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Local existence of analytical solutions to an incompressible Lagrangian stochastic model in a periodic domain

❆ ✜rst st❡♣ ✐♥ ♦✉r st✉❞② ✇✐•• ❜❡ t♦ ❡st❛❜•✐s❤ ❛♥ ❛•t❡r♥❛t✐✈❡ ❢♦r♠✉•❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ■♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠♦❞❡•✐♥❣ ♦❢ t✉r❜✉•❡♥t ✢♦✇✱ t❤❡ ❝♦♥str❛✐♥t ✭✶✳✷❝✮ ✐s ✐♥❞❡❡❞ ❢♦r♠✉•❛t❡❞ ❤❡✉r✐st✐❝❛••② ✭s❡❡ ❡✳❣✳ ❬✶✻(✮ ❜② r❛t❤❡r ✐♠♣♦s✐♥❣ s♦♠❡ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ♣r♦♣❡rt② ♦♥ t❤❡ ✢♦✇✱ ✇❤✐❝❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ s②st❡♠ ✭✶✳✷✮ ✇♦✉•❞ ❝♦rr❡s♣♦♥❞ t♦ ❛ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜✉•❦ ✈❡•♦❝✐t② ✜❡•❞✿ ∇ x • E(U t |X t = x) = 0.
❇② t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❛ ❢♦r♠❛• ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❜✉•❦ ✈❡•♦❝✐t② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥✱ ❛♥❞ ❛ ❝•❛ss✐❝❛• ♣r♦•❡❝t✐♦♥ ❛r❣✉♠❡♥t ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✜❡•❞s✱ ✐t ✐s t❤❡♥ ❛ss✉♠❡❞ t❤❛t t❤❡ ✜❡•❞ P ✈❡r✐✜❡s ❛♥ ❡••✐♣t✐❝ P❉❊✱ ✇❤✐❝❤ ✐♥ ♦✉r ♥♦t❛t✐♦♥ ✐s ✇r✐tt❡♥ ❛s 

△ x P = - d i,j=1 ∂ xixj E U (i) t U (j) t |X t = x ✭✶✳✸✮ ✭s❡❡ ❬✶✼( ❢♦r ❛ ♣r❡❝✐s❡ ❢♦r♠✉•❛t✐♦♥ ❛♥❞ r❡•❛t❡❞ ♥✉♠❡r✐❝❛• ✐ss✉❡s✮✳ ❈♦♥s✐st❡♥t•② ✇✐t❤ t❤✐s ❤❡✉r✐st✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ✇✐•• r✐❣♦r♦✉s•② s❤♦✇ ❜❡•♦✇ t❤❛t✱ ✉♥❞❡r ♥❛t✉r❛• ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ✐♥✐t✐❛• ❞❛t❛✱ ❛♥② s♠♦♦t❤ ♣❛✐r (f, P ) t❤❛t ✐s ❛ ❝•❛ss✐❝❛• s♦•✉t✐♦♥ t♦ ✭✶✳✶✮ ♠✉st ❛•s♦ ❜❡ ❛ s♦•✉t✐♦♥ t♦ t❤❡ s②st❡♠                          ∂ t f (t, x, u) + u • ∇ x f (t, x, u) = σ 2 2 △ u f (t, x, u) + β d f (t, x, u) + βu • ∇ u f (t, x, u) + ∇ u f (t, x, u) • ∇ x P (t, x) -βα R d vf (t, x, v) dv = 0, ♦♥ (0, T ] × T d × R d , f (0, x, u) = f 0 (x, u), ♦♥ T d × R d , △ x P (t, x) = - d i,j=1 ∂ xixj R d v i v j f (t, x, v)dv, ♦♥ [0, T ] × T d , ✭✶✳✹✮ ✇❤❡r❡✱ ♣•❛✐♥•②✱ ❝♦♥❞✐t✐♦♥ ✭✶✳✶❝✮ ❤❛s ❜❡❡♥ r❡♣•❛❝❡❞ ❜② t❤❡ ❛❜♦✈❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡ t✇♦ s②st❡♠s ❤♦✇❡✈❡r s❡❡♠ ♥♦t t♦ ❜❡ ❡q✉✐✈❛•❡♥t ✐♥ ❣❡♥❡r❛•✳ ❋r♦♠ t❤❡ P❉❊ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ✐♥t❡r❡st ♦❢ ❢♦r♠✉•❛t✐♦♥ ✭✶✳✹✮ ✐s t❤❛t ✐t ❛••♦✇s ✉s t♦ s❡❡ t❤❡ ♦r✐❣✐♥❛• ♣r♦❜•❡♠ ❛s ❛♥ ✐♥st❛♥❝❡ ♦❢ ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ t②♣❡ ❡q✉❛t✐♦♥✱ ❛•❜❡✐t ❤✐❣❤•② s✐♥❣✉•❛r✿ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣r❡ss✉r❡ ✜❡•❞ t✉r♥s ♦✉t t♦ ❜❡ t❤❡ ❝♦♥✈♦•✉t✐♦♥ ♦❢
(t, x) = -R u 2 f (t, x, u)du✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ r❡str✐❝t ♦✉rs❡•❢ t♦ t❤❡ s✐♠♣•❡r s✐t✉❛t✐♦♥ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❡q✉❛t✐♦♥                      ∂ t f (t, x, u) + u • ∂ x f (t, x, u) = σ 2 2 ∂ 2 u f (t, x, u) + βf (t, x, u) + βu∂ u f (t, x, u) + ∂ u f (t, x, u) ∂ x P (t, x) -βα R vf (t, x, v)dv = 0, ♦♥ (0, T ] × T × R, f (t, x, u) = f 0 (x, u), ♦♥ T × R, P (t, x) = - R u 2 f (t, x, u)du, ♦♥ [0, T ] × T. ✭✶✳✺✮ ❚✐•• r❡❝❡♥t•②✱ ❛ ❝•♦s❡❞ ❢♦r♠✉•❛t✐♦♥ ✭✐♥ t❡r♠s ♦❢ r❡❣✉•❛r✐t②✮ ♦❢ s✉❝❤ ❱•❛s♦✈ t②♣❡ ♥♦♥•✐♥❡❛r s②st❡♠ ✇❛s ♥♦t ❛✈❛✐•❛❜•❡✳ ❚♦ t❛❝❦•❡ t❤❡ s②st❡♠ ✭✶✳✺✮✱ ✇❡ ✇✐•• ❢♦••♦✇ ♥❡✇ ✐❞❡❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✷(✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ •♦❝❛• ❡①✐st❡♥❝❡ r❡s✉•t ♦❢ ❛♥❛•②t✐❝❛• s♦•✉t✐♦♥s✳ ❖✉r ♠❛✐♥ r❡s✉•ts ❛r❡ ✈❛•✐❞ ✐rr❡s♣❡❝t✐✈❡ ♦❢ ✇❡t❤❡r σ > 0 ♦r σ = 0✱ ❛♥❞ ❛r❡ ✐♥❞❡❡❞ ✈❛•✐❞ ❢♦r ❛♥② β ∈ R✳ ❲❡ s✉♠♠❛r✐③❡ t❤❡♠ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s✐♠♣•✐✜❡❞ st❛t❡♠❡♥t✿ ❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t λ > 0 ❛♥❞ s ≥ 4 ❜❡ ❛♥ ❡✈❡♥ ✐♥t❡❣❡r✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t κ 0 = κ 0 ( λ, s) ❛♥❞ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ r → κ 1 (r, λ, s) s✉❝❤ t❤❛t ✐❢ f 0 : T × R → R ♦❢ ❝•❛ss C ∞ ❛♥❞ T > 0 s❛t✐s❢②✿ ❼ R f 0 (x, u)du = 1 ❛♥❞ ∂ x R d uf 0 (x, u)du = 0 ❢♦r ❛•• x ∈ T✱ ❼ (1 + u 2 ) s 2 ∂ l x ∂ k u f 0 ∞ ≤ C0(k+m)!(l+n)! λ k+l ❢♦r s♦♠❡ n, m ∈ N✱ ❛•• ♣❛✐r ♦❢ ✐♥❞✐❝❡s k, l ∈ N ❛♥❞ ❛ ❝♦♥st❛♥t C 0 < κ 0 ( λ, s)✱ ❛♥❞ ✸ ❼ T < κ 1 (C 0 , λ, s)✱ t❤❡♥✱ ❛ ❝•❛ss✐❝ s♠♦♦t❤ s♦•✉t✐♦♥ f t♦ ❡q✉❛t✐♦♥ ✭✶✳✺✮ ❡①✐sts ✐♥ [0, T ]×T×R ✇❤✐❝❤ s❛t✐s✜❡s R f (t, x, u)du = 1 ❛♥❞ ∂ x R d uf (t, x, u)du = 0 ❛t ❛•• (t, x) ∈ [0, T ] × T ✳ ❚❤✐s r❡s✉•t ✇✐•• ❛••♦✇ ✉s t♦ ❞❡❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ♦♥❡ ♦♥ t❤❡ ✏ ✐♥❝♦♠♣r❡ss✐❜•❡ ▲❛♥❣❡✈✐♥ ❙❉❊✑ ✭✶✳✷✮✿ ❈♦r♦••❛r② ✶✳✷✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ❚❤❡♦r❡♠ ✶✳✶✱ ✐♥ t❤❡ ❝❛s❡ σ > 0✱ t❤❡r❡ ❡①✐sts ✐♥ [0, T ] ❛ s♦•✉t✐♦♥ (X t , U t ) t♦ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✭✶✳✷✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞r✐❢t P (t, x) t❤❡r❡✐♥ ✐s t❤❡ s♣❛t✐❛• ❣r❛❞✐❡♥t ♦❢ t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ❡••✐♣t✐❝ ❡q✉❛t✐♦♥ ✭✶✳✸✮✳ ❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦••♦✇s✿ ■♥ ❙✉❜s❡❝t✐♦♥ ✶✳✶ ✇❡ ❜r✐❡✢② ❡st❛❜•✐s❤ t❤❡ ✈❛•✐❞✐t② ♦❢ s②st❡♠ ✭✶✳✹✮ ❢♦r ❛♥② s♦•✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐♥ ❛r❜✐tr❛r② s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ❛♥❞ st❛t❡ ❛❞❞✐t✐♦♥❛• ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t❤❛t✱ r❡❝✐♣r♦❝❛••②✱ ❛ s♦•✉t✐♦♥ t♦ t❤❡ ❢♦r♠❡r ❛•s♦ s♦•✈❡s t❤❡ •❛tt❡r✳ ❋r♦♠ ❙❡❝t✐♦♥ ✷ ♦♥✱ ✇❡ r❡str❛✐♥ ♦✉rs❡•✈❡s t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡✳ ❲❡ r❡❝❛•• t❤❡r❡✐♥ t❤❡ ❛♥❛•②t✐❝❛• ♥♦r♠s ❛♥❞ s❡♠✐♥♦r♠s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✷( ❛♥❞ ✇❡ st❛t❡ ✉s❡❢✉• ♣r♦♣❡rt✐❡s ♦❢ t❤❡♠✳ ❋♦••♦✇✐♥❣ t❤❡✐r str❛t❡❣②✱ ✐♥ t❤❡ ❝❛s❡ β = 0 ✇❡ t❤❡♥ ✐♥tr♦❞✉❝❡ ❛♥ ❡q✉✐✈❛•❡♥t ❢♦r♠✉•❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✺✮✱ ✐♥ ♦r❞❡r t♦ ❞❡❛• ✇✐t❤ t❤❡ ✐♥t❡❣r❛❜✐•✐t② ♣r♦❜•❡♠s ♣♦s❡❞ ❜② t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ✈❡•♦❝✐t② ♠♦♠❡♥ts ✐♥✈♦•✈❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ❲❡ t❤❡♥ s❤♦✇ t❤❛t s♦•✉t✐♦♥s t♦ ✭✶✳✹✮ ✐♥ t❤❡s❡ ♣❛rt✐❝✉•❛r s♣❛❝❡s ♦❢ ❛♥❛•②t✐❝❛• ❢✉♥❝t✐♦♥s ❛❝t✉❛••② ❞♦ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ t♦ ❜❡ s♦•✉t✐♦♥s ♦❢ ✭✶✳✶✮✳ ❯s✐♥❣ t❤❡ ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t ♦❢ ❬✶✷(✱ ✇❡ ✇✐•• t❤❡♥ ♣r♦✈❡ ❛ •♦❝❛• ❡①✐st❡♥❝❡ r❡s✉•t ✐♥ t❤❡s❡ ❛♥❛•②t✐❝❛• s♣❛❝❡s✱ ✇❤✐❝❤ ✐♥❞❡❡❞ ✐s ❛ s•✐❣❤t•② ♠♦r❡ ❣❡♥❡r❛• ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✶ r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ β = 0✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉•t t♦ t❤❡ ❝❛s❡ β ≥ 0✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❛ •♦❝❛• ❡①✐st❡♥❝❡ r❡s✉•t ❢♦r t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✭✶✳✷✮✳ ❋✐♥❛••②✱ s♦♠❡ t❡❝❤♥✐❝❛• r❡s✉•ts ❛r❡ ♣r♦✈❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① s❡❝t✐♦♥✳ ❲❡ ✜① s♦♠❡ ♥♦t❛t✐♦♥ t♦ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t✿ ❼ T > 0 ✐s ❛ ✜①❡❞ t✐♠❡ ❤♦r✐③♦♥✳ ❼ ❋✉♥❝t✐♦♥s [0, T ] × T d × R d ∋ (t, x, v) → φ(t, x, v) ∈ R ❛r❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❢✉♥❝t✐♦♥s [0, T ] × R d × R d ∋ (t, x, v) → φ(t, x, v) ∈ R t❤❛t ❛r❡ 1✲ ♣❡r✐♦❞✐❝ ✐♥ t❤❡ ✈❛r✐❛❜•❡ x✳ ❙✐♠✐•❛r ✐❞❡♥t✐✜❝❛t✐♦♥ ❛r❡ ♠❛❞❡ ❢♦r ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ [0, T ] × T d ❛♥❞ T d ✳ ❼ •✐✈❡♥ T > 0 ❛♥❞ d ∈ N✱ ❛ ❢✉♥❝t✐♦♥ φ : [0, T ] × E → R ✇✐t❤ E = R d × R d , T d × R d ♦r E = T d ✐s s❛✐❞ t♦ ❜❡ ♦❢ ❝•❛ss C k,l ❢♦r k ∈ {0, 1} ❛♥❞ l ∈ N ∪ {∞} ✐❢ ✐t ❤❛s ❝♦♥t✐♥✉♦s ❞❡r✐✈❛t✐✈❡s ✉♣ t♦ ♦r❞❡r k ✐♥ t ∈ [0, T ] ❛♥❞ ✉♣ t♦ ♦r❞❡r l ✐♥ y ∈ E ✭♦r ♦❢ ❛•• ♦r❞❡r ✐❢ l = ∞✮✳ ❋♦r ❢✉♥❝t✐♦♥s φ : E → R t❤❡ ♥♦t❛t✐♦♥ C l ✐s ✉s❡❞ ❛♥❛•♦❣♦✉s•②✳ ✶✳✶ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡• ❝♦✉♣•❡❞ ✇✐t❤ ❛ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❲❡ st❛rt ❜② ❡st❛❜•✐s❤✐♥❣ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ❝♦♥❞✐t✐♦♥s r❡•❛t❡❞ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♠❛ss ❞✐str✐❜✉t✐♦♥ ❝♦♥str❛✐♥t✱ ✇❤✐❝❤ ❛r❡ ✈❛•✐❞ ✐♥ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥✿ ▲❡♠♠❛ ✶✳✸✳ ❆ss✉♠❡ t❤❛t f ✐s ❛ ❝•❛ss✐❝❛• s♦•✉t✐♦♥ t♦ ❡q✉❛t✐♦♥s ✭✶✳✶❛✮ ❛♥❞ ✭✶✳✶❜✮ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ P : [0, T ] × T d → R d ♦❢ ❝•❛ss C 0,2 ✳ ▼♦r❡♦✈❡r✱ ❛ss✉♠❡ t❤❛t ρ(t, x) := R d f (t, x, u)du, V (t, x) := R d uf (t, x, u)du ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ ❝•❛ss C 1,1 ✐♥ [0, T ] × T d ✱ t❤❛t R d u 2 |D m f (t, x, u)|du < +∞ ❢♦r ❡❛❝❤ ♠✉•t✐✐♥❞❡① |m| ≤ 2 ❛♥❞ ❡❛❝❤ (t, x) ∈ [0, T ] × T d ✭✇❤❡r❡ D ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦♣❡r❛t♦r✮✱ ❛♥❞ ❢✉rt❤❡r t❤❛t ❢♦r ❛•• t ∈ [0, T ] t❤❡ ❢✉♥❝t✐♦♥ x → R d v i v j f (t, x, v)dv ✐s ♦❢ ❝•❛ss C 2 ✳ ❚❤❡♥✱ t❤❡ ❢♦••♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s s❛t✐s✜❡❞ ❢♦r (t, x) ∈ (0, T ] × T d ✿        ∂ t ρ(t, x) + ∇ x • V (t, x) = 0, ∂ t (∇ x • V (t, x)) + β∇ x • V (t, x) + ∇ x • ρ(t, x) (∇ x P (t, x) -βαV (t, x)) + d i,j=1 ∂ xixj R d v i v j f (t, x, v)dv = 0 ✹ ❲❡ ❞❡❞✉❝❡✿ ❛✮ ρ(t, x) = ρ(0, x) ❢♦r ❡✈❡r② (t, x) ∈ [0, T ] × T d ✐❢ ❛♥❞ ♦♥•② ✐❢ ∇ x • V (t, x) = 0 ❢♦r ❡✈❡r② (t, x) ∈ [0, T ] × T d ✳ ❜✮ ∇ x • V (t, x) = e -βt ∇ x • V (0, x) ❢♦r ❡✈❡r② (t, x) ∈ [0, T ] × T d ✐❢ ❛♥❞ ♦♥•② ✐❢ P s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❡••✐♣t✐❝ t②♣❡✿ ∇ x • ρ(t, x) (∇ x P (t, x) -βαV (t, x)) = - d i,j=1 ∂ xixj R d v i v j f (t, x, v)dv , (t, x) ∈ (0, T ] × T d . ❝✮ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭✶✳✶❛✮ ❛♥❞ ✭✶✳✶❜✮✱ ❝♦♥❞✐t✐♦♥ ✭✶✳✶❝✮ ✐s ✈❡r✐✜❡❞✱ t❤❡♥ P (t, x) ✐s ❛ s♦•✉t✐♦♥ t♦ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ △ x P (t, x) = - d i,j=1 ∂ xixj R d v i v j f (t, x, v)dv, (t, x) ∈ (0, T ] × T d . ❞✮ ❙❡t ρ(t, x) := ρ(t, x) -1✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭✶✳✶❛✮ ❛♥❞ ✭✶✳✶❜✮ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐♥ ♣❛rt ❝✮ ❤♦•❞s✱ ✇❡ ❤❛✈❡✿ ✇❤❡♥ α = 1✱ ∂ t (∇ x • V (t, x)) + ∇ x • ρ(t, x) (∇ x P (t, x) -βV (t, x)) = 0❀ ✇❤❡♥ α = 0✱ ∂ t (∇ x • V (t, x)) + ∇ x • ρ(t, x)∇ x P (t, x) + β∇ x • V (t, x) = 0✳ Pr♦♦❢✳ ❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✶❛✮ ✇✐t❤ r❡s♣❡❝t t♦ u ∈ R d ✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ♦r❞❡r t♦ ✐♥t❡❣r❛t❡ ❜② ♣❛rts ❛♥❞ ❣❡t r✐❞ ♦❢ ✐♥t❡❣r❛•s ♦❢ ❞✐✈❡r❣❡♥❝❡ t②♣❡ t❡r♠s✳ ❚♦ ❣❡t t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ✇❡ ✜rst t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜•❡ x i ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✶❛✮✱ t❤❡♥ ♠✉•t✐♣•② ✐t ❜② u i ❛♥❞ s✉♠ ♦✈❡r i = 1, . . . , d✱ ❜❡❢♦r❡ ✐♥t❡❣r❛t✐♥❣ ❛♥❞ ♣r♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡✳ ❙t❛t❡♠❡♥ts ❛✮✱❜✮✱❝✮ ❛♥❞ ❞✮ ❛r❡ t❤❡♥ ❡❛s✐•② ❞❡❞✉❝❡❞✳ |❡♠❛r❦ ✶✳✹✳ ❛✮ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✳✸ ♣❛rt ❝✮✱ ✜♥❞✐♥❣ ❛ s♦•✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✶✳✶✮ r❡q✉✐r❡s ✐♥ ♣❛rt✐❝✉•❛r t♦ ✜♥❞ ❛ s♦•✉t✐♦♥ t♦ t❤❡ ❤✐❣❤•② s✐♥❣✉•❛r ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥ ✭✶✳✹✮✳ ❜✮ ■❢ ❝♦♥❞✐t✐♦♥s ✭✶✳✶❛✮ ❛♥❞ ✭✶✳✶❜✮ ❤♦•❞✱ ❛♥❞ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐♥ ▲❡♠♠❛ ✶✳✸ ♣❛rt ❝✮ ✐s s❛t✐s✜❡❞✱ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ ▲❡♠♠❛ ✶✳✸ ♣❛rt ❞✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ∂ t ρ(t, x) + ∇ x • V (t, x) = 0 ❢✉r♥✐s❤ ❛ s②st❡♠ ♦❢ t✇♦ ❡q✉❛t✐♦♥s t❤❛t t❤❡ ♣❛✐r (ρ, V (t, x)) ♠✉st s❛t✐s❢②✳ ❚❤✉s✱ ❛ str❛t❡❣② t♦ ♣r♦✈❡ ✐♥ t❤❛t s✐t✉❛t✐♦♥ t❤❛t ✭✶✳✶❝✮ ❛•s♦ ❤♦•❞s ✐s t♦ ♣r♦✈❡ t❤❛t s✉❝❤ ❛ s②st❡♠ ❤❛s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ρ(t, x) = ∇ x • V (t, x) ≡ 0 ✇❤❡♥ st❛rt✐♥❣ ❢r♦♠ (0, 0)✳ ❲❡ ✇✐•• ❜❡ ❛❜•❡ t♦ ❞♦ t❤✐s ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛• s❡tt✐♥❣ t❤❛t ✇❡ ✇✐•• ❝♦♥s✐❞❡r✱ ❞❡❞✉❝✐♥❣ t❤✉s ❛ s♦•✉t✐♦♥ t♦ ✭✶✳✶✮ ❢r♦♠ ❛ s♦•✉t✐♦♥ t♦ ✭✶✳✹✮✳ ✷ ▲♦❝❛• ❛♥❛•②t✐❝ ✇❡••✲♣♦s❡❞♥❡ss ✐♥ t❤❡ ✈❛♥✐s❤✐♥❣ ❦✐♥❡t✐❝ ♣♦t❡♥t✐❛• ❝❛s❡ (β = 0) ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥str✉❝t ❛♥ ❛♥❛•②t✐❝❛• s♦•✉t✐♦♥ t♦ t❤❡ ♥♦♥•✐♥❡❛r ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡• ✉♣ t♦ s♦♠❡ s♠❛•• t✐♠❡ ❤♦r✐③♦♥ T ✱ ✐♥ t❤❡ ❝❛s❡ β = 0✳ ❯s✐♥❣ t❤❡ ✇❡✐❣❤t❡❞ ❛♥❛•②t✐❝❛• ❢✉♥❝t✐♦♥❛• s♣❛❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✷( ❛♥❞ ❛ ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t ❞❡✈❡•♦♣❡❞ t❤❡r❡✐♥✱ ✇❡ s❤❛•• ❣✐✈❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✺ ❜❡•♦✇ ❛ •♦❝❛•✲✐♥✲t✐♠❡ ✇❡••✲♣♦s❡❞♥❡ss r❡s✉•t ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥✿    ∂ t f + u∂ x f -∂ x P ∂ u f - σ 2 2 ∂ 2 u f = 0 ♦♥ (0, T ] × R 2 , f (0, x, u) = f 0 (x, u) ♦♥ R 2 , ✭❱❋P✮ ✇❤❡r❡ P (t, x) = - R u 2 f (t, x, u)du, x ∈ R ✺ ✭■♥ ♦r❞❡r t♦ •✐❣❤t❡♥ t❤❡ ♥♦t❛t✐♦♥s✱ ✇❡ ✇✐•• ✇r✐t❡ ✐♠♣•✐❝✐t•② t❤❡ ❞❡♣❡♥❞❡♥❝② ✇✳r✳t✳ (t, x, u) ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✐♥t❡r✐♦r ❡q✉❛t✐♦♥✮✳ ◆♦t✐❝❡ t❤❛t ♣❡r✐♦❞✐❝✐t② ✐s ♥♦t ②❡t ✐♠♣♦s❡❞✳ ❚❤❡♥✱ ✇❡ ✇✐•• s❤♦✇ ✐♥ ❈♦r♦••❛r② ✷✳✻ t❤❛t ✐❢ t❤❡ ♦❜t❛✐♥❡❞ •♦❝❛• s♦•✉t✐♦♥ f (t, x, u) ♦❢ ✭❱❋P✮ s❛t✐s✜❡s ❛t t = 0 t❤❡ ❝♦♥❞✐t✐♦♥ ✭❍ ✉♥✐❢(t) ✮ ✿ f (t, x, u) ✐s 1 -♣❡r✐♦❞✐❝ ✐♥ x ❢♦r ❛•• u ∈ R✱ R f (t, x, u)du = 1 ❢♦r ❛•• x ∈ T ✭❯♥✐❢♦r♠ ♠❛ss r❡♣❛rt✐t✐♦♥ ✐♥ T✮✱ ∂ x R uf (t, x, u)du = 0 ❢♦r ❛•• x ∈ T ✭▼❡❛♥ ✐♥❝♦♠♣r❡ss✐❜✐•✐t② ✐♥ T✮✱ ✐t t❤❡♥ s❛t✐s✜❡s ❛ ❢♦rt✐♦r✐ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❢♦r ❛•• t ∈ [0, T ]✳ ❚♦ ❡st❛❜•✐s❤ t❤❡ •❛tt❡r r❡s✉•t✱ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥❛•②t✐❝❛• ❢✉♥❝t✐♦♥❛• s♣❛❝❡s ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ❛♥❛•②t✐❝ ♥♦r♠s ✐♥ ❬✶✷( ✇✐•• ❛•s♦ ❜❡ ❢✉♥❞❛♠❡♥t❛•✳ ✷✳✶ ❚❤❡ ♥♦♥•✐♥❡❛r ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥ ✐♥ ❛♥❛•②t✐❝ s♣❛❝❡s ❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛• s♣❛❝❡s ✇❤❡r❡ ❛♥ ❡q✉✐✈❛•❡♥t ✈❡rs✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭❱❋P✮ ✇✐•• ❜❡ st✉❞✐❡❞✳ ❆ ❢✉♥❝t✐♦♥ R 2 ∋ (x, u) → ψ(x, u) ∈ R ❤❛✈✐♥❣ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛•• ♦r❞❡r ✐s s❛✐❞ t♦ ❜❡ ❛♥❛•②t✐❝ ✐❢ t❤❡r❡ ❡①✐sts C > 0 ❛♥❞ λ > 0 s✉❝❤ t❤❛t ❢♦r ❛•• k, l ∈ N ∂ k x ∂ l u ψ ∞ ≤ Cλ k+l k!l!✱ ❢♦r • ∞ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ♦♥ R 2 ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ 0! = 1✳ ❋♦r s✉❝❤ ❢✉♥❝t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛♥❛•②t✐❝ ♥♦r♠✿ ψ λ := k,l∈N λ k+l k!l! ∂ k x ∂ l u ψ ∞ . ❲❡ ❢✉rt❤❡r ✐♥tr♦❞✉❝❡ t❤❡ λ✲❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡s❡ ♥♦r♠s ❢♦r ❡❛❝❤ a ∈ N✱ ψ λ,a := d a dλ a ψ λ = k+l≥a (k + l)! (k + l -a)! λ k+l-a k!l! ∂ k x ∂ l u ψ ∞ . ◆♦t✐❝❡ t❤❛t ψ λ,0 = ψ λ ✳ ❲❡ t❤❡♥ ❞❡✜♥❡ r❡s♣❡❝t✐✈❡•② ❛ ♥♦r♠ ❛♥❞ ❛ s❡♠✐♥♦r♠ ❜② ψ H,λ := a∈N 1 (a!) 2 ψ λ,a , ψ e H,λ := a≥1 a 2 (a!) 2 ψ λ,a . ▲❛st✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛• s♣❛❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ψ H,λ ❛♥❞ t❤❡ s❡♠✐♥♦r♠ ψ e H,λ ✿ H(λ) := ψ ∈ C ∞ (R 2 ) s✉❝❤ t❤❛t ψ H,λ < +∞ , ✭✷✳✷❛✮ H(λ) := ψ ∈ C ∞ (R 2 ) s✉❝❤ t❤❛t ψ e H,λ < +∞ . ✭✷✳✷❜✮ ❚❤❡ ♥❡①t t✇♦ •❡♠♠❛s ❣✐✈✐♥❣ s♦♠❡ ✐♥s✐❣❤t ❛❜♦✉t t❤❡s❡ ✭s❡♠✐✮♥♦r♠s ✇✐•• ❜❡ ✉s❡❢✉• •❛t❡r ♦♥✿ ▲❡♠♠❛ ✷✳✶✳ ▲❡t v : R 2 → R ♦❢ ❝•❛ss C ∞ ❜❡ s✉❝❤ t❤❛t ∂ l x ∂ k u v ∞ ≤ C(k+m)!(l+n)! λ k+l ❢♦r s♦♠❡ C, λ > 0✱ s♦♠❡ m, n, j ∈ N ❛♥❞ ❛•• k, l ≥ j✳ ❛✮ ■❢ t❤❡ ♣r❡✈✐♦✉s ❤♦•❞s ❢♦r j = 0✱ ✭✐♥ ♣❛rt✐❝✉•❛r ✐❢ v λ,0 < +∞✮✱ t❤❡♥ v ∈ H(λ) ❢♦r ❛•• λ ∈ [0, λ)✳ ❜✮ ■❢ t❤❡ ♣r❡✈✐♦✉s ❤♦•❞s ❢♦r j = 1✱ ✭✐♥ ♣❛rt✐❝✉•❛r ✐❢ v λ,1 < +∞✮✱ t❤❡♥ v ∈ H(λ) ❢♦r ❛•• λ ∈ [0, λ)✳ Pr♦♦❢✳ ❋♦r a ≥ j ❛♥❞ λ ∈ [0, λ) ✇❡ ♦❜t❛✐♥ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t d a dλ a v λ,0 ≤ C λ a k+l≥a (k + l)!(k + m)!(l + n)! k!l!(k + l -a)! λ/λ (k+l-a) = C λ a k+l≥a+m+n,k≥m,l≥n (k + l -(m + n))!k!l! (k -m)!(l -n)!(k + l -(a + m + n))! λ/λ (k+l-(a+m+n)) ✻ ❝❤❛♥❣✐♥❣ ✐♥❞❡①❡s k + m t♦ k ❛♥❞ l + n t♦ l✳ ❙✐♥❝❡ (k+l-(m+n))!k!l! (k-m)!(l-n)!(k+l)! ≤ 1 ❢♦r k ≥ m, l ≥ n✱ ✇❡ ❞❡❞✉❝❡ t❤❛t d a dλ a v λ,0 ≤ C λ a k+l≥a+m+n (k + l)! (k + l -(a + m + n))! λ/λ (k+l-(a+m+n)) = C λ a   d a+m+n dr a+m+n   k,l∈N r k+l     r=λ/λ . ❖❜s❡r✈✐♥❣ t❤❛t ❢♦r r ∈ [0, 1)✱ k,l∈N r k+l = ( j∈N r j ) 2 = 1 (1-r) 2 ❛♥❞ | d a dr a 1 (1-r) 2 | ≤ (1 + a)!✱ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t v H,λ = ∞ a=0 1 (a!) 2 d a dλ a v λ,0 ≤ C ∞ a=0 1 λ a (a + 1) • • • (a + m + n + 1) a! < +∞ ❛♥❞ v e H,λ = ∞ a=1 a 2 (a!) 2 d a dλ a v λ,0 ≤ C λ ∞ a=0 1 λ a (a + 1) • • • (a + m + n + 2) a! < +∞. |❡♠❛r❦ ✷✳✷✳ ◆♦t✐❝❡ t❤❛t ▲❡♠♠❛ ✷✳✶ ✐♥ ♣❛rt✐❝✉•❛r ✐♠♣•✐❡s t❤❛t ✳✳✳✳ ✉s✉❛• ❛♥❛•②t✐❝❛• s♣❛❝❡s✳✳✳✳✳ ❛r❡ ✐♥❝•✉❞❡❞ ✐♥✳✳✳✳✳✳ ✐❢ ▲❡♠♠❛ ✷✳✸✳ ▲❡t ψ ❜❡ ❛♥ ❛♥❛•②t✐❝ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ R 2 ✳ ❚❤❡♥✿ ✭✐✮ ❋♦r ❡❛❝❤ a ∈ N ♦♥❡ ❤❛s ψ λ,a+1 = ∂ x ψ λ,a + ∂ u ψ λ,a . ❲❡ ❞❡❞✉❝❡ t❤❛t ψ e H,λ = ∂ x ψ H,λ + ∂ u ψ H,λ . ✭✐✐✮ ▼♦r❡♦✈❡r✱ d dλ ψ H,λ = ψ e H,λ . ✭✐✐✐✮ ▲❛st✱ ❢♦r ❛♥② ♣❛✐r ψ 1 , ψ 2 ♦❢ ❛♥❛•②t✐❝ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ R 2 ψ 1 ψ 2 λ ≤ ψ 1 λ ψ 2 λ . Pr♦♦❢✳ ✭✐✮✳ ❚❤❡ ✜rst ✐❞❡♥t✐t② ❢♦••♦✇s ❢r♦♠ ψ λ,a+1 = d a+1 dλ a+1 ψ λ,0 = m+l≥a+1 (m + l) • • • (m + l -a -1)λ m+l-a-1 m!l! ∂ m x ∂ l u ψ ∞ = m+l≥a+1,l≥1 (m + l -1) • • • (m -a + l -1)λ m-a+l-1 m!(l -1)! ∂ m x ∂ l u ψ ∞ + m+l≥a+1,m≥1 (m -1 + l) • • • (l -a + m -1)λ l-a+m-1 (m -1)!l! ∂ m x ∂ l u ψ ∞ , ❜② r❡s♣❡❝t✐✈❡•② ❝❤❛♥❣✐♥❣ t❤❡ ✐♥❞❡①❡s l t♦ l + 1 ❛♥❞ m t♦ m + 1 ✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ s✉♠s ✐♥ t❤❡ •❛st ❡①♣r❡ss✐♦♥✳ ▼✉•t✐♣•②✐♥❣ ❜② a 2 (a!) 2 ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s•② ❡st❛❜•✐s❤❡❞ ✐❞❡♥t✐t② ❛♥❞ s✉♠♠✐♥❣ t❤❡ r❡s✉•t✐♥❣ ❡①♣r❡ss✐♦♥s ♦✈❡r a ≥ 1 ②✐❡•❞s t❤❡ ✐❞❡♥t✐t② ❢♦r ψ e H,λ ✳ ✭✐✐✮ r❡❛❞✐•② ❢♦••♦✇s ❢r♦♠ d dλ ψ H,λ = d dλ a∈N 1 (a!) 2 ψ λ,0 = a∈N 1 (a!) 2 ψ λ,a+1 = a≥1 1 ((a -1)!) 2 ψ λ,a = a≥1 a 2 (a!) 2 ψ λ,a = ψ e H,λ . ❋✐♥❛••②✱ s✐♥❝❡ ∂ k x ∂ l u (ψ 1 ψ 2 ) ∞ ≤ k r=0 l n=0 C r k C n l ∂ r x ∂ n u ψ 1 ∞ ∂ k-r x ∂ l-n u ψ 2 ∞ ✱ ✇❡ ❤❛✈❡ ψ 1 ψ 2 λ,0 = k,l∈N λ k+l k!l! ∂ k x ∂ l u (ψ 1 ψ 2 ) ∞ ≤ r,n∈N ∂ r x ∂ n u ψ 1 ∞ k≥r l≥n C r k C n l λ k+l k!l! ∂ k-r x ∂ l-n u ψ 2 ∞ ≤ r,n∈N λ r+n r!n! ∂ r x ∂ n u ψ 1 ∞ k≥r l≥n λ (k-r)+(l-n) (k -r)!(l -n)! ∂ k-r x ∂ l-n u ψ 2 ∞ ✇❤✐❝❤ ♣r♦✈✐❞❡s ✭✐✐✐✮ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✐♥❞❡①❡s k t♦ k + r ❛♥❞ l t♦ l + n ✐♥ t❤❡ ✐♥♥❡r s✉♠s✳ ✼ ❲❡ ♥♦✇ ♦❜s❡r✈❡ t❤❛t ✜♥✐t❡♥❡ss ♦❢ t❤❡ ❛♥❛•②t✐❝❛• ♥♦r♠ ♦❢ ❛ s♦•✉t✐♦♥ f t♦ ✭❱❋P✮ ✐s ♥♦t ❡♥♦✉❣❤ t♦ ♣r♦✈✐❞❡ ❛ ❝♦♥tr♦• ♦❢ t❤❡ ❢✉♥❝t✐♦♥ (t, x) → R u 2 f (t, x, u)du✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ✐♥tr♦❞✉❝❡ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ✐♥t❡♥❞❡❞ t♦ tr✉♥❝❛t❡ t❤❡ ✈❡•♦❝✐t② st❛t❡ s♣❛❝❡ ✐♥ ❛ s✉✐t❛❜•❡ s❡♥s❡✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ❛ss✉♠❡ t❤❛t f : [0, T ] × R 2 → R ✐s ❛ C 1,∞ s♦•✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭❱❋P✮ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛•• ♦r❞❡r✱ ❛♥❞ s❡t g(t, x, u) := ω(u)f (t, x, u), ✭✷✳✸✮ ✇❤❡r❡ ω : R → (0, +∞) ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t R u 2 ω(u) du < +∞. ❚❤❡♥✱ t❤❡ r❡❣✉•❛r✐t② ♦❢ ✈❡•♦❝✐t② ♠♦♠❡♥ts ♦❢ f ✐s ❡❛s✐•② ❝♦♥tr♦••❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ r❡❣✉•❛r✐t② ♦❢ g✿ sup (t,x)∈[0,T ]×R ∂ k x R u 2 f (t, x, u) du = sup (t,x)∈[0,T ]×R R u 2 ω(u) ∂ k x g(t, x, u) du ≤ sup (t,x,u)∈[0,T ]×R 2 ∂ k x g(t, x, u) R u 2 ω(u) du. ▼♦r❡♦✈❡r✱ s✐♥❝❡ ∂ u f = ∂ u g -g(∂ u ln ω) ❛♥❞ ω∂ 2 u f = ∂ 2 u g -2(∂ u ln(ω))(∂ u g) + g( 2|∂uω| 2 ω 2 - ∂ 2 u ω ω )✱ t❤❡ ❢✉♥❝t✐♦♥ g ❞❡✜♥❡❞ ✐♥ ✭✷✳✸✮ ✐s s❡❡♥ t♦ s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥              ∂ t g + u∂ x g -[∂ x P -∂ u ln ω] ∂ u g - σ 2 2 ∂ 2 u g = g∂ x P ∂ u ln ω -gh ♦♥ (0, T ] × R 2 , P (t, x) = - R u 2 ω(u) g(t, x, u)du, g(0, x, u) = g 0 (x, u) ♦♥ R 2 , ✭❱❋Pω✮ ✇❤❡r❡ h(u) := ∂ 2 u ω(u) 2ω(u) -|∂ u ln(ω(u))| 2 ; r❡❝✐♣r♦❝❛••②✱ ❣✐✈❡♥ ❛ s♦•✉t✐♦♥ g t♦ ✭❱❋Pω✮✱ t❤❡ ❢✉♥❝t✐♦♥ f ❞❡✜♥❡❞ ❜② ✭✷✳✸✮ ✐s ❛ s♦•✉t✐♦♥ t♦ ✭❱❋P✮✳ ■♥ ❛•• t❤❡ s❡q✉❡•✱ ✇❡ s❤❛•• ❛ss✉♠❡ t❤❛t ω : R → (0, +∞) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ s✉❝❤ t❤❛t ✭❍ ω ✮ lim |u|→+∞ ω(u) |u| = +∞ ❛♥❞ R u 2 ω(u) du = 1✳ lim sup |u|→∞ ω ′ (u) ω(u) < ∞, lim sup |u|→∞ ω ′′ (u) ω ′ (u) < ∞✳ ▼♦r❡♦✈❡r✱ ❢♦r s♦♠❡ λ 0 > 0 ✇❡ ❤❛✈❡ ln(ω) ∈ H(λ 0 ) ❛♥❞ h ∈ H(λ 0 ) ✳ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ♣r♦✈✐❞❡s ❡①❛♠♣•❡s ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s ω✱ ❛s ✇❡•• tr❛❝t❛❜•❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ f 0 ❡♥s✉r✐♥❣ t❤❡ t②♣❡ ♦❢ ❜♦✉♥❞s ♦♥ g 0 r❡q✉✐r❡❞ ❢♦r ♦✉r r❡s✉•ts ♦♥ ❡q✉❛t✐♦♥ ✭❱❋Pω✮✳ ■ts ♣r♦♦❢ r❡•✐❡s ♦♥ ▲❡♠♠❛ ✷✳✶ ❛♥❞ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✶✳ ▲❡♠♠❛ ✷✳✹✳ ✐✮ ▲❡t s ≥ 4 ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❚❤❡♥✱ ❝♦♥❞✐t✐♦♥ ✭❍ ω ✮ ❤♦•❞s ❢♦r t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω(u) := c(s)(1 + u 2 ) s 2 ❢♦r ❛•• ✈❛•✉❡ λ 0 ∈ (0, 1 4 )✱ ✇❤❡r❡ c(s) > 0 ✐s s✉❝❤ t❤❛t R u 2 ω(u) du = 1 ✳ ✐✐✮ ▲❡t f 0 : R 2 → R ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ s✉❝❤ t❤❛t ❢♦r s♦♠❡ ❡✈❡♥ ✐♥t❡❣❡r s ≥ 4✱ ❝♦♥st❛♥ts C 0 , λ > 0✱ s♦♠❡ m, n, j ∈ N ❛♥❞ ❛•• k, l ≥ j✱ ♦♥❡ ❤❛s (1 + u 2 ) s 2 ∂ l x ∂ k u f 0 ∞ ≤ C 0 (k + m)!(l + n)! λ k+l . ✭✷✳✺✮ ❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ g 0 (x, u) := ω(u)f 0 (x, u) ✇✐t❤ ω(u) ❛s ✐♥ ✐✮ s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✷✳✶ ✇✐t❤ C := C ′ 0 = C 0 κ(s)e λ ❛♥❞ κ(s) > 0 ❛ ❜♦✉♥❞ ❢♦r t❤❡ ❛❜s♦•✉t❡ ✈❛•✉❡s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦•②♥♦♠✐❛•s ω, ∂ u ω, . . . , ∂ s u ω✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ ❢♦r s♦♠❡ n, m ∈ N ❝♦♥❞✐t✐♦♥ ✭✷✳✺✮ ❤♦•❞s ❛•• k, l ≥ 0✱ t❤❡♥ ❢♦r ❛•• λ ∈ [0, λ) ♦♥❡ ❤❛s g H,λ ≤C 0 κ(s)e λµ(λ, m + n + 1) ❛♥❞ g e H,λ ≤C 0 κ(s) e λ λ µ(λ, m + n + 2) ✇❤❡r❡ µ(λ, p) := ∞ a=0 1 λ a (a+1)•••(a+p) a! < +∞ ❢♦r ❛•• p ∈ N, p ≥ 1✳ ✽ ✷✳✷ ▼❛✐♥ r❡s✉•ts •✐✈❡♥ K, T ❛♥❞ λ 0 str✐❝t•② ♣♦s✐t✐✈❡ r❡❛• ♥✉♠❜❡rs s✉❝❤ t❤❛t λ 0 > T (1 + K)✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ λ(t) := λ 0 -(1 + K)t, ✇❡ ♥♦✇ ❞❡✜♥❡ t❤❡ s♣❛❝❡s H λ0,K,T := ψ ∈ C 1,∞ ([0, T ] × R 2 ) s✉❝❤ t❤❛t sup t∈[0,T ] ψ(t) H,λ(t) < +∞ , H λ0,K,T := ψ ∈ C 1,∞ ([0, T ] × R 2 ) s✉❝❤ t❤❛t T 0 ψ(t) e H,λ(t) dt < +∞ ❛♥❞ t❤❡✐r s✉❜s❡ts ❞❡✜♥❡❞ ❢♦r ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t M ✿ B M λ0,K,T := ψ ∈ H λ0,K,T s✉❝❤ t❤❛t sup t∈[0,T ] ψ(t) H,λ(t) ≤ M , B M λ0,K,T := ψ ∈ H λ0,K,T s✉❝❤ t❤❛t T 0 ψ(t) e H,λ(t) dt ≤ M . ❲❡ ❛r❡ r❡❛❞② t♦ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s s❡❝t✐♦♥✿ ❚❤❡♦r❡♠ ✷✳✺✳ ▲❡t M, T ❜❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ ω : R → (0, +∞) ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ s❛t✐s❢②✐♥❣ ✭❍ ω ✮ ❢♦r s♦♠❡ λ 0 > 0✳ ■♥tr♦❞✉❝❡ t❤❡ ✜♥✐t❡ ❝♦♥st❛♥ts γ 0 := ln(ω) e H,λ0 ❛♥❞ γ 1 := h H,λ0 ❛♥❞ ❛ss✉♠❡ t❤❛t ❛✮ T < λ0 2+λ0+4γ0 ✱ ❜✮ M ≤ 1 16 (K -λ 0 -4γ 0 -1) ❢♦r s♦♠❡ K ✐♥ t❤❡ ♥♦♥❡♠♣t② ✐♥t❡r✈❛• (1 + λ 0 + 4γ 0 , λ0 T -1) ❛♥❞ ❝✮ M (1 + γ 0 ) exp{(M γ 0 + γ 1 )T } < 1✳ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t f 0 : R 2 → R ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ ❛♥❞ t❤❛t g 0 (x, u) := ω(u)f 0 (x, u) s❛t✐s✜❡s ❞✮ max{ g 0 H,λ0 , T g 0 e H,λ0 } ≤ M ❛♥❞ ❡✮ g 0 H,λ0 exp(T (γ 1 + 16γ 0 )) ≤ M exp(-(16 + γ 0 )M )✳ ❚❤❡♥✱ ❡q✉❛t✐♦♥ ✭❱❋Pω✮ ❤❛s ❛ ✉♥✐q✉❡ s♠♦♦t❤ s♦•✉t✐♦♥ g ∈ B M λ0,K,T ∩ B M λ0,K,T ✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✉♥❞❡r t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s✱ ❛ s♦•✉t✐♦♥ f ∈ C 1,∞ t♦ ✭❱❋P✮ ✇✐t❤ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ f 0 ❡①✐sts✳ ❈♦r♦••❛r② ✷✳✻✳ ▲❡t f ❜❡ t❤❡ s♦•✉t✐♦♥ t♦ ✭❱❋P✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✺ ❛♥❞ ❛ss✉♠❡ t❤❛t ✭❍ ✉♥✐❢(0) ✮ ❤♦•❞s✳ ❚❤❡♥✱ f (t, x, u) s❛t✐s✜❡s ✭❍ ✉♥✐❢(t) ✮✱ ❢♦r ❛•• t ✐♥ [0, T ]✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ❛♥❞ ❝♦♥❞✐t✐♦♥ ✭❍ ✉♥✐❢(0) ✮ ❤♦•❞✱ t❤❡♥ ❛ s♦•✉t✐♦♥ t♦ ✭✶✳✶✮ ✇✐t❤ β = 0 ❡①✐sts✳ |❡♠❛r❦ ✷✳✼✳ ❋♦r ✐♥st❛♥❝❡✱ •❡t f 0 : (R d ) 2 → R ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ ❛♥❞ C 0 , λ > 0 ✱ n, m ∈ N ❜❡ ♥✉♠❜❡rs s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✷✳✺✮ ❢♦r ❡✈❡r② k, l ≥ 0✳ ❙✉♣♣♦s❡ ♠♦r❡♦✈❡r t❤❛t ❢♦r s♦♠❡ λ 0 < min{ λ, 1 4 } ♦♥❡ ❤❛s C 0 < κ 0 ( λ, s) := 1 2κ(s)e λµ( λ, m + n + 1) ln 2 (16 + ln(ω) e H,λ0 ) ❢♦r ω ❛s ✐♥ ▲❡♠♠❛ ✷✳✹ ✐✮✳ ❙❡tt✐♥❣ M := 2C 0 κ(s)e λµ( λ, m + n + 1) ❛♥❞ γ 0 = ln(ω) e H,λ0 ✱ ✇❡ t❤❡♥ ❤❛✈❡ κ 1 (C 0 , λ, s) := min λ 0 16M + λ 0 + 4γ 0 + 2 , 2 λµ(λ, m + n + 1) µ(λ, m + n + 2) , - ln(M (1 + γ 0 )) M γ 0 + γ 1 , ln 2 -M (16 + γ 0 ) γ 1 + 16γ 0 > 0. ❚❛❦✐♥❣ T < κ 1 (C 0 , λ, s)✱ ❝♦♥❞✐t✐♦♥s ❛✮ ❛♥❞ ❝✮ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ❛r❡ tr✐✈✐❛••② s❛t✐s✜❡❞✱ ❝♦♥❞✐t✐♦♥ ❜✮ ✐s s❛t✐s✜❡❞ ✭✇✐t❤ ❡q✉❛•✐t②✮ ❢♦r K := 16M + λ 0 + 4γ 0 + 1✱ ❛♥❞ ❝♦♥❞✐t✐♦♥s ❞✮ ❛♥❞ ❡✮ ❤♦•❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡st✐♠❛t❡s ✐♥ ▲❡♠♠❛ ✷✳✹ ✐✐✮✳ ✾ ❚❤❡ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ❛r❡ t❤❡ ❢♦••♦✇✐♥❣✿ ✜rst ✇❡ ✇✐•• ❡st❛❜•✐s❤ ✐♥ ❙❡❝t✐♦♥ ✷✳✸ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛♥❛•②t✐❝ s♦•✉t✐♦♥ t♦ ❛ s✉✐t❛❜•❡ •✐♥❡❛r ✈❡rs✐♦♥ ♦❢ ✭❱❋P✮ ✐♥ ❛ s♠❛•• t✐♠❡ ✐♥t❡r✈❛•✱ ❛•♦♥❣ ✇✐t❤ ✉s❡❢✉• ❡st✐♠❛t❡s✳ ❚❤❡♥✱ ✉♥❞❡r ❛❞❞✐t✐♦♥❛• ❝♦♥str❛✐♥ts ✇❡ ❝♦♥str✉❝t ✐♥ ❙❡❝t✐♦♥ ✷✳✹ ❛ s♦•✉t✐♦♥ t♦ t❤❡ ♥♦♥•✐♥❡❛r ❡q✉❛t✐♦♥ ✭❱❋P✮ ❜② ♠❡❛♥s ♦❢ ❛ ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t✳ ❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣✱ •❡t ✉s ♣r♦✈❡ ❈♦r♦••❛r② ✷✳✻✿ Pr♦♦❢ ♦❢ ❈♦r♦••❛r② ✷✳✻✳ P❡r✐♦❞✐❝✐t② ♦❢ t❤❡ s♦•✉t✐♦♥ ✐s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞ ❡♠♣•♦②❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ✭s❡❡ r❡♠❛r❦ ✷✳✶✻ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✮✳ ◆♦✇✱ t❤❛♥❦s t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ω ❛♥❞ t❤❡ ❢❛❝t t❤❛t f (t, x, u)ω(u) ❜❡•♦♥❣s t♦ H(λ(t)) ❢♦r ❡❛❝❤ t ∈ [0, T ]✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✶✳✸ ❛r❡ s❛t✐s✜❡❞ ✭✐♥ ♣❛rt✐❝✉•❛r t❤❡ ✐♥t❡❣r❛•s R u∂ 2 u f (t, x, u)du = R ∂ u f (t, x, u)du = R ∂ 2 u f (t, x, u)du ❡①✐st ❛♥❞ ✈❛♥✐s❤❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ R u∂ u f (t, x, u)du = -R f (t, x, u)du✮✳ ❚❤❡r❡❢♦r❡✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✶✳✸ ❜✮✱ t❤❡ ❢✉♥❝t✐♦♥s ρ(t, x) := ρ(t, x) -1 = R f (t, x, u)du -1✱ V (t, x) := R uf (t, x, u) du ❛♥❞ P (t, x) = -R u 2 f (t, x, u) du s❛t✐s❢② t❤❡ ❢♦••♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿ ❢♦r ❛•• (t, x) ∈ (0, T ] × R✱ ∂ t ρ(t, x) = -∂ x V (t, x), ∂ t (∂ x V (t, x)) = -∂ x (ρ(t, x)∂ x P (t, x)). ❋r♦♠ t❤❡ •❛tt❡r ❛♥❞ ❢r♦♠ ▲❡♠♠❛ ✷✳✸✲✭✐✐✐✮✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❡❛❝❤ λ ∈ [0, λ 0 )✱ ∂ t ρ(t) λ ≤ ∂ x V (t) λ , ∂ t ∂ x V (t) λ ≤ ∂ x P (t) λ ∂ x ρ(t) λ + ∂ 2 x P (t) λ ρ(t) λ . ✭✷✳✻✮ ❙✐♥❝❡ ∂ x ρ(t) λ = d dλ ρ(t) λ ❜② ▲❡♠♠❛ ✷✳✸✲✭✐✐✮✱ ✭✷✳✻✮ r❡✇r✐t❡s ❛s ∂ t A(t, λ) ≤ B(t, λ), ∂ t B(t, λ) ≤ ∂ x P (t) λ ∂ λ A(t, λ) + ∂ 2 x P (t)) λ A(t, λ), ❢♦r A(t, λ) := ρ(t) λ ❛♥❞ B(t, λ) := ∂ x V (t) λ ✳ ❙✐♥❝❡ t → λ(t) ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✷✳✺✱ P ∈ B M λ0,K,T ∩ B M λ0,K,T ✱ ✇❡ ❤❛✈❡ ∂ x P (t) λ(T ) ≤ ∂ x P (t) λ(t) ≤ max s∈[0,T ] P (s) H,λ(s) ≤ M, ∂ 2 x P (t) λ(T ) ≤ ∂ 2 x P (t) λ(t) ≤ 4 max s∈[0,T ] P (s) H,λ(s) ≤ 4M. ❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛•• λ ∈ [0, λ(T )]✱ t ∈ [0, T ]✱ ∂ t A(t, λ) ≤ B(t, λ), ∂ t B(t, λ) ≤ M ∂ λ A(t, λ) + 4M A(t, λ) ✭✷✳✼✮ ❜❡❝❛✉s❡ ∂ λ A(t, λ) ≥ 0✳ ◆♦✇ s❡t Y(t, λ) := A(t, λ) + bB(t, λ) ✇❤❡r❡ b ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t t❤❛t ✇❡ ✇✐•• s♣❡❝✐❢② •❛t❡r✳ ❙✐♥❝❡ ❛•s♦ ∂ λ B(t, λ) ≥ 0✱ ❢r♦♠ ✭✷✳✼✮ ✇❡ ♦❜t❛✐♥ ∂ t Y(t, λ) ≤ B(t, λ) + 4bM A(t, λ) + bM ∂ λ A(t, λ) ≤ 1 b ∨ 4bM Y(t, λ) + bM ∂ λ Y(t, λ). ❚❤❛t ✐s✱ ✇✐t❤ b 2 := bM > 0 ❛♥❞ b 1 := 1 b ∨ 4bM > 0✱ ✐t ❤♦•❞s t❤❛t ∂ t Y(t, λ) ≤ b 1 Y(t, λ) + b 2 ∂ λ Y(t, λ), ∀t ∈ [0, T ], ∀λ ∈ [0, λ(T )). ❲❡ ♥♦✇ ♦❜s❡r✈❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ t → Y(t, γ(t)) ✇✐t❤ γ(t) := λ(T ) -b 2 t ✐s ❝♦♥st❛♥t ❢♦r ❛•• t ∈ [0, λ(T ) b2 )✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ∂ t (Y(t, γ(t))) = (∂ t Y)(t, γ(t)) -b 2 ∂ λ Y(t, γ(t)) ≤ b 1 Y(t, γ(t)), ❛♥❞ •r♦♥✇❛••✬s •❡♠♠❛✱ t♦❣❡t❤❡r ✇✐t❤ ❛ss✉♠♣t✐♦♥ ✭❍ ✉♥✐❢(0) ✮ ✐♠♣•②✐♥❣ t❤❛t Y(0, λ) = 0 ❢♦r ❛•• ♥♦♥ ♥❡❣❛t✐✈❡ λ✱ ②✐❡•❞ Y(t, γ(t)) = 0 ❢♦r ❛•• t ∈ [0, λ(T ) b2 )✳ ❚❤✐s s❤♦✇s t❤❛t ρ(t, x) = |∂ x V (t, x)| = 0 ❢♦r ❛•• t ∈ [0, λ(T ) b2 )✳ ❈❤♦♦s✐♥❣ b = λ(T )/(M T )✱ ✇❡ ❝♦♥❝•✉❞❡ t❤❡ r❡s✉•t✱ ✉s✐♥❣ ❛•s♦ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞s ❛✈❛✐•❛❜•❡ ✉♣ t♦ t✐♠❡ t = T ✳ ✶✵ ✷✳✸ ❚❤❡ •✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥ ❈♦♥s✐❞❡r t❤❡ •✐♥❡❛r ❡q✉❛t✐♦♥    ∂ t g + u∂ x g -(∂ x Q -∂ u (ln ω)) ∂ u g - σ 2 2 ∂ 2 u g = g∂ x Q∂ u ln ω + gh ♦♥ (0, T ) × R 2 , g(0, x, u) = g 0 (x, u) := ω(u)f 0 (x, u) ♦♥ R 2 , ✭❋Pω✮ ✇❤❡r❡ Q : [0, T ] × R → R ✐s ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥✱ ✇✐t❤ ✉♥✐❢♦r♠•② ✐♥ t ∈ [0, T ] ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛•• ♦r❞❡r ✐♥ x ∈ R✳ ❊q✉❛t✐♦♥ ✭❋Pω✮ ✐s ❡❛s✐•② s❡❡♥ t♦ ❜❡ ❡q✉✐✈❛•❡♥t✱ t❤r♦✉❣❤ t❤❡ r❡•❛t✐♦♥ ✭✷✳✸✮✱ t♦ t❤❡ •✐♥❡❛r ✈❡rs✐♦♥ ♦❢ ✭❱❋P✮✿    ∂ t f + u∂ x f -∂ x Q∂ u f - σ 2 2 ∂ 2 u f = 0 ♦♥ (0, T ) × R 2 f (0, x, u) = f 0 (x, u) ♦♥ R 2 . ✭❋P✮ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ C ∞ ✲s♦•✉t✐♦♥ t♦ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✐s r❡❝❛••❡❞ ✐♥ ❚❤❡♦r❡♠ ❆✳✶ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳ ❲❡ ♥❡①t ♣r♦✈❡ t❤❛t t❤❡ s♦•✉t✐♦♥ g t♦ ✭❋Pω✮ ✐s ✐♥❞❡❡❞ ❛♥❛•②t✐❝ ✇❤❡♥❡✈❡r t❤❡ ✐♥♣✉ts g 0 ❛♥❞ Q ❤❛✈❡ s♠❛•• ❡♥♦✉❣❤ ❛♥❛•②t✐❝ ♥♦r♠s ❛♥❞ t❤❡ t✐♠❡ ❤♦r✐③♦♥ T > 0 ✐s s♠❛•• ❡♥♦✉❣❤✿ ❚❤❡♦r❡♠ ✷✳✽✳ ❆ss✉♠❡ t❤❛t ❢♦r s♦♠❡ λ 0 > 0 ❝♦♥❞✐t✐♦♥ ✭❍ ω ✮ ❤♦•❞s✱ ❛♥❞ t❤❛t g 0 : R 2 → R ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ s✉❝❤ t❤❛t g 0 H,λ0 < +∞. ❋♦r γ 0 ❛♥❞ γ 1 ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✺✱ •❡t T > 0 ❛♥❞ M 1 ❃✵ ❜❡ ❛ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ ❛ ❝♦♥st❛♥t s❛t✐s❢②✐♥❣ ❛✮ T < λ0 2+λ0+4γ0 ❛♥❞ ❜✮ M 1 ≤ 1 16 (K -λ 0 -4γ 0 -1) ❢♦r s♦♠❡ K ✐♥ t❤❡ ♥♦♥❡♠♣t② s❡t (1 + λ 0 + 4γ 0 , λ0 T -1)✳ ❚❤❡♥✱ ❢♦r ❛♥② M 2 > 0 ❛♥❞ Q ∈ B M1 λ0,K,T ∩ B M2 λ0,K,T ✱ ❡q✉❛t✐♦♥ ✭❋Pω✮ ❤❛s ❛ s♦•✉t✐♦♥ g ♦❢ ❝•❛ss C 1,∞ s✉❝❤ t❤❛t g ∈ B M λ0,K,T ∩ B M λ0,K,T ✇❤❡r❡ M = g 0 H,λ0 exp {T (γ 1 + 16γ 0 ) + (16 + γ 0 )M 2 }✳ ■♥ t❤❡ ♣r♦♦❢ ✇❡ ♥❡❡❞ t♦ ❞❡❛• ✇✐t❤ tr✉♥❝❛t❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ❛♥❛•②t✐❝ ♥♦r♠s ♣r❡✈✐♦✉s•② ✐♥tr♦❞✉❝❡❞✳ ❋♦r ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ ψ ♦❢ ❝•❛ss C ∞ ❛♥❞ ❛ ✜①❡❞ A ∈ N✱ s❡t A := {0, • • • , A}, ψ λ;A := k,l∈A λ k+l k!l! ∂ k x ∂ l u ψ ∞ , ψ λ,a;A := d a dλ a ψ λ;A = k,l∈A;k+l≥a (k + l)! (k + l -a)! λ k+l-a k!l! ∂ k x ∂ l u ψ ∞ , ψ H,λ;A := a∈A 1 (a!) 2 ψ λ,a;A , ψ e H,λ;A := a∈A a 2 (a!) 2 ψ λ,a;A . ❯s✐♥❣ ❛ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ ❢♦r ❦✐♥❡t✐❝ ❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥✱ st❛t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✱ ✇❡ st❛rt t❤❡ ♣r♦♦❢ ❜② ❡st❛❜•✐s❤✐♥❣ ❡st✐♠❛t❡s ❢♦r t❤❡ t✐♠❡ ❡✈♦•✉t✐♦♥ ♦❢ t❤❡ ♥♦r♠s g(t) H,λ(t);A ❛♥❞ g(t) e H,λ(t);A ❛•♦♥❣ ❛ s♦•✉t✐♦♥ g ♦❢ t❤❡ •✐♥❡❛r ❡q✉❛t✐♦♥ ✭❋Pω✮✱ ✐♥ t❡r♠s ♦❢ Q(t) H,λ(t) ✱ ∂ u ln(ω) H,λ(t) ✱ h e H,λ(t) ❛♥❞ Q(t) e H,λ(t) ✳ ✶✶ ✷✳✸✳✶ |❡❣✉•❛r✐t② ❡st✐♠❛t❡s ▲❡t g ❜❡ ❛ s♠♦♦t❤ s♦•✉t✐♦♥ t♦ ✭❋Pω✮✳ ❖❜s❡r✈❡ t❤❛t✱ ❢♦r ❛•• (t, x, u) ∈ [0, T ] × R 2 ✱ ∂ k x ∂ l u (u∂ x g(t, x, u)) = l n=0 C n l (∂ n u u)(∂ k+1 x ∂ l-n u g(t, x, u)) = u∂ k+1 x ∂ l u g(t, x, u) + ✶ ✶ {l≥1} l∂ k+1 x ∂ l-1 u g(t, x, u), ∂ k x ∂ l u (∂ x Q(t, x)∂ u g(t, x, u)) = k m=0 C m k (∂ m+1 x Q(t, x))(∂ k-m x ∂ l+1 u g(t, x, u)) = ∂ x Q(t, x)∂ k x ∂ l+1 u g(t, x, u) + ✶ ✶ {k≥1} k-1 m=0 C m k ∂ k-m+1 x Q(t, x)∂ m x ∂ l+1 u g(t, x, u), ∂ k x ∂ l u (∂ u ln(ω(u))∂ u g(t, x, u)) = l n=0 C n l ∂ l-n+1 u ln(ω(u))∂ n+1 u ∂ k x g(t, x, u) = ∂ u ln ω(u)∂ l+1 u ∂ k x g(t, x, u) + ✶ ✶ {l≥1} l-1 n=0 C n l ∂ l-n+1 u ln ω(u) ∂ n+1 u ∂ k x g(t, x, u), ∂ k x ∂ l u (∂ x Q(t, x)∂ u ln(ω(u))g(t, x, u)) = l n=0 k m=0 C n l C m k ∂ k-m+1 x Q(t, x) ∂ l-n+1 u ln ω(u) ∂ m x ∂ n u g(t, x, u), ∂ k x ∂ l u (g(t, x, u)h(u)) = l n=0 C n l ∂ k x ∂ n u g(t, x, u) ∂ l-n u h(u). ❇② ❛♣♣•②✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛• ♦♣❡r❛t♦r ∂ k x ∂ l u t♦ ✭❋Pω✮✱ ✇❡ ❞❡❞✉❝❡✱t❤❛t ∂ t (∂ k x ∂ l u g) + u∂ x (∂ k x ∂ l u g) -(∂ x Q -∂ u ln ω) ∂ u (∂ k x ∂ l u g) - σ 2 2 ∂ 2 u (∂ k x ∂ l u g) = -l∂ k+1 x ∂ l-1 u g✶ ✶ {l≥1} + ✶ ✶ {k≥1} k-1 m=0 C m k ∂ k-m x ∂ x Q ∂ m x ∂ l+1 u g -✶ ✶ {l≥1} l-1 n=0 C n l ∂ l-n+1 u ln ω∂ n+1 u ∂ k x g + l n=0 C n l ∂ k x ∂ n u g ∂ l-n u h + l n=0 k m=0 C n l C m k ∂ k-m+1 x Q∂ l-n+1 u ln ω∂ m x ∂ n u g. ❚❤❡ ❢✉♥❝t✐♦♥ ∂ k x ∂ l u g ✐s t❤✉s ❛ ❝•❛ss✐❝❛• s♦•✉t✐♦♥ t♦ ❛ •✐♥❡❛r ❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥✳ ❆♣♣•②✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ❆✳✶ ✐♥ t❤❡ ❛♣♣❡♥❞✐① s❡❝t✐♦♥ ❆✳✷✱ ✐t ❢♦••♦✇s t❤❛t d dt ∂ k x ∂ l u g(t) ∞ ≤ ✶ ✶ {l≥1} l ∂ k+1 x ∂ l-1 u g(t) ∞ + ✶ ✶ {k≥1} k-1 m=0 C m k ∂ m x ∂ l+1 u g(t) ∞ ∂ k-m+1 x Q(t) ∞ + ✶ ✶ {l≥1} l-1 n=0 C n l ∂ n+1 u ∂ k x g(t) ∞ ∂ l-n+1 u ln(ω) ∞ + l n=0 C n l ∂ k x ∂ n u g(t) ∞ ∂ l-n u h ∞ + l n=0 k m=0 C n l C m k ∂ m x ∂ n u g(t) ∞ ∂ k-m+1 x Q(t) ∞ ∂ l-n+1 u ln(ω) ∞ . ✭✷✳✶✵✮ ❲❡ ♥♦✇ ♦❜t❛✐♥ ❡st✐♠❛t❡s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ t → g(t) λ,a;A ❢♦r ✜①❡❞ λ > 0 ❛♥❞ A ∈ N✳ ▲❡♠♠❛ ✷✳✾✳ ❋♦r ❡❛❝❤ A ∈ N✱ a ∈ A = {0, ..., A} ❛♥❞ λ > 0✱ ❛ s♠♦♦t❤ s♦•✉t✐♦♥ g t♦ ✭❋Pω✮ s❛t✐s✜❡s✿ d dt g(t) λ,a;A ≤ λ g(t) λ,a+1;A + a g(t) λ,a;A + d a dλ a g(t) λ,1;A Q(t) λ,1;A + ln(ω) λ,1;A + d a dλ a g(t) λ,0;A h λ,0 + Q(t) λ,1;A ln(ω) λ,1;A . ✶✷ Pr♦♦❢✳ ▼✉•t✐♣•②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✶✵✮ ❜② d a dλ a λ k+l k!l! = (k+l)!λ k+l-a (k+l-a)!k!l! ✶ ✶ {k+l≥a} ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r k, l ∈ A ✇✐t❤ k + l ≥ a✱ ✇❡ ❣❡t d dt g(t) λ,a;A = k,l∈A:k+l≥a d a dλ a λ k+l k!l! d dt ∂ k x ∂ l u g(t) ∞ ≤ k,l∈A:k+l≥a,l≥1 d a dλ a lλ k+l k!l! ∂ k+1 x ∂ l-1 u g(t) ∞ + k,l∈A:k+l≥a,k≥1 d a dλ a λ k+l k!l! k-1 m=0 C m k ∂ m x ∂ l+1 u g(t) ∞ ∂ k-m+1 x Q(t) ∞ + k,l∈A:k+l≥a,l≥1 d a dλ a λ k+l k!l! l-1 n=0 C n l ∂ n+1 u ∂ k x g(t) ∞ ∂ l-n+1 u ln(ω) ∞ + k,l∈A:k+l≥a d a dλ a λ k+l k!l! l n=0 C n l ∂ k x ∂ n u g(t) ∞ ∂ l-n u h ∞ + k,l∈A:k+l≥a d a dλ a λ k+l k!l! l n=0 k m=0 C n l C m k ∂ m x ∂ n u g(t) ∞ ∂ k-m+1 x Q(t) ∞ ∂ l-n+1 u ln(ω) ∞ . ✭✷✳✶✶✮ ❚♦ ❜♦✉♥❞ ❢r♦♠ ❛❜♦✈❡ t❤❡ ✜rst s✉♠ ♦♥ t❤❡ r✳❤✳s✳ ♦❢ ✭✷✳✶✶✮ ✇❡ ♦❜s❡r✈❡ t❤❛t k,l∈A;k+l≥a,l≥1 d a dλ a lλ k+l k!l! ∂ k+1 x ∂ l-1 u g(t) ∞ = d a dλ a k,l∈A;l≥1 lλ k+l k!l! ∂ k+1 x ∂ l-1 u g(t) ∞ ✇✐t❤ k,l∈A:l≥1 lλ k+l k!l! ∂ k+1 x ∂ l-1 u g(t) ∞ = k,l∈A:l≥1 λ k+l k!(l -1)! ∂ k+1 x ∂ l-1 u g(t) ∞ = k,l∈A λ k+l+1 k!l! ∂ k+1 x ∂ l u g(t) ∞ = λ ∂ x g(t) λ,0;A . ❙✐♥❝❡ d a dλ a (λ ∂ x g(t) λ,0;A ) = a r=0 C r a d r dλ r λ d a-r dλ a-r ∂ x g(t) λ,0;A = C a a λ ∂ x g(t) λ,a;A + C a-1 a ∂ x g(t) λ,a-1;A = λ ∂ x g(t) λ,a;A + a ∂ x g(t) λ,a-1;A , ✐t ❢♦••♦✇s t❤❛t k,l∈A:k+l≥a,l≥1 d a dλ a lλ k+l k!l! ∂ k+1 x ∂ l-1 u g(t) ∞ = λ g(t) λ,a+1;A + a g(t) λ,a;A . ❋♦r t❤❡ s❡❝♦♥❞ s✉♠✱ ✇❡ ♥♦t✐❝❡ t❤❛t k,l∈A:k≥1 λ k+l k!l! k-1 m=0 C m k ∂ k-m+1 x Q(t) ∞ ∂ m x ∂ l+1 u g(t) ∞ = m,l∈A ∂ m x ∂ l+1 u g(t) ∞ A k=m+1 C m k λ k+l k!l! ∂ k-m+1 x Q(t) ∞ = m,l∈A λ m+l m!l! ∂ m x ∂ l+1 u g(t) ∞ A k=m+1 λ k-m (k -m)! ∂ k-m+1 x Q(t) ∞ = m,l∈A λ m+l m!l! ∂ m x ∂ l+1 u g(t) ∞ A-m k=1 λ k k! ∂ k+1 x Q(t) ∞ = m,l∈A λ m+l m!l! ∂ m x ∂ l+1 u g(t) ∞ Q(t) λ,1;A-m . ✶✸ ❚❛❦✐♥❣ t❤❡ a✲t❤ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ λ✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t m,l∈A λ m+l m!l! ∂ m x ∂ l+1 u g(t) ∞ = ∂ u g(t) λ,0;A = g(t) λ,1;A -∂ x g(t) λ,0;A ✭❜② s✐♠✐•❛r ❝♦♠♣✉t❛t✐♦♥s ❛s ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✸✲✭✐✮✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t d a dλ a   k,l∈A:k≥1 λ k+l k!l! k-1 m=0 C m k ∂ k-m+1 x Q(t) ∞ ∂ m x ∂ l+1 u g(t) ∞   ≤ d a dλ a Q(t) λ,1;A g(t) λ,1;A ✉s✐♥❣ ❛•s♦ t❤❡ ❢❛❝t t❤❛t d b dλ b ∂ x g(t) λ,0;A ≥ 0 ❛♥❞ Q(t) λ,a-b+1;A-m ≤ Q(t) λ,a-b+1;A ❢♦r ❛•• b ∈ {0, . . . , a}✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ d a dλ a   k,l∈A λ k+l k!l! l-1 n=0 C n l ∂ l-n+1 u ln(ω) ∞ ∂ n+1 u ∂ k x g(t) ∞   ≤ d a dλ a ln(ω) λ,1;A g(t) λ,1;A . ❋♦r t❤❡ ❢♦✉rt❤ s✉♠✱ ♦♥❡ ❝❛♥ ❞✐r❡❝t•② ❝❤❡❝❦ t❤❛t k,l∈A λ k+l k!l! l n=0 C n l ∂ k x ∂ n u g(t) ∞ ∂ l-n u h ∞ = k,n∈A ∂ k x ∂ n u g(t) ∞ A l=n C n l λ k+l k!l! ∂ l-n u h ∞ = k,n∈A ∂ k x ∂ n u g(t) ∞ A l=0 C n l+n λ k+l+n k!(l + n)! ∂ l u h ∞ = k,n∈A λ k+n k!n! ∂ k x ∂ n u g(t) ∞ A l=0 λ l l! ∂ l-n u h ∞ = h λ,0;A g(t) λ,0;A , s♦ t❤❛t d a dλ a   k,l∈A λ k+l k!l! l n=0 C n l ∂ k x ∂ n u g(t) ∞ ∂ l-n u h ∞   ≤ d a dλ a ( h λ,0;A g(t) λ,0;A ) . ❋✐♥❛••②✱ s✐♥❝❡ k,l∈A λ k+l k!l! l n=0 k m=0 C n l C m k ∂ k-m+1 x Q(t) ∞ ∂ l-n+1 u ln(ω) ∞ ∂ m x ∂ n u g(t) ∞ = m,n∈A λ m+n m!n! ∂ m x ∂ n u g(t) ∞ A k=m λ k-m (k -m)! ∂ k-m+1 x Q(t) ∞ A l=n λ l-n (l -n)! ∂ l-n+1 u ln(ω) ∞ ≤ g(t) λ,0;A Q(t) λ,1;A ln(ω) λ,1;A , t❤❡ •❛st s✉♠ ✐♥ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② d a dλ a g(t) λ,1;A ( Q(t) λ,1;A + ln(ω) λ,1;A ) . ❈♦♠✐♥❣ ❜❛❝❦ t♦ ✭✷✳✶✶✮✱ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ♣r♦✈❡ ▲❡♠♠❛ ✷✳✾✳ ✷✳✸✳✷ ❊✈♦•✉t✐♦♥ ❛♥❞ ❝♦♥tr♦• ♦❢ t❤❡ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ❛♥❛•②t✐❝ ♥♦r♠s ◆❡①t ▲❡♠♠❛s ✷✳✶✵ ❛♥❞ ✷✳✶✶ ❛r❡ ♣r❡•✐♠✐♥❛r✐❡s ❢♦r t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ g(t) H,λ(t);A ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷ ❜❡•♦✇✳ ❚❤❡✐r ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✸✳ ▲❡♠♠❛ ✷✳✶✵✳ ▲❡t f, v, w ❜❡ ❢✉♥❝t✐♦♥s ♦❢ ❝•❛ss C ∞ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ❛t ❛•• ♦r❞❡r✳ ❚❤❡♥✱ ❢♦r ❛•• λ > 0 ❛♥❞ A ∈ N✱ a∈A 1 (a!) 2 d a dλ a ( f λ,0;A v λ,1;A w λ,1;A ) ≤ f H,λ;A v e H,λ;A w e H,λ;A . ✭✷✳✶✷✮ ✶✹ ❙✉♣♣♦s❡ ♠♦r❡♦✈❡r t❤❛t ❢♦r s♦♠❡ λ > 0✱ ♦♥❡ ❤❛s f ∈ H( λ) ❛♥❞ v, w ∈ H( λ)✳ ❚❤❡♥✱ ❢♦r ❛•• λ ∈ [0, λ)✱ a∈N 1 (a!) 2 d a dλ a ( f λ,0 v λ,1 w λ,1 ) ≤ f H,λ v e H,λ w e H,λ . ▲❡♠♠❛ ✷✳✶✶✳ ▲❡t f, w ❜❡ ❢✉♥❝t✐♦♥s ♦❢ ❝•❛ss C ∞ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ❛t ❛•• ♦r❞❡r✳ ✭✐✮ ❋♦r ❛•• λ > 0 ❛♥❞ A ∈ N✱ ♦♥❡ ❤❛s a∈A 1 (a!) 2 d a dλ a ( f λ,1;A v λ,1;A ) ≤ 16( f H,λ;A v e H,λ;A + f e H,λ;A v H,λ;A ). ✭✷✳✶✸✮ ▼♦r❡♦✈❡r ✐❢ ❢♦r s♦♠❡ λ > 0 ✇❡ ❤❛✈❡ f, v ∈ H( λ) ∩ H( λ) t❤❡♥✱ ❢♦r ❛•• λ ∈ [0, λ) a∈N 1 (a!) 2 d a dλ a ( f λ,1 v λ,1 ) ≤ 16( f H,λ v e H,λ + f e H,λ v H,λ ). ✭✐✐✮ ❋♦r ❛•• λ > 0 ❛♥❞ A ∈ N✱ ♦♥❡ ❤❛s a∈A 1 (a!) 2 d a dλ a ( f λ,1;A v λ,1;A ) ≤ 4 v e H,λ;A (4 f H,λ;A + f e H,λ;A ). ✭✷✳✶✹✮ ▼♦r❡♦✈❡r ❢♦r s♦♠❡ λ > 0✱ f ∈ H( λ) ∩ H( λ) ❛♥❞ v ∈ H( λ)✱ ❢♦r ❛•• λ ∈ [0, λ)✱ a∈N 1 (a!) 2 d a dλ a ( f λ,1 v λ,1 ) ≤ 4 v e H,λ (4 f H,λ + f e H,λ ). Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❋♦r ❡❛❝❤ A ∈ N✱ t❤❡ C 1,∞ ❢✉♥❝t✐♦♥ g s♦•✉t✐♦♥ t♦
✇❤❡r❡ γ 0 := ln(ω) e H,λ0 ❛♥❞ γ 1 := h H,λ0 ✳ Pr♦♦❢✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✐♥ t✐♠❡ t❤❡ ♥♦r♠ g(t) H,λ(t);A ✱ ✇❡ ❣❡t d dt g(t) H,λ(t);A = a∈A 1 (a!) 2 λ ′ (t) d a+1 dλ a+1 g(t) λ,0;A + A a=0 1 (a!) 2 d dt g(t) A λ=λ(t) = λ ′ (t) A a=0 1 (a!) 2 g(t) λ(t),a+1;A + A a=0 1 (a!) 2 d dt g(t) λ,a;A λ=λ(t) , ❉✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥❡q✉❛•✐t② ✐♥ ▲❡♠♠❛ ✷✳✾ ❜② (a!) 2 ❛♥❞ s✉♠♠✐♥❣ t❤❡ r❡s✉•t✐♥❣ ❡①♣r❡ss✐♦♥ ♦✈❡r a ∈ A✱ ✐t ❢♦••♦✇s t❤❛t d dt g(t) H,λ(t);A ≤ a∈A λ ′ (t) + λ(t) (a!) 2 g(t) λ(t),a+1;A + A a=0 a (a!) 2 g(t) λ(t),a;A + A a=0 1 (a!) 2 d a dλ a g(t) λ,0;A ( h λ,0;A + Q(t) λ,1 ln(ω) λ,1;A ) λ=λ(t) + A a=0 1 (a!) 2 d a dλ a g(t) λ,1;A ( Q(t) λ,1;A + ln(ω) λ,1;A ) λ=λ(t) . ✭✷✳✶✺✮ ✶✺ ❋♦r t❤❡ ✜rst t❡r♠ ✐♥ ✭✷✳✶✺✮✱ ✇❡ ❤❛✈❡ A a=0 λ ′ (t) + λ(t) (a!) 2 g(t) λ(t),a+1;A = (λ ′ (t) + λ(t)) A a=0 (a + 1) 2 ((a + 1)!) 2 g(t) λ(t),a+1;A = (λ ′ (t) + λ(t)) A a=0 (a) 2 ((a)!) 2 g(t) λ(t),a;A , ❛♥❞✱ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠ A a=0 a (a!) 2 g(t) λ(t),a;A ≤ a∈A (a) 2 (a!) 2 g(t) λ(t),a;A , s♦ t❤❛t A a=0 λ ′ (t) + λ(t) (a!) 2 g(t) λ(t),a+1;A + A a=0 a (a!) 2 g(t) λ(t),a;A ≤ (1 + λ ′ (t) + λ(t)) g(t) e H,λ(t);A . ✭✷✳✶✻✮ ❋♦r t❤❡ t❤✐r❞ t❡r♠✱ ♦❜s❡r✈❡ t❤❛t ♦♥ ♦♥❡ ❤❛♥❞ A a=0 1 (a!) 2 d a dλ a ( g(t) λ,0;A h λ,0;A ) = A a=0 1 (a!) 2 a r=0 C r a d r dλ r g(t) λ,0;A d a-r dλ a-r h λ,0;A = A a=0 1 (a!) 2 a r=0 C r a g(t) λ,r;A h λ,a-r;A = A r=0 g(t) λ,r;A A a=r h λ,a-r;A C r a (a!) 2 = A r=0 g(t) λ,r;A A a=0 h λ,a;A C r a+r ((a + r)!) 2 = A r=0 g(t) λ,r;A (r!) 2 A a=0 h λ,a-r;A (a!) 2 a!r! (a + r))! , ❛♥❞ s✐♥❝❡ a!r! (a+r)! ≤ 1✱ ❢♦r ❛•• a, r ∈ N✱ ✇❡ ❣❡t t❤❛t A a=0 1 (a!) 2 d a dλ a ( g(t) λ,0;A h λ,0;A ) ≤ g(t) H,λ;A h H,λ;A . ✭✷✳✶✼✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥❡q✉❛•✐t② ✷✳✶✷ ♣r♦✈✐❞❡s ❛ ❜♦✉♥❞ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ s✉♠♠❛♥❞ ✐♥ t❤❡ t❤✐r❞ t❡r♠ ♦❢ ✭✷✳✶✺✮✿ a∈A 1 (a!) 2 d a dλ a g(t) λ,0;A Q(t) λ,1;A ln(ω) λ,1;A ≤ g(t) H,λ(t);A Q(t) e H,λ(t);A ln(ω) e H,λ(t);A . ✭✷✳✶✽✮ ❋♦r t❤❡ ❢♦✉rt❤ t❡r♠ ✐♥ ✭✷✳✶✺✮ ✇❡ ✉s❡ ✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✹✮ ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ ❡st✐♠❛t❡ A a=0 1 (a!) 2 d a dλ a ( g(t) λ,1;A ( Q(t) λ,1;A + ln(ω) λ,1;A )) ≤ 16 g(t) H,λ(t);A Q(t) e H,λ ( 
❲❡ ❡♥❞ t❤❡ ♣r♦♦❢ ❜② ✉s✐♥❣ t❤❡ ♦❜✈✐♦✉s ✉♣♣❡r ❜♦✉♥❞s ❢♦r t❤❡ tr✉♥❝❛t❡❞ ♥♦r♠s✳ ✷✳✸✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✽ ❆♣♣•②✐♥❣ •r♦♥✇❛••✬s •❡♠♠❛ t♦ t❤❡ ✐♥❡q✉❛•✐t② ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✱ ✇❡ ♦❜t❛✐♥ t❤❛t✱ ❢♦r ❛•• t ∈ [0, T ] ❛♥❞ A ∈ N✱ g(t) H,λ(t);A ≤ g 0 H,λ0 exp t 0 γ 1 + 16γ 0 + (16 + γ 0 ) Q(θ) e H,λ(θ) ds + t 0 λ(θ) + 1 + λ ′ (θ) + 4γ 0 + 16 Q(θ) H,λ(θ) g(θ) e H,λ(θ);A exp t θ γ 1 + 16γ 0 + (16 + γ 0 ) Q(θ ′ ) e H,λ(θ ′ ) dθ ′ dθ ≤ g 0 H,λ0 exp {T (γ 1 + 16γ 0 ) + (16 + γ 0 )M 2 } + exp {T (γ 1 + 16γ 0 ) + (16 + γ 0 )M 2 } (λ 0 -K + 4γ 0 + 16M 1 ) t 0 g(θ) e H,λ(θ);A dθ. ✭✷✳✷✵✮ ✇❤❡r❡ ✐♥ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛•✐t② ✇❡ ✉s❡ t❤❡ ❢❛❝ts t❤❛t Q ∈ B M1 λ0,K,T ∩ B M2 λ0,K,T ❛♥❞ t❤❛t λ(t) + 1 + λ ′ (t) + 4γ 0 + 16 Q(t) H,λ(t) ≤ λ 0 -K + 4γ 0 + 16 Q(t) H,λ(t) ≤ λ 0 -K + 4γ 0 + 16M 1 ❢♦r ❛•• t ∈ [0, T ]✳ ❋r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥s ✇❡ ❝❛♥ ❝❤♦♦s❡ K > 0 s✉❝❤ t❤❛t K < λ0 T -1 ❛♥❞ K -λ 0 -4γ 0 -16M 1 ≥ 1.
≤ g 0 H,λ0 exp {T (γ 1 + 16γ 0 ) + (16 + γ 0 )M 2 } . ❆❢t❡r •❡tt✐♥❣ A → ∞ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t max t∈[0,T ] g(t) H,λ(t) ≤ g 0 H,λ0 exp {T (γ 1 + 16γ 0 ) + (16 + γ 0 )M 2 } , T 0 g(s) e H,λ(t) dt ≤ g 0 H,λ0 exp {T (γ 1 + 16γ 0 ) + (16 + γ 0 )M 2 } . ✭✷✳✷✶✮ ✷✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ✿ s♦•✈✐♥❣ t❤❡ ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥ ✭❱❋P✮ |❡•②✐♥❣ ✉♣♦♥ ❚❤❡♦r❡♠ ✷✳✽✱ ✇❡ ❝♦♥str✉❝t ♥♦✇✱ ❜② ♠❡❛♥s ♦❢ ❛ ❇❛♥❛❝❤✬s ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞✱ ❛ s♦•✉t✐♦♥ t♦ t❤❡ ♥♦♥•✐♥❡❛r ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥ ✭❱❋P✮✳ |❡♠❛r❦ ✷✳✶✸✳ ❙✐♥❝❡ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ ✐♥ ✭❍ ω ✮ t❤❛t R u 2 ω(u) du = 1✱ ❢♦r ❛•• λ ≥ 0 ❛♥❞ a ∈ N ✐t ❤♦•❞s t❤❛t R u 2 ω(u) ϕ(t, •, u)du λ,a ≤ ϕ(t, •, •) λ,a ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ : [0, T ] × R 2 → R ♦❢ ❝•❛ss C 1,∞ ❛♥❞ ❡✈❡r② t ∈ [0, T ]✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② Φ t❤❡ ♠❛♣♣✐♥❣ ❛ss♦❝✐❛t✐♥❣ t♦ ❛ ❢✉♥❝t✐♦♥ ϕ t❤❡ s♦•✉t✐♦♥ Φ(ϕ) ♦❢ t❤❡ •✐♥❡❛r ❡q✉❛t✐♦♥ ✭❋Pω✮ ✇✐t❤ ♣♦t❡♥t✐❛• ∂ x Q(t, x) ❣✐✈❡♥ ❜② Q(t, x) := - R u 2 ω(u) ϕ(t, x, u) du , ✶✼ t❤❡ ✐♥❝•✉s✐♦♥ Φ B M1 λ0,K,T ∩ B M2 λ0,K,T ⊆ B M λ0,K,T ∩ B M λ0,K,T ❤♦•❞s ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♥st❛♥ts T, λ 0 , K, M 1 , M 2 ❛♥❞ M ❡st❛❜•✐s❤❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✽✳ ❈♦r♦••❛r② ✷✳✶✹✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✽✱ t❤❡ ❝♦♥st❛♥ts M := M 1 ❛♥❞ T > 0 s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥t g 0 H,λ0 exp(T (γ 1 + 16γ 0 )) ≤ M exp(-(16 + γ 0 )M ), t❤❡♥ Φ B M λ0,K,T ∩ B M λ0,K,T ⊆ B M λ0,K,T ∩ B M λ0,K,T ✳ Pr♦♦❢✳ ❚❛❦✐♥❣ M 2 = M = M 1 ✐♥ ❚❤❡♦r❡♠ ✷✳✽ ✇❡ ❣❡t t❤❛t Φ B M λ0,K,T ∩ B M λ0,K,T ⊆ B M λ0,K,T ∩ B M λ0,K,T ❢♦r M = g 0 H,λ0 exp {T (γ 1 + 16γ 0 ) + (16 + γ 0 )M }✳ ❚❤❡ ❛❞❞✐t✐♦♥❛• ❝♦♥str❛✐♥t ❡♥s✉r❡s t❤❛t M ≤ M ✳ ❚❤❡♦r❡♠ ✷✳✶✺✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❈♦r♦••❛r② ✷✳✶✹ ❛♥❞✱ ♠♦r❡♦✈❡r✱ t❤❛t M (1 + γ 0 ) exp {(M γ 0 + γ 1 ) T } < 1 ✭✷✳✷✷✮ t❤❡ ♠❛♣♣✐♥❣ Φ : B M λ0,K,T ∩ B M λ0,K,T → B M λ0,K,T ∩ B M λ0,K,T ✐s ✇❡•• ❞❡✜♥❡❞ ❛♥❞ ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢♦r t❤❡ ♥♦r♠ max max t∈[0,T ] ψ(t) λ(t),0 , T 0 ψ(t) λ(t),1 dt . ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❛•• t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s✱ ✇❡ ❤❛✈❡ max{ g 0 H,λ0 , T g 0 e H,λ0 } ≤ M, t❤❡♥ t❤❡ ✭❝♦♥st❛♥t ✐♥ t✐♠❡✮ ❢✉♥❝t✐♦♥ g 0 (t, x) = g 0 (x) s❛t✐s✜❡s g 0 ∈ B M λ0,K,T ∩ B M λ0,K,T ❛♥❞ ❛ s♦•✉t✐♦♥ t♦ t❤❡ ♥♦♥•✐♥❡❛r ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥ ✭❱❋Pω✮ ❡①✐sts ✐♥ B M λ0,K,T ∩ B M λ0,K,T ✳ Pr♦♦❢✳ •✐✈❡♥ f i ∈ B M λ0,K,T ∩ B M λ0,K,T ✱ i = 1, 2✱ ✇❡ s❡t P i (t, x) := R u 2 ω(u) f i (t, x, u) du ❢♦r i = 1, 2✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ Φ(f 1 ) -Φ(f 2 ) s❛t✐s✜❡s ∂ t (Φ(f 1 ) -Φ(f 2 )) + (u∂ x (Φ(f 1 ) -Φ(f 2 ))) -[(∂ x P 1 -∂ u ln(ω)) ∂ u (Φ(f 1 ) -Φ(f 2 ))] - 1 2 ∂ 2 u (Φ(f 1 ) -Φ(f 2 )) = ∂ u Φ(f 2 ) (∂ x P 1 -∂ x P 2 ) + Φ(f 2 )∂ u ln(ω) (∂ x P 1 -∂ x P 2 ) + (∂ u ln(ω)∂ x P 1 + h) (Φ(f 1 ) -Φ(f 2 )) . ❲r✐t✐♥❣ Φ := Φ(f 1 ) -Φ(f 2 ) ❛♥❞ P := P 1 -P 2 ✱ ✇❡ ❣❡t ∂ t Φ + u∂ x Φ -(∂ x P 1 -∂ u ln(ω)) ∂ u Φ - 1 2 ∂ 2 u Φ = (Φ(f 2 )∂ u ln(ω) + ∂ u Φ(f 2 )) ∂ x P + (∂ x P 1 ∂ u ln(ω) + h) Φ. ❚❤❡♥✱ ❜② s✐♠✐•❛r ❝♦♠♣✉t❛t✐♦♥s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✽✱ ✇❡ s✉❝❝❡ss✐✈❡•② ♦❜t❛✐♥✿ • ❜② ❛♣♣•②✐♥❣ t❤❡ ♦♣❡r❛t♦r ∂ k x ∂ l u ✱ ∂ t (∂ k x ∂ l u Φ) + u∂ x ∂ k x ∂ l u Φ -(∂ x P 1 -∂ u ln(ω)) ∂ u ∂ k x ∂ l u Φ - 1 2 ∂ 2 u (∂ k x ∂ l u Φ) = -l∂ k+1 x ∂ l-1 u Φ + ✶ ✶ {k≥1} k-1 m=0 C m k ∂ k-m+1 x P 1 ∂ m x ∂ l+1 u Φ -✶ ✶ {l≥1} l-1 n=0 C n l ∂ l-n+1 u ln(ω) ∂ k x ∂ n+1 u Φ + l n=0 k m=0 C m k C n l ∂ k-m x ∂ n u Φ(f 2 )∂ l-n+1 u ln ω(u)∂ m+1 x P + k m=0 C m k ∂ k-m x ∂ l+1 u Φ(f 2 ) ∂ m+1 x P + l n=0 k m=0 C m k C n l ∂ k-m+1 x P 1 ∂ l-n+1 u ln(ω) ∂ m x ∂ n u Φ + l n=0 C n l ∂ k x ∂ n u Φ ∂ l-n u h; ✶✽ • ❜② ❛ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛•• m ∈ N✿ ∂ m P i ∞ ≤ ∂ m f i ∞ ✱ i = 1, 2✱ ❛♥❞ ∂ m P ∞ ≤ ∂ m f ∞ ❢♦r f := f 1 -f 2 ✱ ✇❡ ❣❡t d dt ∂ k x ∂ l u Φ(t) ∞ ≤ l ∂ k+1 x ∂ l-1 u Φ(t) ∞ + ✶ ✶ {k≥1} k-1 m=0 C m k ∂ k-m+1 x f 1 (t) ∞ ∂ m x ∂ l+1 u Φ(t) ∞ + ✶ ✶ {l≥1} l-1 n=0 C n l ∂ l-n+1 u ln(ω) ∞ ∂ k x ∂ n+1 u Φ(t) ∞ + l n=0 k m=0 C m k C n l ∂ l-n+1 u ln(ω) ∞ ∂ k-m x ∂ n u Φ(f 2 )(t) ∞ ∂ m+1 x f (t) ∞ + k m=0 C m k ∂ k-m x ∂ l+1 u Φ(f 2 )(t) ∞ ∂ m+1 x f (t) ∞ + l n=0 k m=0 C m k C n l ∂ l-n+1 u ln(ω) ∞ ∂ k-m+1 x f 1 (t) ∞ ∂ m x ∂ n u Φ(t) ∞ + l n=0 C n l ∂ k x ∂ n u Φ(t) ∞ ∂ l-n u h ∞ . • |❡♣•✐❝❛t✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✾ ❢♦r a = 0✱ A = +∞✱ ✇❡ t❤❡♥ ♦❜t❛✐♥ d dt Φ(t) λ,0 ≤ λ Φ(t) λ,1 + Φ(t) λ,1 ( f 1 (t) λ,1 + ln(ω) λ,1 ) + Φ(t) λ,0 ( f 1 (t) λ,1 ln(ω) λ,1 + h λ,0 ) + f (t) λ,1 ( Φ(f 2 )(t) λ,1 + Φ(f 2 )(t) λ,0 ln(ω) λ,1 ) . ✭✷✳✷✸✮ ❍❡♥❝❡✱ d dt Φ(t) λ(t),0 ≤ λ ′ (t) + λ(t) + f 1 (t) λ,1 + ln(ω) λ(t),1 Φ(t) λ(t),1 + Φ(t) λ(t),0 f 1 (t) λ(t),1 ln(ω) λ(t),1 + h λ(t),0 + f (t) λ(t),1 Φ(f 2 )(t) λ(t),1 + Φ(f 2 )(t) λ(t),0 ln(ω) λ(t),1 . ❙✐♥❝❡✱ ❜② ♦✉r ❛ss✉♠♣t✐♦♥s✱ max t∈[0,T ] f 1 (t) λ(t),1 ≤ max t∈[0,T ] f 1 (t) H,λ(t) ≤ M, ❛♥❞ max t∈[0,T ] Φ(f 2 (t)) λ(t),1 ≤ M, ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛•• t ∈ [0, T ]✱ d dt Φ(t) λ(t),0 ≤ (λ 0 -K + M + γ 0 ) Φ(t) λ(t),1 + M (1 + γ 0 ) Φ(t) λ(t),0 + (M γ 0 + γ 1 ) f (t) λ(t),1 t❤❛♥❦s ❛•s♦ t♦ t❤❡ ✉♣♣❡r✲❜♦✉♥❞s ln(ω) e H,λ(t) ≤ γ 0 = ln(ω) e H,λ0 ✱ h H,λ(θ), ≤ γ 1 = h H,λ0 ✳ ■t ❢♦••♦✇s t❤❡♥ ❜② •r♦♥✇❛••✬s ✐♥❡q✉❛•✐t② t❤❛t Φ(t) λ(t),0 ≤ exp {T (M γ 0 + γ 1 )} t 0 Φ(θ) λ(θ),1 (λ 0 -K + M + γ 0 ) + f (θ) λ(θ),1 M (1 + γ 0 ) dθ. ❖❜s❡r✈❡ t❤❛t t❤❡ ❝✉rr❡♥t ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✽ ❡♥s✉r❡ t❤❛t ✇❡ ❝❛♥ ❝❤♦♦s❡ K ∈ 0, λ0 T -1 s✉❝❤ t❤❛t K -λ 0 -M -γ 0 > 1. ❲❡ t❤✉s ❣❡t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s t❤❛t ❢♦r ❡❛❝❤ t ∈ [0, T ]✱ Φ(t) λ(t),0 + t 0 Φ(θ) λ(θ),1 dθ ≤ Φ(t) λ(t),0 + exp {T (M γ 0 + γ 1 )} t 0 Φ(θ) λ(θ),1 dθ ≤ M (1 + γ 0 ) exp {(M γ 0 + γ 1 ) T } T 0 f (t) λ(t),1 dt. ✶✾ ■♥ ♣❛rt✐❝✉•❛r✱ max t∈[0,T ] Φ(f 1 )(t) -Φ(f 2 )(t) λ(t),0 ≤ M (1 + γ 0 ) exp {(M γ 0 + γ 1 ) T } T 0 f 1 (t) -f 2 (t) λ(t),1 dt. T 0 Φ(f 1 )(θ) -Φ(f 2 )(θ) λ(θ),1 dθ ≤ M (1 + γ 0 ) exp {(M γ 0 + γ 1 ) T } T 0 f 1 (t) -f 2 (t) λ(t),1 dt. ❚❤❡ ❝♦♥tr❛❝t✐✈✐t② ♣r♦♣❡rt② ✐s t❤✉s ❣r❛♥t❡❞ ❜② ✭✷✳✷✷✮✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ λ 0 , M ❛♥❞ T ✱ ❚❤❡♦r❡♠ ✷✳✶✺ ❤♦•❞s ❛♥❞✱ ♠♦r❡♦✈❡r✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ f 0 ✐♠♣•② t❤❛t g 0 ∈ B M λ0,K,T ∩ B M λ0,K,T ✳ ❚❤❡r❡❢♦r❡✱ ❜② ❇❛♥❛❝❤✬s ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ t❤❡ s❡q✉❡♥❝❡ Φ n (g 0 ) ❝♦♥✈❡r❣❡s t♦ ❛ ❢✉♥❝t✐♦♥ g ∈ B M λ0,K,T ∩ B M λ0,K,T ✇❤✐❝❤ ✐s ❛ s♦•✉t✐♦♥ ♦❢ ✭❱❋Pω✮✳ |❡♠❛r❦ ✷✳✶✻✳ ■❢ g 0 (x, u) ✐s 1✲♣❡r✐♦❞✐❝ ✐♥ x✱ ✉♥✐q✉❡♥❡ss ♦❢ ❝•❛ss✐❝❛• s♦•✉t✐♦♥s t♦ t❤❡ •✐♥❡❛r ❡q✉❛t✐♦♥ ✭❋Pω✮ ✐♠♣•✐❡s t❤❛t Φ n (g 0 ) t♦♦ ✐s 1✲♣❡r✐♦❞✐❝ ✐♥ x ❢♦r ❡❛❝❤ n ∈ N✳ ❈♦♥s❡q✉❡♥t•②✱ s♦ ✐s t❤❡ •✐♠✐t g✳ ✸ ❚❤❡ ❦✐♥❡t✐❝ ♣♦t❡♥t✐❛• ❝❛s❡ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉•ts t♦ t❤❡ s✐t✉❛t✐♦♥ β ≥ 0 ❛♥❞ α = 0 ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ st❛♥❞❛r❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ♣♦t❡♥t✐❛•✮ ♦r α = 1 ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✉r❜✉•❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣②✮✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ s❛♠❡ ♣r♦♦❢s ❝❛♥ ❜❡ ❛♣♣•✐❡❞ ❛•s♦ t♦ t❤❡ ❝❛r β < 0 ❜② r❡♣•❛❝✐♥❣ ✐♥ ❛•• ❡st✐♠❛t❡s β ❜② |β|✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥•✐♥❡❛r ❱•❛s♦✈✲❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥ ✇✐t❤ ❛❞❞✐t✐♦♥❛• ❦✐♥❡t✐❝ ♣♦t❡♥t✐❛•              ∂ t g + u∂ x g -[∂ x P + β(u -αV ) -∂ u ln(ω)] ∂ u g - σ 2 2 ∂ 2 u g = g [∂ x P -αβV ∂ u ln(ω)] -g ĥ ♦♥ (0, T ] × R 2 , P (t, x) = - R u 2 ω(u) g(t, x, u) du, V (t, x) = R u ω(u) g(t, x, u)du g(0, x, u) = g 0 (x, u) ♦♥ R 2 , ✭❱❋Pω❑✮ ✇❤❡r❡ ĥ(u) := ∂ 2 u ω(u) 2ω(u) -|∂ u ln(ω(u))| 2 -β -βu∂ u (ln ω(u)) . ❚❤r♦✉❣❤ t❤❡ r❡•❛t✐♦♥ g(t, x, u) = ω(u)f (t, x, u)✱ ❡q✉❛t✐♦♥ ✭❱❋Pω❑✮ ✐s s❡❡♥ t♦ ❜❡ ❡q✉✐✈❛•❡♥t t♦            ∂ t f + u∂ x f -(∂ x P + β(u -αV )) ∂ u f -βf - σ 2 2 ∂ 2 u f = 0 ♦♥ (0, T ] × R 2 , P (t, x) = - R u 2 f (t, x, u)du, V (t, x) = R uf (t, x, u)du f (0, x, u) = f 0 (x, u) ♦♥ R 2 ✭❱❋P❑✮ ✭❛♥❞ t♦ ❡q✉❛t✐♦♥ ✭✶✳✺✮ ✐❢ f 0 ❛♥❞ t❤❡ s❡❛r❝❤❡❞ s♦•✉t✐♦♥ ❛r❡ ♣❡r✐♦❞✐❝ ✐♥ x✮✳ ❲❡ ♥❡①t ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳✶✳ ▲❡t M, T ❜❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ ω : R → (0, +∞) ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ s❛t✐s❢②✐♥❣ ✭❍ ω ✮ ❢♦r s♦♠❡ λ 0 > 0 ❛♥❞ ♠♦r❡♦✈❡r t❤❛t u∂ u (ln ω(u)) ∈ H(λ 0 )✳ ❉❡✜♥❡ t❤❡ ✜♥✐t❡ ❝♦♥st❛♥ts γ 0 := ln(ω) e H,λ0 , γ1 := ĥ H,λ0 ❛♥❞ C ω := R |u| ω(u) du, ❛♥❞ ❛ss✉♠❡ t❤❛t ❛✮ T < (1+β)λ0 1+4γ0+(1+β)(1+λ0) ✱ ❜✮ M ≤ (1+β)(K-λ0)-4γ0-1 16+αβ ❢♦r s♦♠❡ K ∈ ( 1+4γ0 1+β + λ 0 , λ0 T -1) ( = ∅) ❛♥❞ ❝✮ M (1 + γ 0 )(1 + T C ω αβ) exp {(M (1 + C ω αβ)γ 0 + γ1 ) T } < 1✳ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t f 0 : R 2 → R ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ ❛♥❞ t❤❛t g 0 (x, u) := ω(u)f 0 (x, u) s❛t✐s✜❡s ✷✵ ❞✮ max{ g 0 H,λ0 , T g 0 e H,λ0 } ≤ M ❛♥❞ ❡✮ g 0 H,λ0 exp (T (γ 1 + 16γ 0 + αβγ 0 C ω M )) < M exp (-(16 + γ 0 )M )✳ ❚❤❡♥✱ ❡q✉❛t✐♦♥ ✭❱❋Pω❑✮ ❤❛s ❛ ✉♥✐q✉❡ s♠♦♦t❤ s♦•✉t✐♦♥ g ∈ B M λ0,K,T ∩ B M λ0,K,T ✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✉♥❞❡r t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s✱ ❛ s♦•✉t✐♦♥ f ∈ C 1,∞ t♦ ✭❱❋P❑✮ ✇✐t❤ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ f 0 ❡①✐sts✳ ■t ✐s ❝❤❡❝❦❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✶ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ u → ĥ(u) ❜❡•♦♥❣s t♦ H(λ 0 ) ❢♦r ❡✈❡r② λ 0 ∈ (0, 1 4 ) ✇❤❡♥ ω(u) := c(1 + u 2 ) s 2 ✭s♦ t❤❛t u∂ u (ln ω(u)) ∈ H(λ 0 ) ❛s r❡q✉✐r❡❞✮✳ ❈♦r♦••❛r② ✸✳✷✳ ▲❡t f ❜❡ t❤❡ s♦•✉t✐♦♥ t♦ ✭❱❋P❑✮ ❣✐✈❡♥ ❛❜♦✈❡ ❛♥❞ ❛ss✉♠❡ t❤❛t ✭❍ ✉♥✐❢(0) ✮ ❤♦•❞s✳ ❚❤❡♥✱ f (t, x, u) s❛t✐s✜❡s ✭❍ ✉♥✐❢(t) ✮ ❢♦r ❛•• t ✐♥ [0, T ]✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❛♥❞ ✭❍ ✉♥✐❢(0) ✮ ❛ s♦•✉t✐♦♥ t♦ ✭✶✳✶✮ ❢♦r β ∈ R ❡①✐sts✳ |❡♠❛r❦ ✸✳✸✳ ▲❡t f 0 ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝•❛ss C ∞ ✱ C 0 , λ > 0 ✱ n, m ∈ N ❜❡ ♥✉♠❜❡rs s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✷✳✺✮ ❢♦r ❡✈❡r② k, l ≥ 0 ❛♥❞ ❛ss✉♠❡ t❤❛t✱ ♠♦r❡♦✈❡r✱ ❢♦r s♦♠❡ λ 0 < min{ λ, 1 4 } ♦♥❡ ❤❛s C 0 < κ ′ 0 ( λ, s) := 1 2κ(s)e λµ( λ, m + n + 1) ln 2 (16 + ln(ω) e H,λ0 ) 1 (1 + C ω αβ) ❢♦r ω ❛s ✐♥ ▲❡♠♠❛ ✷✳✹ ✐✮✳ ❈❤♦♦s✐♥❣ M ❛s ✐♥ |❡♠❛r❦ ✷✳✼✱ ♦♥❡ s✐♠✐•❛r•② ❝❤❡❝❦s t❤❛t κ ′ 1 (C 0 , λ, s) := min (1 + β)λ 0 1 + 4γ 0 + (1 + β)(1 + λ 0 ) + (16 + αβ)M , 2 λµ(λ, m + n + 1) µ(λ, m + n + 2) , 1, - ln(M (1 + γ 0 )(1 + C ω αβ)) M (1 + C ω αβ)γ 0 + γ1 , ln 2 -M (16 + γ 0 ) γ1 + 16γ 0 + αβC ω M > 0, ❛♥❞ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❤♦•❞ ❢♦r T < κ ′ 1 (C 0 , λ, s) ❛♥❞ K = 1+4γ0+M (16+αβ) 1+β + λ 0 ✳ ▼♦st ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s r❡q✉✐r❡❞ ✐♥ t❤❡ ♣r♦♦❢s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ s♦ ✇❡ ♦♥•② ♣r♦✈✐❞❡ s♦♠❡ ❞❡t❛✐•s ❛❜♦✉t t❤❡ ❛❞❞✐t✐♦♥❛• t❡r♠s t❤❛t t❤❡ ❝❛s❡ β > 0 r❡q✉✐r❡s t♦ ❞❡❛• ✇✐t❤✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ ❈♦♥s✐❞❡r t❤❡ •✐♥❡❛r ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② r❡s♣❡❝t✐✈❡•② r❡♣•❛❝✐♥❣ ✐♥ ✭❱❋Pω❑✮ t❤❡ ❢✉♥❝t✐♦♥s P ❛♥❞ V ❜② ✜①❡❞ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s Q, H : [0, T ] × R → R✿          ∂ t g(t, x, u) + u∂ x g -[∂ x Q + β(u -αH) -∂ u ln(ω)] ∂ u g - σ 2 2 ∂ 2 u g = g [∂ x Q -αβH∂ u ln(ω)] -g ĥ, ♦♥ (0, T ] × R 2 , g(0, x, u) = g 0 (x, u) ♦♥ R 2 , ✭❋Pω❑✮ ❋✐rst ✇❡ ♥♦t✐❝❡ t❤❛t ∂ k x ∂ l u (u∂ u g(t, x, u)) = l n=0 C n l (∂ n u u)(∂ u ∂ k x ∂ l-n u g(t, x, u)) = u∂ k x ∂ l+1 u g(t, x, u) + l∂ k x ∂ l u g(t, x, u). ❚❤❡r❡❢♦r❡✱ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛• ♦♣❡r❛t♦r ∂ k x ∂ l u t♦ t❤❡ •✐♥❡❛r ❡q✉❛t✐♦♥ ✭❋Pω❑✮ ②✐❡•❞s t❤❡ ✐❞❡♥t✐t② ∂ t ∂ k x ∂ l u g + u∂ x (∂ k x ∂ l u g) -(∂ x Q(t, x) -∂ u ln ω + β(u -αV )) ∂ u (∂ k x ∂ l u g) - σ 2 2 ∂ 2 u (∂ k x ∂ l u g) = ✶ ✶ {l≥1} βl∂ k x ∂ l u g -l∂ k+1 x ∂ l-1 u g + ✶ ✶ {k≥1} k-1 m=0 C m k ∂ k-m x (∂ x Q -αβH)∂ u (∂ m x ∂ l u g) -✶ ✶ {l≥1} l-1 n=0 C n l ∂ l-n+1 u ln ω∂ n+1 u ∂ k x g + l n=0 k m=0 C n l C m k ∂ k-m x ∂ x Q -αβH ∂ l-n+1 u ln ω∂ m x ∂ n u g + l n=0 C n l ∂ k x ∂ n u g∂ l-n u ĥ. ✷✶ ❇② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛•• A ∈ N ❛♥❞ a ∈ {0, . . . , A}✱ ❛ s♠♦♦t❤ s♦•✉t✐♦♥ g t♦ ❡q✉❛t✐♦♥ ✭❋Pω❑✮ ♠✉st s❛t✐s❢② d dt g(t) λ,a;A ≤ λ(1 + β) g(t) λ,a+1;A + a(1 + β) g(t) λ,a;A + d a dλ a g(t) λ,1;A ( Q(t) λ,1;A + αβ H(t) λ,0;A + ln(ω) λ,1;A ) + d a dλ a g(t) λ,0;A ĥ λ,0;A + ( Q(t) λ,1;A + αβ H(t) λ,0;A ) ln(ω) λ,1;A . ❇② s✐♠✐•❛r ❝♦♠♣✉t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✵✱ ✐t ✐s ❛•s♦ ♣♦ss✐❜•❡ t♦ ❡st❛❜•✐s❤ ▲❡♠♠❛ ✸✳✹✳ ✭✐✮ ❙✉♣♣♦s❡ t❤❛t ❢♦r s♦♠❡ λ > 0 ✇❡ ❤❛✈❡ f ∈ H( λ) ❛♥❞ v ∈ H( λ)✳ ❚❤❡♥✱ ❢♦r ❛•• λ ∈ [0, λ) ♦♥❡ ❤❛s a∈N 1 (a!) 2 d a dλ a ( f λ,0 v λ,1 ) ≤ f H,λ v e H,λ . ✭✐✐✮ ❙✉♣♣♦s❡ t❤❛t ❢♦r s♦♠❡ λ > 0✱ f, w ∈ H( λ) ❛♥❞ v ∈ H( λ)✳ ❚❤❡♥✱ ❢♦r ❛•• λ ∈ [0, λ) ♦♥❡ ❤❛s a∈N 1 (a!) 2 d a dλ a ( f λ,0 w λ,0 v λ,1 ) ≤ f H,λ w H,λ v e H,λ . Pr♦♦❢✳ ❚♦ ♦❜t❛✐♥ t❤❡ ✜rst ❡st✐♠❛t❡✱ ✐t s✉✣❝❡s t♦ ❛♣♣•② ▲❡♠♠❛ ✷✳✶✵ ❢♦r w(x, u) = u s♦ t❤❛t✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✸ ✭✐✮✱ w λ,1 = w e H,λ = 1✳ ❋♦r t❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡✱ •❡t w ❜❡•♦♥❣ t♦ H( λ)✳ ❚❛❦✐♥❣ W (x, u) = u 0 w(x, v)dv✱ ♦♥❡ ❝❤❡❝❦s t❤❛t W ∈ H( λ)✱ W λ,1 = w λ,0 ❛♥❞ W e H,λ = w H,λ ✳ ❆♣♣•②✐♥❣ ▲❡♠♠❛ ✷✳✶✵ ✭✐✐✮ t♦ f, W ❛♥❞ v ✐♠♣•✐❡s ✇❡ ❣❡t t❤❡ ❡st✐♠❛t❡✳ ❚r✉♥❝❛t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡s❡ ❡st✐♠❛t❡s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛•r❡❛❞② ♦❜t❛✐♥❡❞ ♦♥❡s ②✐❡•❞✿ Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ ❋♦r ❡❛❝❤ A ∈ N✱ t❤❡ C 1,∞ ❢✉♥❝t✐♦♥ g s♦•✉t✐♦♥ t♦ ✭❋Pω❑✮ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ d dt g(t) H,λ(t);A ≤ (1 + β)[λ(t) + 1 + λ ′ (t)] + 4γ 0 + 16 Q(t) H,λ(t) + αβ H(t) H,λ(t) g(t) e H,λ(t);A + γ 1 + 16γ 0 + (γ 0 + 16) Q(t) e H,λ(t) + αβγ 0 H(t) H,λ(t) g(t) H,λ(t);A , ✇❤❡r❡ γ 0 := ln(ω) e H,λ0 ❛♥❞ γ1 := ĥ H,λ0 ✳ ❆♣♣•②✐♥❣ •r♦♥✇❛••✬s •❡♠♠❛ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t λ(t) + 1 + λ ′ (t) + 4γ 0 + 16 P (t) H,λ(t) + αβ V (t) H,λ(t) ≤ (1 + β)[λ 0 -K] + 4γ 0 + (16 + αβ)M 1 ✇❡ t❤❡♥ ♦❜t❛✐♥ t❤❛t✱ ❢♦r ❛•• t ∈ [0, T ] ❛♥❞ A ∈ N✱ g(t) H,λ(t);A ≤ g 0 H,λ0 exp {T (γ 1 + 16γ 0 + αβγ 0 M 1 ) + (16 + γ 0 )M 2 } + exp {T (γ 1 + 16γ 0 + αβγ 0 M 1 ) + (16 + γ 0 )M 2 } ((1 + β)[λ 0 -K] + 4γ 0 + (16 + αβ)M 1 ) t 0 g(s) e H,λ(s);A ds. ✭✸✳✹✮ ❋r♦♠ ❛ss✉♠♣t✐♦♥s ❛✮ ❛♥❞ ❜✮ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✇❡ ❝❛♥ ❝❤♦♦s❡ K > 0 s✉❝❤ t❤❛t K < λ0 T -1 ❛♥❞ (1 + β)(K -λ 0 ) -4γ 0 -(16 + αβ)M 1 ≥ 1 ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ ♦❜t❛✐♥ g(t) H,λ(t);A + t 0 g(s) e H,λ(s);A ds ≤ g 0 H,λ0 exp {T (γ 1 + 16γ 0 + αβγ 0 M 1 ) + (16 + γ 0 )M 2 } , ✷✷ ❛♥❞ t❤❡♥ g(t) H,λ(t) + t 0 g(s) e H,λ(s) ds ≤ g 0 H,λ0 exp {T (γ 1 + 16γ 0 + αβγ 0 M 1 ) + (16 + γ 0 )M 2 } . ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ : [0, T ] × R 2 → R ♦❢ ❝•❛ss C 1,∞ ❛♥❞ ❡✈❡r② t ∈ [0, T ] ✇❡ ❤❛✈❡ R u 2 ω(u) ϕ(t, •, u)du λ,a ≤ ϕ(t, •, •) λ,a ❛♥❞ R |u| ω(u) ϕ(t, •, u)du λ,a ≤ C ω ϕ(t, •, •) λ,a ❢♦r ❛•• λ ≥ 0 ❛♥❞ a ∈ N✱ t❤❡ ♠❛♣♣✐♥❣ Φ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ϕ t❤❡ s♦•✉t✐♦♥ Φ(ϕ) ♦❢ ❡q✉❛t✐♦♥ ✭❋Pω❑✮ ✇✐t❤ t❤❡ ❞❛t❛ Q(t, x) := - R u 2 ω(u) ϕ(t, x, u)du ❛♥❞ H(t, x) := R u ω(u) ϕ(t, x, u)du s❛t✐s✜❡s t❤❡ ✐♥❝•✉s✐♦♥ Φ B M1 λ0,K,T ∩ B M2 λ0,K,T ⊆ B M λ0,K,T ∩ B M λ0,K,T ✐❢ M 1 , T, λ 0 > 0 ❛r❡ ❛s ♣r❡✈✐♦✉s•②✱ M 2 > 0 ✐s ❛r❜✐tr❛r② ❛♥❞ M = g 0 H,λ0 exp {T (γ 1 + 16γ 0 + αβγ 0 C ω M 1 ) + (16 + γ 0 )M 2 } . ■♥ ♣❛rt✐❝✉•❛r✱ ♦♥❡ ❤❛s Φ B M λ0,K,T ∩ B M λ0,K,T ⊆ B M λ0,K,T ∩ B M λ0,K,T ✐❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❝♦♥❞✐t✐♦♥s ❛✮ ❛♥❞ ❜✮ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ t❤❡ ❝♦♥st❛♥ts M > 0 ❛♥❞ T > 0 s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ❞✮✳ ◆♦✇✱ ✇r✐t✐♥❣ Φ := Φ(f 1 ) -Φ(f 2 )✱ P := P 1 -P 2 ❛♥❞ V := V 1 -V 2 ✇❤❡r❡ P i (t, x) := - R u 2 ω(u) f i (t, •, u) du ❛♥❞ V i (t, x) := R u ω(u) f i (t, •, u)du i = 1, 2, ✇❡ ❤❛✈❡ ∂ t (∂ k x ∂ l u Φ) + u∂ x ∂ k x ∂ l u Φ -(∂ x Q 1 -∂ u ln ω(u) + β(u -αV 1 (t, x))) ∂ u ∂ k x ∂ l u Φ - σ 2 2 ∂ 2 u (∂ k x ∂ l u Φ) = -l∂ k+1 x ∂ l-1 u Φ + ✶ ✶ {k≥1} k-1 m=0 C m k ∂ k-m x (∂ x Q 1 (t, x) -αβV 1 (t, x)) ∂ m x ∂ l+1 u Φ -✶ ✶ {l≥1} l-1 n=0 C n l ∂ l-n+1 u ln(ω) ∂ k x ∂ n+1 u Φ + l n=0 k m=0 C m k C n l ∂ k-m x ∂ n u Φ(f 2 ) ∂ l-n+1 u ln(ω) ∂ m x ∂ x P -αβ V (t, x) + k m=0 C m k ∂ k-m x ∂ l+1 u Φ(f 2 ) ∂ m x ∂ x P -αβ V (t, x) ) + l n=0 k m=0 C m k C n l ∂ k-m x (∂ x P 1 -αβV 1 (t, x)) ∂ l-n+1 u ln ω(u)∂ m x ∂ n u Φ + l n=0 C n l ∂ k x ∂ n u Φ ∂ l-n u ĥ(u); ✷✸ ❋r♦♠ t❤✐s ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ ✇❡ ❞❡❞✉❝❡ t❤❛t d dt ∂ k x ∂ l u Φ(t) ∞ ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② l ∂ k+1 x ∂ l-1 u Φ(t) ∞ + ✶ ✶ {k≥1} k-1 m=0 C m k ( ∂ k-m+1 x f 1 (t) ∞ + C ω αβ ∂ k-m x f 1 (t) ∞ ) ∂ m x ∂ l+1 u Φ(t) ∞ + ✶ ✶ {l≥1} l-1 n=0 C n l ∂ l-n+1 u ln(ω) ∞ ∂ k x ∂ n+1 u Φ(t) ∞ + l n=0 k m=0 C m k C n l ∂ l-n+1 u ln(ω) ∞ ∂ k-m x ∂ n u Φ(f 2 )(t) ∞ ( ∂ m+1 x f (t) ∞ + C ω αβ ∂ m x f (t) ∞ ) + k m=0 C m k ∂ k-m x ∂ l+1 u Φ(f 2 )(t) ∞ ( ∂ m+1 x f (t) ∞ + C ω αβ ∂ m x f (t) ∞ ) + l n=0 k m=0 C m k C n l ∂ l-n+1 u ln(ω) ∞ ( ∂ k-m+1 x f 1 (t) ∞ + C ω αβ ∂ k-m x f 1 (t) ∞ ) ∂ m x ∂ n u Φ(t) ∞ + l n=0 C n l ∂ k x ∂ n u Φ(t) ∞ ∂ l-n u ĥ(u) ∞ . ❚❤✐s ②✐❡•❞s d dt Φ(t) λ(t),0 ≤ λ(t) + λ ′ (t) + f 1 (t) λ(t),1 + C ω αβ f 1 (t) λ(t),0 + ln(ω) λ(t),1 Φ(t) λ(t),1 + Φ(t) λ(t),0 f 1 (t) λ(t),1 + C ω αβ f 1 (t) λ(t),0 ln(ω) λ(t),1 + ĥ λ(t),0 + f (t) λ(t),1 + C ω αβ f (t) λ(t),0 Φ(f 2 )(t) λ(t),1 + Φ(f 2 )(t) λ(t),0 ln(ω) λ(t),1 ✭✸✳✺✮ ❛♥❞ t❤❡r❡❢♦r❡✱ ❢♦r ❛•• t ∈ [0, T ]✱ d dt Φ(t) λ(t),0 ≤ ((1 + β)(λ 0 -K) + (1 + C ω αβ)M + γ 0 ) Φ(t) λ(t),1 + Φ(t) λ(t),0 (M (1 + C ω αβ)γ 0 + γ1 ) + f (t) λ(t),1 + C ω αβ f (t) λ(t),0 M (1 + γ 0 ). ✭✸✳✻✮ ❙✐♥❝❡ ♦✉r ❛ss✉♠♣t✐♦♥s ❛••♦✇ ✉s t♦ ❝❤♦♦s❡ K ∈ (0, λ0 T -1) s✉❝❤ t❤❛t (1 + β)(K -λ 0 ) -(1 + C ω αβ)M -γ 0 > 1, ✇❡ ❣❡t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❛❢t❡r ❛♣♣•②✐♥❣ •r♦♥✇❛••✬s •❡♠♠❛ t❤❛t Φ(t) λ(t),0 + t 0 Φ(s) λ(t),1 ds ≤ Φ(t) λ(t),0 + exp {T (M (1 + C ω αβ)γ 0 + γ1 )} t 0 Φ(s) λ(s),1 ds ≤ M (1 + γ 0 ) exp {(M (1 + C ω αβ)γ 0 + γ1 ) T } T 0 f (t) λ(t),1 + C ω αβ f (t) λ(t),0 dt. ❚❤✐s ✐♠♣•✐❡s t❤❛t Φ : B M λ0,K,T ∩ B M λ0,K,T → B M λ0,K,T ∩ B M λ0,K,T ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢♦r t❤❡ ♥♦r♠ max max t∈[0,T ] ψ(t) λ(t),0 , T 0 ψ(t) λ(t),1 dt ✉♥❞❡r ❝♦♥❞✐t✐♦♥ ❝✮ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ ❛♥❞ ❝♦♥❞✐t✐♦♥ ❞✮ ❛••♦✇s ✉s t♦ ❝♦♥❝•✉❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ st❛rt✐♥❣ ❢r♦♠ g 0 ✳ Pr♦♦❢ ♦❢ ❈♦r♦••❛r② ✸✳✷✳ ❇② ▲❡♠♠❛ ✶✳✸ ✇❡ ♥♦✇ ♦❜t❛✐♥ ✐♥ t❤❡ ❝❛s❡ α = 1 t❤❛t✱ ❢♦r ❛•• (t, x) ∈ (0, T ] × R✱ ∂ t ρ(t, x) = -∂ x V (t, x), ∂ t (∂ x V (t, x)) = -∂ x (ρ(t, x)∂ x P (t, x)) + β∂ x (V (t, x)ρ(t, x)) , ✷✹ ✇❤❡r❡ ρ(t, x) := ρ(t, x) -1 = R f (t, x, u)du -1✱ V (t, x) := R uf (t, x, u) du ❛♥❞ ∂ x P (t, x) = -∂ x R u 2 f (t, x, u) du✳ ❍❡♥❝❡✱ ❢♦r ❛•• λ > 0✱ ∂ t ρ(t) λ ≤ ∂ x V (t) λ , ∂ t ∂ x V (t) λ ≤ ∂ x P (t) λ ∂ x ρ(t) λ + ∂ 2 x P (t) λ ρ(t) λ + β ( ∂ x V (t) λ ρ(t) λ + V (t) λ ∂ x ρ(t) λ ) . ✭✸✳✼✮ ❲✐t❤ A(t, λ) := ρ(t) λ ❛♥❞ B(t, λ) := ∂ x V (t) λ ✇❡ ❤❛✈❡ ∂ t A(t, λ) ≤ B(t, λ), ∂ t B(t, λ) ≤ ( ∂ x P (t) λ + β V (t) λ )∂ λ A(t, λ) + ( ∂ 2 x P (t) λ + βB(t, λ))A(t, λ). ❋r♦♠ t❤❡s❡ ✐♥❡q✉❛•✐t✐❡s✱ s✐♥❝❡ t❤❡ t❡r♠s ✐♥ ♣❛r❡♥t❤❡s❡s ❛r❡ ❜♦✉♥❞❡❞✱ t❤❡ ❝♦♥❝•✉s✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② s✐♠✐•❛r ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ❝❛s❡ β = 0✳ ■❢ ♥♦✇ α = 0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥s✱ ❢♦r ❛•• (t, x) ∈ (0, T ] × R✱ ∂ t ρ(t, x) = -∂ x V (t, x), ∂ t (∂ x V (t, x)) = -∂ x (ρ(t, x)∂ x P (t, x)) + β∂ x V (t, x)
✇❤✐t t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ❜❡❢♦r❡✳ ❚❤✐s ②✐❡•❞s (q + 1) 2 ((q + 1)!) 2 v λ,q+1 +∞ a=0 (a + 1) 2 ((a + 1)!) 2 w λ,a+1 (r!) 2 ((q + 1)!) 2 ((a + 1)!) 2 C r a+r+q C q a+q (a + 1) 2 (q + 1) 2 ((a + r + q)!) 2 , ✇❤❡r❡ (r!) 2 ((q + 1)!) 2 ((a + 1)!) 2 C r a+r+q C q a+q (a + 1) 2 (q + 1) 2 ((a + r + q)!) 2 = a!q!r! (a + q + r)! .

∂ t A(t, λ) ≤ B(t, λ), ∂ t B(t, λ) ≤ ∂ x P (t) λ ∂ λ A(t, λ) + ∂ 2 x P (t) λ A(t, λ) + βB(t, λ). ❙✐♥❝❡ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ β = 0 r❡•✐❡s ♦♥ t❤❡ ✐♥❡q✉❛•✐t② s❛t✐s✜❡❞ ❜② t❤❡ s✉♠ Y(t, λ) := A(t, λ) + bB(t, λ)✱ ❜② s✉✐t❛❜•② ♠♦❞✐❢②✐♥❣ t❤❡ ❝♦♥st❛♥ts t❤❡r❡✐♥ ♦♥❡ ❝❛♥ ❝♦♥❝•✉❞❡ ✐♥ ❛ s✐♠✐•❛r ✇❛②✳ ✹ ▲♦❝❛• s♦•✉t✐♦♥s ❢♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ ▲❛♥❣❡✈✐♥ ❙❉❊ ❲❡ ✜♥❛••② ❜r✐❡✢② st❛t❡ t❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉•ts ❢♦r t❤❡ ❙❉❊ ✭✶✳✷✮✳ ❈♦r♦••❛r② ✹✳✶✳ ▲❡t T > 0 ❜❡ ❛ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ p 0 : T × R → R + ❛ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t② s✉❝❤ t❤❛t • R p 0 (x, u)du = 1 ❢♦r ❛•• x ∈ T✱ • ∂ x R up 0 (x, u)du = 0 ❢♦r ❛•• x ∈ T✱ • p 0 ♦r ❡q✉✐✈❛•❡♥t•② ✐ts ♣❡r✐♦❞✐❝ ❡①t❡♥s✐♦♥ f 0 t♦ R 2 ❛♥❞ t❤❡ ❝♦♥st❛♥t T > 0 s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ✭r❡s♣✳ ❚❤❡♦r❡♠ ✸✳✶✮✮✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ✐♥ [0, T ] ❛ s♦•✉t✐♦♥ t♦ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✭✶✳✷✮ ✐♥ t❤❡ ❝❛s❡ β = 0 ✭r❡s♣✳ ❢♦r ❡❛❝❤ β ∈ R✮✳ Pr♦♦❢✳ ❲❡ ✇r✐t❡ t❤❡ ♣r♦♦❢ ❢♦r ❣❡♥❡r❛• β ❛♥❞ σ > 0✳ ▲❡t f ❜❡ t❤❡ s♦•✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭❱❋P❑✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✶ ❢♦r f 0 ❡q✉❛• t♦ t❤❡ ♣❡r✐♦❞✐❝ ❡①t❡♥s✐♦♥ ♦❢ p 0 t♦ R 2 ✳ ❖♥ ♦♥❡ ❤❛♥❞✱ ✇❡ ❦♥♦✇ ❢r♦♠ ❈♦r♦••❛r② ✸✳✷ t❤❛t t❤✐s s♦•✉t✐♦♥ f ✐s 1✲ ♣❡r✐♦❞✐❝✱ ❛♥❞ s♦ ❛r❡ ❛•s♦ t❤❡ ❢✉♥❝t✐♦♥s P (t, y) = -R u 2 f (t, y, u)du ❛♥❞ V (t, y) = R uf (t, y, u)du✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ P (t, y) ❛♥❞ V (t, y) ❤❛✈❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛•• ♦r❞❡r ✐♥ y ∈ R ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞❡❞ ✐♥ [0, T ] × R 2 ✱ t❤❡ ❢♦••♦✇✐♥❣ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥✱ ✇❤❡r❡ W t ✐s ❛ st❛♥❞❛r❞ ♦♥❡ ❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ (Y 0 , U 0 )✱ ❤❛s ❛ ♣❛t❤✇✐s❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ (Y t , U t )✿ dY t = U t dt, dU t = σdW t -∂ x P (t, Y t )dt -β(U t -αV (t, Y t ))dt law(Y 0 , U 0 ) = f 0 (y, u)1 [0,1] (y)dy du. ✭✹✳✶✮ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡ ✈❡❝t♦r ✜❡•❞ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❛t t✐♠❡ t = 0 s❛t✐s✜❡s t❤❡ ✉s✉❛• ❍♦r♠❛♥❞❡r✬s ❝♦♥❞✐t✐♦♥✳ ■♥❞❡❡❞✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ✈❡❝t♦r ✜❡•❞s V 0 (x, u) = u∂ x -(∂ x P (0, x) + β(u -αV (0, x))) ∂ u , V 1 (x, u) = σ∂ u ✷✺ ♦♥❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ▲✐❡ ❜r❛❝❦❡t ❜❡t✇❡❡♥ V 0 ❛♥❞ V 1 ✐s ❣✐✈❡♥ ❜② [V 0 , V 1 ] (x, u) = V 0 • V 1 (x, u) -V 1 • V 0 (x, u) = u∂ x (σ∂ u ) + (∂ x P (0, x) + β(u -αV (0, x)) ∂ u (σ∂ u ) -σ∂ u (u∂ x ) -σ∂ u ((∂ x P (0, x) + β(u -αV (0, x))) ∂ u ) = -σ∂ x + σ∂ u (∂ x P (0, x) + β(u -αV (0, x)) ∂ u = -σ∂ x -βσ∂ u . ❚❤✐s s❤♦✇s t❤❛t Span{V 1 , [V 0 , V 1 ]} = R 2 ✳ ❖✇✐♥❣ t♦ t❤❡ t✐♠❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✱ ▼❛••✐❛✈✐♥ ❝❛•❝✉•✉s ❡♥s✉r❡s t❤❛t ✭s❡❡ ❬✾(✮✱ (Y t , U t ) ❛❞♠✐ts ❛ W ∞,1 (R 2 )✕❞❡♥s✐t② q t ✇✐t❤ r❡s♣❡❝t t♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❢♦r ❡❛❝❤ t ∈ [0, T ]✳ ❚❤❡r❡❢♦r❡ t❤❡ ❞❡♥s✐t② p t (x, u) = k∈Z q t (x + k, u) ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ (X t , U t ) = ([Y t ] , U t ) ✐♥ T × R ✐s ✐ts❡•❢ W ∞,1 (T × R)✳ ❙♦ ρ t ∈ C ∞ (T × R) ❜② ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ ✭s❡❡ ❡✳❣✳ ❬✺(✮✳ ❲❡ ❢✉rt❤❡r ♥♦t✐❝❡ t❤❛t ρ ✐s ❛•s♦ ❛ ❝•❛ss✐❝❛• C 1,∞ ✕s♦•✉t✐♦♥ t♦ t❤❡ •✐♥❡❛r P❉❊✿ ∂ t ρ + u∂ x ρ -∂ x P ∂ u ρ -β (u -αV ) ∂ u ρ - σ 2 2 ∂ 2 u ρ = βρ ♦♥ (0, T ) × T × R ρ t=0 = f 0 ♦♥ T × R, ✇❤❡r❡ P ❛♥❞ V ❞❡♣❡♥❞ ♦♥•② ♦♥ f ✳ ❉✉❡ t♦ t❤❡ s♠♦♦t❤♥❡ss ♦❢ ρ ❛♥❞ f ✱ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ ✭❆✳✸✮ ✐♥ ❚❤❡♦r❡♠ ❆✳✶ ❛♣♣•✐❡s t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ρ -f ❛♥❞ ✐♠♣•✐❡s t❤❛t ρ t -f (t) ∞ = 0 ❢♦r ❛•• t✳ ❍❡♥❝❡✱ ❞❡✜♥✐♥❣ t❤❡ ♣r♦❝❡ss X t := [Y t ]✱ t❤❡ •❛✇ ♦❢ (X t , U t ) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♦•✉t✐♦♥ t♦ ✭✶✳✶✮ ❛♥❞ ✐♥ ♣❛rt✐❝✉•❛r s❛t✐s✜❡s t❤❡ ✉♥✐❢♦r♠ ♠❛ss r❡♣❛rt✐t✐♦♥ ❝♦♥str❛✐♥t ✭✶✳✶❝✮✳ ❆ ❆♣♣❡♥❞✐① ❆✳✶ ❆ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ♦❢ ❛♥❛•②t✐❝ t②♣❡ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω(u) = c(1 + u 2 ) s 2 ✇❤❡r❡ c, s > 0 ❛r❡ ✜①❡❞ ❝♦♥st❛♥ts✳ ◆♦t✐❝❡ t❤❛t ✐❢ s > 3 ♦♥❡ ❤❛s R u 2 ω(u) du < +∞ ❛♥❞ t❤❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s ♦♥ ω ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡s r❡q✉✐r❡❞ ✐♥ ✭❍ ω ✮ ❛r❡ s❛t✐s✜❡❞✳ ❲❡ ✇✐•• ♥♦✇ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s u → ∂ u ln(ω(u)) = su (1+u 2 ) ✱ u → h(u) = ∂ 2 u ω(u) 2ω(u) -|∂ u ln(ω(u))| 2 = s-(s+s 2 )u 2 2(1+u 2 ) 2 ❛♥❞ u → ĥ(u) = h(u) -β(1 + u∂ u (ln ω(u))) s❛t✐s❢② ln(ω) ∈ H(λ 0 ) ❛♥❞ ĥ, h ∈ H(λ 0 ) ✭❍ ω ✮ ❢♦r ❛•• λ 0 ∈ [0, 1/4)✳ ■♥ ♣❛rt✐❝✉•❛r t❤✐s ✇✐•• ♣r♦✈❡ ♣❛rt ✐✮ ♦❢ ▲❡♠♠❛ ✷✳✹✳ ▲❡t ✉s ✜rst ❝♦♥s✐❞❡r ∂ u ln(ω)✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✐❞❡♥t✐❢② ∂ l u ln(ω) ❢♦r l ≥ 1 ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠ q l (u) (1+u 2 ) l ✇❤❡r❡ q l ✐s ❛ ♣♦•②♥♦♠✐❛• ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r l s❛t✐s❢②✐♥❣ q 1 (u) = su ❛♥❞✱ ❢♦r ❛•• l ≥ 1✱ q l+1 (u) (1 + u 2 ) l+1 = ∂ u q l (u) (1 + u 2 ) l = (1 + u 2 )∂ u q l (u) -2luq l (u) (1 + u 2 ) l+1 , ♦r✱ ❡q✉✐✈❛•❡♥t•②✱ q l+1 (u) = (1 + u 2 )∂ u q l (u) -2luq l (u)✳ ❲❡ ❝❛♥ ♥♦✇ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦❡✣❝✐❡♥ts {a (l) n } 0≤n≤l s✉❝❤ t❤❛t q l (u) = l n=0 a (l) n u n ♦❜s❡r✈✐♥❣ t❤❛t✱ ❢♦r l ≥ 1✱ (1 + u 2 )∂ u q l (u) -2luq l (u) = (1 + u 2 ) l n=1 na (l) n u n-1 -2lu l n=0 a (l) n u n = l n=1 na (l) n u n-1 + l n=1 na (l) n u n+1 -2l l n=0 a (l) n u n+1 = l-1 n=0 (n + 1)a (l) n+1 u n + l+1 n=2 (n -1)a (l) n-1 u n -2l l+1 n=1 a (l) n-1 u n . ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ a (1) 0 = 0✱ a (1) 1 = s✱ a (2) 0 = s, a ( 
2) 1 = 0, a ( 
2) 2 = -s ❛♥❞✱ ❢♦r l ≥ 2✱ a (l+1) 0 = a (l) 1 , a (l+1) 1 = 2a (l) 2 -2la (l) 0 , a (l+1) n = (n + 1)a (l) n+1 + (n -1)a (l) n-1 -2la (l) n-1 , ✐❢ 2 ≤ n ≤ l -1, ❛♥❞ a (l+1) l = -(l + 1)a (l) l-1 , a l+1 (l+1) = -la (l) l . ✭❆✳✶✮ ✷✻ ❙❡tt✐♥❣ a (l) := max n∈{0,...,l} a (l) n ✱ ✇❡ ❞❡❞✉❝❡ t❤❡ r♦✉❣❤ ❡st✐♠❛t❡s✿ a (l+1) ≤ 4(l + 1)a (l) ❢♦r l ≥ 2✱ ❛♥❞ t❤❡♥✿ a (l) ≤ s 4 4 l l! ❢♦r l ≥ 1✳ ❚❤✉s✱ ❢♦r l ≥ 1 |∂ l u (∂ u (ln(ω))| ≤ l+1 n=0 a (l+1) n |u| n (1 + u 2 ) l+1 ≤ s 4 l+1 n=0 4 l+1 (l + 1)!|u| n (1 + u 2 ) l+1 ≤ s4 l (l + 2)!. ✭❆✳✷✮ ❈♦♥s❡q✉❡♥t•②✱ ❜② ▲❡♠♠❛ ✷✳✶ ✇❡ ❤❛✈❡ ∂ u (ln(ω)) ∈ H(λ) ❢♦r ❛•• λ ∈ [0, 1/4)✱ ❛♥❞ ❢r♦♠ ▲❡♠♠❛ ✷✳✸✲✭✐✮ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t ln(ω) ∈ H(λ) ❢♦r ❛•• λ ∈ [0, 1/4)✳ ❆s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ h✱ ✐t ✐s s✐♠✐•❛r•② ❝❤❡❝❦❡❞ ✐♥ t❤✐s ❝❛s❡ t❤❛t ❢♦r ❛•• l ≥ 0 ∂ l u h(u) = r l+2 (u) 2(1 + u 2 ) l+2 , ✇❤❡r❡ r l ✐s ❛ ♣♦•②♥♦♠✐❛• ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r l✱ ❞❡✜♥❡❞ ❢♦r l ≥ 2✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts {b (l) n } 0≤n≤l s✉❝❤ t❤❛t r l (u) = l n=0 b (l) n u n s❛t✐s❢② b (2) 0 = s/2✱ b (2) 1 = 0✱ b (2) 2 = -(s + s 2 )/2 ❛♥❞ ♠♦r❡♦✈❡r✱ ❢♦r ❛•• l ≥ 2✱ t❤❡ r❡❝✉rr❡♥❝❡ r❡•❛t✐♦♥s ✭❆✳✶✮ ✇✐t❤ a (l) n r❡♣•❛❝❡❞ ❜② b (l) n ✳ ■t ❢♦••♦✇s ✐♥ ❛ s✐♠✐•❛r ✇❛② ❛s ❜❡❢♦r❡ t❤❛t |∂ l u h(u)| ≤ s + s 2 4 4 l (l + 3)! ❛♥❞ ✇❡ ❝♦♥❝•✉❞❡ ❛s ✇❡•• ❜② ▲❡♠♠❛ ✷✳✶ t❤❛t h ∈ H(λ) ❢♦r ❛•• λ ∈ [0, 1/4)✳ ❋✐♥❛••②✱ ✇❡ ❤❛✈❡ u∂ u (ln ω(u)) = s-s 1+u 2 s♦ t❤❛t ✇❡ ♦♥•② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ s 1+u 2 ❜❡•♦♥❣s t♦ t❤❡ s♣❛❝❡ H(λ) ❢♦r λ ∈ [0, 1/4)✳ P•❛✐♥•②✱ ❢♦r ❡❛❝❤ l ≥ 0✱ ∂ l u s 1+u 2 = j l (u) (1+u 2 ) l+1 ❢♦r s♦♠❡ ♣♦•②♥♦♠✐❛• j l ♦❢ ♦r❞❡r l✳ ❚❤✐s ②✐❡•❞s ❛ r❡❝✉rr❡♥❝❡ r❡•❛t✐♦♥ ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts t❤❛t ♦♥•② ❞✐✛❡rs ❢r♦♠ ✭❆✳✶✮ ✐♥ t❤❛t t❤❡ ❢❛❝t♦rs -2l ❛r❡ r❡♣•❛❝❡❞ ❜② -2(l + 1)✳ ❚❤❡ ❝♦♥❝•✉s✐♦♥ t❤✉s ❢♦••♦✇s ❛s ♣r❡✈✐♦✉s•②✳ ❲❡ ❡♥❞ t❤✐s t❡❝❤♥✐❝❛• s❡❝t✐♦♥ ✈❡r✐❢②✐♥❣ ❝•❛✐♠ ✐✐✮ ♦❢ ▲❡♠♠❛ ✷✳✹✳ ❙✐♥❝❡ ∂ j u ω = 0 ❢♦r j > s ❛♥❞ |∂ j u ω| ≤ κ(s)(1 + u 2 ) s 2 ❢♦r j ≤ s✱ ✇❡ ❤❛✈❡ ∂ l u ∂ k x (f 0 (x, u)ω(u)) = s∧l j=0 l! (l-j)!j! ∂ j u ω(u)∂ l-j u (∂ k x f 0 (x, u)) ❛♥❞ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥s t❤❛t ∂ l x ∂ k u g 0 ∞ ≤ κ(s) C 0 (k + m)! λ k+l l j=0 l!(l -j + n)! (l -j)! λ j j! ≤ κ(s) C 0 (k + m)!(l + n)! λ k+l e λ ✉s✐♥❣ ❛•s♦ t❤❡ ❢❛❝t t❤❛t l!(l-j+n)! (l-j)! = l!(l -j + n) • • • (l -j + 1) ≤ (l + n)! ❢♦r ❛•• j ≤ l✳ ❚❤❡ •❛st ❛ss❡rt✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✹ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❛♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✳ ❆✳✷ ❆ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ ❢♦r ❦✐♥❡t✐❝ ❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥s ❲❡ ♥❡①t ❣✐✈❡ ❢♦r ❝♦♠♣•❡t❡♥❡ss ❛ ❜r✐❡❢ ♣r♦♦❢ ♦❢ t❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ t❤❛t ❤❛s ❜❡❡♥ ✉s❡❞ t❤r♦✉❣❤♦✉t✳ ❚❤❡♦r❡♠ ❆✳✶✳ ▲❡t d ≥ 1 ❛♥❞ σ ≥ 0✳ ❈♦♥s✐❞❡r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s f 0 : R d × R d → R ❛♥❞ F, c : [0, T ] × R d × R d → R ❛♥❞ ❛ ❢✉♥❝t✐♦♥ φ : [0, T ] × R d × R d → R d t❤❛t ❣r♦✇s •✐♥❡❛r•② ✐♥ (x, u) ✉♥✐❢♦r♠•② ✐♥ t ∈ [0, T ]✳ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t ❛•• t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ♦❢ ❝•❛ss C 0,∞ ❛♥❞ ❤❛✈❡ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛•• ♦r❞❡r✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ f ♦❢ ❝•❛ss C 1,∞ t♦ t❤❡ •✐♥❡❛r ❋♦❦❦❡r✲P•❛♥❝❦ ❡q✉❛t✐♦♥ ✐♥ Q T := [0, T ] × R 2d ✿    ∂ t f (t, x, u) + u • ∇ x f (t, x, u) -φ(t, x, u) • ∇ u f (t, x, u) - σ 2 2 △ u f (t, x, u) + c(t, x, u)f (t, x, u) = F (t, x, u), f (0, x, u) = f 0 (x, u), ♦♥ R 2d ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❛t ❞♦♠❛✐♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥ t → f (t) ∞ ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ❢♦r ❛•♠♦st ❡✈❡r② t ∈ [0, T ] ♦♥❡ ❤❛s d dt f (t) ∞ ≤ c(t) ∞ f (t) ∞ + F (t) ∞ . ✭❆✳✸✮ ✷✼ (cρ -F )(T -r, X t,x,u r , U t,x,u r )dr + σ s t ∇ f (r, X t,x,u r , U t,x,u r )dW r ❢♦r ❛•• t ≤ s ≤ T ✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s ✇❡ ❞❡❞✉❝❡ t❤❛t Ef (T -s, X t,x,u s , U t,x,u s ) = f (T -t, x, u) + s t E (cf -F )(T -r, X t,x,u r , U t,x,u r )) dr, ✇❤✐❝❤ ✐♠♣•✐❡s ✭t❛❦✐♥❣ θ = T -s ≤ θ ′ = T -t✮ t❤❛t f (θ ′ ) ∞ -f (θ) ∞ ≤ θ ′ θ c(r) ∞ f (r) ∞ + F (r) ∞ dr ✭❆✳✹✮ ❢♦r ❛•• 0 ≤ θ ≤ θ ′ ≤ T ✳ ◆♦t✐❝❡ ♥♦✇ t❤❛t f ❞❡✜♥❡❞ ❛❜♦✈❡ ✐s ❛ ❝•❛ss✐❝ s♦•✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥    ∂ t f (t, x, u) -u • ∇ x f (t, x, u) + φ(t, x, u) • ∇ u f (t, x, u) - σ 2 2 △ u f (t, x, u) -c(t, x, u) f (t, x, u) = F (t, x, u), f (0, x, u) = f (T, x, u), ♦♥ R 2d ✇❤❡r❡ φ(t, x, u) = φ(T -t, x, u)✱ c(t, x, u) = c(T -t, x, u) ❛♥❞ F (t, x, u) = -F (T -t, x, u) -σ 2 △ u f (t, x, u) ✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✳ ❲❡ ❝❛♥ t❤✉s ❛♣♣•② ✐♥❡q✉❛•✐t② ✭❆✳✹✮ t♦ t❤❡ ❢✉♥❝t✐♦♥ f ❛♥❞ ❞❡❞✉❝❡ t❤❛t - θ ′ θ c(r) ∞ f (r) ∞ + F (r) ∞ + σ 2 △ u ρ(r) ∞ dr ≤ f (θ ′ ) ∞ -f (θ) ∞ ❢♦r ❛•• 0 ≤ θ ≤ θ ′ ≤ T ✳ ❚❤✐s ✐♥❡q✉❛•✐t② ❛♥❞ ✭❆✳✹✮ ✐♠♣•② t❤❛t t → f (t) ∞ ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭❆✳✹✮ t❤❡♥ ②✐❡•❞s t❤❡ ❛ss❡rt❡❞ ❜♦✉♥❞ ✭❆✳✸✮ ♦♥ t❤❡ ❛✳❡✳ ❞❡r✐✈❛t✐✈❡✳ ❋✐♥❛••②✱ ✐♥ t❤❡ ❝❛s❡ σ = 0 t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❣♦ t❤r♦✉❣❤ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ •✐♠✐t σ → 0 t♦ ♦❜t❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥✳ ✷✽ ❆✳✸ Pr♦♦❢ ♦❢ ▲❡♠♠❛s ✷✳✶✵ ❛♥❞ ✷✳✶✶ ❍❡r❡✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ♣r♦♦❢s ♦❢ ▲❡♠♠❛s ✷✳✶✵ ❛♥❞ ✷✳✶✶ ❢♦••♦✇✐♥❣ ❛r❣✉♠❡♥ts ♦❢ ❬✶✷(✳ ❚❤❡✐r tr✉♥❝❛t❡❞ ✈❡rs✐♦♥s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ s✐♠✐•❛r ✇❛②✱ ♥❛♠❡•② r❡♣•❛❝✐♥❣ ✐♥ t❤❡ ♥❡①t ♣r♦♦❢s t❤❡ ♥♦r♠s • λ,a ❜② t❤❡✐r tr✉♥❝❛t❡❞ ✈❡rs✐♦♥s • λ,a,A ❢♦r ❡❛❝❤ A ∈ N✱ ❛♥❞ t❤❡ s✉♠s ♦✈❡r N ❜② s✉♠s ♦✈❡r t❤❡ s❡t {0, . . . , A}✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✵✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ a∈N 1 (a!) 2
❚❤❡ ❝•❛✐♠ ❢♦••♦✇s s✐♥❝❡ a!q!r! (a+q+r)! ≤ 1, ∀ a, q, r ∈ N. 

✷✾

  t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ P♦✐ss♦♥ ❦❡r♥❡• ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ -d i,j=1 ∂ xixj R d v i v j f (t, x, v)dv✳ ❊①✐st❡♥❝❡ ♦❢ s♠♦♦t❤ s♦•✉t✐♦♥s t♦ ♥♦♥•✐♥❡❛r ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ s✐♥❣✉•❛r ♣♦t❡♥t✐❛• ❤❛s ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ s❡✈❡r❛• s✐t✉❛t✐♦♥s✱ ♠❛✐♥•② r❡❝❡♥t•②✳ ■♥ ♣❛rt✐❝✉•❛r ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ❱•❛s♦✈✲P♦✐ss♦♥ ❡q✉❛t✐♦♥ s❡❡ ❡✳❣✳ ❬✶(✱ ❬✶✹(❀ ❢♦r ❣②r♦✲❦✐♥❡t✐❝ ♠♦❞❡•s s❡❡ ❡✳❣ ❬✹✱ ✸( ❛♥❞ ❬✶✶(✳ ■♥ t❤❡ ❝❛s❡ d = 1✱ ✇❡ ❝❛♥ s♣❡❝✐❢② P (t, x) ♦♥ [0, T ] × R ❜② P

  dλ a-r ( v λ,1 w λ,1 ) . dλ a-r ( v λ,1 w λ,1 ) (s✐♥❝❡d p dλ p ψ λ,0 = ψ λ,p ❜② ❞❡✜♥✐t✐♦♥) ( v λ,q+1 w λ,a-q-r+1 ) + r)!) 2 ( v λ,q+1 w λ,a-q+1 ) (❜② ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜•❡s)

≤

  f λ,r+1 v λ,a-r+1 (s✐♥❝❡ d p dλ p ψ λ,0 = ψ λ,p ❜② ❞❡✜♥✐t✐♦♥) a + 1)!) 2 ((r + 1)!) 2 ((a + r)!) 2 = (a + 1)(r + 1)(a + 1)!(r + 1)! (a + r)! .❆s ✐♥ ❬✶✷(✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✇❤❡♥ a ≥ 2 ❛♥❞ r ≥ 2 ♦♥❡ ❤❛s (r + 1)(a + 1)(a + 1)!(r + 1)! (a + r)! ≤ 24.■♥❞❡❡❞✱ ❢♦r r ≥ 2 ❛♥❞ a ≥ 3✱ (r + 1)(a + 1)(a + 1)!(r + 1)! (a + r)! = 1 × • • • × (r + 1) × (r + 1) 1 × • • • × r × (r + 1) × (r + 2) × 1 × 2 × 3 × 4 × 5 × • • • × a × (a + 1) × (a + 1) (r + 3) • • • × (a + r -1) × (a + r) ≤ 4! × 5 × • • • × (a + 1) × (a + 1) (r + 3) × • • • × (a + r -1) × (a + r) ≤ 24, ✇❤❡r❡ a ≥ 3 ✇❛s ✉s❡❞ ✐♥ t❤❡ ✜rst ❡①♣❛♥s✐♦♥ ❛♥❞ r ≥ 2 ✐♥ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛•✐t②✳ ■❢ r ≥ 2 ❛♥❞ a = 2 t❤❡♥ (r + 1)(a + 1)(a + 1)!(r + 1)! (a + r)! = 18 × (r + 1)(r + 1)! (r + 2)! ≤ 18. ■❢ a ≤ 1 ♦r r ≤ 1 ✇❡ ❤❛✈❡ t♦ s❡♣❛r❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❡r♠s ✐♥ t❤❡ ❡st✐♠❛t✐♦♥✳ ❚❤❡♥✱ ✇❡ ❣❡t ( v λ,1 + 4 v λ,2 ) f e H,λ + ( f λ,1 + 4 f λ,2 ) v e H) 2 ≤ v e H,λ ∧ v H,λ ❛♥❞ r≥3 f λ,r (r!) 2 ≤ f e H,λ ∧ f H,λ ✱ t❤❡ •❛tt❡r ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜②   v λ,1 + 4 v λ,2 f e H,λ v H,λ + f H,λ v e H,λ ) ❛♥❞ ✇✐t❤ t❤❡ ❜♦✉♥❞ w λ,1 + 4 w λ,2 + 12 a≥3 w λ,a (a!) 2 ≤ 16 w H,λ ❢♦r w = f, v ✇❡ ❡st❛❜•✐s❤ ✭✐✮✳ ❯s✐♥❣ t❤❡ ❜♦✉♥❞ v λ,1 + 4 v λ,2 + 12 a≥3 v λ,a (a!) 2 ≤ 4 v e H,λ ✇❡ ❛•t❡r♥❛t✐✈❡•② ♦❜t❛✐♥ ✭✐✐✮✳ |❡❢❡r❡♥❝❡s ❬✶( ❇❡♥❛❝❤♦✉r✱ ❙ ✭✶✾✽✾✮✳ ❆♥❛•②t✐❝✐té ❞❡s s♦•✉t✐♦♥s ❞❡s éq✉❛t✐♦♥s ❞❡ ❱•❛ss♦✈✲P♦✐ss♦♥✳ ❆♥♥✳ ❙❝✉♦•❛ ◆♦r♠✳ ❙✉♣✳ P✐s❛ ❈•✳ ❙❝✐✳ ✭✹✮✱ ✶✻✭✶✮✿✽✸✕✶✵✹✳ ❬✷( ❇❡r♥❛r❞✐♥✱ ❋✳✱ ❇♦ss②✱ ▼✳✱ ❈❤❛✉✈✐♥✱ ❈✳✱ ❏❛❜✐r✱ ❏✳❋✳✱ |♦✉ss❡❛✉✱ ❆✳ ✭✷✵✶✵✮✳ ❙t♦❝❤❛st✐❝ ▲❛❣r❛♥❣✐❛♥ ▼❡t❤♦❞ ❢♦r ❉♦✇♥s❝❛•✐♥❣ Pr♦❜•❡♠s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛• ❋•✉✐❞ ❉②♥❛♠✐❝s✳ ❊❙❆■▼✿ ▼✷❆◆✱ ✹✹✭✺✮✿✽✽✺✕ ✾✷✵✳ ❬✸( ❇❡ss❡✱ ◆✳ ✭✷✵✶✶✮✳ ❖♥ t❤❡ ❈❛✉❝❤② ♣r♦❜•❡♠ ❢♦r t❤❡ ❣②r♦✲✇❛t❡r✲❜❛❣ ♠♦❞❡•✳ ▼❛t❤✳ ▼♦❞❡•s ▼❡t❤♦❞s ❆♣♣•✳ ❙❝✐✳✱ ✷✶✭✾✮✿✶✽✸✾✕✶✽✻✾✳ ❬✹( ❇❡ss❡✱ ◆✳✱ ❇❡rt❤❡•✐♥✱ ❋✳✱ ❇r❡♥✐❡r✱ (✳✱ ❇❡rtr❛♥❞✱ P✳ ✭✷✵✵✾✮✳ ❚❤❡ ♠✉•t✐✲✇❛t❡r✲❜❛❣ ❡q✉❛t✐♦♥s ❢♦r ❝♦••✐✲ s✐♦♥•❡ss ❦✐♥❡t✐❝ ♠♦❞❡•✐♥❣✳ ❑✐♥❡t✳ |❡•❛t✳ ▼♦❞❡•s✱ ✷✭✶✮✿✸✾✕✽✵✳ ❬✺( ❇r❡③✐s✱ ❍✳ ✭✷✵✶✶✮ ❋✉♥❝t✐♦♥❛• ❛♥❛•②s✐s✱ ❙♦❜♦•❡✈ s♣❛❝❡s ❛♥❞ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s✳ ❙♣r✐♥❣❡r✳ ❬✻( ❇♦ss②✱ ▼✳✱ ❏❛❜✐r✱ ❏✳❋✳ ✭✷✵✶✶✮✳ ❖♥ ❝♦♥✜♥❡❞ ▼❝❑❡❛♥ ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss❡s s❛t✐s❢②✐♥❣ t❤❡ ♠❡❛♥ ♥♦✲ ♣❡r♠❡❛❜✐•✐t② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞ t❤❡✐r ❆♣♣•✐❝❛t✐♦♥s✱ ✶✷✶✭✶✷✮✿✷✼✺✶✕✷✼✼✺✳ ❬✼( ❇♦ss②✱ ▼✳✱ ❏❛❜✐r✱ ❏✳❋✳ ✭✷✵✶✷✮✳ P❉❋ ♠♦❞❡• ✇✐t❤ s♣❡❝✉•❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ■♥ ♣r❡♣❛r❛t✐♦♥✳ ❬✽( ❇♦ss②✱ ▼✳✱ ❏❛❜✐r✱ ❏✳❋✳✱ ❚❛•❛②✱ ❉✳ ✭✷✵✶✶✮✳ ❖♥ ❝♦♥❞✐t✐♦♥❛• ▼❝❑❡❛♥ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡•s✳ Pr♦❜❛❜✳ ❚❤❡♦r② |❡•❛t✳ ❋✐❡•❞s✱ ✶✺✶✿✸✶✾✕✸✺✶✶✳ ❬✾( ❋•♦r❝❤✐♥❣❡r✱ P✳ ✭✶✾✾✵✮✳ ▼❛••✐❛✈✐♥ ❝❛•❝✉•✉s ✇✐t❤ t✐♠❡✕❞❡♣❡♥❞❡♥t ❝♦❡✣❝✐❡♥ts ❛♥❞ ❛♣♣•✐❝❛t✐♦♥s t♦ ♥♦♥•✐♥❡❛r ✜•t❡r✐♥❣✳ Pr♦❜❛❜✳ ❚❤❡♦r② |❡•❛t✳ ❋✐❡•❞s✱ ✽✻✿✷✵✸✕✷✷✸✳ ❬✶✵( ❋r✐❡❞♠❛♥✱ ❆✳ ✭✷✵✵✻✮✳ ❙t♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s ❛♥❞ ❛♣♣•✐❝❛t✐♦♥s✳ ❉♦✈❡r P✉❜•✐❝❛t✐♦♥s ■♥❝✳✱ ▼✐♥❡♦•❛✱ ◆(✱ ✷✵✵✻✳ ❬✶✶( •❤❡♥❞r✐❤✱ P✳✱ ❍❛✉r❛②✱ ▼✳✱ ◆♦✉r✐✱ ❆✳ ✭✷✵✵✾✮✳ ❉❡r✐✈❛t✐♦♥ ♦❢ ❛ ❣②r♦❦✐♥❡t✐❝ ♠♦❞❡•✳ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♣❡❝✐✜❝ st❛t✐♦♥❛r② s♦•✉t✐♦♥✳ ❑✐♥❡t✳ |❡•❛t✳ ▼♦❞❡•s✱ ✷✭✹✮✿✼✵✼✕✼✷✺✳ ❬✶✷( ❏❛❜✐♥✱ P✳❊✳✱ ◆♦✉r✐✱ ❆✳ ✭✷✵✶✶✮✳ ❆♥❛•②t✐❝ s♦•✉t✐♦♥s t♦ ❛ str♦♥❣•② ♥♦♥•✐♥❡❛r ❱•❛s♦✈ ❡q✉❛t✐♦♥✳ ❈♦♠♣t❡s |❡♥❞✉s ▼❛t❤❡♠❛t✐q✉❡ ❙❡r✐❡ ❆✱ ✸✹✾✭✾✲✶✵✮✿✺✹✶✕✺✹✻✳ ❬✶✸( ▼✐♥✐❡r✱ ❏✳P✳✱ P❡✐r❛♥♦✱ ❊✳ ✭✷✵✵✶✮✳ ❚❤❡ P❉❋ ❛♣♣r♦❛❝❤ t♦ t✉r❜✉•❡♥t ♣♦•②❞✐s♣❡rs❡❞ t✇♦✲♣❤❛s❡ ✢♦✇s✳ P❤②s✳ |❡♣✳✱ ✸✺✷✭✶✲✸✮✿✶✕✷✶✹✳ ❬✶✹( ▼♦✉❤♦t✱ ❈✳✱ ❱✐••❛♥✐✱ ❈✳ ✭✷✵✶✶✮✳ ❖♥ ▲❛♥❞❛✉ ❞❛♠♣✐♥❣✳ ❆❝t❛ ▼❛t❤✳✱ ✷✵✼✿✷✾✕✷✵✶✳ ❬✶✺( ▼✉❢❛✱ ❈✳✱ ❳✐❛♥②✐♥✱ )✳ ✭✶✾✾✶✮✳ ❆♣♣•✐❝❛t✐♦♥s ♦❢ ▼❛••✐❛✈✐♥ ❝❛•❝✉•✉s t♦ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s ✇✐t❤ t✐♠❡✕❞❡♣❡♥❞❡♥t ❝♦❡✣❝✐❡♥ts✳ ❆❝t❛ ▼❛t❤❡♠❛t✐❝❛❡ ❆♣♣•✐❝❛t❛❡ ❙✐♥✐❝❛✳✱ ✼✭✸✮✿✶✾✸✕✷✶✻✳ ❬✶✻( P♦♣❡✱ ❙✳❇✳ ✭✶✾✾✹✮✳ ❙t♦❝❤❛st✐❝ ▲❛❣r❛♥❣✐❛♥ ♠♦❞❡•s ❢♦r ❚✉r❜✉•❡♥❝❡✳ P❤②s✐❝s ♦❢ ❋•✉✐❞s✱ ✷✻✿✷✸✕✻✸✳ ❬✶✼( P♦♣❡✱ ❙✳❇✳ ✭✷✵✵✸✮✳ ❚✉r❜✉•❡♥t ✢♦✇s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈✳ Pr❡ss✳ ✸✶