rt✐❝✉❧❛r ♠❡s❤

❘❘ ♥➦ ✽✵✵✸



✹ ❋✳ ❍étr♦②

❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✐ss✉❡✱ r❛t❤❡r t♦ ♣r♦♣♦s❡ ❛ ❣❡♥❡r✐❝ t♦♦❧ ✇❤✐❝❤ ♠❛② ❜❡ ✉s❡❞
❢♦r ♠❛♥② ♣r♦❜❧❡♠s✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ♠❛♥② ♦❢ t❤❡ ❝✉rr❡♥t ❛♣♣r♦❛❝❤❡s
❛❧r❡❛❞② ✉s❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❛s ❛ t♦♦❧ ❢♦r ❣❡♦♠❡tr② ♣r♦❝❡ss✐♥❣✳

✷✳✷ ▲❛♣❧❛❝✐❛♥ ♠❡s❤ ♣r♦❝❡ss✐♥❣

❉✐s❝r❡t✐③❛t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r ②❡❛rs ❢♦r ♠❡s❤ ♣r♦✲
❝❡ss✐♥❣✳ P❡r❤❛♣s ♦♥❡ ♦❢ t❤❡ ✜rst ✇♦r❦s ✐♥ t❤✐s ❛r❡❛ ✐s ❚❛✉❜✐♥✬s ❢❛✐r✐♥❣ t❡❝❤✲
♥✐q✉❡ ❬❚❛✉✾✺❪✳ ❆♠♦♥❣ s❡♠✐♥❛❧ ✇♦r❦s✱ ❧❡t ✉s ❝✐t❡ t❤❡ ✐♠♣❧✐❝✐t ❢❛✐r✐♥❣ ♠❡t❤♦❞ ♦❢
❉❡s❜r✉♥ ❡t ❛❧✳ ❬❉▼❙❇✾✾❪ ❛♥❞ t❤❡ ▲❛♣❧❛❝✐❛♥ s✉r❢❛❝❡ ❡❞✐t✐♥❣ ❛♣♣r♦❛❝❤ ♦❢ ❙♦r❦✐♥❡
❡t ❛❧✳ ❬❙❈❖▲∗✵✹❪✳ ■♥ t❤✐s r❡♣♦rt✱ ✇❡ ❡①t❡♥❞ t❤❡s❡ t✇♦ t❡❝❤♥✐q✉❡s t♦ ♠❡s❤ ❛♥✐✲
♠❛t✐♦♥s✳ ❆s ❢♦r ♦t❤❡r ✐♥t❡r❡st✐♥❣ ▲❛♣❧❛❝✐❛♥ ♠❡s❤ ♣r♦❝❡ss✐♥❣ ✇♦r❦s✱ ✇❡ r❡❢❡r t❤❡
r❡❛❞❡r t♦ ❬❇❑P∗✶✵✱ ❙♦r✵✻✱ ❩✈❑❉✶✵❪✳

✸ ▼❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦

✸✳✶ ❚❤❡ ❞✐s❝r❡t❡ ✸❉ ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦

▲❛♣❧❛❝✐❛♥ ♠❡s❤ ♣r♦❝❡ss✐♥❣ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ❢♦r ♦✈❡r ❛ ❞❡❝❛❞❡ ✭s❡❡
❡✳❣✳ ❬❙♦r✵✻✱ ❩✈❑❉✶✵❪ ❢♦r r❡❝❡♥t s✉r✈❡②s✮✳ ■t r❡❧✐❡s ♦♥ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ✭❉✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❬❩✈❑❉✶✵❪✮ ▲❡t V = {vi} ❜❡
t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ♦❢ ❛ ❣✐✈❡♥ ♠❡s❤ M ✱ ❛♥❞ ∀i, fi ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ vi ❜② ❛ ❢✉♥❝t✐♦♥
f ✳ ❚❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r L ❛♣♣❧✐❡❞ t♦ f ✐s s✉❝❤ t❤❛t✿

∀i, (Lf)(vi) =
1

di

∑

vj∈Ni

wi,j(fi − fj) ✭✶✮

✇✐t❤ Ni t❤❡ ✶✲r✐♥❣ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✈❡rt❡① vi✱ di ❛ ♣♦s✐t✐✈❡ ❢❛❝t♦r ❞❡✜♥❡❞ ❢♦r
✈❡rt❡① vi✱ ❛♥❞ wi,j ❛ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❡❞❣❡ vivj✳

❚❤✐s ♦♣❡r❛t♦r ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ❛ ✜rst ♦r❞❡r ♦♣❡r❛t♦r✱ s✐♥❝❡ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r
✶✲r✐♥❣ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ ✈❡rt✐❝❡s✳

■♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣✱ ❢✉♥❝t✐♦♥s ❛♥❞ ♦♣❡r❛t♦rs ❛r❡ ✉s✉❛❧❧② ❤❛♥❞❧❡❞ t❤r♦✉❣❤
✈❡❝t♦rs ❛♥❞ ♠❛tr✐❝❡s✱ r❡s♣❡❝t✐✈❡❧②✳

❉❡✜♥✐t✐♦♥ ✸✳✷ ✭▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❬❩✈❑❉✶✵❪✮ ❚❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① L ❢♦r
❛ ❣✐✈❡♥ ♠❡s❤ M ✐s L = D−1(D′ − W )✱ ✇✐t❤ D ❛♥❞ D′ t✇♦ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s
s✉❝❤ t❤❛t✿

∀i,D(i, i) = di,

∀i,D′(i, i) =
∑

vj∈Ni

wi,j ,

❛♥❞ W t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦❢ t❤❡ ♠❡s❤✿

∀i, j, ✐❢ vj ∈ Ni t❤❡♥ W (i, j) = wi,j , ❡❧s❡ W (i, j) = 0.

■❢ ∀i, di =
∑

j 6=i

wi,j ✱ t❤❡♥ D = D′ ❛♥❞ L ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s L = I − D−1W ✳

❆ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥ t♦ ✈❡rt❡① ❝♦♦r❞✐♥❛t❡s ❣✐✈❡s t❤❡ s♦✲❝❛❧❧❡❞ ▲❛♣❧❛❝✐❛♥
❝♦♦r❞✐♥❛t❡s✳

■♥r✐❛



❆ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✺

❉❡✜♥✐t✐♦♥ ✸✳✸ ✭▲❛♣❧❛❝✐❛♥ ❝♦♦r❞✐♥❛t❡s ❬❙♦r✵✻❪✮ ▲❡t vi ❜❡ ❛ ✈❡rt❡① ♦❢ ❛ ❣✐✈❡♥
♠❡s❤ M ✳ ❚❤❡ ▲❛♣❧❛❝✐❛♥ ❝♦♦r❞✐♥❛t❡s L(vi) ♦❢ vi ❛r❡ ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r

L(vi) =
1

∑

vj∈Ni

wi,j

∑

vj∈Ni

wi,j(vi − vj) ✭✷✮

✇✐t❤ Ni t❤❡ s❡t ♦❢ ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s t♦ vi✱ ❛♥❞ wi,j ❛ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❡❞❣❡ vivj✳

❚❤✐s ✈❡❝t♦r ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ♥♦r♠❛❧
❛t vi✳

✸✳✷ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r

✸✳✷✳✶ ◆♦t❛t✐♦♥s

▲❡t MS = (M1, . . . ,Mm) ❜❡ ❛ ♠❡s❤ ❛♥✐♠❛t✐♦♥✳ ❊❛❝❤ ♠❡s❤ Mk, 1 ≤ k ≤ m✱
♦❢ t❤❡ ❛♥✐♠❛t✐♦♥ ✐s ❛ tr✐♣❧❡t (V k, Ek, F k)✱ ✇✐t❤ V k ❛ s❡t ♦❢ ✈❡rt✐❝❡s✱ Ek ❛ s❡t
♦❢ ❡❞❣❡s✱ ❛♥❞ F k ❛ s❡t ♦❢ ❢❛❝❡s✳ ❆❝t✉❛❧❧②✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ✈❡rt✐❝❡s ♦❢
MS✱ t❤❛t ✐s t♦ s❛② t❤❡ s❡ts V k,∀k ∈ [1,m]✱ ❛♥❞ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ r❡❧❛t✐♦♥s❤✐♣s ✐♥
s♣❛❝❡t✐♠❡ ❜❡t✇❡❡♥ t❤❡♠✳ ❋♦r ❡❛❝❤ ✈❡rt❡① vk

i ∈ V k✱ ✇❡ ❝♦♥s✐❞❡r ✐ts ❝♦♦r❞✐♥❛t❡s
✐♥ t❤❡ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡t✐♠❡✿ vk

i = (tki , xk
i , yk

i , zk
i )✱ ✇✐t❤ tki t❤❡ t✐♠❡❧✐❦❡

❝♦♦r❞✐♥❛t❡ ❛♥❞ xk
i ✱ yk

i ❛♥❞ zk
i t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ♦❢ ✈❡rt❡① vk

i ✳ ◆♦t❡ t❤❛t
❢♦r ❛ ❣✐✈❡♥✱ st❛t✐❝✱ ♠❡s❤ Mk✱ ❛❧❧ ✈❡rt✐❝❡s vk

i s❤❛r❡ t❤❡ s❛♠❡ t✐♠❡❧✐❦❡ ❝♦♦r❞✐♥❛t❡✿
∀i, j, tki = tkj = tk✳ ■♥ ❝❛s❡ t❤❡ ❢r❛♠❡r❛t❡ fr ♦❢ t❤❡ ❛♥✐♠❛t✐♦♥ ✐s ❝♦♥st❛♥t ♦✈❡r

t❤❡ s❡q✉❡♥❝❡✱ tk = k/fr✳ ▲❡t Nk
i ❜❡ t❤❡ ✶✲r✐♥❣ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✈❡rt❡① vk

i ✳ ▲❡t
Nsk

i ❜❡ t❤❡ s✉❜s❡t ♦❢ Nk
i ♠❛❞❡ ♦❢ ✈❡rt✐❝❡s s❤❛r✐♥❣ t❤❡ s❛♠❡ t✐♠❡❧✐❦❡ ❝♦♦r❞✐♥❛t❡

tk ❛s vk
i ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Nsk

i ❣❛t❤❡rs t❤❡ ♥❡✐❣❤❜♦rs ♦❢ vk
i ✐♥ t❤❡ ♠❡s❤ Mk✳ ▲❡t

Ntki = Nk
i \Nsk

i ❜❡ t❤❡ ✏t❡♠♣♦r❛❧✑ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ vk
i ✳

✸✳✷✳✷ ❉❡✜♥✐t✐♦♥s

❲❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✸❉ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r t♦ ♠❡s❤
❛♥✐♠❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✹ ✭❉✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✮ ▲❡t V = {vk
i } ❜❡ t❤❡

s❡t ♦❢ ✈❡rt✐❝❡s ♦❢ ❛ ❣✐✈❡♥ ♠❡s❤ s❡q✉❡♥❝❡ MS✱ ❛♥❞ ∀i, k, fk
i ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ vk

i

❜② ❛ ❢✉♥❝t✐♦♥ f ✳ ❚❤❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r Lα ❛♣♣❧✐❡❞ t♦ f ✐s s✉❝❤ t❤❛t✿

∀i, k, (Lαf)(vk
i ) =

α

δk
i

∑

vl
j
∈Ntk

i

wk,l
i,j (fk

i − f l
j) +

1

dk
i

∑

vk
j
∈Nsk

i

wk
i,j(f

k
i − fk

j ) ✭✸✮

✇✐t❤ δk
i ❛♥❞ dk

i t✇♦ ♣♦s✐t✐✈❡ ❢❛❝t♦rs ❞❡✜♥❡❞ ❢♦r ✈❡rt❡① vk
i ✱ wk,l

i,j ❛ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞

t♦ t❤❡ ❡❞❣❡ vk
i vl

j✱ ❛♥❞ wk
i,j ❛ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❡❞❣❡ vk

i vk
j ✳ α ✐s ❛ ✉s❡r✲

❞❡✜♥❡❞ ♣❛r❛♠❡t❡r ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✹✮✳

◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❞✬❆❧❡♠❜❡rt
♦♣❡r❛t♦r✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✐♥ t❤❡ ▼✐♥❦♦✇s❦✐
s♣❛❝❡t✐♠❡ ❬❈❤❡✵✹❪✳ ❍♦✇❡✈❡r✱ ✉s✉❛❧ ♠❡tr✐❝s ✐♥ t❤❡ ▼✐♥❦♦✇s❦✐ s♣❛❝❡t✐♠❡✱ ✇✐t❤
❛♥ ♦♣♣♦s✐t❡ s✐❣♥ ❜❡t✇❡❡♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ❞✐♠❡♥s✐♦♥s✱ ❧❡❛❞ t♦ ❛ ❤②♣❡r❜♦❧✐❝ ♦♣✲
❡r❛t♦r✱ ✇❤✐❧❡ ♦✉r ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r r❡♠❛✐♥s ❛♥ ❡❧❧✐♣t✐❝ ♦♥❡ ❛s ❧♦♥❣ ❛s t❤❡
s❝❛❧❡ ❢❛❝t♦r α r❡♠❛✐♥s ♥♦♥ ♥❡❣❛t✐✈❡✳

❘❘ ♥➦ ✽✵✵✸



✻ ❋✳ ❍étr♦②

❚❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ✸✳✹ ✐s ✈❡r② ❣❡♥❡r❛❧ ❛♥❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥② ♠❡s❤
s❡q✉❡♥❝❡✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ r❡st ♦❢ t❤✐s r❡♣♦rt✱ ✇❡ r❡str✐❝t t♦ ♠❡s❤ s❡q✉❡♥❝❡s
✇❤✐❝❤ ❛r❡ ❡①♣❧✐❝✐t❧② t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t✱ t❤❛t ✐s t♦ s❛② ✇✐t❤ ❛ ✜①❡❞ ❝♦♥♥❡❝t✐✈✐t②✿
∀k1 6= k2, v

k1
j ∈ Nsk1

i ⇐⇒ vk2
j ∈ Nsk2

i ✳ ▼♦st ❞❡❢♦r♠✐♥❣ ♠❡s❤ s❡q✉❡♥❝❡s ✉s❡❞
✐♥ ❝♦♠♣✉t❡r ❣r❛♣❤✐❝s ❛r❡ t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t✱ s✐♥❝❡ t❤❡② ❛r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠
❛ s✐♥❣❧❡ ♠❡s❤ ✇❤✐❝❤ ❞❡❢♦r♠s ♦✈❡r t✐♠❡✳ ❚❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡s
❝❛♥ ❛❧s♦ ❜❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ ♠✉❧t✐✲✈✐❡✇ ✈✐❞❡♦ s②st❡♠s ❬❉❆❙❚∗✵✽✱ ❱❇▼P✵✽❪✳

■♥ t❤❡ ❝❛s❡ ♦❢ t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡s✱ ♦♥❧② t✇♦ ✏t❡♠♣♦r❛❧✑
✇❡✐❣❤ts wk,l

i,j ❛r❡ ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ✈❡rt❡① vk
i ✿ (j, l) = (i, k−1) ♦r (i, k +1)✳ ▲❡t ✉s

❞❡♥♦t❡ t❤❡s❡ ✇❡✐❣❤ts wk−
i ❛♥❞ wk+

i ✳ ❚❤❡ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❝❛♥
♥♦✇ ❜❡ ✇r✐tt❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

❉❡✜♥✐t✐♦♥ ✸✳✺ ✭❉✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❢♦r t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡s✮
▲❡t V = {vk

i } ❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ♦❢ ❛ ❣✐✈❡♥ t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡
MS✱ ❛♥❞ ∀i, k, fk

i ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ vk
i ❜② ❛ ❢✉♥❝t✐♦♥ f ✳ ❚❤❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r✲

❛t♦r Lα ❛♣♣❧✐❡❞ t♦ f ✐s s✉❝❤ t❤❛t✿

∀i, k, (Lαf)(vk
i ) =

α

δk
i

(wk−
i (fk

i − fk−1

i ) + wk+

i (fk
i − fk+1

i ))

+
1

dk
i

∑

vk
j
∈Nsk

i

wk
i,j(f

k
i − fk

j ) ✭✹✮

✇✐t❤ dk
i ❛♥❞ δk

i t✇♦ ♣♦s✐t✐✈❡ ❢❛❝t♦rs ❞❡✜♥❡❞ ❢♦r ✈❡rt❡① vk
i ✱ wk

i,j ❛ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞

t♦ t❤❡ ❡❞❣❡ vk
i vk

j ❛♥❞ wk−
i ❛♥❞ wk+

i ✇❡✐❣❤ts ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t❡♠♣♦r❛❧ ❡❞❣❡s

vk
i vk−1

i ❛♥❞ vk
i vk+1

i ✱ r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s✳ ■♥ t❤❡ s❡❝♦♥❞
❝❛s❡✱ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ✈❡rt✐❝❡s ♦❢ t✇♦ s✉❝❝❡ss✐✈❡s
♠❡s❤❡s Mk ❛♥❞ Mk+1✳ ◆♦t❡ t❤❛t ♦✉r ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❛ ✜rst ♦r❞❡r ♦♥❡✱ s✐♥❝❡
♦✉r t❡♠♣♦r❛❧ ✇❡✐❣❤ts ❛r❡ ♦♥❧② ❞❡✜♥❡❞ ❢♦r t❤❡ t✇♦ ❝♦♥t✐❣✉♦✉s ❢r❛♠❡s k − 1 ❛♥❞
k + 1 ♦❢ t❤❡ ❝✉rr❡♥t ❢r❛♠❡ k✳

❚❤✐s ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❢♦r t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡s
❝❛♥ ❛❧s♦ ❜❡ ❤❛♥❞❧❡❞ ♠❛tr✐❝✐❛❧❧②✳ ▲❡t ✉s ♥♦t❡ n t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ ❡❛❝❤
♠❡s❤ Mk ♦❢ ❛ t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t s❡q✉❡♥❝❡ MS✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s
✐♥ MS ✐s t❤❡♥ nm✳ ❲❡ t❤❡r❡❢♦r❡ ❤❛♥❞❧❡ ♠✉❝❤ ❜✐❣❣❡r ♠❛tr✐❝❡s t❤❛♥ ✐♥ t❤❡
▲❛♣❧❛❝✐❛♥ ♣r♦❝❡ss✐♥❣ ❝❛s❡ ✭nm × nm ✐♥st❡❛❞ ♦❢ n × n✮✱ ❜✉t ❢♦rt✉♥❛t❡❧② t❤❡s❡
♠❛tr✐❝❡s ❛r❡ ✈❡r② s♣❛rs❡✳

❉❡✜♥✐t✐♦♥ ✸✳✻ ✭✸❉✰t ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①✮ ❚❤❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① Lα

❢♦r ❛ ❣✐✈❡♥ t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡ MS ✐s t❤❡ nm × nm ♠❛tr✐①

Lα = α∆−1(∆′ − Wt) + D−1(D′ − Ws), ✭✺✮

✇✐t❤✿

❼ ∆ ❛ nm × nm ❞✐❛❣♦♥❛❧ ♠❛tr✐① s✉❝❤ t❤❛t ∀k ∈ [1,m],∀i ∈ [1, n],∆((k −
1)n + i, (k − 1)n + i) = δk

i ✱

❼ ∆′ ❛ nm × nm ❞✐❛❣♦♥❛❧ ♠❛tr✐① s✉❝❤ t❤❛t ∀k ∈ [1,m],∀i ∈ [1, n],∆′((k −
1)n + i, (k − 1)n + i) = wk−

i + wk+

i ✱

■♥r✐❛



❆ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✼

❋✐❣✉r❡ ✶✿ ◆❡✐❣❤❜♦r✐♥❣ ✈❡rt✐❝❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ✸❉✰t
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❢♦r ❛ ❣✐✈❡♥ ✈❡rt❡① vk

i ✳ ❚♦♣✿ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ✭❊q✉❛t✐♦♥ ✭✸✮✮✳
❇♦tt♦♠✿ t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡ ❝❛s❡ ✭❊q✉❛t✐♦♥ ✭✹✮✮✳ ■♥ ❜♦t❤ ❝❛s❡s
t❤❡ r❡❞ ❞♦t ❝♦rr❡s♣♦♥❞s t♦ vk

i ✱ t❤❡ ❜❧✉❡ ❞♦ts t♦ s♣❛t✐❛❧ ♥❡✐❣❤❜♦rs vk
j ❛♥❞ t❤❡

❣r❡❡♥ ❞♦ts t♦ t❡♠♣♦r❛❧ ♥❡✐❣❤❜♦rs vk−1

j ❛♥❞ vk+1

j ✳

❘❘ ♥➦ ✽✵✵✸



✽ ❋✳ ❍étr♦②

❼ Wt ❛ nm × nm s♣❛rs❡ ♠❛tr✐① s✉❝❤ t❤❛t ∀k ∈ [2,m],∀i ∈ [1, n],Wt((k −
1)n + i, (k − 2)n + i) = wk−

i ❛♥❞ ∀k ∈ [1,m− 1],∀i ∈ [1, n],Wt((k − 1)n +
i, kn + i) = wk+

i ✱ ♦t❤❡r✇✐s❡ ∀i, j ∈ [1, nm],Wt(i, j) = 0✱

❼ D ❛ nm × nm ❞✐❛❣♦♥❛❧ ♠❛tr✐① s✉❝❤ t❤❛t ∀k ∈ [1,m],∀i ∈ [1, n], D((k −
1)n + i, (k − 1)n + i) = dk

i ✱

❼ D′ ❛ nm × nm ❞✐❛❣♦♥❛❧ ♠❛tr✐① s✉❝❤ t❤❛t ∀k ∈ [1,m],∀i ∈ [1, n], D′((k −

1)n + i, (k − 1)n + i) =
∑

vk
j
∈Nsk

i

wk
i,j✱

❼ Ws ❛ nm× nm ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ♠❛tr✐① ♠❛❞❡ ♦❢ m n× n s✉❜✲♠❛tr✐❝❡s W k✱
✇❤✐❝❤ ❛r❡ t❤❡ s♣❛t✐❛❧ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ♦❢ ♠❡s❤❡s Mk✳

◆♦t✐❝❡ t❤❛t D−1(D′ − Ws) ✐s ❛ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ♠❛tr✐① ♠❛❞❡ ♦❢ t❤❡ ✭s♣❛t✐❛❧✮
▲❛♣❧❛❝✐❛♥ ♠❛tr✐❝❡s Lk ♦❢ ♠❡s❤❡s Mk✳ ▲❡t Jk ❜❡ t❤❡ ❞✐❛❣♦♥❛❧ n × n ♠❛tr✐①

s✉❝❤ t❤❛t ∀i, Jk(i, i) =
w

k−

i
+w

k+
i

δk
i

✳ ■❢ ✇❡ ❞❡♥♦t❡ W k− t❤❡ ❞✐❛❣♦♥❛❧ n × n ♠❛tr✐①

s✉❝❤ t❤❛t ∀i,W k−(i, i) =
w

k−

i

δk
i

❛♥❞ W k+ t❤❡ ❞✐❛❣♦♥❛❧ n × n ♠❛tr✐① s✉❝❤ t❤❛t

∀i,W k+(i, i) =
w

k+
i

δk
i

✱ t❤❡♥ Lα ❝❛♥ ❜❡ ✇r✐tt❡♥ ❜❧♦❝❦✇✐s❡ ❛s✿

2

6

6

6

6

6

6

4

αJ1
+ L1 −αW 1+

−αW 2− αJ2
+ L2 −αW 2+

✳

✳

✳

✳

✳

✳

✳

✳

✳

−αW (m−1)− αJm−1
+ Lm−1 −αW (m−1)+

−αW m− αJm
+ Lm

3

7

7

7

7

7

7

5

❙✐♥❝❡ Lα ✐s ✈❡r② s♣❛rs❡✱ ✐t ❝❛♥ ✉s✉❛❧❧② ❜❡ ✐♥✈❡rt❡❞ ✈❡r② ❡✣❝✐❡♥t❧②✱ ❛s ❞❡♠♦♥✲
str❛t❡❞ ✐♥ ❙❡❝t✐♦♥s ✹ ❛♥❞ ✺✳

✸✳✷✳✸ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❝♦♦r❞✐♥❛t❡s

▲❛♣❧❛❝✐❛♥ ❝♦♦r❞✐♥❛t❡s ❝❛♥ ❛❧s♦ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ♠❡s❤ s❡q✉❡♥❝❡s✱ ❛s ❛ ♣❛rt✐❝✉❧❛r
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r t♦ ✈❡rt❡①
❝♦♦r❞✐♥❛t❡s ✐♥ s♣❛❝❡t✐♠❡✳

❉❡✜♥✐t✐♦♥ ✸✳✼ ✭✸❉✰t ▲❛♣❧❛❝✐❛♥ ❝♦♦r❞✐♥❛t❡s✮ ▲❡t vk
i ❜❡ ❛ ✈❡rt❡① ♦❢ ❛ ❣✐✈❡♥

t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡ MS✳ ❚❤❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❝♦♦r❞✐♥❛t❡s Lα(vk
i )

♦❢ vk
i ❛r❡ ❛ ✹✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r

Lα(vk
i ) =

α

wk−
i + wk+

i

(wk−
i (vk

i − vk−1

i ) + wk+

i (vk
i − vk+1

i ))

+
1

∑

vk
j
∈Nsk

i

wk
i,j

∑

vk
j
∈Nsk

i

wk
i,j(v

k
i − vk

j )) ✭✻✮

✇✐t❤ Nsk
i t❤❡ s❡t ♦❢ ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s t♦ vk

i ✐♥ s♣❛❝❡✱ wk
i,j ❛ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞

t♦ t❤❡ ❡❞❣❡ vk
i vk

j ✱ ❛♥❞ wk−
i ❛♥❞ wk+

i ✇❡✐❣❤ts ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t❡♠♣♦r❛❧ ❡❞❣❡s

vk
i vk−1

i ❛♥❞ vk
i vk+1

i ✱ r❡s♣❡❝t✐✈❡❧②✳

❆s t❤❡ ▲❛♣❧❛❝✐❛♥ ❝♦♦r❞✐♥❛t❡s ✐♥ R
3✱ t❤❡② ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ s♣❛❝❡t✐♠❡ ❛s ❛

❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠❡s❤ s❡q✉❡♥❝❡ ♥♦r♠❛❧ ❛t vk
i ✳

■♥r✐❛



❆ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✾

✸✳✷✳✹ ❲❡✐❣❤ts ❛♥❞ ♣❛r❛♠❡t❡r

❆s ❢♦r t❤❡ ❞✐s❝r❡t❡ ✸❉ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✱ ❞✐✛❡r❡♥t ✇❡✐❣❤t ❝❤♦✐❝❡s ❧❡❛❞ t♦ ❞✐✛❡r✲
❡♥t ♣r♦♣❡rt✐❡s ❬❲▼❑●✵✼✱ ❇❙❲✵✽❪✳ ❙♣❛t✐❛❧ ✇❡✐❣❤ts wk

i,j ❝❛♥ ❜❡ ❡✐t❤❡r ♣✉r❡❧②
❝♦♠❜✐♥❛t♦r✐❛❧✱ ♦r ❣❡♦♠❡tr✐❝❛❧✱ s✉❝❤ ❛s t❤❡ ❢❛♠♦✉s ❝♦t❛♥❣❡♥t ✇❡✐❣❤ts ❬❉▼❙❇✾✾❪✳
❆ ❜❛s✐❝ s♦❧✉t✐♦♥ t♦ s❡t t❡♠♣♦r❛❧ ✇❡✐❣❤ts ✐s t♦ ✉s❡ t❤❡ ✸✲♣♦✐♥t st❡♥❝✐❧ ✜♥✐t❡ ❞✐✛❡r✲
❡♥❝❡ ♠❡t❤♦❞✱ ✇❤✐❝❤ ❧❡❛❞s t♦ wk−

i = wk+

i = 1✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♦♥❧② ♠❡❛♥✐♥❣❢✉❧
❢♦r t❡♠♣♦r❛❧❧② ❝♦❤❡r❡♥t ♠❡s❤ s❡q✉❡♥❝❡s ✇✐t❤ ❝♦♥st❛♥t ❢r❛♠❡r❛t❡✳ ❖t❤❡r✇✐s❡✱

t❡♠♣♦r❛❧ ✇❡✐❣❤ts s❤♦✉❧❞ ❜❡ s❡t t♦ wk−
i = c ❛♥❞ wk+

i = tk−tk−1

tk+1−tk c✱ ✇✐t❤ c ❛ ✉s❡r✲

❝❤♦s❡♥ ❝♦♥st❛♥t✳ ■♥ ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✱ dk
i ✐s s❡t t♦ dk

i =
∑

vk
j
∈Nsk

i

wk
i,j ❛♥❞ δk

i ✐s

s❡t t♦ δk
i = wk−

i + wk+

i ✳

❚❤❡ α s❝❛❧❡ ❢❛❝t♦r ❜❛❧❛♥❝❡s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❡♠♣♦r❛❧ ❛♥❞ s♣❛t✐❛❧ ♥❡✐❣❤❜♦rs
♦✈❡r ❛ ✈❡rt❡①✳ ❲❤❡♥ α ❣♦❡s t♦ ③❡r♦✱ ♦✉r ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❛❝ts
❡①❛❝t❧② ❛s ❛ s♣❛t✐❛❧ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❚❡♠♣♦r❛❧ ♥❡✐❣❤❜♦rs ❤❛✈❡ ♥♦ ✐♥✢✉❡♥❝❡
♦♥ ❛ ❣✐✈❡♥ ✈❡rt❡①✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ α ❣♦❡s t♦ ✐♥✜♥✐t②✱ t❤❡ ✸❉✰t ▲❛♣❧❛❝❡
♦♣❡r❛t♦r ❛❝ts ❛s ❛ t❡♠♣♦r❛❧ ❛✈❡r❛❣✐♥❣ ♦♣❡r❛t♦r✱ ❛♥❞ s♣❛t✐❛❧ ♥❡✐❣❤❜♦rs ❤❛✈❡ ♥♦
✐♥✢✉❡♥❝❡ ♦♥ ❛ ❣✐✈❡♥ ✈❡rt❡①✳ ❆❣❛♥❥ ❡t ❛❧✳✱ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s❝❛❧✐♥❣ ❢❛❝t♦r ❜❡t✇❡❡♥
t✐♠❡ ❛♥❞ s♣❛❝❡ ❞✐♠❡♥s✐♦♥s✱ ♣r♦♣♦s❡❞ ❛ s✐♠✐❧❛r s♦❧✉t✐♦♥ ❬❆P❙❑✵✼❪✳

❖✉r ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❝❛♥ ❡❛s✐❧② ❜❡ ✉s❡❞ ❢♦r ✈❛r✐♦✉s ♠❡s❤
❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ t❛s❦s✳ ■♥ t❤❡ ♥❡①t t✇♦ s❡❝t✐♦♥s✱ ✇❡ s❤♦✇ ❤♦✇ t✇♦ ❢❛✲
♠♦✉s ♠❡s❤ ♣r♦❝❡ss✐♥❣ t❡❝❤♥✐q✉❡s ✭♠❡s❤ ❡❞✐t✐♥❣ ❜② ❙♦r❦✐♥❡ ❡t ❛❧✳ ❬❙❈❖▲∗✵✹❪
❛♥❞ ♠❡s❤ ❢❛✐r✐♥❣ ❜② ❉❡s❜r✉♥ ❡t ❛❧✳ ❬❉▼❙❇✾✾❪✮ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♠❡s❤ ❛♥✐♠❛✲
t✐♦♥s✱ s✐♠♣❧② ❜② r❡♣❧❛❝✐♥❣ t❤❡ ✸❉ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♥❡✳
❇② t✉♥✐♥❣ t❤❡ α ♣❛r❛♠❡t❡r✱ ✇❡ ❝❛♥ t❤❡♥ ♣r♦❝❡ss ❡✐t❤❡r t❤❡ s❤❛♣❡ ♦r t❤❡ ♠♦t✐♦♥
♦❢ ❛♥ ❡①✐st✐♥❣ ♠❡s❤ ❛♥✐♠❛t✐♦♥✳ ◆♦t❡ t❤❛t ❢♦r ❜♦t❤ ❛♣♣❧✐❝❛t✐♦♥s ✈❡rt❡① t✐♠❡❧✐❦❡
❝♦♦r❞✐♥❛t❡s ❛r❡ ♥❛t✉r❛❧❧② s♠♦♦t❤❡❞✳ ❚♦ ❝♦✉♥t❡r❜❛❧❛♥❝❡ t❤✐s✱ ✇❡ s✐♠♣❧② ❛❞❞
t❡♠♣♦r❛❧ ❝♦♥str❛✐♥ts t♦ t❤❡ ❧✐♥❡❛r s②st❡♠ ✇❡ s♦❧✈❡✿ ∀k 6= K, ∀i, ‖t′

k
i − tk‖2 = 0✳

✹ ❆♣♣❧✐❝❛t✐♦♥ t♦ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ❡❞✐t✐♥❣

❲❡ ♥♦✇ ❞❡s❝r✐❜❡ ❛ s♦❧✉t✐♦♥ t♦ ❡❞✐t ❛ ♠❡s❤ s❡q✉❡♥❝❡ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞
❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❲❡ r❡str✐❝t t♦ ♣✉r❡❧② ❣❡♦♠❡tr✐❝ ♠❡s❤ ❛♥✐♠❛t✐♦♥
❡❞✐t✐♥❣✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❢♦r ❡✈❡r② ✈❡rt❡① ♦❢ t❤❡ ♠❡s❤ s❡q✉❡♥❝❡✱ ✐ts t✐♠❡❧✐❦❡
❝♦♦r❞✐♥❛t❡ s❤♦✉❧❞ ♥♦t ❜❡ ♠♦❞✐✜❡❞✳ ❚❤✐s ✐s ✐♥❞❡❡❞ ✇❤❛t ✐s ✉s✉❛❧❧② r❡q✉✐r❡❞ ❜②
✐♥❢♦❣r❛♣❤✐sts✱ s✐♥❝❡ ♠♦❞✐❢②✐♥❣ t❤❡ ✈❡rt❡① t✐♠❡❧✐❦❡ ❝♦♦r❞✐♥❛t❡s ♠❛② ❜r❡❛❦ t❤❡
st❛t✐❝ ♠❡s❤ ❝♦♥♥❡❝t✐✈✐t✐❡s✳

✹✳✶ ▼❡t❤♦❞

■♥ t❤✐s ✇♦r❦✱ ✇❡ t❛❦❡ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ❬❙❈❖▲∗✵✹❪✳ ❲❡ ✜① t❤❡ ❛❜s♦❧✉t❡ ♣♦s✐t✐♦♥s
ui ♦❢ s❡✈❡r❛❧ ✈❡rt✐❝❡s vK

i , p ≤ i ≤ n✱ ❛❧❧ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ♠❡s❤ MK ✱ ❛♥❞
✇❡ s♦❧✈❡ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ✈❡rt✐❝❡s ♦❢ t❤❡ s❡q✉❡♥❝❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♠✐♥✐♠✐③❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❢✉♥❝t✐♦♥❛❧✿

E(V ′) =

m
∑

k=1

n
∑

i=1

‖T k
i (V ′)Lα(vk

i ) − Lα(v′
k
i )‖2 +

n
∑

i=p

‖v′
K
i − ui‖

2 ✭✼✮

❘❘ ♥➦ ✽✵✵✸



✶✵ ❋✳ ❍étr♦②

❋✐❣✉r❡ ✷✿ ❊❞✐t✐♥❣ t❤❡ ❈r❛♥❡ ❛♥✐♠❛t✐♦♥ ❬❱❇▼P✵✽❪✳ ❋✐rst r♦✇✿ ✐♥♣✉t s❡q✉❡♥❝❡✳
❙❡❝♦♥❞ r♦✇✿ ❡❞✐t❡❞ s❡q✉❡♥❝❡✳ ❱❡rt✐❝❡s ✐♥ t❤❡ s♣❛t✐❛❧ r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st ❛♣♣❡❛rs ✐♥
♦r❛♥❣❡✳ ❚❤❡ t❡♠♣♦r❛❧ ✇✐♥❞♦✇ ✐s 21✲❢r❛♠❡ ❧♦♥❣✳ ❙✉❝❝❡ss✐✈❡ ✐♠❛❣❡s ❝♦rr❡s♣♦♥❞
t♦ ❢r❛♠❡s 1✱ 5✱ 8✱ 11✱ 14✱ 17 ❛♥❞ 21 r❡s♣❡❝t✐✈❡❧②✳

✇✐t❤ ∀i, k, vk
i r❡♣r❡s❡♥t✐♥❣ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s ❛♥❞ v′

k
i t❤❡ ✭✉♥✲

❦♥♦✇♥✮ ✜♥❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡s❡s ✈❡rt✐❝❡s✳ V ′ ✐s ❛ nm × 4 ♠❛tr✐① ❝♦♥t❛✐♥✐♥❣ t❤❡

v′
k
i ✱ ❛♥❞ T k

i ✐s ❛♥ ✭✉♥❦♥♦✇♥✮ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ✈❡rt❡① vk
i ✇❤✐❝❤ ♠✐♥✐♠✐③❡s

‖T k
i vk

i − v′
k
i ‖

2 +
∑

vl
j
∈Nk

i

‖T k
i vl

j − v′
l
j‖

2

❙✐♠✐❧❛r❧② t♦ ❬❙❈❖▲∗✵✹❪✱ ✐❢ ✇❡ ✇❛♥t t♦ ✐♥❝❧✉❞❡ ❣❡♦♠❡tr✐❝ tr❛♥s❧❛t✐♦♥s✱ r♦t❛t✐♦♥s
❛♥❞ s❝❛❧✐♥❣ ❛♥❞ ❦❡❡♣ ❛❧❧ t✐♠❡❧✐❦❡ ❝♦♦r❞✐♥❛t❡s ❝♦♥st❛♥t✱ ❛♥② T k

i ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
✐♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s ❛s ❛ 5 × 5 ♠❛tr✐①✿













1 0 0 0 0
0 s −h3 h2 tx
0 h3 s −h1 ty
0 −h2 h1 s tz
0 0 0 0 1













❚❤✐s ❧❡❛❞s t♦ t❤❡ ❡①❛❝t s❛♠❡ ♠✐♥✐♠✐③❛t✐♦♥ ‖Ak
i (sk

i , hk
i , ti✮☞

T
− bk

i ‖
2 ❛s ✐♥

❬❙❈❖▲∗✵✹❪✳

❲❡ ✐♠♣❧❡♠❡♥t❡❞ t❤✐s ❡①t❡♥s✐♦♥ ♦❢ ❬❙❈❖▲∗✵✹❪✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❡♥❡r❣② ❞❡✜♥❡❞
❜② ❊q✉❛t✐♦♥ ✭✼✮✳ ❚❤❡ ✉s❡r s❡❧❡❝ts ❛ ❣❡♦♠❡tr✐❝❛❧ r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st ✭❘❖■✮ ✐♥
♠❡s❤ MK ✱ ❜✉t ❛❧s♦ ❛ t❡♠♣♦r❛❧ ✇✐♥❞♦✇ [K − dt,K + dt] ❛r♦✉♥❞ ❢r❛♠❡ ♥r✳ K✿
♠❡s❤❡s M1 t♦ MK−dt−1 ❛♥❞ MK+dt+1 t♦ Mm ❛r❡ ♥♦t ♠♦❞✐✜❡❞✳ ❙✐♠✐❧❛r❧② t♦
❬❙❈❖▲∗✵✹❪✱ ✇❡ s❡t ❛s ❛❞❞✐t✐♦♥❛❧ s♦❢t ❝♦♥str❛✐♥ts ❣❡♦♠❡tr✐❝❛❧ st❛t✐♦♥❛r② ❛♥❝❤♦rs
✭t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❘❖■✱ ❢♦r ❛❧❧ ♠❡s❤❡s ✐♥ t❤❡ t❡♠♣♦r❛❧ ✇✐♥❞♦✇✮ ❜✉t ❛❧s♦
t❡♠♣♦r❛❧ st❛t✐♦♥❛r② ❛♥❝❤♦rs ✭t❤❡ ❡♥t✐r❡ ❘❖■✱ ❢♦r t❤❡ ❜♦✉♥❞❛r② ♠❡s❤❡s MK−dt

❛♥❞ MK+dt✮✳

✹✳✷ ❘❡s✉❧ts

❋✐❣✉r❡ ✷ s❤♦✇s ❛ r❡s✉❧t ♦❢ t❤✐s ❡❞✐t✐♥❣ ♠❡t❤♦❞✱ ✇❤❡r❡ ✇❡ ♠♦✈❡ ❧❡❢t t❤❡ r✐❣❤t ❛r♠
♦❢ t❤❡ ❝❤❛r❛❝t❡r ❛t ❢r❛♠❡ 11✳ ❖t❤❡r ❢r❛♠❡s ❛r❡ ❝♦♥s❡q✉❡♥t❧② ♠♦❞✐✜❡❞✳ ❋♦r ❛❧❧
r❡s✉❧ts s❤♦✇♥ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡❞ t❤❡ ❝♦t❛♥❣❡♥t ✇❡✐❣❤ts ❛s s♣❛t✐❛❧ ✇❡✐❣❤ts
wk

i,j ✱ ❛♥❞ 1 ❛s t❡♠♣♦r❛❧ ✇❡✐❣❤ts wk−
i ❛♥❞ wk+

i ✱ s✐♥❝❡ t❤❡ ❢r❛♠❡r❛t❡ ♦❢ t❤❡ ✐♥♣✉t
❛♥✐♠❛t✐♦♥ ✐s ❝♦♥st❛♥t✳

■♥r✐❛



❆ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✶✶

❋✐❣✉r❡ ✸✿ ❈r❡❛t✐♥❣ ❛ ❜✉♥♥② ❡❛r ♦♥ ❛ ✇❛❧❦✐♥❣ ❝❛t✳ ❋✐rst r♦✇✿ α = 1 ❢♦r t❤❡ r✐❣❤t
❡❛r❀ ❧❡❢t ❡❛r ✐s ♥♦t ♠♦❞✐✜❡❞✳ ❙❡❝♦♥❞ r♦✇✿ α = 100 ❢♦r t❤❡ r✐❣❤t ❡❛r✱ α = 0.01
❢♦r t❤❡ ❧❡❢t ❡❛r✳ ▼♦❞✐✜❝❛t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞ ♦♥ ❛ 33✲❢r❛♠❡ ❧♦♥❣ t❡♠♣♦r❛❧ ✇✐♥❞♦✇✳
❙✉❝❝❡ss✐✈❡ ✐♠❛❣❡s ❝♦rr❡s♣♦♥❞ t♦ ❢r❛♠❡s 1✱ 7✱ 9✱ 11✱ 13✱ 15 ❛♥❞ 17 r❡s♣❡❝t✐✈❡❧②✳

✹✳✷✳✶ ❚✉♥✐♥❣ t❤❡ ♣❛r❛♠❡t❡r

❚❤❡ α ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ t✉♥❡❞ t♦ ♦❜t❛✐♥ ✈❛r✐♦✉s ❡❞✐t✐♥❣ ❡✛❡❝ts✱ s❡❡ ❋✐❣✉r❡ ✸✳
❲❤❡♥ α ✐s ❧♦✇ ✭❜✉t r❡♠❛✐♥s ♥♦♥ ♥❡❣❛t✐✈❡✮✱ t❤❡ t❡♠♣♦r❛❧ ♥❡✐❣❤❜♦r❤♦♦❞ ❞♦❡s ♥♦t
❛✛❡❝t ♠✉❝❤ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❡rt❡① ❝♦♦r❞✐♥❛t❡s✱ ❛♥❞ t❤❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r
❛❝ts ❛s ❛ ❝❧❛ss✐❝❛❧ ✸❉ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❚❤✉s✱ ♠❡s❤ MK ❛t ❢r❛♠❡ K ✐s ♠♦❞✐✜❡❞
❜✉t ❢❡✇ ♦t❤❡r ♠❡s❤❡s ✐♥ t❤❡ t❡♠♣♦r❛❧ ✇✐♥❞♦✇ [K − dt,K + dt] ❛r❡ ♠♦❞✐✜❡❞✳
❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ α ✐s ❤✐❣❤✱ t❤❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❛❝ts ♠♦r❡ ❛s ❛
t❡♠♣♦r❛❧ s♠♦♦t❤✐♥❣ ♦♣❡r❛t♦r✳ ❙♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛♥② ✈❡rt❡① vK

i ❛r❡ ♠♦❞✐✜❡❞
❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s❛♠❡ ✈❡rt❡① ❢♦r ♥❡✐❣❤❜♦r✐♥❣ ❢r❛♠❡s✳
■❢ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ s✐♠✐❧❛r✱ t❤❡♥ t❤❡ ✈❡rt❡① ♣♦s✐t✐♦♥ r❡♠❛✐♥s ❛♣♣r♦①✐♠❛t❡❧②
❝♦♥st❛♥t✳ ❚❡♠♣♦r❛❧ ✇❡✐❣❤ts ♠❛② ❛❧s♦ ❜❡ t✉♥❡❞✳ ❚♦ ❣❡t ❛ s②♠♠❡tr✐❝❛❧ ✐♥✢✉❡♥❝❡
❢r♦♠ ♣❛st ❛♥❞ ❢✉t✉r❡ ❢r❛♠❡s✱ ❛♥② ♣❛✐r ♦❢ ✇❡✐❣❤ts (wk−

i , wk+

i ) s❤♦✉❧❞ ❜❡ s❡t ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❛♥✐♠❛t✐♦♥✬s ❝✉rr❡♥t ❢r❛♠❡r❛t❡✿ wk−

i (tk−tk−1)+wk+

i (tk−tk+1) =
0✳ ■♥ ❛❧❧ ♦❢ ♦✉r ❡①♣❡r✐♠❡♥ts✱ t❤❡ ❢r❛♠❡r❛t❡ ✐s ❝♦♥st❛♥t ♦✈❡r t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡✳
❲❡ t❤✉s ❤❛✈❡ ∀k, tk+1 − tk = tk − tk−1✱ ❛♥❞ ✇❡ s❡t ∀i,∀k, wk−

i = wk+

i = 1✳ ❲❡
❝♦✉❧❞ s❡t t❤❡ wk−

i t♦ ❛♥♦t❤❡r ✈❛❧✉❡✱ ❜✉t s✐♥❝❡ t❤❡② ❛r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ α✱ ✇❡
✜♥❞ ✐t ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ t✉♥❡ α ❞✐r❡❝t❧②✳

✹✳✷✳✷ ❚❤❡ ✇❛✈❡ ❡✛❡❝t

❯s✐♥❣ ❛ ♥❡❣❛t✐✈❡ ✈❛❧✉❡ ❢♦r t❤❡ α ♣❛r❛♠❡t❡r ❧❡❛❞s t♦ ❛ ♥❡❣❛t✐✈❡ ✐♥✢✉❡♥❝❡ ♦❢
t❡♠♣♦r❛❧ ♥❡✐❣❤❜♦rs ♦♥ ❛ ❣✐✈❡♥ ✈❡rt❡①✳ ■♥❞✉❝❡❞ ❞❡❢♦r♠❛t✐♦♥ ❣♦❡s ❜❛❝❦ ❛♥❞
❢♦rt❤✱ ❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✹✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ✇❛✈❡ ❡✛❡❝t✱
❝❛♥ ❜❡ ♥❛t✉r❛❧❧② ❡①♣❧❛✐♥❡❞ s✐♥❝❡ ♦✉r ❊q✉❛t✐♦♥ ✭✼✮ ✐s r❡❧❛t❡❞ t♦ t❤❡ s♦✲❝❛❧❧❡❞ ✇❛✈❡
❡q✉❛t✐♦♥ �f = 0✱ ✇❤♦s❡ s♦❧✉t✐♦♥s ❛r❡ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ t❤r♦✉❣❤ t❤❡ ❛♠❜✐❡♥t
s♣❛❝❡t✐♠❡✳ ❆❝t✉❛❧❧②✱ ♠✐♥✐♠✐③✐♥❣ ❊q✉❛t✐♦♥ ✭✼✮ ✐s q✉✐t❡ s✐♠✐❧❛r t♦ s♦❧✈❡ ❢♦r ❛
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

◆♦t❡ t❤❛t t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✐s ♦♥❧② ✐♥t❡♥❞❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤❡ ✉s❡❢✉❧♥❡ss ♦❢
t❤❡ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❆s ❛ ❜❛s✐❝ ❡①t❡♥s✐♦♥ ♦❢ ❙♦r❦✐♥❡ ❡t ❛❧✳✬s
♠❡t❤♦❞✱ ✐t s✉✛❡rs ❢r♦♠ t❤❡ s❛♠❡ ❞r❛✇❜❛❝❦s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♦♥❧② ✈❛❧✐❞ ❢♦r
r♦t❛t✐♦♥s ✇✐t❤ s♠❛❧❧ ❛♥❣❧❡s✳ ❇❡tt❡r r❡s✉❧ts ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ♦t❤❡r st❛t✐❝
❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s✱ s❡❡ ❬❇❙✵✽❪ ❢♦r ❛ s✉r✈❡②✳

❘❘ ♥➦ ✽✵✵✸



✶✷ ❋✳ ❍étr♦②

❋✐❣✉r❡ ✹✿ ❚❤❡ ✇❛✈❡ ❡✛❡❝t✳ ❋✐rst r♦✇✿ ❞❡❢♦r♠✐♥❣ ❛♥ ✐♥✐t✐❛❧❧② st❛t✐❝ s♣❤❡r❡ ✭✐✳❡✳✱
❛ s❡q✉❡♥❝❡ ✇❤❡r❡ t❤❡ s❛♠❡ ♠❡s❤ ✐s ❞✉♣❧✐❝❛t❡❞✮ t♦ r❡❛❝❤ t❤❡ t♦♣ r✐❣❤t ❝♦r♥❡r
✇✐t❤ α < 0 ✭❤❡r❡✱ α = −1✮ ❣❡♥❡r❛t❡s ✈✐❜r❛t✐♦♥s✳ ❙❡❝♦♥❞ r♦✇✿ ✉s✐♥❣ ❛ ♣♦s✐t✐✈❡
✈❛❧✉❡ ❢♦r α ✭❤❡r❡✱ α = 1✮ ❧❡❛❞s t♦ ❛ s♠♦♦t❤ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤❡ t❡♠♣♦r❛❧ ✇✐♥❞♦✇
✐s 91✲❢r❛♠❡ ❧♦♥❣❀ s✉❝❝❡ss✐✈❡ ✐♠❛❣❡s ❝♦rr❡s♣♦♥❞ t♦ ❢r❛♠❡s 28✱ 31✱ 34✱ 37✱ 40✱ 43
❛♥❞ 46 r❡s♣❡❝t✐✈❡❧②✳

✺ ❆♣♣❧✐❝❛t✐♦♥ t♦ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ❢❛✐r✐♥❣

❖✉r ♥❡①t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✐s ❢♦r ♠❡s❤ ❛♥✐♠❛✲
t✐♦♥ ❢❛✐r✐♥❣ ✭s♠♦♦t❤✐♥❣ ♦r ❞❡♥♦✐s✐♥❣✮✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❡①t❡♥❞ t❤❡ ❢r❛♠❡✇♦r❦
❞❡✈❡❧♦♣❡❞ ❜② ❬❉▼❙❇✾✾❪ t♦ ♠❡s❤ ❛♥✐♠❛t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❢❛✐r ❡✐t❤❡r ✐ts s❤❛♣❡ ♦r
✐ts ♠♦t✐♦♥✳

✺✳✶ ▼❡t❤♦❞

❚❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ ▲❛♣❧❛❝✐❛♥ ❢❛✐r✐♥❣ ♦❢ ❛ st❛t✐❝ ♠❡s❤ ✐s t♦ s♦❧✈❡ ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥
△f = 0 ❢♦r ❝♦♦r❞✐♥❛t❡s✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥❝r❡♠❡♥t❛❧❧② ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❤❡❛t
❡q✉❛t✐♦♥ ∂f

∂t
−λ△f = 0✿ ✐❢ V 0 = V ✐s t❤❡ ✈❡❝t♦r ♠❛❞❡ ♦❢ t❤❡ ♠❡s❤✬s ✈❡rt✐❝❡s✱ t❤❡♥

❛t ❡❛❝❤ t✐♠❡ st❡♣ t ❛ ♥❡✇ ✈❡❝t♦r V t ✐s ❞❡r✐✈❡❞ s✉❝❤ t❤❛t V t = (I + λdtL)V t−1✱
✇✐t❤ dt ❛ ♣❛r❛♠❡t❡r ❝♦♥tr♦❧❧✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ s♣❡❡❞ ❬❉▼❙❇✾✾❪✳

❚❤✐s ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ♠❡s❤ s❡q✉❡♥❝❡s✳ ▲❡t V t ❜❡ ❛ ✈❡❝t♦r
❝♦♥t❛✐♥✐♥❣ t❤❡ nm ✈❡rt✐❝❡s ♦❢ t❤❡ s❡q✉❡♥❝❡ ✭♦r❞❡r❡❞ ❜② t❤❡✐r t✐♠❡❧✐❦❡ ❝♦♦r❞✐✲
♥❛t❡s✿ ✜rst✱ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ✜rst ♠❡s❤✱ t❤❡♥ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ s❡❝♦♥❞ ♠❡s❤✱
❡t❝✳✮ ❛❢t❡r t ❢❛✐r✐♥❣ st❡♣s✳ ❚❤❡ ♥❡✇ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❝❛♥ s✐♠♣❧② ❜❡ ✇r✐tt❡♥ ❛s

V t = (I + λdtLα)V t−1, ✭✽✮

✇✐t❤ Lα t❤❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✸✳✻✳ ❚❤✐s ♣r♦❝❡ss
♠♦❞✐✜❡s ♥♦t ♦♥❧② t❤❡ s♣❛t✐❛❧✱ ❜✉t ❛❧s♦ t❤❡ t✐♠❡❧✐❦❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ✈❡rt✐❝❡s
♦❢ ❡❛❝❤ ♠❡s❤✳ ❆❝❝♦r❞✐♥❣ t♦ ❊q✉❛t✐♦♥ ✭✹✮ ❛♣♣❧✐❡❞ t♦ t❤❡ t✐♠❡❧✐❦❡ ❝♦♦r❞✐♥❛t❡s✱ ❛
s♦❧✉t✐♦♥ t♦ ❡♥❢♦r❝❡ t❤❡ t✐♠❡❧✐❦❡ ❝♦♦r❞✐♥❛t❡s t♦ r❡♠❛✐♥ ❝♦♥st❛♥t ✐s t♦ s❡t✿

∀i, wk−
i (tk − tk−1) + wk+

i (tk − tk+1) = 0

❆♥② ❝❤♦✐❝❡ ♦❢ wk−
i ❛♥❞ wk+

i s✉❝❤ t❤❛t wk+

i = βwk−
i ✱ ✇✐t❤ β = tk−tk−1

tk+1−tk ✱ ✐s ❛
s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤✐s ❡q✉❛t✐♦♥ t♦ ❤♦❧❞✳

❆s ✐♥ ❬❉▼❙❇✾✾❪✱ ✇❡ ❝❤♦♦s❡ t♦ r❛t❤❡r s♦❧✈❡ t❤❡ ✐♠♣❧✐❝✐t ❡q✉❛t✐♦♥ (I+λdtL2
α)V t =

V t−1 ✐♥ ♦r❞❡r t♦ ❣❡t r✐❞ ♦❢ ✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣ ❧✐♠✐t❛t✐♦♥s✳ ❲❡ ❛❧s♦ ❛❞❞ t❡♠♣♦✲
r❛❧ ❝♦♥str❛✐♥ts t♦ t❤❡ s②st❡♠✿ ∀k,∀i, ‖t′

k
i − tki ‖

2 = 0✱ ✐♥ ♦r❞❡r ❡❛❝❤ t✐♠❡❧✐❦❡ ❝♦♦r✲
❞✐♥❛t❡ t♦ r❡♠❛✐♥ ❝♦♥st❛♥t✳ ❲❡ ✉s❡ t❤❡ ❝♦t❛♥❣❡♥t ✇❡✐❣❤ts ❛s s♣❛t✐❛❧ ✇❡✐❣❤ts wk

i,j ✳
◆♦t❡ t❤❛t ♦t❤❡r ▲❛♣❧❛❝✐❛♥✲❜❛s❡❞ ♠❡s❤ s♠♦♦t❤✐♥❣ s❝❤❡♠❡s✱ s✉❝❤ ❛s ❬◆❙❆❈❖✵✻❪✱
♠❛② ❜❡ ❛❞❛♣t❡❞ ❢♦r ♠❡s❤ s❡q✉❡♥❝❡s ✉s✐♥❣ t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦✳

■♥r✐❛



❆ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✶✸

❋✐❣✉r❡ ✺✿ ❋❛✐r✐♥❣ t❤❡ ❣❡♦♠❡tr② ❛♥❞✴♦r t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ❤♦rs❡✳ ❋✐rst r♦✇✿ ✐♥♣✉t
s❡q✉❡♥❝❡✳ ❙❡❝♦♥❞ r♦✇✿ (α, λdt) = (0.01, 10)✳ ❚❤✐r❞ r♦✇✿ (α, λdt) = (100, 0.1)✳
❋♦✉rt❤ r♦✇✿ (α, λdt) = (1, 10)✳ ❋♦r ❡❛❝❤ r♦✇✱ s✉❝❝❡ss✐✈❡ ✐♠❛❣❡s ❝♦rr❡s♣♦♥❞ t♦
❢r❛♠❡s 1✱ 3✱ 6✱ 9 ❛♥❞ 12 r❡s♣❡❝t✐✈❡❧②✳

✺✳✷ ❘❡s✉❧ts

❋✐❣✉r❡ ✺ s❤♦✇s ❢❛✐r✐♥❣ r❡s✉❧ts ♦♥ t❤❡ ❍♦rs❡ ❣❛❧❧♦♣ s❡q✉❡♥❝❡ ❬❙P✵✹❪✱ t♦ ✇❤✐❝❤
r❛♥❞♦♠ ❣❡♦♠❡tr✐❝ ♥♦✐s❡ ❤❛s ❜❡❡♥ ❛❞❞❡❞✳ ❙✐♥❝❡ t❤❡ ❢r❛♠❡r❛t❡ ✐s ❝♦♥st❛♥t ❛❧♦♥❣
t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡✱ ✇❡ s❡t wk+

i = wk−
i = 1 ❢♦r ❛❧❧ k✳ 5 ✐t❡r❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞

✐♥ ❡❛❝❤ ❝❛s❡✳ ❊❛❝❤ ✐t❡r❛t✐♦♥ t♦♦❦ ❛❜♦✉t 5 s❡❝♦♥❞s ✭✐♥ t❤❡ ✜rst ❛♥❞ t❤✐r❞ ❝❛s❡✮
♦r 24 s❡❝♦♥❞s ✭✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✮ t♦ s♦❧✈❡✱ ❢♦r ❡❛❝❤ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡✳ ❚✉♥✐♥❣
t❤❡ α ♣❛r❛♠❡t❡r✱ ✇❡ ❝❛♥ ❡✐t❤❡r ❞❡♥♦✐s❡ t❤❡ ❣❡♦♠❡tr②✱ s♠♦♦t❤ t❤❡ ♠♦t✐♦♥ ✭✉♣
t♦ ❢r❡❡③❡ ✐t t♦ ❛ st❛t✐❝ ♠❡❛♥ ♣♦s❡✮✱ ♦r ❞♦ ❛ ♠✐① ♦❢ ❜♦t❤✳ ❋✐❣✉r❡ ✻ s❤♦✇s ❛♥♦t❤❡r
❢❛✐r✐♥❣ r❡s✉❧t✱ ❢♦r ✇❤✐❝❤ ♦♥❧② 1 ✐t❡r❛t✐♦♥ ✇❛s ♣❡r❢♦r♠❡❞✳

✻ P❡r❢♦r♠❛♥❝❡s

❚❤❡ t✇♦ ♣r❡s❡♥t❡❞ ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈✰✰✱ ✉s✐♥❣ t❤❡ ❊✐❣❡♥
❧✐❜r❛r② ✭❤tt♣✿✴✴❡✐❣❡♥✳t✉①❢❛♠✐❧②✳♦r❣✴ ✮✳ ❲❡ ✉s❡❞ t❤❡ ❯♠❢P❛❝❦ ✈❡rs✐♦♥ ♦❢ t❤❡ ▲❯
♠❛tr✐① ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r t❤❡ ❡❞✐t ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥❞ t❤❡ ❜✐❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t
s♦❧✈❡r ❢♦r t❤❡ ❢❛✐r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥✳❚✐♠✐♥❣s ❛r❡ ❣✐✈❡♥ ❜❡❧♦✇ ❢♦r ❛ st❛♥❞❛r❞ ❧♦✇✲
❡♥❞ ❧❛♣t♦♣ ✇✐t❤ ✶✳✻ ●❍③ ♣r♦❝❡ss♦r✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ m ✐s t❤❡ ♥✉♠❜❡r
♦❢ ♠❡s❤❡s ✐♥ t❤❡ s❡q✉❡♥❝❡✱ ❛♥❞ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❢♦r ❡❛❝❤ ♠❡s❤ ♦❢
t❤❡ s❡q✉❡♥❝❡✳ ❚❤❡ s②st❡♠ ♠❛tr✐① ✐s ✉s✉❛❧❧② ❜✐❣ ❜✉t ✈❡r② s♣❛rs❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦
r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s✳

❙❡q✉❡♥❝❡ m n ▼❛tr✐① s✐③❡ ◆♦♥ ③❡r♦s ❖✈❡r❛❧❧
❋✐❣✳ ✷ 21 143 120122 0.68% 11s
❋✐❣✳ ✹ 91 29 105562 0.62% 1s
❋✐❣✳ ✸ 33 90 105562 0.68% 5s
❋✐❣✳ ✺ ✭✶✱ ✸✮ 12 8431 1011722 0.21% 96s
❋✐❣✳ ✺ ✭✷✮ 12 8431 1011722 0.21% 381s
❋✐❣✳ ✻ 175 1001 1751752 1.02% 157s

❘❘ ♥➦ ✽✵✵✸



✶✹ ❋✳ ❍étr♦②

❋✐❣✉r❡ ✻✿ ❋❛✐r✐♥❣ ❜♦t❤ ❣❡♦♠❡tr② ❛♥❞ ♠♦t✐♦♥ ♦❢ t❤❡ ❈r❛♥❡ ❛♥✐♠❛t✐♦♥ ❬❱❇▼P✵✽❪✳
❋✐rst r♦✇✿ ✐♥♣✉t s❡q✉❡♥❝❡✳ ❙❡❝♦♥❞ r♦✇✿ (α, λdt) = (10, 10)✳ ❋♦r ❡❛❝❤ r♦✇✱
s✉❝❝❡ss✐✈❡ ✐♠❛❣❡s ❝♦rr❡s♣♦♥❞ t♦ ❢r❛♠❡s 24✱ 48✱ 72✱ 96 ❛♥❞ 120 r❡s♣❡❝t✐✈❡❧②✳

✼ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ✐♥ t❤✐s r❡♣♦rt ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ❣❡✲
♦♠❡tr② ❛♥❞ ♠♦t✐♦♥ ♣r♦❝❡ss✐♥❣✳ ❲❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❛ ✸❉✰t
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❆s ❢♦r ♦t❤❡r ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦rs✱ t❤✐s ♦♣❡r❛t♦r ✐s ❡❛s✲
✐❧② ❡①♣r❡ss❡❞ ❜② ❛ s♣❛rs❡ ♠❛tr✐① ✭r❛r❡❧② ❝♦♥t❛✐♥✐♥❣ ♠♦r❡ t❤❛♥ 1% ♥♦♥ ③❡r♦
❝♦❡✣❝✐❡♥ts✱ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❡①♣❡r✐♠❡♥ts✮✳ ❚❤✐s ②✐❡❧❞s t♦ s✐♠♣❧❡ ❛♥❞ ❡✣❝✐❡♥t
❝♦♠♣✉t❛t✐♦♥s✳ ■♥tr♦❞✉❝✐♥❣ ❛ ✉s❡r✲❞❡✜♥❡❞ ♣❛r❛♠❡t❡r α ❛❧❧♦✇s t♦ ❝♦♥tr♦❧ t❤❡
♠♦t✐♦♥ ✐♥✢✉❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❡♦♠❡tr②✳ ❆s ❛ ✜rst st❡♣ t♦✇❛r❞s ✸❉✰t
▲❛♣❧❛❝❡✲❜❛s❡❞ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣✱ ✇❡ ❡①t❡♥❞❡❞ s❡♠✐♥❛❧ ▲❛♣❧❛❝❡✲❜❛s❡❞
♠❡s❤ ❡❞✐t✐♥❣ ❛♥❞ s♠♦♦t❤✐♥❣ t❡❝❤♥✐q✉❡s t♦ ♠❡s❤ ❛♥✐♠❛t✐♦♥s✳

❲❡ ❤♦♣❡ ♦✉r ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✇✐❧❧ ✐♥s♣✐r❡ ♦t❤❡r ✐♥t❡r❡st✲
✐♥❣ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✇♦r❦s✳ ❖✉r ♠❛✐♥ ❝♦♥❝❡r♥ ❢♦r ❢✉t✉r❡ ✇♦r❦ ✐s
❛❜♦✉t t❤❡ s♣❡❝tr❛❧ ❛♥❛❧②s✐s ♦❢ t❤✐s ♦♣❡r❛t♦r✳ ■♥❞❡❡❞✱ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞
❡✐❣❡♥✈❡❝t♦rs ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❝♦♥s✐❞❡r❡❞ ❢♦r s❤❛♣❡ ♠❛t❝❤✐♥❣✱ ❝❧❛ss✐✜❝❛✲
t✐♦♥✱ ♣♦s❡✲✐♥✈❛r✐❛♥t s❡❣♠❡♥t❛t✐♦♥✱ ❝♦♠♣r❡ss✐♦♥✱ ❡t❝✳✱ ❞✉❡ t♦ t❤❡✐r ✐♥t❡r❡st✐♥❣
♣r♦♣❡rt✐❡s ❬❩✈❑❉✶✵❪✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✐♥✈❡st✐❣❛t✐♥❣ s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ❢♦r
t❤❡ ✸❉✰t ▲❛♣❧❛❝❡ ❡✐❣❡♥s♣❡❝tr✉♠✱ ✇❤❛t❡✈❡r t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r α ✐s✳

❖t❤❡r ♣❡rs♣❡❝t✐✈❡s ✐♥❝❧✉❞❡ ❛♥ ❛✉t♦♠❛t✐❝ t✉♥✐♥❣ ♦❢ t❤❡ α ♣❛r❛♠❡t❡r✱ ❞❡♣❡♥❞✲
✐♥❣ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ❛✉t❤♦r t❤❛♥❦s ❘é♠② ❈✉♠♦♥t ❛♥❞ ▲é♦ ❇❧✐♥ ✭●r❡♥♦❜❧❡ ■◆P ✲ ❊♥s✐♠❛❣ st✉✲
❞❡♥ts✮ ❢♦r ❛ ♣r❡❧✐♠✐♥❛r② ✈❡rs✐♦♥ ♦❢ t❤❡ ♠❡s❤ ❛♥✐♠❛t✐♦♥ ❡❞✐t✐♥❣ ❝♦❞❡✱ ❇❡♥❥❛♠✐♥
❆✉♣❡t✐t ❢♦r ❛❞✈✐❝❡s ✉s✐♥❣ ❊✐❣❡♥✱ ❊❞♠♦♥❞ ❇♦②❡r ❛♥❞ ▲✐♦♥❡❧ ❘❡✈ér❡t ❢♦r ♣r♦♦❢✲
r❡❛❞✐♥❣✳ ❚❤✐s ✇♦r❦ ✐s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❆◆❘ t❤r♦✉❣❤ t❤❡ ▼❖❘P❍❖
♣r♦❥❡❝t ✭❆◆❘✲✶✵✲❇▲❆◆✲✵✷✵✻✮✳

■♥r✐❛



❆ ❞✐s❝r❡t❡ ✸❉✰t ▲❛♣❧❛❝✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ♠❡s❤ ❛♥✐♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✶✺

❘❡❢❡r❡♥❝❡s

❬❆P❙❑✵✼❪ ❆❣❛♥❥ ❊✳✱ P♦♥s ❏✳✲P✳✱ ❙é❣♦♥♥❡ ❋✳✱ ❑❡r✐✈❡♥ ❘✳✿ ❙♣❛t✐♦✲
t❡♠♣♦r❛❧ s❤❛♣❡ ❢r♦♠ s✐❧❤♦✉❡tt❡ ✉s✐♥❣ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❧❛✉♥❛②
♠❡s❤✐♥❣✳ ■♥ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥
✭✷✵✵✼✮✳

❬❆❲✶✶❪ ❆❧❡①❛ ▼✳✱ ❲❛r❞❡t③❦② ▼✳✿ ❉✐s❝r❡t❡ ❧❛♣❧❛❝✐❛♥ ♦♥ ❣❡♥❡r❛❧ ♣♦❧②❣✲
♦♥❛❧ ♠❡s❤❡s✳ ❆❈▼ ❚r❛♥s✳ ♦♥ ●r❛♣❤✐❝s ✭Pr♦❝✳ ♦❢ ❙■●●❘❆P❍✮ ✸✵✱
✹ ✭✷✵✶✶✮✳

❬❇❈❲●✵✾❪ ❇❡♥✲❈❤❡♥ ▼✳✱ ❲❡❜❡r ❖✳✱ ●♦ts♠❛♥ ❈✳✿ ❙♣❛t✐❛❧ ❞❡❢♦r♠❛t✐♦♥
tr❛♥s❢❡r✳ ■♥ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉t❡r ❆♥✐♠❛t✐♦♥ ✭✷✵✵✾✮✳

❬❇❑P∗✶✵❪ ❇♦ts❝❤ ▼✳✱ ❑♦❜❜❡❧t ▲✳✱ P❛✉❧② ▼✳✱ ❆❧❧✐❡③ P✳✱ ▲é✈② ❇✳✿ P♦❧②✲
❣♦♥ ♠❡s❤ ♣r♦❝❡ss✐♥❣✳ ❆✳❑✳ P❡t❡rs✱ ✷✵✶✵✳

❬❇❙✵✽❪ ❇♦ts❝❤ ▼✳✱ ❙♦r❦✐♥❡ ❖✳✿ ❖♥ ❧✐♥❡❛r ✈❛r✐❛t✐♦♥❛❧ s✉r❢❛❝❡ ❞❡❢♦r♠❛✲
t✐♦♥ ♠❡t❤♦❞s✳ ■❊❊❊ ❚r❛♥s✳ ♦♥ ❱✐s✳ ❛♥❞ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ✶✹✱ ✶
✭✷✵✵✽✮✳

❬❇❙❲✵✽❪ ❇❡❧❦✐♥ ▼✳✱ ❙✉♥ ❏✳✱ ❲❛♥❣ ❨✳✿ ❉✐s❝r❡t❡ ❧❛♣❧❛❝❡ ♦♣❡r❛t♦r
♦♥ ♠❡s❤❡❞ s✉r❢❛❝❡s✳ ■♥ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②
✭✷✵✵✽✮✳

❬❇❱●P✵✾❪ ❇❛r❛♥ ■✳✱ ❱❧❛s✐❝ ❉✳✱ ●r✐♥s♣✉♥ ❊✳✱ P♦♣♦✈✐➣ ❏✳✿ ❙❡♠❛♥t✐❝
❞❡❢♦r♠❛t✐♦♥ tr❛♥s❢❡r✳ ❆❈▼ ❚r❛♥s✳ ♦♥ ●r❛♣❤✐❝s ✭Pr♦❝✳ ♦❢ ❙■●✲
●❘❆P❍✮ ✷✽✱ ✹ ✭✷✵✵✾✮✳

❬❈❍✶✷❪ ❈❛s❤♠❛♥ ❚✳✱ ❍♦r♠❛♥♥ ❑✳✿ ❆ ❝♦♥t✐♥✉♦✉s✱ ❡❞✐t❛❜❧❡ r❡♣r❡s❡♥t❛✲
t✐♦♥ ❢♦r ❞❡❢♦r♠✐♥❣ ♠❡s❤ s❡q✉❡♥❝❡s ✇✐t❤ s❡♣❛r❛t❡ s✐❣♥❛❧s ❢♦r t✐♠❡✱
♣♦s❡ ❛♥❞ s❤❛♣❡✳ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❋♦r✉♠ ✭Pr♦❝✳ ♦❢ ❊✉r♦❣r❛♣❤✐❝s✮
✸✶✱ ✷ ✭✷✵✶✷✮✳

❬❈❤❡✵✹❪ ❈❤❡♥❣ ❚✳✲P✳✿ ❘❡❧❛t✐✈✐t②✱ ❣r❛✈✐t❛t✐♦♥ ❛♥❞ ❝♦s♠♦❧♦❣②✿ ❛ ❜❛s✐❝ ✐♥✲
tr♦❞✉❝t✐♦♥✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✹✳

❬❉❆❙❚∗✵✽❪ ❉❡✲❆❣✉✐❛r ❊✳✱ ❙t♦❧❧ ❈✳✱ ❚❤❡♦❜❛❧t ❈✳✱ ❆❤♠❡❞ ◆✳✱ ❙❡✐❞❡❧

❍✳✲P✳✱ ❚❤r✉♥ ❙✳✿ P❡r❢♦r♠❛♥❝❡ ❝❛♣t✉r❡ ❢r♦♠ s♣❛rs❡ ♠✉❧t✐✲✈✐❡✇
✈✐❞❡♦✳ ❆❈▼ ❚r❛♥s✳ ♦♥ ●r❛♣❤✐❝s ✭Pr♦❝✳ ♦❢ ❙■●●❘❆P❍✮ ✷✼✱ ✸
✭✷✵✵✽✮✳

❬❉❆❚❚❙✵✽❪ ❉❡✲❆❣✉✐❛r ❊✳✱ ❚❤❡♦❜❛❧t ❈✳✱ ❚❤r✉♥ ❙✳✱ ❙❡✐❞❡❧ ❍✳✲P✳✿ ❆✉✲
t♦♠❛t✐❝ ❝♦♥✈❡rs✐♦♥ ♦❢ ♠❡s❤ ❛♥✐♠❛t✐♦♥s ✐♥t♦ s❦❡❧❡t♦♥✲❜❛s❡❞ ❛♥✐♠❛✲
t✐♦♥s✳ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❋♦r✉♠ ✭Pr♦❝✳ ♦❢ ❊✉r♦❣r❛♣❤✐❝s✮ ✷✼✱ ✷
✭✷✵✵✽✮✳

❬❉▼❙❇✾✾❪ ❉❡s❜r✉♥ ▼✳✱ ▼❡②❡r ▼✳✱ ❙❝❤rö❞❡r P✳✱ ❇❛rr ❆✳ ❍✳✿ ■♠♣❧✐❝✐t
❢❛✐r✐♥❣ ♦❢ ✐rr❡❣✉❧❛r ♠❡s❤❡s ✉s✐♥❣ ❞✐✛✉s✐♦♥ ❛♥❞ ❝✉r✈❛t✉r❡ ✢♦✇✳ ❆❈▼
❈♦♠♣✉t❡r ●r❛♣❤✐❝s ✭Pr♦❝✳ ♦❢ ❙■●●❘❆P❍✮ ✭✶✾✾✾✮✳
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