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❇■❈ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ♠✐①❡❞ ❡✛❡❝ts

♠♦❞❡❧s

▼❛✉❞ ❉❡❧❛ttr❡∗✱ ▼❛r❝ ▲❛✈✐❡❧❧❡∗✱ ▼❛r✐❡✲❆♥♥❡ P♦✉rs❛t∗

Pr♦❥❡❝t✲❚❡❛♠ P♦♣✐①

❘❡s❡❛r❝❤ ❘❡♣♦rt ♥➦ ✼✾✹✽ ✖ ▼❛✐ ✷✵✶✷ ✖ ✶✼ ♣❛❣❡s

❆❜str❛❝t✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ✐♥ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ♠✐①❡❞✲❡✛❡ts ♠♦❞❡❧s✱
✐♥❝❧✉❞✐♥❣ ♠✐①❡❞✲❡✛❡❝ts ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s✳ ❚❤❡s❡ ♠♦❞❡❧s ❛r❡ ✉s❡❞ ❡①t❡♥s✐✈❡❧② ✐♥ t❤❡ st✉❞② ♦❢
r❡♣❡❛t❡❞ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ❛♥❛❧②s✐s✳ ❲❡ ♣r♦♣♦s❡ ❛ ❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥
✭❇■❈✮ t❤❛t ✐s ❛♣♣r♦♣r✐❛t❡ ❢♦r ♥♦♥st❛♥❞❛r❞ s✐t✉❛t✐♦♥s ✇❤❡r❡ ❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts N ❛♥❞ t❤❡
♥✉♠❜❡r ♦❢ ♠❡❛s✉r❡♠❡♥ts ♣❡r s✉❜❥❡❝t n t❡♥❞ t♦ ✐♥✜♥✐t②✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥s✐st❡♥❝② r❛t❡s ♦❢ t❤❡
♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs ✭▼▲❊✮ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❞❡♣❡♥❞ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ✈❛r✐❛❜✐❧✐t② ❞❡s✐❣♥❡❞
✐♥ t❤❡ ♠♦❞❡❧✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ▼▲❊ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs r❡❧❛t❡❞ t♦ s✉❜❥❡❝t✲s♣❡❝✐✜❝
♣❛r❛♠❡t❡rs ❛r❡

√
N ✲❝♦♥s✐st❡♥t ✇❤❡r❡❛s t❤❡ ▼▲❊ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs r❡❧❛t❡❞ t♦ ✜①❡❞ ♣❛r❛♠❡t❡rs ❛r❡√

Nn✲❝♦♥s✐st❡♥t✳ ❲❡ ❞❡r✐✈❡ ❛ ❇■❈ ❝r✐t❡r✐♦♥ ✇✐t❤ ❛ ♣❡♥❛❧t② ❜❛s❡❞ ♦♥ t✇♦ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦
logN ❛♥❞ logNn✳ ❋✐♥✐t❡✲s❛♠♣❧❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❛r❡ ✐♥✈❡st✐❣❛t❡❞
❜② s✐♠✉❧❛t✐♦♥ st✉❞✐❡s✳

❑❡②✲✇♦r❞s✿ ❈♦♥s✐st❡♥❝② r❛t❡✱ ◆♦♥❧✐♥❡❛r ♠✐①❡❞ ♠♦❞❡❧✱ ❍✐❞❞❡♥ ▼❛r❦♦✈ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧✱
❱❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥✳

∗ ▲❛❜♦r❛t♦✐r❡ ❞❡ ▼❛t❤é♠❛t✐q✉❡s✱ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞✱ ❋r❛♥❝❡ ✫ P♦♣✐①✱ ■♥r✐❛ ❙❛❝❧❛② ■❧❡✲❞❡✲❋r❛♥❝❡



Pr♦❝é❞✉r❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ t②♣❡ ❇■❈ ❞❛♥s ❧❡s

♠♦❞è❧❡s à ❡✛❡ts ♠✐①t❡s

❘és✉♠é ✿ ◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❞❡s ♠♦❞è❧❡s
♥♦♥✲❧✐♥é❛✐r❡s ♠✐①t❡s ❣é♥ér❛✉①✱ ✐♥❝❧✉❛♥t ❧❡s ♠♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és à ❡✛❡ts ♠✐①t❡s✳ ❈❡s ♠♦❞✲
è❧❡s s♦♥t très ✉t✐❧✐sés ♣♦✉r ❛♥❛❧②s❡r ❞❡s ❞♦♥♥é❡s ré♣été❡s ♦✉ ❞❡s ❞♦♥♥é❡s ❧♦♥❣✐t✉❞✐♥❛❧❡s✳ ◆♦✉s
♣r♦♣♦s♦♥s ✉♥ ❝r✐tèr❡ ❇■❈ ✭❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥✮ ❛❞❛♣té à ❧❛ s✐t✉❛t✐♦♥ ♥♦♥✲st❛♥❞❛r❞ ❞❡
❞♦✉❜❧❡✲❛s②♠♣t♦t✐q✉❡ ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ s✉❥❡ts N ❡t ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ♣❛r s✉❥❡t n t❡♥❞❡♥t
✈❡rs ❧✬✐♥✜♥✐✳ ❉❛♥s ❝❡tt❡ s✐t✉❛t✐♦♥✱ ❧❡s ✈✐t❡ss❡s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ❡st✐♠❛t❡✉rs ❞✉ ♠❛①✐♠✉♠ ❞❡
✈r❛✐s❡♠❜❧❛♥❝❡ ✭❊▼❱✮ ❞❡s ♣❛r❛♠ètr❡s ❞é♣❡♥❞❡♥t ❞❡s ♥✐✈❡❛✉① ❞❡ ✈❛r✐❛❜✐❧✐té ❡①♣r✐♠és ❞❛♥s ❧❡ ♠♦❞✲
è❧❡✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡s ❊▼❱ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♣♦♣✉❧❛t✐♦♥ ❧✐és ❛✉① ♣❛r❛♠ètr❡s s♣é❝✐✜q✉❡s à
❝❤❛q✉❡ s✉❥❡t s♦♥t

√
N ✲❝♦♥✈❡r❣❡♥ts t❛♥❞✐s q✉❡ ❧❡s ❊▼❱ ❞❡s ♣❛r❛♠ètr❡s ❧✐és ❛✉① ♣❛r❛♠ètr❡s s❛♥s

❝♦♠♣♦s❛♥t❡ ❛❧é❛t♦✐r❡ s♦♥t
√
Nn✲❝♦♥✈❡r❣❡♥ts✳ ◆♦✉s ❡♥ ❞é❞✉✐s♦♥s ✉♥ ❝r✐tèr❡ ❇■❈ ❞♦♥t ❧❛ ♣é♥❛❧✐té

❡st ❢♦r♠é❡ ❞❡ ❞❡✉① t❡r♠❡s ❡♥ logN ❡t logNn✳ ◆♦✉s ✐❧❧✉str♦♥s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧❛ ♠ét❤♦❞❡
❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ♣r♦♣♦sé❡ ♣❛r ✉♥❡ ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥s✳

▼♦ts✲❝❧és ✿ ▼♦❞è❧❡ ❞❡ ▼❛r❦♦✈ ❝❛❝❤é à ❡✛❡ts ♠✐①t❡s✱ ▼♦❞è❧❡ ♥♦♥✲❧✐♥é❛✐r❡ ♠✐①t❡✱ ❙é❧❡❝t✐♦♥ ❞❡
✈❛r✐❛❜❧❡s✱ ❱✐t❡ss❡s ❞❡ ❝♦♥✈❡r❣❡♥❝❡✳



❇■❈ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ♠✐①❡❞ ❡✛❡❝ts ♠♦❞❡❧s ✸

✶ ■♥tr♦❞✉❝t✐♦♥

◆♦♥❧✐♥❡❛r ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s ❛r❡ ✉s❡❞ ✐♥ ♣♦♣✉❧❛t✐♦♥ st✉❞✐❡s ✇❤❡r❡ r❡♣❡❛t❡❞ ♠❡❛s✉r❡♠❡♥ts ❛r❡
♦❜s❡r✈❡❞ ❢r♦♠ s❡✈❡r❛❧ ✐♥❞❡♣❡♥❞❡♥t s✉❜❥❡❝ts ✭❬✸❪✮✳ P♦♣✉❧❛t✐♦♥ st✉❞✐❡s ♦❝❝✉r ✐♥ ✈❛r✐♦✉s ✜❡❧❞s s✉❝❤
❛s ♣❤❛r♠❛❝♦❦✐♥❡t✐❝s ♦r ♣✉❜❧✐❝ ❤❡❛❧t❤✱ ❢♦r ❡①❛♠♣❧❡ t♦ st✉❞② ❞✐s❡❛s❡ ❡✈♦❧✉t✐♦♥ ❛♥❞ t♦ ❞❡t❡r♠✐♥❡
t❤❡ ❡✛❡❝t ♦❢ tr❡❛t♠❡♥t ♦r ♣❤②s✐♦❧♦❣✐❝❛❧ ❝♦✈❛r✐❛t❡s ✭❬✶❪✱ ❬✽❪✮✳ ❚❤❡r❡ ✐s ❛♥ ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ♦♥
♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✐♥ ♠✐①❡❞ ♠♦❞❡❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ♠✉❝❤
❧❡ss st✉❞✐❡❞ ✐♥ t❤❡s❡ ♠♦❞❡❧s✳ ■t ✐s ❛ st❛♥❞❛r❞ ♣r❛❝t✐❝❡ t♦ s❡❧❡❝t t❤❡ ♠♦st r❡❧❡✈❛♥t ♣r❡❞✐❝t♦rs
✉s✐♥❣ ❛ ❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥ ✭❇■❈❀ ❬✶✷❪✮✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ✐♥ ♠❛①✐♠✐③✐♥❣ t❤❡
♦❜s❡r✈❡❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ♣❡♥❛❧✐③❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❧♦❣❛r✐t❤♠
♦❢ t❤❡ s❛♠♣❧❡ s✐③❡✳ ❨❡t✱ t❤❡ ❡✛❡❝t✐✈❡ s❛♠♣❧❡ s✐③❡ ✐s ✉♥❝❧❡❛r ✐♥ t②♣✐❝❛❧ s✐t✉❛t✐♦♥s ♦❢ ♠✐①❡❞ ♠♦❞❡❧s✳
❚❤❡r❡❢♦r❡✱ t❤❡ ♣r❛❝t✐❝❡ ✐s t♦ ♣❡♥❛❧✐③❡ t❤❡ ❇■❈ ❡✐t❤❡r ❜② t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts
♦r t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s✱ ✇✐t❤♦✉t ❛♥② ❣✉✐❞✐♥❣ r✉❧❡ t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥
t❤❡s❡ t✇♦ ♣❡♥❛❧t✐❡s✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❣✐✈❡ ❛ t❤❡♦r❡t✐❝❛❧ ❛♥s✇❡r t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢
❝❤♦♦s✐♥❣ ✇❤✐❝❤ ♣❡♥❛❧t② t❡r♠ ✐s ❝♦♥✈❡♥✐❡♥t ✐♥ t❤❡ ♣r❛❝t✐❝❡ t♦ s❡❧❡❝t t❤❡ s✐❣♥✐✜❝❛♥t ❝♦✈❛r✐❛t❡s✳

❚♦ ✜① t❤❡ ♥♦t❛t✐♦♥s✱ ❛ss✉♠❡ t❤❡r❡ ❛r❡ i = 1, . . . , N s✉❜❥❡❝ts ❛♥❞ j = 1, . . . , ni r❡♣❡❛t❡❞
♦❜s❡r✈❛t✐♦♥s ♥❡st❡❞ ✇✐t❤✐♥ s✉❜❥❡❝t i✳ ❚❤❡ it❤ ♦❜s❡r✈❛t✐♦♥ ❝♦♥s✐sts ✐♥ t❤❡ ✈❡❝t♦r ♦❢ ni ♦❜s❡r✈❛t✐♦♥s
yi = (yi1, . . . , yini

)✱ ✇❤❡r❡ yij , j = 1, . . . , ni ❞❡♥♦t❡s t❤❡ jt❤ ♠❡❛s✉r❡ ♦❜s❡r✈❡❞ ❛t t✐♠❡ ♣♦✐♥t tij ✳
❚❤❡r❡ ❛r❡ t✇♦ s♣❡❝✐✜❝❛t✐♦♥s ✐♥ ❛ ♠✐①❡❞ ♠♦❞❡❧✳ ❋✐rst✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ yi✬s ✐s
❛ss✉♠❡❞ t♦ ❜❡❧♦♥❣ t♦ ❛ ❝♦♠♠♦♥ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ p(yi|φi) s♣❡❝✐✜❡❞ ❜② ❛ ✈❡❝t♦r ♦❢ ✐♥❞✐✈✐❞✉❛❧
♣❛r❛♠❡t❡rs φi ♦❢ ❧❡♥❣t❤ K✳ ❙❡❝♦♥❞✱ s✉❜❥❡❝t ❡✛❡❝ts ❛r❡ ❛❞❞❡❞ ✐♥t♦ t❤❡ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ ❜②
❝♦♥s✐❞❡r✐♥❣ φi ❛s ❛ r❛♥❞♦♠ ✈❡❝t♦r✳ ■♥ t❤✐s ✇♦r❦✱ φi = (φi1, . . . , φiK)T ✐s ❞❡✜♥❡❞ ❛s ✿

φi = βXi + ηi, ηi ∼
i.i.d.

N (0,Ω), i = 1, . . . , N. ✭✶✮

β ✐s ❛ K × p ♠❛tr✐① ♦❢ ✜①❡❞✲❡✛❡❝ts✱ Xi ✐s t❤❡ p× 1 ✈❡❝t♦r ♦❢ ❦♥♦✇♥ ❝♦✈❛r✐❛t❡s ❢♦r s✉❜❥❡❝t i✳ ❚❤❡
✈❡❝t♦r ♦❢ r❛♥❞♦♠ ❡✛❡❝ts ηi = (ηi1, . . . , ηiK)T r❡♣r❡s❡♥ts t❤❡ ❜❡t✇❡❡♥ s✉❜❥❡❝ts ✈❛r✐❛❜✐❧✐t② t❤❛t ✐s
♥♦t ❝❛♣t✉r❡❞ ❜② t❤❡ ❝♦✈❛r✐❛t❡s✳ ❚❤❡s❡ ❛r❡ tr❡❛t❡❞ ❛s r❛♥❞♦♠ ❡✛❡❝ts ❜❡❝❛✉s❡ t❤❡ s❛♠♣❧❡❞ s✉❜❥❡❝ts
❛r❡ t❤♦✉❣❤t t♦ r❡♣r❡s❡♥t ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ s✉❜❥❡❝ts✳ ❚❤❡② ❛r❡ ❛ss✉♠❡❞ ●❛✉ss✐❛♥ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t
❛❝r♦ss s✉❜❥❡❝ts✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♠❛tr✐① Ω ✐♥❞✐❝❛t❡s t❤❡ ❞❡❣r❡❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ s✉❜❥❡❝ts✳ ❲❡
❞❡♥♦t❡ ❜② θ = (β,Ω) t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡❧ t❤❛t ❛r❡ t♦ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡
♦❜s❡r✈❛t✐♦♥s y1, . . . , yN ✳

❚❤❡ ✐❞❡❛ ♦❢ ❇■❈ ✐s t♦ ♣❡♥❛❧✐③❡ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❜② ❛ t❡r♠ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢
t❤❡ s❛♠♣❧❡ s✐③❡✱ ✇❤✐❝❤ ✐s N ✐♥ t❤❡ ❝❧❛ss✐❝ ❝❛s❡✳ ■♥ ♠✐①❡❞ ♠♦❞❡❧s✱ ✐t ❝❛♥ ❛❧s♦ ❜❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r

♦❢ ♦❜s❡r✈❛t✐♦♥s Ntot =

N∑

i=1

ni✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡ ❧✐♥❡❛r ♠♦❞❡❧ yij = φi + ξij ✱

φi = βXi + ηi✱ i = 1, . . . , N ✱ j = 1 . . . , ni✱ ✇❤❡r❡ ξij ✐s ❛ ●❛✉ss✐❛♥ r❡s✐❞✉❛❧ ❡rr♦r ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ r❛♥❞♦♠ ❡✛❡❝t ηi✳ ❚❤❡ ❡✛❡❝t✐✈❡ s❛♠♣❧❡ s✐③❡ t♦ ❡st✐♠❛t❡ t❤❡ ✜①❡❞ ❡✛❡❝ts (βk1, . . . , βkp) ✐s
N ✐❢ Ωkk > 0 ✇❤❡r❡❛s ✐t ✐s Ntot ✐❢ Ωkk = 0 ✐✳❡✳ φik ✐s ♥♦t r❛♥❞♦♠ ❛♥②♠♦r❡ ❜✉t ✜①❡❞✳ ❚❤✐s
♠♦t✐✈❛t❡s t❤❡ ❛s②♠♣t♦t✐❝ st✉❞② ♦❢ ❇■❈ ✇❤❡♥ ❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts N ❛♥❞ t❤❡ ♥✉♠❜❡rs
♦❢ ♠❡❛s✉r❡♠❡♥ts ♣❡r s✉❜❥❡❝t ni t❡♥❞ t♦ ✐♥✜♥✐t②✳

❆s t❤❡ ♣❡♥❛❧t② t❡r♠ ✐♥ ❇■❈ r❡❧✐❡s ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs ✭▼▲❊✮ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ✇❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝♦♥s✐st❡♥❝②
r❛t❡s ♦❢ t❤❡ ▼▲❊s ✐♥ t❤❡ ❞♦✉❜❧❡✲❛s②♠♣t♦t✐❝ s✐t✉❛t✐♦♥ ✇❤❡r❡ N → ∞ ❛♥❞ ni → ∞, i = 1, . . . , N ✳
■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❡①t❡♥❞ t❤❡ r❡s✉❧ts ♦❢ ❬✶✵❪ t♦ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ♠✐①❡❞ ♠♦❞❡❧s s✉❝❤ ❛s ♠✐①❡❞ ❤✐❞❞❡♥
▼❛r❦♦✈ ♠♦❞❡❧s ✇❤❡r❡ t❤❡ r❡♣❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ♥❡st❡❞ ✇✐t❤✐♥ ❡❛❝❤ s✉❜❥❡❝t ❛r❡ ❞❡♣❡♥❞❡♥t✳ ■♥
t❤❡ ❞♦✉❜❧❡✲❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✱ t❤❡ ❝♦♥s✐st❡♥❝② r❛t❡s ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs
✭▼▲❊✮ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❞❡♣❡♥❞ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ✈❛r✐❛❜✐❧✐t② ❞❡s✐❣♥❡❞ ✐♥ t❤❡ ♠♦❞❡❧✳ ❲❡ s❤♦✇
t❤❛t t❤❡ ▼▲❊ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ❞❡✜♥✐♥❣ t❤❡ s✉❜❥❡❝t✲s♣❡❝✐✜❝ ♣❛r❛♠❡t❡rs ❛r❡

√
N ✲

❘❘ ♥➦ ✼✾✹✽



✹ ❉❡❧❛ttr❡✱ ▲❛✈✐❡❧❧❡ ✫ P♦✉rs❛t

❝♦♥s✐st❡♥t ✇❤❡r❡❛s t❤❡ ▼▲❊ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs t❤❛t ❛r❡ ✐❞❡♥t✐❝❛❧ ❢♦r ❛❧❧ s✉❜❥❡❝ts ❛r❡
√
Ntot✲

❝♦♥s✐st❡♥t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ ✐♥ ❙❡❝t✐♦♥ ✸ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❇■❈ ✇✐t❤ ❛ ♣❡♥❛❧t② ❜❛s❡❞
♦♥ t✇♦ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ logN ❛♥❞ logNtot✳ ❲❡ ✐❧❧✉str❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s ❝r✐t❡r✐♦♥
✇✐t❤ ❛ s✐♠✉❧❛t✐♦♥ st✉❞②✳ ❲❡ ❝♦♥❝❧✉❞❡ ✇✐t❤ ❛ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳

✷ ❆s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼▲❊

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ r❡♣❡❛t❡❞
♦❜s❡r✈❛t✐♦♥s ni ✐s t❤❡ s❛♠❡ ❛❝r♦ss s✉❜❥❡❝ts ✿ ni ≡ n✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐s t❤❡♥
Ntot =

∑
i ni = Nn✳ ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ θ ✇❤❡♥

N → ∞ ❛♥❞ n → ∞✳
❆❧t❤♦✉❣❤

√
N ✲❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ▼▲❊ ✐♥ st❛♥❞❛r❞ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ❛r❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts✱

s♦♠❡ s♣❡❝✐❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s ♠❛② ②✐❡❧❞ ❞✐✛❡r❡♥t ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ✐♥ t❤❡
❞♦✉❜❧❡✲❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✳

❲❡ ✜rst ❝♦♥s✐❞❡r t✇♦ ❡①❛♠♣❧❡s ✿ t❤❡ ✜rst ♦♥❡ ✐s ❛ s✐♠♣❧❡ ❧✐♥❡❛r ♠♦❞❡❧ t❤❛t ✐❧❧✉str❛t❡s t❤❡
s♣❡❝✐❛❧ ❞❛t❛ str✉❝t✉r❡ ♦❢ ✐♥t❡r❡st ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ ♠✐①❡❞ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧ t❤❛t
♠♦t✐✈❛t❡❞ ♦✉r st✉❞②✳

❊①❛♠♣❧❡ ✶✿ ▲✐♥❡❛r ▼✐①❡❞ ▼♦❞❡❧ ✳

yij = φi + ξij ,

φi = µ+ ηi, ✭✷✮

✇❤❡r❡ ηi ∼
i.i.d.

N (0, ω2)✱ ξij ∼
i.i.d.

N (0, σ2) ✱ i = 1, . . . , N ✱ j = 1, . . . , n✳

❍❡r❡✱ t❤❡ ▼▲❊ ♦❢ µ ✐s

µ̂MLE =
1

Nn

N∑

i=1

n∑

j=1

yij ,

= µ+
1

N

N∑

i=1

ηi +
1

Nn

N∑

i=1

n∑

j=1

ξij ,

❛♥❞

Var(µ̂MLE) =
ω2

N
+

σ2

Nn
.

❚❤✉s✱ ✐❢ ω > 0✱ φi ✐s ❛♥ ✐♥❞✐✈✐❞✉❛❧ r❛♥❞♦♠ ♣❛r❛♠❡t❡r ❛♥❞ t❤❡ ▼▲❊ ♦❢ µ ✐s
√
N ✲❝♦♥s✐st❡♥t✱

✇❤✐❧❡ ✐❢ ω = 0✱ φi = µ ✐s ♥♦t ❛ r❛♥❞♦♠ ♣❛r❛♠❡t❡r ❛♥②♠♦r❡ ❛♥❞ t❤❡ ▼▲❊ ♦❢ µ ✐s
√
Nn✲

❝♦♥s✐st❡♥t✳

❊①❛♠♣❧❡ ✷✿ ▼✐①❡❞ ❍✐❞❞❡♥ ▼❛r❦♦✈ ▼♦❞❡❧ ✳

❲❡ s✉♣♣♦s❡ t❤❛t yi ✐s t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ S✲st❛t❡ ♠✐①❡❞ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧ ✭▼❍▼▼✮
✇✐t❤ P♦✐ss♦♥ ❡♠✐ss✐♦♥s✳ ❋♦r ❡❛❝❤ i = 1, . . . , N ✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ p(yi|φi) ✐s ❣✐✈❡♥ ❜②

p(yi|φi) = p(yi1)

n∏

j=2

p(yij |yi1, . . . , yi,j−1, φi),

❛♥❞ ✐♥✈♦❧✈❡s ❛ s✉♠ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ s❡q✉❡♥❝❡s ♦❢ n st❛t❡s ✐♥ {1, . . . , S}✿

p(yi|φi) =
∑

zi1,...,zin∈{1,...,S}n

p(zi1|φi)

n∏

j=2

p(zij |zi,j−1, φi)

n∏

j=1

p(yij |zij , φi). ✭✸✮

■♥r✐❛



❇■❈ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ♠✐①❡❞ ❡✛❡❝ts ♠♦❞❡❧s ✺

❲❡ ❛ss✉♠❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❞✐str✐❜✉t✐♦♥ t♦ ❜❡ ✉♥✐❢♦r♠ ❛♥❞ ❦♥♦✇♥ ❢♦r ❛❧❧ i = 1, . . . , N ✳ ❋♦r
S = 2✱ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧ ✐s r❡❞✉❝❡❞ t♦ t❤❡ t✇♦
P♦✐ss♦♥ ♣❛r❛♠❡t❡rs✿ λ1i ✐♥ st❛t❡ 1 ❛♥❞ λ2i ✐♥ st❛t❡ 2✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❢r♦♠
st❛t❡ 1 t♦ st❛t❡ 1 ✭p11,i✮ ❛♥❞ ❢r♦♠ st❛t❡ 2 t♦ st❛t❡ 1 ✭p21,i✮✳ ❚❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

❧♦❣✐t p11,i = φ1i , ❧♦❣✐t p21,i = φ2i,

log λ1i = φ3i , log λ2i = φ4i,

❢♦r ❛❧❧ i = 1, . . . , N ✱ ✇✐t❤ φi = (φi1, . . . , φi4)
T ✳ ❙❡❡ ❬✽❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤✐s ♠♦❞❡❧

❛♥❞ ✐ts ✉s❡ ❢♦r ❡♣✐❧❡♣s② s❡✐③✉r❡ ❝♦✉♥t ♠♦❞❡❧❧✐♥❣✳

✷✳✶ ❚❤❡ ♦❜s❡r✈❡❞ ❧✐❦❡❧✐❤♦♦❞

■♥ ❛ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ✉♥♦❜s❡r✈❡❞ φi✬s ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐s✲
tr✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭♣❞❢✮ ❢♦r s✉❜❥❡❝t i✱ p(yi; θ)✱ i = 1, . . . , N ✱ ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡
❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✈❡❝t♦r yi ✇✐t❤ r❡s♣❡❝t t♦ φi✬s ❞✐str✐❜✉t✐♦♥✿

p(yi; θ) =

∫
p(yi, φi; θ)dφi, ✭✹✮

=

∫
p(yi|φi)p(φi; θ)dφi. ✭✺✮

❊①❝❡♣t ❢♦r ❧✐♥❡❛r ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s✱ t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ φi✬s ❞♦ ♥♦t ❤❛✈❡ ❛♥② ❡①♣❧✐❝✐t ❡①♣r❡s✲
s✐♦♥ ✿

❇② ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ N s✉❜❥❡❝ts✱ t❤❡ ❥♦✐♥t ♣❞❢ p(y; θ) ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ N ✐♥❞✐✈✐❞✉❛❧
♣❞❢✬s p(yi; θ) ❛♥❞ t❤❡ ▼▲❊ ♦❢ θ ✐s ❞❡✜♥❡❞ ❛s

θ̂ = ❛r❣♠❛①
θ∈Θ

N∑

i=1

log p(yi; θ).

❚♦ ❡st❛❜❧✐s❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼▲❊ θ̂ ♦❢ ♣❛r❛♠❡t❡r θ ✇❤❡♥ ❜♦t❤ t❤❡ ♥✉♠❜❡r
♦❢ s✉❜❥❡❝ts N ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ♣❡r s✉❜❥❡❝t n t❡♥❞ t♦ ✐♥✜♥✐t②✱ ✇❡ ✐♥✈❡st✐❣❛t❡
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♦❜s❡r✈❡❞ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✳ ❉✉❡ t♦ t❤❡
s♣❡❝✐❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♠✐①❡❞ ❡✛❡❝ts ♠♦❞❡❧s✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①
♥❛t✉r❛❧❧② ❞✐✈✐❞❡s t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs φi ✐♥t♦ t✇♦ ❣r♦✉♣s ✿ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs φik

✇❤✐❝❤ ❛r❡ ♥♦t r❛♥❞♦♠ ✭❢♦r ✇❤✐❝❤ Ωkk = 0✮✱ ❛♥❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs t❤❛t r❛♥❞♦♠❧② ✈❛r②
❛♠♦♥❣ s✉❜❥❡❝ts✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ r❛♥❞♦♠ ❡✛❡❝t ηik ✇✐t❤ ♥♦♥ ♥❡❣❛t✐✈❡ ✈❛r✐❛♥❝❡✳ ❲❡ ❞❡♥♦t❡
❜② φF,i t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ φi t❤❛t ❛r❡ ♥♦t r❛♥❞♦♠ ❛♥❞ φR,i t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ φi t❤❛t ✐♥❝❧✉❞❡ ❛
r❛♥❞♦♠ ❝♦♠♣♦♥❡♥t✳

■❢ t❤❡ s❡t ♦❢ ✜①❡❞ ♣❛r❛♠❡t❡rs φF,i ✐s ♥♦t ❡♠♣t②✱ t❤❡♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❞❢ ♣r♦♣♦s❡❞
✐♥ ✭✺✮ ❞♦❡s ♥♦t ❤♦❧❞ ❛♥② ♠♦r❡✳ ■♥❞❡❡❞✱ t♦ φi = (φF,i, φR,i) ❝♦rr❡s♣♦♥❞s ❛ ♥❛t✉r❛❧ ♣❛rt✐t✐♦♥ ♦❢ t❤❡
♠♦❞❡❧ ♣❛r❛♠❡t❡rs θ = (θF , θR)✱ ❛♥❞ ✭✺✮ s❤♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ❜②

p(yi; θ) =

∫
p(yi|φR,i, φF,i)p(φR,i; θR)dφR,i ✭✻✮

=

∫
p(yi|φR,i, θF )p(φR,i; θR)dφR,i. ✭✼✮

❆s t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝❛♥ ♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ ❝❧♦s❡❞ ❢♦r♠✱ t❤❡ st✉❞② ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ▼▲❊ ✐♥ ❛ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧ ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞✳ ❚❤❡r❡ ❡①✐sts ❢❡✇ r❡s✉❧ts ❛❜♦✉t t❤❡

❘❘ ♥➦ ✼✾✹✽



✻ ❉❡❧❛ttr❡✱ ▲❛✈✐❡❧❧❡ ✫ P♦✉rs❛t

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼▲❊ ✐♥ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s✳ ❙♦♠❡ ✇❡❧❧ ❦♥♦✇♥ r❡❢❡r❡♥❝❡s t♦ t❤✐s t♦♣✐❝ ❛r❡
♣❛♣❡rs ❢r♦♠ ◆✐❡ ❬✶✶✱ ✾✱ ✶✵❪✳ ■♥ t❤❡s❡ ❛rt✐❝❧❡s✱ t❤❡ ❛✉t❤♦r s✉❣❣❡sts ✈❡r② s♣❡❝✐✜❝ t♦♦❧s ❢♦r st✉❞②✐♥❣
t❤❡ ▼▲❊ ✐♥ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡♠♦♥str❛t✐♦♥s ♣r♦♣♦s❡❞ ✐♥ ❬✾✱ ✶✵❪ ❛r❡ ❜❛s❡❞
♦♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♠♣❧❡t❡ ❧✐❦❡❧✐❤♦♦❞s p(yi, φi; θ)✱ ✇❤✐❝❤ ❣❡♥❡r❛❧❧② ❤❛✈❡ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥✱
r❛t❤❡r t❤❛♥ t❤❡ ♠❛r❣✐♥❛❧ ❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤✉s✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✼✮✱ t❤❡ st✉❞② ♦❢
t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼▲❊ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧
❝♦♠♣❧❡t❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞s✿

li(yi, φi; θ) = li1(yi, φR,i, θF ) + li2(φR,i, θR),

✇❤❡r❡ li(yi, φi; θ) = − log p(yi, φi; θ)✱ li1(yi, φR,i, θF ) = − log p(yi|φR,i, θF )✱ li2(φR,i, θR) =
− log p(φR,i; θR)✳

❘❡♠❛r❦✿ ❚❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♠♣❧❡t❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ t❡r♠s ✇❤✐❝❤ ❞♦♥✬t
❤❛✈❡ t❤❡ s❛♠❡ ♦r❞❡r✱ s✐♥❝❡ li1(yi, φR,i, θF ) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ✈❡❝t♦r ♦❢ ♦❜✲
s❡r✈❛t✐♦♥s yi ♦❢ s✐③❡ n✱ ✇❤✐❧❡ li2(φR,i, θR) ✐s t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r φR,i ✇❤✐❝❤
s✐③❡ ✐s ✜①❡❞ ❛s ❣✐✈❡♥ ❜② t❤❡ ♠♦❞❡❧✳

✷✳✷ ❆ss✉♠♣t✐♦♥s

❋♦r ❞❡r✐✈✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼▲❊ ♦❢ ♣❛r❛♠❡t❡r θ✱ ✇❡ ♥❡❡❞ ❢♦✉r ❝❧❛ss✐❝❛❧
❛ss✉♠♣t✐♦♥s ✭❍✶✮✲✭❍✹✮ ❡♥s✉r✐♥❣ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ❜♦t❤ ❝♦♥t✐♥✉✐t② ❛♥❞ ✐♥✈❡rt✐❜✐❧✐t②
♦❢ t❤❡ ❋✐s❤❡r ■♥❢♦r♠❛t✐♦♥ ▼❛tr✐① ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ tr✉❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡ θ⋆✳ ❚❤❡s❡
❛ss✉♠♣t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✵❪ ❛♥❞ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ♣❡r s✉❜❥❡❝t t❡♥❞s t♦ ✐♥✜♥✐t②✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥
✭❍✺✮ ✐s r❡q✉✐r❡❞✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ r❡❣✉❧❛r✐t② ♦❢ p(yi|φi) ❢♦r i = 1, . . . , N ✿

✭❍✺✮

✭✐✮
1

N

N
∑

i=1

Eyi|θ⋆







[

φR,i
T

(

∂2li1(yi, φR,i, θF )

∂φR,i∂φR,i
T

+Ω−1

R

)−1

φR,i

]

|φi=φ̂i







= o(n)✱

✭✐✐✮
1

N

N
∑

i=1

Eyi|θ⋆







[

∂2li1(yi, φR,i, θF )

∂θF ∂φR,i
T

(

∂2li1(yi, φR,i, θF )

∂φR,i∂φR,i
T

+Ω−1

R

)−1

φR,i

]

|φi=φ̂i







= O(n)✱

✇❤❡r❡ ΩR ✐s t❤❡ ✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ φR,i✱ ❛♥❞ φ̂i = ❛r❣♠❛①φi
li(yi, φi; θ)✳

❈♦♥❞✐t✐♦♥ ✭❍✺✮ ✐s s♣❡❝✐✜❝ t♦ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠♦❞❡❧s ❛♥❞ ✐s ♥❡❝❡ss❛r② t♦ ❡✈❛❧✉❛t❡ t❤❡ r❡s♣❡❝t✐✈❡
♦r❞❡r ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✐♥✈❡rs❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✳ ■♥ ❊①❛♠♣❧❡ ✶✱ t❤❡s❡s ❝♦♥❞✐t✐♦♥s
❛r❡ ❡❛s② t♦ ❝❤❡❝❦✳ ◆✐❡ ❬✶✵❪ s❤♦✇❡❞ t❤❛t t❤❡② ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❛s ✇❡❧❧ ✐♥ ♠✐①❡❞✲❡✛❡❝ts r❡❣r❡ss✐♦♥
♠♦❞❡❧s ✇❤❡r❡ t❤❡ r❡♣❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ♥❡st❡❞ ✇✐t❤✐♥ ❡❛❝❤ s✉❜❥❡❝t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ■♥ ♠♦r❡
❣❡♥❡r❛❧ ♠♦❞❡❧s s✉❝❤ ❛s ❊①❛♠♣❧❡ ✷✱ ✇❤❡r❡ t❤❡ r❡♣❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❞r✐✈❡♥ ❜② ❛ ▼❛r❦♦✈
str✉❝t✉r❡ ❞❡♣❡♥❞❡♥❝❡✱ ✇❡ s❤♦✇❡❞ t❤❛t ❛ss✉♠♣t✐♦♥ ✭❍✺✮ ❝❛♥ ❜❡ r❡❧❛①❡❞ t♦ ❝❧❛ss✐❝❛❧ ❡r❣♦❞✐❝✐t②
❝♦♥❞✐t✐♦♥s✿

✭❍✺✬✮ ❋♦r ❛❧❧ j = 1, . . . , n✱ ❛s n t❡♥❞s t♦ ✐♥✜♥✐t②✱

∣∣∣∣
∂2

∂φi∂φT
i

(log p(yij |yi,j−1, . . . , yi1, φi)− log p(yij |yi,j−1, . . . , φi))|φi=φ⋆
i

∣∣∣∣

❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ 0✳ φ⋆
i ✐s t❤❡ tr✉❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡r ❢♦r s✉❜❥❡❝t i✳

■♥r✐❛



❇■❈ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ♠✐①❡❞ ❡✛❡❝ts ♠♦❞❡❧s ✼

✷✳✸ ❆ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼▲❊ ✐♥ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s ✇❤❡♥ N,n → +∞✳

▲❡♠♠❛ ✶ ✭❆s②♠♣t♦t✐❝ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ θ̂R ❛♥❞ θ̂F ✮✳ ❯♥❞❡r ✭❍✶✮✲✭❍✺✮✱ t❤❡ ▼▲❊s ❢♦r ♣❛r❛♠❡t❡rs
θR ❛♥❞ θF ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❛s N ❛♥❞ n s✐♠✉❧t❛♥❡♦✉s❧② t❡♥❞ t♦ ✐♥✜♥✐t②✱ ✇✐t❤
n

N
→ +∞✳

❚❤❡♦r❡♠ ✶ ✭❆s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼▲❊ ✇❤❡♥ N,n → +∞✮✳ ❆ss✉♠❡ ✭❍✶✮✲✭❍✺✮✳ ❆s

N ❛♥❞ n s✐♠✉❧t❛♥❡♦✉s❧② t❡♥❞ t♦ ✐♥✜♥✐t②✱ ✇✐t❤
n

N
→ +∞✱

√
N(θ̂R − θ⋆R)

D−→ N (0,Γ1(θ
⋆)),

√
Nn(θ̂F − θ⋆F )

D−→ N (0,Γ2(θ
⋆)),

✇❤❡r❡

Γ−1
1 (θ⋆) = lim

N→+∞

1

N

N∑

i=1

Eyi|θ⋆

[
∂2 log p(φR,i; θR)

∂θR∂θR
T

|
φi=φ̂i

]
,

❛♥❞

Γ−1
2 (θ⋆) = lim

N,n→+∞

1

Nn

N∑

i=1

Eyi|θ⋆

[
∂2li1(yi, φR,i, θF )

∂θF∂θF
T

−∂2li1(yi, φR,i, θF )

∂θF∂φR,i
T

(
∂2li1(yi, φR,i, θF )

∂φR,i∂φR,i
T

+Ω−1
R

)−1
∂2li1(yi, φR,i, θF )

∂φR,i∂θF
T

|
φi=φ̂i


 ,

✇❤❡r❡ θ⋆ ✐s t❤❡ tr✉❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶ ❛♥❞ ❚❤❡♦r❡♠ ✶✳ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❣❡tt✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ ▼▲❊ ✐♥ ❛♥② ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ ✐s ❛ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❛r♦✉♥❞ t❤❡
tr✉❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡ θ⋆✳ ❋r♦♠ t❤✐s✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ♠♦❞❡❧ ❢✉❧✜❧❧s ❝❧❛ss✐❝❛❧ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s
r❡s✉❧ts ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ s❝♦r❡ ❢✉♥❝t✐♦♥✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥
♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ❍❡ss✐❛♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✱ ❛♥❞ t❤❡ ♥❡❣❧✐❣✐❜✐❧✐t② ♦❢ t❤❡
r❡st t❡r♠ ♦❢ t❤❡ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥✳ ■♥✈❡rt✐❜✐❧✐t② ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ✐s ❛❧s♦
r❡q✉✐r❡❞✳ ❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ♣❡r
s✉❜❥❡❝t ✐s ✜♥✐t❡✱ ♣r♦✈✐❞❡❞ t❤❛t ❛ss✉♠♣t✐♦♥s ✭❍✶✮✲✭❍✹✮ ❛r❡ ❢✉❧✜❧❧❡❞✱ ✇❡ ❤❛✈❡✿

√
N

(
θ̂R − θ⋆R
θ̂F − θ⋆F

)
D−→

N→+∞
N
(
0, I−1(θ⋆)

)
, ✭✽✮

✇❤❡r❡

I(θ⋆) = − lim
N→+∞

1

N

N∑

i=1

Eyi|θ⋆




∂2 log p(yi; θ)

∂θR∂θR
′

∂2 log p(yi; θ)

∂θR∂θF
′

∂2 log p(yi; θ)

∂θF∂θR
′

∂2 log p(yi; θ)

∂θF∂θF
′


 =

(
I11 I12
I21 I22

)
.

❙❡❡ ❬✷❪ ❢♦r ❞❡t❛✐❧s✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ st❛t❡❞ ✐♥ ✭✽✮ ✐s ❞❡❣❡♥❡r❛t❡❞ ❛s n t❡♥❞s t♦ ✐♥✜♥✐t②✱ r❡q✉✐r✐♥❣

❛❞❥✉st♠❡♥t ♦❢ t❤❡ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ θ̂R ❛♥❞ θ̂F ❛s n → +∞✳ ❲❡ s❤♦✇ t❤❛t s♦♠❡ ❜❧♦❝❦
❝♦♠♣♦♥❡♥ts ♦❢ I−1(θ⋆) t❡♥❞ t♦ 0 ❛s N,n t❡♥❞ t♦ ✐♥✜♥✐t②✱ ❛♥❞ ❛❞❡q✉❛t❡❧② ♥♦r♠❛❧✐③❡ t❤❡ ❞✐✛❡r❡♥t

❘❘ ♥➦ ✼✾✹✽



✽ ❉❡❧❛ttr❡✱ ▲❛✈✐❡❧❧❡ ✫ P♦✉rs❛t

❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ ♦r❞❡rs ♦❢ t❤❡ ❜❧♦❝❦ ❝♦♠♣♦♥❡♥ts
♦❢ I(θ⋆) ❛s s✉❣❣❡st❡❞ ✐♥ ❬✶✵❪✳ ❊❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ✐♥✈♦❧✈❡s s❡❝♦♥❞
❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ✐♥❞✐✈✐❞✉❛❧ ❧✐❦❡❧✐❤♦♦❞s ✇✐t❤ r❡s♣❡❝t t♦ θR ❛♥❞ θF ✱ ❜✉t ❞✉❡ t♦ t❤❡
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❛s ❛♥ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ φi✬s✱ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡s❡ ❞❡r✐✈❛t✐✈❡s ✐s ♥♦t
str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ r❡q✉✐r❡s ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❡❛❝❤ s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ p(yi; θ)✿

− 1

N

N∑

i=1

∂2 log p(yi; θ)

∂θ∂θT
=

1

N

N∑

i=1

[
∂2li(yi, φi; θ)

∂θ∂θT

−∂2li(yi, φi; θ)

∂θ∂φT
i

(
∂2li(yi, φi; θ)

∂φi∂φT
i

)−1
∂2li(yi, φi; θ)

∂θT∂φi

+O(n)

]
|
φi=φ̂i

.

❯s✐♥❣ ❛ss✉♠♣t✐♦♥ ✭❍✺✮ ❛♥❞ ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧
❧♦❣✲❧✐❦❡❧✐❤♦♦❞s✱ ✇❡ ❣❡t t❤❡ r❡s✉❧ts ♦❢ ▲❡♠♠❛ ✶ ❛♥❞ ❚❤❡♦r❡♠ ✶✳ ▼♦r❡ ❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡
❆♣♣❡♥❞✐①✳

✸ ▼♦❞❡❧ s❡❧❡❝t✐♦♥

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ ❞❡r✐✈❡ t❤❡ ❇■❈ ♣❡♥❛❧t②
✐♥ ❛ ♣♦♣✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤ ❝♦♥t❡①t ❢♦r s❡❧❡❝t✐♥❣ t❤❡ ❝♦✈❛r✐❛t❡ ♠♦❞❡❧✳

✸✳✶ ❇■❈ ❢♦r ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s

❉❡r✐✈✐♥❣ t❤❡ ❇■❈ ♣❡♥❛❧t② r❡q✉✐r❡s t♦ t❛❦❡ ❛ ✜♥✐t❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s✱ M =
(M1,M2, . . . ,Mm)✱ ❛♥❞ t♦ ❝♦♥s✐❞❡r t❤❡s❡ ♠♦❞❡❧s ❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ ♣❛r❛♠❡t❡rs ❛s r❛♥❞♦♠
✈❛r✐❛❜❧❡s✳ ■♥ ♠♦❞❡❧ Mk✱ t❤❡ ❞❛t❛ ✐s s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ❞✐str✐❜✉t✐♦♥ p(·; θk) ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s❡t
♦❢ ♣♦♣✉❧❛t✐♦♥ ♣❛r❛♠❡t❡r θk✳

▲❡t y = (y1, . . . ,yN ) ❞❡♥♦t❡ t❤❡ ♦❜s❡r✈❛t✐♦♥s s❛♠♣❧❡✱ ❝♦♠♣♦s❡❞ ♦❢ n ✐♥❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s
♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❛t❛✿ yi = (yi1, . . . , yin)✱ ✇❤❡r❡ t❤❡ n ♦❜s❡r✈❛t✐♦♥s ❢♦r ❛ ❣✐✈❡♥ s✉❜❥❡❝t ❛r❡ ♥♦t
♥❡❝❡ss❛r✐❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡ ❛✐♠ ✐s t♦ s❡❧❡❝t ♠♦❞❡❧ Mk ❛♠♦♥❣ ❝♦❧❧❡❝t✐♦♥ M ♣r❡s❡♥t✐♥❣ ❤✐❣❤❡st
❛ ♣♦st❡r✐♦r✐ ❞✐str✐❜✉t✐♦♥ p(Mk|y) ∝ p(y|Mk)p(Mk)✳ ❆ss✉♠✐♥❣ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❞✐str✐❜✉t✐♦♥ ❢♦r
t❤❡ ♠♦❞❡❧s ♦❢ M✱ t❤❡ ♣r♦❜❧❡♠ ❛♠♦✉♥ts t♦ ♠❛①✐♠✐③✐♥❣ p(y|·) ❛♠♦♥❣ t❤❡ ♠♦❞❡❧s ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥✳
❋♦r ❛♥② ❣✐✈❡♥ k = 1, . . . ,m✱

p(y|Mk) =

∫

Θk

p(y|θk,Mk)p(θk|Mk)dθk,

✐s ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ ❛ ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✼❪✿

log p(y|Mk) =

(
N∑

i=1

log p(yi|θ⋆k)
)

+ log p(θ⋆k|Mk) +
dim(θk)

2
log(2π)

−dim(θk)

2
log(N)− 1

2
log det

(
− 1

N

∂2 log p(y|Mk)

∂θ∂θT
|θk=θ⋆

k

)

+O (N) .

❚❤❡ ❍❡ss✐❛♥ ♠❛tr✐① − 1

N

∂2 log p(y|Mk)

∂θ∂θT
|θk=θ⋆

k
✐s ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ I(θ̂k)✱ ❜✉t ✇❤❡♥ ❜♦t❤ N

❛♥❞ n t❡♥❞ t♦ ✐♥✜♥✐t②✱ log det I(θ̂k) ❝❛♥ ♥♦t ❜❡ ❡✈❛❧✉❛t❡❞ ❛s ❛ ❝♦♥st❛♥t ❛s ✐♥ ❬✼❪✳

■♥r✐❛



❇■❈ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ♠✐①❡❞ ❡✛❡❝ts ♠♦❞❡❧s ✾

❲❡ ❛ss✉♠❡ ❤❡r❡ ❛ ❧✐♥❡❛r ♠♦❞❡❧ ❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs ❛s ❞❡s❝r✐❜❡❞ ✐♥ ✭✶✮✳ ❲❡ t❤❡r❡❢♦r❡
❞❡❝♦♠♣♦s❡ t❤❡ ✈❡❝t♦r ♦❢ r❛♥❞♦♠ ❡✛❡❝t ηi ✐♥t♦ (ηF,i, ηR,i) ✇❤❡r❡ ηF,i = 0 ✐s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✜①❡❞
✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs ❛♥❞ ηR,i t♦ t❤❡ r❛♥❞♦♠ ♦♥❡s✿

φF,i = βFXi ✭✾✮

φR,i = βRXi + ηR,i, ηR,i ∼
i.i.d.

N (0,ΩR), i = 1, . . . , N, ✭✶✵✮

✇❤❡r❡ ΩR ✐s ❛ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ✈❛r✐❛♥❝❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❛t ❛❧❧ t❤❡ ♠♦❞❡❧s
♦❢ ❝♦❧❧❡❝t✐♦♥ M ❤❛✈❡ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Ω
♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs φi✬s ❤❛s t❤❡ s❛♠❡ str✉❝t✉r❡ ✐♥ t❤❡ m ♠♦❞❡❧s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ φi = (φF,i, φR,i) ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ t❤❡ ♠♦❞❡❧s ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝♦✈❛r✐❛t❡ s❡❧❡❝t✐♦♥
♣r♦❜❧❡♠✱ ✐✳❡✳ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♥♦♥ ③❡r♦ ❡❧❡♠❡♥ts ♦❢ βF ❛♥❞ βR✱ ❜✉t ♥♦t ♦♥ t❤❡ s❡❧❡❝t✐♦♥ ♦❢
t❤❡ ♥♦♥ ③❡r♦ ❡❧❡♠❡♥ts ♦❢ Ω✳ ❍❡r❡✱ θ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ (θR, θF )✱ ✇❤❡r❡ θR = (βR,ΩR) ❛♥❞ θF ✐s
βF ✱ ❡✈❡♥t✉❛❧❧② ❛✉❣♠❡♥t❡❞ ✇✐t❤ ♠♦❞❡❧✲s♣❡❝✐✜❝ ✜①❡❞ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s t❤❡ ❡rr♦r ✈❛r✐❛♥❝❡ σ2 ❛s
✐♥ ❊①❛♠♣❧❡ ✶✳

❯s✐♥❣ ❛s②♠♣t♦t✐❝ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ θ̂R ❛♥❞ θ̂F ✭▲❡♠♠❛ ✶✮✱ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ θ̂R
❛♥❞ θ̂F ❛s N,n → +∞ ✭❚❤❡♦r❡♠ ✶✮✱ ✇❡ ❣❡t

− log det I(θ̂k) ≈ − log det(Γ1(θ̂k))− log det(nΓ2(θ̂k)),

✇❤❡r❡✱ ✉s✐♥❣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ Γ1(θ̂k) ❛♥❞ nΓ2(θ̂k) r❡♣r❡s❡♥t t❤❡ ❞✐❛❣♦♥❛❧

❜❧♦❝❦ ❝♦♠♣♦♥❡♥ts ♦❢ I(θ̂k)−1✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✱ Γ1(θ̂k) ❛♥❞ Γ2(θ̂k) ❛r❡ ❡✈❛❧✉❛t❡❞ ❛s ❝♦♥✲
st❛♥ts ✇❤❡♥ ❜♦t❤ N,n → +∞✳ ❚❤✉s✱ ❝♦rr❡❝t❧② ♥♦r♠❛❧✐③✐♥❣ ❡❛❝❤ t❡r♠ ♦❢ ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥
❡①♣r❡ss❡❞ ❛❜♦✈❡ ❛♥❞ ♥❡❣❧❡❝t✐♥❣ ❛❧❧ t❡r♠s r❡♠❛✐♥✐♥❣ ❜♦✉♥❞❡❞ ❛s N,n → +∞✱ ✇❡ ❣❡t

log p(y|Mk) ≈ log p(y|θ̂k)−
dim(θR,k)

2
logN − dim(θF,k)

2
logNn

❛s N,n → +∞ ❛♥❞
n

N
→ +∞✳

❚❤❡♦r❡♠ ✷✳ ❚❤❡ ❇■❈ ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ✐♥ s❡❧❡❝t✐♥❣ t❤❡ ♠♦❞❡❧ t❤❛t ♠✐♥✐♠✐③❡s

BIC(Mk) = −2 log p(y|θ̂k,Mk) + dim(θR,k) logN + dim(θF,k) log(Nn),

❛♠♦♥❣ t❤❡ ♠♦❞❡❧s Mk ♦❢ ❝♦❧❧❡❝t✐♦♥ M✳

❘❡♠❛r❦✿ ❘❡♣❧❛❝❡ Nn ❜② Ntot =

N∑

i=1

ni ✐♥ ❇■❈ ❡①♣r❡ss✐♦♥ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s

♣❡r s✉❜❥❡❝t ❞✐✛❡rs ❢r♦♠ ♦♥❡ s✉❜❥❡❝t t♦ ❛♥ ♦t❤❡r✳

✸✳✷ ❙✐♠✉❧❛t✐♦♥ st✉❞②

❲❡ ♥♦✇ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ❤②❜r✐❞ ❇■❈ ♣❡♥❛❧t② ✐♥ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠s
♦❝❝✉r✐♥❣ ✐♥ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥❢r♦♥t t❤❡ ♥❡✇ ❝r✐t❡r✐❛ BICN,Nn t♦ ❇■❈
♣❡♥❛❧✐③❡❞ ✇✐t❤ ❡✐t❤❡r t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts ✭BICN ✮ ♦r t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡
t♦t❛❧ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✭BICNn✮✱ ✐♥ ❛ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ✈✐❛ ❛ s❤♦rt s✐♠✉❧❛t✐♦♥
st✉❞②✳

❘❘ ♥➦ ✼✾✹✽



✶✵ ❉❡❧❛ttr❡✱ ▲❛✈✐❡❧❧❡ ✫ P♦✉rs❛t

✸✳✷✳✶ ▼♦❞❡❧

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ s✐♠♣❧❡
♠♦❞❡❧ ♦❢ ❊①❛♠♣❧❡ ✶✳ ❋♦r i = 1, . . . , N ❛♥❞ j = 1, . . . , n✱

yij = µ+ φi1tij + φi2t
2
ij + ξij , ξij ∼

i.i.d.
N (0, σ2),

φi1 = a0 + a1xi + ηi , ηi ∼
i.i.d.

N (0, ω2),

φi2 = b0 + b1xi, ✭✶✶✮

✇❤❡r❡ xi ✐s ❛ ❝♦✈❛r✐❛t❡ ❢♦r s✉❜❥❡❝t i ❛♥❞ tij t❤❡ ♦❜s❡r✈❛t✐♦♥ t✐♠❡ ♦❢ yij ✳ ❍❡r❡✱ φR,i = φi1✱
φF,i = φi2✱ Xi = (1, xi) ❛♥❞ ΩR = ω2✳

■♥ t❤✐s s✐♠♣❧❡ ♠♦❞❡❧✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ✐s ❡①♣❧✐❝✐t✿ yij ∼ N (mij , γ
2
ij)✱ ✇❤❡r❡

mij = µ+ (a0 + a1xi)tij + (b0 + b1xi)t
2
ij ❛♥❞ γij = t2ijω

2 + σ2✳ ❚❤✉s✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝❛♥ ❜❡ ❡❛s✐❧②
❞❡r✐✈❡❞ ❢♦r ❛♥② ✈❡❝t♦r ♦❢ ♣♦♣✉❧❛t✐♦♥ ♣❛r❛♠❡t❡r θ✳ ❋♦✉r s✉❜✲♠♦❞❡❧s✱ M11✱ M10✱ M01✱ M00✱ ❝❛♥
❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ♠♦❞❡❧ ✭✶✶✮✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❡t❤❡r t❤❡ ❝♦❡✣❝✐❡♥ts a1 ❛♥❞ b1 ❛r❡ ♥✉❧❧ ♦r ♥♦t✳ ❚❤❡
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❇■❈ ❤②❜r✐❞ ♣❡♥❛❧t② ❢♦r ❡❛❝❤ s✉❜✲♠♦❞❡❧ ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s
s♣❡❝✐✜❝ ♠♦❞❡❧✱ t❤❡ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ❛r✐s❡s ❛t t✇♦ ❧❡✈❡❧s ♦❢ t❤❡ ♠♦❞❡❧✿ ♦♥ t❤❡ r❛♥❞♦♠
♣❛r❛♠❡t❡r φi1 ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ♦♥ t❤❡ ♥♦♥ r❛♥❞♦♠ ♣❛r❛♠❡t❡r φi2 ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳

▼♦❞❡❧ ❉❡s❝r✐♣t✐♦♥ θR θF ♣❡♥✭BICN,Nn✮
M11 ✭a1 6= 0✱ b1 6= 0✮ a0, a1, ω

2 µ, b0, b1, σ
2 3 logN + 4 logNn

M10 ✭a1 6= 0✱ b1 = 0✮ a0, a1, ω
2 µ, b0, σ

2 3 logN + 3 logNn
M01 ✭a1 = 0✱ b1 6= 0✮ a0, ω

2 µ, b0, b1, σ
2 2 logN + 4 logNn

M00 ✭a1 = 0✱ b1 = 0✮ a0, ω
2 µ, b0, σ

2 2 logN + 3 logNn

❚❛❜❧❡ ✶✿ ❉❡✜♥✐t✐♦♥ ♦❢ s✉❜♠♦❞❡❧s M11✱ M10✱ M01 ❛♥❞ M00✱ ❛♥❞ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣❡♥❛❧t✐❡s ❢♦r ❤②❜r✐❞ ❇■❈✳

✸✳✷✳✷ ❉❡s✐❣♥ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s

❲❡ ✇✐❧❧ ♣❡r❢♦r♠ ❛ ▼♦♥t❡✲❈❛r❧♦ ❡①♣❡r✐♠❡♥t ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ❝♦✈❛r✐❛t❡
♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛✳

❊❛❝❤ ♦❢ t❤❡ K = 500 r❡♣❧✐❝❛t❡s ♦❢ t❤❡ ▼♦♥t❡✲❈❛r❧♦ ❡①♣❡r✐♠❡♥t ❝♦♥s✐sts ✐♥ s✐♠✉❧❛t✐♥❣ ❛ ♥❡✇

❞❛t❛s❡t Yk,k′

N,n ✇✐t❤ N s✉❜❥❡❝ts ❛♥❞ n ♦❜s❡r✈❛t✐♦♥s ♣❡r s✉❜❥❡❝t ❢r♦♠ ♠♦❞❡❧ Mkk′ ✱ k, k′ ∈ {0, 1}2✳
❚❤❡ ♣❛r❛♠❡t❡rs θR ❛♥❞ θF ♦❢ ♠♦❞❡❧s M11✱ M10✱ M01✱ M00✱ ❛r❡ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ s✐♠✉❧❛t❡❞
♦❜s❡r✈❛t✐♦♥s ✉s✐♥❣ t❤❡ ❊▼ ❛❧❣♦r✐t❤♠✳ ❯s✐♥❣ t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡s θ̂R ❛♥❞ θ̂F ✱ t❤❡ ♦❜s❡r✈❡❞
❧✐❦❡❧✐❤♦♦❞ ✐s ❝♦♠♣✉t❡❞ ✐♥ ❡❛❝❤ ♠♦❞❡❧ ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ❢♦r BICN ✱
BICNn ❛♥❞ BICN,Nn ❛r❡ ❞❡r✐✈❡❞✳ ❚❤❡♥✱ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❡❛❝❤ ❝r✐t❡r✐❛ ❧❡❛❞s t♦ t❤❡ s❡❧❡❝t✐♦♥ ♦❢
♦♥❡ ♦❢ t❤❡ ❢♦✉r ♣♦ss✐❜❧❡ ♠♦❞❡❧s✳ ❲❡ ❝❛♥ t❤❡♥ ♦❜t❛✐♥ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ❡❛❝❤ ♠♦❞❡❧ ❤❛s ❜❡❡♥
❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ ❡❛❝❤ ❝r✐t❡r✐❛✳

❉✐✛❡r❡♥t ❞❡s✐❣♥s ✭♥✉♠❜❡r N ♦❢ s✉❜❥❡❝ts ❛♥❞ ♥✉♠❜❡r n ♦❢ ♦❜s❡r✈❛t✐♦♥s ♣❡r s✉❜❥❡❝t✮ ✇❡r❡
✐♥✈❡st✐❣❛t❡❞ ✉s✐♥❣ N = (20, 50, 100) ❛♥❞ n = (20, 100, 200, 500, 1000)✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡
r❡s✐❞✉❛❧ ❡rr♦r ✇❛s s❡t t♦ σ2 = 1✳ ❚❤❡ ♦t❤❡r ♠♦❞❡❧ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ r❛♥❞♦♠❧②
❞r❛✇♥ ❛t ❡❛❝❤ r❡♣❧✐❝❛t❡ ♦❢ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❡①♣❡r✐♠❡♥t✿ Ci ∼ N (0, 1)✱ µ, a1, b1 ∼ N (0.01, 1)✱
b0 ∼ N (0.005, 1)✱ b1 ∼ N (0.0025, 1) ❛♥❞ ω2 ∼ U[0.01,1.01]✳ ❚❤❡ tij ✬s ❛r❡ ❡q✉❛❧❧② s♣❛❝❡❞ ✐♥ [0, 10]✳

■♥r✐❛



❇■❈ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ♠✐①❡❞ ❡✛❡❝ts ♠♦❞❡❧s ✶✶

✸✳✷✳✸ ❘❡s✉❧ts

❚❤❡ r❡s✉❧ts ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤❡ ▼♦♥t❡✲❈❛r❧♦ st✉❞② ♠❛✐♥❧② s❤♦✇s t❤❛t t❤❡ ♥❡✇ ❝r✐t❡r✐❛
❤❛s ✈❡r② s✐♠✐❧❛r ♣r♦♣❡rt✐❡s t❤❛♥ ❇■❈ ♣❡♥❛❧✐③❡❞ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts✱ ✇❤✐❝❤ ✐s ❝✉rr❡♥t❧② t❤❡
♠♦st ❢r❡q✉❡♥t❧② ✉s❡❞ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛ ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤ ✐♥ ♣r❛❝t✐❝❡✳ ◆❡✈❡rt❤❡❧❡ss✱
✇❤❡♥ t❤❡ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ❛r✐s❡s ❛t r❛♥❞♦♠ ❡✛❡❝t ❧❡✈❡❧ φR,i ♦❢ t❤❡ ♠♦❞❡❧ ✭♠♦❞❡❧s M10

❛♥❞ M11✮✱ ✇❡ ♥♦t✐❝❡ ♠♦st ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t❤r❡❡ ❝r✐t❡r✐❛✳ ❲❤❡♥ t❤❡r❡ ✐s ❛
❝♦✈❛r✐❛t❡ ❡✛❡❝t ♦♥ φR,i ♦♥❧② ✭♠♦❞❡❧ M10✮✱ t❤❡ ❤②❜r✐❞ ❇■❈ ✐s ❡✈❡♥ s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ BICN ✲ ✐♥
t❤❡ s❡♥s❡ t❤❛t BICN,Nn ♠♦st ❢r❡q✉❡♥t❧② s❡❧❡❝ts t❤❡ ❝♦rr❡❝t ♠♦❞❡❧ t❤❛♥ BICN ✲ ❡s♣❡❝✐❛❧❧② ✇❤❡♥
t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts ✐s s♠❛❧❧ ✭N = 20✮✳ ❲❡ ❛❧s♦ s❤♦✇ ✈❡r② ❜❛❞ ♣❡r❢♦r♠❛♥❝❡s ♦❢ BICNn ✐♥
t❤✐s ❝♦♥t❡①t✳ ❲❤❡♥ ❛ ❝♦✈❛r✐❛t❡ ❡✛❡❝t ❛r✐s❡s ❛t ❧❡❛st ❛t r❛♥❞♦♠ ❡✛❡❝t ❧❡✈❡❧ ♦❢ t❤❡ ♠♦❞❡❧✱ ✐t ♦✈❡r✲
♣❡♥❛❧✐③❡s ♣❛r❛♠❡t❡rs θR ♦❢ t❤❡ ♠♦❞❡❧✱ r❡s✉❧t✐♥❣ ✐♥ ♠♦st ❢r❡q✉❡♥t s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤♦✉t
❝♦✈❛r✐❛t❡ ♦♥ φR,i✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ BICNn ❣✐✈❡s s❧✐❣❤t❧② ❜❡tt❡r r❡s✉❧ts ✇❤❡♥ ♥♦ ❝♦✈❛r✐❛t❡
❛r✐s❡s ❛t r❛♥❞♦♠ ❧❡✈❡❧ ♦❢ t❤❡ ♠♦❞❡❧✳

❋✐❣✉r❡ ✶✿ ❘❡s✉❧ts ❣✐✈❡♥ ❜② t❤❡ t❤r❡❡ ✈❡rs✐♦♥s ♦❢ ❇■❈ ♦♥ 500 s✐♠✉❧❛t❡❞ ❞❛t❛s❡ts ❢♦r t❤❡ ❞✐✛❡r❡♥t
s✉❜✲♠♦❞❡❧s ♦❢ ✭✶✶✮ ✭❝♦❧✉♠♥s✮ ❛♥❞ ❞✐✛❡r❡♥t ✈❛❧✉❡s ❢♦r ✭N ✱ n✮ ✭r❛✇s✮✳ ❋❖r ❡❛❝❤ ❞❡s✐❣♥✱ t❤❡
❤✐st♦❣r❛♠s r❡♣r❡s❡♥t t❤❡ ♥✉♠❜❡rs ♦❢ t✐♠❡s ❡❛❝❤ ♠♦❞❡❧ ✭❢r♦♠ ❧❡❢t t♦ r✐❣❤t✿ M00✱ M01✱ M10✱ M11✮
✐s s❡❧❡❝t❡❞ ❜② ❡❛❝❤ ✈❡rs✐♦♥ ♦❢ ❇■❈✿ BICN ✭❜❧✉❡✮✱ BICNn ✭❣r❡❡♥✮✱ BICN,Nn ✭r❡❞✮✳

❲❡ ❤❛✈❡ r❡♣❧✐❝❛t❡❞ t❤❡ ▼♦♥t❡✲❈❛r❧♦ ❡①♣❡r✐♠❡♥t ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞
t❤❡ tij ✬s✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ t❤r❡❡ ❝r✐t❡r✐❛ ❛r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ♣❛r❛♠❡t❡r s❝❛❧❡s✳
❲❤❡♥ ❣r❡❛t❡r ✇❡✐❣❤t ✐s ❣r❛♥t❡❞ t♦ t❤❡ r❛♥❞♦♠ ❡✛❡❝t t❡r♠ φR,i ♦❢ t❤❡ ♠♦❞❡❧✱ ✐t ✐s ✐♥t✉✐t✐✈❡❧② ❡❛s✐❡r
t♦ ❞❡t❡❝t ❛ ❝♦✈❛r✐❛t❡ ✐♥ φR,i t❤❛♥ ✐♥ φF,i✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ t❤❡ ♦❜s❡r✈❛t✐♦♥
t✐♠❡ ✐♥t❡r✈❛❧ ✐s [0, 1]✱ t❤❡ ❤②❜r✐❞ ❇■❈ s❤♦✇ ♠✉❝❤ ❜❡tt❡r ♣r♦♣❡rt✐❡s t❤❛♥ ❛❜♦✈❡ ✇❤❡♥ t❤❡ ♣r♦❜❧❡♠

❘❘ ♥➦ ✼✾✹✽



✶✷ ❉❡❧❛ttr❡✱ ▲❛✈✐❡❧❧❡ ✫ P♦✉rs❛t

✐s t♦ ❞❡t❡❝t ❛ ❝♦✈❛r✐❛t❡ ✐♥ φR,i ❛♥❞ ♥♦t ✐♥ φF,i ✭♠♦❞❡❧ M10✮✱ ❜✉t ♠❛✐♥❧② s❡❧❡❝ts ♠♦❞❡❧ M10 ❡✈❡♥
✇❤❡♥ t❤❡ tr✉❡ ♠♦❞❡❧ ✐s M11✳ ❙✐♠✐❧❛r r❡s✉❧ts ❛r❡ r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ ♦t❤❡r ❝r✐t❡r✐❛✳

✹ ❉✐s❝✉ss✐♦♥

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s t✇♦❢♦❧❞✳ ❋✐rst✱ ✇❡ ❤❛✈❡ ❡①t❡♥❞❡❞ t❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts
❡st❛❜❧✐s❤❡❞ ❜② ◆✐❡ ❬✶✵❪ ❢♦r ♥♦♥❧✐♥❡❛r ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s t♦ ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧s ✐♥✈♦❧✈✐♥❣ ❛
❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ✇✐t❤✐♥ ❡❛❝❤ s✉❜❥❡❝t✱ s✉❝❤ ❛s ♠✐①❡❞✲❡✛❡❝ts ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s✳ ❲❡
❝♦♥s✐❞❡r t❤❡ ❞♦✉❜❧❡✲❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ✇❤❡r❡ ❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts N ❛♥❞ t❤❡ ♥✉♠✲
❜❡r ♦❢ r❡♣❡❛t❡❞ ♠❡❛s✉r❡s n t❡♥❞ t♦ ✐♥✜♥✐t②✳ ❲❡ s❤♦✇ t❤❛t✱ ♣r♦✈✐❞❡❞ s♦♠❡ ❝❧❛ss✐❝❛❧ ❡r❣♦❞✐❝✐t②
❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ▼❛r❦♦✈ ❝❤❛✐♥s✱ t❤❡ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼▲❊s ❞❡♣❡♥❞ ♦♥
t❤❡ ❧❡✈❡❧s ♦❢ ✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ ♠♦❞❡❧ ✿ t❤❡ ♣❛r❛♠❡t❡rs θR ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ r❛♥❞♦♠ ❝♦♠♣♦♥❡♥ts ♦❢
t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs φi, i = 1, . . . , N ❛r❡

√
N ✲❝♦♥s✐st❡♥t ✇❤✐❧❡ t❤❡ ♣❛r❛♠❡t❡rs θF r❡❧❛t❡❞

t♦ t❤❡ ♥♦♥✲r❛♥❞♦♠ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs ❛r❡
√
Nn✲❝♦♥s✐st❡♥t✳ ❲❡ ❤❛✈❡ t❤❡♥ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡s❡

r❡s✉❧ts ❛ s♣❡❝✐✜❝ ✈❡rs✐♦♥ ♦❢ ❇■❈ ❢♦r ❝♦✈❛r✐❛t❡ s❡❧❡❝t✐♦♥ ✐♥ ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s✳ ❚❤❡ ♥❡✇ ❇■❈
❝r✐t❡r✐♦♥ ♣❡♥❛❧✐③❡s t❤❡ s✐③❡ ♦❢ θR ✇✐t❤ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts ❛♥❞ t❤❡ s✐③❡ ♦❢ θF
✇✐t❤ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s✳

❲❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❛ s✐♠✉❧❛t✐♦♥ st✉❞② ❢♦r ❝♦♠♣❛r✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❇■❈ ✇✐t❤
st❛♥❞❛r❞ ❇■❈ ❝r✐t❡r✐❛ t❤❛t ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❞✐✛❡r❡♥t s♦❢t✇❛r❡s ✉s❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ♠✐①❡❞
❡✛❡❝ts ♠♦❞❡❧s✳ ❯s✐♥❣ ❛ s✐♠♣❧❡ ❧✐♥❡❛r ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t t❤❡ ❤②❜r✐❞ ❇■❈
♠❛✐♥❧② ❜❡❤❛✈❡s ❛s t❤❡ ❝❧❛ss✐❝❛❧ ❇■❈ ♣❡♥❛❧✐③❡❞ ✇✐t❤ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts
❜✉t ♦✉t♣❡r❢♦r♠s ✐♥ ♠♦st ❝❛s❡s t❤❡ ❇■❈ ♣❡♥❛❧✐③❡❞ ✇✐t❤ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
♦❜s❡r✈❛t✐♦♥s✳ ■♥ t❤✐s ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡✱ ✇❡ ❤❛✈❡ ❛❧s♦ ♥♦t✐❝❡❞ s♦♠❡ s❧✐❣❤t s✉♣❡r✐♦r✐t② ♦❢ t❤❡
♥❡✇ ❝r✐t❡r✐❛ ✐♥ s♦♠❡ s✐t✉❛t✐♦♥s✱ ❡✈❡♥ ✇✐t❤ ♠♦❞❡r❛t❡ N ❛♥❞ n✳

❆❞❞✐t✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧s s✉❝❤ ❛s ♠✐①❡❞✲❡✛❡❝ts ❤✐❞❞❡♥ ▼❛r❦♦✈
♠♦❞❡❧s ❛r❡ r❡q✉✐r❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❝r✐t❡r✐♦♥✳ ❋✉rt❤❡r✲
♠♦r❡✱ t❤❡ ♣r♦♣♦s❡❞ ❇■❈ ✐s ❞❡s✐❣♥❡❞ ♦♥❧② ❢♦r ❝♦✈❛r✐❛t❡ s❡❧❡❝t✐♦♥ ✇❤❡♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ r❛♥❞♦♠
❡✛❡❝ts ♦❢ t❤❡ ♠♦❞❡❧ ✐s ❣✐✈❡♥✳ ❉❡r✐✈✐♥❣ ❛ ♥❡✇ ❝r✐t❡r✐❛ ❢♦r s❡❧❡❝t✐♥❣ t❤❡ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡ ♦❢ t❤❡
r❛♥❞♦♠ ❡✛❡❝ts ❛s ✇❡❧❧ r❡♠❛✐♥s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❇■❈✲t②♣❡ ♣r♦❝❡❞✉r❡s ✇❡r❡ st✉❞✐❡❞ ❜② ❬✹❪ t♦
s❡❧❡❝t ❜♦t❤ ✜①❡❞ ❛♥❞ r❛♥❞♦♠ ❡✛❡❝ts ❜✉t t❤❡② ❛r❡ ❧✐♠✐t❡❞ t♦ ❧✐♥❡❛r ♠✐①❡❞ ♠♦❞❡❧s✳ ❋❡✇ ♣❛♣❡rs
❛❞❞r❡ss❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ✐♥ ♥♦♥❧✐♥❡❛r ♠✐①❡❞ ♠♦❞❡❧s✳ ❬✺❪ ♣r♦♣♦s❡❞ ❛ ✧❢❡♥❝❡✧
♠❡t❤♦❞ t♦ s❡❧❡❝t ♣r❡❞✐❝t♦rs ✐♥ ❣❡♥❡r❛❧✐③❡❞ ❧✐♥❡❛r ♠♦❞❡❧s✱ ❬✻❪ ✐♠♣❧❡♠❡♥t❡❞ ❛ ❢✉❧❧② ❇❛②❡s✐❛♥ s❡✲
❧❡❝t✐♦♥ ❛♣♣r♦❛❝❤ ✐♥ ♠✐①❡❞ ❧♦❣✐st✐❝ ♠♦❞❡❧s✱ ❬✶✸❪ ♣r♦♣♦s❡❞ ❛ ❞♦✉❜❧❡✲♣❡♥❛❧✐③❡❞ ❧✐❦❡❧✐❤♦♦❞ ❛♣♣r♦❛❝❤
❢♦r s✐♠✉❧t❛♥❡♦✉s ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❛♥❞ ❡st✐♠❛t✐♦♥ ✐♥ s❡♠✐♣❛r❛♠❡tr✐❝ ♠✐①❡❞ ♠♦❞❡❧s✳ ■♥ t❤❡ ❢✉t✉r❡
✇❡ ❤♦♣❡ t♦ ❞❡✈❡❧♦♣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝r✐t❡r✐♦♥ t❤❛t ✇♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ♣❡r❢♦r♠ ❜♦t❤ ❝♦✈❛r✐❛t❡ ❛♥❞
❝♦✈❛r✐❛♥❝❡ s❡❧❡❝t✐♦♥ ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤✳

✺ ❆♣♣❡♥❞✐①

✺✳✶ ❆ss✉♠♣t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶

❲❡ ❢♦r♠✉❧❛t❡ ❝♦♥❞✐t✐♦♥s ♣r♦✈✐❞✐♥❣ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼▲❊ ✇❤❡♥ N,n → +∞✳

▲❡t ϑ ❞❡♥♦t❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Θ✳ ❲❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛♥② ❣✐✈❡♥ n✿

✭❍✶✮ ❢♦r ❛❧❧ i = 1, . . . , N ✱ ❛♥❞ ❢♦r ❛❧❧ θ ∈ ϑ✱ p(yi; θ) ❛❞♠✐ts ❛❧❧ ✜rst✱ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❞❡r✐✈❛t✐✈❡s
✇✐t❤ r❡s♣❡❝t t♦ θ ❢♦r ❛❧♠♦st ❛❧❧ yi✳

■♥r✐❛



❇■❈ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ♠✐①❡❞ ❡✛❡❝ts ♠♦❞❡❧s ✶✸

✭❍✷✮ ✭✐✮ ❚❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ i = 1, . . . , N ✱ ❢♦r ❛❧❧ θ ∈ ϑ ❛♥❞ ❛❧❧ k = 1, . . . , r✱

Eyi|θ⋆

[
∂ log p(yi; θ)

∂θk
|θ=θ⋆

]2
< M and Eyi|θ⋆

[
∂2 log p(yi; θ)

∂θk∂θl
|θ=θ⋆

]2
< M.

✭✐✐✮ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s {G1(y1), . . . , GN (yN )} s✉❝❤ t❤❛t ❢♦r
❛❧❧ θ ∈ ϑ✱ ❢♦r ❛❧❧ i = 1, . . . , N ❛♥❞ ❢♦r ❛❧❧ k, l, h = 1, . . . , r✱

∣∣∣∣
∂3 log p(yi; θ)

∂θk∂θl∂θh

∣∣∣∣ ≤ Gi(yi) and Eyi|θ⋆

[
G2

i (yi)
]
≤ M.

✭❍✸✮ ▲❡t VN (θ) = HN (θ⋆)−
1

2HN (θ)HN (θ⋆)−
T
2 , ❛♥❞ HN (θ) =

1

N

N∑

i=1

∂2 log p(yi; θ)

∂θ∂θT
❢♦r ❛❧❧ θ ∈ ϑ✳

▼❛tr✐① HN (θ⋆) ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ ✐♥✈❡rt✐❜❧❡✱ ❛♥❞

max
θ∈ϑ

||VN (θ)− Ir|| −→
N→+∞

0,

✇❤❡r❡ Ir st❛♥❞s ❢♦r t❤❡ r × r ✐❞❡♥t✐t② ♠❛tr✐①✳

✭❍✹✮ lim inf
N→+∞

λN = λ > 0 ✇❤❡r❡ λN ✐s t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠❛tr✐①

FN = − 1

N

N∑

i=1

Eyi|θ⋆

[
∂2 log p(yi; θ)

∂θ∂θT

]
.

✺✳✷ ❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❋✐s❤❡r ■♥❢♦r♠❛t✐♦♥ ▼❛tr✐① ✇❤❡♥ N, n → +∞
❍❡r❡✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✐♥✈❡rs❡ ❋✐s❤❡r ■♥❢♦r♠❛t✐♦♥ ▼❛tr✐① ❛s

N,n → +∞ ❛♥❞
n

N
→ +∞✳ ❚❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❞✐❛❣♦♥❛❧ ❜❧♦❝❦s ♦❢ I−1 ❛r❡ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥

❜②
(
I11 − I12I−1

22 I21
)−1

❛♥❞(
I22 − I21I−1

11 I12
)−1

❛♥❞ t❤❡ ❛♥t✐✲❞✐❛❣♦♥❛❧ ❜❧♦❝s ❛r❡ ❣✐✈❡♥ ❜② −(I11−I12I−1
22 I21)I12I−1

22 ❛♥❞ ✐ts
tr❛♥s♣♦s❡✳

❋✐rst ♦❢ ❛❧❧✱ ❦❡② ✐ss✉❡ ✐s t♦ ❣❡t t❤❡ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ I11✱ I21✱ I12 ❛♥❞ I22 ❛s n → +∞✳ ▲❡t
✉s ❞❡t❛✐❧ t❤❡ ❛♣♣r♦❛❝❤ ♦♥ ❜❧♦❝❦ I21✳ ●❡tt✐♥❣ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ I21 r❡q✉✐r❡s ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥

♦❢ −∂2 log p(yi; θ)

∂θF∂θR
T

❢♦r ❛❧❧ i = 1, . . . , N ✳ ■t ✐s ❣✐✈❡♥ ❜②✿

−∂2 log p(yi; θ)

∂θF∂θR
T

=

[
∂2 log p(yi, φi; θ)

∂θF∂θR
T

−

∂2 log p(yi, φi; θ)

∂θF∂φR,i
T

(
∂2 log p(yi, φi; θ)

∂φR,i∂φR,i
T

)−1
∂2 log p(yi, φi; θ)

∂φR,i∂θR
T


 |

φi=φ̂i
+O(n),

❛♥❞ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ✐♥t♦

−∂2 log p(yi; θ)

∂θR∂θF
T

=

−


∂

2li1(yi, φR,i, θF )

∂θF∂φR,i
T

(
∂2li1(yi, φR,i, θF )

∂φR,i∂φR,i
T

+Ω−1
R

)−1
∂2li2(φR,i, θR)

∂φR,i∂θR
T


 |

φi=φ̂i
+O(n).

❘❘ ♥➦ ✼✾✹✽



✶✹ ❉❡❧❛ttr❡✱ ▲❛✈✐❡❧❧❡ ✫ P♦✉rs❛t

▲✐♥❡❛r ●❛✉ss✐❛♥ ♠♦❞❡❧ ❢♦r t❤❡ φi✬s ♠❛❦❡s
∂2li2(φR,i, θR)

∂φR,i∂θR
T

❡①♣r❡ss❡❞ ❛s ❛ ✜rst✲♦r❞❡r ♣♦❧②♥♦♠✐❛❧

❢✉♥❝t✐♦♥ ♦❢ φi✳ ❯s✐♥❣ r❡s✉❧ts ♦❢ ▲❡♠♠❛ ✶✱ ❛♥❞ ❝♦rr❡❝t❧② ♥♦r♠❛❧✐③✐♥❣ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ✐♥ ▲❛♣❧❛❝❡

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
∂2 log p(yi; θ)

∂θR∂θF
T

✇✐t❤ n✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t ❛s N,n → +∞ s✉❝❤ t❤❛t n/N → +∞✿

− 1

N

N∑

i=1

Eyi|θ⋆

[
∂2 log p(yi; θ)

∂θF∂θR
T

]
= O(n)

■♥ ♦t❤❡r ✇♦r❞s✱ I21 ❝♦♥✈❡r❣❡s t♦ ❛ ❝♦♥st❛♥t ♠❛tr✐① ❛s n → +∞✳ ❆s I21 = IT
12✱ ✇❡ ❛❧s♦ ❡✈❛❧✉❛t❡ I12

❛s ❛ ❝♦♥st❛♥t ❛s n → +∞✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ✉s❡ r❡s✉❧t ♦❢ ▲❡♠♠❛ ✶ ❛s ✇❡❧❧ ❛♥❞ ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥

♦❢ −∂2 log p(yi; θ)

∂θR∂θR
T

✱ ❛♥❞ ✇❡ ❣❡t

lim
N,n→+∞

1

N

N∑

i=1

Eyi|θ⋆


∂

2li2(φR,i, θR)

∂θR∂φR,i
T

(
∂2li1(yi, φR,i, θF )

∂φR,i∂φR,i
T

+Ω−1
R

)−1
∂2li2(φR,i, θR)

∂φR,i∂θR
T



|
φi=φ̂i

= 0,

t❤✉s ❝♦♥✈❡r❣❡♥❝❡ ♦❢ I11 t♦ ❛ ❝♦♥st❛♥t ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ❛s n → +∞✳ ■♥❞❡❡❞✱ I11 =

lim
N→+∞

1

N

N∑

i=1

Eyi|θ⋆

[
∂2li2(φR,i, θR)

∂θR∂θR
T

]
✳ ❘❡❝❛❧❧ t❤❛t t❤❡ φi✬s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐s✲

tr✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤✉s✱ I11 =
∂2l12(φ

R
1 , θR)

∂θR∂θR
T

, ✇❤✐❝❤ ✐s ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❞❡✜♥✐t❡ ♠❛tr✐①✱

❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ♣❡r s✉❜❥❡❝t✳

❋✐♥❛❧❧②✱ ✉s✐♥❣ ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
∂2 log p(yi; θ)

∂θF∂θF
T

✱ ✇❡ ❣❡t ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥

− 1

N

N∑

i=1

Eyi|θ⋆

[
∂2 log p(yi; θ)

∂θF∂θF
T

]
❛♥❞

1

N

N∑

i=1

Eyi|θ⋆

[
∂2li1(yi, φR,i, θF )

∂θF∂θF
T

−∂2li1(yi, φR,i, θF )

∂θF∂φR,i
T

(
∂2li1(yi, φR,i, θF )

∂φR,i∂φR,i
T

+Ω−1
R

)−1
∂2li1(yi, φR,i, θF )

∂φR,i∂θF


 |

φi=φ̂i

❛s n t❡♥❞s t♦ ✐♥✜♥✐t②✳

❯s✐♥❣ ✭❍✺✮ ❛♥❞ ♣r❡✈✐♦✉s ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❛❧ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✐♥❞✐✲
✈✐❞✉❛❧ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❡✈❛❧✉❛t❡ ❡❛❝❤ ❜❧♦❝❦ ❝♦♠♣♦♥❡♥t ♦❢ ♠❛tr✐① I✳ Pr♦✈✐❞✐♥❣ t❤❛t

φ̂i ✐s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t❡ ♦❢ φ⋆
i ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ θ✱ ✇❡ s❤♦✇ t❤❛t

(
I11 − I12I−1

22 I21
)−1 I12I−1

22

❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ 0 ❛s N t❡♥❞s t♦ ✐♥✜♥✐t② ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ n✱ ❣✐✈✐♥❣ r❡s✉❧t ♦❢ ▲❡♠♠❛

✶✳ ❙✐♠✐❧❛r❧②✱ ✇❡ s❤♦✇ t❤❛t
(
I11 − I12I−1

22 I21
)−1

✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ❛ ❝♦♥st❛♥t✱ ❛♥❞ t❤❛t t❤❡ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢
√
N(θ̂F − θ⋆F ) ✐s ❞❡❣❡♥❡r❛t❡❞ s✐♥❝❡

(
I22 − I21I−1

11 I12
)−1

❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦
0 ❛s N ❛♥❞ n s✐♠✉❧t❛♥❡♦✉s❧② t❡♥❞ t♦ ✐♥✜♥✐t②✳ ❲❡ t❛❦❡ ❛❣❛✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❢r❛♠❡ ❢♦r ❞❡♠♦♥str❛✲
t✐♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡✱ ❢♦❝✉s✐♥❣ ♦♥ θF ♦♥❧②✱
❛♥❞ ♥♦r♠❛❧✐③✐♥❣ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✇✐t❤ Nn✳ ❚♦ ❣❡t

√
Nn ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ θ̂F ✱ ✇❡

■♥r✐❛



❇■❈ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ♠✐①❡❞ ❡✛❡❝ts ♠♦❞❡❧s ✶✺

♦♥❧② ♥❡❡❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ lim
N,n→+∞

− 1

Nn

N∑

i=1

Eyi|θ⋆

[
∂2 log p(yi; θ)

∂θF∂θF
T

]
✳ ❚❤✐s r❡s✉❧ts ❢r♦♠

❛ss✉♠♣t✐♦♥ ✭❍✺✮ ❜② ❡✈❛❧✉❛t✐♥❣ N t❡r♠s
∂2 log p(yi; θ)

∂θF∂θF
T

✇✐t❤ ✐ts ▲❛♣❧❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

❘❘ ♥➦ ✼✾✹✽



✶✻ ❉❡❧❛ttr❡✱ ▲❛✈✐❡❧❧❡ ✫ P♦✉rs❛t

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼❛r❝ ▲❛✈✐❡❧❧❡ ❆❞❡❧✐♥❡ ❙❛♠s♦♥ ❛♥❞ ❋r❛♥❝❡ ▼❡♥tré✳ ❚❤❡ s❛❡♠ ❛❧❣♦r✐t❤♠ ❢♦r ❣r♦✉♣ ❝♦♠♣❛r✲
✐s♦♥ t❡sts ✐♥ ❧♦♥❣✐t✉❞✐♥❛❧ ❛♥❛❧②s✐s ❜❛s❡❞ ♦♥ ♥♦♥✲❧✐♥❡❛r ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s✳ ❙t❛t✐st✐❝s ✐♥
♠❡❞❡❝✐♥❡✱ ✷✻✿✹✽✻✵✕✹✽✼✺✱ ✷✵✵✼✳

❬✷❪ ❘❛❧♣❤ ❆✳ ❇r❛❞❧❡② ❛♥❞ ❏♦❤♥ ❏✳ ●❛rt✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ♠❧ ❡st✐♠❛t♦rs ✇❤❡♥
s❛♠♣❧✐♥❣ ❢r♦♠ ❛ss♦❝✐❛t❡❞ ♣♦♣✉❧❛t✐♦♥s✳ ❇✐♦♠❡tr✐❦❛✱ ✹✾✭✶✴✷✮✿✷✵✺✕✷✶✹✱ ✶✾✻✷✳

❬✸❪ ▼❛r✐❡ ❉❛✈✐❞✐❛♥ ❛♥❞ ❉❛✈✐❞ ▼✳ ●✐❧t✐♥❛♥✳ ◆♦♥❧✐♥❡❛r ♠♦❞❡❧s ❢♦r r❡♣❡❛t❡❞ ♠❡❛s✉r❡♠❡♥t ❞❛t❛✿
❆♥ ♦✈❡r✈✐❡✇ ❛♥❞ ✉♣❞❛t❡✳ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧✱ ❇✐♦❧♦❣✐❝❛❧✱ ❛♥❞ ❊♥✈✐r♦♥♠❡♥t❛❧ ❙t❛t✐st✐❝s✱
✽✿✸✽✼✹✶✾✱ ✷✵✵✸✳

❬✹❪ ❏✐♠✐♥❣ ❏✐❛♥❣ ❛♥❞ ❏✳ ❙✉♥✐❧ ❘❛♦✳ ❈♦♥s✐st❡♥t ♣r♦❝❡❞✉r❡s ❢♦r ♠✐①❡❞ ❧✐♥❡❛r ♠♦❞❡❧ s❡❧❡❝t✐♦♥✳
❙❛♥❦❤②ã ✿ ❚❤❡ ■♥❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝s✱ ✻✺✿✷✸✕✹✷✱ ✷✵✵✸✳

❬✺❪ ❩❤♦♥❣❤✉❛ ●✉ ❏✐♠✐♥❣ ❏✐❛♥❣✱ ❏✳ ❙✉♥✐❧ ❘❛♦ ❛♥❞ ❚❤✉❛♥ ◆❣✉②❡♥✳ ❋❡♥❝❡ ♠❡t❤♦❞s ❢♦r ♠✐①❡❞
♠♦❞❡❧ s❡❧❡❝t✐♦♥✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱ ✸✻✿✶✻✻✾✕✶✻✾✷✱ ✷✵✵✽✳

❬✻❪ ❙❛t❦❛rt❛r ❑✳ ❑✐♥♥❡② ❛♥❞ ❉❛✈✐❞ ❇✳ ❉✉♥s♦♥✳ ❋✐①❡❞ ❛♥❞ r❛♥❞♦♠ ❡✛❡❝ts s❡❧❡❝t✐♦♥ ✐♥ ❧✐♥❡❛r
❛♥❞ ❧♦❣✐st✐❝ ♠♦❞❡❧s✳ ❇✐♦♠❡tr✐❝s✱ ✻✸✿✻✾✵✕✻✾✽✱ ✷✵✵✼✳

❬✼❪ ❊♠✐❧✐❡ ▲❡❜❛r❜✐❡r ❛♥❞ ❚r✐st❛♥ ▼❛r②✲❍✉❛r❞✳ ❯♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❛✉ ❝r✐tèr❡ ❜✐❝✿ ❋♦♥❞❡♠❡♥ts
t❤é♦r✐q✉❡s ❡t ✐♥t❡r♣rét❛t✐♦♥✳ ❏♦✉r♥❛❧ ❞❡ ❧❛ ❙♦❝✐été ❢r❛♥ç❛✐s❡ ❞❡ st❛t✐st✐q✉❡✱ ✶✹✼✭✶✮✿✸✾✕✺✼✱
✷✵✵✻✳

❬✽❪ ❉❡❧❛ttr❡ ▼✳ ■♥❢❡r❡♥❝❡ ✐♥ ♠✐①❡❞ ❤✐❞❞❡♥ ♠❛r❦♦✈ ♠♦❞❡❧s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♠❡❞✐❝❛❧ st✉❞✐❡s✳
❏♦✉r♥❛❧ ❞❡ ❧❛ ❙♦❝✐été ❢r❛♥ç❛✐s❡ ❞❡ st❛t✐st✐q✉❡✱ ✶✺✶✭✶✮✿✾✵✕✶✵✺✱ ✷✵✶✵✳

❬✾❪ ▲❡✐ ◆✐❡✳ ❙tr♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r ✐♥ ❣❡♥❡r❛❧✐③❡❞ ❧✐♥❡❛r ❛♥❞
♥♦♥❧✐♥❡❛r ♠✐①❡❞✲❡✛❡❝ts ♠♦❞❡❧s✳ ▼❡tr✐❦❛✱ ✻✸✿✶✷✸ ✕ ✶✹✸✱ ✷✵✵✻✳

❬✶✵❪ ▲❡✐ ◆✐❡✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ♠❧❡ ✐♥ ❣❡♥❡r❛❧✐③❡❞ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ♠✐①❡❞✲❡✛❡❝ts
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