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. We then give some properties of dynamic risk measures induced by BSDEs with jumps. We provide a representation property of such dynamic risk measures in the convex case as well as some new results on a robust optimization problem, related to the case of model ambiguity.

Introduction

Linear backward stochastic differential equations (BSDE) were introduced by [START_REF] Bismut | Théorie probabiliste du contrôle des diffusions[END_REF] [START_REF] Bismut | Théorie probabiliste du contrôle des diffusions[END_REF] as the adjoint equations associated to stochastic Pontryagyn maximum principles in stochastic control theory. The general case of nonlinear BSDEs was then studied by [START_REF] Pardoux | Adapted solution of Backward Stochastic Differential equation[END_REF] (see [START_REF] Pardoux | Adapted solution of Backward Stochastic Differential equation[END_REF] and [START_REF] Pardoux | Backward Stochastic Differential equations and Quasilinear Parabolic Partial Differential equations[END_REF]) in the Brownian framework. In [START_REF] Pardoux | Backward Stochastic Differential equations and Quasilinear Parabolic Partial Differential equations[END_REF], they provided Feynman Kac representations of solutions of non-linear parabolic partial differential equations. In the paper of El Karoui et al. (1997) [START_REF] Karoui | Backward Stochastic Differential Equations in Finance[END_REF], some additional properties are given and several applications to option pricing and recursive utilities are studied.

The case of a discontinuous framework is more involved, especially concerning the comparison theorem, which requires an additional assumption. In 1994, Tang and Li [START_REF] Tang | Necessary conditions for optimal control of stochastic systems with random jumps[END_REF] provided an existence and uniqueness result in the case of a natural filtration associated with a Brownian motion and a Poisson random measure. In 1995, Barles, Buckdahn, Pardoux [START_REF] Barles | Backward Stochastic Differential Equations and integral-partial differential equations[END_REF] provided a comparison theorem as well as some links between BSDEs and non-linear parabolic integral-partial differential equations, generalizing some results of [START_REF] Pardoux | Adapted solution of Backward Stochastic Differential equation[END_REF] to the case of jumps. In 2006, Royer [START_REF] Royer | Backward stochastic differential equations with jumps and related nonlinear expectations[END_REF] proved a comparison theorem under weaker assumptions, and introduced the notion of non linear expectations in this framework.

Furthermore, in 2004-2005, various authors have introduced dynamic risk measures in a Brownian framework, defined as the solutions of BSDEs (see [START_REF] Peng | Nonlinear expectations, nonlinear evaluations and risk measures[END_REF][START_REF] Barrieu | Optimal derivatives design under dynamic risk measures[END_REF][START_REF] Frittelli | Dynamic convex risk measures[END_REF][START_REF] Quenez | Backward stochastic differential equations[END_REF]). More precisely, given a Lipschitz driver f (t, x, π) and a terminal time T , the risk measure ρ at time t of a position ξ is given by -X t , where X is the solution of the BSDE driven by a Brownian motion, associated with f and terminal condition ξ. By the comparison theorem, ρ satisfies the monotonicity property, which is usually required for a risk measure (see [START_REF] Föllmer | Stochastic Finance. An introduction in discretetime[END_REF]). Many studies have been recently done on such dynamic risk measures, especially concerning relative robust optimization problems and optimal stopping problems (see, among others, Bayraktar and coauthors in [START_REF] Bayraktar | Optimal Stopping for Dynamic Convex Risk Measures[END_REF]).

In this paper, we are concerned with dynamic risk measures induced by BSDEs with jumps. We study their properties as well as some related optimization problems.

We begin by studying BSDEs with jumps and their properties. We first focus on linear BSDEs which play an important role in the comparison theorems as well as in the applications to finance. We show that the solution is given by a conditional expectation via an exponential semimartingale, usually called the adjoint process. We also provide some additional properties of the solution and its adjoint process, which are specific to the jump case.

Using these properties, we provide a comparison theorem as well as a strict comparison theorem, under mild assumptions, which generalise those stated in [START_REF] Royer | Backward stochastic differential equations with jumps and related nonlinear expectations[END_REF]. We also prove some optimization principles for BSDEs with jumps. More precisely, we consider a family of controlled drivers f α , α ∈ A and show that, under some hypothesis, the infimum of the associated solutions X α can be characterized as the solution of a BSDE. Moreover, the driver of this BSDE is given by the infimum of the drivers f α , α ∈ A. We provide a sufficient condition of optimality. Also, from the strict comparison theorem, we derive a necessary condition of optimality.

We then give some properties of dynamic risk measures induced by BSDEs with jumps. Note that contrary to the Brownian case, the monotonicity property does not generally holds, and requires an additional assumption.

In the case of a concave driver f , we provide a dual representation property of the associated convex risk measure via a set of probability measures which are absolutely continuous with respect to the initial probability P .

At last, we study the case of ambiguity on the model: More precisely, we consider a model parameterized by a control α as follows. To each coefficient α, is associated a probability measure Q α , equivalent to P , called prior, as well as a monotone risk measure ρ α induced, under Q α , by a BSDE with jumps. We consider an agent who is averse to ambiguity and define her risk measure as the supremum over α of the risk measures ρ α . We show that this dynamic risk measure is induced, under P , by a BSDE.

The paper is organized as follows. In Section 2, we introduce the notation and the basic definitions. Section 3 is dedicated to linear BSDEs with jumps. In Section 4, comparison theorems for BSDEs with jumps are provided. We also prove an optimization principle which allows us to characterize the value function of an optimization problem written in terms of BSDEs. Section 5 is dedicated to dynamic risk measures induced by BSDE with jumps and related robust optimization problems. In Subsection 5.1, we give properties of dynamic risk measures induced by BSDEs with jumps. In the case of a concave driver, we provide a dual representation of the associated convex risk measure (Subsection 5.2). The problem of dynamic risk measures under model ambiguity is addressed in Subsection 5.3. Finally, in Section 5.4, we interpret the dependence of the driver with respect to x in terms of the instantaneous interest rate. In the Appendix, we provide some useful additional properties on exponential local martingales, and BSDEs with jumps.

2 BSDEs with jumps: notation and definition Let (Ω, F , P ) be a probability space. Let W be a one-dimensional Brownian motion and N (dt, du) be a Poisson random measure with compensator ν(du)dt such that ν is a σ-finite measure on R * , equipped with its Borel field B(R * ). Let Ñ (dt, du) be its compensated process. Let IF = {F t , t ≥ 0} be the natural filtration associated with W and N . The results of this paper can be generalized to multi-dimensional Brownian motions and Poisson random measures without difficulty.

Notation. Let P be the predictable σ-algebra on [0, T ] × Ω.

For each T > 0 and p > 1, we use the following notation:

• L p (F T ) is the set of random variables ξ which are F T -measurable and p-integrable.

• IH p,T is the set of real-valued predictable processes φ such that

φ p IH p,T := E ( T 0 φ 2 t dt) p 2 < ∞.
For β > 0 and φ ∈ IH 

→ R such that R * | (u)| p ν(du) < +∞.
The set L 2 ν is a Hilbert space equipped with the scalar product

δ, ν := R * δ(u) (u)ν(du) for all δ, ∈ L 2 ν × L 2 ν ,
and the norm

2 ν := R * | (u)| 2 ν(du) < +∞. • IH p,T ν
is the set of processes l which are predictable, that is, measurable

l : ([0, T ] × Ω × R * , P ⊗ B(R * )) → (R , B(R)); (ω, t, u) → l t (ω, u) such that l p IH p,T ν := E ( T 0 l t 2 ν dt) p 2 < ∞. For β > 0 and l ∈ IH 2,T ν , we set l 2 ν,β,T := E[ T 0 e βs l s 2 ν ds].
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• S p,T is the set of real-valued RCLL adapted processes φ such that

φ p S p := E( sup 0≤t≤T |φ t | p ) < ∞.
When T is fixed and there is no ambiguity, we denote IH p instead of IH p,T , IH p ν instead of IH p,T ν , S p instead of S p,T . • T 0 denotes the set of stopping times τ such that τ ∈ [0, T ] a.s. Definition 2.1 (Driver, Lipschitz driver) A function f is said to be a driver if

• f : [0, T ] × Ω × R 2 × L 2 ν → R (ω, t, x, π, (•)) → f (ω, t, x, π, (•)) is P ⊗ B(R 2 ) ⊗ B(L 2 ν )-measurable, • f (., 0, 0, 0) ∈ IH 2 . A driver f is called a Lipschitz driver if moreover there exists a constant C ≥ 0 such that dP ⊗ dt-a.s. , for each (x 1 , π 1 , 1 ), (x 2 , π 2 , 2 ), |f (ω, t, x 1 , π 1 , 1 ) -f (ω, t, x 2 , π 2 , 2 )| ≤ C(|x 1 -x 2 | + |π 1 -π 2 | + 1 -2 ν ).

Definition 2.2 (BSDE with jumps)

A solution of a BSDE with jumps with terminal time T , terminal condition ξ and driver f consists of a triple of processes (X, π, l) satisfying

-dX t = f (t, X t -, π t , l t (•))dt-π t dW t - R * l t (u) Ñ (dt, du); X T = ξ. (2.1)
where X is a RCLL optional process, and π (resp. l) is an R-valued predictable process defined on Ω × [0, T ] (resp. Ω × [0, T ] × R * ) such that the stochastic integral with respect to W (resp. Ñ ) is well defined.

Note that the process f (t, X t -, π t , l t (•)) is predictable and satisfies

f (t, X t -, π t , l t (•)) = f (t, X t , π t , l t (•)) dP ⊗ dt-a.s.
We recall the existence and uniqueness result for BSDEs with jumps established by [START_REF] Tang | Necessary conditions for optimal control of stochastic systems with random jumps[END_REF] in [START_REF] Tang | Necessary conditions for optimal control of stochastic systems with random jumps[END_REF].

Theorem 2.3 (Existence and uniqueness) Let T > 0. For each Lipschitz driver f , and each terminal condition ξ ∈ L 2 (F T ), there exists a unique solution (X, π, l) ∈ S 2,T × IH 2,T × IH 2,T ν of the BSDE with jumps (2.1).

Remark 2.1

We also provide an existence and uniqueness result in S p,T × IH p,T × IH p,T ν when f and ξ are p-integrable, with p > 2 (see Proposition A.5 in the Appendix). This result will be used in the study of dynamic risk measures in the case of ambiguity on the model (see the proof of Theorem 5.1).
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We now focus on linear BSDEs with jumps which play a crucial role in the study of properties of general BSDEs.

We first provide some useful properties of exponential local martingales driven by a Brownian motion and a Poisson random measure.

Some properties of exponential local martingales

Let (β t ) be an R-valued predictable process, a.s. integrable with respect to dW t . Let (γ t (.)) be an R-valued predictable process defined on [0, T ]×Ω×R * , that is, P ⊗B(R * )-measurable, and a.s. integrable with respect to Ñ (ds, du).

Let M = (M t ) 0≤t≤T be a local martingale given by

M t := t 0 β s dW s + t 0 R * γ s (u) Ñ (ds, du). (3.2) 
Let Z = (Z t ) 0≤t≤T be the solution of

dZ s = Z s -dM s ; Z 0 = 1.
The process Z is the so-called exponential local martingale associated with the local martingale M , denoted by E(M ). It is given by the Doléans-Dade formula (see (A.68) in the Appendix) :

E(M ) s = exp{ s 0 β u dW u - 1 2 s 0 β 2 u du - s 0 R * γ r (u)ν(du)dr} 0<r≤s (1 + γ r (∆Y r )) (3.3) 
where

Y t := R * uN ([0, t], du). Classicaly, if γ t (∆Y t ) ≥ -1, 0 ≤ t ≤ T a.
s. then we have E(M ) t ≥ 0, 0 ≤ t ≤ T a.s. Note that this property still holds for general exponential local martingales (see Appendix A). Since here M is driven by a Brownian motion and a Poisson random measure, we have more precisely the following property: Proposition 3.1 Let (β t ) and (γ t (.)) be predictable R-valued processes and let M be the local martingale defined by (3.2). The following assertions are equivalent:

• (i) For each n ∈ IN , γ Tn (∆Y Tn ) ≥ -1 P -a.s. , where (T n ) n∈IN is the increasing sequence of stopping times corresponding to the jumps times of Y .

• (ii) γ t (u) ≥ -1 dP ⊗ dt ⊗ dν(u)-a.s.
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Moreover, if one of this condition is satisfied, then we have E(M ) t ≥ 0, 0 ≤ t ≤ T a.s.

Similarly, if γ t (u) > -1 dP ⊗ dt ⊗ dν(u)-a.s. , then, for each t, E(M ) t > 0 a.s. These precisions will be useful in the sequel, in particular to prove Theorem 5.1.

Proof. For each s > 0, we have 0<r≤s (1 + γ r (∆Y r )) = n∈IN, 0<Tn≤s (1 + γ Tn (∆Y Tn )).

Hence, by formula (3.3), condition (i) implies that for each s, E(M ) s ≥ 0 a.s. It remains to show that (i) is equivalent to (ii). Now, we have

E[ n∈IN 1 {γ Tn (∆Y Tn )<-1} ] = E[ R * ×R + 1 {γr(u)<-1} N (du, dr)] = E[ R * ×R + 1 {γr(u)<-1} ν(du)dr],
because ν(du)dt is the predictable compensator of the Poisson random measure N (du, dt). The result follows.

We now provide a sufficient condition for the square integrability property of E(M ). Proposition 3.2 Let (β t ) and (γ t (.)) be predictable R-valued processes and let M be the local martingale defined by (3.2). Suppose that

T 0 β 2 s ds + T 0 γ s 2 ν ds (3.4) is bounded. Then, we have E[E(M ) 2 T ] < +∞.
Note that in this case, by martingale inequalities, (E(M ) s ) 0≤t≤T ∈ S 2,T . Proof. By the product formula (see (A.69)) (or by using the Doléans-Dade formula (3.3)), we get

E(M ) 2 = E(2M + [M, M ]), where [M, M ] t = t 0 β 2 s ds + s≤t γ 2 s (∆Y s ). Now, s≤t γ 2 s (∆Y s ) = t 0 R * γ 2 s (u)N (ds, du) = t 0 γ s 2 ν ds+ t 0 R * γ 2 s (u) Ñ (ds, du).

RR n°7997

It follows that The random variable (3.4) is thus bounded, and hence, by the above proposition, E(M ) T ∈ L 2 . This property will be used in the study of linear BSDEs as well as in the comparison theorem (Theorem 4.2).

E(M ) 2 = E(N + . 0 β 2 s ds + . 0 γ s 2 ν ds) = E(N ) exp{ . 0 β 2 s ds + . 0 γ s 2 ν ds}, (3.5 
More generally, we have the following property: if ψ ∈ L p ν for all p ≥ 2, then E(M ) T is p-integrable for all p ≥ 2. This property, as well as additional ones, are shown in the Appendix (see Proposition A.1). It will be used in Section 5.3, to solve a robust optimization problem, where some p-integrability conditions, with p > 2, are required.

Properties of linear BSDEs with jumps

We now show that the solution of a linear BSDE with jumps can be written as a conditional expectation via an exponential semimartingale.

Let (δ t ) and (β t ) be R-valued predictable processes, supposed to be a.s. integrable with respect to dt and dW t . Let (γ t (.)) be a predictable R-valued process defined on [0, T ]×Ω×R * , supposed to be a.s. integrable with respect to Ñ (ds, du).

For 
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Theorem 3.3 Let (δ, β, γ) be a bounded predictable process. Let Γ be the so-called adjoint process defined as the solution of SDE (3.6). Suppose that Γ ∈ S 2 . Let (X t , π t , l t ) be the solution in S 2,T × IH 2,T × IH 2,T ν of the linear BSDE

-dX t = (ϕ t + δ t X t + β t π t + γ t , l t ν )dt -π t dW t - R * l t (u) Ñ (dt, du); X T = ξ. (3.7)
The process (X t ) satisfies ds). By integrating between t and T , we get

X t = E Γ t,T ξ + T t Γ t,s ϕ(s)ds | F t , 0 ≤ t ≤ T, a.s. , (3.8 
-d(X s Γ s ) = -X s -dΓ s -Γ s -dX s -d[X, Γ] s = -X s Γ s δ s ds + Γ s [ϕ s + δ s X s + β s π s + γ s , l s ν ] ds -β s π s Γ s ds -Γ s γ s , l s ν ds -Γ s (X s β s + π s )dW s -Γ s - R l s (u)(1 + γ s (u)) Ñ (du, ds) = Γ s ϕ s ds -dM s , with dM s = -Γ s (X s β s + π s )dW s -Γ s - R l s (u)(1 + γ s (u)) Ñ (du,
X t -ξΓ t,T = T t Γ t,s ϕ s ds -M T + M t a.s. (3.9) 
Recall that Γ t,. ∈ S 2 and that X ∈ S 2 , π ∈ IH 2 and l ∈ IH 2 ν . Moreover, the processes δ, β and γ are bounded. It follows that the local martingale M is an uniformly martingale. Hence, by taking the conditional expectation in equality (3.9), we get equality (3.8).

This property together Proposition 3.1 yields the following corollary, which will be used to prove the comparison theorems.

Corollary 3.4 Suppose that the assumptions of Theorem 3.3 are satisfied.

• Suppose that the inequality γ t (u) ≥ -1 holds dP ⊗ dt ⊗ dν(u)-a.s.

If ϕ t ≥ 0, t ∈ [0, T ], dP ⊗ dt a.s. and ξ ≥ 0 a.s. , then X t ≥ 0 a.s. for all t ∈ [0, T ].

• Suppose that the inequality γ t (u) > -1 holds dP ⊗ dt ⊗ dν(u)-a.s. If ϕ t ≥ 0, t ∈ [0, T ], dP ⊗ dt a.s. and ξ ≥ 0 a.s. , and if X t 0 = 0 a.s. for some t 0 ∈ [0, T ], then ϕ t = 0 dP ⊗ dt-a.s. on [t 0 , T ], and ξ = 0 a.s on A.

Proof. Let us prove the first assertion. Since γ t (u) ≥ -1 dP ⊗ dt ⊗ dν(u)a.s. , by Proposition 3.1, we get Γ t,T ≥ 0 a.s. and the result follows from the representation formula for linear BSDEs (3.8).

The second assertion follows from similar arguments and the fact that if

γ t (u) > -1 dP ⊗ dt ⊗ dν(u)-a.s. , then Γ t,T > 0 a.s.
Note that when ξ ≥ 0 and ϕ ≥ 0, if the process γ can take values < -1 with positive measure, then the solution X of the linear BSDE may take strictly negative values. moreover, suppose that ξ ≥ 0 and ϕ ≥ 0 a.s. and that the process γ ≥ -1 a.s. but can take the value -1 with positive measure. Then, in general, the equality X 0 = 0 does not imply that ξ = 0 and ϕ = 0 a.s.

Example 3.1 Consider the simple but instructive case, where γ is a real constant and δ = β = 0, ϕ = 0. Suppose also that ν(du) := δ 1 (du), where δ 1 denotes Dirac measure at 1. Set N t := N ([0, t] × {1}). The process N t is then a Poisson process with parameter 1 and we have Ñt := Ñ ([0, t]×{1}) = N t -t. Let f be the linear driver given by f ( ) = γ, ν = γ (1).

(3.10)

In this case, the adjoint process Γ 0,s , denoted for simplicity by Γ s , satisfies

Γ T = ((1 + γ)e -γ ) N T e γ ÑT = (1 + γ) N T e -γT . (3.11) 
Let X be the solution of the BSDE associated with terminal condition ξ := N T . By the representation property of linear BSDEs with jumps (see equality (3.8)), we have 1) . Taking s = 1 + γ, we thus obtain

X 0 = E[Γ T ξ] = E[Γ T N T ]. Now, for each s, E[N T s N T ] = sT e T (s-
X 0 = E[Γ T N T ] = e -γT E[(1 + γ) N T N T ] = (1 + γ)T. (3.12)
Similarly, for each t ∈ [0, T ], we get

X t = E[Γ t,T N T | F t ] = E[Γ t,T (N T -N t ) | F t ]+E[Γ t,T N t | F t ] = (1+γ)(T -t)+N t .
Suppose now that γ < -1 (still with ξ = N T ).

(3.13)

By equality (3.12), we have X 0 = (1 + γ)T < 0 although ξ = N T ≥ 0 a.s. We also have for each time t, P (X t < 0) > 0.

Let us now consider the following example, with the same linear driver (3.10), but with γ = -1 and ξ = 1 {T 1 ≤T } .

(3.14)

By equality (3.11), it follows that Γ T ≥ 0 a.s. and also that Γ T = 0 a.s. on

{N T ≥ 1} = {T 1 ≤ T }. Hence, X 0 = E[Γ T ξ] = E[Γ T 1 {T 1 ≤T } ] = 0 although ξ ≥ 0 a.s. and P (ξ > 0) = P (T 1 ≤ T ) > 0.
We now provide a second corollary of Theorem 3.3 which will be used to prove the second optimization principle for BSDEs with jumps (Theorem 4.6).

Corollary 3.5 Suppose that assumptions of Theorem 3.3 are satisfied. If ξ ≥ 0 a.s. and ϕ t ≥ -ε dP ⊗ dt a.s. for some ε ≥ 0, then X t ≥ -ε T e CT a.s. for all t ∈ [0, T ], where C is a bound of (δ t ).

Proof. By Theorem 3.3, we have

X t ≥ E T t Γ t,s ϕ s ds | F t ≥ -εE T t e s t δudu Z t,s ds | F t , 0 ≤ t ≤ T, a.s.
Since Z t,. is a martingale (defined by (3.3) and since |δ t | ≤ C, we get X t ≥ -εT e CT a.s.

Comparison theorems and optimization principles for BSDEs with jumps

Comparison theorems

The comparison theorems are key properties of BSDEs and play a crucial role in the study of optimization problems expressed in terms of BSDEs. In [START_REF] Royer | Backward stochastic differential equations with jumps and related nonlinear expectations[END_REF], Royer established a comparison theorem and a strict comparison theorem for BSDEs with jumps. Here, we prove these theorems under less restrictive hypotheses and provide some optimization principles for BSDEs with jumps. We begin by a preliminary result which will be used to prove the comparison theorems. Lemma 4.1 (Comparison result with respect to a linear BSDE) Let (δ, β, γ) be a bounded predictable process and for each t, let Γ t,. be the exponential semimartingale solution of SDE (3.6). Suppose that

Γ t,. ∈ S 2 ∀t and γ t (u) ≥ -1 dP ⊗ dt ⊗ ν(du) -a.s. Let ξ ∈ L 2 (F T ) and h be a driver (non necessarily Lipschitz). Let (X t , π t , l t ) be a solution in S 2,T × IH 2,T × IH 2,T ν of the BSDE -dX t = h(t, X t , π t , l t (•))dt -π t dW t - R * l t (u) Ñ (dt, du) ; X T = ξ. (4.15) Let ϕ ∈ IH 2,T . Suppose that h(t, X t , π t , l t ) ≥ ϕ t +δ t X t +β t π t + γ t , l t ν , 0 ≤ t ≤ T, dP ⊗dt-a.s. (4.16)
Then, X is a.s. greater or equal to the solution given by (3.8) of the linear BSDE (3.7). In other terms,

X t ≥ E Γ t,T ξ + T t Γ t,s ϕ(s)ds | F t , 0 ≤ t ≤ T, a.s. (4.17) Proof. Fix t ∈ [0, T ]. Since γ t (u) ≥ -1 dP ⊗ dt ⊗ ν(du)-a.s. , it follows that Γ t,. ≥ 0 a.s. To simplify notation, let us denote Γ t,s by Γ s for s ∈ [t, T ].
By the Itô product formula, and denoting Γ t,s by Γ s for s ∈ [t, T ], we have:

-d(X s Γ s ) = -X s -Γ s -[δ s ds + β s dW s + R γ s (u) Ñ (du, ds)] + Γ s -h(s, X s , π s , l s )ds -Γ s -[π s dW s + R l s (u) Ñ (du, ds)] -π s Γ s β s ds -Γ s - R γ s (u)l s (u)N (du, ds).
Using inequality (4.16) together with the non negativity of Γ, and doing the same computations as in the proof of Theorem 3.3, we derive that

-d(X s Γ s ) ≥ Γ s ϕ s ds -dM s ,
where M is a martingale (since Γ t,. ∈ S 2 and since (δ t ) and (β t ) are bounded). By integrating between t and T and by taking the conditional expectation, we derive inequality (4.17). Now, by Theorem 3.3, the second member of this inequality corresponds to the solution of the linear BSDE (3.7). The proof is thus complete.

The comments made in the linear case (see in particular example (3.13)) show the relevance of the assumption γ t (u) ≥ -1 in the above lemma.

Note also that if δ, β, γ are bounded and if |γ t | ≤ ψ, where ψ ∈ L 2 ν , Proposition 3.2 yields that, for each t, Γ t,. ∈ S 2 . Using this remark together with the above lemma, we now show the general comparison theorems for BSDEs with jumps. 

ξ 2 ∈ L 2 (F T ). Let f 1 be a Lipschitz driver. Let f 2 be a driver. For i = 1, 2, let (X i t , π i t , l i t ) be a solution in S 2,T × IH 2,T × IH 2,T ν of the BSDE -dX i t = f i (t, X i t , π i t , l i t )dt -π i t dB t - R * l i t (u) Ñ (dt, du); X i T = ξ i . (4.18)
Assume that there exists a bounded predictable process (γ t ) such that dt ⊗ dP ⊗ ν(du)-a.s. ,

γ t (u) ≥ -1 and |γ t (u)| ≤ ψ(u), (4.19) 
where ψ ∈ L 2 ν , and such that

f 1 (t, X 2 t , π 2 t , l 1 t ) -f 1 (t, X 2 t , π 2 t , l 2 t ) ≥ γ t , l 1 t -l 2 t ν , t ∈ [0, T ], dt ⊗ dP a.s.. (4.20) Assume that ξ 1 ≥ ξ 2 a.s. (4.21) 
and 

f 1 (t, X 2 t , π 2 t , l 2 t ) ≥ f 2 (t, X 2 t , π 2 t , l 2 t ), t ∈ [0, T ],
Proof. Put Xt = X 1 t -X 2 t ; πt = π 1 t -π 2 t ; lt (u) = l 1 t (u) -l 2 t (u). Then -d Xt = h t dt -πt dW t - R * lt (u) Ñ (dt, du); XT = ξ 1 -ξ 2 ,
where

h t := f 1 (t, X 1 t , π 1 t , l 1 t )-f 2 (t, X 2 t , π 2 t , l 2 t ).
The proof now consists to show that there exists δ and β such that h t satisfies inequality (4.16) and then to apply the comparison result with respect to a linear BSDE (Lemma 4.1).

We have

h t = f 1 (t, X 1 t , π 1 t , l 1 t ) -f 1 (t, X 2 t , π 1 t , l 1 t ) + f 1 (t, X 2 t , π 1 t , l 1 t ) -f 1 (t, X 2 t , π 2 t , l 1 t )) + f 1 (t, X 2 t , π 2 t , l 1 t ) -f 1 (t, X 2 t , π 2 t , l 2 t ) + f 1 (t, X 2 t , π 2 t , l 2 t ) -f 2 (t, X 2 t , π 2 t , l 2 t ). (4.24) Let ϕ t := f 1 (t, X 2 t -, π 2 t , l 2 t ) -f 2 (t, X 2 t -, π 2 t , l 2 t )
and

δ t := f 1 (t, X 1 t -, π 1 t , l 1 t ) -f 1 (t, X 2 t -, π 1 t , l 1 t ) Xt 1 { Xt =0} β t := f 1 (t, X 2 t -, π 1 t , l 1 t ) -f 1 (t, X 2 t -, π 2 t , l 1 t ) πt 1 {πt =0} .
By the assumption (4.20) on f 1 , we get

h t ≥ ϕ t + δ t Xt + β t πt + γ t , lt ν dt ⊗ dP -a.s.
Since 

Xt ≥ E Γ t,T (ξ 1 -ξ 2 ) + T t Γ t,s ϕ(s)ds | F t , 0 ≤ t ≤ T, a.s. (4.25)
Now, by assumption, ϕ t ≥ 0 dP ⊗ dt-a.s. and ξ 1 -ξ 2 ≥ 0 a.s. It follows that for all t ∈ [0, T ], Xt ≥ 0 a.s. , which gives X 1 t ≥ X 2 t a.s. The proof of the first assertion is thus complete.

The second assertion follows from the same arguments but linearizing f 2 instead of f 1 . Remark 4.3 Note that the presence of jumps as well as inequality (4.20), which is a relatively weak assumption, do not really allow us to proceed with a linearization method as in the Brownian case (see [START_REF] Karoui | Backward Stochastic Differential Equations in Finance[END_REF]). More precisely, in equality (4.24), we cannot deal with the increement of f 1 with respect to l as with those with respect to x or π. Indeed, there is somehow an asymmetry between the role of negative jumps and that of positive ones of X. The above lemma thus appears as a preliminary step before proving the general comparison theorem in the case of jumps.

Note also that the second condition in (4. [START_REF] Pardoux | Backward Stochastic Differential equations and Quasilinear Parabolic Partial Differential equations[END_REF]) on γ t could be replaced by the weaker, but less tractable, assumption Γ ∈ S 2 , where Γ is defined in (3.6).

Corollary 4.3 (Non negativity sufficient condition)

Let ξ ≥ 0 ∈ L 2 (F T )
and f be a Lipschitz driver such that f (t, 0, 0, 0) ≥ 0 dt ⊗ dP a.s. Let (X, π, l) be the solution of the BSDE associated with driver f and terminal condition ξ. Suppose that there exits (γ t ) satisfying condition (4.19) as well as the inequality

f (t, 0, 0, l t ) -f (t, 0, 0, 0) ≥ γ t , l t ν , t ∈ [0, T ], dt ⊗ dP a.s. (4.26) Then, X t ≥ 0 a.s. t ∈ [0, T ].
Proof. Apply Theorem 4.2 with f 1 = f , f 2 = 0, ξ 1 = ξ, and ξ 2 = 0.

We now provide a strict comparison theorem, which holds under an additional assumption. This property is an important tool for the study of optimization problems expressed in terms of BSDEs since it allows us to obtain a necessary condition of optimality (see Proposition 4.1 assertion 2.). Theorem 4.4 (Strict comparison theorem) Suppose that the assumptions of Theorem 4.2 hold and that the inequality The example (3.14) given in section 3 shows the relevance of the assumption γ t (u) > -1 in the strict comparison theorem.

γ t (u) > -1 holds dt⊗dP ⊗dν(u)- a.s. If X 1 t 0 = X 2 t 0 a.s. on A for some t 0 ∈ [0, T ] and A ∈ F t 0 , then X 1 • = X 2 • a.s. on [t 0 , T ] × A, ξ 1 = ξ 2 a.
Note also that the conditions under which we have proved the comparison theorems are weaker that the one stated in the literature, in particular in [START_REF] Royer | Backward stochastic differential equations with jumps and related nonlinear expectations[END_REF] (see some more details in Section 4.3).

Optimization principles

From the comparison theorem, we derive optimization principles for minima of BSDEs which generalize those of El Karoui et al. (1997) to the case of jumps.

Theorem 4.5 (Optimization principle I) Let ξ in L 2 (F T ) and let (f, f α ; α ∈ A) be a family of Lipschitz drivers. Let (X, π, l) (resp. (X α , π α , l α )) be the solution of the BSDE associated to terminal condition ξ and driver f (resp. f α ).

Suppose that there exists a parameter ᾱ ∈ A such that

f (t, X t , π t , l t ) = ess inf α f α (t, X t , π t , l t ) = f ᾱ(t, X t , π t , l t ), 0 ≤ t ≤ T, dP ⊗dt-a.s. ( 4 
.27) and that for each α ∈ A, there exists a predictable process γ α satisfying (4. [START_REF] Pardoux | Backward Stochastic Differential equations and Quasilinear Parabolic Partial Differential equations[END_REF]) and

f α (t, X t , π t , l α t ) -f α (t, X t , π t , l t ) ≥ γ α t , l α t -l t ν , t ∈ [0, T ], dt ⊗ dP a.s.. (4.28)
Then,

X t = ess inf α X α t = X ᾱ t , 0 ≤ t ≤ T, a.s. (4.29) 
Proof. For each α, since f (t, X t , π t , l t ) ≤ f α (t, X t , π t , l t ) dP ⊗ dt-a.s. , the comparison Theorem 4.2 gives that X t ≤ X α t , 0 ≤ t ≤ T, P -a.s. It follows that

X t ≤ ess inf α X α t 0 ≤ t ≤ T, P -a.s. (4.30)
By assumption, X t is the solution of the BSDE associated with f ᾱ. By uniqueness of the solution of the Lipschitz BSDE associated to f ᾱ, we derive that X t = X ᾱ t , 0 ≤ t ≤ T , a.s. which implies that inequality in (4.30) is an equality.

Remark 4.4 If in (4.27), the essinf is replaced by esssup and if the inverse inequality holds in (4.28), then (4.29) holds with an esssup instead of an essinf .

Theorem 4.6 (Optimization principle II) . Let ξ in L 2 (F T ) and let (f, f α ; α ∈ A) be a family of Lipschitz drivers. Suppose that the drivers f α , α ∈ A are equi-Lipschitz with common Lipschitz constant C. Let (X, π, l) be a solution of the BSDE associated to terminal condition ξ and driver f and (X α , π α , l α ) be the solution of the BSDE associated with terminal condition ξ and driver f α . Suppose that for each α ∈ A,

f (t, X t , π t , l t ) ≤ f α (t, X t , π t , l t ), 0 ≤ t ≤ T, dP ⊗ dt -a.s. (4.31)
and that there exists γ α and δ α satisfying (4.19) and

γ α t , l α t -l t ν ≤ f α (t, X t , π t , l α t )-f α (t, X t , π t , l t ) ≤ δ α t , l α -l t ν , t ∈ [0, T ], dt⊗dP a.s.. ( 4 
.32) Suppose also that for each ε > 0, there exists α ε ∈ A such that

f α ε (t, X t , π t , l t ) -≤ f (t, X t , π t , l t ), 0 ≤ t ≤ T, dP ⊗ dt -a.s. (4.33) Then, X t = ess inf α X α t , 0 ≤ t ≤ T, a.s.
Lemma 4.7 Suppose that the assumptions of Theorem 4.2 are satisfied but with condition (4.22) replaced by

f 1 (t, X 2 t , π 2 t , l 2 t ) ≥ f 2 (t, X 2 t , π 2 t , l 2 t ) -ε, t ∈ [0, T ], dt ⊗ dP a.s. (4.34)
We then have

X 1 t ≥ X 2 t -ε T e CT a.s. for all t ∈ [0, T ], (4.35) 
where C is the Lipschitz constant of 

f 1 . Moreover, if f 2 is Lipschitz (instead of f 1 ) with constant C and if As- sumption (4.20) is satisfied along (X 1 t , π 1 t , l 1 t ) instead of (X 2 t , π 2 t , l 2 
X t ≥ X α ε t -ε T e CT ≥ ess inf α X α t -ε T e CT , 0 ≤ t ≤ T, a.s.
Since this inequality holds for each ε > 0, we obtain

X t ≥ ess inf α X α t , 0 ≤ t ≤ T, a.s.
Hence, this inequality is an equality. The optimization principle I together with the strict comparison theorem, yield the following sufficient (resp. necessary) condition of optimality. 

f (t, X t , π t , l t ) = f α(t, X t , π t , l t ), S ≤ t ≤ T, dP ⊗ dt -a.s. (4.36)
Then, α is S-optimal (i.e. ess inf α X α S = X α S ). 2. (Necessary condition of optimality) Suppose α is S-optimal and that the associated process γ α t satisfies the strict inequality

γ α t > -1 dP ⊗ dt ⊗ dν -a.s.
Then, equality (4.36) holds.
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Remarks on the assumptions of the comparison theorem

Let us introduce the following condition. Let T > 0.

Assumption 4.1 A driver f is said to satisfy Assumption 4.1 if the following holds:

dP ⊗ dt-a.s for each (x, π, l 1 , l 2 ) ∈ [0, T ] × Ω × R 2 × (L 2 ν ) 2 , f (t, x, π, l 1 ) -f (t, x, π, l 2 ) ≥ θ x,π,l 1 ,l 2 t , l 1 -l 2 ν , with θ : [0, T ] × Ω × R 2 × (L 2 ν ) 2 → L 2 ν ; (ω, t, x, π, l 1 , l 2 ) → θ x,π,l 1 ,l 2 t (ω, .) P ⊗ B(R 2 ) ⊗ B((L 2 ν ) 2 )-measurable, bounded, and satisfying dP ⊗ dt ⊗ dν(u)- a.s. , for each (x, π, l 1 , l 2 ) ∈ R 2 × (L 2 ν ) 2 , θ x,π,l 1 ,l 2 t (u) ≥ -1 and |θ x,π,l 1 ,l 2 t (u)| ≤ ψ(u), (4.37) 
where ψ ∈ L 2 ν . This assumption is stronger than the one made in the comparison theorem (Theorem 4.2). Indeed, if the driver f 1 satisfies Assumption 4.1, then it satisfies condition (4.20) assumed in the comparison theorem, with γ t = θ

X 2 t -,π 2 t ,l 1 t ,l 2 t t
. Note also that condition (4.20) is only required along (X 2 t , π 2 t , l 2 t ) (the solution of the second BSDE) as well as l 1 t (the third coordinate of the solution of the first BSDE) but not necessarily for all (x, π, l).

Also, if f α satisfies Assumption 4.1, then it satisfies the weaker condition (4.32) assumed in the optimization principle II.

The above assumption thus appears as much stronger than the one made in the comparison theorems. However, it ensures a monotony property with respect to terminal condition, in the following sense: for all ξ 1 , ξ 2 ∈ L 2 (F T ) with ξ 1 ≥ ξ 2 a.s. , we have X(ξ 1 ) ≥ X(ξ 2 ) a.s. , where X(ξ 1 ) (resp. X(ξ 2 )) denotes the solution of the BSDE associated with f and ξ 1 (resp. ξ 2 ). This clearly follows from the comparison theorem applied to f 1 = f 2 = f . As we will see in the next section, this assumption will be appropriate to ensure the monotonicity property of a dynamic risk measure induced by a BSDE. Remark 4.5 Assumption 4.1 implies that for each (x, π, l 1 , l 2 ),

f (t, x, π, l 1 ) -f (t, x, π, l 2 ) ≤ γ x,π,l 1 ,l 2 t , l 1 -l 2 ν (4.38)
where γ x,π,l 1 ,l 2 t (u) = θ x,π,l 2 ,l 1 t (u). Actually, Assumption 4.1 is equivalent to Assumption (4.38), where γ satisfies conditions (4.37).

Note that Assumption 4.1, even if it is stronger than the one made in the comparison theorem (Theorem 4.2), is still weaker than the assumption made in Royer [START_REF] Royer | Backward stochastic differential equations with jumps and related nonlinear expectations[END_REF], where, in particular, it is moreover required that γ x,π,l 1 ,l 2 t ≥ C 1 with C 1 > -1.

Dynamic risk measures induced by BSDEs

with jumps, robust optimization problems

Definitions and first properties

Let T > 0 be a time horizon. Let f be a Lipschitz driver such that f (•, 0, 0, 0) ∈ IH 2,T . We define the following functional: for each T ∈ [0, T ] and ξ ∈ L 2 (F T ), set

ρ f t (ξ, T ) = ρ t (ξ, T ) := -X t (ξ, T ), 0 ≤ t ≤ T, (5.39) 
where X t (ξ, T ) denotes the solution of the BSDE (2.1) with terminal condition ξ and terminal time T . If T represents a given maturity and ξ a financial position at time T , then ρ t (ξ, T ) will be interpreted as the risk measure of ξ at time t. The functional ρ : (ξ, T ) → ρ • (ξ, T ) defines then a dynamic risk measure induced by the BSDE with driver f . We now provide properties of such a dynamic risk measure. We point out that, contrary to the Brownian case, the monotonicity property of ρ t , which is naturally required for risk measures, is not automatically satisfied and needs the additional assumption Assumption 4.1, introduced in Section 4.3.

• Consistency. By the flow property (see (A.79) in the Appendix), ρ is consistent : more precisely, let T ∈ [0, T ] and let S ∈ T 0,T be a stopping time, then for each time t smaller than S, the risk-measure associated with position ξ and maturity T coincides with the risk-measure associated with maturity S and position -ρ S (ξ, T ) = X S (ξ, T ), that is, (CS) ∀t ≤ S, ρ t (ξ, T ) = ρ t (-ρ S (ξ, T ), S) a.s. Indeed, ∀t ≤ S, X t (ξ, T ) = X t (X S (ξ, T ), S) a.s..

• Continuity. Let T ∈ [0, T ]. Let {θ α , α ∈ R} be a family of stopping times in T 0,T , converging a.s. to a stopping time θ ∈ T 0,T as α tends to α 0 . Let (ξ α , α ∈ R) be a family of random variables such that E[ess sup α (ξ α ) 2 ] < +∞, and for each α, ξ α is F θ α -measurable. Suppose also that ξ α converges a.s. to an F θ -measurable random variable ξ as α tends to α 0 . Then, for each S ∈ T 0,T , the random variable ρ S (ξ α , θ α ) → ρ S (ξ, θ) a.s. and the process ρ(ξ α , θ α ) → ρ(ξ, θ) in S 2,T when α → α 0 (see Proposition A.7 in the Appendix).

• Zero-one law. If f (t, 0, 0) = 0, then the risk-measure associated to the null position is equal to 0. More precisely, the risk-measure satisfies the Zero-one law property:

(ZO) ρ t (1 A ξ, T ) = 1 A ρ t (ξ, T ) a.s for t ≤ T , A ∈ F t , and ξ ∈ L 2 (F T ).

• Translation invariance. If f does not depend on x, then the associated risk-measure satisfies the translation invariance property:

(TI) ρ t (ξ + ξ , T ) = ρ t (ξ, T ) -ξ , for any ξ ∈ L 2 (F T ) and ξ ∈ L 2 (F t ).
This situation can be interpreted as a market with an interest rate r t equal to zero. The case r t = 0 corresponds to a BSDE with a driver of the form -r t x+ g(t, π, l) and can be reformulated as a problem with a driver independant of x by discounting the positions ξ (see Section 5.4.1). The general case when f depends on x in a nonlinear way may be interpreted in terms of ambiguity on the interest rate (see Section 5.4.2 and Remark ??).

• Homogeneous property. If f is positively homogenous with respect to (x, π, l), then the risk-measure ρ is positively homogenous with respect to ξ, that is,

ρ . (λξ, T ) = λρ . (ξ, T ) for each real λ ≥ 0, T ∈ [0, T ] and ξ ∈ L 2 (F T ).
Note that this property is generally not required for dynamic risk measures.

From now on, we assume that the driver f satisfies Assumption 4.1 with T = T . This leads to the following additional properties for the risk measure ρ:

• Monotonicity. ρ is nonincreasing with respect to ξ, that is : for each T ∈ [0, T ], and

ξ 1 , ξ 2 ∈ L 2 (F T ) (MO) If ξ 1 ≥ ξ 2 a.s. , then ρ t (ξ 1 , T ) ≤ ρ t (ξ 2 , T ), 0 ≤ t ≤ T a.s.
Indeed, by the comparison theorem for BSDEs with jumps (see Theorem 4.2) applied to

f 1 = f 2 = f , we get X t (ξ 1 , T ) ≥ X t (ξ 2 , T ), 0 ≤ t ≤ T a.s. • Convexity. If f is concave with respect to (x, π, l), then the dynamic risk- measure ρ is convex, that is, for any λ ∈ [0, 1], T ∈ [0, T ], ξ 1 , ξ 2 ∈ L 2 (F T ), ρ(λξ 1 + (1 -λ)ξ 2 , T ) ≤ λρ(ξ 1 , T ) + (1 -λ)ρ(ξ 2 , T ).
(5.40)

The proof is an application of the comparison theorem and is given in Appendix A.2.3.

Suppose moreover that in Assumption 4.1, we have θ x,π,l 1 ,l 2 t > -1. By the strict comparison theorem (see Corollary 4.4), we derive the following property.

• No Arbitrage. The dynamic risk measure ρ satisfies the no arbitrage property : for each T ∈ [0, T ], and

ξ 1 , ξ 2 ∈ L 2 (F T ) (NA) If ξ 1 ≥ ξ 2 a.s. and if ρ t (ξ 1 , T ) = ρ t (ξ 2 , T ) a.s. on an event A ∈ F t , then ξ 1 = ξ 2 a.s. on A.
Note that generally, contrary to the monotonicity property, the no arbitrage property is not required for risk-measures.

The inverse problem. We now look at the inverse problem: when can a dynamic risk-measure be represented by a BSDE with jumps? The following proposition gives the answer. Proposition 5.2 Suppose that the intensity measure ν of the Poisson random measure satisfies R * (1 ∧ u 2 )ν(du) < +∞. Let ρ be a dynamic risk measure, that is, a map which, to each ξ ∈ L 2 (F T ) and T ≥ 0, associates an adapted RCLL process (ρ t (ξ, T )) {0≤t≤T } . Suppose that ρ is nonincreasing, consistent, translation invariant and satisfies the zero-one law as well as the no arbitrage property. Moreover suppose that there exists C > 0 and

-1 < C 1 ≤ 0 such that ρ t (ξ + ξ , T ) -ρ t (ξ, T ) ≥ -X C,C 1 t (ξ , T ),
(5.41)

for any ξ, ξ ∈ L 2 (F T ), where X C,C 1 t (ξ , T
) is the solution of the BSDE associated to terminal condition ξ and driver f C,C 1 (t, π,

) := C|π| + C R * (1 ∧ |u|) + (u)ν(du) -C 1 R * (1 ∧ |u|) -(u)ν(du).
Then, there exists a Lipschitz driver f (t, π, ) such that ρ = ρ f , that is, ρ is the dynamic risk measure induced by a BSDE with jumps with driver f (t, π, ) . This proposition corresponds to Theorem 4.6 in [START_REF] Royer | Backward stochastic differential equations with jumps and related nonlinear expectations[END_REF], here written in terms of risk measures. For the proof, we refer to [START_REF] Royer | Backward stochastic differential equations with jumps and related nonlinear expectations[END_REF].

Representation of convex dynamic risk measures

We now provide a dual representation for dynamic risk measures induced by concave BSDEs with jumps (which thus are convex risk measures). Let f be a given driver independent of x. For each (ω, t), let F (ω, t, •, •, •) be the polar function of f with respect to (π, ), defined for each

(α 1 , α 2 ) in R × L 2 ν by F (ω, t, α 1 , α 2 ) := sup (π, )∈R 2 ×L 2 ν [f (ω, t, π, ) -α 1 π -α 2 , ν ].
(5.42)

Theorem 5.1 Suppose that the Hilbert space L 2 ν is separable. Let f be a Lipschitz driver with Lipschitz constant C, which does not depend on x. Suppose also that f satisfies Assumption 4.1, is continuous and concave with respect to (π, ).

Let T ∈ [0, T ]. Let A T be the set of predictable processes α = (α 1 , α 2 (.)) such that F (t, α 1 t , α 2 t ) belongs to IH 2 T , where F is defined by (5.42). For each α ∈ A T , let Q α be the probability absolutely continuous with respect to P which admits Z α T as density with respect to P on F T , where Z α is the solution of

dZ α t = Z α t -α 1 t dW t + R * α 2 t (u)d Ñ (dt, du) ; Z α 0 = 1.
(5.43)

The convex risk-measure ρ(., T ) has the following representation: for each ξ

∈ L 2 (F T ), ρ 0 (ξ, T ) = sup α∈A T [E Q α (-ξ) -ζ(α, T )] , (5.44) 
where for each α ∈ A T ,

ζ(α, T ) := E Q α T 0 F (s, α 1 s , α 2 s )ds . (5.45) Moreover, for each ξ ∈ L 2 (F T ), there exists ᾱ = (ᾱ 1 , ᾱ2 ) ∈ A T such that F (t, ᾱ1 t , ᾱ2 t ) = f (t, π t , l t ) -ᾱ1 t π t -ᾱ2 t , l t ν , 0 ≤ t ≤ T, dP ⊗ dt -a.s. ,
where (X, π, l) is the solution to the BSDE with driver f , terminal time T and terminal condition ξ. Also, the process ᾱ is optimal for (5.44).

Remark 5.6

The function ζ can be interpreted as a penalty function. Note that this representation is related to that obtained by Föllmer and Schied [START_REF] Föllmer | Stochastic Finance. An introduction in discretetime[END_REF].

Here, the penalty function ζ is given in terms of the polar function F of the driver.

Proof. Since f is continuous with respect to (π, ) and since R × L 2 ν admits a dense countable subset I, the supremum in (5.42) coincides with the supremum over I which implies the measurability of F . By results of convex analysis in Hilbert spaces (see e.g. [START_REF] Ekeland | Convex analysis and Variationnal Problems[END_REF] [START_REF] Ekeland | Convex analysis and Variationnal Problems[END_REF]), the polar function F is convex and lower semicontinuous with respect to α 1 , α 2 since it is the supremum of continuous and convex functions. Also, since f is concave and continuous, f and F satisfy the conjugacy relation, that is,

f (ω, t, π, ) = inf α∈Dt(ω) {F (ω, t, α 1 , α 2 ) + α 1 π + α 2 , ν }, where for each (t, ω), D t (ω) is the non empty set of α = (α 1 , α 2 ) ∈ R × L 2 ν such that F (ω, t, α 1 , α 2 ) > -∞. Now, the following lemma holds. Lemma 5.1 For each (t, ω), D t (ω) ⊂ U , where U is the subset of the Hilbert space R × L 2 ν of the elements α = (α 1 , α 2 ) such that α 1 is bounded by C and ν(du) -a.s α 2 (u) ≥ -1 and |α 2 (u)| ≤ ψ(u) ∧ C, (5.46) 
where C is the Lipschitz constant of f .

For each process α t = (α 1 t , α 2 t ) ∈ A T , let f α be the associated linear driver defined by

f α (ω, t, π, ) := F (ω, t, α 1 t (ω), α 2 t (ω)) + α 1 t (ω) π + α 2 t (ω) , ν .
Note first that for each α ∈ A T , f α ≥ f . Let T ∈ [0, T ] and ξ ∈ L 2 (F T ). Let (X(ξ, T ), π(ξ, T ), l(ξ, T ))( also denoted (X, π, l)) be the solution of the BSDE associated with driver f , terminal time T and terminal condition ξ. The following lemma holds. Lemma 5.2 There exists a process ᾱ = (ᾱ 1 , ᾱ2 (.)) ∈ A T such that

f (t, π t , t ) = ess inf αt∈A T {f α (t, π t , t )} = f ᾱ(t, π t , t ), 0 ≤ t ≤ T, dP ⊗ dt -a.s.
By the optimization principle for BSDEs with jumps (see Proposition 4.5), we thus derive that

X 0 (ξ, T ) = inf α∈A T X α 0 (ξ, T ) = X ᾱ 0 (ξ, T ) (5.47)
where for each process α ∈ A T , X α (ξ, T ) is the solution of the linear BSDE associated with driver f α , terminal time T and terminal condition ξ. Let

α = (α 1 , α 2 ) ∈ A T . By Lemma 5.1, |α 2 t (u)| ≤ ψ(u) ∧ C dP ⊗ dt ⊗ ν(du) a.
s. Hence, by Proposition 3.2, the process Z α , defined by (5.43), belongs to S 2 . Consequently, by the representation formula of linear BSDEs (see (3.8)), we have

X α 0 (ξ, T ) = E Z α T ξ + T 0 Z α s F (s, α 1 s , α 2 s )ds .
Now, by Lemma 5.1, we also have that α 2 t ≥ -1 dt ⊗ dP ⊗ dν-a.s. Hence, (Z α t ) 0≤t≤T is a non negative martingale and the probability Q α which admits Z α T as density with respect to P on F T is well defined. We thus have

X α 0 (ξ, T ) = E Q α ξ + T 0 F (s, α 1 s , α 2 s )ds ,
which completes the proof of the theorem.

Proof of Lemma 5.1 Without loss of generality, we can suppose that Assumption 4.1 is satisfied for each (ω, t).

Let (t, ω) ∈ [0, T ] × Ω and let α = (α 1 , α 2 ) ∈ D t (ω).
Let us first show that α 2 ≥ -1 ν-a.s. Suppose by contradiction that

ν({u ∈ R * , α 2 (u) < -1}) > 0.
Since f satisfies Assumption 4.1, the following inequality f (ω, t, 0, l) ≥ f (ω, t, 0, 0) + θ 0,l,0 t (ω) , l ν .

holds for each l ∈ L 2 ν . This together with the definition of the polar function F (see (5.42)) yields that

F (ω, t, α 1 , α 2 ) ≥ f (ω, t, 0, l) -α 2 , l ν ≥ f (ω, t, 0, 0) + θ 0,l,0 t (ω) -α 2 , l ν .
By applying this inequality to l := n1 {α 2 <-1} , where n ∈ IN , we thus derive that,

F (ω, t, α 1 , α 2 ) ≥ f (ω, t, 0, 0) + n {α 2 <-1} θ 0,l,0 t (ω, u) -α 2 (u) ν(du),
and this holds for each n ∈ IN . Now, θ 0,l,0 t (ω, u) ≥ -1. By letting n tend to +∞ in this inequality, we get F (ω, t, α 1 , α 2 ) = +∞, which provides the expected contradiction since (α 1 , α 2 ) ∈ D t (ω). We thus have proven that α 2 ≥ -1 ν-a.s.

By similar arguments, one can show that α 1 is bounded by C and that |α 2 (u)| ≤ ψ(u) ∧ C ν(du)-a.s. , which ends the proof.

Proof of Lemma 5.2 The proof is divided in two steps.

Step 1: Let us first prove that for each (ω, t), there exists ᾱ = (ᾱ 1 , ᾱ2 ) ∈ U such that

inf α∈U {F (ω, t, α 1 , α 2 )+α 1 π t (ω)+ α 2 , l t (ω) ν } = F (ω, t, ᾱ1 , ᾱ2 )+ᾱ 1 π t (ω)+ ᾱ2 , l t (ω) ν .
(5.48) The proof is based on classical arguments of convex analysis. Fix (ω, t). The set U is strongly closed and convex in R × L 2 ν . Hence, U is closed for the weak topology. Moreover, since U is bounded, it is a compact set for the weak topology. Let φ be the function defined for each α

= (α 1 , α 2 ) ∈ R × L 2 ν by φ(α) = F (ω, t, α 1 , α 2 ) + α 1 π t (ω) + α 2 , l t (ω) ν .
This function is convex and lower semi-continuous (l.s.c.) for the strong topology in R × L 2 ν . By classical results of convex analysis, it is l.s.c. for the weak topology. Now, there exists a sequence

α n = (α n 1 , α n 2 ) n∈IN of U such that φ(α n ) → inf α∈U φ(α) as n → ∞.
Since U is weakly compact, there exists an extracted sequence still denoted by (α n ) which converges for the weak topology to ᾱ = (ᾱ 1 , ᾱ2 ) for some α ∈ U . Since φ is l.s.c. for the weak topology, it follows that

φ(ᾱ) ≤ lim inf φ(α n ) = inf α∈U φ(α) .
Therefore, φ(ᾱ) = inf α∈U φ(α). Hence ᾱ satisfies (5.48), which ends the proof of step 1.

Step 2: Let us now introduce the set U of processes α:

[0, T ] × Ω → R × L 2 ν ; (t, ω) → α t (ω, .
) which are measurable with respect to σ-algebras P and B(R) ⊗ B(L 2 ν ) and which take their values in U dP ⊗ dt-a.s. Since the Hilbert space L 2 ν is supposed to be separable, it is a polish space. Hence, the section theorem §81 in the Appendix of Ch.III in Dellacherie and Meyer (1975) can be applied. It follows that there exists a process ᾱ = (ᾱ 1 , ᾱ2 (.)) which belongs to U such that, dP ⊗ dt-a.s. ,

f (t, π t , t ) = ess inf αt∈U {f α (t, π t , t )} = f ᾱ(t, π t , t ), 0 ≤ t ≤ T dP ⊗ dt -a.s. (5.49)
Let us show that the process ᾱ2 t (.) is predictable. Since L 2 ν is a separable Hilbert space, there exists a countable orthonormal basis (e i ) i∈IN of L 2 ν . For each i ∈ IN , defined λ i t (ω) = ᾱ2 t (ω), e i ν . Since the map . , e i ν is continuous on L 2 ν , the process

(λ i t ) is P-measurable. As ᾱ2 t (u) = i λ i t (ω)e i (u), it follows that ᾱ2 : [0, T ] × Ω × R * → R; (t, ω, u) → ᾱ2 t (ω, u) is P ⊗ B(R * )-measurable.
It is thus predictable . Equality (5.49) together with the definition of f ᾱ yields that

F (t, ᾱ1 t , ᾱ2 t ) = f (t, π t , l t ) -ᾱ1 t π t -ᾱ2 t , l t ν 0 ≤ t ≤ T, dP ⊗ dt -a.s. ,
which implies that the process F (t, ᾱ1 t , ᾱ2 t ) belongs to IH 2 T as a sum of processes in IH 2

T . Hence, (ᾱ t ) ∈ A T , which ensures that equality (5.49) still holds with U replaced by A T .

If f is positively homogeneous, then F = 0. Consequently the penalty function ζ is equal to zero, which corresponds to the result of Föllmer and Schied [START_REF] Föllmer | Stochastic Finance. An introduction in discretetime[END_REF]. Moreover, the set A T is equal for all T to the set of predictable processes (α t ) valued in D t dP ⊗ dt-a.s.

Remark 5.7 Due to the presence of jumps, the proof requires fine mathematical results since the controls α are here not valued in a finite dimensional space as R p , but in a Hilbert space, more precisely, R × L 2 ν . Note that the separability assumption made on the Hilbert space L 2 ν is used in the proof to solve some measurability problems. In particular, it allows us to apply the section theorem of [START_REF] Dellacherie | Probabilités et Potentiel, Chap. I-IV[END_REF]. Indeed, this theorem requires that the space is lusinian, that is, isomorph to a borelian part of a polish space.

In the dual representation, the supremum cannot be generally taken over the probability measures Q α equivalent to P . More precisely, let α 2 ∈ D t , and hence, such that α 2 ≥ -1. The point is that F is l.s.c. but not necessarily continuous, and the domain D t of F is not necessarily an open set. It is possible that there does not exist any sequence (α 2 n ) in D t converging to α 2 with α 2 n > -1. In the Brownian case, the probability measures Q α are equivalent to P , and the above dual representation corresponds to that provided by El Karoui et al. (1997) for concave BSDEs.

Dynamic risk-measures under model ambiguity

We consider now dynamic risk-measures in the case of model ambiguity, parameterized by a control α as follows. Let A be a polish space and let A the set of A-valued predictable processes α. To each coefficient α ∈ A, is associated a model via a probability measure Q α called prior as well as a dynamic risk measure ρ α . More precisely, for each α ∈ A, let Z α be the solution of the SDE:

dZ α t = Z α t -β 1 (t, α t )dW t + R * β 2 (t, α t , u)d Ñ (dt, du) ; Z α 0 = 1, RR n°7997
where β 1 : (t, ω, α) → β 1 (t, ω, α), is a P ⊗ B(A)-measurable function defined on [0, T ] × Ω × A and valued in [-C, C], with C > 0, and β 2 : (t, ω, α, u) → β 2 (t, ω, α, u) is a P ⊗ B(A) ⊗ B(R * )-measurable function defined on [0, T ] × Ω × A × R * which satisfies dt ⊗ dP ⊗ dν(u)-a.s.

β 2 (t, α, u) ≥ C 1 and |β 2 (t, α, u)| ≤ ψ(u), (5.50) 
with C 1 > -1 and ψ is a bounded function ∈ L p ν for all p ≥ 1. Hence, Z α T > 0 a.s. and, by Proposition A.1, Z α T ∈ L p (F T ) for all p ≥ 1. For each α ∈ A, let Q α be the probability measure equivalent to P which admits Z α T as density with respect to P on F T . By Girsanov's theorem (see [START_REF] Øksendal | Stochastic Control of jump diffusions[END_REF]), the process W α t := W t -t 0 β 1 (s, α s )ds is a Brownian motion under Q α and N is a Poisson random measure independant from W α under Q α with compensated process Ñ α (dt, du) = Ñ (dt, du) -β 2 (t, α t , u)ν(du)dt. Even if the filtration F is not generated by W α and Ñ α , we have a representation theorem for Q α -martingales with respect to W α and Ñ α . More precisely, Lemma 5.2 Let (M t ) be a local martingale under Q α , locally p-integrable under Q α , for some p > 2. Then, there exists a unique pair of predictable processes (π t , l t (.)) such that

M t = M 0 + t 0 π s dW α s + t 0 R * l s (u) Ñ α (ds, du) 0 ≤ t ≤ T a.s. (5.51)
Proof. Suppose first that (M t ) is p-integrable under Q α . Since (M t ) is a Q α -martingale, the process N t := Z α t M t is a martingale under P . By Assumption (5.50), it follows from Proposition A.1 that Z α T ∈ L q (F T ) for all q ≥ 1. By Hölder's inequality, N T is thus square integrable under P . Consequently, we can apply the martingale representation theorem of Tang and Li [START_REF] Tang | Necessary conditions for optimal control of stochastic systems with random jumps[END_REF] of P -locally square integrable martingales with respect to W and Ñ . Thus, there exists a unique pair of predictable processes (ψ t , k t (.)) such that

N t = N 0 + t 0 ψ s dW s + t 0 R * k s (u) Ñ (ds, du) 0 ≤ t ≤ T a.s.
By applying Itô's formula to M t = N t (Z α t ) -1 and by classical computations, one can derive the existence of (π t , l t (.)) satisfying (5.51). The case of locally p-integrable martingales under Q α follows from localization arguments.

For each control α, the associated dynamic risk measure will be induced by a BSDE under Q α and driven by W α and Ñ α , which makes sense since we have the above Q α -martingale representation property. Let us first introduce a function

F : [0, T ] × Ω × R × L 2 ν × A → R ; (t, ω, π, , α) → F (t, ω, π, , α) which is P ⊗ B(R) ⊗ B(L 2 ν ) ⊗ B(A)-measurable.
Suppose F is uniformly Lipschitz with respect to (π, ), continuous with respect to α, and such that ess sup α∈A |F (•, t, 0, 0, 0, α)| ∈ IH p,T , for each p ≥ 2. Suppose also that

F (t, π, l 1 , α) -F (t, π, l 2 , α) ≥ θ π,l 1 ,l 2 ,α t , l 1 -l 2 ν , (5.52) 
for some adapted process θ π,l 1 ,l 2 ,α t (•) with

θ : Ω × [0, T ] × R × (L 2 ν ) 2 × A → L 2 ν P ⊗ B(R) ⊗ B(L 2 ν ) 2 ⊗ B(A)-measurable and satisfying |θ π,l 1 ,l 2 ,α t (u)| ≤ ψ(u)
, where ψ is bounded and in L p ν , for all p ≥ 1, and θ π,l 1 ,l 2 ,α t ≥ -1 -C 1 . For each α ∈ A, the associated driver is given by F (t, ω, π, , α t (ω)).

(5.53)

Note that these drivers are equi-Lipschitz. For each α ∈ A, let ρ α be the dynamic risk-measure induced by the BSDE associated with driver F (., α t ) and driven by W α and Ñ α . More precisely, fix T ∈ [0, T ] and ξ ∈ L p (F T ) with p > 2. By Proposition A.1, Z α T ∈ L q (F T ) for all q ≥ 1. Hence, by Hölder's inequality, ξ ∈ L 2 α , where L 2 α denotes the space of random variables which are square integrable under Q α . Similarly, |F (•, t, 0, 0, 0, α t )| ∈ IH 2,T α . Hence, there exists a unique solution

(X α , π α , l α ) in S 2 α × IH 2 α × IH 2 α,ν of the Q α -BSDE -dX α t = F (t, π α t , l α t , α t )dt -π α t dW α t - R * l α t (u) Ñ α (dt, du); X α T = ξ, (5.54 
) driven by W α and Ñ α . The dynamic risk-measure ρ α (ξ, T ) of position ξ is thus well defined by

ρ α t (ξ, T ) := -X α t (ξ, T ), 0 ≤ t ≤ T, (5.55) 
with X α (ξ, T ) = X α . Assumption (5.52) yields the monotonicity property of ρ α . The agent is supposed to be averse to ambiguity. Her risk measure at time t is thus given, for each T ∈ [0, T ] and ξ ∈ L p (F T ), p > 2, by ess sup α∈A ρ α t (ξ, T ) = -ess inf α∈A X α t (ξ, T ).

(5.56)

Note that it defines a monotonous dynamic risk measure. We now show that this dynamic risk measure is induced by a BSDE driven by W and Ñ under probability P . More precisely, Theorem 5.1 Let f be the function defined for each (t, ω, π, ) by f (t, ω, π, ) := inf α∈A {F (t, ω, π, , α) + β 1 (t, ω, α)π + β 2 (t, ω, α), ν }. (5.57) Let ρ be the dynamic risk measure associated with driver f , defined for each

T ∈ [0, T ] and ξ ∈ L p (F T ) (p > 2), by ρ t (ξ, T ) := -X t (ξ, T ), 0 ≤ t ≤ T, (5.58) 
with X(ξ, T ) = X, where (X, π, l) is the unique solution in S 2,T ×IH 2,T ×IH 2,T ν of the P -BSDE associated with driver f , that is,

-dX t = f (t, π t , l t )dt -π t dW t - R * l t (u) Ñ (dt, du); X T = ξ. (5.59) For each T ∈ [0, T ] and ξ ∈ L p (F T ) with p > 2, we have for each t ∈ [0, T ], ρ t (ξ, T ) = ess sup α∈A ρ α t (ξ, T ) a.s. (5.60) 
Proof. In order to prove this result, we will express the problem in terms of BSDEs under probability P and then apply the second optimization principle. Fix now ξ ∈ L p (F T ) with p > 2. Since (X α , π α , l α ) is solution of BSDE (5.54), it clearly satisfies

-dX α t = f α (t, π α t , l α t )dt -π α t dW t - R * l α t (u) Ñ (dt, du); X α T = ξ, (5.61)
which is a P -BSDE driven by W and Ñ , and where the driver is given by

f α (t, π, ) := F (t, π, , α t ) + β 1 (t, α t )π + β 2 (t, α t ), ν . (5.62) 
The drivers f α are clearly equi-Lipschitz. Let p be a real number such that 2 < p < p. Now, Z α T is q-integrable, for all q ≥ 1. Hence, by Hölder's inequality, ξ ∈ L p α , where L p α denotes the space of random variables which are p -integrable under Q α . Similarly, F (t, 0, 0, α t ) ∈ IH p α . By Proposition A.5 in the Appendix, there exists a unique solution (X α , π α , l α ) in S p α × IH p α × IH p α,ν of the Q α -BSDE (5.54). Now, suppose we have shown that (Z α ) -1 ∈ S q,T for all q ≥ 1. Since p > 2, by Hölder's inequality, we derive that (X α , π α , l α ) belongs to S 2 ×IH 2 ×IH 2 ν and is thus the unique solution of P -BSDE (5.61) in S 2 ×IH 2 ×IH 2 ν . Moreover, for each α, f α satisfies Assumption 4.1. Indeed, we have

f α (t, π, 1 ) -f α (t, π, 2 ) = F (t, π, 1 , α t ) -F (t, π, 2 , α t ) + β 2 (t, α t ), 1 -2 ν ≥ θ π, 1 , 2 t + β 2 (t, α t ) , 1 -2 ν , RR n°7997
where g a Lipschitz driver which does not depend on x and where (r t ) is a bounded predictable process, which can be interpreted as an instantaneous interest rate. Let us denote by ρ the associated risk-measure. Let T ∈ [0, T ] and let ξ ∈ L 2 (F T ). Set X t := X t (ξ, T ). Let us consider Xt := e -t 0 rsds X t , which can be seen as the discounted process. One can show that X is the solution of a BSDE associated with driver g(., t, π, l) = e -t 0 rsds g(., t, e -t 0 rsds π, e -t 0 rsds l) and with terminal condition e -T 0 rsds ξ. The risk measure ρ thus reduces to a new risk measure ρ associated to driver g. More precisely, we have e -t 0 rsds ρ t (ξ, T ) = ρt (e -T 0 rsds ξ, T ), 0 ≤ t ≤ T, a.s.

for each ξ ∈ L 2 (F T ). In particular, for initial time t = 0, we get ρ 0 (ξ, T ) = ρ0 (e -T 0 rsds ξ, T ). This new measure ρ, which operates on discounted positions, is translation-invariant because g does not depend on x. We thus have for each L 2 (F T )-measurable variable ξ (position) and each constant m ∈ R ρ 0 (ξ+me

T 0 rsds , T ) = ρ0 (e -T 0 rsds ξ+m, T ) = ρ0 (e -T 0 rsds ξ, T )-m = ρ 0 (ξ, T )-m.
In other words, the risk measure ρ is (r t )-translation invariant (here at time 0), which makes sense from a financial point of view. More precisely, the constant m can be interpreted as an initial amount which is invested in the riskless asset with intantaneous interest rate (r t ). An analogous property can be similarly proven at any time t ∈ [0, T ].

Case of a concave driver f with respect to x

We now consider the case when the driver f (t, x, π, l) is concave with respect to x (but not necessarily with respect to (x, π, l)) and show that it can be interpreted in terms of ambiguity on the instantaneous interest rate process.

For each (ω, t, π, l), let F (ω, t, •, π, l) be the polar function of f with respect to x, defined for each δ in R by that F (t, δ t , 0, 0) belongs to IH 2 T . For each R-valued predictable process δ, let f δ be the driver defined by f δ (ω, t, x, π, ) := F (ω, t, δ t (ω), π, l) + δ t (ω) x.

F (ω, t, δ, π, l) := sup x∈R [f (ω, t, x, π, ) -δ x]. Proposition 
For each ξ ∈ L 2 (F T ) and for each t ∈ [0, T ], we have

ρ t (ξ, T ) = ess sup δ∈D T ρ δ t (ξ, T ) a.s. ,
where for each δ ∈ D T , ρ δ is the dynamic risk-measure induced by the non linear BSDE associated with driver f δ .

The coefficients (-δ, δ ∈ D T ) can be interpreted as possible intantaneous interest rates when there is ambiguity on the interest rate. Also, as seen above, the risk-measure ρ δ can be interpreted as a risk-measure in a market with interest rate process (-δ t ). Proof. Since f is concave with respect to x, f and F satisfy the conjugacy relation

f (ω, t, x, π, ) = inf δ∈Dt(ω,π,l) {F (ω, t, δ, π, l) + δ x},
where for each (t, ω, π, l), D t (ω, π, l) is the non empty set of reals δ such that F (ω, t, δ, π, l) < +∞. Since f is Lipschitz with constant C, D t (ω, π, l) is bounded by C. Let T > 0 and ξ ∈ L 2 (F T ). Let (X, π, l)) be the solution of the BSDE associated with f , ξ, T . For each (ω, t), since F (ω, t, ., π t (ω), l t (ω)) is convex and hence continuous, there exists δ ∈ [-C, C] such that inf δ∈[-C,C] {F (ω, t, δ, π t (ω), l t (ω)) + δ x} = F (ω, t, δ, π t (ω), l t (ω)) + δ x Let C be the set of predictable processes (δ t ) bounded by C. By the section theorem of [START_REF] Dellacherie | Probabilités et Potentiel, Chap. I-IV[END_REF]), there exists a predictable process δt ∈ C such that f (t, X t -, π t , t ) = ess inf (δt)∈C {f δ (t, X t -, π t , t )} = f δ (t, X t -, π t , t ), 0 ≤ t ≤ T dP ⊗ dt -a.s.

It follows that the process F (t, δt , π t , l t ) belongs to IH 2 T as a sum of processes in IH 2 T . Hence, ( δt ) ∈ D T , which ensures that the above equalities still holds with C replaced by D T . The result follows by applying Proposition 4.5. Remark A. [START_REF] Karoui | Backward Stochastic Differential Equations in Finance[END_REF] The above property still holds in the case when there is an IF -martingale representation theorem with respect to W and Ñ , even if IF is not generated by W and Ñ .

A.2 Some complementary results on BSDEs with jumps

Proof. Let us first consider the case when the driver f does not depend on x, π, . Then, X is given by the right-continuous version of X t = E[ξ + T t f (s)ds | F t ]. Also, since p ≥ 2, by the martingale representation theorem of Tang and Li [START_REF] Tang | Necessary conditions for optimal control of stochastic systems with random jumps[END_REF] for locally square integrable martingales, (π, l) corresponds to the unique pair of predictable processes satisfying X S p,T + π IH p,T + l IH p,T ν . Let us define the map Ψ from H p,T into itself as follows. Given (U, V, k) ∈ H p,T , let (X, π, l) = Φ(U, V, k) be the unique element of H p,T solution of the BSDE associated with driver f (s) = f (s, U s , V s , k s ). Let us prove that Ψ is a contraction for T enough small. Let (U , V , k ) be another element of H p,T and define (X , π , l ) = Ψ(U , V , k ).

Set Ū = U -U , V = V -V , k = k -k , X = X -X , π = π -π l = l -l .
The process ( X, π, l) is the solution of the BSDE associated with terminal condition 0 and the driver ∆f • = f (•, U, V, k)-f (•, U , V , k ). By inequalities (A.73) and (A.74), we derive that Choosing T such that C p √ T < 1 and C p T < 1, the map Ψ is a contraction on the Banach space H p,T and hence admits a fixed point which corresponds to the solution of BSDE (2.1) in H p,T . The general case is obtained by subdivising the interval [0, T ] into a finite number of small intervals.

A.2.2 Estimates and continuity result

Proposition A.6 (Estimates) Let T > 0 and let ξ 1 , ξ 2 ∈ L 2 (F T ). Let f 1 be a Lipschitz driver with Lipschitz constant C and let f 2 be a driver. For i = 1, 2, let (X i , π i , l i ) be a solution of the BSDE (2.1) associated to terminal time T , driver f i and terminal condition ξ i . For s in [0, T ], denote Xs := X 1 s -X 2 s , πs := π 1 s -π 2 s , ls := l 1 s -l 2 s , and f (s) := f 1 (s, X 2 s , π 2 s , l 2 s )f 2 (s, X 2 s , π 2 s , l 2 s ) and ξ := ξ 1 -ξ 2 . Let η, β > 0 be such that β ≥ Let us make the change of variable η = 3 2 . Then, for each β, η > 0 chosen as in the theorem, these inequalities lead to (A.75). We obtain (A.76) by integrating (A.75). Then (A.77) follows from inequality (A.78).

Remark A.11 By classical results on the norms of semimartingales, one similarly shows that X S 2 ≤ K E[ ξ 2 ] + f IH 2 , where K is a positive constant only depending on T .

Theorem 4 . 2 (
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  s. on A and (4.22) holds as an equality in [t 0 , T ] × A. Proof. The result follows from inequality (4.25) and the second assertion of Corollary 3.4.
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 41 Suppose that Assumptions of Theorem 4.5 (resp. 4.6 ) are satisfied. Let α ∈ A and let S be a stopping time smaller or equal to T .1. Suppose that
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 2125 BSDEs with jumps in L p , p ≥ Let p ≥ 2 and let T > 0. For each Lipschitz driver f , and each terminal condition ξ ∈ L p (F T ), there exists a unique solution (X, π, l) ∈ S p,T × IH p,T × IH p,T ν of the BSDE with jumps (2.1).

E[ξ + T 0 f 2 =

 02 (s)ds | F t ] = X 0 + t 0 π s dW s + t 0 R * l s (u) Ñ (ds, du) a.s. (A.72) We have |X t | ≤ E[|ξ| + T 0 |f (s)|ds | F t ].Hence, using martingale inequalities, we getX p S p,T ≤ C p E |ξ| + T 0 |f (s)|ds p ,where C p is a constant which does not depend on T . We derive thatX p S p,T ≤ C p E |ξ| p + T C p E[|ξ| p ] + T p 2 f p IH p,T , (A.73) for another constant still denoted by C p . Also, by Burkohlder-Davis-Gundy inequalities, since p > 1, we have E .72) together with the above estimates lead to π p IH p,T + l p IH p,T ν ≤ C p E(|ξ| p ) + T p 2 f p IH p,T . (A.74) Let us consider the case of a general driver f (t, x, π, ). Denote by H p,T the Banach space S p,T × IH p,T × IH p,T ν equipped with the norm (X, π, l) p,T := RR n°7997

  X p S p,T + π p IH p,T + l p IH p,T ν ≤ C p T p 2 f (•, U, V, k) -f (•, U , V , k ) p IH p,T .Using the Lipschitz property of f , we get, for another constant still denoted by C p ,X S p,T + π IH p,T + l IH p,T ν ≤ C p √ T √ T Ū S p,T + V IH p,T + k IH p,T ν .

  each t ∈ [0, T ], let (Γ t,s ) s∈[t,T ] be the unique solution of the following forward SDE dΓ t,s = Γ t,s -δ s ds + β s dW s + = Z t,s -β s dW s +

		γ s (u) Ñ (ds, du) ; Γ t,t = 1.	(3.6)
	R *
	The process Γ t,. can be written Γ t,s = e	s t δudu Z t,s , where (Z t,s ) s∈[t,T ] is the
	solution of the following SDE	
	dZ t,s R *	γ s (u) Ñ (ds, du) ; Z t,t = 1.

  To simplify notation, let us denote Γ t,s by Γ s for s ∈ [t, T ]. By the Itô product formula, and denoting Γ t,s by Γ s for s ∈ [t, T ], we have:

		)
	Proof.	Fix t ∈ [0, T ].

  t ), then inequality (4.35) still holds. Proof. The proof follows from Corollary 3.5 and inequality (4.25). of Theorem 4.6 By the comparison theorem, X t ≤ X α t , 0 ≤ t ≤ T , a.s. Hence, X t ≤ ess inf α X α t a.s. for each t ∈ [0, T ]. Let us now show the inverse inequality. By the second assertion of Lemma 4.7, we have

	Proof

  5.4 [Robust representation of ρ]Suppose that f is a Lipschitz driver with Lipschitz constant C, satisfying Assumption 4.1 and concave with respect to x. Let ρ be the dynamic risk-measure induced by the BSDE associated with driver f .

Let T ∈ [0, T ]. Let D T be the set of predictable processes δ valued in R such RR n°7997

  3 η + 2C. If η ≤ 1 C 2 , then, for each t ∈ [0, T ], we have e βt X2 t ≤ E[e βT ξ 2 | F t ] + η E[ -ηC 2 [e βT E[ ξ 2 ] + η f 2 β ]. (A.77)Now, for all real numbers x, π, l, f and > 0 2x(Cπ + Cl + f ) ≤ x 2 2 + 2 (Cπ + Cl + f ) 2 ≤ x 2 2 + 3 2 (C 2 π 2 + C 2 l 2 + f 2 ).

	Hence, we get								
	T		T						
	e βt X2 t + E β	e βs X2 s ds +	e βs (π 2 s + ls	2 ν )ds | F t		
	t	t							
	≤ E e βT (ξ 1 -ξ 2 ) 2 + (2C +	1 2 )	t	T	e βs X2 s ds + 3C 2 2	t	T	e βs (π 2 s + ls	2 ν )ds | F t
	T								
	+ 3 2 E	e βs f 2 s ds | F t .							(A.78)
	t								
					T			
						e βs f (s) 2 ds | F t ] a .s. ;	(A.75)
					t				
		X 2 β ≤ T [e βT E[ ξ 2 ] + η f 2 β ].			(A.76)
	Also, if η < 1 C 2 , we then have							
	π 2 β + l 2 ν,β ≤ 1 RR n°7997	1					
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with θ π, 1 , 2 t +β 2 (t, α t ) ≥ (-1-C 1 )+C 1 ≥ -1 and |θ π, 1 , 2 t +β 2 (t, α t )| ≤ ψ+ ψ. Let us show that f , defined by (5.57), is a Lipschitz driver. Since A is a polish space, there exists a countable subset D of A which is dense in A. As F is continuous with respect to α, it follows that the above equality still holds with A replaced by D, which gives that f is P ⊗ B(R) ⊗ B(L 2 ν )-measurable. Also, f is Lipschitz and f (•, 0, 0) ∈ IH 2,T , which yields that f is a Lipschitz driver.

By the definitions of f (see (5.57)) and f α (see (5.62)), we get that for each α ∈ A, f ≤ f α . Also, for each > 0 and each (t, ω, π, l) ∈ Ω × [0, T ] × R × L 2 ν , there exists α ∈ A such that f (t, ω, π, ) + ≥ F (t, ω, π, , α ) + β 1 (t, ω, α )π + β 2 (t, ω, α ), ν .

By the section theorem of [START_REF] Dellacherie | Probabilités et Potentiel, Chap. I-IV[END_REF], for each > 0, there exists an A-valued predictable process (α t ) such that f (t, π t , l t ) + ≥ f α (t, π t , l t ), 0 ≤ t ≤ T dP ⊗ dt -a.s.

Consequently, by the second optimization principle for BSDEs (Theorem 4.6), equality (5.60) holds, which is the desired result.

It remains to show that (Z α ) -1 ∈ S q,T α for all q > 1. Now, by classical computations, we derive that (Z α ) -1 satisfies the following SDE:

Since β 1 is bounded and since β 2 satisfies (5.50), it follows from Proposition A.1 that (Z α ) -1 T ∈ L q α for all q > 1. Hence, by martingale inequalities, (Z α ) -1 ∈ S q,T α for all q > 1. The proof is thus complete. Moreover, from Proposition 4.1, the following property follows.

Proposition 5.3 Let (X, π, l) be the solution of the BSDE associated with driver f and terminal condition (T, ξ). Let ᾱ ∈ A and let t ∈ [0, T ].

• (Sufficient condition of optimality) Suppose that f (s, π s , l s ) = F (s, π s , l s , ᾱs )+β 1 (s, ᾱs )π s + β 2 (s, ᾱs ), l s ν , t ≤ s ≤ T, dP ⊗ds-a.s.

(5.63) Then, ᾱ is t-optimal, that is, optimal for (5.60).

• (Necessary condition of optimality) Suppose that ᾱ is t-optimal and that β 2 (t, ᾱt )+θ πt,l ᾱ t ,lt t > -1, dP ⊗dt-a.s. (which is satisfied if, for example,

Then equality (5.63) holds.

Remark 5.3 Suppose A is compact and that F , β 1 and β 2 are continuous with respect to α. Then, for each (t, ω, π, l)

By the section theorem of [START_REF] Dellacherie | Probabilités et Potentiel, Chap. I-IV[END_REF], there exists an A-valued predictable process (ᾱ t ) such that (5.63) is satisfied with t = 0. It follows that ᾱ is optimal for (5.60).

Example. We suppose that L 2 ν is separable and that A is a subset of the Hilbert space R × L 2 ν such that A ⊂ [-K, K] × Υ, where

with C 1 > -1 and ψ is bounded and in L p ν , for all p ≥ 1. In this case, for each process α := (α 1 , α 2 ) ∈ A, the prior Q α admits Z α T as density with respect to P , Z α being the solution of the (5.43). Theorem 5.1 can then be applied.

Remark 5.8 In the case of a controlled linear driver, that is, when F (t, ω, π, , α t (ω)) is linear with respect to π and , the above problem is related to some classical control problems (see for example [START_REF] Karoui | Backward Stochastic Differential Equations in Finance[END_REF] in the Brownian case).

Note also that the above results still hold if ψ is only supposed to belong to L 3 ν . More precisely, by Proposition A.1, Z α T ∈ L 3 (F T ). Then, equality (5.58) holds but only for ξ ∈ L 6 (F T ).

Some links between dynamic risk-measures induced by BSDEs and the instantaneous interest rate

In this section, we explain why, from a financial point of view, the dependance of f (t, x, π, l) with respect to x is relevant for dynamic risk measures modeling. More precisely, it allows us to take into account the instantaneous interest rate in the market or some ambiguity on this rate. To our knowledge, this point had not really been stressed in the literature on risk measures, even in the Brownian case.

Case where the driver f is linear with respect to x

Let f be a Lipschitz driver, linear with respect to x, that is, which can be written as f (., t, x, π, l) = -r t x + g(., t, π, l), Remark 5.9 In the particular case when the driver is concave with respect to all variables (x, π, ), proceeding as in Subsection 5.2, we obtain the following representation :

(5.64)

where

However, since J α,δ is affine with respect to ξ, it is not relevant in this case to interpret it as a risk measure. In the Brownian case, equality (5.64) corresponds to that in [START_REF] Karoui | Backward Stochastic Differential Equations in Finance[END_REF] and [START_REF] Karoui | Cash sub additive risk measures and interest rate ambiguity[END_REF].

Model with ambiguity on the interest rate and on the model

In this section, consider the model described in Section 5.3 but when there is also ambiguity on the instantaneous interest rate process. To each control α ∈ A, corresponds an instantaneous interest rate process δ(t, α t ), where δ

where C > 0. Also, for each α ∈ A, the associated driver is given here by

instead of (5.53). Also, ρ α is the dynamic risk-measure induced by the Q α -BSDE associated with driver (5.65) and driven by W α and Ñ α . In this case, we have ρ t (ξ, T ) = ess sup α∈A ρ α t (ξ, T ) a.s. , where ρ is the dynamic risk-measure induced by the P -BSDE associated with driver f , given by

The driver f thus depends on x (and is not necessarily concave w.r. to x).

A Appendix

A.1 Exponential local martingales

A.1.1 Classical properties of exponential local martingales

We recall some useful properties on exponential local martingales which can be found in [START_REF] Dellacherie | Probabilités et Potentiel, Théorie des Martingales[END_REF], Chapter 8. We are given a filtered propability space which satisfies the usual conditions.

Let M and N be local martingales, locally square integrable. There exists a unique predictable process of finite variation denoted by M, N such that M N -M, N is a local martingale equal to 0 at time 0.

Let M be a local martingale with M 0 = 0. Then M admits the following unique decomposition M = M c + M d where M c is a continuous local martingale and M d is a purely discontinuous local martingale given by

The quadratic variation of M is the process given by:

If X is a semimartingale with X 0 = 0, there exists a unique semimartingale Z denoted by E(X), which satisfies the equation:

It is given by the so-called exponential formula of Doléans-Dade:

We derive that, if Y is also a semimartingale with Y 0 = 0, then Proof. Let us show by induction Property a). Suppose that E(M ) ≥ 0 a.s.

We have already shown that the property holds for p = 2. To avoid heavy notation and for the clarty of the proof, we first show the property for p = 3 before proceeding with the induction. Suppose that ψ ∈ L 3 ν . We have to prove that E[E(M ) 3 T ] < +∞. By equality (3.5), it is sufficient to show that E[E(N ) T E(M ) T ] < +∞, with

Using more concise notation, N can be written N = 2β.W + (2γ + γ 2 ). Ñ . By the product formula, E(N )E(M ) = E(N + M + [N, M ]). Now, by classical properties of [., .], we get

Let N 3 be the local martingale given by N 3 = N + M + (2γ 2 + γ 3 ). Ñ . We thus have

We have seen in the proof of Proposition 3.2 that E(N ) ≥ 0 and, by assumption, we have E(M ) ≥ 0. This together with the above equality yields that E(N 3 ) ≥ 0. Since E(N 3 ) is also a local martingale, it follows that it is a supermartingale. Using the assumption

Let us show by induction that for all p ≥ 2, E(M ) p = E(N p ) exp{ . 0 a p (s)ds}, where a p is a bounded adapted process and N p is a local martingale given by N p = α p .W + Q p (γ). Ñ , such that E(N p ) ≥ 0. Here, α p is a bounded predictable process and Q p a polynomial with degree p. Suppose we have shown this property for some p ≥ 2 and let us show that it still holds at rank p + 1. Using the induction hypothesis, we get

Let N p+1 be the local martingale given by N p+1 = N p +M +Q p (γ)γ. Ñ . Then, using these equalities, we derive the desired property at rank p + 1.

Using this result and similar arguments as above, one can derive Property a).

Let us show Property b). First, we have already shown that the property holds for p = 2. Let us now show the property for p = 2q, with q ≥ 2. Suppose ψ ∈ L 2q ν and let us prove that E[E(M ) 2q T ] < +∞. By equality (3.5), it is sufficient to show that E[E(N ) q T ] < +∞. Now, E(N ) ≥ 0 a.s. Applying the first assertion with M replaced by N and using the fact that ψ ∈ L 2q ν , we derive the desired result.

The last assertion of Proposition A.1 follows from Property b).

Example: Suppose that the intensity measure ν of the Poisson random measure satisfies

Let (β t ) and (γ t (.)) be predictable R-valued processes and let M be the local martingale defined by (3.2). Suppose β is bounded and that, dt ⊗ P -a.s. ,

where K is a positive constant. Then, for all p ≥ 2,

We point out that these properties of exponential local martingales can also be useful in the Option Pricing Theory, especially in the study of local martingale measures.

We denote by (X(ξ, T ), π(ξ, T ), l(ξ, T )) the solution of the BSDE associated with f , terminal time T > 0, and terminal condition ξ ∈ L 2 (F T ).

Let S be a stopping time smaller than T and let ξ ∈ F S . Let (X(ξ, S), π(ξ, S), l(ξ, S)) (denoted here by (X, π, l)) be the solution associated with f , terminal time S and terminal condition ξ. By conventional notation, we extend the solution on the whole interval [0, T ] by setting X t = ξ, π t = 0, l t = 0 for t ≥ S. So, ((X t , π t , l t ); t ≤ T ) is the unique solution of the BSDE with driver f (t, x, π, l)1 {t≤S} and terminal conditions (T , ξ).

By the uniqueness result (as in the Brownian case (see [START_REF] Karoui | Backward Stochastic Differential Equations in Finance[END_REF])), we derive the flow property for BSDEs with jumps. More precisely, X t (ξ, T ) = X t (X S (ξ, T ), S), t ∈ [0, S], a.s.

(A.79) and the same property holds for π(ξ, T ) and l(ξ, T ). This property ensures the consistency property of the associated risk measure ρ f . Now, the above estimates allow us to show the continuity property of X(ξ, T ) with respect to (ξ, T ), which yields the continuity property of the associated dynamic risk measure ρ f with respect to (ξ, T ).

Proposition A.7 (A continuity result.) Let T > 0. Let {θ α , α ∈ R} be a family of stopping times in T 0 , converging a.s. to a stopping time θ ∈ T 0 as α tends to α 0 . Let (ξ α , α ∈ R) be a family of random variables such that E[ess sup α (ξ α ) 2 ] < +∞, and for each α, ξ α is F θ α -measurable. Suppose also that ξ α converges a.s. to an F θ -measurable random variable ξ as α tends to α 0 . Let f be a given standard driver. Let X α := X(ξ α , θ α ); π α := π(ξ α , θ α ); l α := l(ξ α , θ α ); and X := X(ξ, θ); π := π(ξ, θ); l := l(ξ, θ). Then, for each S ∈ T 0 , the random variable X α S converges to X S a.s and the process X α converges to X in S 2,T .

Proof. By the convention given above, (X, π, l) is the solution associated to BSDE with terminal time T , terminal condition ξ and driver f (t, x, π, l)1 t≤θ . Also, (X α , π α , l α ) is the solution associated to BSDE with terminal time T , terminal condition ξ α and driver f (t, x, π, l)1 t≤θ α . Applying the estimate (A.75), we get, for each stopping time S,

with β and η as in Theorem A.6. By the assumptions and the Lebesgue theorem, we conclude that X α S converges to X S a.s. Moreover, by Remark A.11, the process X α converges to X in S 2,T . We stress that the two above properties, in particular estimate (A.75), are also very useful to study optimal stopping problems for dynamic risk measures (see [START_REF] Quenez | Robust optimal stopping of dynamic risk measures induced by BSDEs with jumps[END_REF]). Note that, even in the Brownian case, estimate (A.75) had not be written explicitly in the literature.

A.2.3 Proof of the convexity property (5.40)

Let λ ∈ (0, 1) and let ξ 1 and ξ 2 ∈ L 2 (F T ). We want to prove that λX(ξ 1 , T ) + (1 -λ)X(ξ 2 , T ) ≤ X(λξ 1 + (1 -λ)ξ 2 , T ). Let (X 1 , π 1 , l 1 ) (resp. (X 2 , π 2 , l 2 )) be the solution of the BSDE associated with driver f and terminal condition ξ 1 (resp. ξ 2 ). By taking the linear combination of these two BSDEs with coefficients λ and 1 -λ, we derive that the process ( X, π, λ) defined by X = λX 1 + (1 -λ)X 2 ; π = λπ 1 + (1 -λ)π 2 ; l = λl 1 + (1 -λ)l 2 .

is the solution of the BSDE associated with terminal condition λξ 1 +(1-λ)ξ 2 and the driver given by the predictable process ft = λf (t, X 1 t , π 1 t , l 1 t ) + (1λ)f (t, X 2 t , π 2 t , l 2 t ). Let now (X, π, ) be the solution of the BSDE associated with driver f and terminal condition λξ 1 + (1 -λ)ξ 2 . By concavity of f , we have ft = λf (t, X 1 t , π 1 t , l 1 t )+(1-λ)f (t, X 2 t , π 2 t , l 2 t ) ≤ f (t, Xt , π, lt ), t ∈ [0, T ], dP ⊗dt-a.s.

Using the comparison theorem (4.2), we conclude λX 1 + (1 -λ)X 2 = X ≤ X a.s.