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Local existence of analytical solutions to an incompressible
Lagrangian stochastic model in a periodic domain

Mireille Bossy* Joaquin Fontbona' Pierre-Emmanuel Jabin?

Jean-Francois Jabir®

April 26, 2012

Abstract

We consider an incompressible kinetic Fokker Planck equation in the flat torus. This equation
is a simplified version of the Lagrangian stochastic models for turbulent flows introduced by S.B.
Pope in the context of computational fluid mechanics. The main difficulties in its treatment arise
from the pressure type force in the equation that couples the Fokker Planck equation with a Poisson
equation. We prove short time existence of analytic solutions in the one-dimensional case, where we
are able to explicit the pressure force and use techniques and functional norms recently introduced
in the study of a related singular model .

Keywords Fluid particle model; Incompressibility; Analytic solution; Singular kinetic equation.
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1 Introduction

Let (Yp,Up) be a random variable in RY x R? and 3 > 0, 0 > 0, and a € {0,1} be given constants. We
consider the following stochastic differential equation of kinetic type in T¢ x R¢, where T¢ := R¢/Z? is
the flat d-dimensional torus:

t
X = {YO —I—/ U, ds] , (1.1a)
0

t t

U, =Uy— / V.P(s,Xs)ds — ﬂ/ (Us — aE(Us| X5))ds + oWe, (1.1b)
0 0

P(X; € dx) = dz, for all ¢t € [0, T). (1.1¢)

Here, W is a standard d dimensional Brownian motion, [z] € T? denotes the class of z € R?, dx is the
uniform measure on T and P : [0, 7] x T¢ — R is an unknown (deterministic) scalar field.

The stochastic differential equation (1.1) constitutes a laboratory example of the class of Lagrangian
stochastic models for incompressible turbulent flows, mainly introduced by S.B. Pope in the eighties in
order to provide a fluid-particle description of turbulent flows, and to develop probabilistic numerical
methods for their simulation. We refer the reader to [13] for a general presentation of this turbulent
model approach in the framework of computational fluid dynamics, and to [2], [7] for a survey on
mathematical problems related to the Lagrangian stochastic models.

In physical terms, the drift term V. P(t,z) is interpreted as the gradient of a pressure field, which is
intended to accomplish the homogeneous mass distribution constraint specified by Equation (1.1c). When
a = 0, the process Uy, representing the velocity of a fluid particle, reverses towards the origin like an
Ornstein-Uhlenbeck process with a potential given by the standard kinetic energy E|U;|?. When o = 1,
reversion towards the origin in (1.1b) is replaced by a reversion toward the averaged velocity or bulk-
velocity, E(U;| Xy = ), which can be associated to the local-in-space potential E(|U; —E(U;| X;)|?| X, = z)
interpreted as the turbulent kinetic energy. In the two cases, the additional potential VP forces the
particle position X; to have a macroscopically uniform spacial distribution in the torus. In the Lagrangian
modeling of turbulent flow, the constraint (1.1c) is formulated heuristically (see e.g. [13]) by rather
imposing a divergence free condition to the flow, which in the case of system (1.1) writes as a divergence
free condition on the bulk velocity field:

By a classical projection argument on the divergence free space, it is then assumed that the field P
should verify the elliptic PDE

d
AP == 0,0 B (UPUP|X, = 2).

ij=1

The equation above is obtained by taking the divergence of the formal equation of the bulk velocity
derived form the Fokker Planck equation associated to (X, U), (we refer to [14] for the precise formulation
and related numerical issues).

In spite of its relevance for the simulation of complex fluid dynamics (see e.g. [14], [11] and the
references therein), a rigorous mathematical formulation of the Lagrangian stochastic models, and in
particular of the uniform mass distribution constraint, has not yet been given. In [7], first well-posedness
results on a simpler kinetic model were obtained, which featured nonlinearity of conditional type. From a
probabilistic point of view, the conditional expectation was treated as a McKean-Vlasov equation. This
enabled the authors to also construct a mean field stochastic particle approximation of the nonlinear
model. Combined with an heuristic numerical procedure to deal with the constraint (1.1c) and the
pressure term, that particle scheme gave raise to a stochastic numerical downscaling method studied
and implemented in [2]. Extension to some of those results to a special case of boundary value problem
were obtained in [5] and [6]. As regards the uniform mass distribution constraint, in spite of the formal
resemblance with the Navier-Stokes equations, there is no rigorous mathematical evidence that such
constraint can be satisfied, for instance in the case of the linear Langevin process, by adding some force
term of the form V,P(¢,z) (a trivial exception is the situation V,P = 0 of the stationary Langevin
process, considered as a benchmark for the stochastic downscaling method in [2]).



The aim of this paper is to address for the first time the well-posedness of a relatively simple instance
of Lagrangian stochastic model yet satisfying in a non trivial way the uniform mass distribution constraint
(1.1c). In the case of system (1.1), the main underlying problem is of course the question of well-posedness
of the nonlinear Fokker-Planck equation that the time-marginal laws f(¢,u, z) of a solution (X, U;) to
the system of equations (1.1) should satisfy, namely

Oflt,z,u) — A f(t,z,u) — Vo f(t,x,u) - (VIP(t,x) - ﬂa/ vf(t,x,v) dv) =0, on (0,7] x T¢ x R,
Rd

(1.3a)
F0,2,u) = fo(x,u), on T x RY, (1.3b)
f(t,z,u)du =1, on [0,T] x T¢, (1.3¢c)

Rd

where P(t,z) is unknown and A* denotes the formal adjoint of the linear kinetic Ornstein-Uhlenbeck
operator A¢(z,u) = %Awﬁ(x,u) — Pu - Vyd(r,u) + u - Vyp(z,u). Note that under condition (1.3c)
fRd vf(t,z,v)dv is the conditional expectation E(U;|X; = z). The previous equation exhibits several
conceptual and technical difficulties, and to our knowledge there is so far no direct strategy for its study
nor mathematical results in the fields of stochastic processes or kinetic PDE.

A first step in our study will be to establish an alternative formulation of the previous equation.
Indeed, we will see below that under natural assumptions on the initial data, any pair (f, P) that is a
classical solution to (1.3) is also a solution to the system

atf(tal‘>u) +u- vwf(tvxau) = O;Auf(taw7u) + 5df(taaj?u) + 5“ : vuf<t7mau>

+ Vuf(t,z,u)- (VIP(t,x) — 604/ vf(t,z,v) dv) =0, on (0,7] x T¢ x R,
]Rd

f(0,z,u) = fo(x,u), on T? x R, (1.4)

d
Ny P(t,z) = — Z Oz, /]Rd vv; f(t, z,v)dv, on [0,T] x T,

7,j=1

where, plainly, condition (1.3c) has been replaced by the above Poisson equation. The two systems
however seem not to be equivalent in general. The formulation (1.4) allows us to see the original
problem as an instance of Vlasov-Fokker-Planck equation, which nevertheless is highly singular. More
precisely, the gradient of the pressure field can be expressed as the convolution of the derivative of the
periodic Poisson kernel with the function — Z;{j:l Oz,z; fRd v;v; f(t,z,v)dv. The existence of smooth
(analytical) solutions to kinetic equations with singular potential has been addressed in several situations,
in particular for the nonlinear Vlasov-Poisson equation see e.g. Benachour [1], Mouhot and Villani [12];
for gyro-kinetic models see e.g [4, 3] and [9].

In the case d = 1, we can specify P(t,z) on [0,T] x R by P(t,z) = — [, u® f(t, z,u)du. Hence, in the
present paper, we restrict ourself to the simpler situation of the one-dimensional equation

+ Ouf(t,x,u) <5‘EP(t,:c) — ﬁa/ vf(t,:c,v)d’u) =0, on (0,7] x T x R,
R
flt,z,u) = folz,u), on T x R,

(1.5)

P(t,z) = —/Ruzf(t,x,u)du, on [0,T] x T.

Till recently, a closed formulation (in terms of regularity) of such Vlasov type nonlinear system was not
available. To tackle the system (1.5), we will follow recent ideas introduced by one of the authors in [10],
in order to obtain a local existence result of analytical solutions.

Our main results can be summarized in a simplified way in the following statement:

Theorem 1.1. Let A > 0 and s > 2 be an even integer. There exists a constant ko = ko(A, s) and a
positive function r — k1(r, X, s) such that if fo : T X R — R of class C*° and T > 0 satisfy:



e [ folz,u)du =1 and 9, [pqufo(z,u)du =0 for all x € T,

o ||[(1+ [u®)20L0k folloo < W for some n,m € N, all pair of indices k,l € N and a
constant Cy < ko(X, s), and

o T'< Iil(Co,S\,S),
then, a solution f of class C1'> to equation (1.5) in [0,T] x T x R ezists.

The remainder of the paper is organized as follows:

In Subsection 1.1 we briefly establish the validity of system (1.4) for any solution to equation (1.3) in
arbitrary space dimension, and state additional conditions required in order that, reciprocally, a solution
to the former also solves the latter. From Section 2 on, we restrain ourselves to the one-dimensional
case. We recall therein the analytical norms introduced in [10] and we state useful properties of them.
Following their strategy, in the case 8 = 0 we then introduce an equivalent formulation of equation (1.5),
in order to deal with the integrability problems posed by the first and second order velocity moments
involved in the equation. We then show that solutions to (1.4) in these particular spaces of analytical
functions actually do satisfy the conditions required to be solutions of (1.3). Using the fixed point
argument of [10], we will then prove a local existence result in these analytical spaces, which indeed is a
slightly more general version of Theorem 1.1 restricted to the case 5 = 0. In Section 3, we then briefly
extend the previous result to the case § # 0. Finally, some technical results are proved in Appendix.

1.1 The Lagrangian stochastic model coupled with a Poisson equation

We start by establishing connections between conditions related to the homogeneous mass distribution
constraint, which are valid in arbitrary dimension:

Lemma 1.2. Assume that f is a classical solution to equations (1.3a) and (1.3b) for some function
P:[0,T] x T¢ — R? of class C%%. Moreover, assume that

p(t,x) = flt,z,u)du, V(t,x):= / uf(t, z,u)du
R4 Rd

are functions of class C** in [0,T] x T%, that [5, [ul?|D™ f(t,z,u)|du < +oco for each multiindex |m| < 2

and each (t,z) € [0,T] x T¢ (where D is the derivative operator), and further that for all t € [0,T] the

function

T / vv; f(t, z,v)dv
Rd
is of class C. Then, the following system of equations is satisfied for (t,z) € (0,T] x T<:

8tp(ta Z‘) + Vw : V(t,l‘) = 07
d
(Vg - V(t,2))+ BV, - V(t,z)+ V- (p(t,z) (Vo P(t,z) — BaV(t,x))) + Z Oz,z; /Rd vv; f(t, z,v)dv =0

ij=1
We deduce:

a) p(t,x) = p(0,z) for every (t,x) € [0,T] x T¢ if and only if V, - V(t,x) = 0 for every (t,x) €
[0, T] x T¢.

b) Vo V(t,z) =e PV, -V(0,z) for every (t,x) € [0,T] x T¢ if and only if P satisfies the equation
of elliptic type:

d
Vo (p(t,z) (Vo P(t,z) — BaV(t,x))) = — Z Oz, /d v f(t,x,v)dv, (t,z) € (0,T] x T

ij=1 R



¢) If in addition to (1.3a) and (1.3b), condition (1.3c) is verified, then P(t,x) is a solution to the
Poisson equation

d
N P(t,z) = — Z Op,x, /d vv; f(t, x,v)dv, (t,x) € (0,T] x T

Q=1 R

d) Set p(t,z) := p(t,x) — 1. If in addition to (1.3a) and (1.3b) we assume that the Poisson equation
in part c) holds, we have:
when a =1, 8,(Vy - V(t,z)) + V- (p(t,2) (Vo P(t,z) — BV (L, z)) ) = 0;
when a =0, 8,(Vy - V(t,x)) + Va - (p(t, )V P(t, x)) + BV, - V(t,x) = 0.
Proof. The first equation is obtained by integrating equation (1.3a) with respect to v € R?, and using

the assumptions in order to integrate by parts and get rid of integrals of divergence type terms. To get
the second equation, we first take the derivative with respect to the variable x; in equation (1.3a), then

multiply it by u; and sum over ¢ = 1,...,d, before integrating and proceeding as before. Statements
a),b),c) and d) are then easily deduced. O
Remark 1.3. a) According to Lemma 1.2 part ¢), finding a solution to equation (1.3) requires in

particular to find a solution to the highly singular Vlasov-Fokker-Planck equation (1.4).
b) If conditions (1.3a) and (1.3b) hold, and the Poisson equation in Lemma 1.2 part c) is satisfied,

the equation obtained in Lemma 1.2 part d) together with the continuity equation

Op(t,z) + V- V(t,z) =0

furnish a system of two equations (where P is fized) that the pair (p,V (t,xz)) must satisfy. Thus,
in that situation a strategy to prove that (1.3c) also holds is to prove that this system starting from
(0,0) has the unique solution p(t,x) = V.-V (t,x) = 0. We will be able to do this in the functional
setting that we will consider, deducing thus a solution to (1.3) from a solution to (1.4).

2 Local analytic well-posedness in the vanishing kinetic potential
case (8 =0)
In this section, we construct an analytical solution to the nonlinear Vlasov-Fokker-Planck equation
associated with the incompressible Lagrangian stochastic model up to some small time horizon T, in
the case § = 0. Using the weighted analytical functional space introduced in [10] and a fixed point
argument developed therein, we shall give in Theorem 2.5 below a local-in-time well-posedness result for
the nonlinear Vlasov-Fokker-Planck equation:
2
Ouf (b, v, u) + udy f(t @, u) = pP(t, )0 f(t,2,) = T O2f (¢ w,u) = 0, on (0,7] x B2,
f(O,I,U) = fo(I,U), on R27

where

(VFP)

P(t,z) = — / u?f(t,z,u)du, = € R.
R

Notice that periodicity is not yet imposed. Then, we will show in Corollary 2.6 that if at ¢ = 0 the
following conditions are satisfied:

(Hunifry))  at time ¢ € [0, 7T7:
f(t,z,u) is 1 — periodic in z for all u € R,
/ ft,z,u)du =1, for all x € T (Uniform mass repartition in T),
8;R fR uf(t,x,u)du =0, for all x € T (Mean incompressibility in T),

the obtained local solution f(t,z,u) of (VEFP) a fortiori satisfies the same properties for all ¢ € [0,T].
To establish the latter result, the choice of analytical functional spaces and the use of the analytic norms
in [10] will also be fundamental.



2.1 The nonlienar Vlasov-Fokker-Planck equation in analytic spaces

We start by defining the functional spaces where an equivalent version of equation (VFP) will be studied.
A function R? 5 (z,u) — 1 (z,u) € R having bounded derivatives of all order is said to be analytic

if there exists C' > 0 and A > 0 such that for all k,1 € N ||0%0}1)||oc < CAFHEN, for || - ||s the uniform

norm on R? and using the convention 0! = 1. For such functions, we introduce the analytic norm:

AR kg
Wlx = > G 1950u9 ] -

k,leN

We further introduce the A-derivatives of these norms for each a € N,

_a B (k+1) Netlza o
||1/}H)\,a T WH@Z)”A - k%ﬂ (k/’ +l _ a)' k'l' Hawau/l/}HOO N

Notice that |[¢]lx,0 = [|¥]|x. We then define

1 a?
[¥llrx = ZWIWIIM, 191157 3=ZWH¢IIM-
a€N a>1
Last, we define the functional spaces associated with these norms:

H(A) := {¢ € C*(R?) such that [[¢)[[3,n < +00}, (2.2a)
H(N) = {w € €™ (R?) such that [[¢]|5 , < +oo} . (2.2b)

The next two lemmas give some insight about the meaning of these norms, and will be useful later
on:

Lemma 2.1. Let v : R2 — R of class C*® be such that ||0L0% v/ < W for some C,\ > 0,
some m,n,j € N and all k,1 > j.

a) If the previous holds for j =0, (in particular if ||v||5, < +00), then v € H(A) for all X € [0, ).
b) If the previous holds for j =1, (in particular if ||v||5, < +00), then v € H(X) for all X € [0,X).

Proof. For a > j and X € [0, \) we obtain from the assumption that

ﬁHUHA,o Sga Z (k+ DUk +m)!( + n)! ()\/X)(k*Flfa)

dxa X Gz, Mik+i-a)

C k+1—(m+n)k!
_ 3 ( ( )

o )(k+l7(a+m+n))
D (k—m)!(l —n)/(k+1— (a+m+n))!

(VX
k+1>a+m+n,k>m,l>n
changing indexes k +m to k and [ +n to [. Since % <1 for k > m,l > n, we deduce that

da+m+n

C (k + l)' —\ (k+l—(a+m+n)) C k1

S (A/3) e ek
_ +m—+

A k+l>a+m+n (k + l (a +m+ n))' A dratmin k,leN

da
WH”H/\,O <

Observing that for r € [0,1), 35, ey = (3 ;en 1) = 557 and |jr—aaﬁ| < (1+a)!, we conclude
that

o0

1 d°
ol = oz gl
a=0 :

= a?® d° 1 (a+1)---(a+m+n+2)
=~y = — s <C = .
||’UHH7)\ ;::1 (a!)z d\ae ||’UH)\>0 = GEZO )\a al < +o0

< 400 and

1 (@+1)-(a+m+n+1
TS SRR CERIRICE )

a=0




Lemma 2.2. Let ¢ be an analytic function defined on R%. Then:

(i) For each a € N one has = ||0x

ot |0

Aa- We deduce that

[¥ll7.5 = 192l + [[0utd|[ 3,2

(1) Moreover,

d
Pl = 191l 5
(iii) Last, for any pair 11, of analytic functions defined on R?
[1eb2]lx < [[e1[[xllw2]lx-

Proof. (i). The first identity follows from

dett (m+1)---(m+1—a—1)\mt-a-l
Wt = o = 3 L o0
m+l>a+1
(m+1—1)--(m—a+l—1)Am-ati=1
-y v 1070

m—+i>a+1,1>1
m—1+1)--(l —a+m— A-etm-1
oy ) )

m 9l

m+i>a+1,m>1

by respectively changing the indexes [ to [ + 1 and m to m + 1 in the first and second sums in the
2

last expression. Multiplying by (;W both sides of the previously established identity and summing the

resulting expressions over a > 1 yields the identity for [|+4||z ,. (ii) readily follows from

d d 1 1 1 a?
EHwHH,)\ = %WWHA,O => WWHA,@H => WWHM => WWHM = [l¥llg.a

aeN V7 a>1 a>1

Finally, since [|959% (1192) [0 < 3o 32 c,:cmw;am||oo||a’;*raww2||m, we have

CICPA
[ralho = 3 2 " 100 (1) e < 3 L0 loe 3057 ETNT ot

171
k,leN r,neN k>ri>n el
aror (k m)+(-n) k—rgl—n
<> Ao Vil 303 Gyt
r,neN k>r l>n
which provides (iii) by changing the indexes k to k + r and [ to [ 4+ n in the inner sums. O

We now observe that finiteness of the analytical norm of a solution f to (VFP) is not enough to
provide a control of the function (¢,z) — [, u?f(t, z,u)du. This is the reason why we introduce a weight
function intended to truncate the velocity state space in a suitable sense. More precisely, assume that
f:00,T) x R? — R is a C* solution of equation (VFP) with bounded derivatives of all order, and set

g(t, z,u) == wu) f(t, z,u), (2.3)

where w : R — (0,4+00) is a weight function such that fR ﬁi)du < +00. Then, the regularity of velocity
moments of f is easily controlled in terms of the regularity of g:

/ |u\ ok g(t,z,u) du
(t, ac)E[O TIxR

k u?
< sup lamg(t?xau”/Rm

(t,x,u)€[0,T]xR?

sup
(t,z)€[0, T xR

3:/ lul? f(t, z,u) du
R




Moreover, since 9,f = 0,9 — g(uInw) and wd?f = 929 — 2(0, In(w))(Dug) + g(2|6““}| a’%w), the
function g defined in (2.3) is seen to satisfy the equation
2
Aug(t, ) +udeg(t @, v) — [0:P(t,2) — du(lnw(w)] dug(t @, w) — T-0%g(t )
= 0, P(t,2)0,(Inw(u))g(t, z,u) — g(t, z,u)h(u), on 0,T] x R?

P(t,z) z—/]Rﬁg(t,x,u)du, h(u) = Ouolu) 10, In(w(w)))?

2w(u)

(VFPw)

g(O,x,u) = go(x,u), on RQ?

reciprocally, given a solution g to (VFPw), the function f defined by (2.3) is a solution to (VFP).
In all the sequel, we shall assume that w : R — (0,400) is a function of class C* such that

2
(H,) lim w(v) = 400 and / Y du=1.
lu|l—4o00 U r w(u)
W' (u) W (w)
bt | w(a) el <

Moreover, u — In(w(u)) € H(Xo) and u — h(u) € H(\o) for some Ag > 0.
For instance, we have

Lemma 2.3. For any s > 3, (H,,)holds for the weight function w(u) := c(s)(1 +u?)2, where c(s) is the
normalizing constant such that fR ﬁi) du = 1. In particular, (H,)holds for every Ao € (0, i)

The proof that w as in Lemma 2.3 satisfies (H,,)relies on Lemma 2.1, and is given in Appendix A.1.
Condition (2.5) on fy, introduced next, provides tractable bounds on the analytic norms of gy that will
be required in the study of equation (VFPw):

Remark 2.4. For the choice w(u) = c(1 + u?)% with s an even positive integer, by interchanging the
sums over a and j and using the fact that 0w = 0 for all n > s, one has

An=(e=3) NeH=T (| 41!
= A — S L |0nwd, oF
||90HH1)\ % QZ a_] n;]n_( j)' +l2 k'l'(k+l ) || fOHOO
1 NeH=3 (] 1) . 5! > A= (a=3)
<KDy D (1 u) 3040k folloe | D 52 -
N2 171 u-z (a — 17)! _ _
2P 2 Rk +1— ) Zealla— ) 2= (@ J)
where k(s) > 0 is a bound for the absolute values of the coefficients of the polynomials w,dyw, ..., 05w,

and the term in parentheses is bounded by exp(1+ ). Arguing as in the proof of Lemma 2.1, we see that

Colk +m)!(l + n)!
)\k—‘rl

3Cy >0, m,n €N such that: ||(1 +u*)20L0 folleo < Yk, 1 >0,  (2.5)

is a sufficient condition for gy to belong to H()\) for all X € [0, ) and to deduce the control of the norm:
llgollz¢.x < Cok(s)exp(l+ ), oy = (“H)”'(“;!rm+”+1). Similarly, we obtain

a€N )¢
.9 k+1—j | 25 S n—(a—j)
J A (k+1)! 215 4l ak asy A
lgollzx < R(S)Zﬁ ﬁ”(lﬂt )2 0,05 follso Z 5 Y Z - )
= (4 e kU E+1—7)! = al(a — j)! et (n—(a—7j))
where the first sum in parentheses can be seen to be bounded by % > aeN “(‘;J < 2e, and we see that condi-
tion (2.5) implies also that go € H(X) for all X € [0, X), with llgollzz < 2C0ok(s)exp(14+A) D cn 71“ (a+1)-- (an'rm+n+2)




2.2 Main results

Given K, T and A strictly positive real numbers such that Ao > T'(1 + K), and the function
At) := Ao — (14 K)t,

we now define the spaces

Hrg k.1 = {1/) € Cl’oo([(),T] X RQ) such that sup V()12 < Jroo},
tel0, T

7'~l>\0,K,T = {1/) € ¢1*°(]0,T] x R?) such that / @), pndt < Jroo}

and their bounded subsets defined for a positive constant M:

B%’K’T = {w € M, k7 such that s[up] 19 () [|3,08) < M} ,
te[0,T

T
B%’K’T = {w € Ha,.kx,7 such that /0 Hzﬂ(t)||ﬁ7/\(t)dt < M} .

We are ready to state the main result of this section:

Theorem 2.5. Let Ao, M, T be positive constants and w : R — (0,400) be a function of class C*
satisfying (H,). Introduce the finite constants o := || In(w)|7 5, and v1 := [|h[[3,, and assume that

(l) T< 2+)\0+470

b) M < 15(K — Xg — 40 — 1) for some K in the nonempty interval (1 + Ao + 4v9,2¢ — 1) and
¢) M(1+ 7o) exp{(M~o+m)T} < 1.
Assume moreover that fo : R> — R is a function of class C*° and that go(z,u) := w(u) fo(x,u) satisfies
d) max{llgollr.x, Tllgollz \,} <M and
e) llgoll+.x0 exp(T (71 + 1670)) < M exp(—(16 +70) M).

Then, equation (VFPw) has a unique smooth solution g € B%!K!T N g%)K)T. In particular, under the
previous assumptions, a solution f € CH> to (VFP) with initial condition fo exists.
Corollary 2.6. Let f be the solution to (VEP) given in Theorem 2.5 and assume that (Hypigo)) holds.

Then, f(t,xz,u) satisfies (Hynitr)), for all t in [0,T]. In particular, assume (Hynigo)) in addition to the
assumptions of Theorem 2.5, then a solution to (1.3) with 8 =0 ewxists.

Remark 2.7. Using Lemma 2.3, one can check that if fo € C>° and Ay > 0 are such that 9o €
HA) NH(A) and |gollma, < Ww)llgﬂ for some Ay € (0,1), where w(u) = ¢(1 + u?)2 for
3N

some s > 3 and the suitable normalizing constant ¢ > 0, then the conclusion of Theorem 2.5 holds for
Ao = min{A1, Ao}, M = 2||gollx.x, and K := 32||go]l. 20 + Ao + 470 + 1, as soon as

2+ X0+ 47 32lgollrre + Ao +4v0+ 17 llgollzy, ~ 2%l90llHae +71 71 + 1670

T < min{ Ao Ao 2llgoll#.ne  M(2(1 +70))llgoll#.2,) 2 —2(16 + 50)lgoll#.7, } ’

all five terms in the bracket being strictly positive in this case. Moreover, if (2.5) holds, thanks to
Remark 2./ explicit conditions depending only on the positive constants Coy and X\ can be given in order
that conditions d) and e) of Theorem 2.5 are satisfied. In that case it is then possible to exhibit, for each
real number X\ > 0 and even integer s > 4, a constant ko = ko (\, s) and a function Cy — r1(Co, A, s) such
that the conclusion of Theorem 2.5 holds for every fo and T > 0 such that (2.5) holds with Cy < ko(, s)
and that T < k1(Co, A, 5).



The steps of the proof of Theorem 2.5 are the following: first we will establish in Section 2.3 the
existence of an analytic solution to a suitable linear version of (VFP) in a small time interval, along
with useful estimates. Then, under additional constraints we construct in Section 2.4 a solution to the
nonlinear equation (VFP) by means of a fixed point argument.

Before proceeding, let us prove Corollary 2.6:

Proof of Corollary 2.6. Periodicity of the solution is an easy consequence of the fixed point method
employed in the proof of Theorem 2.5 (see remark 2.16 in Section 2.4).

Now, thanks to the assumptions on w and the fact that f(¢,z,u)w(u) belongs to H(A(t)) for each
t € [0,T], the assumptions of Lemma 1.2 are satisfied (in particular the integrals [, ud? f(t, x,u)du =
S Ouf(t, x,u)du = [; OF f(t,z,u)du exist and vanish; moreover, we have [, udy f(t,z,u)du = — [, f(t,z,u)du).
Therefore, the following system of equations is verified: for all (¢,z) € (0,7] x R,

op(t,x) = =0,V (t, ),
0:(0:V (t,x)) = =0, (p(t, )0, P(t, x)),

where p(t, z) := p(t,x)—1 = [ f(t,z,u)du—1,V(t,z) := [puf(t,,u)duvand P(t,x) = — [ u* f(t,z,u) du.
From the latter and from Lemma 2.2-(iii), we obtain, for each A € [0, \o),

{ A lIx < 0=V (#)]Ix,

B _ (2.6)
au10:V ()13 < 18P ®)lIx10=5(t)l1x + 107 PO [AlIA(E)] -
Since [|0,p(t)[|x = £ [[p(t)]|x by Lemma 2.2-(ii), (2.6) rewrites as

8, A(t,\) < B(t,\),
O:B(t,\) < (|0 P(1)[[xOxA(t, A) + [|[02P (1)) [N A(t, A),

for A(t,\) := |[p(t)||» and B(t, \)
Pe B%)K’T N B%,K,T’ we have

|0V ()||a. Since ¢ +— A(t) is decreasing and, by Theorem 2.5,

10:P®)lcr) < 10:POlla < masx 1PW) ey < M

2P0 ry < IZPOlIx) < 4 max (1P < 40

We deduce that for all A € [0, \(T)], ¢ € [0,T7,

O A(t, ) < B(t, N, .
QuB(t,A) < MONA(t, ) + 4MA(t, N). (2.7)

Let us now set Y(¢,\) := A(t,\) +bB(t, ) where b is a positive constant that we will specify later. From
(2.7) we obtain

Y (t,A) < B(t,A) + 4bMA(t, \) + bMONA(t, A\) < (1 V4bM) Y(t, A) + bMOLY(t, N).
That is, with by := bM > 0 and by := (1 V 4bM) > 0, it holds that

V() < V() + bada V() Wt € [0,T], YA € [0, A(T)).

We now observe that the function ¢t — Y(¢,v(t)) with v(¢) := MT') — bat is constant for all ¢ € [0, LZﬂ))

b
Indeed, we have
QY(t, (1)) = (0:Y)(t,7(1)) — b2\ V(t, (1)) < Li(¢, (1)),
and Gronwall’s lemma, together with assumption (Hyye(o)) implying that }(0, ) = 0 for all non negative

A, yield Y(t,~v(¢)) = 0 for all ¢ € [0, ,\1(7T)) This shows that p(¢,z) = |0,V (t,z)| = 0 for all ¢ € [0, ’\(T)).
Choosing b = X\(T)/(MT), we conclude the result, using also the uniform bounds available up to time
t="T. O

10



2.3 The linearized equation

Consider the linear equation

o2
Og(t, z,u) + udpg(t, z,u) — (0:Q(t, x) — Ou(Inw(u))) dug(t, x,u) — ?8zg(t,x,u)
= 0,Q(t, )0 (nw(w))g(t, 2, u) + g(t, 2, wh(u), on (0,T) x R, (FPw)
g(o7xvu’) = g()(l',u) = w(u)fo(x,u), on RQa

where @ : [0,7] x R — R is a given function, with uniformly in ¢ € [0,7] bounded derivatives of all
order in z € R. Equation (FPw) is easily seen to be equivalent, through the relation (2.3), to the linear
version of (VFP):
o2
Ouf(t,x,u) +uly f (¢, x,u) — 0, Q(t, )0y f (t, z,u) — 785f(t,w,u) =0, on (0,T) x R?
f(0,2,u) = fo(x,u), on x R2.

(FP)

Existence and uniqueness of a C*°-solution to the two previous equations is recalled in Theorem A.1 in
Appendix A.2. We next prove that the solution g to (FPw) is indeed analytic whenever the inputs go
and @ have small enough analytic norms and the time horizon 7" > 0 is small enough:

Theorem 2.8. Assume that for some \g > 0 (H,,)holds, and that go : R? — R is a function of class C*
such that ||go||l#,x, < +00. For vy and v1 as in Theorem 2.5, let T > 0 and M; >0 be a time horizon and
a constant satisfying

Ao
a) T < 55554, ond

b) My < %(K — Mo — 470 — 1) for some K in the nonempty set (1 + Ao + 4o, % —1).

Then, for any M2 > 0 and Q € B%%K,T N g%"’KT, equation (FPw) has a solution g of class C> such
that A .
9 € Bk N Bl k1

where M = ||gol|#,x, exp {T(71 + 1670) + (16 + 70) Mz}

In the proof we need to deal with truncated versions of the analytic norms previously introduced.
For an arbitrary function ¢ of class C*° and a fixed A € N, set

/\k+l

A= {Oa 7A}’ H’L/)”)\;A = Z Wuafafﬂ/)“oov
k,leA
de (k + l)' )\k+lfa
||¢||>\,(1§A = W”q/}”NA = Z (k +l _ a)' k'l' ||8§61l,a¢||007
kJleAk+1>a
1 a®
[ll2xa = W”Wh,a;m [IFAWESDD WIWJIIM;A.
ach achA

Using a maximum principle for kinetic Fokker-Planck equation, stated in Appendix A.2, we start
the proof by establishing estimates for the time evolution of the norms [|g(¢)||7,xt);4 and |lg(t)] 5 oY
along a solution g of the linear equation (FPw), in terms of [|Q(t) ([, x¢t)s [[0u In(W)[3¢,21)5 1Pl 5 Aty and

||Q(t)||ﬁ7,\(t)-

11



2.3.1 Regularity estimates
Let g be a smooth solution to (FPw). Observe that

l
050l (ud,g(t, ) = > CP(Opu)(05 0l g(t, m,u)) = uds 1ol g(t, x,u) + 1050 gt @, ),
n=0
k
030, (0:Q(t, 2)Dug(t, x,u) = > CRHOF'Q(t ) (95 0k g(t, x,u))

=0

k-1
= 8xQ(t,x)8§8,a+1g(t,x, u) + Lyp>1y Z C’,T(‘)f_mHQ(t,m)@;”@LHg(t, x,u),
m=0

l
0504, (0w n(w()dug(tsw,w) = Yy CPoy ™ n(w(w)dy g (t, ., u)

n=0

-1
= 0y Inw(w)dL Ok g(t, x,u) + Ts1y Y CF O " Inw(u) Oy dFg(t, =, ),
n=0
l k
0ROk, (0,Q(t, 2)0u In(w(u))g(t, z,w) = > Y CPCrok~MQ(t, ) 0, " Inw(u) 9y dyg(t, z,u),
n=0m=0
050, (g(t, x,u) ZCFQ’Z vtz u) 0" h(w).

By applying the differential operator 9*9! to (FPw), we deduce,that
2
8t(a§aig(t7 €, u)) + uam(aialug(t, Z, u)) - (8IQ(t7 :L‘) - au lnw(u)) 8u(a’;aig(t, €, u)) - %83(61:;8759(157 €, u))

k—1
= 1S O g(t w u) sy + Lgsty Y, CRrOE " 0:Q(t, ) 070 g(t, z,u)
m=0
-1 l

— Mgy Z Crol="  In(w(u))dm 1 0% g(t, x,u) + Z Crokorg(t, z,u) 0 "h(u)
n=0 n=0
Ik

Y > CrCRoy ™ Q(t,2)0, " n(w(u) 9y gt ., w).

n=0m=0

The function 9% 9!, g is thus a classical solution to a linear Fokker-Planck equation. Applying the maximum
principle stated in Theorem A.1 in the appendix section A.2, it follows that

k—1

d — m || Qm —m
@Haﬁ@ig(t)llw <oyl 050 g () oo + Lirz1y D, CEIOTOL g(0) ol Q)| oo
m=0

-1

+1gs1y > CPIOET 95g(t) oo |04 In(w ||oo+ZC 10503 g ()lloo 105" Pl 0
n=0

Ik
+ 30> CrCRoran gl o™ Q)| 04 Inw) o
n=0m=0
(2.10)
We now obtain estimates for the function ¢ — ||g(¢)||x 4.4 for fixed A > 0 and A € N.

12



Lemma 2.9. For each A€ N, a € A=/{0,...,A} and X\ > 0, a smooth solution g to (FPw) satisfies:

d d®
80 ma < AlaOlana + ol + iz (19014 1QO 1 + 1) 1)
da
+ e (1ot via})

Proof. Multiplying both sides of the inequality (2.10) by -4 AR (R DINE

®)lx1;4

| In(w)]

DF T = (hrl=a)eT L{k+1>a} and summing
over k,l € A with k+1 > a, we get
d d® Nt g
Lg®lren= 3 2 L1kl g (0]l
dt flehi>a d\e KN dt
de INF de Ak L
k41 91—1
S Z d)\a k'l' H x au ()||00+ Z
kleAk+1>a,l>1

T S O g (1) el 04 Q)
kl€Ak+I>a,k>1 T m=0

;=1

da >\k+ mn 3 —n
Y T O ORI k() el In(w)
klEAk+1>a,l>1 n=0

+ E dn N E Cr 1050 g(t) ol 0L A
dre Kl t oo oo
kleAk+1>a

+ Y e 3 ORI 30 e | QD o e

k,JleA:k+I>a 7 n=0m=0

(2.11)
To bound from above the first term on the r.h.s. of (2.11) we observe that

da l>\k+l B da l)\k'H ~
DD v AR O] > 0510 g (1)l

a 1Al
k,leAk+1>a,l>1 kleA;l>1 k!
with
S g e = Y okl g(h)]
klcA:l>1 kll! - k,leA:lzlk!(l_l)! o -
RHAL
= 3 A0 o g(0) e = Alag(t) o0
k€A o
Since

da T
d)\a (AHaxg lIx0:4) ZCT (d)\r ) <d)\‘1 rHaﬂcg( )|>\,0;A) = CaA1029()[[x,a:4 Jrcgilnaxg(t)”&a—l%

= M[0z9()[[x,0:4 + @l 0xg(t) [ X 0154,
it follows that

de [Nkt k1 Al—1
IO O g (B loe = Mg®llrar1ia + allg®)llraia:

klEAK+>a,l>1

13



The remaining terms on the r.h.s of (2.11) rewrite as

de )‘k = k 1 i+1
Sl X S ORI Q) 970 (1) o
kleAk>1 T m=0

-1 l

de )\k l . N de )\lc +1 . N
+ D S >GRO W) o 107 05 g(D)loo | + 21m Z M ch 1050 g(#) oo 105 Pl oo

dA® k,leA k! n=0 dA® k,leA
d* )\k S - nym|| gk—m-+1 l—n+1 m an
o | D TG 2 2 CrORIT T QM 100 n(w) e 1057979 (1)
kl€eA:>1 1! n=0 m=0

=0+ 1o+ I35+ 1.
(2.12)
For I, we notice that

)‘k—H - k 1 l+1 l+1 2 CITA]C-H k 1
DI el ol 1 N e O] N S 0 A ] O B S e o el

k,leA:k>1 T m=0 m,lEA k=m+1
)\erl - A )\kfm .
= Z Tl 103 85“9(0”00( Z m”af HQ(t)”oo)
m,lEA o k=m+1 .
/\m+l m ol+1 = )\k k+1
= 3 Lol [ Y0 105 QM)
myileA k=1
At m
= 3 S O g0 el QUi
m,lEA

Taking the a-th derivative with respect to A, and noting that 3, At OO F g(t) | o = ||Oug(t)

llg() x4 — 1029(t)||n.0.4 (by similar computations as proof of Lemma 2.2-(i)), we deduce that

i< 5 (10O Ialslha)

using also the fact that d}\b||8wg( ) > 0 and [|Q(t)||xa—b+1:4—m < [|Q(t)
{0,...,a}. In the same way, we obtain the estimate

a

d
o < g (I aala®lh s )

For I3, one can directly check that

)\kl
> S ch 18502 () | o185 | o

N Cn/\k;Jrl .
LTSS L1l bl

k,l€A l! k,ncA I=n
A
Cn n)\k+l+n
= 2 198029lle0 Y — oy 195hllo
k,ncA 1=0
A
plins Al _
= 3 Skl 10l
k,n€A =0
= ()lIx,054-
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As for 1y,

l k
Z T Z Y GO Q() oo 10" In(w) oo 1950 9() oo

k€A n=0m=0
A A
Amtn m an )‘k " m )\l " n
= > rlora W<Z(k il Ak=mHLQ(t) |oo> (Z Hal +1ln(w)||oo>
m,neA k=m l=n

= g8 1R call () 3
Hence, (2.12) is bounded from above by
da da
1 (19O (bl + 1@ a0l s00) ) + 75 (190014 IR sia + T 10 )

Coming back to (2.11), the above estimates prove Lemma 2.9. O

2.3.2 Evolution and control of the time-inhomogeneous analytic norms

Next Lemmas 2.10 and 2.11 are preliminaries for the bounds of the time derivative of ||g(t)[|3,x(t);4 in
Proposition 2.12 below. Their proof is given in Appendix A.3.

Lemma 2.10. Let f,v,w be functions of class C*° with bounded derivatives at all order. Then, for all
A>0and A€EN,

1 d°
> e @2 ( aiallwlixa) < 7z xcallwllg xa- (2.13)
a€A

Suppose moreover that for some A\ > 0, one has f € H()\) and v,w € 7—7(5\) Then, for all X € [0, )),

1 d°
2 e D) < Il llollg s el
a€N

Lemma 2.11. Let f,w be functions of class C> with bounded derivatives at all order.

(i) For all A >0 and A € N, one has

da
> e g (M ssallvlasoa) < 16( boxa) (214)
achA

Moreover if for some A > 0 we have f,v € H(X) NH(X) then, for all X € [0, )

1 d*
Z WW (L Ixallvliag) < 16(||f|\H,,\||”Hﬁ, H, l[#,2)-

a€N

(ii) For all A >0 and A € N, one has

1 d°
> (@l v (FInsallvlinga) < 4llollzg 4 @F a1 17 50)- (2.15)
ach

Moreover for some X >0, f € H(A) N'H(X) and v € H(N), for all X € [0,)),

d*
21% @ 1)2 e I lallolixg) < Allvllg s (@l + 1117 )
ac

Proposition 2.12. For each A € N, the C*>° function g solution to (FPw) satisfies

d
Sla®leawra < () + 1+ N (1) + 430 +161Q(0 ) 19057y
+ (31 + 163 + (0 + 16) Q1) 7.0y ) N9l rcera

where o := [ In(w)]|7 5, and 71 := [[hll3,x,-
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Proof. Differentiating in time the norm ||g()||3,x(¢);, We get

d B L (o 4t a
19O heawna = > s (X0 i 9@ o Z llg Blla \A:W)

a€A a=0

A

XS 0l arria + Z e <i||g(t)||x,a;A) e

a=0

Dividing both sides of the inequality in Lemma 2.9 by (a!)? and summing the resulting expression over
a € A, it follows that

t +)\ t
Hg N awa < Z Hg( Nx@),a+1;4 + Z 2 lg()Ixct),a:
acA
1 d°

T Gz

(g(>||A,0;A<||h||x,o;A+||Q<t>||x,1||1n<w> )y 219
1 d°

a5 (19008 (1QE s + N1l )

M>1M>

+

= A=A (D)

For the first term in (2.16), we have

A ’ A . )
3 Wg(t)llm,wm = (N +A®) Y M||g(t)|A(t)7a+l;A
a=0 =

_ (0
= N0+ 2 Y gz 19010 asa
a=0

and, for the second term

S (a)”
Z i 9@ lInt),asa < Z W”g(t)”)\(t),a;Av

a:O acA
so that
N (t) +A@) / -
Z @z 1g()Ixt),a+1:4 + Z E lg@)lInty,aa < (X +N(E) + A 19O 57 aya- (2:17)
a=0 ' a= O

For the third term, observe that on one hand

- 1 d A dﬂ.*’l”
;( 2 da (lg(®) = az:(:) )2 ZC’ (d)\T”g ||/\0A> (d)\ar|h||>\,0;14>
21
=2 Ty CAPD
GZO r=0
A A
Ca
= (t)H/\,T;AZ ||h||)\7a77‘;AW
r=0 :
A
Cry,
= ||ArAZ||h||AaA +))
- EA: ||MA Z ||h||Aa ma o alr!
r=0 (a+r)l



and since (aj:r), <1, for all a,r € N, we get that

ll

A
Z 2 e (19004l 0a) < gt e allllsca (218)

On the other hand, inequality 2.13 provides a bound for the remaining summand in the third term of
(2.16):

1 d°
> e d (ng( MxosalQ) x4 1n<w>||x,1;A) < 190 al QD) ey al M) 7 7y

a€h
(2.19)
For the fourth term in (2.16) we use (2.14) and (2.15) in order to get the estimate
L1 e
- t : t . 1 .
5 e e (19005 (R + 1) 100)
(2.20)

< 16)9(8) e (1R iz na + M@ 570:0)
+ 4||g<t>||ﬁ,x(t);,4 (UQ@Irawia + 1) 7 n0) -

Inserting (2.17), (2.18), (2.19) and (2.20) in (2.16), we conclude that

%”g(t)”H,)\(t);A < (N + A0 + D lg@ g, + 9@ lreayallallzeawsa
19l 2005 AR 7 7yl ) 57010 + 16192014 (1R 5 20y0 + 1100 17.307,4)
+ 1905z 3150 (161QE) ey + 4 1) 570 n) -

We end the proof by using the obvious upper bounds for the truncated norms. O

2.3.3 Proof of Theorem 2.8

Applying Gronwall’s lemma to the inequality in Proposition 2.12, we obtain that, for all ¢ € [0,7T] and
AeN,

t

9@+ At);a < [lg0ll7,20 €xP {/ (71 + 1670 + (16 + 70)||Q(9)||ﬁ7A(9)) ds}
0

t

+ / (A(O) + 1+ X(0) + 470 + 16]QO)lrer@)) [1900) 17,10 X { /

< llgoll#,x0 €xp {T' (71 + 1670) + (16 + o) M2}

(o0 + 1690+ (164 20| Q ) 08}

t
T exp {T( + 1670) + (16 + 70) Mz} (Ao — K + 490 + 16M)) / 1906) 1 57.6y.40-
0

(2.21)
where in the second inequality we use the facts that @ € B%l k1N B o k.7 and that

M)+ 1+ X () + 4y + 16[Q() lrae) < Ao — K +4y0 + 16[|Q(8) |2, Aty < Ao — K + 4o + 160,
for all ¢ € [0,T]. From the assumptions we can choose K > 0 such that K < % —1 and
K—)\()—4’Y()—16M1 Z 1.

Then we deduce with (2.21) and the latter inequality that

t t
l9®llrrwia + / 1900)15x 01,498 < 198 lIrrys + exD LT (1 + 1690) + (16 4+ 70) Mo} / 1906) 57.0(0y.49

< [lg0ll#,x0 €xp {T (71 + 1670) + (16 + v0) M2} .
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After letting A — oo we conclude that

e gl < llgollrxo exp{T (71 + 1670) + (16 + v0) M2},

T (2.22)
/0 19(5) liznce) €t < lgollzero exp {7 (11 + 1630) + (16 + 0) Mo} .

2.4 Proof of Theorem 2.5 : solving the Vlasov-Fokker-Planck equation (VFD)

Relying upon Theorem 2.8, we construct now, by means of a Banach’s fixed point method, a solution to
the nonlinear Vlasov-Fokker-Planck equation (VEFP).

Remark 2.13. Since we are assuming in (H,,)that fR Jfé—f)du =1, for all A\ > 0 and a € N it holds that

Jul?
/Rw(u) o(t, -, u)du

for any function ¢ : [0,T] x R? — R of class C1*>° and every t € [0,T]. Therefore, if we denote by ®
the mapping associating to a function ¢ the solution ®(p) of the linear equation (FPw) with potential
0:Q(t, z) given by

< H@(t» Bl ')H)\,a
Aa

Qt,x) == —/Rlzzll)go(t,x,u) du,

the inclusion A A
M Mo M 2304
¢ <B>\0,K,T n BAg,K,T) c B/\O,K,T N B/\o,K,T

holds under the conditions on the constants T, \g, K, My, My and M established in Theorem 2.8.

Corollary 2.14. If in addition to the assumptions of Theorem 2.8, the constants M := My and T > 0
satisfy the constraint

190[17.30 €xP(T' (71 + 1670)) < M exp(—(16 +70) M),

M RM M M
then ® (B,\O,K,T N BAO,K,T) C Bxy.x.r N B, k.1

Proof. Taking My = M = Mj in Theorem 2.8 we get that & (B% kN EQ;K,T) C B o B .y for
M = ||goll#.xy exp {T(71 + 1670) + (16 +~v9) M }. The additional constraint ensures that M < M. O

Theorem 2.15. Under the assumptions of Corollary 2.1/ and, moreover, that
M(1+ 7o) exp{(Mro +71) T} <1 (2.23)

the mapping
pM SM M M
@ : By, k0 N By k,r — Bxg,xc,r NV By k1

is well defined and is a contraction for the norm

T
t , t dt ;.
max{ﬁ%nwonxﬂ,o | 1@l }

If in addition to all the previous assumptions, we have
max{||goll#.xo: Tllgoll 77,5, } < M,

then go € B%7K7T N g%7K7T and a solution to the nonlinear Viasov-Fokker-Planck equation (VFPw)
exists in B%,K,T N 5%7K7T.
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Proof. Given f; € B%’K’T N g%’K’T, i = 1,2, we set Pi(t,x) = [, l:f—f)fi(t,x,u) du for i = 1,2. The

difference ®(f1) — ®(f2) satisfies

O (P(f1) — ©(f2)) + (u0z (2(f1) — @(f2))) = [(0x 1 — OuIn(w)) Ou (2(f1) — (f2))] — %33 (®(f1) — 2(f2))
= 0, D(f2) (0P — 0, P2) + ®(f2)0y In(w) (0, Py — 0 P2) + (0, In(w)d P1 + h) (®(f1) — D(f2)) .

Writing ® := ®(f;) — ®(f2) and P := P, — P», we get

0% + (u0,®) ~ ((0.P1 — 0, 1n()) 0,8) — L020

= (D(f2)00 In(w) + 0u®(f2)) Ox P + (8, P10y In(w) + h) B

Then, by similar computations as in the proof of Theorem 2.8, we successively obtain:
e by applying the operator 9%9!,,

0,(0% 0L ®) + ud, (950.B) — (0, Py — 9y In(w)) By, (950L) — %ag(a;ja;é)

k—1 -1
—1OFTOLTI R + Ty Y O (0P 07O — sy Y CF (0L In(w)) 50p T @
m=0 n=0

l k
+ N o eraiTmore ()0  mw(uw)ar P + Y o (ko a(f)) (97 P)
n=0m=0 m=0

l k
+3° 3 cpep (aF ey (0 In(w)) (9 0p®) + Z O (0kor®) 8l h;

n=0m=0

e by a maximum principle, and the fact that for all m € N: [[0™Pillc < [[0™ fil|oo, @ = 1,2, and
10" Plloo < |0™ flloo for f:= f1 — f2, we get
d _
— (050, ®(t) | oo
@ okal (o)
<O R oo + Lipoay Y CFIOE™™H f1(#)lloo 105 LT B (8)]| oo
m=0
-1

+ sy ) OPIOL™ T In(w)lool 10505 @ (1) |
n=0

l k k
Y D CROMIOT ! (w) oo |05 05 @ (f2) (D)oo 107 F(D)lloo + D CRIOE™ 0 S(f2) (8)lloc 07 F(£)loc

n=0m=0 m=0
l k
+ YD CRCPIOL (W) [loo 105 f1.(8) oo 1070 D (8) | oo + ZCl 10505 ®(t) |0 185" oo
n=0m=0

e Replicating the computations in the proof of Lemma 2.9 for a = 0, A = 400, we then obtain

%”(i)(t)”)\,O < A@@®llx + 2@ (1@ Iax + [n(w)llxg)

+l2@lxo (LA O Ix (@) xx + [17]x0)
+ 7@ (12(f2) (Ol + [12(F2) ()] 1a0ll In(w)]Ix1) -

(2.24)

Hence,
d ., = _
%H‘I’(t)ﬂx(t),o < (V@) +A@) + A1) I + (@) Iae,1) [9E) awa

+ 128 [[aey,0 (1A @ Iy, (@) lIxey,x + 1Bl ,0)
+ 1Oy (IRC2) )y + 12 (F2) ) [[ae).oll (@) ace,1) -
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Since, by our assumptions,

e 11 xe).1 (S max, |f1(t)|H,)\(t)) < M, and max, 1@(f2(t) )1 < M,

we deduce that for all ¢ € [0, 77,

d. - - - ;
12O law.0 < (Ao = K+ M +90) [2()l|xce),1 + ML+ %) 2@)lIaw,0 (Mo +71) + [F(B)[a)

thanks also to the upper-bounds ||1n(w)||ﬁ’/\(t) < v = ||1n(w)||ﬁ7/\0, 1Rl a@), < 71 = [RllHa- It
follows then by Gronwall’s inequality that

t
12(t)Ia),0 < exp {T (Mo + 71)}/0 (I2(O)llxc0),1 (Ao — K + M +70) + [ F(0)x0),1 M (1 +0)) db.

Observe that the current assumptions of Theorem 2.8 ensure that we can choose K € (O7 Ao _ 1) such

T
that
K—X—M-—~ >1.

We thus get from the previous that for each ¢t € [0, T,
@) lIxey.0 + / [ (O)Ix0).1 d0 < | 2(B)lIat),0 +exp{T (Mo + 71)}/ [[2(0)|xc0).1 dO
0 0

T
< M(1+70) exp {(Mro +7) T} / 170 nco

In particular,

T
max [[®(f1)(t) — @(f2)()lIxw),0 < M(1+70) exp {(Mro + 1) T}/ [ £1() = f2(8)|Ince) 1t
t€[0,T) 0

T T
/0 19(£1)(0) — B(f2)O)l|e).1 0 < ML+ 7o) exp {(Mro + 1) T} / 1A1(t) — Fo®)lIagoyadt.

The contractivity property is thus granted by (2.23). O

Proof of Theorem 2.5. Under the assumptions on Ao, M and T', Theorem 2.15 holds and, moreover, the
assumptions on fy imply that gy € B% K1 B% k.- Therefore, by Banach’s fixed point theorem the

sequence " (go) converges to a function g € BY . . N BY ;. ;. which is a solution of (VFPw). O

Remark 2.16. If go(z,u) is 1-periodic in x, uniqueness of classical solutions to the linear equation
(FPw) implies that ®™(go) too is 1-periodic in = for each n € N. Consequently, so is the limit g.
3 The kinetic potential case

In this section we extend the previous results to the situation 8 # 0 and a = 0 (corresponding to the
standard kinetic energy potential) or a = 1 (corresponding to the turbulent kinetic energy). We consider
the nonlinear Vlasov-Fokker-Planck equation with additional kinetic potential

Org(t,x,u) + udpg(t, z,u) — [0 P(t, ) + Blu — aV (¢, 2)) — Oy In(w(u))] Oug(t, x, u)

- %859(15,1‘,’&) = [axp(t7x) - O‘ﬂv(t?x)au hl(w(u))] g(t,x,u) - g(tv z?”)il(u)v

on (0,T] x R?, (VFPwK)
P(t,x) :—/Rhg(t,x,u) du, V(t,x) :/Rﬁg(t,x,u)du

9(0,x,u) = go(x,u) on R?,
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where
- 02w (u)

Alu) = 2uw(u)

Through the relation g(t,z,u) = w(u) f(t, z,u), equation (VFPwK) is seen to be equivalent to
Oef (t,,u) + udy f(t, ,u) — (0o P(t, ) + B(u — aV(t,2))) Ouf(t, ,u) — Bf(t x,u)

— 0y In(w(u))]? = B — Budy(Inw(u)).

— U—zazf(t,x,u) =0, on (0,7] x R,

2 (VFPK)

P(t,z) = —/ uf(t,z,u)du, V(t,z)= / uf(t, z,u)du
R R

£(0,2,u) = fo(x,u) on R2.

We now prove

Theorem 3.1. Let Ao, M, T > 0 be positive constants and w : R — (0,+00) a function of class C*
satisfying (H,,) and moreover that ud,(Inw(u)) € H(Ao). Define the finite constants

. ; |ul
= 1 ~ = h d C = d
01 1l A= [, and Cui= [
and assume that
(1+8)A
) T' < oo 5a)”
b) M < (1+6)(I§gf§?@_4%_1 for some K € (% + Ao, 22 — 1) (# 0) and

¢) M(1+70)(1+TCuap)exp{(M(1+ CoaB)yo +41) T} < 1.

Assume moreover that fo : R> — R is a function of class C*° and that go(z,u) := w(u) fo(x,u) satisfies
d) max{||gol#xo, Tllgoll7 5, } <M and
e) lIgoll+,x0 exp {T (51 + 1670 + aByoCuM) + (16 + o) M} < M.

Then, equation (VFPwK) has a unique smooth solution g € B%7K7T N g%7K7T. In particular, under the
previous assumptions, a solution f € CH>° to (VFPK) with initial condition fq exists.

It is checked in Appendix A.1 that the function u — h(u) belongs to H(X\o) for every A € (0, 1)
when w(u) := ¢(1 4+ u?)3.

Corollary 3.2. Let f be the solution to (VFPK) given above and assume that (Hynieo)) holds. Then,
f(t,x,u) satisfies (Hynizr)) for all t in [0,T]. In particular, under the assumptions of Theorem 3.1 and
(Hunit(0)) @ solution to (1.3) for B > 0 emists.

Remark 3.3. As discussed in Remark 2.7, given fo € C* and A1 > 0 such that go € H(A\1) N ﬁ()\l), it
is again possible to exhibit small constants ky > 0 and K} > 0, the former depending on w and the latter
on A1, 8> 0, the function w, and the norms ||go||+,x, and ||goll 7 . such that the conclusion of Theorem

3.1 holds if ||goll#,x, < kG and T < k}. Using Remark 2.4, smallness conditions depending only on fo
and T > 0 can also be ezhibited.

Most of the computations required in the proofs are the same as in the previous section, so we only
provide some details about the additional terms that the case 3 > 0 requires to deal with.

Proof of Theorem 3.1. Consider the linear equation obtained by respectively replacing in (VFPwK) the
functions P and V by fixed given functions Q, H : [0,T] x R — R:

Org(t, z,u) + udpg(t, z,u) — [0,Q(t, ) + B(u — aH (t, z)) — Oy In(w(w))] Dug(t, z,u)
o? .
- ?agg(tawvu) = [8a:Q(t7x) - aﬂH(t7x)au ln(w(u))] g(t,lL‘,U) - g(tax,u)h(u)a

on (0,T] x R?,
9(0, 2, u) = go(x,u) on R?

(FPwK)
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First we notice that
kol (udyug(t, z,u)) ZC’l (0,080 g(t, 2, u)) = udkOL T g(t, o, u) + 1080 g(t, 2, u).
Therefore, application of the differential operator 99’ to the linear equation (FPwK) yields the identity

8,050l g(t, 2, u) + ud, (0Kl g(t, v, u))

2
— (0:Q(t, ) — Oy Inw(u) + B(u — aV(t,x))) Dy (OF, g(t, ,u)) — %83(6’;329(& T, u))
= ﬂlafaig(t,w,u) — l@’frlafflg(t,x,u)

k—1 -1
sy Y OO ™(0.Q(t @) — aBH(t,x))0u (97 dg(t,x,u)) — Lsyy » CF (9" In(w(w))dy 1 05 g(t, x,u))
m=0 n=0
Ik )
+ Z Z Croy (05 m0,Q(t, x) — aBH(t, z)) O Inw(w)dmalg(t, x, u) + Z Crororg(t, z,u)ol "h(u).
n=0m=0 n=0

By the maximum principle we deduce that for all A € N and a € {0,..., A}, a smooth solution ¢ to
equation (FPwK) must satisfy

(1 +5)g(t) (14 Bllg(®)lr.a:4

<o)

+ 2t (1001 (ROl + BIHO s + [l )

+ gt (190l [1i500 + Qs+ BIHOI o) 1) 1] )

By similar computation as in the proof of Lemma 2.10, it is also possible to establish

Lemma 3.4. (i) Suppose that for some X > 0 we have f € H(\) and v € H(N). Then, for all
A €[0,A) one has

> o vllx1) I
2 e : 1) = : HA"
= (al)? dX
(ii) Suppose that for some X > 0, f,w € H(X) and v € H(X). Then, for all X € [0, ) one has

1 d°
> @ (LfIxollwlixollvlixg) < I allwllzallvllz y-
aeN V'

Truncated version of these estimates, combined with the already obtained ones yield:
Proposition 3.5. For each A € N, the C1'*° function g solution to (FPwK) satisfies the estimate
d
S 9@ eamsa < (1 + BN + 1+ N (0] + 45 +161Q(O) 2.ty + @BIH @) llre.x0) 190 17,71):4

+ (3 + 163 + (0 + 16)11Q(1) 5.y + B0 I HBlrex ) 19(8) e,

where 7o := || n(w)ll7,5, and 31 = [[hllrx,-

Applying Gronwall’s lemma and using the fact that

At) + 1+ N (1) + 4y + 16[| P() |3, a0) + @BV () la) < (14 B)[Mo — K]+ 470 + (16 + a8) M,
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we then obtain that, for all ¢ € [0,7] and A € N,
lg@lI#awya < llgollrne exp {T (%1 + 1670 + aByoMy) + (16 + 70) M2}

t

+exp {T (%1 + 1670 + afyoM1) + (16 + vo) M2} (1 + B)[Ao — K] + 40 + (16 + aﬁ)Ml)/O 19() 57, 7(s):.25-

(3.4)
From assumptions a) and b) of Theorem 3.1 we can choose K > 0 such that K < 3¢ — 1 and

(1+B)(K —Ao) —4v0 — (16 + aB) My > 1

in which case we obtain
g lrace):a + /Ot 9(3)ll 57,75y, 445 < lgoll.ne exp{T(1 + 1670 + aByoM1) + (16 + 7o) M2},
and then
l9(®)lrere) + / 1005 g < 19030 €0 TGt + 1630 + ar0My) + (16 4 70) M}

Therefore, since for any function ¢ : [0,7] x R? — R of class C1:* and every ¢ € [0,7] we have

2
’/ugo(t,-,u)du
R

w(u)
for all A > 0 and a € N, the mapping ® associating with a function ¢ the solution ®(¢) of equation
(FPwK) with the data

< Colle(t )l a
Aa

|u|
< t,-, ), , and /—(p t,-,u)du
< letel | [ et

Qt,x) := —/R?ﬁw(t,x,u)du and H(t,z) ::/

o) | oy Pt )

satisfies the inclusion

M, Mo M >N
¢ (B/\O,K,T N BAg,K,T) C By, k1 NBx, k1

if My1,T, g > 0 are as previously, My > 0 is arbitrary and
M = |gollr.n exp{T (A1 + 1670 + aBroCu M) + (16 +70) Mo} .

In particular, one has ® (B%’K’T N g%,K,T) C BYM o NBY . if in addition to conditions a) and b)
of Theorem 3.1, the constants M > 0 and T' > 0 satisfy condition d). Now, writing ® := ®(f1) — ®(f2),
P:=P, — P, and V :=V; — V, where

u

Pi(t,z) ::_/RLfi(t,.,u)du and Vi(t, z) ;:/Rm

W(U) fl(t7 ,u)du 1= 1,2,

we have

2
0; (050, @) + ud, (0FOL®) — (9,Q1 — O Inw(u) + B(u — aVi(t,z))) 9, (050, @) — %85(853&@)

k—1 -1

= —1OFT O D + Ty > CF' O™ (0:Qu () — aBVA(L,2)) O OLT @ — =1y Y CF (047" In(w)) kot @
m=0 n=0
l k
+ Z Z CR O (950, D(f2)) (0" In(w)) 07" (9. P — aBV (¢, x))
n=0m=0
k
+ ) O (9 Mo () 0 (0. P — BV (t,x)))
m=0
l k l )
YN CrCrokT™ (0. Py — aBVa(t,x)) 0" nw(w)dy opd + > Cp (0505 @) 0l h(u);
n=0 m=0 n=0
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From this and the maximum principle we deduce that % [|0%9!,®(t)|| is bounded above by

k—1
HOFH oL ®(t) oo + Tpaz1y Y, U151 (1) oo + CoaBl0E™ f1 (1) | 0o) 07 05T (1)
m=0
-1 B
+1ps1y Y CPOL ™ In(w) | 0505 (1)l
n=0

k
> CRCH0 n(w)lloo 105 R B (f2) () |o (105 F () lloo + CooaBll 07" F(2)|oo)
m=0

Cr 050 @(£2) )l (1051 F(B)l oo + CooarBII 0T F(#) 1)

l
2
n=0
k
+>
m=0

l k
+ 0> OO ) oo (105 fu(®) oo + CoaBll O™ fr(8) oo ) 107 0 B (8)]| oo

n=0m=0
+ZCz 10507 B (1) oo |05 A(w) | oo
This yields

d - , _
212w o < O +XO) + 1O+ CoaBIl i Iaw.o + 1) Iaw1) 12E) 1w

F1BO w0 [0 301 + CoaBILf 0)w.0) 1.1 + Ihllxo]
+ (IFOllr.1 + CoaBIF@Ixr.0) (IR a1 + 122 B)laeyoll 1) le)1)

(3.5)
and therefore, for all ¢ € [0, T7,
%H%)\Imo < (14 B)No = K) + (14 CoaB)M +50) [|2(1) [ x1) 1
200 (M1 + Coaro +51) (36)
+ (17O a1 + CoaBlLF (B Iaw.0) M(L+70)-
Since our assumptions allow us to choose K € (0, 2 20 1) such that

(1+B)(K = Xo) = (1 + Coaf)M — 0 > 1,

we get from the previous after applying Gronwall’s lemma that

t t
12(8)Ixcey.0 + /0 12()lIxe),1 ds < [12(E)l|xcey.0 + exp {T (M (1 + CuaB)yo + %)}/0 12(5)lIx¢s),1 ds
T
< M(1470) exp{(M(1 + Coaf)ro + 1) T}/O 1F @) a1+ CoaBllLF () [[a 0t

This implies that @ : B%,K,T N g%’K’T — B%,K,T N gf\\g’K’T is a contraction for the norm

T
t t
max{tgg; [W®war | 5Ol }

under condition c¢) of Theorem 3.1, and condition d) allows us to conclude the existence of a solution
starting from gq. O

Proof of Corollary 3.2. By Lemma 1.2 we now obtain in the case o = 1 that, for all (¢t,z) € (0,7] x R

Op(t,x) = =0,V (t,x),
01(0:V (t,x)) = =0:.(p(t, ©) 0, P(t,)) + £, (V(t,x)p(t, x)),
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where p(t,z) == p(t,x) =1 = [ f(t,z,u)du—1, V(t,x) := [puf(t,z,u)du and
0. P(t,x) = =0y [ u?f(t, 2, u) du. Hence for all)\>0

{ H|[p@®)[x < [10=V (B)lx,
10V () |Ix < N10:P@)[Ial|0=5(E)|[x + 102 P@)[[A[B(E)Ix 4 B 18-V () IAIB)]Ix + IV (E)IANO=B(E)[|x) -
(3.7)
With A(t,\) == [5(t)||» and B(t,\) := |9,V (t)||» we have
{ At N) < B(t, \),
OBt A) < ([[0:P#)|x + BIV()\)ONARA) + (|[02P ()| x + BB(t, A)A(L, A).

From these inequalities, since the terms in parentheses are bounded, the conclusion is obtained by similar
arguments as in the case 8 = 0. If now a = 0, we obtain the equations, for all (¢,2) € (0,7] x R,

Op(t,x) = =0,V (t,x),
0¢(0,V (t,x)) = =02 (p(t, )0, P(t,x)) + SOV (L, x)

whit the same notation as before. This yields

O:A(t, \) < B(t, ),
0:B(t, ) < |0 P(E)I[xOAA(E,A) + 10 P(E)IINA(E,A) + BB(E, A).

Since the remainder of the proof in the case § = 0 relies on the inequality satisfied by the sum Y(¢, A) :=
A(t, \) + bB(t, \), by suitably modifying the constants therein one can conclude in a similar way. O

A Appendix

A.1 A weight function of analytic type

In this section, we show that for the weight function w(u) = c(1 + u2?)2 where ¢,s > 0 are fixed

2 w(u s— (54522
- (1+u2)’ U= h( ) - 21;)(51)) - ‘3 111( ( ))|2 = % and

w— h(u) = h(u) — B(1 + udy(Inw(uw))) satisfy (Hy)for Ao € [0,1/4). Observe also that fR Doy du < +00
as soon as s > 3.

Let us first consider 9, In(w). We are going to identify 0!, In(w) for [ > 1 with a function of the form

a(w)
(A+[u?)!

constants, the functions u — 0, In(w(u)) =

where ¢; is a polynomial function of order [ satisfying ¢; (u) = su and, for all { > 1,

qQa(u) o, ( q(u) ) _ (4 ul?)0uq(u) — 2lugi(u)

L+ Jul)t 7N+ ful?)! (1 fuf?)* ’

or, equivalently, ¢4 1(u) = (14|u|?)0.q (u) — 2lug;(u). We can now determine the coefficients {aﬁ)}ogng
such that ¢;(u) = 22:0 aDur observing that, for [ > 1,

l 1
(1 + [u|*)Ouqi(u) — 2ug(u) = (14 |ul?) Z nalu™=t — 2lu Z aDy,
n=0

n=1
1 l l
= Z naVu"t + Z naDu"tt — 21 Z aWqyntl
n=1 n=0
I1+1 I4+1
_Zn—|—1 n_Hu +Z 1u"—2l2ag)1u”.
Therefore, we have agl) =0, agl) = s, aéQ) =s a§2) =0, aé” = —s and, for [ > 2,

aél—&-l) _ agl), (l+1) — 9% (l) 2[(18”,

o) = (n 4 1)a ”)H +n-1a, —2aY | if2<n<i-1, (A.1)
and a;' "V = —(1 + 1)af?;, aiﬁn = ~la;".
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Setting aV = max a, we deduce the rough estimates: alth) < 4(1 + 1)a(l) for I > 2, and then:

ne{0,...,l1} "
a) < §4ll! for I > 1. Thus, for [ > 1

I+1 (l+1)|u|n

|8L(au(1n(w))‘ S En:o Qn

HL 41 n

s 41+ 1) ul .

=l < -y — o <41+ 2) A2
(I+u2)+l  ~ 4 s4'( ) (A.2)

(1 _|_u2)l+1 -

n=0
Consequently, by Lemma 2.1 we have 9, (In(w)) € H(A) for all A € [0,1/4), and from Lemma 2.2-(i) we

conclude that In(w) € H()) for all X € [0,1/4).
As for the function h, it is similarly checked in this case that for all [ > 0

l _ i42(u)
Oy h(u) = 2(1 + [uf2)+2’

where r; is a polynomial function of order [, defined for [ > 2. The coefficients {bg)}ogngl such that

ri(u) = 22:0 b ym satisfy b((f) = s/2, b§2> = 0, béz) = —(s + s?)/2 and moreover, for all [ > 2, the

recurrence relations (A.1) with a%l) replaced by bg). It follows in a similar way as before that

2
8L (w) < 252

441+ 3)!
and we conclude as well by Lemma 2.1 that h € H(\) for all A € [0,1/4).

Finally, we have ud, (Inw(u)) = s— 3% so that we only need to check that the function

1+u2

to the space H(\) for A € [0,1/4). Plainly, for each [ > 0, 9}, <1+Su2) = (1+iit(|1é))l+1 for some polynomial

ji of order [. This yields a recurrence relation for the coefficients that only differs from (A.1) in that the
factors —21 are replaced by —2(I + 1). The conclusion thus follows as previously.

belongs

A.2 A maximum principle for kinetic Fokker-Planck equations

We next give for completeness a brief proof of the version of the maximum principle that has been used
throughout.

Theorem A.1. Let d > 1 and 0 > 0. Consider bounded functions og : RY xR — R and F,c :
[0,T] x RT x RY — R and a function ¢ : [0,T] x RY x RY — R that grows linearly in (z,u) uniformly in
t € [0,T]. Assume moreover that these functions are of class C%> and have bounded derivatives of all
order. Then, there exists a unique solution o of class C> to the linear Fokker-Planck equation

2
Oro(t, x,u) +u- Vyo(t,x,u) — ¢(t, z,u) - Vyolt, z,u) — %Aug(t, x,u) + c(t,x,u)o(t, z,u) = F(t, z,u)

0(0,z,u) = go(x,u), on RQd,

which is bounded in Qr := [0,T] x R??. Moreover, the function t — ||o(t)|~ is absolutely continuous,
and for almost every t € [0,T] one has

%Ilg(t)lloo < Hle@lloclle@)lloo + [1F(#)]|oo- (A-3)

Proof. In the case o > 0, existence of a bounded solution of class C1'*> can be obtained by probabilistic
methods, considering the unique pathwise solution (X;™",U;"")s<t<r to the stochastic differential
equation in R? x R%:

t
T;s, ;
Xt 38, T U __ T 7/ Ug“,s,ac,udr
S

t
UtT;S’l"u - u— / ¢(T —r X’Z“;s,ar:,u7 UTT;s,x,u)dr + U<Wt . Ws)
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where W is a standard d-dimensional Brownian motion defined in some filtered probability space. Fol-
lowing Friedmann [8] one shows that

(T, z,u) —E

T
(KT, U015 o { [ - e,xg;wvu,uz%f*fvwda}
0

+E

T 0
/ F(T -0, X,7%"" U %" exp {/ o(T — s, X 0w, UST;O’m’“)ds} d@]
0 0

is a solution to the Fokker-Planck equation (regularity of this function is then a direct consequence of

the regularity of po, ¢, ¢, F and of the flow (£, z,u) — (X, 0% Uli%m)).

In order to check that (A.3) holds, we set g(t,z,u) := o(T — t,z,u) and apply 1t0’s formula to get
t t
at, X[ m Uit = @(57%“)1‘/ (F—cp)(T—, Xf;s’x’"an;s’z’u)d”"/ Vo(r, X=o U5 ) dW,.
Since Vp is locally bounded there exists a sequence (7,,) of stopping times with 7,, / +o0 such that
f;AT” Vo(r, X% U™ dW, is a martingale. Taking expectations and letting n — oo using the fact
that p is continuous and bounded, we deduce that
t

BT~ 1 X[ 0 = o ) 4 [ B[ o) X5 UL
Taking 0 =T -t < a=T — s, we get

Eg(@,XjTﬂ;_j;;a’z’u, Uffgfa’“”“) = o(a, z,u) —1-/9 E [(cg — F)(r, X T eom, UTT;};ia’x’u)} dr.

Writing this identity for # = 0 and a = ¢, then for § = 0 and o = t+ h, and taking the difference between
the two obtained identities, we deduce that

t+h
lo(t + 1)lloo = le(®)lloo | < llo(t + 1) = e(t)]leo < /t (le(@)lloll0(O)lloo + [1(0)[loc) d6

for all 0 < ¢ < T and h € R such that ¢ + h € [0,7]. This inequality implies that ¢ — | o(f)|lco is
absolutely continuous and that (A.3) holds.
In the case 0 = 0 the same arguments go through by considering the solution of the corresponding

ordinary differential equation.
O

A.3 Proof of Lemmas 2.10 and 2.11

Here, we provide the proofs of Lemmas 2.10 and 2.11 following arguments of [10]. Their truncated
versions used in the proof of Proposition 2.12 are obtained in a similar way, namely replacing in the next
proofs the norms || - ||, by their truncated versions || - |5 4,4 for each A € N, and the sums over N by
sums over the set {0,...,A}.

Proof of Lemma 2.10. By definition, we have

1 d° 1 &K, d de=r
a%*(a!y e (I nollvlasliwliag =3 s gCaWIIfHA,o—W_T (ol lwlla -

a€N
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Then we see that

1 ¢ d" de=r
> Co = ( )
IQZ a I ’ a—r )
pprd (a!) = dX dA
+oo Cr de=r .
—ZNHfHMZ 5 = (ellaallwllg) - (since S22 0l = ], by defintion)
re
_Z”JCH)""Z QZ a—r ([VlIxg+1llwllx.a—g—r+1)
reN
400 a
_Z”JCHATZZ a+r g 5 ([vllxg+1llwllxa—g+1) (by a change of variables)
reN a=0 g= 0
cy. .Ccd
=D Iflar [vllxgr1 D lwllxa—gr1 75
Z Z " Z a+))?
Ca+r+q0a+q
= - v wlxgr1——m—m———= | -
%”.ﬂb\ qz()(” ||)\11+1ZH ||>\ +1((a+r+q)!)2
Thus,
1 d°
> =5 7va (Fxollwlixallwlxg)
N2 J\a ; ) )
= (ah)? dA
[/ 1[xr () (g + DN ((a+ DH?Cf 414 Csg
"L Z ”“”*"”lz el e R e
where ) ) ) .
()2((a+ DY((a + ))°Cpyy Oy algir!
(a+1)*(g+1)*(a+r+q))? (a+q+r)
The claim follows since —227_ < 1, Ya,q,7 € N. O

(a4q+r)!
Proof of Lemma 2.11. One has

> e (lalblan) = 3 o (Z Ay s )

a€eN r=0

1 N .ar "
(a)? ;OCal\fllx,r+1||v||x,a—r+1 (since |9 llx0 = [¥llxp by definition)

a€N
+oo r
=Sl (Z o ||v|A,a_r+1)
+o00 r
- zgnm,rﬂ @ ((Cﬁ‘;g!)znmm)
05~ I (Chule 0P+ )Y
St S et (O )

where

((a+r))? (a+r)!

As in [10], we observe that when a > 2 and r > 2 one has

Carr((@a+ DY2((r+ DY? _ (a+ D(r+ D(a+ Dr+ 1!

(r+D(a+1)(a+ 1)I(r+1)! <o
(a+7)! -
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Indeed, for » > 2 and a > 3,

(r+D@+1)(a+)(r+1)! Ix---x(r4+1)x(r+1) 5x--xax(a+1)x(a+1)
(@+r) Tk XX F DX 2 A s e — D x (@t 1)
5x--x(a+1)x(a+1)
S S X x(@rr— 1 x(@tr)
§247

where a > 3 was used in the first expansion and r > 2 in the second inequality. If » > 2 and a = 2 then

(r+1)(a+1)(a+ 1)(r+1)! (r+1)(r+1)!
(a+ ) —18XW§18.

If a <1orr <1 we have to separate the corresponding terms in the estimation. Then, we get

BRI (r+1(a+1)(a+1)!(r+1)!
2 fap 2 G ( )

|
a€N (Cl + ’/‘).

ol X R 4 12 4 ol W“* )

reN reN

(e 2 [vlla,
12 e E @ P D e e

a>2 a>2

Iflarat, 5~ Wlhost
P G O 2 (ot !

H Z Hf”)\ r+1
Aa—r+1 — 7’+1 2

a+1

||fH,\r+1 ||U\|/\a+1
< (lvllxa +4llvlixz) 1l x + (LF I + 4l lx2) vl + 242 2 Z @+ 1)
Since 37,5 (a‘,;; < lollg s Allvllra and 32,54 % < [Ifll3.x A llfll2,x, the latter expression can be
bounded above by
|U||Aa Hf||m
| 2 1l + ||f\|m+4||f\|m+12z 2 vl
a>3 r>3

<16l allollren + 1A e llolliz 0

and with the bound ||w||x 1 + 4|w|[x2 + 12 Za>3 (a,)2 < 16||wl|,x for w = f, v we establish (i). Using

the bound [|[v[[x1 +4[vl[x2 + 123,55 ””a”,;; < 4v[lz7 , we alternatively obtain (ii). O
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