♦ •♦♥❣❡r ❛ ❝♦✲✈❛•✉❡ s✐♥❝❡ ✈❛r✐❛❜•❡ x ✐s ♥♦t ♥❡❡❞❡❞ ✖ ✐♥❞❡❡❞ x ♠✉st ✜rst ❜❡ s✉❜st✐t✉t❡❞ ❢♦r z✳ ❚❤❡ s♦•✉t✐♦♥ ❢♦••♦✇❡❞ ❤❡r❡ ✐s t♦ r❡str✐❝t t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦✲✈❛•✉❡ ✉♥t✐• ✇❡ ❤❛✈❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ r❡st ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤✉s✱ ❛ ❝♦♥t❡①t ♦❢ t❤❡ ❢♦r♠ μx. x||α ✐s ♥♦t ❛ ❝♦✲✈❛•✉❡✱ ❜❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r ♦r ♥♦t x ✇✐•• ❜❡ ❢♦r❝❡❞✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s c → β c ′ C[c] → lv C[c ′ ] c → μv c ′ C[c] → lv C[c ′ ] c → µ l c ′ C[c] → lv C[c ′ ] ❆ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛• ❢♦r♠ ✭✇❤♥❢✮ ❢♦r λ lv ✐s ❡✐t❤❡r C[ λx.t||α ] ♦r C[ z||F ] ✇❤❡r❡ z ✐s ♥♦t ❜♦✉♥❞ ✐♥ C✳ ❚❤❡ st❛♥❞❛r❞✐③❛t✐♦♥ ✐s ❝♦♠♣•❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ r❡❞✉❝t✐♦♥✿ ✉s✐♥❣ st❛♥❞❛r❞ ♣r♦♦❢ t❡❝❤♥✐q✉❡s ✭s❡❡ ❡✳❣✳ ❬✷(✮✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ✐❢ c → → lv c ′ ❛♥❞ c ′ ✐s ❛ ✇❤♥❢✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✇❤♥❢ c ′′ s✉❝❤ t❤❛t c → → lv c ′′ ❛♥❞ c ′′ → → lv c ′ ✳ ✸ ❆ ♠✉•t✐❝✉t s❡q✉❡♥t ❝❛•❝✉•✉s ✭λ [lv τ ] ✮ ❲❡ ♥♦✇ ❡①♣•♦r❡ ❛ ❝❛•❝✉•✉s✱ ✇❤✐❝❤ ✇❡ ❝❛•• t❤❡ ♠✉•t✐❝✉t ❝❛•❝✉•✉s✱ ✇❤✐❝❤ ❦❡❡♣s t❤❡ st❛♥❞❛r❞ r❡❞❡① ❛t t❤❡ t♦♣ ♦❢ ❛ ❝♦♠♠❛♥❞ ❛♥❞ ❛✈♦✐❞s s❡❛r❝❤✐♥❣ t❤r♦✉❣❤ t❤❡ ♠❡t❛✲❝♦♥t❡①t ❢♦r ✇♦r❦ t♦ ❜❡ ❞♦♥❡✳ ❲❡ ❞❡s✐❣♥ t❤❡ ❝❛•❝✉•✉s ✐♥ t❤r❡❡ st❡♣s✳ ❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s②♥t❛❝t✐❝ ♥♦t❛t✐♦♥ ❢♦r ❢♦r❝❡❞ •❡t✲❡①♣r❡ss✐♦♥s ✭μx.C[ x||F ]✮ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ r❡❞✉❝t✐♦♥ r✉•❡s✳ ❙❡❝♦♥❞✱ ✇❡ ❛♣♣•② ❉❛♥✈②✬s ❬✺( t❡❝❤♥✐q✉❡ t♦ s②s✲ t❡♠❛t✐❝❛••② ❞❡r✐✈❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❛❜str❛❝t ♠❛❝❤✐♥❡✳ ❚❤✐r❞✱ t❤❡ ♠✉•t✐❝✉t ❝❛•❝✉•✉s ❝♦♠❡s ♦✉t ❛s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡✳ ❲❡ ♠♦❞✐❢② t❤❡ s②♥t❛① ♦❢ λ lv ❜② ✇r✐t✐♥❣ ❢♦r❝❡❞ •❡ts ❛s μ[x]. x||F τ s♦ t❤❛t t❤❡ ❢♦r❝❡❞ ❝♦♠♠❛♥❞ ❛♥❞ ✐ts s✉rr♦✉♥❞✐♥❣ ❡♥✈✐r♦♥♠❡♥t ♦❢ ❜✐♥❞✐♥❣s ❛r❡ ❦❡♣t s❡♣❛r❛t❡✱ ❣✐✈✐♥❣ ✉s λ [lv ] ✳ ❚❤❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♠❛♥❞ ❛♥❞ ✐ts ❡♥✈✐r♦♥♠❡♥t ♠❛❦❡s ✐t ❡①♣•✐❝✐t t❤❛t t❤❡ ❝♦♠♠❛♥❞ ✐s ❜r♦✉❣❤t t♦ t❤❡ t♦♣ ♦❢ ❛ ❢♦r❝❡❞ •❡t ✖ t❤❡r❡ ✐s ♥♦ ✉♥❜♦✉♥❞❡❞ s❡❛r❝❤ ❢♦r t❤❡ ❝♦♠♠❛♥❞ t❤❛t ✇❛s ❢♦r❝❡❞✳ ❚❤❡ s②♥t❛① ♦❢ λ [lv ] ✐s✿ E ∈ CoV alue ::= α | | F | | μ[x]. x||F τ τ ∈ Environment ::= ǫ | | [x = µα.c]τ ✇❤❡r❡ c, t, V, e ❛♥❞ F ❛r❡ ❞❡✜♥❡❞ ❛s ❜❡❢♦r❡✳ ❚❤❡ r❡•❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ s②♥t❛① ♦❢ λ [lv ] ❛♥❞ λ lv ✐♥❝•✉❞❡s✿ μ[x]. x||F τ ≈ μx.τ [ x||F ] = ǫ µα.c||μx.C = C[x = µα.c] ǫ = τ [x = µα.c] = µα.c||μx.τ ✇❤❡r❡ ❛•• ♦t❤❡r ✐❞❡♥t✐❝❛• s②♥t❛❝t✐❝ ❢♦r♠s ❛r❡ r❡•❛t❡❞✳ ❚❤❡ λ [lv ] r❡❞✉❝t✐♦♥ s②st❡♠✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r❡✈✐♦✉s β, μv ❛♥❞ µ l r✉•❡s✱ ❝♦♥t❛✐♥s t✇♦ ♥❡✇ r❡❞✉❝t✐♦♥s✿ ◆♦t❡ t❤❛t ✐♥ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ µα.c||μx. µβ.c ′ ||μz. x||F ✱ t❤❡r❡ ✐s ♥♦ ❝♦♥t❡①t s✇✐t❝❤✱ ♠❡❛♥✐♥❣ ✇❡ ❞♦ ♥♦t s✉❜st✐t✉t❡ ❢♦r α✳ ❋✐rst✱ t❤❡ ❢❛❝t t❤❛t x ✐s ♥❡❡❞❡❞ ✐s r❡❝♦r❞❡❞ ✈✐❛ t❤❡ r✉•❡ μ[] •❡❛❞✐♥❣ t♦✿ µα.c||μ[x]. x||F [z = µβ.c ′ ] ✳ ❆❢t❡r✇❛r❞✱ t❤❡ µ l r✉•❡ ❛♣♣•✐❡s✱ ❛s ✐♥ λ lv ✳ ❚❤❡ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ♦❢ λ [lv ] ✐s ❞❡✜♥❡❞ ❛s ❜❡❢♦r❡✳ ■t s✐♠✉•❛t❡s t❤❡ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞✐③❛t✐♦♥ ♦❢ λ lv ✳ ❚❤❡♦r❡♠ ✶✳ •✐✈❡♥ c 1 ❢r♦♠ λ [lv ] ❛♥❞ c 2 ❢r♦♠ λ lv s✉❝❤ t❤❛t c 1 ≈ c 2 ✿ ✲ ■❢ c 2 → lv c ′ 2 t❤❡♥ t❤❡r❡ ❡①✐sts c ′ 1 s✉❝❤ t❤❛t c 1 → 1/2 [lv] c ′ 1 ❛♥❞ c ′ 1 ≈ c ′ 2 ❀ ✲ ■❢ c 1 → [lv] c ′ 1 t❤❡♥ t❤❡r❡ ❡①✐sts c ′ 2 s✉❝❤ t❤❛t c 2 → 0/1 lv c ′ 2 ❛♥❞ c ′ 1 ≈ c ′ 2 ❲❡ ✉s❡ ❉❛♥✈②✬s t❡❝❤♥✐q✉❡ ❢♦r ✐♥t❡r✲❞❡r✐✈✐♥❣ s❡♠❛♥t✐❝ ❛rt✐❢❛❝ts ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ❛♥ ❛❜str❛❝t ♠❛❝❤✐♥❡ ❢♦r λ [lv ] ✳ ❚❤❡ ✜rst st❡♣ ✐♥ ❞❡r✐✈✐♥❣ ❛♥ ❛❜str❛❝t ♠❛✲ ❝❤✐♥❡ ❢r♦♠ ✐ts ❝❛•❝✉•✉s ✐s t♦ r❡♣r❡s❡♥t t❤❡ ♦♣❡r❛t✐♦♥❛• s❡♠❛♥t✐❝s ❢♦r t❤❛t ❝❛•❝✉•✉s ❛s ❛ s♠❛••✲st❡♣ ✐♥t❡r♣r❡t❡r✳ ❚♦ ❜❡❣✐♥✱ ✇❡ ❝❛♣t✉r❡ t❤❡ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✐♥ ❛ s❡❛r❝❤ ❢✉♥❝t✐♦♥ t❤❛t✱ ❣✐✈❡♥ ❛ ♣r♦❣r❛♠✱ ✐❞❡♥t✐✜❡s t❤❡ ♥❡①t r❡❞❡① t♦ ❝♦♥tr❛❝t✳ ❇② ❈P❙ tr❛♥s❢♦r♠✐♥❣ ❛♥❞ t❤❡♥ ❞❡❢✉♥❝t✐♦♥❛•✐③✐♥❣ t❤❡ s❡❛r❝❤ ❢✉♥❝t✐♦♥✱ t❤❡ ❝❛•• st❛❝❦ ♦❢ t❤❡ s❡❛r❝❤✐♥❣ ♣r♦❝❡❞✉r❡ ✐s r❡✐✜❡❞ ❛s ❛ ❞❛t❛ str✉❝t✉r❡✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s ✇✐t❤ t❤❡ ✐♥s✐❞❡✲♦✉t ✭♠❡t❛✲✮❝♦♥t❡①t ❞❡✜♥✐♥❣ t❤❡ st❛♥❞❛r❞✐③❛t✐♦♥✳ ❚❤❡ ❞❡❢✉♥❝t✐♦♥❛•✐③❡❞ s❡❛r❝❤ ❢✉♥❝t✐♦♥ ✐s ❡①t❡♥❞❡❞ ✐♥t♦ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢✉♥❝t✐♦♥ t❤❛t s♣•✐ts ❛ ♣r♦❣r❛♠ ✐♥t♦ ❛ ♠❡t❛✲❝♦♥t❡①t ❛♥❞ r❡❞❡①✳ ❉❡❝♦♠♣♦s✐t✐♦♥✱ ❝♦♥tr❛❝t✐♦♥✱ ❛♥❞ r❡❝♦♠♣♦s✐t✐♦♥ t♦❣❡t❤❡r ❞❡✜♥❡ ❛♥ ✐t❡r❛t✐✈❡ s♠❛••✲st❡♣ ✐♥t❡r♣r❡t❡r ❛♥❞ ❛♥ ♦♣❡r❛t✐♦♥❛• s❡♠❛♥t✐❝s ❢♦r t❤❡ ❝❛•❝✉•✉s✳ ❚❤❡ ♥❡①t st❡♣ ✐♥ t❤❡ ♣r♦❝❡ss ✐s t♦ tr❛♥s❢♦r♠ t❤❡ ✐t❡r❛t✐✈❡ s♠❛••✲ st❡♣ ✐♥t❡r♣r❡t❡r ✐♥t♦ ❛ ♠✉t✉❛••② r❡❝✉rs✐✈❡ ❜✐❣✲st❡♣ ✐♥t❡r♣r❡t❡r✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡✳ ❋✐rst✱ t❤❡ r❡❝♦♠♣♦s✐t✐♦♥✲❞❡❝♦♠♣♦s✐t✐♦♥ st❡♣ ✐s ❞❡❢♦r❡st❡❞ ✐♥t♦ ❛ r❡❢♦❝✉s✐♥❣ st❡♣✳ |❛t❤❡r t❤❛♥ t❛❦✐♥❣ t❤❡ ❝♦♥tr❛❝t❡❞ r❡❞❡① ❛♥❞ r❡❝♦♠♣♦s❡ ✐t ✐♥t♦ t❤❡ ❢✉•• ♣r♦❣r❛♠✱ ♦♥•② t♦ ✐♠♠❡❞✐❛t❡•② ❞❡❝♦♠♣♦s❡ t❤❛t ♣r♦❣r❛♠ ❛❣❛✐♥✱ t❤❡ s❡❛r❝❤ ❢♦r t❤❡ ♥❡①t r❡❞❡① st❛rts ❢r♦♠ t❤❡ ❝✉rr❡♥t s✉❜✲♣r♦❣r❛♠ ✐♥ ❢♦❝✉s ✈✐❛ r❡❢♦❝✉s✐♥❣✳ ◆❡①t✱ t❤❡ ✐t❡r❛t✐✈❡ ✐♥t❡r♣r❡t❡r ✐s ❢✉s❡❞ t♦ ❢♦r♠ ❛ ♠✉t✉❛••② r❡❝✉r✲ s✐✈❡✱ t❛✐•✲❝❛•• ✐♥t❡r♣r❡t❡r✳ ❚♦ ✜♥✐s❤ t❤❡ ♣r♦❝❡ss✱ ✇❡ ❝♦♠♣r❡ss ❝♦rr✐❞♦r tr❛♥s✐t✐♦♥s✱ ❡•✐♠✐♥❛t❡ ❞❡❛❞ ❝♦❞❡✱ ✢❛tt❡♥ ♣r♦❣r❛♠ st❛t❡s✱ ❛♥❞ ❝♦♥✈❡rt t❤❡ ♠❡t❛✲❝♦♥t❡①t ✐♥t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ❢r❛♠❡s✳ ❚❤❡ r❡s✉•t✐♥❣ ❜✐❣✲st❡♣ ✐♥t❡r♣r❡t❡r ❞❡✜♥❡s t❤❡ ❛❜str❛❝t ♠❛✲ ❝❤✐♥❡ ❢♦r t❤❡ ❝❛•❝✉•✉s✳ ❆♣♣•②✐♥❣ t❤✐s t❡❝❤♥✐q✉❡ t♦ t❤❡ λ [lv ] ✲❝❛•❝✉•✉s r❡s✉•ts ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✭❛ st❛t❡ ♦❢ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✐s ❛ ❝♦♠♠❛♥❞ ♣❛✐r❡❞ ✇✐t❤ ❛♥ ❡♥✈✐r♦♥♠❡♥t τ ✮ λx.t||u • E τ [lv] u||μx. t||E τ µα.c 1 ||μx.c 2 τ [lv] c 2 [x = µα.c 1 ]τ µα.c||E τ [lv] (c[E/α])τ V ||μx.c τ [lv] (c[V /x])τ V ||μ[x]. x||F τ ′ τ [lv] V ||F [V /x] (τ ′ [V /x])τ x||F τ ′ [x = µα.c]τ [lv] µα.c||μ[x]. x||F τ ′ τ ❙✐♥❝❡ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✇❛s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ st❛♥❞❛r❞✐③❛t✐♦♥ ♦❢ λ [lv ] t❤r♦✉❣❤ ❝♦rr❡❝t♥❡ss✲♣r❡s❡r✈✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s✱ t❤❡ t✇♦ ❝♦rr❡s♣♦♥❞ ❞✐r❡❝t•②✳ ❚❤❡♦r❡♠ ✷✳ •✐✈❡♥ ❛ λ [lv ] ❝♦♠♠❛♥❞ c✱ ✲ ■❢ c → [lv] c ′ t❤❡♥ ❢♦r ❛•• c 1 , τ ✇❤❡r❡ c = τ [c 1 ]✱ t❤❡r❡ ❡①✐sts c ′ 1 , τ ′ s✉❝❤ t❤❛t c 1 τ + [lv] c ′ 1 τ ′ ❛♥❞ τ ′ [c ′ 1 ] = c ′ ✳ ✲ ■❢ cτ [lv] c ′ τ ′ t❤❡♥ τ [c] → 0/1 [lv] τ ′ [c ′ ]✳ ❲❡ ❣❡♥❡r❛•✐③❡ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ❢♦r λ [lv ] ✐♥t♦ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ♦r✐❣✐♥❛• ❝❛•✲ ❝✉•✉s✱ ✇❤✐❝❤ ✇❡ ❝❛•• λ [lv τ ] ✳ ❚❤❡ λ [lv τ ] ✲❝❛•❝✉•✉s ❝❛♥ ❡①♣r❡ss ❝❛••✲❜②✲♥❡❡❞ r❡❞✉❝t✐♦♥ ✇✐t❤♦✉t t❤❡ ✉s❡ ♦❢ ❛ ♠❡t❛✲❝♦♥t❡①t✳ ❊❛❝❤ ❝♦♠♠❛♥❞ ✐s ❝♦✉♣•❡❞ ✇✐t❤ ❛♥ ❡♥✈✐r♦♥✲ ♠❡♥t ♦❢ ✉♥❡✈❛•✉❛t❡❞ ❝♦♠♣✉t❛t✐♦♥s✱ ❜r✐♥❣✐♥❣ t❤❡ st❛♥❞❛r❞ r❡❞❡① ❜❛❝❦ t♦ t❤❡ t♦♣ ♦❢ t❤❡ ❝♦♠♠❛♥❞✳ ❚❤❡ s②♥t❛① ♦❢ λ [lv τ ] ❝♦♥t❛✐♥s t❤❡ ♥❡✇ s②♥t❛❝t✐❝ ❝❛t❡❣♦r② ♦❢ ❈•♦s✉r❡s ✭r❛♥❣❡❞ ♦✈❡r t❤❡ ♠❡t❛✲✈❛r✐❛❜•❡ l✮ ❛♥❞ ✐s ❞❡✜♥❡❞ ❛s✿ l ∈ Closure ::= cτ τ ∈ Environment ::= ǫ | | [x = µα.l]τ c ∈ Command ::= t||e e ∈ Context ::= E | | μx.l t ∈ T erm ::= V | | µα.l E ∈ CoV alue ::= α | | F | | μ[x]. x||F τ V ∈ V alue ::= x | | λx.t F ∈ F orcingContext ::= α | | t • E |❡❞✉❝t✐♦♥s ✐♥ λ [lv τ ] ❛r❡ ❣❡♥❡r❛•✐③❛t✐♦♥s ♦❢ t❤❡ st❡♣s ✐♥ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ❢♦r λ [lv ] ✱ ✇✐t❤ t❤❡ ❛❜✐•✐t② t♦ ❛♣♣•② r❡❞✉❝t✐♦♥s ❛♥②✇❤❡r❡ ✐♥ ❛ ❝•♦s✉r❡✳ (β) λx.t||u • E τ → [lvτ ] u||μx. t||E ǫ τ (μ τ ) µα.l||μx.cτ ′ τ → [lvτ ] cτ ′ [x = µα.l]τ (µ l ) µα.l||E τ → [lvτ ] l[E/α]τ (μ v ) V ||μx.l τ → [lvτ ] l[V /x]τ (μ [v] ) V ||μ[x].l τ → [lvτ ] l[V /x]τ (μ [] ) x||F τ ′ [x = µα.l]τ → [lvτ ] µα.l||μ[x]. x||F τ ′ τ ◆♦t❡ t❤❛t lτ ✱ ❢♦r l = cτ ′ ✱ ✐s ❞❡✜♥❡❞ ❛s cτ 1 ✇❤❡r❡ τ 1 ✐s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ τ ′ ❛♥❞ τ ✳ Pr♦♣♦s✐t✐♦♥ ✶✳ λ [lv τ ] ✐s ❝♦♥✢✉❡♥t✳ ❲❡ tr✐✈✐❛••② ❤❛✈❡ ❛ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ❢♦r λ [lv τ ] ✐♥ ✇❤✐❝❤ ❝•♦s✉r❡s ❛r❡ r❡❞✉❝❡❞ ✐♥ t❤❡ ❡♠♣t② ♠❡t❛✲❝♦♥t❡①t✿ l → [lvτ ] l ′ ✐❢ l → [lvτ ] l ′ ✳ ❆ ✇❤♥❢ ❢♦r λ [lv τ ] ✐s ❡✐t❤❡r λx.t||α τ ♦r z||F τ ✇❤❡r❡ z ✐s ❢r❡❡ ✐♥ τ ✳ ❚❤❡ st❛♥❞❛r❞✐③❛t✐♦♥ ♦❢ λ [lv τ ] ♦♣❡r❛t❡s ✐♥ •♦❝❦✲st❡♣ ✇✐t❤ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ❢♦r λ [lv ] ✱ ❛♥❞ s♦ ✐t ✐s ❛•s♦ ❝♦♠♣•❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ r❡❞✉❝t✐♦♥✱ ✇❤❡r❡ ❝•♦s✉r❡s ❛♥❞ ❝♦♠♠❛♥❞s ❛r❡ r❡•❛t❡❞ ❜② cτ ≈ τ [c] ❛♥❞ ❡♥✈✐r♦♥♠❡♥ts ❛r❡ r❡•❛t❡❞ ✐❢ t❤❡② ❜✐♥❞ t❤❡ s❛♠❡ ✈❛r✐❛❜•❡s ✐♥ t❤❡ s❛♠❡ ♦r❞❡r t♦ r❡•❛t❡❞ t❡r♠s✳ ❚❤❡♦r❡♠ ✸✳ •✐✈❡♥ c 1 , τ 1 ❢r♦♠ λ [lv τ ] ❛♥❞ c 2 , τ 2 ❢r♦♠ λ [lv ] s✉❝❤ t❤❛t c 1 ≈ c 2 ❛♥❞ τ 1 ≈ τ 2 ✿ ✲ ■❢ c 1 τ 1 → [lvτ ] l 1 t❤❡♥ t❤❡r❡ ❡①✐sts l ′ 1 τ ′ 1 = l 1 ❛♥❞ c ′ 2 , τ ′ 2 s✉❝❤ t❤❛t c 2 τ 2 [lv] c ′ 2 τ ′ 2 ✱ l ′ 1 ≈ c ′ 2 ✱ ❛♥❞ τ ′ 1 ≈ τ ′ 2 ✳ ✲ ■❢ c 2 τ 2 [lv] c ′ 2 τ ′ 2 t❤❡♥ t❤❡r❡ ❡①✐sts l ′ 1 , τ ′ 1 s✉❝❤ t❤❛t c 1 τ 1 → [lvτ ] l ′ 1 τ ′ 1 ✱ l ′ 1 ≈ c ′ 2 ✱ ❛♥❞ τ ′ 1 ≈ τ ′ 2 ✳ |❡♠❛r❦ ✶✳ ❯s✐♥❣ ❛ s♣❡❝✐❛• s②♥t❛❝t✐❝ ❢♦r♠ t♦ r❡♠❡♠❜❡r t❤❛t ❛ ✈❛r✐❛❜•❡ ✐s ♥❡❡❞❡❞ ♠❛❦❡s t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ✜♥❛• ❛❜str❛❝t ♠❛❝❤✐♥❡ ❛♥❞ ❝♦♥t✐♥✉❛t✐♦♥✲♣❛ss✐♥❣ st②•❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦r❡ ❞✐r❡❝t✳ ❍♦✇❡✈❡r✱ ✐❢ ♦♥❡ ✐s ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♠✉•t✐❝✉t ♣❡r s❡ t❤❡♥ t❤❡ ❝❛•❝✉•✉s ❝❛♥ ❜❡ s✐♠♣•✐✜❡❞ ❜② ❛❜❛♥❞♦♥✐♥❣ t❤❡ s♣❡❝✐❛• s②♥t❛① ❢♦r ❢♦r❝❡❞ •❡ts ❛♥❞ ♣❡r❢♦r♠✐♥❣ ❛ ❝♦♥t❡①t s✇✐t❝❤ ✇❤❡♥ ❛ ❝♦✲✈❛r✐❛❜•❡ ❛♥❞ ❛ ❢♦r❝✐♥❣ ❝♦♥t❡①t F ✐s ❡♥❝♦✉♥t❡r❡❞✳ ❲❡ ❝❛•• t❤❡ r❡s✉•t✐♥❣ ❝❛•❝✉•✉s λ lv τ ✖ ✐ts r❡❞✉❝t✐♦♥ t❤❡♦r② ❝♦♥t❛✐♥s β✱ μv ✱ μτ ✱ ❛♥❞ µ l ✱ ❛•♦♥❣ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ r❡♣•❛❝❡♠❡♥t ❢♦r μ[] ✿ x||F τ ′ [x = µα.l]τ → lvτ l[μx. x||F τ ′ /α]τ ❍♦✇❡✈❡r✱ ❜② r❡♠♦✈✐♥❣ t❤❡ s♣❡❝✐❛• ❛♥♥♦t❛t✐♦♥ t❤❛t ❡①♣•✐❝✐t•② ♠❛r❦s •❡ts t❤❛t ❤❛✈❡ ❜❡❡♥ ❢♦r❝❡❞✱ t❤❡r❡ ✐s s♦♠❡ ❛♠❜✐❣✉✐t② ✐♥ ♣❛rs✐♥❣ t❤❡ •❛♥❣✉❛❣❡✳ ❲❡ ❝❛♥ ✐♥t❡r♣r❡t ❛ ❝♦♥t❡①t ♦❢ t❤❡ ❢♦r♠ μx. x||F τ ❛s ❡✐t❤❡r ❛ ❢♦r❝❡❞ •❡t✱ s✐♥❝❡ ✐ts ❝♦♠♠❛♥❞ ❢♦r❝❡s t❤❡ ❜♦✉♥❞ ✈❛r✐❛❜•❡✱ ♦r ✐♥st❡❛❞ ❛s s♦♠❡ ❣❡♥❡r❛• •❡t t❤❛t •✉st ❤❛♣♣❡♥s t♦ ❤❛✈❡ t❤❡ ❝♦♠♠❛♥❞ x||F ✐♥ ❢♦❝✉s✳ ❆•t❤♦✉❣❤ t❤❡ t✇♦ ❞✐✛❡r❡♥t r❡❛❞✐♥❣s •❡❛❞ t♦ t✇♦ ❞✐✛❡r❡♥t r❡❞✉❝t✐♦♥s✱ t❤❡② q✉✐❝❦•② ❝♦♥✈❡r❣❡✳ ❚❤❡ µ l ✲r❡❞✉❝t✐♦♥ ❛♣♣•✐❡s ✐❢ ✇❡ ✐♥t❡r♣❡t t❤❡ ❝♦♥t❡①t ❛s ❛ ❝♦✲✈❛•✉❡✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡ t❤❡ r❡❞✉❝t✐♦♥ s❡q✉❡♥❝❡ ♦❢ μτ ❢♦••♦✇❡❞ ❜② μ[] ✱ ✇❤✐❝❤ ❜r✐♥❣s ✉s t♦ t❤❡ s❛♠❡ ❝•♦s✉r❡✳ µα.l||μx. x||F τ ′ τ µ l → lvτ l[μx. x||F τ ′ /α]τ µα.l||μx. x||F τ ′ τ μτ → lvτ x||F τ ′ [x = µα.l]τ μ[] → lvτ l[μx. x||F τ ′ /α]τ ❚♦ ✐••✉str❛t❡ t❤❡ ✉s❡❢✉•♥❡ss ♦❢ ❛ ♠✉•t✐❝✉t ❝❛•❝✉•✉s ✭❡✐t❤❡r λ lv τ ♦r λ [lv τ ] ✮ ✇❡ s❤♦✇ t❤❛t ❊①❛♠♣•❡ ✷ t❡r♠✐♥❛t❡s ❛♥❞ ♣
α = μ[a]. a||fst • μ[f ]. f ||q • (I, I) • tp [q = µδ. a||snd • δ ] → → q||(I, I) • tp [q = µδ. (I, λx.µ . x||α )||snd • δ ] → → (I, I)||α where α = μ[a]. a||fst • μ[f ]. f ||q • (I, I) • tp [q = µδ. a||snd • δ ] → → q||(I, I) • tp [q = µδ. (I, I)||snd • δ ] → → (I, I)||tp ◆♦t✐❝❡ t❤❛t t❤❡ s❡❝♦♥❞ t✐♠❡ α ✐s r❡❞✉❝❡❞✱ q st❛rts ❢r❡s❤ ❢r♦♠ ✐ts ✐♥✐t✐❛• ✉♥❡✈❛•✲ ✉❛t❡❞ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝❛♥ s❡❡ t❤❡ ❝❤❛♥❣❡ ✐♥ a✳ ✹ ❊♥✈✐r♦♥♠❡♥t✲❜❛s❡❞ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✭λ [lv τ * ] ✮ ■♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛ ♠♦r❡ ❡✣❝✐❡♥t ❛❜str❛❝t ♠❛❝❤✐♥❡✱ ✇❡ ♥❡❡❞ t♦ ❛✈♦✐❞ ♣❡r✲ ❢♦r♠✐♥❣ t❤❡ ❝♦st•② s✉❜st✐t✉t✐♦♥ ♦♣❡r❛t✐♦♥✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♠♦❞✐❢② λ [lv τ ] s♦ t❤❛t ❛•• s✉❜st✐t✉t✐♦♥s ❛r❡ ✐♥st❡❛❞ st♦r❡❞ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t τ ✱ ❣✐✈✐♥❣ λ [lv τ * ] ✿ τ ∈ Environment ::= ǫ | | [x = t]τ | | [α = E]τ ❚❤❡ ♠♦❞✐✜❡❞ r❡❞✉❝t✐♦♥s ❢♦r λ [lv τ * ] ❛r❡✿ (β) λx.t||u • E → [lvτ * ] u||μx. t||E ǫ (μ τ ) t||μx.cτ ′ τ → [lvτ * ] cτ ′ [x = t]τ (µ l ) µα.cτ ′ ||E τ → [lvτ * ] cτ ′ [α = E]τ (μ [v] ) V ||μ[x]. x||F τ ′ τ → [lvτ * ] V ||F τ ′ [x = V ]τ (μ [] ) x||F τ ′ [x = t]τ → [lvτ * ] t||μ[x]. x||F τ ′ τ (τ α ) V ||α τ ′ [α = E]τ → [lvτ * ] V ||E τ ′ [α = E]τ ❚❤❡ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ♦❢ λ [lv τ * ] ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❡♠♣t② ♠❡t❛✲❝♦♥t❡①t✱ ❛s ✐♥ λ [lv τ ] ✳ ❈•♦s✉r❡s ✐♥ λ [lv τ * ] r❡•❛t❡ t♦ ❝•♦s✉r❡s ✐♥ λ [lv τ ] ❜② ♣❡r❢♦r♠✐♥❣ s✉❜st✐t✉t✐♦♥ ♦♥ ✈❛•✉❡s ❛♥❞ ❝♦✲✈❛•✉❡s st♦r❡❞ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ l[α = E] ≈ l[E/α] l[x = V ] ≈ l[V /x] l[x = µα.c] ≈ l[x = µα.c] ❚❤❡♦r❡♠ ✹✳ •✐✈❡♥ ❛ λ [lv τ * ] ❝•♦s✉r❡ l 1 ❛♥❞ ❛ λ [lv τ ] ❝•♦s✉r❡ l 2 s✉❝❤ t❤❛t l 1 ≈ l 2 ✿ ✲ ■❢ l 2 → [lvτ ] l ′ 2 t❤❡♥ l 1 → → + [lvτ * ] l ′ 1 ✳ ✲ ■❢ l 1 → [lvτ * ] l ′ 1 t❤❡♥ t❤❡r❡ ❡①✐sts l ′′ 1 , l ′ 2 s✉❝❤ t❤❛t l 2 → 0/1 [lvτ ] l ′ 2 ❛♥❞ l ′ 1 → 0/1 [lvτ * ] l ′′ 1 ❛♥❞ l ′′ 1 ≈ l ′ 2 ✳ ❚❤❡ st❛♥❞❛r❞✐③❛t✐♦♥ ♦❢ λ [lv τ * ] ❣✐✈❡s r✐s❡ t♦ t❤❡ ❢♦••♦✇✐♥❣ ❛❜str❛❝t ♠❛❝❤✐♥❡✳ t||μx.c τ [lv * ] c[x = t]τ µα.c||E τ [lv * ] c[α = E]τ V ||α τ ′ [α = E]τ [lv * ] V ||E τ ′ [α = E]τ V ||μ[x]. x||F τ ′ τ [lv * ] V ||F τ ′ [x = V ]τ x||F τ ′ [x = t]τ [lv * ] t||μ[x]. x||F τ ′ τ λx.t||u • E τ [lv * ] u||μx. t||E τ ❚❤❡♦r❡♠ ✺✳ •✐✈❡♥ c 1 , τ 1 ❢r♦♠ λ [lv τ * ] ❛♥❞ c 2 , τ 2 ❢r♦♠ λ [lv τ ] s✉❝❤ t❤❛t c 1 ≈ c 2 ❛♥❞ τ 1 ≈ τ 2 ✿ ✲ ■❢ c 1 τ 1 → [lvτ * ] l 1 t❤❡♥ t❤❡r❡ ❡①✐sts l ′ 1 τ ′ 1 = l 1 ❛♥❞ c ′ 2 , τ ′ 2 s✉❝❤ t❤❛t c 2 τ 2 [lv * ] c ′ 2 τ ′ 2 ✱ l ′ 1 ≈ c ′ 2 ✱ ❛♥❞ τ ′ 1 ≈ τ ′ 2 ✳ ✲ ■❢ c 2 τ 2 [lv * ] c ′ 2 τ ′ 2 t❤❡♥ t❤❡r❡ ❡①✐sts l ′ 1 , τ ′ 1 s✉❝❤ t❤❛t c 1 τ 1 → [lvτ * ] l ′ 1 τ ′ 1 ✱ l ′ 1 ≈ c ′ 2 ✱ ❛♥❞ τ ′ 1 ≈ τ ′ 2 ✳ ❯♥•✐❦❡ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ❢♦r λ [lv ] ✱ t❤❡ ❛❜♦✈❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✐s ❝♦♥t❡①t✲ ❢r❡❡✱ s✐♥❝❡ ❛t ❡❛❝❤ st❡♣ ❛ ❞❡❝✐s✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ❜② ❡①❛♠✐♥✐♥❣ ❡✐t❤❡r t❤❡ t❡r♠ ♦r t❤❡ ❝♦♥t❡①t ✐♥ ✐s♦•❛t✐♦♥✳ ❚♦ ♠❛❦❡ t❤✐s str✉❝t✉r❡ ♠♦r❡ ❛♣♣❛r❡♥t✱ ✇❡ ❞✐✈✐❞❡ t❤❡ ♠❛❝❤✐♥❡ ✐♥t♦ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥t❡①t✲❢r❡❡ ♣❤❛s❡s ✐♥ ❋✐❣✉r❡ ✶✳ ❊❛❝❤ ♣❤❛s❡ ♦♥•② ❛♥❛•②③❡s ♦♥❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝♦♠♠❛♥❞✱ t❤❡ ✏❛❝t✐✈❡✑ t❡r♠ ♦r ❝♦♥t❡①t✱ ❛♥❞ ✐s ♣❛r❛♠❡tr✐❝ ✐♥ t❤❡ ♦t❤❡r ✏♣❛ss✐✈❡✑ ❝♦♠♣♦♥❡♥t✳ ■♥ ❡ss❡♥❝❡✱ ❢♦r ❡❛❝❤ ♣❤❛s❡ ♦❢ t❤❡ ♠❛❝❤✐♥❡✱ ❡✐t❤❡r t❤❡ t❡r♠ ♦r t❤❡ ❝♦♥t❡①t ✐s ❢✉••② ✐♥ ❝♦♥tr♦• ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t✱ r❡❣❛r❞•❡ss ♦❢ ✇❤❛t t❤❡ ♦t❤❡r ❤❛•❢ ❤❛♣♣❡♥s t♦ ❜❡✳ c [lv * ] ceǫ t||μx.c eτ [lv * ] ce[x = t]τ t||E eτ [lv * ] t||E tτ µα.c||E tτ [lv * ] ce[α = E]τ V ||E tτ [lv * ] V ||E E τ V ||α E τ ′ [α = E]τ [lv * ] V ||E E τ ′ [α = E]τ V ||μ[x]. x||F τ ′ E τ [lv * ] V ||F V τ ′ [x = V ]τ V ||F E τ [lv * ] V ||F V τ x||F V τ ′ [x = t]τ [lv * ] t||μ[x]. x||F τ ′ tτ λx.t||F V τ [lv * ] λx.t||F F τ λx.t||u • E F τ [lv * ] u||μx. t||E eτ ❋✐❣✳ ✶✳ ❆❜str❛❝t ♠❛❝❤✐♥❡ ❢♦r t❤❡ ❝•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞ s❡q✉❡♥t ❝❛•❝✉•✉s λ [lv τ * ] ✳ ✺ ❊♥✈✐r♦♥♠❡♥t✲❜❛s❡❞ ❈P❙ ✭λ [lv τ * ] ✮ ❍❛✈✐♥❣ ❛♥ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✐♥ ❝♦♥t❡①t✲❢r❡❡ ❢♦r♠ ✐s ❣♦♦❞ ❢♦r ♠♦r❡ t❤❛♥ •✉st ❛❡s✲ t❤❡t✐❝ r❡❛s♦♥s✳ ❍❛✈✐♥❣ ❜♦t❤ t❤❡ t❡r♠ ❛♥❞ ❝♦♥t❡①t ❜❡❤❛✈❡ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ ❡❛❝❤ ♦t❤❡r ♠❛❦❡s t❤❡ ♠❛❝❤✐♥❡ ❛♠❡♥❞❛❜•❡ t♦ ❝♦♥✈❡rs✐♦♥ ✐♥t♦ ❛ ♥✐❝❡ ❈P❙ tr❛♥s❢♦r♠✳ ❙✐♥❝❡ ❛ ❈P❙ tr❛♥s❢♦r♠ ✐s ❛ ❝♦♠♣✐•❛t✐♦♥ ❢r♦♠ t❤❡ s♦✉r❝❡ •❛♥❣✉❛❣❡ ✐♥t♦ t❤❡ λ✲ ❝❛•❝✉•✉s✱ ❡❛❝❤ ❡①♣r❡ss✐♦♥ ♠✉st ❤❛✈❡ ♠❡❛♥✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✐ts s✉rr♦✉♥❞✐♥❣s✳ ❉✉r✐♥❣ tr❛♥s•❛t✐♦♥✱ ❛♥ ❡①♣r❡ss✐♦♥ ♠❛② t❛❦❡ ❛ ❝♦♥t✐♥✉❛t✐♦♥ ❛s ❛ ♣❛r❛♠❡t❡r✱ ❜✉t ✐t ❝❛♥♥♦t ❞✐r❡❝t•② ❡①❛♠✐♥❡ ✐t ✖ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✐s ❛ ❜•❛❝❦ ❜♦① t❤❛t ❝❛♥ ♦♥•② ❜❡ ❡♥t❡r❡❞ ❜② ②✐❡•❞✐♥❣ ❛•• ❝♦♥tr♦• t♦ ✐t✳ ❚❤❡ ♣❛r❛♠❡tr✐❝ ♥❛t✉r❡ ♦❢ t❤❡ st❡♣s ✐♥ ❋✐❣✉r❡ ✶✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ s②♥t❛❝t✐❝ ❢♦r♠ ✐s ❛♥❛•②③❡❞ ❡①❛❝t•② ♦♥❝❡ ✐♥ t❤❡ ♠❛❝❤✐♥❡✱ ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ❞✐r❡❝t•② ❞❡r✐✈❡ ❛ ❈P❙ tr❛♥s❢♦r♠ t❤❛t ❝♦rr❡s♣♦♥❞s ❡①❛❝t•② ✇✐t❤ t❤❡ ♠❛❝❤✐♥❡✳ ❉❡r✐✈✐♥❣ ❛ ❈P❙ tr❛♥s•❛t✐♦♥ ❢r♦♠ ❛ ❝♦♥t❡①t✲❢r❡❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✐s ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ t❤❛♥ ❞❡r✐✈✐♥❣ ❛ ♠❛❝❤✐♥❡ ❢r♦♠ ❛ ❝❛•❝✉•✉s✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❜✐❣✲ st❡♣ ✐♥t❡r♣r❡t❡r✱ ✐♥ ❡❛❝❤ ♣❤❛s❡✱ t❤❡ ❝❛s❡ ❛♥❛•②s✐s ✐s •✐❢t❡❞ ♦✉t s♦ t❤❛t t❤❡ ✐♥✲ t❡r♣r❡t❡r ❜❡❝♦♠❡s ❛ s❡t ♦❢ ♦♥❡✲❛r❣✉♠❡♥t ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❛❝t✐✈❡ ❡①♣r❡ss✐♦♥ t❤❛t ♣r♦❞✉❝❡ ❛ ❢✉♥❝t✐♦♥ ❛❝❝❡♣t✐♥❣ t❤❡ ♣❛ss✐✈❡ ❡①♣r❡ss✐♦♥ ❛s ❛♥ ❡①tr❛ ♣❛r❛♠❡t❡r✳ ❚❤❡♥✱ t❤❡ s②♥t❛① ✐s r❡❢✉♥❝t✐♦♥❛•✐③❡❞✿ r❛t❤❡r t❤❛♥ ♣❛ss t❤❡ s②♥t❛❝t✐❝ ❢♦r♠s ❛s✲✐s t♦ ❢✉✲ t✉r❡ st❛❣❡s ♦❢ t❤❡ ✐♥t❡r♣r❡t❡r✱ ❡❛❝❤ s②♥t❛❝t✐❝ ❢♦r♠ ✐s ✐♠♠❡❞✐❛t❡•② ❣✐✈❡♥ t♦ t❤❡ ✐♥t❡r♣r❡t❡r ❛s t❤❡② ❜❡❝♦♠❡ ❛✈❛✐•❛❜•❡✳ ❚❤❡ ♣❛rt✐❛• ❡✈❛•✉❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♣r❡t❡r ✇✐t❤ ♦♥•② t❤❡ ❛❝t✐✈❡ ❛r❣✉♠❡♥t ❜❡❝♦♠❡s ❛ ❝♦♥t✐♥✉❛t✐♦♥ ✇❛✐t✐♥❣ ❢♦r t❤❡ ♣❛ss✐✈❡ t||e c = e e t t μx.c e t = λτ. c c ([x = t]τ ) E e t = t E E µα.c t E = c c[E/α] V t E = E V V α E V = α V μ[x]. x||F τ ′ E V = λτ. τ ′ τ V F F ([x = (λE.E V )]τ ) F E V = V F F x V F = λτ.τ (x) F λx.t V F = F (λu.λE.λτ. t t E ([x = u]τ )) α F v = α v u • E F v = v u t E E ǫ τ V F = λτ.V F τ τ ′ [x = t] τ V F = λτ. τ ′ τ V F ([x = t t]τ ) τ ′ [α = E] τ V F = λτ.( τ ′ τ V F ) [ E E /α]τ (τ ′ [x = t]τ )(x) = λF.t (λV.λτ.V F (τ ′ [x = λE.E V ]τ )) τ ❋✐❣✳ ✷✳ ❈♦♥t✐♥✉❛t✐♦♥ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t ♣❛ss✐♥❣ st②•❡ tr❛♥s❢♦r♠ ❢♦r λ [lv τ * ] ✳ ❝♦✉♥t❡r♣❛rt✳ ❋✐♥❛••②✱ s✐♥❝❡ ❝♦✲✈❛r✐❛❜•❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛r❡ tr❡❛t❡❞ ❛s ♦r❞✐✲ ♥❛r② st❛t✐❝ ❜✐♥❞✐♥❣s✱ ✇❡ ❝♦♥✈❡rt ❝♦♥t❡①t ❜✐♥❞✐♥❣s ❜❛❝❦ t♦ ✐♠♣•✐❝✐t s✉❜st✐t✉t✐♦♥✳ ❲✐t❤ ❛•• s②♥t❛❝t✐❝ ❢♦r♠s ✐♥t❡r♣r❡t❡❞ ♦♥✲s✐t❡✱ t❤❡ r❡s✉•t✐♥❣ ✐♥t❡r♣r❡t❡r ✐s ❛ ❈P❙ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ❝❛•❝✉•✉s ✐♥t♦ t❤❡ ❤♦st •❛♥❣✉❛❣❡✳ ❋r♦♠ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✐♥ ❋✐❣✉r❡ ✶✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t✲❜❛s❡❞ ❈P❙ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r λ [lv τ * ] ✱ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳ ❚❤❡ ❝♦♥❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❡♥✈✐✲ r♦♥♠❡♥ts ✉s❡❞ ✐♥ t❤❡ tr❛♥s❢♦r♠ ✐s •❡❢t ❛❜str❛❝t ✖ ✇❡ ❛ss✉♠❡ t❤❛t ❡♥✈✐r♦♥♠❡♥ts ❝❛♥ ❜❡ ❡①t❡♥❞❡❞✱ •♦✐♥❡❞✱ ❛♥❞ s♣•✐t ♦♥ ❛ ✈❛r✐❛❜•❡✳ ❚❤❡ t❤r❡❡✲✇❛② s♣•✐t ✐s t❤❡ s❛♠❡ ♦♥❡ t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡✿ ❢♦r ❛ ❣✐✈❡♥ ✈❛r✐❛❜•❡ x✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ❛•• ❜✐♥❞✐♥❣s ❜❡❢♦r❡ t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢ x✱ t❤❡ ❜✐♥❞✐♥❣ ♦❢ x ✐ts❡•❢✱ ❛♥❞ ❛•• r❡♠❛✐♥✐♥❣ ❜✐♥❞✐♥❣s✳ x k = x k λx.t k = k (λx. t ) t1 t2 k = t1 (λf. let r = delay t2 in f (λk.!r k) k) µα.J k = J [k/α] [α]t = t α delay t = new r in r := (λk. forcer t k); r forcer t k = t (λv.r := (λk ′ .k ′ v); k v) ❋✐❣✳ ✸✳ ❖❦❛s❛❦✐ ❡t ❛•✳✬s ❈P❙ tr❛♥s❢♦r♠❛t✐♦♥ ❡①t❡♥❞❡❞ ✇✐t❤ ❝♦♥tr♦•✳ ❙✐♥❝❡ t❤❡ ❈P❙ tr❛♥s❢♦r♠ ✐♥ ❋✐❣✉r❡ ✷ ✇❛s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡ ✐♥ ❋✐❣✉r❡ ✶ ❜② ❝♦rr❡❝t♥❡ss✲♣r❡s❡r✈✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s✱ t❤❡ t✇♦ ❝♦rr❡s♣♦♥❞ ❞✐r❡❝t•②✳ ❚❤❡♦r❡♠ ✻✳ ■❢ cτ [lv * ] c ′ τ ′ t❤❡♥ c τ = βη c ′ τ ′ ✳ ❙t♦r❡✲❜❛s❡❞ ❈P❙ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ t♦ ❞❡r✐✈✐♥❣ ❛ ❈P❙ ❢♦r ❛ ❝•❛ss✐❝❛• ❝❛••✲ ❜②✲♥❡❡❞ ❝❛•❝✉•✉s ✐s t♦ ❡①t❡♥❞ t❤❡ ❈P❙ ❣✐✈❡♥ ❜② ❖❦❛s❛❦✐ ❡t ❛•✳ ❬✽( ✇✐t❤ ❝♦♥tr♦• ♦♣❡r❛t♦rs✳ ❲❡ ❞♦ s♦ ❜② ❛❞❞✐♥❣ t❤❡ ♦♣❡r❛t♦rs µ ❛♥❞ ✏❜r❛❝❦❡t✑ ❢r♦♠ P❛r✐❣♦t✬s λµ✲ ❝❛•❝✉•✉s ❬✾( ❢♦r r❡s♣❡❝t✐✈❡•② ❝❛♣t✉r✐♥❣ ❛♥❞ r❡✲✐♥st❛••✐♥❣ ❛♥ ❡✈❛•✉❛t✐♦♥ ❝♦♥t❡①t✳

  r♦❞✉❝❡s (I, I) ❛s ❛ r❡s✉•t✱ ✇❤❡r❡ t❤❡ r❡❞✉❝t✐♦♥s ❞♦ ♥♦t ♥❡❡❞ ❛♥ ✉♥❜♦✉♥❞❡❞ s❡❛r❝❤ ❢♦r t❤❡ st❛♥❞❛r❞ r❡❞❡①✳ µα. (I, λx.µ . x||α )||α ||μa. µβ. a||fst • β ||μf. µδ. a||snd • δ ||μq. f ||q • (I, I) • tp → → f ||q • (I, I) • tp [q = µδ. a||snd • δ ][f = µβ. a||fst • β ][a = µα. (I, λx.µ . x||α )||α ] → → (I, λx.µ . x||α )||α where

  ❚❤✐s ❡①t❡♥s✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛♣♣•②✐♥❣ ❛ st♦r❡ ♣❛ss✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ t♦ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✳ ❚❤❡ ♥❛t✉r❛• ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞❡•❛② ❛♥❞ ❢♦r❝❡ ❈P❙ r❡s✉•ts ✐♥ ❛ ❞✐✛❡r❡♥t s❡♠❛♥t✐❝s t❤❛♥ t❤❡ ♦♥❡ ✐♥ ❋✐❣✉r❡ ✷✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❣♦✐♥❣ ❜❛❝❦ t♦ ❊①❛♠♣•❡ ✷ ❛♥❞ ✉s✐♥❣ t❤❡ st♦r❡✲❜❛s❡❞ s❡♠❛♥t✐❝s ✐♥ ❋✐❣✉r❡ ✸✱ ✇❡ ❣❡t t❤❡ ❢♦••♦✇✐♥❣ r❡❞✉❝t✐♦♥ ✭✇❤❡r❡ ❛ ♣r♦❣r❛♠ ✐s ❛ t❡r♠ t ❛♥❞ ❛ st♦r❡ s ✇r✐tt❡♥ t || s✮✿ let a = µα.[α](I, λx.µ .[α]x) in let f = fst p in let q = snd p in f q (I, I) || ǫ → → f q (I, I) || [q = forceq snd p][f = forcep fst p][a = forcea µα.[α](I, λx.µ .[α]x)] → → (force f fst(forcea µα.[α](I, λx.µ .[α]x))) q (I, I) ||[q = forceq snd p][f = force f fst p][a = forcea µα.[α](I, λx.µ .[α]x)]→ → (force f fst(forcea(I, λx.µ .(force f fst(forcea x)) q (I, I)))) q (I, I)||[q = forceq snd p][f = force f fst p][a = forcea µα.[α](I, λx.µ .[α]x)] → → q (I, I) || [q = forceq snd p][f = I][a = (I, λx.µ .(force f fst(forcea x)) q (I, I))] → → (λx.µ .(force f fst(forcea x)) q (I, I)) (I, I) ||[q = λx.(force f fst(forcea x)) q (I, I)][f = I][a = (I, λx.µ .(force f fst(forcea x)) q (I, I))] → → q (I, I) || [q = λx.µ .(force f fst(forcea x)) q (I, I)][f = I][a = (I, I)] → → . . . ❲❡ s❛✇ t❤❛t ✉s✐♥❣ t❤❡ ♠✉•t✐❝✉t ❝❛•❝✉•✉s λ [lv τ ] ✱ t❤❡ ♣r♦❣r❛♠ ♣r♦❞✉❝❡s ✭ ■ ✱ ■ ✮ ❛s ❛ r❡s✉•t ✖ ❡✈❡r② t✐♠❡ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❦ ✐s ✐♥✈♦❦❡❞✱ ❜♦t❤ ❢ ❛♥❞ q ❛r❡ r❡✈❡rt❡❞ t♦ t❤❡✐r ✉♥❡✈❛•✉❛t❡❞ st❛t❡s✳ ❍♦✇❡✈❡r✱ ✇✐t❤ t❤❡ s❡♠❛♥t✐❝s ✐♥ ❋✐❣✉r❡ ✸✱ t❤❡ ❝♦♥t✐♥✉✲ ❛t✐♦♥ ❜♦✉♥❞ t♦ ❦ ❝❛♣t✉r❡s ♦♥•② t❤❡ ❢♦r❝✐♥❣ ♦❢ ❢ ❛♥❞ ❛✳ ❙✐♥❝❡ q ✇❛s ♥♦t ✐♥✈♦•✈❡❞

  µα. µα.t||μx. x||α ||μz. z||δ → lv µα.t||μx. x||μz. z||δ ✱ t❤❡♥ ✐t ✐s ♥

(μ [] ) µα.c||μx.C[ x||F ] → [lv] µα.c||μ[x]. x||F C (μ [v] ) V ||μ[x]. x||F τ → [lv] (τ [ V ||F ])[V /x]