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Abstract: In this article, we compute a second-order expansion of the value function of a family
of relaxed optimal control problems with final-state constraints, parameterized by a perturbation
variable. The sensitivity analysis is performed for controls that we call R—strong solutions. They
are optimal solutions with respect to the set of feasible controls with a uniform norm smaller than
a given R and having an associated trajectory in a small neighborhood for the uniform norm. In
this framework, relaxation enables us to consider a wide class of perturbations and therefore to
derive sharp estimates of the value function.
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Analyse de sensibilité pour des problémes de controle
optimal relaxés avec contraintes sur I’état final

Résumé : Dans cet article, nous calculons un développement au second ordre de la fonction
valeur d’une famille de problémes de controle optimal avec contraintes sur I’état final, paramétrée
par une variable de perturbation. L’analyse de sensibilité est réalisée pour des controles nommés
R—strong solutions. Ce sont des solutions optimales par rapport & ’ensemble des controles
admissibles de norme infinie inférieure & R ayant une trajectoire associée dans un petit voisinage
pour la norme infinie. Dans ce cadre, la relaxation nous permet de considérer une large classe
de perturbations et ainsi d’obtenir des estimations précises de la fonction valeur.

Mots-clés : controle optimal, analyse de sensibilité, relaxation, mesures de Young, principe
de Pontryagin, solutions fortes.
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1 Introduction

Let us consider a family of relaxed optimal control problems with final-state constraints, param-
eterized by a perturbation variable 6. The variable 6 can pertub the initial state, the dynamic of
the system, the cost function and the final-state constraints. The aim of the article is to compute
a second-order expansion of the value V() of the problems, in the neighborhood of a reference
value of 6, say 6.

This second-order expansion is obtained by applying the methodology described in [5] and
originally in [3]. The approach is the following: we begin by linearizing the family of optimization
problems in the neighborhood of an optimal solution of the reference problem. The first-order and
the second-order linearizations provide a second-order upper estimate of the value function. A
first lower estimate is obtained by expanding the Lagrangian up to the second order. Considering
a strong sufficient second-order condition, we show that the distance between the reference
solution and solutions to the perturbed problems is of order |# —@|. Then, it follows directly that
the lower estimate corresponds to the upper estimate previously obtained.

In this study, we use the notion of R—strong optimal controls. We say that a control is an
R—strong optimal solution if it optimal with respect to the controls with a uniform norm smaller
than a given R > 0 and having a trajectory sufficiently close for the uniform norm. This notion is
related to the one of bounded strong solutions [18], since by definition, a bounded strong solution
is an R—strong solution for all R > 0. In order to obtain a sharp upper estimate of V', we must
derive a linearized problem from a wide class of perturbations of the control. Typically, we must
be able to perturb the reference optimal control with close controls for the L!—distance, but not
necessarily close for the L°°—distance. For such perturbations of the control, we use a special
linearization of the dynamic of the system, the Pontryagin linearization [18].

We perform the sensitivity analysis in the framework of relaxed optimal controls. Roughly
speaking, at each time, the control variable is not anymore a vector in a space U, but a probability
measure on U, like if we were able to use several controls simultaneaously. The new control
variable is now a Young measure, in reference to the pioneering work of L.C. Young. Relaxation
of optimal control problems with Young measures has been much studied, in particular in [6] [7}
12, 17, 23], 241, [25]. It is expected that a classical optimal control problem and its relaxed version
have the same value, since any Young measure is the weak-x limit of a sequence of classical
controls. This question is studied in [2] 13].

Three aspects motivate the use of the relaxation. First, by considering convex combinations
of controls in the sense of measures, we manage to describe in a convenient way a large class of
perturbations of the optimal control. This idea was used in [9] to prove Pontryagin’s principle in
the case of mixed constraints and more recently in [16]. Moreover, in this framework, we derive
directly from abstract results [11] a regularity metric theorem for the L'—distance. The asso-
ciated qualification condition uses the Pontryagin linearization. This theorem not only justifies
the linearization of the problem but it also permits to exhibit some sufficient conditions to ensure
the equality of classical and relaxed problems. Finally, the existence of relaxed solutions to the
perturbed problem is guaranteed, which is not the case in a classical framework.

We obtain a lower estimate of the value function by assuming a sufficient second-order condi-
tion of the same kind as the one in [4]. We assume that a certain quadratic form is positive and
that the Hamiltonian satisfies a quadratic growth condition. In order to expand the Lagrangian
up to the second-order, we split the controls into two parts, one accounting for the small of the
control in L*>°—distance, the other accounting for the large variations. We obtain the decompo-
sition principle described in [4] and a lower estimate which corresponds to the upper estimate
previously obtained.

The outline of the paper is as follows. In section [2] we use the Pontryagin linearization to
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4 Bonnans & Pfeiffer & Serea

derive Pontryagin’s principle. We also prove our metric regularity theorem and study conditions
ensuring the equality of classical and relaxed problems in the context of R—strong solutions.
In section [3] we obtain a first-order upper estimate of V" and in section [d] a second-order upper
estimate. In section |5 we prove the decomposition principle and we obtain the lower estimate.
Two examples are discussed in section [6] All the theoretical material related to Young measures
is recalled in the appendix, with precise references from [11 8, 211 22].

2 Necessary conditions in a relaxed framework

2.1 Setting

In this section, we study the first-order necessary optimality conditions of a bounded strong
solution to an unperturbed optimal control problem with final-state constraints, in a relaxed
framework. Let us begin by defining the problem in a classical problem. The control and state
spaces are respectively

U:=L>*0,T;R™), Y:=Wh>(0,T;R"). (2.1)
The state equation is

. (2.2)

9= flug,ye), foraa. te(0,T],
Yo=Y

For a control u in U, we denote by y[u] the trajectory statisfying the differential system (2.2)).
We consider the following final state constraint:

®(yr) € K, (2.3)
where K stands for a finite number ne of equalities and inequalities, as follows:
K :={0,,} xR" C R"c, (2.4)

with nc = ng + ny. A control u is feasible if ®(yrfu]) € K. The classical optimal control
problem that we consider is

Min ¢(yr[u]), st S(yr[u]) € K. (P)
All the functions introduced (f, ¢, and ®) are supposed to be C?! (twice differentiable with a
Lipschitz second-order derivative).
Let us consider a feasible control @ and its associated trajectory 3. Let R > 0 and 5 > 0, we
define the localized problem as follows:

ueu,l\l/\[irlllng d(yr[u]), s.t. ®(yr[u]) € K, [|ly[u] —7lle < 0. (PR

Definition 1. Let R > 0, the control u is said to be an R—strong optimal solution if there exists

n > 0 such that U is solution to (P").

Note that the control @ is a bounded strong solution if for all R > ||t||co, it is an R—strong
optimal solution [I8] page 291].

From now, we fix & € U and R > ||ul|s, and we suppose that @ is an R—strong optimal
solution.

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 5

2.2 Relaxed problem

Let us denote by Ug the closed ball of radius R and centre 0 in R™. We consider a relaxed
formulation of the localized problem by taking controls in the space of Young measures on
[0,T] x Ur, MY%. The basic definitions related to Young measures are recalled in the appendix.
The dynamic associated with a Young measure p in MY is the following:
{ ge="Ju, f(u9e) dpa(w), for aa. t€[0,7), 25)
0 .
Y.

Yo =

This definition is compatible with (2.2) for controls in /. We extend the mapping y[u] to Young
measures. In our study, we will call elements of MY relazed controls, by contrast with elements

of U which will be called classical controls.
Given 1 > 0, we relax the localized problem (P7") as follows:

ﬂl\élji\rAly olyr(n]), st @(yrlu]) € K, |ly[u] = Flloo < - (PYn.Ry

Denoting by iz the Young measure associated to w, we say that @ is a relaxed R—strong optimal
solution if it is a solution to problem for some n > 0 sufficiently small. The following
assumption is motivated by the fact that any relaxed control is the weak-* limit of a sequence
of classical controls.

Hypothesis 2. The relazed control i is a relaxed R—strong solution.

From now, we focus on the notion of relaxed R—strong solution. In this section, we study
the optimality condition of problem (P¥-7f)). In section [3, we will introduce a perturbation
parameter 6 and start then the sensitivity analysis.

In theorem [20] we provide some sufficient conditions to ensure hypothesis

2.3 Metric regularity for the L'—distance

In our study, the addition of Young measures must be understood as the addition of measures on
[0,T] x Ug. It is clear that with this definition of the addition, a convex combination of Young
measures is still a Young measure. In the sequel, we use the notation g[t] := g(uy,y,) for every
function g of (u,y).

The following definition of the Pontryagin linearization is a non-standard linearization of the
state equation. Indeed, we only linearize the dynamic with respect to the state variable. We
extend the definition of [18, page 40] to Young measures.

Definition 3. For a given control p, we define the Pontryagin linearization £[u] in Y as the
solution of

ét[/u‘] = fy[t]gt[u} + fUR f(uvyt) dﬂt(u) - f[t]v f07‘ a.a. te [OaT]a
olu] = 0.

Lemma 4. The following estimates hold:

lyl1] = Flloo = O(d1 (1, ), (2.6)
ylu] — @ + &[u)lloo = O(da (1, 7)?).

The distance dy is defined by the Wasserstein distance (A.1).

RR n°® 7977



6 Bonnans & Pfeiffer & Serea

Proof. See lemma 21} which extends this result. O

Let ¢ € N*, we denote by A the following polytope of R%:

{VGR Z%Sl}

Let p!,...,u? € MY, let us denote by S the following mapping:

S (Mg X A) — Mg
(MO’ '7) = (1 - 23:1 'Vi):uo + Eg:1 'Yi/iiv

where the addition is the addition of measures.

Lemma 5. Let v,y € A, let u° € MY,. Then,

q q
di (S(1°,7), S(1° 7)) <D 1= vl di (', 1) < ZRT(Z vi — %I)-

=1 i=1

Proof. 1> First case: ' > ~.

Let us suppose that for all ¢ in {1,...,q}, 7/ > ~;. Using the definitions of section we
denote for all i in {1, ...,q} by 7 the transportation plan from u° to ;¢ which is optimal for the
L'—distance. For i in {0, ...,q}, we denote by 7 the transportation plan which is the image of
p® induced by the mapping (t,u) € [0,T] x Ug + (t,u,u) € [0,T] x Ug x Ur. We set

q q a
=Y (i =+ (1= )+ Y e
i=1 i=1 i=1
It is clear that m € II(S(u°, v;), S(1°,~})). Moreover,

q
a1 (S (6, 3), S(1°, 7)) / | u=eldmuoar = 300 =)
RXUR

=1

This proves the first inequality in this particular case.
> General case.
Let us define 4 by 4; = min{~;,7;}. Then, ¥ € A, 5 <~, 4 <4/, and therefore,

di(S(p°,7), S, 7)) < di(S(u°,7), S, 7)) + di(S(1°,7), S(1°,7"))

< (= A)di (1 1) + D (v = Ae)da (1, 1)

i=1 i=1

q
Z |,Y7f - ’Y’L| dl(iu’onu’l)7
i=1

which proves the first inequality. Finally, for all i in {1, ...,q}, for all 7 in TI(u°, u?),

T
/ / |u —v|dm(u,v) dt < 2RT,
0o Jur

hence, for all i in {1, ...,q}, d1(u°, ') < 2RT and the lemma follows. O
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Sensitivity analysis for relazed optimal control problems with final-state constraints 7

Corollary 6. Let ;i° and pt in MY, let o in [0,1]. Then,
di (1, (1 = o)’ + op') < odi(p°, ') < 2RTo.
We introduce the following set:

Ry = {&rlp), 1€ My}

The Pontryagin linearization being affine with respect to p, R is clearly convex. We denote by
C(Rr) the smallest closed cone containing Ry. Since Ry is convex, C(Rr) is also convex.

Definition 7. The control i is qualified if there exists € > 0 such that
eB C ®(yr) + @' (yr)C(Rr) - K, (2.9)
where B is the unit ball of R™<.

In the sequel, we will always assume that @ is qualified. Note that in remark we justify
why this assumption is weaker than the standard assumed qualification condition. The following
theorem establishes a property of metric regularity for the relaxed problem.

Theorem 8. If [i is qualified, then there exist § > 0 and C > 0 such that for all p satisfying
dy(p, ) < 6, there exists a control ' satisfying

O(yrl)) € K and dy(p', ) < C dist(@(yr [u]), K). (2.10)

Proof. We prove this theorem in three steps, by using the theory of multifunctions. First,
we prove a metric regularity result for an affine subspace of M}% by showing that a certain
multifunction Wz(y) is metric regular. Then, by perturbating 7, we extend this result to a
family of multifunctions. Finally, we obtain the result.
> First step: metric regularity of Uz(7).
Let us consider a family (¢%);, i = 1,...,na (with na < n¢ + 1) in C(R7) such that for some
g1 >0,
e1B C ®(7p) + ' (Fp) (conv{¢!, ..M }) — K.

We can easily show the existence of a family (o, p');, i = 1,...,n4 in R, x M}, which is such

that
ElB

T C (I)(yT) + (I)/(ﬂT)(COIlV{alfT[,ul], ) anAgT[//LAH) - K.

Let us set & = max{max{«;},1}. Then,

LB.C < [0r) ~ K] + @ (@) (comv { Lerlul) . 2 er ).
Since & > 1, .
2 [@@Gr) — K] C ®(Hr) - K

and then, for all i in {1,...,n4}, we can replace p' by (1 — %)+ %4’ since 0 < o;/é < 1. We

obtain that

24 B C @) + /() (conv{gr '] .. Erlp"]}) ~ .

Using the mapping S defined by (2.8), with ¢ = n 4, we consider the mapping G,, defined by

Gu:v €A d(yr[S(p,7)]) € R, (2.11)

RR n°® 7977



8 Bonnans & Pfeiffer & Serea

for all y in MY. Note that G, (0,,) = ®(yr[y]).

Let us fix yu, let us study the differentiability of G, (with respect to 7). Let v in A, let us
set i = S(u,7), § = y[@t). For all i in {1,...,n4}, we denote by (‘[u,~] the solution ¢* of the
following differential system:

Ctl = [fUR Ty(u, Gr) dﬂt(“)]g
+fUR fu, ) [dpd(u) — dpe(u)],  for a.a. t € [0,T], (2.12)
G- 0

Let us denote by G/, () the following mapping:

G(v) = @' (1) (Cr [ A oo GG 15 7))- (2.13)

The notation ((k[u, 7], .., 74 [11,7]) stands for the matrix with n 4 columns, (hu, 7], .., ¢34 [, ).
We prove in lemma [J] that for all 7/ in A,

Gu() = Gu(7) + G, =) + ol =)
Note that
G0 ,) = ' (Gp) (Erp'], . Ex[p"]). (2.14)

Now, let us consider the family of multifunctions:
U,:yeA—Gu(y) - K.

Robinson’s qualification condition for ¥ at the point (0, ,, 0y, ) holds if there exists e > 0 such
that
e2B C G(0n,) + G(0n,)A - K, (2.15)

see [0, condition 2.194]. This condition is satisfied for €5 = £1/(2&) since by (2.14)),

Gr(0ns) + G(0n,)A = @(7p) + ' (7r) (conv{€r[p'], ... Er[u"]}).

By the Robinson-Ursescu stability theorem (see e.g. [5l theorem 2.87] or [I9] and [20] for early
references), ¥y is metric regular at (0,,,0,), i.e., there exists C; > 0 and two neighborhood
O7 and O” of 0,,, and 0,,, such that for all (v, p) in (0" N A) x O,

dist(v, U (p)) < Cy dist(Uz(), p).-

> Second step: metric regularity of ¥,,.
We prove in lemma |§| that the mapping (u,7) € (M}, A) — G',(7) is continuous at (7,0, ),

when M}; is equipped with the L'—distance. Then, restricting if necessary (07, there exists a
neighborhood O* of & such that for all (p,7) in O* x (07 N A),

a

|Gl,(7) — Gr(7)] < 5

and thus, G, (.) — Gz(.) is C1/2—Lipschitz on O N A. By [5} theorem 2.84], for p in N*, ¥,

is metric regular at (0,,,,G,(0,,) — Gz(0,,)). More precisely, restricting if necessary O*, 07,
OF, there exists Cy > 0 such that for all g in O, for all y € AN O7, for all p in O°,

dist(y, ¥, (p)) < Cadist(¥,,(7), p).- (2.16)

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 9

> Third step: proof of the theorem. Let p in O, since G,,(0,,,) = ®(yr[p]),
dist(®(yr[p]), K) = dist(0ne, ¥, (05 ). (2.17)

Specializing (2.16) to v = 0,,, and p = 0, and using (2.17)), we obtain the existence of 4 in

U, ' (Op) such that

|’~Y - 0nA| <y diSt((I)(yT[u])7K)'

Finally, we set ' = S(u,%). This control is feasible and by lemma |5 di(p/, ) < 2RT|H]|.
Restricting O* to a ball (for the L'—distance) of radius § and center 7, we obtain the theorem
with §, ¢/, and C' = 2RTCs.

O

Lemma 9. Consider the mapping 7 — G, () defined by (2.11)) in the proof of theorem @ and
its derivative G'u(vy), defined by (2.12] and - Then, for all win MY, for all v and v in
A,

yr[S(u, Y] = yr[S(, ] + Cr (v =) + o[y =), (2.18)
Gu(v) =Gu(v) + G, () =) +olly =) (2.19)

Moreover, the mapping (i1,7) € (MY x A) G',(7) is continuous when MY, is equipped with
the L' —distance and Y with the L —norm.

Proof. Let u € M%, let v,7' € A. Let us set
=S(wy), g=ylal, #'=Sk""), ¥ =yli]
Note that i’ — i = >0 (v — 7:) (4’ — p). By lemmal[5| we know that
di(f, ) = O(|y" = 1),

and by lemma (56), we obtain that ||’ — g/ = O(|7' — 7).
Let us set r; = 4 — (9 + C:(v — 7)), with the notation ¢; = (¢}[u, 7], --.¢/* [11,7]). Then,

=3 / (1 ) — £ ) (7 — 36) (b () — e ()

+ [ () = g ) = ([ (50 dfu(@)) 0" =)

Ur

The first term of the r.h.s. is of order |/ —v|?, in the second term, we can replace f(u, 7;)— f (u, §¢)
by fy(u,9:)(y, — J¢), since the error realized is then of order |y’ — v|?. We obtain that

fo= ([ o) diu()r + O =)
Ur

thus, by Gronwall’s lemma,

yr S,y = yr[S(p, ] + o (v =) + Oy —~1?).

This proves (2.18)). Expansion (2.19) follows directly, since ® is continuously differentiable.
Now, let us study the continuity of (u,7) € (M} x A) = G/, (7). Recall that G/,(v) is the
product of

(1,7) € (MR, A) = (Cplp ] - CF4 T Y]) (2.20)

RR n°® 7977



10 Bonnans & Pfeiffer & Serea

and

(1) € (MR, A) = @ (yr[S (1, 7)))- (2:21)
It can be proved that the mapping defined by (2.20) is continuous by extending lemma
Moreover, by lemma for all 1 and g/ in M}, for all v and 7 in A,

di(S (), S(p', ")) < di(S(ps7)s S(psy')) + da(S(p, '), S(W',7")
=O(1Y =l +di(p, 1)),

thus S is continuous and by extending lemma [56] we obtain the continuity of the mapping defined
by (2.21). Finally, (u,7) = G/,(7) is continuous with respect to (u,7). O
2.4 Pontryagin’s principle

We denote respectively by E, I and I’ the sets of equality, active and inactive inequality con-
straints:

E = {1,...,TZE},
I={i,ng+1<i<nc ®(yr) =0},
I'={i,np+1<i<nc, ®Hp) <0}

Let us denote by Y, the set of feasible reachable final states of the localized problem (P*"1):

Y7 ={yr e R", s.t. Ipe MY, yr =yrlu], ®(yr) € K, ||y[u] — ¥lloc < 0}

In the following theorem, the notation T refers to the tangent cone. In particular, note that for
all pin R"¢, p € T (®(yr)) if and only if for all i in F, p; = 0 and for all ¢ in I, p; > 0.

Theorem 10. For any n > 0, the following inclusion holds:
{¢ €C(Rr), s.t. ¥'(yp)é € Tk(P(yr))} C Ty (Yr)-
Proof. Let & in C(Rr), by definition, there exists a sequence (ay,v*, &%), in Ry x M}, x Ry
such that
=1 k
f = fT[V ], Vk‘

Note that it may happen that a — +o00. We set o, = min{--, £ 1.1 and

ar’ k? kai

/Lk = (1 — O’kOék)ﬁ+ O’kOéka.

The sequence (,u’“)k is a sequence of Young measures since opay < 1 and we also have that
or — 0. By lemma[d]

lyl*] = @ + €[*])] oo = O(dr (5, 1*)?).
Then, by corollary [6]

di (7, p1*)? = O(ofai) = O(ﬁ?) - 0(%) = o(aw), (2.23)

thus,
lylu"] = (7 + orarg®™)|loo = o(o)

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 11

and finally, by [2-22), ||y[1*] — (¥ + 0k€)|| = 0(0k). We obtain the expansion
®(yr[n']) = @(Fr) + o (Hr)§ + o(on)- (2.24)
Since @' (y)¢ € Tk (2 (7)),
dist (®(¥y) + 01 ® (Y1), K) = o(oy). (2.25)
Combining and (2.25)), we obtain that
dist(®(yr[1*)), K) = o(ow),

and by the metric regularity theorem (theorem , we obtain the existence of a feasible sequence
fi* such that dy (i*, u*) = o(o). Moreover, by lemma we know that the mapping 1 € MY, —
yr[u] is Lipschitz for the L!—distance, therefore,

yr(i*] = r + ox& + o(ow).
By estimate ([2.23)), we also have the estimate

1y[2*] = Flloo = O(dr (7, i) = O(dr (5, 1) + da (1", %)) = o(\/ar) = o(1),

thus, for any n > 0, for k sufficiently large, fi* is a feasible control of the localized problem
(P™f). The theorem follows. O

The first-order necessary optimality conditions follow in their primal form.

Corollary 11. If @ is a relaxed R—strong solution, then the value of problem (PL)

Min @0 st @€ € T (@) (PL)

is equal to 0.

Proof. Let n > 0 be such that (f7,7) is a solution to (P¥"%). Let & be in C(Rz) such that
' (Y )€ € T (®(yr)). By theorem [10} there exist a sequence (o)x | 0 and a sequence (u*) of

feasible controls of problem (PY"F)) such that

Y[ =T + oné + o(ow).

As a consequence, 0 < ¢(yr[u*]) — ¢(Uy) = ord’ W)€ + o(or), and then, ¢'(Yy)€ > 0. The
conclusion follows. O

We introduce now the Hamiltonian function H : R™ x R™ x R™ — R defined by

Hipl(u,y) := pf(u,y). (2.26)
We also define the end-point Lagrangian ® : R"c* x R™ — R by
®[A|(yr) = d(yr) + A®(yr). (2.27)

Definition 12. Let A\ € R"*. We say that p* in Y is the costate associated with X if it satisfies
the following differential equation:

{pﬁ Hylp) (@, 7,), for a.a. t € [0,T],

rr = 'N@r). 229
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12 Bonnans & Pfeiffer & Serea

Lemma 13. Given v € L>(0,T;R") and 2° € R", let z € Y be the solution of

{ét = fy[t]zt + V¢
2V,

z0 =
Then, for all A in R™°*, .
'\ (Yr)2r = py2° + /o proy dt.
Proof. The lemma is obtained with an integration by parts:
'\ (Fr)2r = prer — pp2° + py 2’

T
:/ (P22t + pp %) At + py 2°
0
T
= [ Rl A+ o) dt g
0

T
= / pi‘vt dt + pé‘zo,
0

as was to be proved. O
In the following definition, the notation N refers to the normal cone.

Definition 14. Let A\ in Ng(®(gr)), we say that A is a Pontryagin multiplier if for almost all
t in [0,T), for all u in Ug,

H([p(@:,5,) < H[py](w, 7). (2.29)
We denote by AT the set of Pontryagin multipliers.

Remark 15. Note that for our problem, A € Nk (®(yr)) if and only if for alli in I, \; > 0 and
for alli in I', \; = 0. Note also that ([2.29) is equivalent to: for all u in M%

T
/ [ 5) ~ HR) @050 i) de > 0, (2.30)

Proof. The implication is obvious. Suppose that (2.30) holds. By the Lebesgue differentiation
theorem, we know that for almost all ¢ in [0, T7,

H[pi\](ﬂt?yt _hﬁl 278/ Hps uévys)d

Let t be such a point. Let u in Ug, for all € > 0, let u° be the Young measure associated with
s ulpy_cy1(8) + Uslpo, )\ [t—c,t4](5). Applying (2.30) to p°, we obtain that for all £ > 0,

t+e t+e \
[ @< [ HR ) ds
t—e t—e
Since p* and 7 are continuous in time, we obtain to the limit when ¢ | 0 that

H[p}) (@, 7,) < H[py](u,7,),
which proves (2.29). O
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Sensitivity analysis for relazed optimal control problems with final-state constraints 13

Now, we state the first-order necessary optimality conditions in their dual form. The theorem
that we obtain is nothing but Pontryagin’s principle.

Theorem 16. If (u,y) is a relazed R—strong solution and if the qualification condition (2.9)
holds, then the set of Pontryagin multipliers is non-empty, convex and compact.

Proof. Problem (PL) can be reformulated as follows:

Min sup '[N\ (gr)E. PL
ety pens D A @r)¢ (PL)

The theorem is obtained by studying its dual, which is the following;:

Ma inf  ®'[\(Tp)E, DL
AENK (B(F) €€C(Rr) A(Fr)e (DL)

see [5, problem (2.308)]. Problem (DL]) has its value equal to 0 and has a non-empty, convex
and compact set of solution S(DL), as a consequence of [5l, theorem 2.165]. Indeed, the primal
problem is convex and qualified. The qualification condition [5), condition 2.312] is the following:

eB € ®(Gr) + ' (Jr) C(Rr) — T (®(Yr)), (2.31)

which is satisfied since (2.9) holds and K C Tk (®(yr)), K being a convex closed cone.
Now, we claim that for A € Nk (®(y,)),

| ut, PGE ] € 0.-o0) (2.32)
and
[ [t D @r)E=0 } = [AeA]. (2.33)

Claim ({2.32) is obvious since ®'[A\](Fy )€ is linear with respect to £ and C(Rr) is a cone. Let us
show (2.33), let A be a Pontryagin multiplier. By lemma [13] for £ in Ry with associated control

1,
' [N(Fr)E

T
= [ (- Pnlisl + pnlosl + [ s - £ ) dut) di
0 Ur

- / /U (Hp(w,5,) — Hlp) (@, 52)) dpse(w) dt
0.

\Y)

(2.34)

Let ¢ € C(Rr), there exists a sequence (ag, &), in (R. X Rr) such that £ = lim aptk. With
(2.34), we obtain that

' (@r)8 = lim o'\ Fr)€" > 0.
Since 0 € C(Rr),

inf &' [\(F)E = 0.
et | A (@) =0

Conversely, if A is not a Pontryagin multiplier, by remark there exists a control y such that
T
VNG = [ [ s — b5 di(w dt <o
0 R
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14 Bonnans & Pfeiffer & Serea

Consequently,
inf  ®'[N(yr)€ < 0.
int Y
Combining claims (2.32) and (2.33)), we obtain that the dual linearized problem is equivalent

to the following one:

Max 0.

AEAP
Since its value is equal to 0, AT is equal to the set of dual solutions S(DL), which is non-empty,
convex and compact. O

2.5 [Equality of the values of the classical and the relaxed problems

In this subsection, we investigate sufficient conditions for the equality of the values of the classical
and the relaxed localized problems. While any relaxed control is the limit for the weak-* topology
of a sequence of classical controls, we have no guarantee that any feasible relaxed control is the
limit for the weak-* topology of a sequence of feasible classical controls. However, in lemma [I7]
we prove a restoration result for classical controls under the qualification condition . This
result enables us to obtain sufficient conditions to ensure hypothesis [2}

Lemma 17. If [ is qualified, then there exist 61 and Cy such that for all classical control u with
[|lu —@l||y < 81, there exists a classical control v’ such that

O(yr[v]) e K and || —ull; < Cpdist(®(yr(u]), K).

Proof. Let § and C be the constants given by the metric regularity theorem (theorem . Let us
set

)
2C +3°

Let u be a classical control such that ||u —a||; < ;. We set d = dist(®(yr[u]), K). Let us build
by induction a sequence (u*); of classical controls such that for all &,

01 =

C+1)d d
||ukJrl — ukHl < % and @(yﬂuk]) < o (2.35)
Let us set u® = u by definition of d, dist(®(yr[u’]), K) < d/2°. Let k in N, let us suppose that

we have built u°,...,u* such that dlSt( (yr[u*]), K) < d/2F and |[uit! — u3||1 (C +1)d/27 for
all jin {0, ...,k — 1}. Therefore,

k—1
dy(uF, ) < uf =l + di(u ) < D (et =l + 6y
7=0

k—1
1)d
< Z C+ +6 < 2(C+1)6+6 < 6.
0

[

Thus, we can apply the metric regularity theorem and we obtain the existence a feasible relaxed
control p such that dy(u”, ) < Cd/2*. Let (v7); be a sequence of classical controls converging
to u for the weak-+ star topology. By lemma

dist(®(yr[v']), K) — dist(@(yr[u]), K) = 0

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 15

and by expression (A.2)), d;(u¥,-) is weakly-* continuous, thus
o) =Py — di(ufp) < o
Jj—o0

Therefore, there exists j such that

. 1
HUJ _ukHl < (O+ )d

ST and (I)(Z/T[Uj])< d

— 9k+1°

We set u**T! = vJ. This justifies the existence of a sequence satisfying (2.35). Finally, we have
built a sequence (u*);, of classical controls which converges for the L' —norm. Let us denote by
' its limit, it follows by lemma [56] that

dist(@(yr[u]), K) < lim dist(®(yr[u*]), ) = 0

and
- — (C +1)d
=l < 30—t < 3D gy
k=0 k=0

The lemma holds with §;, v’ and C; = 2(C + 1).
O

Lemma 18. Let us consider the classical and relazed localized problems associated respectively
with the notion of Pontryagin extremal:

Min  drlul), st yrlu] € K, |lu—alh <5, (2.36)
uwel, ||ullc<R
Min  o(yrl), st yrld € K, lu—7lls < 6. (2.37)
HEMY,

Let 3 € (0,61), where 01 is the constant given by lemma . If w is a solution to (2.36) for the
value B, then Ti is a solution to (2.37) for any 5 € (0, B).

Proof. Let 0 < 3 < 8 < 6; and let p € MY, be a feasible relaxed control such that d; (77, u) < B.
Let (u*); be a sequence of classical controls, not necessarily feasible, converging to p for the
weak-x topology. By lemma we obtain that dist(®(y[u*]7), K) — 0. Moreover, by expression
(A-2), di(u*,) is weakly- continuous, thus

dy (p, u*) — dui (7, ).

For k sufficiently large, d; (7, u*) < 6;. By lemma [17, there exists a sequence (v¥);, of feasible
classical controls such that:

[[0* = u*|ly = O(dist(@(yr[ux]), K)) = o(1), (2.38)
thus, (v*)), converges to p for the weak-* topology and for k sufficiently large,
0" —ally < B
and necessarily, ¢(yr[v*]) > #(7r). By lemma |56, we obtain that ¢(yr[u]) > ¢(¥y), which

proves that 7 is a solution to (2.37]). O
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16 Bonnans & Pfeiffer & Serea

Remark 19. The qualification condition can be defined for any feasible relaxed control fi.
Indeed, it suffices to define the Pontryagin linearization for fi. The metric reqularity theorem is
then satisfied for all yu in a neighborhood of [i for the L'—distance. Moreover, this theorem is also
satisfied for all p in a weak-+ neighborhood of fi. Finally, lemma[I7 also holds for all classical
control u in a weak-+ neighborhood of .

Proof. Let i in MY. The Pontryagin linearization £# can be defined for all u by

fé‘ Wl = Jy, fouyeli]) A (W)€ (] + [y, f(u, yell) (dpe(u) — dfie(w),
§lul = 0.

We set then RE = {€l[u), u € MY} and denote by C(R%) the smallest closed cone containing
RY.. The relaxed control ji is said to be qualified if there exists € > 0 such that

eB € B(yr[il) + ¥ (yr[)C(RE) - K. (2.39)

Now, remember that the metric regularity theorem follows directly from the fact that a family of
multifunctions ¥,, is metric regular for all u sufficiently close to fi for the L'—distance. We can
prove that ¥, is also metric regular for all x4 in some neighborhood of fi for the weak-* topology
by applying [5, theorem 2.84]. The only difference in the proof is that we have to show that
(1,7) € M{ x A = G),(7) is continuous when M, is equipped with the weak-* topology. Since
the weak-* topology is metrizable, all the continuity properties can still be proved “sequentially".
Lemma [T7] follows equally, as a consequence of the metric regularity theorem. O

The next theorem gives three different conditions which ensure hypothesis .

Theorem 20. Suppose that the qualification condition (2.9) holds. Consider the three following
hypotheses.

(i) All the relaxed controls p in M}, such that y[u] =y are qualified (in the sense of condition

&39))

(ii) There is only one relazed control p such that y[u] =y, which is the solution .

(iii) For some Pontryagin multiplier \, for almost all t in [0,T], the function
u € Ug — H[p}|(u,7,)
has a unique minimizer, which is u;.

Let one of these assumptions be satisfied. If u is a classical R—strong solution for some n > 0,
then T is an R—strong solution for some 7 € (0,17).

Proof. Note first that (i44) = (i4) = (7). Indeed, suppose that (ii7) holds for some Pontryagin
multiplier \. Let p € MY be such that y[u] = . Then, for almost all ¢ in [0, 7],

g H{p)(w,7) dpe () = pRoelu] = ppy, = H{pi)(@e, 7).

As a consequence, pu; = dgz, and thus g = @. The implication (é7) = (i) follows. The
implication (i7) = (¢) is obvious.

Now assume that (¢) holds. Let us prove the theorem by contradiction. We suppose that @ is
a classical R—strong solution for the value 7 and we suppose that there exist a sequence () of

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 17

positive real numbers converging to 0 and a sequence (u*) of feasible relaxed controls such that
for all k,

ly[1"] = Flloo <", and  ¢(yr[u*)) < ¢(@r)-

Up to a subsequence, (u*); converges to some fi, for the weak-* topology, and by lemrna this
control fi is such that y[fi] = ¥. As a consequence, [ is qualified and by remark there exists
an open neighborhood O of p for the weak-* topology such that for all 4 in O, lemma [I7] holds

and
n

2

Let j be sufficiently large so that p’ belongs to O. Then, let (u*); be a sequence of classical
controls converging to 7 for the weak-* topology, for k sufficiently large, lemma can be applied
to u*. We obtain a sequence (v*), of feasible classical controls such that for k sufficiently large,
lly[v*] — y[1]]|o < 1 and such that

lim ¢(yr[v*]) = ¢(yrlit]) < 6(Fr),

contradicting the fact that w is an R—strong solution to the classical problem, with the value
n- O

ly[p] = Flloo <

3 First-order upper estimate of the value function

3.1 Framework

We introduce now a perturbation variable 6 in the relaxed localized problem (P¥77). We
consider a reference value 6 for 6. The state equation is

Yr = fUR f(u,yt,0)dpe(u), fora.a. t €0,T], 51
_ 0 (3.1)
yo = y°(0).
We denote by y[u, 0] its solution and consider the following final state constraint:
®(yr,0) € K, (3.2)

where K is as in (2.4). The family of relaxed optimal control problems that we consider is

V(0) = Min ¢(yr(u,0],0), st (yrlu0].6) € K, lylu. 0] =7l <. (Py ")
K R

The functions f, 3°, ¢, and ® are always supposed to be C?1.

Our goal is to obtain a second-order expansion of V(6) with respect to 6. To that purpose,
we suppose without loss of generality that # is of dimension 1 and that § = 0 and we consider
only perturbations such that 6 > 6 = 0.

Note that for all # > 0 and n > 0, the relaxed problem has a solution. Indeed, consider a
minimizing sequence, by compacity of MY for the weak-* topology, it has a limit point which is
an optimal solution by lemma

The notations of section [2| extend to this new framework by adding the variable § when
necessary. We always consider a classical solution (u,g) to the relaxed problem for the value
6 = 0. We still use the Pontryagin linearization £[u], which is taken for § = 0. Finally, we denote
by glt] = g(u, 7, 0).

As before, we suppose that the qualification condition holds for # = 0. If one of the
assumptions of theorem [20]is satisfied for the reference problem, it can be shown, using theorem
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18 Bonnans & Pfeiffer & Serea

that for » > 0 and @ > 0 sufficiently small, the problems (P, ') have the same value as

their classical version.

In this section, we prove a first-order upper estimate of the value function V. The approach

is very close to the one that we used to derive Pontryagin’s principle.

3.2 First-order upper estimate

Denote by &7 the solution of the following differential system:

{ & = f,[€0 + folt], for aa. t € [0,T],
&= y(0).
Lemma 21. The following estimates hold:

ylu, 0] = Ylloo = O(dr(p, 12) +0),

1yl1, 6] — @ + &[] + 0€%)|o = O(da (1, 7)” + 6°).
Proof. For all ¢ in [0,77],

\ym It — 7l

f(u,yslp, 0],0) — f(ts, s, 0)) dps (u) ds| + [3°(6) — y°(0)]

UR

A U<xm—mb+omm%ﬂ—y4+mdmwnm+ow>

— 0(d: (1. 1)) /0 [yl 6], — 7,1) ds
whence estimate by Gronwall’s lemma. Now, set r = y[u, 0] — (7 + £[u] + 0£?), then, for all
tin [0, 7],
= [ - ~ L ls10€l — polslo
¥ / (F (a9l 61,6) — F (0,5, 0)) ()] s
Ur
+ \yO — [5°(0) + 043(0)]|
/ — 1] — £ 151067 — folslo

+ f(ﬂmys[,uae]vo) - f(ﬂs,?s,()) dS’

+/0 /UR|f(u7y5[lu”0]’0)_f(u7y570)

— [(Ts,ys[p, 0],0) + f(Us, 7, 0)| dpus(u) ds + O(6°)

/\fy (@, + &l + 667)) s
+O(lylu, ]—y||zo>+d1<u,m<|\y[u}—y\|oo+e>
+O(92)

=/O O([ra]) ds + O(dy (. 1)? + 6°.
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Sensitivity analysis for relazed optimal control problems with final-state constraints 19

Estimate (3.4) follows with Gronwall’s lemma. O

Theorem 22. If i is qualified, then there exist 62 > 0, d2 > 0 and Cy > 0 such that for all 6 in
[0,05] and for all u in MY, satisfying di(u, 1) < 62, there ezists a control i’ such that

D(yr(p',0],0) € K and di(p,p') < Codist(P(yr|u, 0], 0), K). (3.5)
Proof. This theorem is a simple extension of theorem |8, We define G, ¢ and ¥, ¢ by
Guo iy € R™ = (y[S(p,7),0]r,0)

and
V,0:7v€EA— Guoly) — K.

Like previously, we can show by [5, theorem 2.84] that if (1, #) is sufficiently close to (%, 0), ¥, 0
is metric regular, and the theorem follows. O

Consider the Pontryagin linearized problem

Min )¢/(yT7O)(§ + fg“a 1)7

¢EC(Rr (PLo)
st. ® Gy, 0)(§ + &7, 1) € Tr(2(Fr,0))
Lemma 23. The following upper estimate on the value function holds:
V(0) <V(0)+ 0 Val(PLg) + o(6). (3.6)
Proof. Let (0)r | 0 be such that
fim V0 =V s VO VO (37)
k—r 00 0 610 0

Let £ € F(PLg). There exists a sequence (ag, V", &), in R, x M} x Ry such that
€ =limogc®, and & =&p[*],  Vk.

Note that it may happen that o — +o0o. Extracting if necessary a subsequence of (), we can

suppose that
1

Opar <1, a2 < —.
kO > aak_kek

We set
,uk = (1 — 9kak)ﬁ+ Gkakz/“.

Then (p*); is a sequence of Young measures and lemma [21| implies that
lyli®, 0] = @ + E[1*] + 06E”)loe = O(di (1", W) + 67).

Since 4
di(Wh0)* = O(6a) = () = o(6),

we obtain that
||yli®, k) — [7 + Ok (an” + €| | . = o(6k)

RR n°® 7977
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and since 0y |¢ — apc®| = o(6y),

[[yli®, ) =[5+ 0k (€ + E7)]|| . = 0(B)-
We obtain the two following expansions:
O(y[u*, 0k]7, O) = ¢(Tr, 0) + Ok (T, 0)(€ + €7, 1) + 0(61), (3.8)
(y[u”, Ok]7, 0k) = (T, 0) + 0x®' (T, 0)(€ + €7 1) + 0(65). (3.9)

Since
' (Gr, 0)(€ + &7, 1) € Tk (2(Fr,0)),

we obtain that
dist (®(Fr, 0) + 0x®' (1, 0) (& + 7, 1), K) = o(ow). (3.10)

Combining (3.9) and (3.10), we obtain that dist(®(yr[1"],0:), K) = o(ox) and by the metric
regularity theorem for the perturbated problem (theorem, we obtain the existence of a feasible
sequence ji* such that d; (fi¥, u*) = o(f).). By lemmal56] estimate (3.8) holds for /i* and therefore,

V(ak) - V(?) < ¢(yT[ﬁkv 9!@]7 gk) - ¢(gT7 0)
= 040 (U7, 0)(€ + &7, 1) + 0(0).

Finally,

M < Val(PLg)

and the lemma follows. U

Let us define (formally) the Lagrangian of the problem by

T
Lu,,\,60) = py°(6) + / H{p) (e, e, 6) dt + [N (yr, 6)

and the dual linearized problem (D Ly|) by

Max Lo(@, G, \, 0 DL
Max £6(3, 7, A, 0), (DLo)
with .
Lo(w, 7, A, 0) = pyyg(0) +/ Ho[p[t] dt + 4[] (7, 0). (3.11)
0

Theorem 24. Under the qualification condition (2.9)), problem (PLyg|) has the same value as its
dual, problem (D Ly|).

Proof. Let us begin by checking the qualification condition. By ,
eB C @Yy, 0) + @4(Ur, 0)C(Rr) — T (Y, 0))-
The r.h.s. contains necessarily the whole space R"¢, since it is a cone. Thus,
eB CR" = ®(yp,0) + ' (Ir,0)(&7 + C(R1), 1) = Tre (2(F7, 0)),

which is the qualification condition for the linearized problem.
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Now, let us study the dual problem, which is:

Ma: inf &[N (G, +&,1). 3.12
U S A @7, 0)(67 +&.1) (3.12)

Following the proof of theorem [I6] we obtain directly that this problem is equivalent to the
following one:

1}\/16%\);(1)[ ](yT> )(gTv ) (DLO)

By lemma [13] we obtain that

&'\ (7 0) (€, 1) / Holp][1) dt + pdu3(0) + B[N 7z, 0).

Thus, the dual problem is equivalent to problem (D L) and has the same value as problem (P Ly
as a consequence of [3, theorem 2.165]. O

4 Second-order upper estimate of the value function

In this section, we obtain a second-order upper estimate of the value function by using a “stan-
dard” linearization to the first order and a “Pontryagin” linearization to the second order. Indeed,
to obtain a second-order estimate, we need to have a solution to some linearized first-order prob-
lem. Unfortunately, problem is a conic linear problem, thus, it does not have necessarily
a solution. This is why we consider now a different kind of linearization, which is such that the
associated linearized problem has a solution.

In this section and in the sequel, we use properties of Young measures detailed in subsection

A3l

4.1 Basic tools
In the sequel, for p in [1, +00], we will write L? instead of LP(0, T;R™).
Definition 25. For a given v in MY , we define its mean value p[v] in L? by

pelv] == / wdve(u), for a.a. t € [0,T].

This mapping is well-defined, affine, and Lipschitz continuous with modulus 1.

Proof. Let us check the Lipschitz continuity. Let v1,v%2 € MY | let 7 a transportation plan from
v! to 12 be optimal for the L?2—distance. Then,

lolv?] - ol 2 =/OT [ i - [ vak)] a
= /OT :/]Rmem(u_v) dwt(u,v)rdt

< /OT /m |u —v|2d7rt(u,v)/m 1d7rt(u,v)] de

_ dg(l/l, 1/2)2,

as was to be proved. O
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Definition 26. Let v € MY, w € L>(0,T;R™), and 6 € R. We denote by
w @ Ov

the unique Young measure p in MY such that for all g in C°([0,T] x R™),

/OT/m g(t, u) dpe(u) dt = /()T/mg(t,wt + 0u) dvy(u).

If 6 #£ 0, we denote by
voOw

0
the unique Young measure p in MY which is such that for all g in C°([0,T] x R™),

/ /m (t,u) dpg(u) dt = / /m dut()

vow
T

The addition @ (resp. the subtraction ©) must be viewed as translations on R™ of vector
wy (resp. —wy) at each time ¢. The multiplication (resp. the division) by 6 must be viewed as
an homothety of ratio 6 (resp. %) on R™ at each time ¢. Note that it will always be clear from
the context if the multiplication (by constants), or the division, is the operation described in the
previous definition or if it the multiplication of measures by constants, which we used up to now.

We also denote: v © w =

Lemma 27. Let v be in MY, let us set v = p[v]. Then, for all ¢ > 0, for all v' in L?, there
exists V' in M3 such that

/

pl'1=v" and da(v,v') < || —vl|2 + &,

and such that if v’ is bounded, then v’ has a bounded support.

Proof. Let v be in MY, v/ be in L%, and € > 0. We set v = p[v]. Let us consider a measurable

subset A of [0, 7] such that
/ / |uf? dvy(u) dt < % (4.1)

and such that v is bounded on [0,7]\A. We observe first that by the dominated convergence
theorem, we can fix C sufficiently large so that

/ / U dyt )dt < 6—
0,7TN\A J [u|>C 8

Let us denote by 7 the unique Young measure which is such that, for all g in C°([0,T] x R™),

[ [ st

— /[QT]\A [/lugcg(t u) dvy(u) + g(t,0) /u|>clth(u)} dt+/Ag(t70)dt,

By construction, 7 is bounded (by C). This Young measure is such that

(v,7) // luf2 dvy () dt+/ / il dvy(w) dt < = (4.2)
m 0,7\A J|u|>C 4
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Now, let us set 0 = p[¢]. Then,
3
o =01l < dor,7) < (43
Finally, let us set v/ = (v' — 0) @ v. Then, p[v'] = p[v'] — p[8] + p[0] = p[v'] = v’ and
da (7)< I’ — ]2 (1.4)
Combining (4.2), (4.3), and (4.4), we obtain
dy(V',v) < do(V', D) + do(7,v)
< ' =02 +¢/2
< =vll2+ |lv = 9l]2 +2/2
< || — vz +e.
Since 7 is bounded, if v’ is bounded, then v/ is also bounded. O
4.2 Standard linearizations and estimates
Definition 28. For a given v in MY , we define the standard linearization z[v] by
v = fyltlze[v] + fultlpelv], for a.a. t €]0,T],
zolv]= 0.
We also set 2'[v] = z[v] + &9, which is the solution of the following system.:
gll= [ pdv] 1), for aa. t €0, T),
2= 5(0).
Lemma 29. For p in MY, the following estimates hold:
[12[1] = €[ullloe = O(da (7, 1)), (4.5)
ylp, 0] = Ylloo = O(llp S ull1 +0), (4.6)
1y[1, 6] = @ + 2[n T + 06°)|| o = O(||n Ol [} + 6°). (4.7)
Proof. The dynamic of z = z[u © @] is the following:
s u d )
zZ0 = 0.

Note also that || © ||y = d1 (i, p). Setting r = &[u] — 2[p © @], we obtain that for almost all ¢

in [0, 7],
H=bMH+KIU@MU—UM+hMW—EMdMW)

=O(re) + [ Olu—a|?) dpe(w),
Ur

thus, by Gronwall’s lemma ||7"||OO = O(Hu ©wl|?), which proves estimate 1-) Replacing &[u]

by z[u © ] in estimates and (3.4) of lemma [21] we obtain estimates (4.6) and (4.7).
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Corollary 30. For all v in MY,

Proof. By estimate (4.5)), for 6 > 0 sufficiently small,

£fuebv]

2]~ TSP = 2 lefon] — el 0]l = 25 = 0(0)

The corollary follows. O

Remark 31. Denoting by C the smallest closed convex cone containing {z[v]r, v € L™}, we
obtain by corollary that C C C(Rr). A standard qualification condition for the problem would
have been to assume that for some ¢’ > 0,

e'B C ®(¥r,0) + @, (77,0)C — K.

This assumption is stronger than the qualification condition that we assumed.

4.3 Standard first-order upper estimate

Consider the standard linearized problem

{ 11\)/222 ¢l(yT70)<Z%‘[’U]7 1), (SPL)
s.t. @ (Yr,0)(21[v],1) € T (2(Fr, 0)).

Definition 32. Let A in Ng(®(g,,0)), we say that it is a Lagrange multiplier if for almost all
t in [0,T), Hy[p}|(Us,7,) = 0. We denote by A" the set of Lagrange multipliers.

Note that the inclusion A” c AL holds.

Lemma 33. The dual of problem (SPLy|) is the following problem:

-g\we([l\mL ﬁe(ﬂagv)‘ao)v (SDLQ)

it has the same value as the primal problem. Moreover, Val(PLg) < Val(SPLy).

Proof. Remember the definition of the derivative of the Lagrangian, given by (3.11). The dual
of problem (SP Ly is the following:

M M‘ @/ )\ 1 ,1 .
AeNK(g)((gT,o)) oy N (zr[v], 1)

By lemma [13] we obtain directy that for all v in L2,

T
@%w%mn:m@@xm+AJanm—th

Let A be in Ng(®(gr,0)). It can be easily checked that if A is a Lagrange multiplier, then

T
Min / Holp N[t (00 — ) dt = 0,
veL? 0

Inria



Sensitivity analysis for relazed optimal control problems with final-state constraints 25

while if X is not a Lagrange multiplier, then

T
Min / H, [ [t (v — ) dt = —o0.
veL? 0

This proves that problem (SDLg) is the dual of problem (SPLy). Moreover, it follows directly
from the inclusion A” C A¥ that

—oo < Val(PLy) = Val(DLy) < Val(SDLy) < Val(SPLy),

We also obtain from the inclusion that problem (SD L) is feasible. Since (SPLg|) is linear and
since the value of its dual is not —oo, it follows by [3, theorem 2.204] that the two problems have
the same value. O

Remark 34. In the previous lemma, we have obtained the inequality Val(PLgy) < Val(SPLy) by
working with the associated dual problems. It would have been possible to show this inequality by
working with the primal problems, and by using the inclusion

{z[Vlr, v € ML} C C(Rr),
which derives from corollary [30,
From now, we suppose that the following restrictive assumption holds.

Hypothesis 35. The Pontryagin and the classical linearized problems have the same value:
Val(SPLy) = Val(PLy).

This hypothesis is satisfied in particular if the set of Lagrange multipliers is a singleton.
This hypothesis is also satisfied if the Hamiltonian is convex with respect to u, since then the
definitions of Lagrange and Pontryagin multipliers are equivalent.

Lemma 36. The set S(SPLy) of solutions to problem (SPLg) is non-empty. Moreover, the
intersection S(SPLg) N L* is dense in S(SPLg) for the L*>—distance.

Proof. By hypothesis problem (S P Lg) has a finite value, thus, it has solutions (see [5], theorem
2.202]). Moreover, since L™ is dense in L2, we obtain by Dmitruk’s density lemma (see [10])
that S(SPLg) N L™ is dense in S(SPLy) N L? (for the L?—norm). O

Now, let us consider the standard linearized problem in the space of Young measures MJ

VI\E/I}\Eé,QSI(yTu 0)(Z%’[V]7 1)7

st. O (T, 0) ([, 1) € Tic(@(Fr. 0):

(SY PLyg)

Note first that for all v in MY, p[v] belongs to L? and z!'[v] = 2}[p[v]]. As a consequence,

problems (SPLg) and (SY PLy|) have the same value.

Corollary 37. Problem (SY PLg) has a non-empty set of solutions and S(SY PLg) N MY, is
dense in S(SY PLg) for the L?>—distance (on M3 ).

Proof. Since problems (SPLg|) and (SY PLy) have the same value, we obtain the inclusion
S(SPLg) C S(SYPLg), which proves that S(SY PLy) is non-empty, by lemma Let v in
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26 Bonnans & Pfeiffer & Serea

MY be a solution to problem (SY PLg)), then p[v] is a solution to (SPLg). Let (v¥); be a se-

quence of solutions in L>° converging to p[v]. By lemma we obtain the existence of a sequence
(V)% of Young measures in MY such that

1
do(v, V%) < [o* = plll2 + 7 = 0,

and such that for all k, p[v*] = v*, therefore for all k, v* is a solution to problem (SPLg)). This
proves the corollary. O
4.4 Second-order upper estimate

Definition 38. For a given v in MY, we define the second-order linearization 22[v] by

\:

In the following problem, the notation 7 refers to the second-order tangent set |5, definition
3.28]. Given a solution v to problem (SY PLg|), consider the following associated linearized
problem:

W= fltlf ]+ 5 fm F/ (w2 V], 1) dii(u),
V=" 3950(0).

ON o

gé\g(i%T)%¢//(yT7 0)(z%1[y]7 1)2 + ¢yT (yT7O)(Z%[V] + 5)7

5.t 39" (77, 0) (4 [V], 1)? + @y (T, 0) (0] + ) (PQo(v))
€ T2(2(Tr,0), ¥ (T, 0) (4[], 1))

Let us define the mapping Q° on R"2* x M3 as follows:

0 1% *1 ! " ’lLZlV 2 1 ZAN)
VW) =g [ ] H LR dvn ) o

=3
+ D3uBe(0) + "N @i, 0) (=], 1)?). (4.9)

Theorem 39. For all v in S(SY PLy) N MY, the following second-order upper estimate of the
value function holds:

V(0) < V(0)+ 0 Val(PLg) + 6% Val(PQy(v)) + o(6?). (4.10)

Proof. We follow the proof of lemma Let v € S(SYPLy) N MY, ¢ € F(PQq(v)), and
(0x)r 4 0 be such that

2y _ 2y _
i Y OR) [V(O)—;Qk Val(PLy)] _ lim sup V(62) — [V(0) + 0 Val(PLy)]
k— o0 Qk 010 6?

Let (fix, ax)r be a sequence in M}, x R, such that £ = lim aér[i*]. Extracting a subsequence
of (0y)k if necessary, we can suppose that

Orar, = o0(1) and o607 < 1.
We define
p = (1 — abi) (@ Opv) + (i) i".
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Since axf? < 1, ¥ is a Young measure. We set y* = y[u*, 0;]. Let us show the expansion
19" = @ + Oz [v] + 07 (22 V] + )]0 = 0(67)- (4.11)
We know that di (%, u*) = O(6y). Moreover,
0z[v] — 2[1* ©1) = arBiz[v] — arbiz[i"] = o(6y),
thus, using lemma [29] we obtain that
19" — @ + 02" [V])] |0 = 0(6)-

Let us set 7% = y* — (y + 0,2 [v] + 02 (2%[v] + ax€[i@*])). Then,

rFo= (1—aka,§)/t/ f (s + Opu, v, 0x) dvg(u) ds
_/O +9k/f 1) dig(w) ds
~ 6 [ 51510241 ) ds
68 [ B+ el ds
+ akei/o . F(u, g, 0) djig (u) ds
i [ [ (07 0) = f13) 4t ) s

= -t [ [ (1 Ot 0 — S16) PO, 02 00) ) ) s
/ / L 11[8) (Ous, 042 ], 012 () dis
—92/ Fyls)(2210) + onll,)
o} / / (7o 00) — £l 7, 00)) i (u) s+ o(8})
// ] Ott, O (9 = 7). 00) + 5" [5)(Ouc % — T, 04)? ) vy (1)t

_ /0 /B P8 (O, O[], 00) dv () ds
_ / t / L p[8) (O O3, [, 61)2 v () dis
-6 / 118120+ anu[7]) ds +o(6})

_ / FLs)rE ds + o(62).

0
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By Gronwall’s lemma, |[7*|| = 0(6?) and since aiér[u¥] — &, expansion ([.11)) follows. As a
consequence, the two following second-order expansions hold:

S(yr[i*, 0x]) = (@7, 0) + 0k’ (7, 0) (21[V], 1)

0% Edl(ﬁ 0) (=4[], 1)% + by (5, O) (V] + €)] + 0(63),
O(yr[u*, 0x]) = (7, 0) + O6® (G, 0) (24 V], 1)

+6? [%@”@T, 0)(2h[1), 1)? + @y (T, 0) (22[V] + g)} +o(62).

We obtain that dist(®(y%), K) = 0(62). By the metric regularity theorem (theorem [22) and by
lemma there exists a sequence % of feasible controls such that dy(u*, i¥) = o(#%) and such
that

S(yla®, Oxlr) = 6(Fr, 0) + Ou¢' (¥, 0) (21 [v], 1)
1
+ 02|58 @ 0) () 1 + 6,7 (W, 0) (] + 6] +0(6).
Minimizing with respect to &, we obtain that

2\ _
fmsup V()= V(O + 0Val(PLy)
010 0

< Val(PQy(v)).

The theorem follows. O
Lemma 40. If M3 is equipped with the L?—distance, then (\,v) — Q°[\(v) is continuous.

Proof. Let A € R"2* and v € MY. Let (\x)x — X be a sequence in R"#* and (v*);, — v a
sequence in M} . Let us show that Q°[\;](1*) — Q[N (v). By lemmaf58 we know that (2'[v*]),
and (p**); uniformly converge to resp. z'[v] and p*. Then, it suffices to study the convergence
of

Q7 N)F) - Q)
T
<| / / (P ) = s ), D) dvf () de

+| /OT [ .17 ) — )]+ o(0).

The convergence to 0 of the first term is easily checked. For the second one, let us consider for all
k the optimal transportation plan 7% between v and v* for the L?—distance. The second term
is equal to

T
L[l 17 - B o, ) 0 def (o) de
O R”YLXR7YL
T
= [ N 0.0.0) v 22, 2) ek ()
0 JRmxRm
T
= [ [ ou=l [t ut o dn (u) de
0 R™ xR™

T 1/2
_ (/ / O(Ju— o) def (u, ) )
0 R™ xR™
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T 1/2
' (/ / O(|1 + u + v|?) drF (u, v) dt)
0 MXR7YL
= O(da(v, ) (1 + [[v[[2 + |["]]2)),

thus, it converges to 0, which proves the lemma. O

Lemma 41. The dual of problem (PQo(v)) is the following problem,

and it has the same value as (PQy(v)).
Proof. It is proved in [5], proposition 3.34, equality 3.64] that since K is polyhedric,
T (277, 0), ' (7, 0)(21[v],1)) = Tk (2(F7. 0)) + @' (g7, 0) (27 [v], DR,

where the addition + is the Minkowski sum. Since the second-order tangent set is included into
the tangent cone, we obtain, like in the proof of theorem [24] that

eBCR"™ = %‘I’"@T,O)(Z%[V], 1)*+®y, (g7, 0)(27[v] + C(Rr))
- TIQ(((I)(yTv O)a (I)/(yTa 0)(2%’[V]7 1))7

which is the qualification condition. By [3], theorem 2.165], problem (PQy(v)) has the same value
as its dual.
Let us denote by N the polar cone of the second-order tangent set. For all A in R™¢*,

AEN <= {A€ Ng(®(Hr,0)) and AP (¥p,0)(2p[v],1) = 0}.

Following the proofs of theorems [16] and 24} we obtain that the dual of problem (PQy(v)) is the
following problem:

Al\gg "N (Y, 0)(2p[V], 1) + @y [N (27 [V]).
AP/ (§7,0) (2h[1],1) =0,

Using lemma [I3] we obtain that

@y N = 5 [p98a(0) + / H'[p}][t)(u, 2} V], 1)? dva(w) .

]Rm
Moreover, by lemma [13] and hypothesis (33), for all A in A",
A (G, 0)(27[v],1) = 0
— (D/[)‘KyTv 0)(271”[’/]7 1) = ¢/(yTv O)(le“[l/]ﬂ 1)
T
= 2O+ [ ol dt+ 2o\ (G7.0) = Vall(SPLy)

< Ly(u,y, A, 0) = Val(PLy)
< )\ € S(DLy).

The lemma follows. O
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Remark 42. If problems (PLg) and (SPLg) do not have the same value, then the feasible set
of problem (DQy(v)) is S(SDLg) N ALY, which is then empty, and thus, Val(DQg) = —o0.

Consider the problem (PQg) defined by

o Min - Val(PQy(v). (PQs)

Corollary 43. The following second-order upper estimate holds:
V(0) < V(0) + 0 Val(PLg) + 6% Val(PQg) + o(6?). (4.12)

Proof. Let us set
A = limsup V(0) — [V(0) + 0 Val(PLy)]

010 02
By theorem |39 and lemma we already know that for all v in S(SY PLg) N MY,

A < Val(PQp(v)) = Ael\é[g;(Le)Qa[)\](u). (4.13)

Now, let v in S(SY PLy), let (v*); be a sequence of solutions to S(SY PLy) in My, converging
to v for the L?—distance. The existence of this sequence if given by corollary For all k, let
us denote by A\, a solution to
Max  Q7[\(F).
AES(DLe)

This solution exists, since S(DLy) is compact (being closed and bounded, by theorem and
since QY is continuous (by lemma . Extracting if necessary a subsequence, we can suppose
that A\* converges to some X in S(DLy). By continuity of Q?, we obtain that

lim sup (Ael\é[gche)Qe[)\](yk)) < QAl(v) < Max Q). (4.14)

)\ES(DLg)
Combining (4.13)) and (4.14)), we obtain that

A< inf Max Q°[\](v)
vES(SY PLg) AeS(DLo)

and the result follows. O

5 Lower estimates of the value function

5.1 A decomposition principle

In the family of optimization problems that we consider, the expression ®[A|(yr,6) plays the
role of a Lagrangian. The basic idea to obtain a lower estimate for the value function is to use
a second-order expansion of the right-hand-side of the following inequality:

¢(yT7 0) - d)(gTvO) > (I)[)\}(yT, 0) - (b[)‘](yT7O)a (51)
for a feasible trajectory y (for the perturbed problem (P,"")). This inequality holds since

(yr,0) — 2(Yr,0) € T (®(y7,0)) and A€ Nk (®(Yr,0)).
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The main difficulty in computing an expansion of the difference of Lagrangians is that we cannot
perform Taylor expansions with respect to the control variable, since we are interested by pertur-
bations of the control which are not small for the L>°—norm. The idea to deal with this difficulty
is to split the control into two intermediate controls, one accounting for the small perturbations
and one accounting for the large perturbations (both for the L°°—norm). The decomposition
principle that we obtain is an extension of [4, theorem 2.13].

In this part, we fix a sequence (6); J 0 and a sequence (u*,y*); of feasible trajectories for
the perturbed problems with § = 6. We set 6y* = y*¥ — 7. We also fix A € S(DLg). In the
proofs of lemma[d4] corollary 5] lemma 46| theorem [47] and corollary 48] we omit to mention the
dependence of the Hamiltonian with respect to p; (since the multiplier \ is fixed). For example,
we will write H (u,7,,0) instead of H[p}](u,7,,0). Moreover, we set Ry j = d1(f, 1*). Note that
by lemma 21} [|6yk|[oc = O(R1 i + Ok).-

Lemma 44. The following expansion holds:

[\ (yF. k) — @[N], 0)
Val PL@)G]C

//U [p)(w, 71, 0) — H[pR)[t]) dpae () dt

+ / /U (Hy 9]0, 54, 0) — Hy [ )3 di () it (5.2a)
T
+ / [ 01020 0.50.0) = Holp )0 o) (5.2b)
T
+ 3 [a0)07 + / Hy oy 150 00)7 dt + B[\ (65 01)? (5.20)

+o(6; + R7 1)
Proof. Expanding the difference of Lagrangians up to the second order, we obtain

SN (y7, ) — ‘P[A]@T,O)
= ‘I"[/\]( ,0)(8y%, 0) + 52" [N](8yF, 01)* + o(6, + |0y7|). (5.3)

We also have

Dy [N (T, 0)dy%
= pyoyh
= [poyl], + Posyl

- /OT (026 + pPoyk) dt + po[ O(Gk)—yo(o)}

= [ ([ k00 - Hi) ank) - k) a

+ 03 [1B0)66 + S8 06 + o(6})] (54)
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Moreover,

H(uuyf’ ek) - H[t]) d:uf(u) dt

I
_ / ! /U (o 00) — H (1, 0)) s ()
+ / ' /U (H(5,0) ~ ) d ()

T
- / / Hy (0,50, 0) (5 01 dpe ()

/ / LH (170, 0) (5, 00)? dul ()

/ / (u,7,0) — HH]) dpe (u)
UR

—|—0(0k—|—R17k)

T
_ / Hey o) (10,7, 0) (85 01 dyek (u) it
0 Ur

[ S tm 06k 00 ko a
/ / (u,7,0) — HIH]) dpik ()
Ur
+ O(Gk + Rl,k)'
Remember that
T
Val(PLg) = pul(0) + / Hylfldt + @[\ (r,0).

Finally,

3 Hy.0)2 (0,75, 0) 8y, 0x)” dpay (w) dt

and

Rl,k(R%,k + ekr) Ri’ k + Rl 1961/2 33/2
= O(Rl,k) + O(Rl,kak + 02)
= O(Rik + 9,3)

Combining expansions (5.315.8)), we obtain the lemma.

/.
T
- / /U LH 02 [f] (00, 06)2 dub (w) At + O(Ryx(R2, +62)).

(5.8)
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Corollary 45. The following expansion holds:

T
— Val(PLy)y + / [ 0.5.0) = HRI do)

+ O(R1 ]10y" o) + O(R1 x0k) + O(67) + o( RE ). (5.9)

Proof. This corollary follows directly from the expansion given in lemma We replace respec-

tively terms (5.24), (5.2b), and (5.2d) by the following estimates: O(Ri x||6v"||o0), O(R1 40k),
O(0% + ||0y*||?) = O(02 + Ry 105), and the corollary follows. O

From now, we set z* := 2[u* © 1]. Note that the dynamic of z* is given by equation (4.8].

Lemma 46. The following expansion holds:

O\ (7, 0k) — @\ (7r,0)

= Val(PLg)Hk
T
[0 .0 - H) duet) a (5.10a)
[ g0 - mEE 0 dfar (5100
/ g (Ho[p)(w, Uy, 0) — Ho[p)[t]) 0k dpsf (u) dt (5.10c)
+ 2 [(0)67 + / Hey o (4 + €005, 0,)° di (5.104)
+ @ [N( + €400, 00)?] (5.10¢)

+o(0f + R} ).
Proof. We have already proved in lemma [29] the following estimate:
169" — (2" + 04€%) || = O(RY ;, + 63).

Therefore, we replace 4" by its standard expansion z* +60,£? in terms (5.2a]) and (5.2d) of lemma,
4] The errors that we make are respectively of order Rl,k(Rik + 67) and R‘ik + 6. We have
already proved (see estimate ([5.3)) that

Rii(RS ), +07) = o(R ; + 07).
The lemma follows. O

Now, in order to go further in the expansions, we need to split the control ;* into two controls.
To that purpose, we consider a sequence (A¥, B¥); of measurable subsets of [0,T] x Ur such
that for all k, (A%, B¥) is a measurable partition of [0, 7] x Ur. We consider the Young measures

% and pB* which are the unique Young measures such that for all g in C°([0,T] x Ug),

/ /UR (t,u dut *(u )dt:/Akg(t’u)dﬂk(tvu)+/Bk9(tﬁt)duk(t7u),
/ /UR (t,u) dp’ " (u )dt:/Bkg(t’u)d“k(t’u)+/Ak9(t>ﬂt)d#k(t,u).
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Note that if g is such that for almost all ¢ in [0,T7], g(¢,u:) = 0, then

/OT /UR g(t,w) dpy (u) dt = /OT /UR g(t,u) dp* (u) dt+/0T /UR g(t,w) duP* ().

Fori=1,2, weset R; a1 = d; (7, pwAF) and R; i = di(i, uBF). We also set 24% := z[uA*om),
and 2% .= 2[uP* © 7). Remember the definition of Qf given by (4.9).

Theorem 47 (Decomposition principle). Assume that

pF(BY)Y — 0 and ess sup {|lu —y|, (t,u) € A¥} — 0. (5.11)
k—o0
Then,
2F =24 L o(Ry A k) (5.12)

and the following expansion holds:

O\ (y7, 0k) — @[N] (77, 0)

1
= Val(PLg)0 + 5QG[A}(MAJf o)

T
[0 5.0 — H e ) a
0 R
+O(R§,A,k +R§,B,k +6]%) (513)
Proof. With the Cauchy-Schwartz inequality, we get Ry 4 = O(Ra2, 4,,) and since p*(B*) — 0,
Rime= [ lo—mldut (o
Bk

<Gy [

1/2
h |ufﬂt|2duk(t,u)} = o(Rap). (5.14)
o

Estimate (5.12)) follows from (5.14) and 2* = z4* + 2B In order to obtain expansion (5.13),
we work with the terms of the expansion of lemma [6]

With term (5.10a)), we obtain
T
/ / (H (.7, 0) — HIH]) du (u) dt
0 Ur
— [ [ (5.0 - H) au ) ar
0 Ur
T
— oy Bk,
n / /U (H0,3,,0) = ) )
T
_ / / Holt) (1 — )2 dp* (w) dt
0 Ur

T
Y. B,k
+/0 /UR<H<uvyt70>—H[thut (u) dt

+0(R3 A1) (5.15)
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With term ([5.10bf), we obtain

/OT /UR(Hy(u,yh 0) — Hy[t]) (2 + 01&7) duy (u) dt
- /OT /UR(Hy(“vyuO) — Hy[t]) (" + 0r]) dp* (w) dt
+ /OT /UR<Hy<uvyt,0> — Hy[t) 2" dp* (w) dt
i /OT /UR(H@/W’%»O) — Hy[t) (" + /01) dp " (u) dt

T
- / oo ) — T, 2 4 0,60) dpid* )
0 Ugr

+ O(R;A,k(RLA,k +01)) + O(Ry,gk(Ri,ak + R+ 0k)).

We also have that
R3 a1 (Riak+0k) = 0(R3 4 )

and

Rigk(Ri,ak+ Rigk+0k)
= o(Ro,k(R2,ak + Rk + 01))
= o(R3 A + B3 g + 07)-
With term (5.10c), we obtain similarly that

T
/ / (Hy (1, 5,,0) — Holt])0r du dt
0 Ur

T
= / / Hiy 0[] (u — Ty, ) dp" dt + O(R3 4 1,0k) + O(Ry,5.x01).
o Jug
We also have that
R%,A,kek = O(Rg,A,k) and Rl,B,kek = 0(R2,B,k0k:) = O(Rg,B,k + 0%)

With terms (5.10dH5.10€)), we obtain

T
/O Hyo)2[t](2F + 0k&], 0k)? dt + @"[N] (25 + 0E5, 01)?

T
= / / H(y,g)z [t}(zf"k + ngf, Qk)Q d,u,;l’k dt
0 Ur

+ B[N (2" + 0kED, 01)* + (R 4 s + 07)-
Finally, combining lemma [46] and estimates (5.15/5.21]), we obtain the result.
Let us denote by Q[\] : MY — R the following mapping:

T
Q[/\](V)=/O . Hy 2 [ ][8)(u, 2[2])? dpae (w) At + D2 [N (@, 0) (2[v])*.

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

With a similar proof to the proof of lemmal[40] we can show that Q[A] is a continuous with respect

to v, when M2 is equipped with the L2—distance.
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Corollary 48. Let us suppose that the assumptions of theorem[{7] are satisfied, then the following
estimate holds:

[\ (y7, 0k) — @[\ (¥, 0)
= Val(PLg)6 + %Q[A](;f‘”f o)

T
M(u, 7 _ A B,k w
+/0 /UR(H[pt]( G, 0) — H{py[t]) dpy" (u) dt
+o(R2 4, + R251) + O(62) + O R, 1,)- (5.23

Proof. This expansion derives directly from the expansion of theorem [£7] in which we have re-
placed the second-order terms involving 6 by the estimate O(Rz 4 10%). O

5.2 Study of the rate of convergence of perturbed solutions

In this part, we give estimates of the L?—distance between a solution to the perturbed problem
(P;’ ") and 7z under a strong second-order sufficient condition. We will also suppose that the
parameter 7 > 0 (which a uniform bound between the reference trajectory and a perturbed
trajectory) is sufficiently small.

Definition 49. We call critical cone Co and relazed critical cone CY the following sets:
Cy:={v € L?, ¢y, (1, 0)2[V]r =0, By, (Tr,0)2[V]7 € Tre(2(Fr,0))}, (5.24)
Y = {v e MY, 6y (@r.0)2llr = 0, By, (Fr,0)2[v]r € Tic(®(F7.0)))- (5.25)

In the following assumption, we denote by ri(S(DLy)) the relative interior of S(DLg), which
is the interior of S(DLy) for the topology induced by its affine hull.

Hypothesis 50 (Second-order sufficient conditions). There exists o > 0 such that

1. for some X\ € ri(S(DLy)), for almost all t in [0,T], for all v in Ug,
H[p?](’l),yh()) - H[pg\](ﬂtvytvo) 2 Oél'U - Et|2a

2. for all v in CY,
sup Q) > allv|l3.

Remark 51. It is shown in [{, lemma 2.3] that since S(DLy) is compact, then for all X €
ri(S(DLy)), there exists 5 > 0 such that for almost all t, for all v in Ug,

H[p})(v,7,,0) — H[p}] (@, 7,.0) > B(AESF& AHP(5.0) - HIp (.5, 0)} )

It follows from this result that condition is equivalent to: there ewists o > 0 such that for
all p in M%,

T
sap { [ [ (05 0) ~ Hp)@1,5,0)) dis(a) de } = ol
AeS(DLe) Y Jo Jug

In the sequel, we use this form of the second-order sufficient condition.
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Lemma 52. Ifn > 0 is sufficiently small, then for any sequence (0)x | 0, for any sequence of
solutions (u*,y*)x to 1} with 0 = 04,
Ro . = do(Ti, ) — 0. (5.26)

Proof. We prove this lemma by contradiction. We suppose that there exists two sequences

(m)x 4 0 and (8;) | 0 and a sequence of solutions (1, y*) to (P, ") with 5 = 1, and 6 = 6y
such that
liminf Ry x = liminf do(f, u*) > 0. (5.27)
k— o0 k— o0

It follows from the boundedness of S(DLyg), inequality (5.1]), corollary [d5] and assumption ([50][T)
that

¢(y17€’1 01@) - ¢(yTa 0)

T
> ValPLoy+ s I (D 0,7,,0) — HIp) et ()

+ O(Ry 101) + O(Ry 1]|6y"||oo) + O(07) + o(R3 ;)
> Val(PLg)0), + aR3 ). + O(Ry i) + O(Ryxnk) + O(07) + o(R3 ).

Using the first-order estimate (lemma , we obtain that

aR%yk < O(Qk) + O(RLkgk) + O(Rlykﬁk) + 0(92) + O(R%k)

< 0(6k) + O(Ryk0k) + O(R1 ki) + O(63) + o(R3 )
thus, since the sequence (Ry x)x is bounded,
RS ), = o(0k) + O(Ry10k) + O(Ry ki) + O(67) = o(1),

in contradiction with (5.27]). O

From now, we fix a parameter 7 > 0 sufficiently small so that lemma [52] is satisfied. We are
now able to build a sequence (A¥, B¥); which can be used in the decomposition principle. Let
us set

AP = {(t,u) € [0,T] x Ug, |u—w| < /R },
B* = {(t,u) € [0,T] x Ug, |u— | > \/Rix }.

We consider the sequences (u?*); and (u?*); associated with (1*); and the sequence of parti-
tions (A, BF),. We still use the notations z4* and z5*. Then,

T
Rix= / / lu — T | dpk (u) dt
0o Jug

T
/ / /B () dk (uw) dt
0 Ugr

v

> /Ry - u*(B).
Thus, u < /Rix =0(y/R2x) — 0, by lemma 52| Moreover,
ess sup {|u — |, (t,u) € A¥} < /Ry = O(\/Rax) —
k—oo

As a consequence, we can apply the decomposition principle to the partition.
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Theorem 53. The following estimates on the rate of convergence of perturbed solutions holds:
Ro = do(fi, %) = O(0k),  |ly" = Tlloo = O(0k). (5.28)
Proof. ©> First step: Ry g = O(Ro, 4k + 0k).
With corollary and the second-order upper estimate , we obtain that for all A € S(DLy),
SN om + [ [ 0, 5,,0) — H ) P o
< O(Rg,A,k + R%,B,k) + OOk R, 1) + O(0). (5.29)

The estimates are uniform in ), since S(DLg) is bounded. Since Q\(u** o) = O(R3 4 ;), we
obtain by the second-order sufficient condition (hypothesis [50[1) that

OéR%,B,k = O(Rg,A,k +63),

thus, ]%2737]€ = O(R27A7k + ak)

> Second step: Ra a5 = O(0k).
Let us prove by contradiction that Ra 4 = O(0r). Extracting if necessary a subsequence, we
may assume that 0, = o(Rz 4%). It follows directly that Ry g, = O(R2,4,k). Forall A € S(DLy),

T
/ H(w,5,.0) — [t dpP* (u) dt > 0,
0 Ugr

thus, by (5.29),

sup  Q(u ©7) < O(6F) + Ok R, a k) + 0(R3 4 1) = 0(R3 4 x)- (5.30)
)\ES(DL@)

Using definition [26] we set

Ak ~ 77 Ak ~ =
yh= B DY ou and 2F = 2[¥] = Ap om Qu]'

Ro Ak  Roax
Let us prove that
qsyT(yTaO)ZT[Vk} = 0(1)7 (531)
dist (@, (7, 0)2r[V*], T (®(F7,0))) = o(1). (5.32)
By lemma [29] we obtain that

Ak B,k
Syp = 2" + 2" + 0665 +O(07) + O(RY 4y + Ri )
= 22F 4 o(Ryn k).
AS a consequence,

Sk, 0%) — 6(Fr. 0) = by Fr, 0)2p" + o(Ra,a )

= Ro A [0y Ur. 0)zr[*] + o(1)], (5.33)
q)(y’.llc"’ ek) - ¢(?T7 O) = (I)yT (?T, O)Z?7k + 0(R2,A7k)
= R2, Ak [Py (U7, 0)2r V"] + 0(1)]. (5.34)
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Estimate (5.31) follows from (5.33) and from the following first-order upper estimate:
oW 0k) — 6(F7,0) < O(0k) = o(Ra,a,1)-
Estimate (5.32)) follows from ([5.34) and from the following inclusion:

(I)(yéﬂ, ek) - (P(yTa 0)
R Ak

€ Tk (®(Yr,0)).

We can apply Hoffman’s lemma (see [5, theorem 2.200] or [I5] for a historical reference) to p[v*]
and to the critical cone, since p[v*] satisfies also expansions and . We obtain the
existence of a sequence (9%); in Cy which is such that ||p[v*] — 9¥|]s — 0. By lemma [27, we
obtain the existence of a sequence (7*); in CY such that do(v*,7%) — 0. It follows from
that

sp QM) = sup AT

= =o(1). (5.35)
AES(DLyg) AES(DLyg) 2,A,k

By the strong sufficient second-order condition and the continuity of Q[)], we obtain that

sup Q[A](V’“): sup Q[A}(ﬂk)—&-o(l)
AES(DLQ) AES(DLQ)

> al|7"|]3 + o(1)

= o |[V¥]|3 + o(1)

— a+o(1),
in contradiction with " It follows that R2,A,k = O(@k), thus R27k = O(RQ,A,k+R27B7k) =0
and finally that ||y* — ¥[|oc = O(6}), by lemma (56). O
5.3 First- and second-order lower estimates

In this section, we compute a first and a second-order lower estimate for the value function. The
first-order lower estimate derives directly from inequality (5.1)), corollary 5] and theorem

V(0r) — V(0) > Val(PLg)0y, + O(63).
Theorem 54. The following second-order estimate holds:
V(0) = V(0) + 6 Val(PLg) + 62 Val(PQy) + o(6?). (5.36)

Moreover, for any 0 | 0, we can extract a subsequence of solutions u* to 1} such that
k

a 69 4 converges narrowly to some U solution of (PQy).
k
Proof. Let (0)r 0. We set
ap_ prow o pFouw
v =——— = .
O O

By theorem R3 4, = O(67). Therefore, (vAk), is bounded for the L?—norm and we can
extract a subsequence such that (v**) converges for the narrow topology to some ¥ in MJ .
Moreover, we can show that

Bk ol

dl(Vk,VA’k) < ||,U'

< = = o),
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thus, v* equally converges to ¥ for the narrow topology. For all A € S(DLy),

T
[ #d 5.0 - HRG &l ) de = 0
o Jug
thus, by inequality (5.1) and by the decomposition principle (theorem [47),
92
V(0y) — V(0) > 04 Val(PLg) + E’CQ" A F) + 0(67).

Let us prove that v ~ QP[\](v) is lower semi-continuous for the narrow topology at 7. We
already know that (z[v*]); converges uniformly to z[77]. Then, all the terms involving a second-
order derivative different from H,, have a linear growth, thus lemma apply and we obtain
that, for example,

T
L[ sl =,z ) () = dmw)) de = o,
Moreover,

T
R A —\2 k -
lim in /O /]R (e~ ) () — ) de > 0

k—o0

2

since the integrand H,, [p}][t](v — u;)? is non-negative. Finally, we obtain that

V(0x) = V(0) > 64 Val(PLy) + %Q"m (7) + o(67).

Let us prove that 7 is a solution to problem (SY PLg)). Following the proof of theorem (53)), we
obtain that
5y’§1 = ng?,k + O(Qk)

and therefore that
Sy, 0k) — &[T, 0) = Okdy, (Tr, 0) 2™ + 0(0),
(D(y];“a ek) - (b(gT) 0) = qu)yT (?Tﬁ O)Z?7k + O(Gk)'

Since
O(Y5, 0k) — (U7, 0) = Val(PLg)0y, + o(y,),

we obtain that ¢y, (7r, O)z?’k = Val(PLg). Since
(p(yéc“v ek) - (b(yTa O) € TK((I)(yT7 O))a

we obtain that @, (¥, O)z?’k € Tk (®(7p,0)). This proves that 7 is a solution to (SY PLy|). By
lemma [1] and corollary 3] we obtain that

Val(PQo()) < __inf - Val(PQy(v),

thus, 7 is a solution to problem (PQy) and the theorem follows. O

Remark 55. The second-order expansion can be simplified as follows:

V(®) = V(0) +6Val(PLo) +6°( Min, Val(PQy(v))) + o(6?).
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Proof. Let 6; | 0. By lemma we know that da (7, u*) — 0, thus, by lemma we obtain the
existence of a sequence (u”*);, of o(6?)-optimal controls such that

[lu* — 2 = O(0).

Therefore, we can apply the decomposition principle to (u¥); and we obtain the existence of
sequences (uF);, and (u?*);, which satisfy (5.13). Following the proof of theorem |54} we prove
that (u* —)/6) converges to some T in L? for the weak topology of L2, and that 7 is a solution
to problem . Finally, since v +— Q°[\](v) is lower semi-continuous for the weak topology
of L? (see [14, lemma 21| for the idea of a proof), we obtain that the r.h.s. of is a lower
estimate of V'(#). It is also an upper estimate since

< i .
Val(PQy) < ueé\gél}?Lg)Val(PQe(y))

Expansion follows. O

6 Two examples

6.1 A different value for the Pontryagin and the standard linearized
problem

Let us consider the following dynamic in R?:

= (u},u?)T, for a.a. t € [0,7],
Yo = (OﬂO)T

The control u is such that ||u||co < 1 and we minimize ys r[u] under the constraint y; ru] = 6,
with # > 0 and 6 = 0. The coordinate gy, correspond to the integral which would have been used
in a Bolza formulation of the problem. For # = 0, the problem has a unique solution 7 = 0,
y = (0,0)T. This solution is qualified in the sense of definition |7} since for v = 1, &v] = T
and for v = —1, & [v] = —T. However, the solution is not qualified in the sense of the standard
definition, since the standard linearized dynamic z is equal to 0.

For § < T, the problem has infinitely many solutions, one of them being;:

P 1, ifte(0,0),
Uy =
7)o, ifted,7).

Indeed, y1 7[u’] = 0, yo r[u’] = 0 and if v? is feasible, then

T T
6= yrlo”] = / (of)? dt < / (0f)? dt = yo 7o),
0 0

which proves that u? is optimal. Moreover, if v? is optimal, then the previous inequality is an
equality and thus, for almost all ¢, (v?)% = (v?)2, that is to say, v/ € {0,1}. We also obtain that
[[v? — || = V0 and |[v? —||o = 1.

Now, let us compute the sets of multiplier A and A (for the reference problem). Since
the dynamic does not depend on y, denoting by A € R the dual variable associated with the
constraint y; 7[u] — 0 = 0, the costate p* is constant and given by p; = (), 1). The Hamiltonian
is given by

H[N(u) = u? + M.
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As a consequence, we obtain that AX = R x {1} and A” = [-1,1] x {1}. The Lagrangian
associated with our family of problem is given by

T
£,y A, 0) = / (w2 + ) dt + A(yrg — 6),
0

therefore, Lq(w,7,\,0) = —\, Val(PLg) = 1, and Val(SPLy) = +oo. In this example, the
Pontryagin linearized problem enables a more acurate estimation of the value function. Since
the solution @ is not qualified in a standard definition, it is not surprizing that the associated
linearized problem has a value equal to +oc.

Note that the second-order theory developed in the article cannot be used to study this
example, since we do not have the equality of Val(PLy) and Val(SPLy). Moreover, observe that
for the solution A = —1 of (DLy)), the Hamiltonian H[A](u) = u? — u® has two minimizers: 0
and 1. The set of minimizers contains the support of the solutions to the perturbed problems.

6.2 No classical solutions for the perturbed problems

This second example shows a family of problems for which the perturbed problems do not have
a classical solution. This example does not fit to the framework of the study since we consider
control constraints. However, we believe it is interesting since in this case, the ratio (u’ ©u)/6
converges to a purely relaxed element of M) for the narrow topology. This confirms us in the
idea to use relaxation to perform a sensitivity analysis of optimal control problems.

Let us consider the following dynamic in R?:

(G0 92,0)" = (wr, Y7 +2(ve = 0)* —u})7, for aa. t € 0,7,
(y1,07y2,0)T = (07O)Ta

where for almost all ¢ in [0, 7], v; > u; and v; > —u;. The perturbation parameter ¢ is nonneg-
ative and § = 0. We minimize y2 7. For § = 0, the problem has a unique solution w = (0, 0)7,

7 = (0,0)7. The associated costate p = (p1,p2) is constant, given by p; = 0 and p, = 1. Thus,
H(p)(u,v,7,) = 2(v — 0)* — u®.

This Hamiltonian has been “designed” in a way to have a unique minimizer when 6 = 0, but two
minimizers (+26,260) when 6 > 0. Let us focus on optimal solutions to the problem when 6 > 0.
Let u,v € L*°(][0,T],R), we have

T
Yo7 [u,v] = / Y[, 11]2 +2(ve — 9)2 - uf dt
0

T
= / Y1 ¢[u, v]* 4 207 — 40v; + 2607 — uZ dt
0

T

= / y1.e[u, 0]+ (07 —ud) + (v — 20)% — 202 dt
0

> — 20°T.

This last inequality is satisfied if for almost all ¢ in [0,T7], y1[u,v] = 0, vy = 26, |w| = vy.
As a consequence, the problem does not have classical solutions, but has a unique relaxed one,
1 = ((0_29 + d29)/2,26). Moreover,
wou
0

= ((0—2 +02)/2,62).
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A Appendix on Young measures

A.1 First definitions

Weak-* topology on bounded measures Let X be a closed measurable subset of R™. We
say that a real function ¢ on [0,7] x X vanishes at infinity if for all £ > 0, there exists a compact
subset K of [0, 7] x X such that for all (¢,u) in ([0,7] x X)\K, |[¢(t,u)] < e. We denote by
CY([0,T] x X) the set of continuous real functions vanishing at infinity. The set M;([0,7] x X)
of bounded measures on [0,7] x X is the topological dual of C°([0,T] x X). We endow this dual
pair with the associated weak-+ topology. Note that this topology is metrizable since [0,T] x X
is separable.

Young measures Let us denote by P the projection from [0,7] x X to [0,7]. Let p be in
MF([0,T) x X), g is said to be a Young measure, if Py is the Lebesgue measure on [0, 7]. We
denote by MY (X) the set of Young measures, it is weakly-* compact |21, theorem 1].

Disintegrability Let us denote by P(X) the set of probability measures on X. To all mea-
surable mapping v : [0,7] — P(X) (see the definition in [2I, page 157]), we associate a unique
Young measure p defined by: for all ¢ in C°([0,7] x X),

/[O,T]XX Pt u) dp(t,u) = /OT/Xw(t,u) dvy(u) dt.

This mapping defines a bijection from L([0,T]; P(X)) to MY (X). This property is called disinte-
grability. Note that L([0,7]; P(X)) C L>([0,T]; My(X)), which is the dual of L' ([0,7]; C°(X)).
On MY (X), the weak-* topology of this dual pair is equivalent to the weak-* topology previously
defined [21] theorem 2]. In the article, we always write Young measures in a disintegrated form.

Denseness To all w in L([0,T]; X), we associate the unique Young measure p defined by for
almost all ¢ in [0, T, py = &4,. The space L([0,7T7]; X) is dense in MY (X) for the weak-* topology
[22] proposition 8.

Lower semi-continuity of integrands We say that v : [0,7] x X — R is a positive normal
integrand if 1) is measurable, ¢ > 0 and if for almost all ¢ in [0, T, ¥ (¢, -) is lower semi-continuous.
If 4 is a positive normal integrand, then the mapping

T
pe MY 00 [ [ ) duu)ar
0o Jx
is lower semi-continuous for the weak-* topology [2I], theorem 4].

Narrow topology We say that ¢ : [0,7] x X — R is a bounded Caratheodory integrand if
for almost all ¢ in [0, 7], 9(¢,-) is continuous and bounded and if ||1)(¢,)|| is integrable. The
narrow topology on MY (X) is the weakest topology such that for all bounded Caratheodory
integrand 1,

v T
je MY (X) o / /X () dpe(ur) du

is continous. This topology is finer than the weak-* topology.
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Wasserstein distance We denote by P! and P? the two projections from [0,7] x X x X to
[0,T] x X defined by P'(t,u,v) = (t,u) and P?(t,u,v) = (t,v). Let u' and pu? be in MY (X),
then 7 in M, ([0, 7] x X x X) is said to be a transportation plan between p! and p? if Pym = ut
and Pjﬁﬁ = 12, Note that a transportation plan is disintegrable in time, like Young measures. We
denote by TI(u!, u?) the set of transportation plans between u! and p2. It is never empty, since
it contains the measure 7 defined by m = u} ® p? for almost all t. We define the LP—distance
between p' and p? by

dp(pt, u?) = inf / / |v — u|P dmg(u, v) dt p. (A1)
XxX

wEH (ph,p?)

This distance is called the Wasserstein distance [, section 3.4]. The set II(u!, u?) is narrowly
closed and if d,(p*, ?) is finite, any minimizing sequence of the problem associated with
posseses a limit point by Prokhorov’s theorem [2I], theorem 11], thus by lower-semi-continuity
of the duality product with a positive normal integrand, we obtain the existence of an optimal
transportation plan.

If ' is the Young measure associated to u' € L([0,7]; X), then for all 2 in MY (X), there
is only one transportation plan 7 in IT(u!, 4?), which is, for almost all ¢ in [0, T, for all u and v
in X, m(u,v) =6, (u)u?(v), therefore,

2) [ / ' / ol du ) dt] " (A.2)

If 4! and p? are both associated with uy and us in L([0,77]; X), then d,(ut, u?) = ||uz — 1],

A.2 Young measures on Ug

We suppose here that X is equal to Ugr, the ball of R™ with radius R and center 0. We
denote MY, = MY (Ug). The set U being compact, MY is weakly-* compact [2I, theorem 1].
Moreover, the weak-* topology and the narrow topology are equivalent [21] theorem 4].

Differential systems controled by Young measures Let 2° € R", let g:[0,7] x X — R"
be Lipschitz continuous (with modulus A), then for all y in MY, the differential system

{o‘ct= fU (20, u) dpag (u)

Lo

has a unique solution. This solution is denoted by x[u].

Lemma 56. Let us equip L>([0,T];R") with the uniform norm. The mapping p € M%
z[p] € L>([0,T);R"™) is weakly-+ continuous and Lipschitz continuous for the L'—distance of
Young measures.

Proof. > Weak-+ continuity.
Let u € MY, let (uy)r be a sequence in M} converging to u for the weak-+ topology. The
sequence (g*);, defined by

g = / F(alp), 0) (e () — dpag () ds
0 Ugr
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converges pointwise to 0. We can show with the Arzela-Ascoli theorem that this convergence is
uniform. For all ¢ in [0, 7],

IN

|24 (1] — 4[]

/ / F@ali?)w) — £l w)| dpt () ds
0 Ur

+

/ S ol ) (A (1) — dpag (1)) ds
0 Ur

/0 O[] — 24y} ds + o(1),

where the estimate o(1) is uniform in time. The uniform convergence of z[u*] follows with
Gronwall’s lemma.

> L'—Lipschitz continuity.
Let p! and p? in ME, let m be an optimal transportation plan between pu' and p? for the
L'—distance. For all ¢ in [0, 7],

) — '] < | /0 /U H@ ) = fla et dr ) ds
' 2 — X 1 V—U TTelUu, v S
< / /URXURAwsw )]+ o — ul) dry(u, v) d

< / Al [12) — ]| ds + Ady (", ).
0

The Lipschitz continuity follows with Gronwall’s lemma. O

A.3 Young measures on R™

We suppose here that X = R™. We equip MY := MY (R™) with the narrow topology. In the
article, elements of MY are denoted by v. For p in [1,00), we denote by M) the set of Young
measures v in MY with a finite L? —norm, defined by ||v||, = d,(0,v), where d, is the Wassertein
distance. We denote by MY the set of Young measures with a bounded support and we define
the L>°—norm as follows:

[|¥||loo = inf {a € R, v(][0,T] x B(0,a)) =v([0,T] x R™)}.
Note the inclusion MY, ¢ MY c MY.
Lemma 57. The unit ball BY of M} is narrowly compact.

Proof. Let us prove that B is tight ie, for all ¢ > 0, there exists a compact subset K of R™
such that for all v in BY, v([0,T] x (R™\K)) <. Let € > 0, let K be the ball of R™ with centre
0 and radius 1/y/z. For all v in BY,

T T
v([0,T] x (R™\K)) = 6/0 /m 1dl/t(u) dt < 5/0 /Rm\K lu|? dug(u) dt < e.

\K €

Then B} is tight and by Prokhorov’s theorem [21 theorem 11|, BY is narrowly precompact
in MY. The mapping (¢,u) — |u|?> being a positive normal integrand, the L?—norm is lower
semi-continuous and therefore, B is closed for the narrow topology. Finally, B is narrowly
compact. O

RR n°® 7977



46 Bonnans & Pfeiffer & Serea

Lemma 58. The mapping p € MY w— z[u] € L*>([0,T],R") is well-defined and Lipschitz
continuous.

Proof. The proof is similar to the proof of lemma O

Lemma 59. Let ¥ : [0,7] x X — R™ a measurable mapping be such that for almost all t in
[0,T], (t,-) is continuous and such that

esssup [U(t,u)|= o (|u?).
te[0,T] lu|—o0
Then the mapping
I/GMYi—)/ @[Jtu)dut( ) dt (A.3)

is sequentially continous for the narrow topology.

Proof. The proof is inspired from [T}, remark 5.3]. Let (v*); be a sequence in M3 converging to
v in MY for the narrow topology. Let A be a bound on |[*||s. Let ¢ > 0. Let B > 0 be such
that for almost all ¢ in [0, 7], for all u in R™,

Y(t,u) < elul® + B.
Then, —1(t,u) + €|u|?> + B is a positive normal integrand. Thus,

T
/ —h(t,u) + elul* + B dv(u )dt<hm 1nf/ —ip(t,u) + elul* + Bdvf (u) dt
O Rm R'VYL

and therefore,
T
/ —(t,u) dvg(u) dt < hm 1nf/ —tp(t,u) dvf (u) dt + 2e A2
0o Jrm 0 JRm
To the limit when ¢ | 0, we obtain that
T
/ Y(t, w) dvy(u) dt > lim sup/ W(t,u) dvf (u) dt
0 Jrm k—o0 R™

which proves the upper semi-continuity of the mapping (A.3). We prove similarly the lower
semi-continuity. O
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