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▲❡t (Y0, U0) ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥ R
d × R

d ❛♥❞ β ≥ 0✱ σ ≥ 0✱ ❛♥❞ α ∈ {0, 1} ❜❡ ❣✐✈❡♥ ❝♦♥st❛♥ts✳ ❲❡
❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ ❦✐♥❡t✐❝ t②♣❡ ✐♥ T

d × R
d✱ ✇❤❡r❡ T

d := R
d/Zd ✐s

t❤❡ ✢❛t d✲❞✐♠❡♥s✐♦♥❛❧ t♦r✉s✿

Xt =

[
Y0 +

∫ t

0

Us ds

]
, ✭✶✳✶❛✮

Ut = U0 −

∫ t

0

∇xP (s,Xs)ds− β

∫ t

0

(Us − αE(Us|Xs))ds+ σWt, ✭✶✳✶❜✮

P(Xt ∈ dx) = dx, ❢♦r ❛❧❧ t ∈ [0, T ]. ✭✶✳✶❝✮

❍❡r❡✱ W ✐s ❛ st❛♥❞❛r❞ d ❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ [x] ∈ T
d ❞❡♥♦t❡s t❤❡ ❝❧❛ss ♦❢ x ∈ R

d✱ dx ✐s t❤❡
✉♥✐❢♦r♠ ♠❡❛s✉r❡ ♦♥ T

d ❛♥❞ P : [0, T ] × T
d → R ✐s ❛♥ ✉♥❦♥♦✇♥ ✭❞❡t❡r♠✐♥✐st✐❝✮ s❝❛❧❛r ✜❡❧❞✳

❚❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❝♦♥st✐t✉t❡s ❛ ❧❛❜♦r❛t♦r② ❡①❛♠♣❧❡ ♦❢ t❤❡ ❝❧❛ss ♦❢ ▲❛❣r❛♥❣✐❛♥
st♦❝❤❛st✐❝ ♠♦❞❡❧s ❢♦r ✐♥❝♦♠♣r❡ss✐❜❧❡ t✉r❜✉❧❡♥t ✢♦✇s✱ ♠❛✐♥❧② ✐♥tr♦❞✉❝❡❞ ❜② ❙✳❇✳ P♦♣❡ ✐♥ t❤❡ ❡✐❣❤t✐❡s ✐♥
♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛ ✢✉✐❞✲♣❛rt✐❝❧❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t✉r❜✉❧❡♥t ✢♦✇s✱ ❛♥❞ t♦ ❞❡✈❡❧♦♣ ♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s ❢♦r t❤❡✐r s✐♠✉❧❛t✐♦♥✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✸❪ ❢♦r ❛ ❣❡♥❡r❛❧ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s t✉r❜✉❧❡♥t
♠♦❞❡❧ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s✱ ❛♥❞ t♦ ❬✷❪✱ ❬✼❪ ❢♦r ❛ s✉r✈❡② ♦♥
♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ t❤❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧s✳

■♥ ♣❤②s✐❝❛❧ t❡r♠s✱ t❤❡ ❞r✐❢t t❡r♠ ∇xP (t, x) ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ ♣r❡ss✉r❡ ✜❡❧❞✱ ✇❤✐❝❤ ✐s
✐♥t❡♥❞❡❞ t♦ ❛❝❝♦♠♣❧✐s❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♠❛ss ❞✐str✐❜✉t✐♦♥ ❝♦♥str❛✐♥t s♣❡❝✐✜❡❞ ❜② ❊q✉❛t✐♦♥ ✭✶✳✶❝✮✳ ❲❤❡♥
α = 0✱ t❤❡ ♣r♦❝❡ss Ut✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈❡❧♦❝✐t② ♦❢ ❛ ✢✉✐❞ ♣❛rt✐❝❧❡✱ r❡✈❡rs❡s t♦✇❛r❞s t❤❡ ♦r✐❣✐♥ ❧✐❦❡ ❛♥
❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss ✇✐t❤ ❛ ♣♦t❡♥t✐❛❧ ❣✐✈❡♥ ❜② t❤❡ st❛♥❞❛r❞ ❦✐♥❡t✐❝ ❡♥❡r❣② E|Ut|

2✳ ❲❤❡♥ α = 1✱
r❡✈❡rs✐♦♥ t♦✇❛r❞s t❤❡ ♦r✐❣✐♥ ✐♥ ✭✶✳✶❜✮ ✐s r❡♣❧❛❝❡❞ ❜② ❛ r❡✈❡rs✐♦♥ t♦✇❛r❞ t❤❡ ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t② ♦r ❜✉❧❦✲
✈❡❧♦❝✐t②✱ E(Ut|Xt = x)✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧♦❝❛❧✲✐♥✲s♣❛❝❡ ♣♦t❡♥t✐❛❧ E(|Ut−E(Ut|Xt)|

2|Xt = x)
✐♥t❡r♣r❡t❡❞ ❛s t❤❡ t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ■♥ t❤❡ t✇♦ ❝❛s❡s✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ∇xP ❢♦r❝❡s t❤❡
♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥Xt t♦ ❤❛✈❡ ❛ ♠❛❝r♦s❝♦♣✐❝❛❧❧② ✉♥✐❢♦r♠ s♣❛❝✐❛❧ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ t♦r✉s✳ ■♥ t❤❡ ▲❛❣r❛♥❣✐❛♥
♠♦❞❡❧✐♥❣ ♦❢ t✉r❜✉❧❡♥t ✢♦✇✱ t❤❡ ❝♦♥str❛✐♥t ✭✶✳✶❝✮ ✐s ❢♦r♠✉❧❛t❡❞ ❤❡✉r✐st✐❝❛❧❧② ✭s❡❡ ❡✳❣✳ ❬✶✸❪✮ ❜② r❛t❤❡r
✐♠♣♦s✐♥❣ ❛ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❝♦♥❞✐t✐♦♥ t♦ t❤❡ ✢♦✇✱ ✇❤✐❝❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ s②st❡♠ ✭✶✳✶✮ ✇r✐t❡s ❛s ❛ ❞✐✈❡r❣❡♥❝❡
❢r❡❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜✉❧❦ ✈❡❧♦❝✐t② ✜❡❧❞✿

∇x · E(Ut|Xt = x) = 0. ✭✶✳✷✮

❇② ❛ ❝❧❛ss✐❝❛❧ ♣r♦❥❡❝t✐♦♥ ❛r❣✉♠❡♥t ♦♥ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ s♣❛❝❡✱ ✐t ✐s t❤❡♥ ❛ss✉♠❡❞ t❤❛t t❤❡ ✜❡❧❞ P
s❤♦✉❧❞ ✈❡r✐❢② t❤❡ ❡❧❧✐♣t✐❝ P❉❊

△xP = −
d∑

i,j=1

∂xixj
E

(
U

(i)
t U

(j)
t |Xt = x

)
.

❚❤❡ ❡q✉❛t✐♦♥ ❛❜♦✈❡ ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❢♦r♠❛❧ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❜✉❧❦ ✈❡❧♦❝✐t②
❞❡r✐✈❡❞ ❢♦r♠ t❤❡ ❋♦❦❦❡r P❧❛♥❝❦ ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ (X,U)✱ ✭✇❡ r❡❢❡r t♦ ❬✶✹❪ ❢♦r t❤❡ ♣r❡❝✐s❡ ❢♦r♠✉❧❛t✐♦♥
❛♥❞ r❡❧❛t❡❞ ♥✉♠❡r✐❝❛❧ ✐ss✉❡s✮✳

■♥ s♣✐t❡ ♦❢ ✐ts r❡❧❡✈❛♥❝❡ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❝♦♠♣❧❡① ✢✉✐❞ ❞②♥❛♠✐❝s ✭s❡❡ ❡✳❣✳ ❬✶✹❪✱ ❬✶✶❪ ❛♥❞ t❤❡
r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✱ ❛ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧s✱ ❛♥❞ ✐♥
♣❛rt✐❝✉❧❛r ♦❢ t❤❡ ✉♥✐❢♦r♠ ♠❛ss ❞✐str✐❜✉t✐♦♥ ❝♦♥str❛✐♥t✱ ❤❛s ♥♦t ②❡t ❜❡❡♥ ❣✐✈❡♥✳ ■♥ ❬✼❪✱ ✜rst ✇❡❧❧✲♣♦s❡❞♥❡ss
r❡s✉❧ts ♦♥ ❛ s✐♠♣❧❡r ❦✐♥❡t✐❝ ♠♦❞❡❧ ✇❡r❡ ♦❜t❛✐♥❡❞✱ ✇❤✐❝❤ ❢❡❛t✉r❡❞ ♥♦♥❧✐♥❡❛r✐t② ♦❢ ❝♦♥❞✐t✐♦♥❛❧ t②♣❡✳ ❋r♦♠ ❛
♣r♦❜❛❜✐❧✐st✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✇❛s tr❡❛t❡❞ ❛s ❛ ▼❝❑❡❛♥✲❱❧❛s♦✈ ❡q✉❛t✐♦♥✳ ❚❤✐s
❡♥❛❜❧❡❞ t❤❡ ❛✉t❤♦rs t♦ ❛❧s♦ ❝♦♥str✉❝t ❛ ♠❡❛♥ ✜❡❧❞ st♦❝❤❛st✐❝ ♣❛rt✐❝❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r
♠♦❞❡❧✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ❛♥ ❤❡✉r✐st✐❝ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t ✭✶✳✶❝✮ ❛♥❞ t❤❡
♣r❡ss✉r❡ t❡r♠✱ t❤❛t ♣❛rt✐❝❧❡ s❝❤❡♠❡ ❣❛✈❡ r❛✐s❡ t♦ ❛ st♦❝❤❛st✐❝ ♥✉♠❡r✐❝❛❧ ❞♦✇♥s❝❛❧✐♥❣ ♠❡t❤♦❞ st✉❞✐❡❞
❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❬✷❪✳ ❊①t❡♥s✐♦♥ t♦ s♦♠❡ ♦❢ t❤♦s❡ r❡s✉❧ts t♦ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠
✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✺❪ ❛♥❞ ❬✻❪✳ ❆s r❡❣❛r❞s t❤❡ ✉♥✐❢♦r♠ ♠❛ss ❞✐str✐❜✉t✐♦♥ ❝♦♥str❛✐♥t✱ ✐♥ s♣✐t❡ ♦❢ t❤❡ ❢♦r♠❛❧
r❡s❡♠❜❧❛♥❝❡ ✇✐t❤ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ t❤❡r❡ ✐s ♥♦ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t s✉❝❤
❝♦♥str❛✐♥t ❝❛♥ ❜❡ s❛t✐s✜❡❞✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❧✐♥❡❛r ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss✱ ❜② ❛❞❞✐♥❣ s♦♠❡ ❢♦r❝❡
t❡r♠ ♦❢ t❤❡ ❢♦r♠ ∇xP (t, x) ✭❛ tr✐✈✐❛❧ ❡①❝❡♣t✐♦♥ ✐s t❤❡ s✐t✉❛t✐♦♥ ∇xP ≡ 0 ♦❢ t❤❡ st❛t✐♦♥❛r② ▲❛♥❣❡✈✐♥
♣r♦❝❡ss✱ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❜❡♥❝❤♠❛r❦ ❢♦r t❤❡ st♦❝❤❛st✐❝ ❞♦✇♥s❝❛❧✐♥❣ ♠❡t❤♦❞ ✐♥ ❬✷❪✮✳

✷



❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❛❞❞r❡ss ❢♦r t❤❡ ✜rst t✐♠❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ❛ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ✐♥st❛♥❝❡
♦❢ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧ ②❡t s❛t✐s❢②✐♥❣ ✐♥ ❛ ♥♦♥ tr✐✈✐❛❧ ✇❛② t❤❡ ✉♥✐❢♦r♠ ♠❛ss ❞✐str✐❜✉t✐♦♥ ❝♦♥str❛✐♥t
✭✶✳✶❝✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ s②st❡♠ ✭✶✳✶✮✱ t❤❡ ♠❛✐♥ ✉♥❞❡r❧②✐♥❣ ♣r♦❜❧❡♠ ✐s ♦❢ ❝♦✉rs❡ t❤❡ q✉❡st✐♦♥ ♦❢ ✇❡❧❧✲♣♦s❡❞♥❡ss
♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ t❤❛t t❤❡ t✐♠❡✲♠❛r❣✐♥❛❧ ❧❛✇s f(t, u, x) ♦❢ ❛ s♦❧✉t✐♦♥ (Xt, Ut) t♦
t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✭✶✳✶✮ s❤♦✉❧❞ s❛t✐s❢②✱ ♥❛♠❡❧②

∂tf(t, x, u) −A⋆f(t, x, u) −∇uf(t, x, u) ·

(
∇xP (t, x) − βα

∫

Rd

vf(t, x, v) dv

)
= 0, ♦♥ (0, T ] × T

d × R
d,

✭✶✳✸❛✮

f(0, x, u) = f0(x, u), ♦♥ T
d × R

d, ✭✶✳✸❜✮
∫

Rd

f(t, x, u) du = 1, ♦♥ [0, T ] × T
d, ✭✶✳✸❝✮

✇❤❡r❡ P (t, x) ✐s ✉♥❦♥♦✇♥ ❛♥❞ A⋆ ❞❡♥♦t❡s t❤❡ ❢♦r♠❛❧ ❛❞❥♦✐♥t ♦❢ t❤❡ ❧✐♥❡❛r ❦✐♥❡t✐❝ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦

♦♣❡r❛t♦r Aφ(x, u) = σ2

2 △uφ(x, u) − βu · ∇uφ(x, u) + u · ∇xφ(x, u)✳ ◆♦t❡ t❤❛t ✉♥❞❡r ❝♦♥❞✐t✐♦♥ ✭✶✳✸❝✮∫
Rd vf(t, x, v)dv ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ E(Ut|Xt = x)✳ ❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❡①❤✐❜✐ts s❡✈❡r❛❧
❝♦♥❝❡♣t✉❛❧ ❛♥❞ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s✱ ❛♥❞ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡r❡ ✐s s♦ ❢❛r ♥♦ ❞✐r❡❝t str❛t❡❣② ❢♦r ✐ts st✉❞②
♥♦r ♠❛t❤❡♠❛t✐❝❛❧ r❡s✉❧ts ✐♥ t❤❡ ✜❡❧❞s ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ♦r ❦✐♥❡t✐❝ P❉❊✳

❆ ✜rst st❡♣ ✐♥ ♦✉r st✉❞② ✇✐❧❧ ❜❡ t♦ ❡st❛❜❧✐s❤ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳
■♥❞❡❡❞✱ ✇❡ ✇✐❧❧ s❡❡ ❜❡❧♦✇ t❤❛t ✉♥❞❡r ♥❛t✉r❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✱ ❛♥② ♣❛✐r (f, P ) t❤❛t ✐s ❛
❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✮ ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠





∂tf(t, x, u) + u · ∇xf(t, x, u) =
σ2

2
△uf(t, x, u) + β d f(t, x, u) + βu · ∇uf(t, x, u)

+ ∇uf(t, x, u) ·

(
∇xP (t, x) − βα

∫

Rd

vf(t, x, v) dv

)
= 0, ♦♥ (0, T ] × T

d × R
d,

f(0, x, u) = f0(x, u), ♦♥ T
d × R

d,

△xP (t, x) = −
d∑

i,j=1

∂xixj

∫

Rd

vivjf(t, x, v)dv, ♦♥ [0, T ] × T
d,

✭✶✳✹✮

✇❤❡r❡✱ ♣❧❛✐♥❧②✱ ❝♦♥❞✐t✐♦♥ ✭✶✳✸❝✮ ❤❛s ❜❡❡♥ r❡♣❧❛❝❡❞ ❜② t❤❡ ❛❜♦✈❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡ t✇♦ s②st❡♠s
❤♦✇❡✈❡r s❡❡♠ ♥♦t t♦ ❜❡ ❡q✉✐✈❛❧❡♥t ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✹✮ ❛❧❧♦✇s ✉s t♦ s❡❡ t❤❡ ♦r✐❣✐♥❛❧
♣r♦❜❧❡♠ ❛s ❛♥ ✐♥st❛♥❝❡ ♦❢ ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ♥❡✈❡rt❤❡❧❡ss ✐s ❤✐❣❤❧② s✐♥❣✉❧❛r✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣r❡ss✉r❡ ✜❡❧❞ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡
♣❡r✐♦❞✐❝ P♦✐ss♦♥ ❦❡r♥❡❧ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ −

∑d
i,j=1 ∂xixj

∫
Rd vivjf(t, x, v)dv✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s♠♦♦t❤

✭❛♥❛❧②t✐❝❛❧✮ s♦❧✉t✐♦♥s t♦ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ s✐♥❣✉❧❛r ♣♦t❡♥t✐❛❧ ❤❛s ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ s❡✈❡r❛❧ s✐t✉❛t✐♦♥s✱
✐♥ ♣❛rt✐❝✉❧❛r ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❱❧❛s♦✈✲P♦✐ss♦♥ ❡q✉❛t✐♦♥ s❡❡ ❡✳❣✳ ❇❡♥❛❝❤♦✉r ❬✶❪✱ ▼♦✉❤♦t ❛♥❞ ❱✐❧❧❛♥✐ ❬✶✷❪❀
❢♦r ❣②r♦✲❦✐♥❡t✐❝ ♠♦❞❡❧s s❡❡ ❡✳❣ ❬✹✱ ✸❪ ❛♥❞ ❬✾❪✳

■♥ t❤❡ ❝❛s❡ d = 1✱ ✇❡ ❝❛♥ s♣❡❝✐❢② P (t, x) ♦♥ [0, T ]×R ❜② P (t, x) = −
∫

R
u2f(t, x, u)du✳ ❍❡♥❝❡✱ ✐♥ t❤❡

♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ r❡str✐❝t ♦✉rs❡❧❢ t♦ t❤❡ s✐♠♣❧❡r s✐t✉❛t✐♦♥ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥




∂tf(t, x, u) + u · ∂xf(t, x, u) =
σ2

2
∂2

uf(t, x, u) + βf(t, x, u) + βu∂uf(t, x, u)

+ ∂uf(t, x, u)

(
∂xP (t, x) − βα

∫

R

vf(t, x, v)dv

)
= 0, ♦♥ (0, T ] × T × R,

f(t, x, u) = f0(x, u), ♦♥ T × R,

P (t, x) = −

∫

R

u2f(t, x, u)du, ♦♥ [0, T ] × T.

✭✶✳✺✮

❚✐❧❧ r❡❝❡♥t❧②✱ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ✭✐♥ t❡r♠s ♦❢ r❡❣✉❧❛r✐t②✮ ♦❢ s✉❝❤ ❱❧❛s♦✈ t②♣❡ ♥♦♥❧✐♥❡❛r s②st❡♠ ✇❛s ♥♦t
❛✈❛✐❧❛❜❧❡✳ ❚♦ t❛❝❦❧❡ t❤❡ s②st❡♠ ✭✶✳✺✮✱ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ r❡❝❡♥t ✐❞❡❛s ✐♥tr♦❞✉❝❡❞ ❜② ♦♥❡ ♦❢ t❤❡ ❛✉t❤♦rs ✐♥ ❬✶✵❪✱
✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❧♦❝❛❧ ❡①✐st❡♥❝❡ r❡s✉❧t ♦❢ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s✳

❖✉r ♠❛✐♥ r❡s✉❧ts ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ✐♥ ❛ s✐♠♣❧✐✜❡❞ ✇❛② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿

❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t λ̄ > 0 ❛♥❞ s ≥ 2 ❜❡ ❛♥ ❡✈❡♥ ✐♥t❡❣❡r✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t κ0 = κ0(λ̄, s) ❛♥❞ ❛
♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ r 7→ κ1(r, λ̄, s) s✉❝❤ t❤❛t ✐❢ f0 : T × R → R ♦❢ ❝❧❛ss C∞ ❛♥❞ T > 0 s❛t✐s❢②✿

✸



❼

∫
R
f0(x, u)du = 1 ❛♥❞ ∂x

∫
Rd uf0(x, u)du = 0 ❢♦r ❛❧❧ x ∈ T✱

❼ ‖(1 + |u|2)
s
2 ∂l

x∂
k
uf0‖∞ ≤ C0(k+m)!(l+n)!

λ
k+l ❢♦r s♦♠❡ n,m ∈ N✱ ❛❧❧ ♣❛✐r ♦❢ ✐♥❞✐❝❡s k, l ∈ N ❛♥❞ ❛

❝♦♥st❛♥t C0 < κ0(λ̄, s)✱ ❛♥❞

❼ T < κ1(C0, λ̄, s)✱

t❤❡♥✱ ❛ s♦❧✉t✐♦♥ f ♦❢ ❝❧❛ss C1,∞ t♦ ❡q✉❛t✐♦♥ ✭✶✳✺✮ ✐♥ [0, T ] × T × R ❡①✐sts✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿
■♥ ❙✉❜s❡❝t✐♦♥ ✶✳✶ ✇❡ ❜r✐❡✢② ❡st❛❜❧✐s❤ t❤❡ ✈❛❧✐❞✐t② ♦❢ s②st❡♠ ✭✶✳✹✮ ❢♦r ❛♥② s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✶✳✸✮ ✐♥

❛r❜✐tr❛r② s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ❛♥❞ st❛t❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t❤❛t✱ r❡❝✐♣r♦❝❛❧❧②✱ ❛ s♦❧✉t✐♦♥
t♦ t❤❡ ❢♦r♠❡r ❛❧s♦ s♦❧✈❡s t❤❡ ❧❛tt❡r✳ ❋r♦♠ ❙❡❝t✐♦♥ ✷ ♦♥✱ ✇❡ r❡str❛✐♥ ♦✉rs❡❧✈❡s t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❝❛s❡✳ ❲❡ r❡❝❛❧❧ t❤❡r❡✐♥ t❤❡ ❛♥❛❧②t✐❝❛❧ ♥♦r♠s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✵❪ ❛♥❞ ✇❡ st❛t❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡♠✳
❋♦❧❧♦✇✐♥❣ t❤❡✐r str❛t❡❣②✱ ✐♥ t❤❡ ❝❛s❡ β = 0 ✇❡ t❤❡♥ ✐♥tr♦❞✉❝❡ ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✺✮✱
✐♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ♣r♦❜❧❡♠s ♣♦s❡❞ ❜② t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ✈❡❧♦❝✐t② ♠♦♠❡♥ts
✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ❲❡ t❤❡♥ s❤♦✇ t❤❛t s♦❧✉t✐♦♥s t♦ ✭✶✳✹✮ ✐♥ t❤❡s❡ ♣❛rt✐❝✉❧❛r s♣❛❝❡s ♦❢ ❛♥❛❧②t✐❝❛❧
❢✉♥❝t✐♦♥s ❛❝t✉❛❧❧② ❞♦ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ t♦ ❜❡ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✸✮✳ ❯s✐♥❣ t❤❡ ✜①❡❞ ♣♦✐♥t
❛r❣✉♠❡♥t ♦❢ ❬✶✵❪✱ ✇❡ ✇✐❧❧ t❤❡♥ ♣r♦✈❡ ❛ ❧♦❝❛❧ ❡①✐st❡♥❝❡ r❡s✉❧t ✐♥ t❤❡s❡ ❛♥❛❧②t✐❝❛❧ s♣❛❝❡s✱ ✇❤✐❝❤ ✐♥❞❡❡❞ ✐s ❛
s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✶ r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ β = 0✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ t❤❡♥ ❜r✐❡✢②
❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t t♦ t❤❡ ❝❛s❡ β 6= 0✳ ❋✐♥❛❧❧②✱ s♦♠❡ t❡❝❤♥✐❝❛❧ r❡s✉❧ts ❛r❡ ♣r♦✈❡❞ ✐♥ ❆♣♣❡♥❞✐①✳

✶✳✶ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧ ❝♦✉♣❧❡❞ ✇✐t❤ ❛ P♦✐ss♦♥ ❡q✉❛t✐♦♥

❲❡ st❛rt ❜② ❡st❛❜❧✐s❤✐♥❣ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ❝♦♥❞✐t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♠❛ss ❞✐str✐❜✉t✐♦♥
❝♦♥str❛✐♥t✱ ✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ✐♥ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥✿

▲❡♠♠❛ ✶✳✷✳ ❆ss✉♠❡ t❤❛t f ✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥s ✭✶✳✸❛✮ ❛♥❞ ✭✶✳✸❜✮ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥
P : [0, T ] × T

d → R
d ♦❢ ❝❧❛ss C0,2✳ ▼♦r❡♦✈❡r✱ ❛ss✉♠❡ t❤❛t

ρ(t, x) :=

∫

Rd

f(t, x, u)du, V (t, x) :=

∫

Rd

uf(t, x, u)du

❛r❡ ❢✉♥❝t✐♦♥s ♦❢ ❝❧❛ss C1,1 ✐♥ [0, T ]×T
d✱ t❤❛t

∫
Rd |u|

2|Dmf(t, x, u)|du < +∞ ❢♦r ❡❛❝❤ ♠✉❧t✐✐♥❞❡① |m| ≤ 2

❛♥❞ ❡❛❝❤ (t, x) ∈ [0, T ] × T
d ✭✇❤❡r❡ D ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦♣❡r❛t♦r✮✱ ❛♥❞ ❢✉rt❤❡r t❤❛t ❢♦r ❛❧❧ t ∈ [0, T ] t❤❡

❢✉♥❝t✐♦♥

x 7→

∫

Rd

vivjf(t, x, v)dv

✐s ♦❢ ❝❧❛ss C2✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s s❛t✐s✜❡❞ ❢♦r (t, x) ∈ (0, T ] × T
d✿





∂tρ(t, x) + ∇x · V (t, x) = 0,

∂t(∇x · V (t, x)) + β∇x · V (t, x) + ∇x ·
(
ρ(t, x) (∇xP (t, x) − βαV (t, x))

)
+

d∑

i,j=1

∂xixj

∫

Rd

vivjf(t, x, v)dv = 0

❲❡ ❞❡❞✉❝❡✿

❛✮ ρ(t, x) = ρ(0, x) ❢♦r ❡✈❡r② (t, x) ∈ [0, T ] × T
d ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∇x · V (t, x) = 0 ❢♦r ❡✈❡r② (t, x) ∈

[0, T ] × T
d✳

❜✮ ∇x · V (t, x) = e−βt∇x · V (0, x) ❢♦r ❡✈❡r② (t, x) ∈ [0, T ] × T
d ✐❢ ❛♥❞ ♦♥❧② ✐❢ P s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥

♦❢ ❡❧❧✐♣t✐❝ t②♣❡✿

∇x ·
(
ρ(t, x) (∇xP (t, x) − βαV (t, x))

)
= −

d∑

i,j=1

∂xixj

∫

Rd

vivjf(t, x, v)dv , (t, x) ∈ (0, T ] × T
d.

✹



❝✮ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭✶✳✸❛✮ ❛♥❞ ✭✶✳✸❜✮✱ ❝♦♥❞✐t✐♦♥ ✭✶✳✸❝✮ ✐s ✈❡r✐✜❡❞✱ t❤❡♥ P (t, x) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡
P♦✐ss♦♥ ❡q✉❛t✐♦♥

△xP (t, x) = −
d∑

i,j=1

∂xixj

∫

Rd

vivjf(t, x, v)dv, (t, x) ∈ (0, T ] × T
d.

❞✮ ❙❡t ρ̄(t, x) := ρ(t, x) − 1✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭✶✳✸❛✮ ❛♥❞ ✭✶✳✸❜✮ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥
✐♥ ♣❛rt ❝✮ ❤♦❧❞s✱ ✇❡ ❤❛✈❡✿

✇❤❡♥ α = 1✱ ∂t(∇x · V (t, x)) + ∇x ·
(
ρ̄(t, x) (∇xP (t, x) − βV (t, x))

)
= 0❀

✇❤❡♥ α = 0✱ ∂t(∇x · V (t, x)) + ∇x ·
(
ρ̄(t, x)∇xP (t, x)

)
+ β∇x · V (t, x) = 0✳

Pr♦♦❢✳ ❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✸❛✮ ✇✐t❤ r❡s♣❡❝t t♦ u ∈ R
d✱ ❛♥❞ ✉s✐♥❣

t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ♦r❞❡r t♦ ✐♥t❡❣r❛t❡ ❜② ♣❛rts ❛♥❞ ❣❡t r✐❞ ♦❢ ✐♥t❡❣r❛❧s ♦❢ ❞✐✈❡r❣❡♥❝❡ t②♣❡ t❡r♠s✳ ❚♦ ❣❡t
t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ✇❡ ✜rst t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ xi ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✸❛✮✱ t❤❡♥
♠✉❧t✐♣❧② ✐t ❜② ui ❛♥❞ s✉♠ ♦✈❡r i = 1, . . . , d✱ ❜❡❢♦r❡ ✐♥t❡❣r❛t✐♥❣ ❛♥❞ ♣r♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡✳ ❙t❛t❡♠❡♥ts
❛✮✱❜✮✱❝✮ ❛♥❞ ❞✮ ❛r❡ t❤❡♥ ❡❛s✐❧② ❞❡❞✉❝❡❞✳

❘❡♠❛r❦ ✶✳✸✳ ❛✮ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✳✷ ♣❛rt ❝✮✱ ✜♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✶✳✸✮ r❡q✉✐r❡s ✐♥
♣❛rt✐❝✉❧❛r t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❤✐❣❤❧② s✐♥❣✉❧❛r ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✭✶✳✹✮✳

❜✮ ■❢ ❝♦♥❞✐t✐♦♥s ✭✶✳✸❛✮ ❛♥❞ ✭✶✳✸❜✮ ❤♦❧❞✱ ❛♥❞ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐♥ ▲❡♠♠❛ ✶✳✷ ♣❛rt ❝✮ ✐s s❛t✐s✜❡❞✱
t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ ▲❡♠♠❛ ✶✳✷ ♣❛rt ❞✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥

∂tρ̄(t, x) + ∇x · V (t, x) = 0

❢✉r♥✐s❤ ❛ s②st❡♠ ♦❢ t✇♦ ❡q✉❛t✐♦♥s ✭✇❤❡r❡ P ✐s ✜①❡❞✮ t❤❛t t❤❡ ♣❛✐r (ρ̄, V (t, x)) ♠✉st s❛t✐s❢②✳ ❚❤✉s✱
✐♥ t❤❛t s✐t✉❛t✐♦♥ ❛ str❛t❡❣② t♦ ♣r♦✈❡ t❤❛t ✭✶✳✸❝✮ ❛❧s♦ ❤♦❧❞s ✐s t♦ ♣r♦✈❡ t❤❛t t❤✐s s②st❡♠ st❛rt✐♥❣ ❢r♦♠
(0, 0) ❤❛s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ρ̄(t, x) = ∇x ·V (t, x) ≡ 0✳ ❲❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❞♦ t❤✐s ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧
s❡tt✐♥❣ t❤❛t ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r✱ ❞❡❞✉❝✐♥❣ t❤✉s ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✮ ❢r♦♠ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✹✮✳

✷ ▲♦❝❛❧ ❛♥❛❧②t✐❝ ✇❡❧❧✲♣♦s❡❞♥❡ss ✐♥ t❤❡ ✈❛♥✐s❤✐♥❣ ❦✐♥❡t✐❝ ♣♦t❡♥t✐❛❧

❝❛s❡ (β = 0)

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥str✉❝t ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ♥♦♥❧✐♥❡❛r ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧ ✉♣ t♦ s♦♠❡ s♠❛❧❧ t✐♠❡ ❤♦r✐③♦♥ T ✱ ✐♥
t❤❡ ❝❛s❡ β = 0✳ ❯s✐♥❣ t❤❡ ✇❡✐❣❤t❡❞ ❛♥❛❧②t✐❝❛❧ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✵❪ ❛♥❞ ❛ ✜①❡❞ ♣♦✐♥t
❛r❣✉♠❡♥t ❞❡✈❡❧♦♣❡❞ t❤❡r❡✐♥✱ ✇❡ s❤❛❧❧ ❣✐✈❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✺ ❜❡❧♦✇ ❛ ❧♦❝❛❧✲✐♥✲t✐♠❡ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧t ❢♦r
t❤❡ ♥♦♥❧✐♥❡❛r ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥✿




∂tf(t, x, u) + u∂xf(t, x, u) − ∂xP (t, x)∂uf(t, x, u) −

σ2

2
∂2

uf(t, x, u) = 0, ♦♥ (0, T ] × R
2,

f(0, x, u) = f0(x, u), ♦♥ R
2,

✭❱❋P✮

✇❤❡r❡

P (t, x) = −

∫

R

u2f(t, x, u)du, x ∈ R.

◆♦t✐❝❡ t❤❛t ♣❡r✐♦❞✐❝✐t② ✐s ♥♦t ②❡t ✐♠♣♦s❡❞✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ ❈♦r♦❧❧❛r② ✷✳✻ t❤❛t ✐❢ ❛t t = 0 t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭❍✉♥✐❢(t)✮ ❛t t✐♠❡ t ∈ [0, T ]✿

f(t, x, u) ✐s 1 − ♣❡r✐♦❞✐❝ ✐♥ x ❢♦r ❛❧❧ u ∈ R✱∫

R

f(t, x, u)du = 1✱ ❢♦r ❛❧❧ x ∈ T ✭❯♥✐❢♦r♠ ♠❛ss r❡♣❛rt✐t✐♦♥ ✐♥ T✮✱

∂x

∫
R
uf(t, x, u)du = 0✱ ❢♦r ❛❧❧ x ∈ T ✭▼❡❛♥ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ✐♥ T✮✱

t❤❡ ♦❜t❛✐♥❡❞ ❧♦❝❛❧ s♦❧✉t✐♦♥ f(t, x, u) ♦❢ ✭❱❋P✮ ❛ ❢♦rt✐♦r✐ s❛t✐s✜❡s t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❢♦r ❛❧❧ t ∈ [0, T ]✳
❚♦ ❡st❛❜❧✐s❤ t❤❡ ❧❛tt❡r r❡s✉❧t✱ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥❛❧②t✐❝❛❧ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ❛♥❛❧②t✐❝ ♥♦r♠s
✐♥ ❬✶✵❪ ✇✐❧❧ ❛❧s♦ ❜❡ ❢✉♥❞❛♠❡♥t❛❧✳

✺



✷✳✶ ❚❤❡ ♥♦♥❧✐❡♥❛r ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✐♥ ❛♥❛❧②t✐❝ s♣❛❝❡s

❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ✇❤❡r❡ ❛♥ ❡q✉✐✈❛❧❡♥t ✈❡rs✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭❱❋P✮ ✇✐❧❧ ❜❡ st✉❞✐❡❞✳
❆ ❢✉♥❝t✐♦♥ R

2 ∋ (x, u) 7→ ψ(x, u) ∈ R ❤❛✈✐♥❣ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛❧❧ ♦r❞❡r ✐s s❛✐❞ t♦ ❜❡ ❛♥❛❧②t✐❝
✐❢ t❤❡r❡ ❡①✐sts C > 0 ❛♥❞ λ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ k, l ∈ N ‖∂k

x∂
l
uψ‖∞ ≤ Cλk+lk!l!✱ ❢♦r ‖ · ‖∞ t❤❡ ✉♥✐❢♦r♠

♥♦r♠ ♦♥ R
2 ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ 0! = 1✳ ❋♦r s✉❝❤ ❢✉♥❝t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛♥❛❧②t✐❝ ♥♦r♠✿

‖ψ‖λ :=
∑

k,l∈N

λk+l

k!l!

∥∥∂k
x∂

l
uψ
∥∥
∞
.

❲❡ ❢✉rt❤❡r ✐♥tr♦❞✉❝❡ t❤❡ λ✲❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡s❡ ♥♦r♠s ❢♦r ❡❛❝❤ a ∈ N✱

‖ψ‖λ,a :=
da

dλa
‖ψ‖λ =

∑

k+l≥a

(k + l)!

(k + l − a)!

λk+l−a

k!l!

∥∥∂k
x∂

l
uψ
∥∥
∞
.

◆♦t✐❝❡ t❤❛t ‖ψ‖λ,0 = ‖ψ‖λ✳ ❲❡ t❤❡♥ ❞❡✜♥❡

‖ψ‖H,λ :=
∑

a∈N

1

(a!)2
‖ψ‖λ,a, ‖ψ‖ eH,λ :=

∑

a≥1

a2

(a!)2
‖ψ‖λ,a.

▲❛st✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ ♥♦r♠s✿

H(λ) :=
{
ψ ∈ C∞(R2) s✉❝❤ t❤❛t ‖ψ‖H,λ < +∞

}
, ✭✷✳✷❛✮

H̃(λ) :=
{
ψ ∈ C∞(R2) s✉❝❤ t❤❛t ‖ψ‖ eH,λ < +∞

}
. ✭✷✳✷❜✮

❚❤❡ ♥❡①t t✇♦ ❧❡♠♠❛s ❣✐✈❡ s♦♠❡ ✐♥s✐❣❤t ❛❜♦✉t t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡s❡ ♥♦r♠s✱ ❛♥❞ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❧❛t❡r
♦♥✿

▲❡♠♠❛ ✷✳✶✳ ▲❡t v : R
2 → R ♦❢ ❝❧❛ss C∞ ❜❡ s✉❝❤ t❤❛t ‖∂l

x∂
k
uv‖∞ ≤ C(k+m)!(l+n)!

λ
k+l ❢♦r s♦♠❡ C, λ̄ > 0✱

s♦♠❡ m,n, j ∈ N ❛♥❞ ❛❧❧ k, l ≥ j✳

❛✮ ■❢ t❤❡ ♣r❡✈✐♦✉s ❤♦❧❞s ❢♦r j = 0✱ ✭✐♥ ♣❛rt✐❝✉❧❛r ✐❢ ‖v‖λ,0 < +∞✮✱ t❤❡♥ v ∈ H(λ) ❢♦r ❛❧❧ λ ∈ [0, λ)✳

❜✮ ■❢ t❤❡ ♣r❡✈✐♦✉s ❤♦❧❞s ❢♦r j = 1✱ ✭✐♥ ♣❛rt✐❝✉❧❛r ✐❢ ‖v‖λ,1 < +∞✮✱ t❤❡♥ v ∈ H̃(λ) ❢♦r ❛❧❧ λ ∈ [0, λ)✳

Pr♦♦❢✳ ❋♦r a ≥ j ❛♥❞ λ ∈ [0, λ) ✇❡ ♦❜t❛✐♥ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t

da

dλa
‖v‖λ,0 ≤

C

λ
a

∑

k+l≥a

(k + l)!(k +m)!(l + n)!

k!l!(k + l − a)!

(
λ/λ

)(k+l−a)

=
C

λ
a

∑

k+l≥a+m+n,k≥m,l≥n

(k + l − (m+ n))!k!l!

(k −m)!(l − n)!(k + l − (a+m+ n))!

(
λ/λ

)(k+l−(a+m+n))

❝❤❛♥❣✐♥❣ ✐♥❞❡①❡s k+m t♦ k ❛♥❞ l+n t♦ l✳ ❙✐♥❝❡ (k+l−(m+n))!k!l!
(k−m)!(l−n)!(k+l)! ≤ 1 ❢♦r k ≥ m, l ≥ n✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

da

dλa
‖v‖λ,0 ≤

C

λ
a

∑

k+l≥a+m+n

(k + l)!

(k + l − (a+m+ n))!

(
λ/λ

)(k+l−(a+m+n))
=

C

λ
a


 da+m+n

dra+m+n



∑

k,l∈N

rk+l





∣∣∣∣
r=λ/λ

.

❖❜s❡r✈✐♥❣ t❤❛t ❢♦r r ∈ [0, 1)✱
∑

k,l∈N
rk+l = (

∑
j∈N

rj)2 = 1
(1−r)2 ❛♥❞ | da

dra
1

(1−r)2 | ≤ (1 + a)!✱ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t

‖v‖H,λ =

∞∑

a=0

1

(a!)2
da

dλa
‖v‖λ,0 ≤ C

∞∑

a=0

1

λ
a

(a+ 1) · · · (a+m+ n+ 1)

a!
< +∞ ❛♥❞

‖v‖ eH,λ =

∞∑

a=1

a2

(a!)2
da

dλa
‖v‖λ,0 ≤ C

∞∑

a=0

1

λ
a

(a+ 1) · · · (a+m+ n+ 2)

a!
< +∞.

✻



▲❡♠♠❛ ✷✳✷✳ ▲❡t ψ ❜❡ ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ R
2✳ ❚❤❡♥✿

✭✐✮ ❋♦r ❡❛❝❤ a ∈ N ♦♥❡ ❤❛s ‖ψ‖λ,a+1 = ‖∂xψ‖λ,a + ‖∂uψ‖λ,a. ❲❡ ❞❡❞✉❝❡ t❤❛t

‖ψ‖ eH,λ = ‖∂xψ‖H,λ + ‖∂uψ‖H,λ.

✭✐✐✮ ▼♦r❡♦✈❡r✱
d

dλ
‖ψ‖H,λ = ‖ψ‖ eH,λ.

✭✐✐✐✮ ▲❛st✱ ❢♦r ❛♥② ♣❛✐r ψ1, ψ2 ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ R
2

‖ψ1ψ2‖λ ≤ ‖ψ1‖λ‖ψ2‖λ.

Pr♦♦❢✳ ✭✐✮✳ ❚❤❡ ✜rst ✐❞❡♥t✐t② ❢♦❧❧♦✇s ❢r♦♠

‖ψ‖λ,a+1 =
da+1

dλa+1
‖ψ‖λ,0 =

∑

m+l≥a+1

(m+ l) · · · (m+ l − a− 1)λm+l−a−1

m!l!
‖∂m

x ∂
l
uψ‖∞

=
∑

m+l≥a+1,l≥1

(m+ l − 1) · · · (m− a+ l − 1)λm−a+l−1

m!(l − 1)!
‖∂m

x ∂
l
uψ‖∞

+
∑

m+l≥a+1,m≥1

(m− 1 + l) · · · (l − a+m− 1)λl−a+m−1

(m− 1)!l!
‖∂m

x ∂
l
uψ‖∞,

❜② r❡s♣❡❝t✐✈❡❧② ❝❤❛♥❣✐♥❣ t❤❡ ✐♥❞❡①❡s l t♦ l + 1 ❛♥❞ m t♦ m + 1 ✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ s✉♠s ✐♥ t❤❡

❧❛st ❡①♣r❡ss✐♦♥✳ ▼✉❧t✐♣❧②✐♥❣ ❜② a2

(a!)2 ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s❧② ❡st❛❜❧✐s❤❡❞ ✐❞❡♥t✐t② ❛♥❞ s✉♠♠✐♥❣ t❤❡

r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥s ♦✈❡r a ≥ 1 ②✐❡❧❞s t❤❡ ✐❞❡♥t✐t② ❢♦r ‖ψ‖ eH,λ✳ ✭✐✐✮ r❡❛❞✐❧② ❢♦❧❧♦✇s ❢r♦♠

d

dλ
‖ψ‖H,λ =

d

dλ

∑

a∈N

1

(a!)2
‖ψ‖λ,0 =

∑

a∈N

1

(a!)2
‖ψ‖λ,a+1 =

∑

a≥1

1

((a− 1)!)2
‖ψ‖λ,a =

∑

a≥1

a2

(a!)2
‖ψ‖λ,a = ‖ψ‖ eH,λ.

❋✐♥❛❧❧②✱ s✐♥❝❡ ‖∂k
x∂

l
u (ψ1ψ2) ‖∞ ≤

∑k
r=0

∑l
n=0 C

r
kC

n
l ‖∂

r
x∂

n
uψ1‖∞‖∂k−r

x ∂l−n
u ψ2‖∞✱ ✇❡ ❤❛✈❡

‖ψ1ψ2‖λ,0 =
∑

k,l∈N

λk+l

k!l!
‖∂k

x∂
l
u (ψ1ψ2) ‖∞ ≤

∑

r,n∈N

‖∂r
x∂

n
uψ1‖∞

∑

k≥r

∑

l≥n

Cr
kC

n
l λ

k+l

k!l!
‖∂k−r

x ∂l−n
u ψ2‖∞

≤
∑

r,n∈N

λr+n

r!n!
‖∂r

x∂
n
uψ1‖∞

∑

k≥r

∑

l≥n

λ(k−r)+(l−n)

(k − r)!(l − n)!
‖∂k−r

x ∂l−n
u ψ2‖∞

✇❤✐❝❤ ♣r♦✈✐❞❡s ✭✐✐✐✮ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✐♥❞❡①❡s k t♦ k + r ❛♥❞ l t♦ l + n ✐♥ t❤❡ ✐♥♥❡r s✉♠s✳

❲❡ ♥♦✇ ♦❜s❡r✈❡ t❤❛t ✜♥✐t❡♥❡ss ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ♥♦r♠ ♦❢ ❛ s♦❧✉t✐♦♥ f t♦ ✭❱❋P✮ ✐s ♥♦t ❡♥♦✉❣❤ t♦
♣r♦✈✐❞❡ ❛ ❝♦♥tr♦❧ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ (t, x) 7→

∫
R
u2f(t, x, u)du✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ✐♥tr♦❞✉❝❡ ❛ ✇❡✐❣❤t

❢✉♥❝t✐♦♥ ✐♥t❡♥❞❡❞ t♦ tr✉♥❝❛t❡ t❤❡ ✈❡❧♦❝✐t② st❛t❡ s♣❛❝❡ ✐♥ ❛ s✉✐t❛❜❧❡ s❡♥s❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ss✉♠❡ t❤❛t
f : [0, T ] × R

2 → R ✐s ❛ C1,∞ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭❱❋P✮ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛❧❧ ♦r❞❡r✱ ❛♥❞ s❡t

g(t, x, u) := ω(u)f(t, x, u), ✭✷✳✸✮

✇❤❡r❡ ω : R → (0,+∞) ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t
∫

R

u2

ω(u)du < +∞. ❚❤❡♥✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ✈❡❧♦❝✐t②

♠♦♠❡♥ts ♦❢ f ✐s ❡❛s✐❧② ❝♦♥tr♦❧❧❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♦❢ g✿

sup
(t,x)∈[0,T ]×R

∣∣∣∣∂
k
x

∫

R

|u|2f(t, x, u) du

∣∣∣∣ = sup
(t,x)∈[0,T ]×R

∣∣∣∣
∫

R

|u|2

ω(u)
∂k

xg(t, x, u) du

∣∣∣∣

≤ sup
(t,x,u)∈[0,T ]×R2

∣∣∂k
xg(t, x, u)

∣∣
∫

R

u2

ω(u)
du.

✼



▼♦r❡♦✈❡r✱ s✐♥❝❡ ∂uf = ∂ug − g(∂u lnω) ❛♥❞ ω∂2
uf = ∂2

ug − 2(∂u ln(ω))(∂ug) + g( 2|∂uω|2

ω2 − ∂2
uω
ω )✱ t❤❡

❢✉♥❝t✐♦♥ g ❞❡✜♥❡❞ ✐♥ ✭✷✳✸✮ ✐s s❡❡♥ t♦ s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥





∂tg(t, x, u) + u∂xg(t, x, u) − [∂xP (t, x) − ∂u(lnω(u))] ∂ug(t, x, u) −
σ2

2
∂2

ug(t, x, u)

= ∂xP (t, x)∂u(lnω(u))g(t, x, u) − g(t, x, u)h(u), ♦♥ 0, T ] × R
2,

P (t, x) = −

∫

R

u2

ω(u)
g(t, x, u)du, h(u) :=

∂2
uω(u)

2ω(u)
− |∂u ln(ω(u))|2

g(0, x, u) = g0(x, u), ♦♥ R
2;

✭❱❋Pω✮

r❡❝✐♣r♦❝❛❧❧②✱ ❣✐✈❡♥ ❛ s♦❧✉t✐♦♥ g t♦ ✭❱❋Pω✮✱ t❤❡ ❢✉♥❝t✐♦♥ f ❞❡✜♥❡❞ ❜② ✭✷✳✸✮ ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭❱❋P✮✳
■♥ ❛❧❧ t❤❡ s❡q✉❡❧✱ ✇❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t ω : R → (0,+∞) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss C∞ s✉❝❤ t❤❛t

✭❍ω✮ lim
|u|→+∞

ω(u)

u
= +∞ ❛♥❞

∫

R

u2

ω(u)
du = 1✳

lim sup
|u|→∞

∣∣ω
′(u)

ω(u)

∣∣ <∞✱ lim sup|u|→∞

∣∣ω′′(u)
ω′(u)

∣∣ <∞✳

▼♦r❡♦✈❡r✱ u 7→ ln(ω(u)) ∈ H̃(λ0) ❛♥❞ u 7→ h(u) ∈ H(λ0) ❢♦r s♦♠❡ λ0 > 0✳

❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❤❛✈❡

▲❡♠♠❛ ✷✳✸✳ ❋♦r ❛♥② s > 3✱ ✭❍ω✮❤♦❧❞s ❢♦r t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω(u) := c(s)(1 + u2)
s
2 ✱ ✇❤❡r❡ c(s) ✐s t❤❡

♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t s✉❝❤ t❤❛t
∫

R

u2

ω(u) du = 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✭❍ω✮❤♦❧❞s ❢♦r ❡✈❡r② λ0 ∈ (0, 1
4 )✳

❚❤❡ ♣r♦♦❢ t❤❛t ω ❛s ✐♥ ▲❡♠♠❛ ✷✳✸ s❛t✐s✜❡s ✭❍ω✮r❡❧✐❡s ♦♥ ▲❡♠♠❛ ✷✳✶✱ ❛♥❞ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✶✳
❈♦♥❞✐t✐♦♥ ✭✷✳✺✮ ♦♥ f0✱ ✐♥tr♦❞✉❝❡❞ ♥❡①t✱ ♣r♦✈✐❞❡s tr❛❝t❛❜❧❡ ❜♦✉♥❞s ♦♥ t❤❡ ❛♥❛❧②t✐❝ ♥♦r♠s ♦❢ g0 t❤❛t ✇✐❧❧
❜❡ r❡q✉✐r❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ❡q✉❛t✐♦♥ ✭❱❋Pω✮✿

❘❡♠❛r❦ ✷✳✹✳ ❋♦r t❤❡ ❝❤♦✐❝❡ ω(u) = c(1 + u2)
s
2 ✇✐t❤ s ❛♥ ❡✈❡♥ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ❜② ✐♥t❡r❝❤❛♥❣✐♥❣ t❤❡

s✉♠s ♦✈❡r a ❛♥❞ j ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ∂n
uω = 0 ❢♦r ❛❧❧ n > s✱ ♦♥❡ ❤❛s

‖g0‖H,λ =
∑

a∈N

1

(a!)2

a∑

j=0

a!

j!(a− j)!

∑

n≥a−j

λn−(a−j)

n− (a− j)!

∑

k+l≥j

λk+l−j(k + l)!

k!l!(k + l − j)!
‖∂n

uω∂
l
u∂

k
xf0‖∞

≤ κ(s)
∑

j∈N

1

(j!)2

∑

k+l≥j

λk+l−j(k + l)!

k!l!(k + l − j)!
‖(1 + u2)

s
2 ∂l

u∂
k
xf0‖∞



∑

a≥j

j!

a!(a− j)!

s∑

n=a−j

λn−(a−j)

(n− (a− j))




✇❤❡r❡ κ(s) > 0 ✐s ❛ ❜♦✉♥❞ ❢♦r t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ω, ∂uω, . . . , ∂
s
uω✱

❛♥❞ t❤❡ t❡r♠ ✐♥ ♣❛r❡♥t❤❡s❡s ✐s ❜♦✉♥❞❡❞ ❜② exp(1+λ)✳ ❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✱ ✇❡ s❡❡ t❤❛t

∃C0 > 0, m, n ∈ N s✉❝❤ t❤❛t✿ ‖(1 + u2)
s
2 ∂l

x∂
k
uf0‖∞ ≤

C0(k +m)!(l + n)!

λ
k+l

∀k, l ≥ 0, ✭✷✳✺✮

✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r g0 t♦ ❜❡❧♦♥❣ t♦ H(λ) ❢♦r ❛❧❧ λ ∈ [0, λ̄) ❛♥❞ t♦ ❞❡❞✉❝❡ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ♥♦r♠✿

‖g0‖H,λ ≤ C0κ(s) exp(1 + λ)
∑

a∈N

1
λ

a
(a+1)···(a+m+n+1)

a! ✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥

‖g0‖ eH,λ ≤ κ(s)
∑

j∈N

j2

(j!)2

∑

k+l≥j

λk+l−j(k + l)!

k!l!(k + l − j)!
‖(1+u2)

s
2 ∂l

u∂
k
xf0‖∞



∑

a≥j

a2j!

j2a!(a− j)!

s∑

n=a−j

λn−(a−j)

(n− (a− j))


 ,

✇❤❡r❡ t❤❡ ✜rst s✉♠ ✐♥ ♣❛r❡♥t❤❡s❡s ❝❛♥ ❜❡ s❡❡♥ t♦ ❜❡ ❜♦✉♥❞❡❞ ❜② 1
j

∑
a∈N

a+j
a! ≤ 2e✱ ❛♥❞ ✇❡ s❡❡ t❤❛t ❝♦♥❞✐✲

t✐♦♥ ✭✷✳✺✮ ✐♠♣❧✐❡s ❛❧s♦ t❤❛t g0 ∈ H̃(λ) ❢♦r ❛❧❧ λ ∈ [0, λ̄)✱ ✇✐t❤ ‖g0‖ eH,λ ≤ 2C0κ(s) exp(1+λ)
∑

a∈N

1
λ

a
(a+1)···(a+m+n+2)

a! ✳

✽



✷✳✷ ▼❛✐♥ r❡s✉❧ts

●✐✈❡♥ K,T ❛♥❞ λ0 str✐❝t❧② ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs s✉❝❤ t❤❛t λ0 > T (1 +K)✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥

λ(t) := λ0 − (1 +K)t,

✇❡ ♥♦✇ ❞❡✜♥❡ t❤❡ s♣❛❝❡s

Hλ0,K,T :=

{
ψ ∈ C1,∞([0, T ] × R

2) s✉❝❤ t❤❛t sup
t∈[0,T ]

‖ψ(t)‖H,λ(t) < +∞

}
,

H̃λ0,K,T :=

{
ψ ∈ C1,∞([0, T ] × R

2) s✉❝❤ t❤❛t

∫ T

0

‖ψ(t)‖ eH,λ(t)dt < +∞

}

❛♥❞ t❤❡✐r ❜♦✉♥❞❡❞ s✉❜s❡ts ❞❡✜♥❡❞ ❢♦r ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t M ✿

BM
λ0,K,T :=

{
ψ ∈ Hλ0,K,T s✉❝❤ t❤❛t sup

t∈[0,T ]

‖ψ(t)‖H,λ(t) ≤M

}
,

B̃M
λ0,K,T :=

{
ψ ∈ H̃λ0,K,T s✉❝❤ t❤❛t

∫ T

0

‖ψ(t)‖ eH,λ(t)dt ≤M

}
.

❲❡ ❛r❡ r❡❛❞② t♦ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✿

❚❤❡♦r❡♠ ✷✳✺✳ ▲❡t λ0,M, T ❜❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ ω : R → (0,+∞) ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss C∞

s❛t✐s❢②✐♥❣ ✭❍ω✮✳ ■♥tr♦❞✉❝❡ t❤❡ ✜♥✐t❡ ❝♦♥st❛♥ts γ0 := ‖ ln(ω)‖ eH,λ0
❛♥❞ γ1 := ‖h‖H,λ0

❛♥❞ ❛ss✉♠❡ t❤❛t

❛✮ T < λ0

2+λ0+4γ0
✱

❜✮ M ≤ 1
16 (K − λ0 − 4γ0 − 1) ❢♦r s♦♠❡ K ✐♥ t❤❡ ♥♦♥❡♠♣t② ✐♥t❡r✈❛❧ (1 + λ0 + 4γ0,

λ0

T − 1) ❛♥❞

❝✮ M(1 + γ0) exp{(Mγ0 + γ1)T} < 1✳

❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t f0 : R
2 → R ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss C∞ ❛♥❞ t❤❛t g0(x, u) := ω(u)f0(x, u) s❛t✐s✜❡s

❞✮ max{‖g0‖H,λ0
, T‖g0‖ eH,λ0

} ≤M ❛♥❞

❡✮ ‖g0‖H,λ0
exp(T (γ1 + 16γ0)) ≤M exp(−(16 + γ0)M)✳

❚❤❡♥✱ ❡q✉❛t✐♦♥ ✭❱❋Pω✮ ❤❛s ❛ ✉♥✐q✉❡ s♠♦♦t❤ s♦❧✉t✐♦♥ g ∈ BM
λ0,K,T ∩ B̃M

λ0,K,T ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉♥❞❡r t❤❡

♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s✱ ❛ s♦❧✉t✐♦♥ f ∈ C1,∞ t♦ ✭❱❋P✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ f0 ❡①✐sts✳

❈♦r♦❧❧❛r② ✷✳✻✳ ▲❡t f ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭❱❋P✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✺ ❛♥❞ ❛ss✉♠❡ t❤❛t ✭❍✉♥✐❢(0)✮ ❤♦❧❞s✳
❚❤❡♥✱ f(t, x, u) s❛t✐s✜❡s ✭❍✉♥✐❢(t)✮✱ ❢♦r ❛❧❧ t ✐♥ [0, T ]✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ss✉♠❡ ✭❍✉♥✐❢(0)✮ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡
❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✺✱ t❤❡♥ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✮ ✇✐t❤ β = 0 ❡①✐sts✳

❘❡♠❛r❦ ✷✳✼✳ ❯s✐♥❣ ▲❡♠♠❛ ✷✳✸✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t ✐❢ f0 ∈ C∞ ❛♥❞ λ1 > 0 ❛r❡ s✉❝❤ t❤❛t g0 ∈
H(λ1) ∩ H̃(λ1) ❛♥❞ ‖g0‖H,λ1

< 1
2(1+‖ ln(ω)‖fH,λ2

) ❢♦r s♦♠❡ λ2 ∈ (0, 1
4 )✱ ✇❤❡r❡ ω(u) = c(1 + u2)

s
2 ❢♦r

s♦♠❡ s > 3 ❛♥❞ t❤❡ s✉✐t❛❜❧❡ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t c > 0✱ t❤❡♥ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ❤♦❧❞s ❢♦r
λ0 := min{λ1, λ2}✱ M = 2‖g0‖H,λ0

❛♥❞ K := 32‖g0‖H,λ0
+ λ0 + 4γ0 + 1✱ ❛s s♦♦♥ ❛s

T < min

{
λ0

2 + λ0 + 4γ0
,

λ0

32‖g0‖H,λ0
+ λ0 + 4γ0 + 1

,
2‖g0‖H,λ0

‖g0‖ eH,λ0

,−
ln(2(1 + γ0))‖g0‖H,λ0

)

2γ0‖g0‖H,λ0
+ γ1

,
ln 2 − 2(16 + γ0)‖g0‖H,λ0

γ1 + 16γ0

}
,

❛❧❧ ✜✈❡ t❡r♠s ✐♥ t❤❡ ❜r❛❝❦❡t ❜❡✐♥❣ str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥ t❤✐s ❝❛s❡✳ ▼♦r❡♦✈❡r✱ ✐❢ ✭✷✳✺✮ ❤♦❧❞s✱ t❤❛♥❦s t♦
❘❡♠❛r❦ ✷✳✹ ❡①♣❧✐❝✐t ❝♦♥❞✐t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C0 ❛♥❞ λ̄ ❝❛♥ ❜❡ ❣✐✈❡♥ ✐♥ ♦r❞❡r
t❤❛t ❝♦♥❞✐t✐♦♥s ❞✮ ❛♥❞ ❡✮ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ❛r❡ s❛t✐s✜❡❞✳ ■♥ t❤❛t ❝❛s❡ ✐t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ❡①❤✐❜✐t✱ ❢♦r ❡❛❝❤
r❡❛❧ ♥✉♠❜❡r λ̄ > 0 ❛♥❞ ❡✈❡♥ ✐♥t❡❣❡r s ≥ 4✱ ❛ ❝♦♥st❛♥t κ0 = κ0(λ̄, s) ❛♥❞ ❛ ❢✉♥❝t✐♦♥ C0 7→ κ1(C0, λ̄, s) s✉❝❤
t❤❛t t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ❤♦❧❞s ❢♦r ❡✈❡r② f0 ❛♥❞ T > 0 s✉❝❤ t❤❛t ✭✷✳✺✮ ❤♦❧❞s ✇✐t❤ C0 < κ0(λ̄, s)
❛♥❞ t❤❛t T < κ1(C0, λ̄, s)✳

✾



❚❤❡ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✜rst ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ ✐♥ ❙❡❝t✐♦♥ ✷✳✸ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ t♦ ❛ s✉✐t❛❜❧❡ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ ✭❱❋P✮ ✐♥ ❛ s♠❛❧❧ t✐♠❡ ✐♥t❡r✈❛❧✱ ❛❧♦♥❣
✇✐t❤ ✉s❡❢✉❧ ❡st✐♠❛t❡s✳ ❚❤❡♥✱ ✉♥❞❡r ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts ✇❡ ❝♦♥str✉❝t ✐♥ ❙❡❝t✐♦♥ ✷✳✹ ❛ s♦❧✉t✐♦♥ t♦ t❤❡
♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥ ✭❱❋P✮ ❜② ♠❡❛♥s ♦❢ ❛ ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t✳

❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣✱ ❧❡t ✉s ♣r♦✈❡ ❈♦r♦❧❧❛r② ✷✳✻✿

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✻✳ P❡r✐♦❞✐❝✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞
❡♠♣❧♦②❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ✭s❡❡ r❡♠❛r❦ ✷✳✶✻ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✮✳

◆♦✇✱ t❤❛♥❦s t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ω ❛♥❞ t❤❡ ❢❛❝t t❤❛t f(t, x, u)ω(u) ❜❡❧♦♥❣s t♦ H(λ(t)) ❢♦r ❡❛❝❤
t ∈ [0, T ]✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✶✳✷ ❛r❡ s❛t✐s✜❡❞ ✭✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ✐♥t❡❣r❛❧s

∫
R
u∂2

uf(t, x, u)du =∫
R
∂uf(t, x, u)du =

∫
R
∂2

uf(t, x, u)du ❡①✐st ❛♥❞ ✈❛♥✐s❤❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡
∫

R
u∂uf(t, x, u)du = −

∫
R
f(t, x, u)du✮✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s ✈❡r✐✜❡❞✿ ❢♦r ❛❧❧ (t, x) ∈ (0, T ] × R✱

{
∂tρ(t, x) = −∂xV (t, x),

∂t(∂xV (t, x)) = −∂x(ρ(t, x)∂xP (t, x)),

✇❤❡r❡ ρ(t, x) := ρ(t, x)−1 =
∫

R
f(t, x, u)du−1✱ V (t, x) :=

∫
R
uf(t, x, u) du ❛♥❞ P (t, x) = −

∫
R
u2f(t, x, u) du✳

❋r♦♠ t❤❡ ❧❛tt❡r ❛♥❞ ❢r♦♠ ▲❡♠♠❛ ✷✳✷✲✭✐✐✐✮✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❡❛❝❤ λ ∈ [0, λ0)✱

{
∂t‖ρ(t)‖λ ≤ ‖∂xV (t)‖λ,

∂t‖∂xV (t)‖λ ≤ ‖∂xP (t)‖λ‖∂xρ(t)‖λ + ‖∂2
xP (t)‖λ‖ρ(t)‖λ.

✭✷✳✻✮

❙✐♥❝❡ ‖∂xρ(t)‖λ = d
dλ‖ρ(t)‖λ ❜② ▲❡♠♠❛ ✷✳✷✲✭✐✐✮✱ ✭✷✳✻✮ r❡✇r✐t❡s ❛s

{
∂tA(t, λ) ≤ B(t, λ),

∂tB(t, λ) ≤ ‖∂xP (t)‖λ∂λA(t, λ) + ‖∂2
xP (t))‖λA(t, λ),

❢♦r A(t, λ) := ‖ρ(t)‖λ ❛♥❞ B(t, λ) := ‖∂xV (t)‖λ✳ ❙✐♥❝❡ t 7→ λ(t) ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✷✳✺✱

P ∈ BM
λ0,K,T ∩ B̃M

λ0,K,T ✱ ✇❡ ❤❛✈❡

‖∂xP (t)‖λ(T ) ≤ ‖∂xP (t)‖λ(t) ≤ max
t∈[0,T ]

‖P (t)‖H,λ(t) ≤M,

‖∂2
xP (t)‖λ(T ) ≤ ‖∂2

xP (t)‖λ(t) ≤ 4 max
t∈[0,T ]

‖P (t)‖H,λ(t) ≤ 4M.

❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ λ ∈ [0, λ(T )]✱ t ∈ [0, T ]✱

{
∂tA(t, λ) ≤ B(t, λ),

∂tB(t, λ) ≤M∂λA(t, λ) + 4MA(t, λ).
✭✷✳✼✮

▲❡t ✉s ♥♦✇ s❡t Y(t, λ) := A(t, λ)+bB(t, λ) ✇❤❡r❡ b ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t t❤❛t ✇❡ ✇✐❧❧ s♣❡❝✐❢② ❧❛t❡r✳ ❋r♦♠
✭✷✳✼✮ ✇❡ ♦❜t❛✐♥

∂tY(t, λ) ≤ B(t, λ) + 4bMA(t, λ) + bM∂λA(t, λ) ≤ (1 ∨ 4bM)Y(t, λ) + bM∂λY(t, λ).

❚❤❛t ✐s✱ ✇✐t❤ b2 := bM > 0 ❛♥❞ b1 := (1 ∨ 4bM) > 0✱ ✐t ❤♦❧❞s t❤❛t

∂tY(t, λ) ≤ b1Y(t, λ) + b2∂λY(t, λ), ∀t ∈ [0, T ], ∀λ ∈ [0, λ(T )).

❲❡ ♥♦✇ ♦❜s❡r✈❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ t 7→ Y(t, γ(t)) ✇✐t❤ γ(t) := λ(T ) − b2t ✐s ❝♦♥st❛♥t ❢♦r ❛❧❧ t ∈ [0, λ(T )
b2

)✳
■♥❞❡❡❞✱ ✇❡ ❤❛✈❡

∂tY(t, γ(t)) = (∂tY)(t, γ(t)) − b2∂λY(t, γ(t)) ≤ b1Y(t, γ(t)),

❛♥❞ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛✱ t♦❣❡t❤❡r ✇✐t❤ ❛ss✉♠♣t✐♦♥ ✭❍✉♥✐❢(0)✮ ✐♠♣❧②✐♥❣ t❤❛t Y(0, λ) = 0 ❢♦r ❛❧❧ ♥♦♥ ♥❡❣❛t✐✈❡

λ✱ ②✐❡❧❞ Y(t, γ(t)) = 0 ❢♦r ❛❧❧ t ∈ [0, λ(T )
b2

)✳ ❚❤✐s s❤♦✇s t❤❛t ρ(t, x) = |∂xV (t, x)| = 0 ❢♦r ❛❧❧ t ∈ [0, λ(T )
b2

)✳
❈❤♦♦s✐♥❣ b = λ(T )/(MT )✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ r❡s✉❧t✱ ✉s✐♥❣ ❛❧s♦ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞s ❛✈❛✐❧❛❜❧❡ ✉♣ t♦ t✐♠❡
t = T ✳

✶✵



✷✳✸ ❚❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥

❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥





∂tg(t, x, u) + u∂xg(t, x, u) − (∂xQ(t, x) − ∂u(lnω(u))) ∂ug(t, x, u) −
σ2

2
∂2

ug(t, x, u)

= ∂xQ(t, x)∂u(lnω(u))g(t, x, u) + g(t, x, u)h(u), ♦♥ (0, T ) × R
2,

g(0, x, u) = g0(x, u) := ω(u)f0(x, u), ♦♥ R
2,

✭❋Pω✮

✇❤❡r❡ Q : [0, T ] × R → R ✐s ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥✱ ✇✐t❤ ✉♥✐❢♦r♠❧② ✐♥ t ∈ [0, T ] ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛❧❧
♦r❞❡r ✐♥ x ∈ R✳ ❊q✉❛t✐♦♥ ✭❋Pω✮ ✐s ❡❛s✐❧② s❡❡♥ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t✱ t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥ ✭✷✳✸✮✱ t♦ t❤❡ ❧✐♥❡❛r
✈❡rs✐♦♥ ♦❢ ✭❱❋P✮✿




∂tf(t, x, u) + u∂xf(t, x, u) − ∂xQ(t, x)∂uf(t, x, u) −

σ2

2
∂2

uf(t, x, u) = 0, ♦♥ (0, T ) × R
2

f(0, x, u) = f0(x, u), ♦♥ × R
2.

✭❋P✮

❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ C∞✲s♦❧✉t✐♦♥ t♦ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✐s r❡❝❛❧❧❡❞ ✐♥ ❚❤❡♦r❡♠ ❆✳✶ ✐♥
❆♣♣❡♥❞✐① ❆✳✷✳ ❲❡ ♥❡①t ♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ g t♦ ✭❋Pω✮ ✐s ✐♥❞❡❡❞ ❛♥❛❧②t✐❝ ✇❤❡♥❡✈❡r t❤❡ ✐♥♣✉ts g0
❛♥❞ Q ❤❛✈❡ s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❛❧②t✐❝ ♥♦r♠s ❛♥❞ t❤❡ t✐♠❡ ❤♦r✐③♦♥ T > 0 ✐s s♠❛❧❧ ❡♥♦✉❣❤✿

❚❤❡♦r❡♠ ✷✳✽✳ ❆ss✉♠❡ t❤❛t ❢♦r s♦♠❡ λ0 > 0 ✭❍ω✮❤♦❧❞s✱ ❛♥❞ t❤❛t g0 : R
2 → R ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss C∞

s✉❝❤ t❤❛t ‖g0‖H,λ0
< +∞. ❋♦r γ0 ❛♥❞ γ1 ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✺✱ ❧❡t T > 0 ❛♥❞ M1❃✵ ❜❡ ❛ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞

❛ ❝♦♥st❛♥t s❛t✐s❢②✐♥❣

❛✮ T < λ0

2+λ0+4γ0
❛♥❞

❜✮ M1 ≤ 1
16 (K − λ0 − 4γ0 − 1) ❢♦r s♦♠❡ K ✐♥ t❤❡ ♥♦♥❡♠♣t② s❡t (1 + λ0 + 4γ0,

λ0

T − 1)✳

❚❤❡♥✱ ❢♦r ❛♥② M2 > 0 ❛♥❞ Q ∈ BM1

λ0,K,T ∩ B̃M2

λ0,K,T ✱ ❡q✉❛t✐♦♥ ✭❋Pω✮ ❤❛s ❛ s♦❧✉t✐♦♥ g ♦❢ ❝❧❛ss C1,∞ s✉❝❤
t❤❛t

g ∈ BM̂
λ0,K,T ∩ B̃M̂

λ0,K,T

✇❤❡r❡ M̂ = ‖g0‖H,λ0
exp {T (γ1 + 16γ0) + (16 + γ0)M2}✳

■♥ t❤❡ ♣r♦♦❢ ✇❡ ♥❡❡❞ t♦ ❞❡❛❧ ✇✐t❤ tr✉♥❝❛t❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ❛♥❛❧②t✐❝ ♥♦r♠s ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞✳
❋♦r ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ ψ ♦❢ ❝❧❛ss C∞ ❛♥❞ ❛ ✜①❡❞ A ∈ N✱ s❡t

A := {0, · · · , A}, ‖ψ‖λ;A :=
∑

k,l∈A

λk+l

k!l!

∥∥∂k
x∂

l
uψ
∥∥
∞
,

‖ψ‖λ,a;A :=
da

dλa
‖ψ‖λ;A =

∑

k,l∈A;k+l≥a

(k + l)!

(k + l − a)!

λk+l−a

k!l!

∥∥∂k
x∂

l
uψ
∥∥
∞
,

‖ψ‖H,λ;A :=
∑

a∈A

1

(a!)2
‖ψ‖λ,a;A, ‖ψ‖ eH,λ;A :=

∑

a∈A

a2

(a!)2
‖ψ‖λ,a;A.

❯s✐♥❣ ❛ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❢♦r ❦✐♥❡t✐❝ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥✱ st❛t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✱ ✇❡ st❛rt
t❤❡ ♣r♦♦❢ ❜② ❡st❛❜❧✐s❤✐♥❣ ❡st✐♠❛t❡s ❢♦r t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦r♠s ‖g(t)‖H,λ(t);A ❛♥❞ ‖g(t)‖ eH,λ(t);A

❛❧♦♥❣ ❛ s♦❧✉t✐♦♥ g ♦❢ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✭❋Pω✮✱ ✐♥ t❡r♠s ♦❢ ‖Q(t)‖H,λ(t)✱ ‖∂u ln(ω)‖H,λ(t)✱ ‖h‖ eH,λ(t) ❛♥❞

‖Q(t)‖ eH,λ(t)✳

✶✶



✷✳✸✳✶ ❘❡❣✉❧❛r✐t② ❡st✐♠❛t❡s

▲❡t g ❜❡ ❛ s♠♦♦t❤ s♦❧✉t✐♦♥ t♦ ✭❋Pω✮✳ ❖❜s❡r✈❡ t❤❛t

∂k
x∂

l
u(u∂xg(t, x, u)) =

l∑

n=0

Cn
l (∂n

uu)(∂
k+1
x ∂l−

u g(t, x, u)) = u∂k+1
x ∂l

ug(t, x, u) + l∂k+1
x ∂l−1

u g(t, x, u),

∂k
x∂

l
u(∂xQ(t, x)∂ug(t, x, u)) =

k∑

m=0

Cm
k (∂m+1

x Q(t, x))(∂k−m
x ∂l+1

u g(t, x, u))

= ∂xQ(t, x)∂k
x∂

l+1
u g(t, x, u) + ✶✶{k≥1}

k−1∑

m=0

Cm
k ∂

k−m+1
x Q(t, x)∂m

x ∂
l+1
u g(t, x, u),

∂k
x∂

l
u (∂u ln(ω(u))∂ug(t, x, u)) =

l∑

n=0

Cn
l ∂

l−n+1
u ln(ω(u))∂n+1

u ∂k
xg(t, x, u)

= ∂u lnω(u)∂l+1
u ∂k

xg(t, x, u) + ✶✶{l≥1}

l−1∑

n=0

Cn
l ∂

l−n+1
u lnω(u) ∂n+1

u ∂k
xg(t, x, u),

∂k
x∂

l
u (∂xQ(t, x)∂u ln(ω(u))g(t, x, u)) =

l∑

n=0

k∑

m=0

Cn
l C

m
k ∂

k−m+1
x Q(t, x) ∂l−n+1

u lnω(u) ∂m
x ∂

n
ug(t, x, u),

∂k
x∂

l
u(g(t, x, u)h(u)) =

l∑

n=0

Cn
l ∂

k
x∂

n
ug(t, x, u) ∂

l−n
u h(u).

❇② ❛♣♣❧②✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ∂k
x∂

l
u t♦ ✭❋Pω✮✱ ✇❡ ❞❡❞✉❝❡✱t❤❛t

∂t(∂
k
x∂

l
ug(t, x, u)) + u∂x(∂k

x∂
l
ug(t, x, u)) − (∂xQ(t, x) − ∂u lnω(u)) ∂u(∂k

x∂
l
ug(t, x, u)) −

σ2

2
∂2

u(∂k
x∂

l
ug(t, x, u))

= −l∂k+1
x ∂l−1

u g(t, x, u)✶✶{l≥1} + ✶✶{k≥1}

k−1∑

m=0

Cm
k ∂

k−m
x ∂xQ(t, x) ∂m

x ∂
l+1
u g(t, x, u)

− ✶✶{l≥1}

l−1∑

n=0

Cn
l ∂

l−n+1
u ln(ω(u))∂n+1

u ∂k
xg(t, x, u) +

l∑

n=0

Cn
l ∂

k
x∂

n
ug(t, x, u) ∂

l−n
u h(u)

+

l∑

n=0

k∑

m=0

Cn
l C

m
k ∂

k−m+1
x Q(t, x)∂l−n+1

u ln(ω(u))∂m
x ∂

n
ug(t, x, u).

❚❤❡ ❢✉♥❝t✐♦♥ ∂k
x∂

l
ug ✐s t❤✉s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ❛ ❧✐♥❡❛r ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥✳ ❆♣♣❧②✐♥❣ t❤❡ ♠❛①✐♠✉♠

♣r✐♥❝✐♣❧❡ st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ❆✳✶ ✐♥ t❤❡ ❛♣♣❡♥❞✐① s❡❝t✐♦♥ ❆✳✷✱ ✐t ❢♦❧❧♦✇s t❤❛t

d

dt
‖∂k

x∂
l
ug(t)‖∞ ≤ ✶✶{l≥1}l‖∂

k+1
x ∂l−1

u g(t)‖∞ + ✶✶{k≥1}

k−1∑

m=0

Cm
k ‖∂m

x ∂
l+1
u g(t)‖∞‖∂k−m+1

x Q(t)‖∞

+ ✶✶{l≥1}

l−1∑

n=0

Cn
l ‖∂

n+1
u ∂k

xg(t)‖∞‖∂l−n+1
u ln(ω)‖∞ +

l∑

n=0

Cn
l ‖∂

k
x∂

n
ug(t)‖∞‖∂l−n

u h‖∞

+
l∑

n=0

k∑

m=0

Cn
l C

m
k ‖∂m

x ∂
n
ug(t)‖∞‖∂k−m+1

x Q(t)‖∞‖∂l−n+1
u ln(ω)‖∞.

✭✷✳✶✵✮
❲❡ ♥♦✇ ♦❜t❛✐♥ ❡st✐♠❛t❡s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ t 7→ ‖g(t)‖λ,a;A ❢♦r ✜①❡❞ λ > 0 ❛♥❞ A ∈ N✳

✶✷



▲❡♠♠❛ ✷✳✾✳ ❋♦r ❡❛❝❤ A ∈ N✱ a ∈ A = {0, ..., A} ❛♥❞ λ > 0✱ ❛ s♠♦♦t❤ s♦❧✉t✐♦♥ g t♦ ✭❋Pω✮ s❛t✐s✜❡s✿

d

dt
‖g(t)‖λ,a;A ≤ λ‖g(t)‖λ,a+1;A + a‖g(t)‖λ,a;A +

da

dλa

(
‖g(t)‖λ,1;A

{
‖Q(t)‖λ,1;A + ‖ ln(ω)‖λ,1;A

})

+
da

dλa

(
‖g(t)‖λ,0;A

{
‖h‖λ,0 + ‖Q(t)‖λ,1;A‖ ln(ω)‖λ,1;A

})
.

Pr♦♦❢✳ ▼✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✵✮ ❜② da

dλa
λk+l

k!l! = (k+l)!λk+l−a

(k+l−a)!k!l! ✶✶{k+l≥a} ❛♥❞ s✉♠♠✐♥❣

♦✈❡r k, l ∈ A ✇✐t❤ k + l ≥ a✱ ✇❡ ❣❡t

d

dt
‖g(t)‖λ,a;A =

∑

k,l∈A:k+l≥a

da

dλa

λk+l

k!l!

d

dt
‖∂k

x∂
l
ug(t)‖∞

≤
∑

k,l∈A:k+l≥a,l≥1

da

dλa

lλk+l

k!l!
‖∂k+1

x ∂l−1
u g(t)‖∞ +

∑

k,l∈A:k+l≥a,k≥1

da

dλa

λk+l

k!l!

k−1∑

m=0

Cm
k ‖∂m

x ∂
l+1
u g(t)‖∞‖∂k−m+1

x Q(t)‖∞

+
∑

k,l∈A:k+l≥a,l≥1

da

dλa

λk+l

k!l!

l−1∑

n=0

Cn
l ‖∂

n+1
u ∂k

xg(t)‖∞‖∂l−n+1
u ln(ω)‖∞

+
∑

k,l∈A:k+l≥a

da

dλa

λk+l

k!l!

l∑

n=0

Cn
l ‖∂

k
x∂

n
ug(t)‖∞‖∂l−n

u h‖∞

+
∑

k,l∈A:k+l≥a

da

dλa

λk+l

k!l!

l∑

n=0

k∑

m=0

Cn
l C

m
k ‖∂m

x ∂
n
ug(t)‖∞‖∂k−m+1

x Q(t)‖∞‖∂l−n+1
u ln(ω)‖∞.

✭✷✳✶✶✮
❚♦ ❜♦✉♥❞ ❢r♦♠ ❛❜♦✈❡ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✳❤✳s✳ ♦❢ ✭✷✳✶✶✮ ✇❡ ♦❜s❡r✈❡ t❤❛t

∑

k,l∈A;k+l≥a,l≥1

da

dλa

lλk+l

k!l!
‖∂k+1

x ∂l−1
u g(t)‖∞ =

da

dλa

∑

k,l∈A;l≥1

lλk+l

k!l!
‖∂k+1

x ∂l−1
u g(t)‖∞

✇✐t❤

∑

k,l∈A:l≥1

lλk+l

k!l!
‖∂k+1

x ∂l−1
u g(t)‖∞ =

∑

k,l∈A:l≥1

λk+l

k!(l − 1)!
‖∂k+1

x ∂l−1
u g(t)‖∞

=
∑

k,l∈A

λk+l+1

k!l!
‖∂k+1

x ∂l
ug(t)‖∞ = λ‖∂xg(t)‖λ,0;A.

❙✐♥❝❡

da

dλa
(λ‖∂xg(t)‖λ,0;A) =

a∑

r=0

Cr
a

(
dr

dλr
λ

)(
da−r

dλa−r
‖∂xg(t)‖λ,0;A

)
= Ca

aλ‖∂xg(t)‖λ,a;A + Ca−1
a ‖∂xg(t)‖λ,a−1;A

= λ‖∂xg(t)‖λ,a;A + a‖∂xg(t)‖λ,a−1;A,

✐t ❢♦❧❧♦✇s t❤❛t

∑

k,l∈A:k+l≥a,l≥1

da

dλa

lλk+l

k!l!
‖∂k+1

x ∂l−1
u g(t)‖∞ = λ‖g(t)‖λ,a+1;A + a‖g(t)‖λ,a;A.

✶✸



❚❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s ♦♥ t❤❡ r✳❤✳s ♦❢ ✭✷✳✶✶✮ r❡✇r✐t❡ ❛s

da

dλa




∑

k,l∈A:k≥1

λk+l

k!l!

k−1∑

m=0

Cm
k ‖∂k−m+1

x Q(t)‖∞‖∂m
x ∂

l+1
u g(t)‖∞




+
da

dλa



∑

k,l∈A

λk+l

k!l!

l−1∑

n=0

Cn
l ‖∂

l−n+1
u ln(ω)‖∞‖∂n+1

u ∂k
xg(t)‖∞


+

da

dλa



∑

k,l∈A

λk+l

k!l!

l∑

n=0

Cn
l ‖∂

k
x∂

n
ug(t)‖∞‖∂l−n

u h‖∞




+
da

dλa




∑

k,l∈A:l≥1

λk+l

k!l!

l∑

n=0

k∑

m=0

Cn
l C

m
k ‖∂k−m+1

x Q(t)‖∞‖∂l−n+1
u ln(ω)‖∞‖∂m

x ∂
n
ug(t)‖∞




:= I1 + I2 + I3 + I4.
✭✷✳✶✷✮

❋♦r I1✱ ✇❡ ♥♦t✐❝❡ t❤❛t

∑

k,l∈A:k≥1

λk+l

k!l!

k−1∑

m=0

Cm
k ‖∂k−m+1

x Q(t)‖∞‖∂m
x ∂

l+1
u g(t)‖∞ =

∑

m,l∈A

‖∂m
x ∂

l+1
u g(t)‖∞

(
A∑

k=m+1

Cm
k λ

k+l

k!l!
‖∂k−m+1

x Q(t)‖∞

)

=
∑

m,l∈A

λm+l

m!l!
‖∂m

x ∂
l+1
u g(t)‖∞

(
A∑

k=m+1

λk−m

(k −m)!
‖∂k−m+1

x Q(t)‖∞

)

=
∑

m,l∈A

λm+l

m!l!
‖∂m

x ∂
l+1
u g(t)‖∞

(
A−m∑

k=1

λk

k!
‖∂k+1

x Q(t)‖∞

)

=
∑

m,l∈A

λm+l

m!l!
‖∂m

x ∂
l+1
u g(t)‖∞‖Q(t)‖λ,1;A−m.

❚❛❦✐♥❣ t❤❡ a✲t❤ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ λ✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t
∑

m,l∈A

λm+l

m!l! ‖∂
m
x ∂

l+1
u g(t)‖∞ = ‖∂ug(t)‖λ,0;A =

‖g(t)‖λ,1;A − ‖∂xg(t)‖λ,0;A ✭❜② s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s ❛s ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✲✭✐✮✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

I1 ≤
da

dλa

(
‖Q(t)‖λ,1;A‖g(t)‖λ,1;A

)

✉s✐♥❣ ❛❧s♦ t❤❡ ❢❛❝t t❤❛t db

dλb ‖∂xg(t)‖λ,0;A ≥ 0 ❛♥❞ ‖Q(t)‖λ,a−b+1;A−m ≤ ‖Q(t)‖λ,a−b+1;A ❢♦r ❛❧❧ b ∈
{0, . . . , a}✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡

I2 ≤
da

dλa

(
‖ ln(ω)‖λ,1;A‖g(t)‖λ,1;A

)
.

❋♦r I3✱ ♦♥❡ ❝❛♥ ❞✐r❡❝t❧② ❝❤❡❝❦ t❤❛t

∑

k,l∈A

λk+l

k!l!

l∑

n=0

Cn
l ‖∂

k
x∂

n
ug(t)‖∞‖∂l−n

u h‖∞ =
∑

k,n∈A

‖∂k
x∂

n
ug(t)‖∞

A∑

l=n

Cn
l λ

k+l

k!l!
‖∂l−n

u h‖∞

=
∑

k,n∈A

‖∂k
x∂

n
ug(t)‖∞

A∑

l=0

Cn
l+nλ

k+l+n

k!(l + n)!
‖∂l

uh‖∞

=
∑

k,n∈A

λk+n

k!n!
‖∂k

x∂
n
ug(t)‖∞

A∑

l=0

λl

l!
‖∂l−n

u h‖∞

= ‖h‖λ,0;A‖g(t)‖λ,0;A.

✶✹



❆s ❢♦r I4✱

∑

k,l∈A

λk+l

k!l!

l∑

n=0

k∑

m=0

Cn
l C

m
k ‖∂k−m+1

x Q(t)‖∞‖∂l−n+1
u ln(ω)‖∞‖∂m

x ∂
n
ug(t)‖∞

=
∑

m,n∈A

λm+n

m!n!
‖∂m

x ∂
n
ug(t)‖∞

(
A∑

k=m

λk−m

(k −m)!
‖∂k−m+1

x Q(t)‖∞

)(
A∑

l=n

λl−n

(l − n)!
‖∂l−n+1

u ln(ω)‖∞

)

= ‖g(t)‖λ,0;A‖Q(t)‖λ,1;A‖ ln(ω)‖λ,1;A.

❍❡♥❝❡✱ ✭✷✳✶✷✮ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜②

da

dλa

(
‖g(t)‖λ,0;A (‖h‖λ,0;A + ‖Q(t)‖λ,1;A‖ ln(ω)‖λ,1;A)

)
+

da

dλa

(
‖g(t)‖λ,1;A (‖Q(t)‖λ,1;A + ‖ ln(ω)‖λ,1;A)

)
.

❈♦♠✐♥❣ ❜❛❝❦ t♦ ✭✷✳✶✶✮✱ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ♣r♦✈❡ ▲❡♠♠❛ ✷✳✾✳

✷✳✸✳✷ ❊✈♦❧✉t✐♦♥ ❛♥❞ ❝♦♥tr♦❧ ♦❢ t❤❡ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ❛♥❛❧②t✐❝ ♥♦r♠s

◆❡①t ▲❡♠♠❛s ✷✳✶✵ ❛♥❞ ✷✳✶✶ ❛r❡ ♣r❡❧✐♠✐♥❛r✐❡s ❢♦r t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ‖g(t)‖H,λ(t);A ✐♥
Pr♦♣♦s✐t✐♦♥ ✷✳✶✷ ❜❡❧♦✇✳ ❚❤❡✐r ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✸✳

▲❡♠♠❛ ✷✳✶✵✳ ▲❡t f, v, w ❜❡ ❢✉♥❝t✐♦♥s ♦❢ ❝❧❛ss C∞ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ❛t ❛❧❧ ♦r❞❡r✳ ❚❤❡♥✱ ❢♦r ❛❧❧
λ > 0 ❛♥❞ A ∈ N✱

∑

a∈A

1

(a!)2
da

dλa
(‖f‖λ,0;A‖v‖λ,1;A‖w‖λ,1;A) ≤ ‖f‖H,λ;A‖v‖ eH,λ;A‖w‖ eH,λ;A. ✭✷✳✶✸✮

❙✉♣♣♦s❡ ♠♦r❡♦✈❡r t❤❛t ❢♦r s♦♠❡ λ̄ > 0✱ ♦♥❡ ❤❛s f ∈ H(λ̄) ❛♥❞ v, w ∈ H̃(λ̄)✳ ❚❤❡♥✱ ❢♦r ❛❧❧ λ ∈ [0, λ̄)✱

∑

a∈N

1

(a!)2
da

dλa
(‖f‖λ,0‖v‖λ,1‖w‖λ,1) ≤ ‖f‖H,λ‖v‖ eH,λ‖w‖ eH,λ.

▲❡♠♠❛ ✷✳✶✶✳ ▲❡t f, w ❜❡ ❢✉♥❝t✐♦♥s ♦❢ ❝❧❛ss C∞ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ❛t ❛❧❧ ♦r❞❡r✳

✭✐✮ ❋♦r ❛❧❧ λ > 0 ❛♥❞ A ∈ N✱ ♦♥❡ ❤❛s

∑

a∈A

1

(a!)2
da

dλa
(‖f‖λ,1;A‖v‖λ,1;A) ≤ 16(‖f‖H,λ;A‖v‖ eH,λ;A + ‖f‖ eH,λ;A‖v‖H,λ;A). ✭✷✳✶✹✮

▼♦r❡♦✈❡r ✐❢ ❢♦r s♦♠❡ λ̄ > 0 ✇❡ ❤❛✈❡ f, v ∈ H(λ̄) ∩ H̃(λ̄) t❤❡♥✱ ❢♦r ❛❧❧ λ ∈ [0, λ̄)

∑

a∈N

1

(a!)2
da

dλa
(‖f‖λ,1‖v‖λ,1) ≤ 16(‖f‖H,λ‖v‖ eH,λ + ‖f‖ eH,λ‖v‖H,λ).

✭✐✐✮ ❋♦r ❛❧❧ λ > 0 ❛♥❞ A ∈ N✱ ♦♥❡ ❤❛s

∑

a∈A

1

(a!)2
da

dλa
(‖f‖λ,1;A‖v‖λ,1;A) ≤ 4‖v‖ eH,λ;A(4‖f‖H,λ;A + ‖f‖ eH,λ;A). ✭✷✳✶✺✮

▼♦r❡♦✈❡r ❢♦r s♦♠❡ λ̄ > 0✱ f ∈ H(λ̄) ∩ H̃(λ̄) ❛♥❞ v ∈ H̃(λ̄)✱ ❢♦r ❛❧❧ λ ∈ [0, λ̄)✱

∑

a∈N

1

(a!)2
da

dλa
(‖f‖λ,1‖v‖λ,1) ≤ 4‖v‖ eH,λ(4‖f‖H,λ + ‖f‖ eH,λ).

Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❋♦r ❡❛❝❤ A ∈ N✱ t❤❡ C1,∞ ❢✉♥❝t✐♦♥ g s♦❧✉t✐♦♥ t♦ ✭❋Pω✮ s❛t✐s✜❡s

d

dt
‖g(t)‖H,λ(t);A ≤

(
λ(t) + 1 + λ′(t) + 4γ0 + 16‖Q(t)‖H,λ(t)

)
‖g(t)‖ eH,λ(t);A

+
(
γ1 + 16γ0 + (γ0 + 16) ‖Q(t)‖ eH,λ(t)

)
‖g(t)‖H,λ(t);A,

✇❤❡r❡ γ0 := ‖ ln(ω)‖ eH,λ0
❛♥❞ γ1 := ‖h‖H,λ0

✳

✶✺



Pr♦♦❢✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✐♥ t✐♠❡ t❤❡ ♥♦r♠ ‖g(t)‖H,λ(t);A✱ ✇❡ ❣❡t

d

dt
‖g(t)‖H,λ(t);A =

∑

a∈A

1

(a!)2

(
λ′(t)

da+1

dλa+1
‖g(t)‖λ,0;A

)
+

A∑

a=0

1

(a!)2

(
d

dt
‖g(t)‖A

) ∣∣∣
λ=λ(t)

= λ′(t)
A∑

a=0

1

(a!)2
‖g(t)‖λ(t),a+1;A +

A∑

a=0

1

(a!)2

(
d

dt
‖g(t)‖λ,a;A

) ∣∣∣
λ=λ(t)

,

❉✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ▲❡♠♠❛ ✷✳✾ ❜② (a!)2 ❛♥❞ s✉♠♠✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥ ♦✈❡r
a ∈ A✱ ✐t ❢♦❧❧♦✇s t❤❛t

d

dt
‖g(t)‖H,λ(t);A ≤

∑

a∈A

λ′(t) + λ(t)

(a!)2
‖g(t)‖λ(t),a+1;A +

A∑

a=0

a

(a!)2
‖g(t)‖λ(t),a;A

+

A∑

a=0

1

(a!)2
da

dλa

(
‖g(t)‖λ,0;A (‖h‖λ,0;A + ‖Q(t)‖λ,1‖ ln(ω)‖λ,1;A)

)∣∣∣
λ=λ(t)

+

A∑

a=0

1

(a!)2
da

dλa

(
‖g(t)‖λ,1;A (‖Q(t)‖λ,1;A + ‖ ln(ω)‖λ,1;A)

)∣∣∣
λ=λ(t)

.

✭✷✳✶✻✮

❋♦r t❤❡ ✜rst t❡r♠ ✐♥ ✭✷✳✶✻✮✱ ✇❡ ❤❛✈❡

A∑

a=0

λ′(t) + λ(t)

(a!)2
‖g(t)‖λ(t),a+1;A = (λ′(t) + λ(t))

A∑

a=0

(a+ 1)2

((a+ 1)!)2
‖g(t)‖λ(t),a+1;A

= (λ′(t) + λ(t))

A∑

a=0

(a)2

((a)!)2
‖g(t)‖λ(t),a;A,

❛♥❞✱ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠

A∑

a=0

a

(a!)2
‖g(t)‖λ(t),a;A ≤

∑

a∈A

(a)2

(a!)2
‖g(t)‖λ(t),a;A,

s♦ t❤❛t

A∑

a=0

λ′(t) + λ(t)

(a!)2
‖g(t)‖λ(t),a+1;A +

A∑

a=0

a

(a!)2
‖g(t)‖λ(t),a;A ≤ (1 + λ′(t) + λ(t)) ‖g(t)‖ eH,λ(t);A. ✭✷✳✶✼✮

❋♦r t❤❡ t❤✐r❞ t❡r♠✱ ♦❜s❡r✈❡ t❤❛t ♦♥ ♦♥❡ ❤❛♥❞

A∑

a=0

1

(a!)2
da

dλa
(‖g(t)‖λ,0;A‖h‖λ,0;A) =

A∑

a=0

1

(a!)2

a∑

r=0

Cr
a

(
dr

dλr
‖g(t)‖λ,0;A

)(
da−r

dλa−r
‖h‖λ,0;A

)

=

A∑

a=0

1

(a!)2

a∑

r=0

Cr
a‖g(t)‖λ,r;A‖h‖λ,a−r;A

=

A∑

r=0

‖g(t)‖λ,r;A

A∑

a=r

‖h‖λ,a−r;A
Cr

a

(a!)2

=

A∑

r=0

‖g(t)‖λ,r;A

A∑

a=0

‖h‖λ,a;A
Cr

a+r

((a+ r)!)2

=

A∑

r=0

‖g(t)‖λ,r;A

(r!)2

A∑

a=0

‖h‖λ,a−r;A

(a!)2
a!r!

(a+ r))!
,

✶✻



❛♥❞ s✐♥❝❡ a!r!
(a+r)! ≤ 1✱ ❢♦r ❛❧❧ a, r ∈ N✱ ✇❡ ❣❡t t❤❛t

A∑

a=0

1

(a!)2
da

dλa
(‖g(t)‖λ,0;A‖h‖λ,0;A) ≤ ‖g(t)‖H,λ;A‖h‖H,λ;A. ✭✷✳✶✽✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥❡q✉❛❧✐t② ✷✳✶✸ ♣r♦✈✐❞❡s ❛ ❜♦✉♥❞ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ s✉♠♠❛♥❞ ✐♥ t❤❡ t❤✐r❞ t❡r♠ ♦❢
✭✷✳✶✻✮✿

∑

a∈A

1

(a!)2
da

dλa

(
‖g(t)‖λ,0;A‖Q(t)‖λ,1;A‖ ln(ω)‖λ,1;A

)
≤ ‖g(t)‖H,λ(t);A‖Q(t)‖ eH,λ(t);A‖ ln(ω)‖ eH,λ(t);A.

✭✷✳✶✾✮
❋♦r t❤❡ ❢♦✉rt❤ t❡r♠ ✐♥ ✭✷✳✶✻✮ ✇❡ ✉s❡ ✭✷✳✶✹✮ ❛♥❞ ✭✷✳✶✺✮ ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ ❡st✐♠❛t❡

A∑

a=0

1

(a!)2
da

dλa
(‖g(t)‖λ,1;A (‖Q(t)‖λ,1;A + ‖ ln(ω)‖λ,1;A))

≤ 16‖g(t)‖H,λ(t);A

(
‖Q(t)‖ eH,λ(t);A + ‖ ln(ω)‖ eH,λ(t);A

)

+ 4‖g(t)‖ eH,λ(t);A

(
4‖Q(t)‖H,λ(t);A + ‖ ln(ω)‖ eH,λ(t);A

)
.

✭✷✳✷✵✮

■♥s❡rt✐♥❣ ✭✷✳✶✼✮✱ ✭✷✳✶✽✮✱ ✭✷✳✶✾✮ ❛♥❞ ✭✷✳✷✵✮ ✐♥ ✭✷✳✶✻✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

d

dt
‖g(t)‖H,λ(t);A ≤ (λ′(t) + λ(t) + 1) ‖g(t)‖ eH,λ(t);A + ‖g(t)‖H,λ(t);A‖h‖H,λ(t);A

+ ‖g(t)‖H,λ(t);A‖Q(t)‖ eH,λ(t);A‖ ln(ω)‖ eH,λ(t);A + 16‖g(t)‖H,λ(t);A

(
‖Q(t)‖ eH,λ(t);A + ‖ ln(ω)‖ eH,λ(t);A

)

+ ‖g(t)‖ eH,λ(t);A

(
16‖Q(t)‖H,λ(t);A + 4‖ ln(ω)‖ eH,λ(t);A

)
.

❲❡ ❡♥❞ t❤❡ ♣r♦♦❢ ❜② ✉s✐♥❣ t❤❡ ♦❜✈✐♦✉s ✉♣♣❡r ❜♦✉♥❞s ❢♦r t❤❡ tr✉♥❝❛t❡❞ ♥♦r♠s✳

✷✳✸✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✽

❆♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ t♦ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✱ ✇❡ ♦❜t❛✐♥ t❤❛t✱ ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞
A ∈ N✱

‖g(t)‖H,λ(t);A ≤ ‖g0‖H,λ0
exp

{∫ t

0

(
γ1 + 16γ0 + (16 + γ0)‖Q(θ)‖ eH,λ(θ)

)
ds

}

+

∫ t

0

(
λ(θ) + 1 + λ′(θ) + 4γ0 + 16‖Q(θ)‖H,λ(θ)

)
‖g(θ)‖ eH,λ(θ);A exp

{∫ t

θ

(
γ1 + 16γ0 + (16 + γ0)‖Q(θ′)‖ eH,λ(θ′)

)
dθ′
}
dθ

≤ ‖g0‖H,λ0
exp {T (γ1 + 16γ0) + (16 + γ0)M2}

+ exp {T (γ1 + 16γ0) + (16 + γ0)M2} (λ0 −K + 4γ0 + 16M1)

∫ t

0

‖g(θ)‖ eH,λ(θ);Adθ.

✭✷✳✷✶✮

✇❤❡r❡ ✐♥ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✇❡ ✉s❡ t❤❡ ❢❛❝ts t❤❛t Q ∈ BM1

λ0,K,T ∩ B̃M2

λ0,K,T ❛♥❞ t❤❛t

λ(t) + 1 + λ′(t) + 4γ0 + 16‖Q(t)‖H,λ(t) ≤ λ0 −K + 4γ0 + 16‖Q(t)‖H,λ(t) ≤ λ0 −K + 4γ0 + 16M1

❢♦r ❛❧❧ t ∈ [0, T ]✳ ❋r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥s ✇❡ ❝❛♥ ❝❤♦♦s❡ K > 0 s✉❝❤ t❤❛t K < λ0

T − 1 ❛♥❞

K − λ0 − 4γ0 − 16M1 ≥ 1.

❚❤❡♥ ✇❡ ❞❡❞✉❝❡ ✇✐t❤ ✭✷✳✷✶✮ ❛♥❞ t❤❡ ❧❛tt❡r ✐♥❡q✉❛❧✐t② t❤❛t

‖g(t)‖H,λ(t);A +

∫ t

0

‖g(θ)‖ eH,λ(θ);Adθ ≤ ‖g(t)‖H,λ(t);A + exp {T (γ1 + 16γ0) + (16 + γ0)M2}

∫ t

0

‖g(θ)‖ eH,λ(θ);Adθ

≤ ‖g0‖H,λ0
exp {T (γ1 + 16γ0) + (16 + γ0)M2} .

✶✼



❆❢t❡r ❧❡tt✐♥❣ A→ ∞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

max
t∈[0,T ]

‖g(t)‖H,λ(t) ≤ ‖g0‖H,λ0
exp {T (γ1 + 16γ0) + (16 + γ0)M2} ,

∫ T

0

‖g(s)‖ eH,λ(t) dt ≤ ‖g0‖H,λ0
exp {T (γ1 + 16γ0) + (16 + γ0)M2} .

✭✷✳✷✷✮

✷✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ✿ s♦❧✈✐♥❣ t❤❡ ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✭❱❋P✮

❘❡❧②✐♥❣ ✉♣♦♥ ❚❤❡♦r❡♠ ✷✳✽✱ ✇❡ ❝♦♥str✉❝t ♥♦✇✱ ❜② ♠❡❛♥s ♦❢ ❛ ❇❛♥❛❝❤✬s ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞✱ ❛ s♦❧✉t✐♦♥ t♦
t❤❡ ♥♦♥❧✐♥❡❛r ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✭❱❋P✮✳

❘❡♠❛r❦ ✷✳✶✸✳ ❙✐♥❝❡ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ ✐♥ ✭❍ω✮t❤❛t
∫

R

|u|2

ω(u)du = 1✱ ❢♦r ❛❧❧ λ ≥ 0 ❛♥❞ a ∈ N ✐t ❤♦❧❞s t❤❛t

∥∥∥∥
∫

R

|u|2

ω(u)
ϕ(t, ·, u)du

∥∥∥∥
λ,a

≤ ‖ϕ(t, ·, ·)‖λ,a

❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ : [0, T ] × R
2 → R ♦❢ ❝❧❛ss C1,∞ ❛♥❞ ❡✈❡r② t ∈ [0, T ]✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② Φ

t❤❡ ♠❛♣♣✐♥❣ ❛ss♦❝✐❛t✐♥❣ t♦ ❛ ❢✉♥❝t✐♦♥ ϕ t❤❡ s♦❧✉t✐♦♥ Φ(ϕ) ♦❢ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✭❋Pω✮ ✇✐t❤ ♣♦t❡♥t✐❛❧
∂xQ(t, x) ❣✐✈❡♥ ❜②

Q(t, x) := −

∫

R

|u|2

ω(u)
ϕ(t, x, u) du ,

t❤❡ ✐♥❝❧✉s✐♦♥
Φ
(
BM1

λ0,K,T ∩ B̃M2

λ0,K,T

)
⊆ BM̂

λ0,K,T ∩ B̃M̂
λ0,K,T

❤♦❧❞s ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♥st❛♥ts T, λ0,K,M1,M2 ❛♥❞ M̂ ❡st❛❜❧✐s❤❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✽✳

❈♦r♦❧❧❛r② ✷✳✶✹✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✽✱ t❤❡ ❝♦♥st❛♥ts M := M1 ❛♥❞ T > 0
s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥t

‖g0‖H,λ0
exp(T (γ1 + 16γ0)) ≤M exp(−(16 + γ0)M),

t❤❡♥ Φ
(
BM

λ0,K,T ∩ B̃M
λ0,K,T

)
⊆ BM

λ0,K,T ∩ B̃M
λ0,K,T ✳

Pr♦♦❢✳ ❚❛❦✐♥❣M2 = M = M1 ✐♥ ❚❤❡♦r❡♠ ✷✳✽ ✇❡ ❣❡t t❤❛t Φ
(
BM

λ0,K,T ∩ B̃M
λ0,K,T

)
⊆ BM̂

λ0,K,T ∩B̃M̂
λ0,K,T ❢♦r

M̂ = ‖g0‖H,λ0
exp {T (γ1 + 16γ0) + (16 + γ0)M}✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ❡♥s✉r❡s t❤❛t M̂ ≤M ✳

❚❤❡♦r❡♠ ✷✳✶✺✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❈♦r♦❧❧❛r② ✷✳✶✹ ❛♥❞✱ ♠♦r❡♦✈❡r✱ t❤❛t

M(1 + γ0) exp {(Mγ0 + γ1)T} < 1 ✭✷✳✷✸✮

t❤❡ ♠❛♣♣✐♥❣
Φ : BM

λ0,K,T ∩ B̃M
λ0,K,T → BM

λ0,K,T ∩ B̃M
λ0,K,T

✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢♦r t❤❡ ♥♦r♠

max

{
max

t∈[0,T ]
‖ψ(t)‖λ(t),0 ,

∫ T

0

‖ψ(t)‖λ(t),1 dt

}
.

■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s✱ ✇❡ ❤❛✈❡

max{‖g0‖H,λ0
, T‖g0‖ eH,λ0

} ≤M,

t❤❡♥ g0 ∈ BM
λ0,K,T ∩ B̃M

λ0,K,T ❛♥❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♥♦♥❧✐♥❡❛r ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✭❱❋Pω✮

❡①✐sts ✐♥ BM
λ0,K,T ∩ B̃M

λ0,K,T ✳

✶✽



Pr♦♦❢✳ ●✐✈❡♥ fi ∈ BM
λ0,K,T ∩ B̃M

λ0,K,T ✱ i = 1, 2✱ ✇❡ s❡t Pi(t, x) :=
∫

R

|u|2

ω(u)fi(t, x, u) du ❢♦r i = 1, 2✳ ❚❤❡

❞✐✛❡r❡♥❝❡ Φ(f1) − Φ(f2) s❛t✐s✜❡s

∂t (Φ(f1) − Φ(f2)) + (u∂x (Φ(f1) − Φ(f2))) − [(∂xP1 − ∂u ln(ω)) ∂u (Φ(f1) − Φ(f2))] −
1

2
∂2

u (Φ(f1) − Φ(f2))

= ∂uΦ(f2) (∂xP1 − ∂xP2) + Φ(f2)∂u ln(ω) (∂xP1 − ∂xP2) + (∂u ln(ω)∂xP1 + h) (Φ(f1) − Φ(f2)) .

❲r✐t✐♥❣ Φ̄ := Φ(f1) − Φ(f2) ❛♥❞ P̄ := P1 − P2✱ ✇❡ ❣❡t

∂tΦ̄ +
(
u∂xΦ̄

)
−
(
(∂xP1 − ∂u ln(ω)) ∂uΦ̂

)
−

1

2
∂2

uΦ̄

= (Φ(f2)∂u ln(ω) + ∂uΦ(f2)) ∂xP̄ + (∂xP1∂u ln(ω) + h) Φ̄.

❚❤❡♥✱ ❜② s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✽✱ ✇❡ s✉❝❝❡ss✐✈❡❧② ♦❜t❛✐♥✿
• ❜② ❛♣♣❧②✐♥❣ t❤❡ ♦♣❡r❛t♦r ∂k

x∂
l
u✱

∂t(∂
k
x∂

l
uΦ̄) + u∂x

(
∂k

x∂
l
uΦ̄
)
− (∂xP1 − ∂u ln(ω)) ∂u

(
∂k

x∂
l
uΦ̄
)
−

1

2
∂2

u(∂k
x∂

l
uΦ̄)

= −l∂k+1
x ∂l−1

u Φ̄ + ✶✶{k≥1}

k−1∑

m=0

Cm
k

(
∂k−m+1

x P1

)
∂m

x ∂
l+1
u Φ̄ − ✶✶{l≥1}

l−1∑

n=0

Cn
l

(
∂l−n+1

u ln(ω)
)
∂k

x∂
n+1
u Φ̄

+
l∑

n=0

k∑

m=0

Cm
k C

n
l ∂

k−m
x ∂n

uΦ(f2)∂
l−n+1
u lnω(u)∂m+1

x P̄ +

k∑

m=0

Cm
k

(
∂k−m

x ∂l+1
u Φ(f2)

) (
∂m+1

x P̄
)

+
l∑

n=0

k∑

m=0

Cm
k C

n
l

(
∂k−m+1

x P1

) (
∂l−n+1

u ln(ω)
) (
∂m

x ∂
n
u Φ̄
)

+

l∑

n=0

Cn
l

(
∂k

x∂
n
uΦ
)
∂l−n

u h;

• ❜② ❛ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛❧❧ m ∈ N✿ ‖∂mPi‖∞ ≤ ‖∂mfi‖∞✱ i = 1, 2✱ ❛♥❞
‖∂mP̄‖∞ ≤ ‖∂mf̄‖∞ ❢♦r f̄ := f1 − f2✱ ✇❡ ❣❡t

d

dt
‖∂k

x∂
l
uΦ̄(t)‖∞

≤ l‖∂k+1
x ∂l−1

u Φ̄(t)‖∞ + ✶✶{k≥1}

k−1∑

m=0

Cm
k ‖∂k−m+1

x f1(t)‖∞‖∂m
x ∂

l+1
u Φ̄(t)‖∞

+ ✶✶{l≥1}

l−1∑

n=0

Cn
l ‖∂

l−n+1
u ln(ω)‖∞‖∂k

x∂
n+1
u Φ̄(t)‖∞

+

l∑

n=0

k∑

m=0

Cm
k C

n
l ‖∂

l−n+1
u ln(ω)‖∞‖∂k−m

x ∂n
uΦ(f2)(t)‖∞‖∂m+1

x f̄(t)‖∞ +

k∑

m=0

Cm
k ‖∂k−m

x ∂l+1
u Φ(f2)(t)‖∞‖∂m+1

x f̄(t)‖∞

+

l∑

n=0

k∑

m=0

Cm
k C

n
l ‖∂

l−n+1
u ln(ω)‖∞‖∂k−m+1

x f1(t)‖∞‖∂m
x ∂

n
u Φ̄(t)‖∞ +

l∑

n=0

Cn
l ‖∂

k
x∂

n
u Φ̄(t)‖∞‖∂l−n

u h‖∞.

• ❘❡♣❧✐❝❛t✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✾ ❢♦r a = 0✱ A = +∞✱ ✇❡ t❤❡♥ ♦❜t❛✐♥

d

dt
‖Φ̄(t)‖λ,0 ≤ λ‖Φ̄(t)‖λ,1 + ‖Φ̄(t)‖λ,1 (‖f1(t)‖λ,1 + ‖ ln(ω)‖λ,1)

+ ‖Φ̄(t)‖λ,0 (‖f1(t)‖λ,1‖ ln(ω)‖λ,1 + ‖h‖λ,0)

+ ‖f̄(t)‖λ,1 (‖Φ(f2)(t)‖λ,1 + ‖Φ(f2)(t)‖λ,0‖ ln(ω)‖λ,1) .

✭✷✳✷✹✮

❍❡♥❝❡✱
d

dt
‖Φ̄(t)‖λ(t),0 ≤

(
λ′(t) + λ(t) + ‖f1(t)‖λ,1 + ‖ ln(ω)‖λ(t),1

)
‖Φ̄(t)‖λ(t),1

+ ‖Φ̄(t)‖λ(t),0

(
‖f1(t)‖λ(t),1‖ ln(ω)‖λ(t),1 + ‖h‖λ(t),0

)

+ ‖f̄(t)‖λ(t),1

(
‖Φ(f2)(t)‖λ(t),1 + ‖Φ(f2)(t)‖λ(t),0‖ ln(ω)‖λ(t),1

)
.

✶✾



❙✐♥❝❡✱ ❜② ♦✉r ❛ss✉♠♣t✐♦♥s✱

max
t∈[0,T ]

‖f1(t)‖λ(t),1

(
≤ max

t∈[0,T ]
‖f1(t)‖H,λ(t)

)
≤M, ❛♥❞ max

t∈[0,T ]
‖Φ(f2(t))‖λ(t),1 ≤M,

✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ t ∈ [0, T ]✱

d

dt
‖Φ̄(t)‖λ(t),0 ≤ (λ0 −K +M + γ0) ‖Φ̄(t)‖λ(t),1 +M(1 + γ0)‖Φ̄(t)‖λ(t),0 (Mγ0 + γ1) + ‖f̄(t)‖λ(t),1

t❤❛♥❦s ❛❧s♦ t♦ t❤❡ ✉♣♣❡r✲❜♦✉♥❞s ‖ ln(ω)‖ eH,λ(t) ≤ γ0 = ‖ ln(ω)‖ eH,λ0
✱ ‖h‖H,λ(θ), ≤ γ1 = ‖h‖H,λ0

✳ ■t

❢♦❧❧♦✇s t❤❡♥ ❜② ●r♦♥✇❛❧❧✬s ✐♥❡q✉❛❧✐t② t❤❛t

‖Φ̄(t)‖λ(t),0 ≤ exp {T (Mγ0 + γ1)}

∫ t

0

(
‖Φ̄(θ)‖λ(θ),1(λ0 −K +M + γ0) + ‖f̄(θ)‖λ(θ),1M(1 + γ0)

)
dθ.

❖❜s❡r✈❡ t❤❛t t❤❡ ❝✉rr❡♥t ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✽ ❡♥s✉r❡ t❤❛t ✇❡ ❝❛♥ ❝❤♦♦s❡ K ∈
(
0, λ0

T − 1
)
s✉❝❤

t❤❛t
K − λ0 −M − γ0 > 1.

❲❡ t❤✉s ❣❡t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s t❤❛t ❢♦r ❡❛❝❤ t ∈ [0, T ]✱

‖Φ̄(t)‖λ(t),0 +

∫ t

0

‖Φ̄(θ)‖λ(θ),1 dθ ≤ ‖Φ̄(t)‖λ(t),0 + exp {T (Mγ0 + γ1)}

∫ t

0

‖Φ̄(θ)‖λ(θ),1 dθ

≤M(1 + γ0) exp {(Mγ0 + γ1)T}

∫ T

0

‖f̄(t)‖λ(t),1dt.

■♥ ♣❛rt✐❝✉❧❛r✱

max
t∈[0,T ]

‖Φ(f1)(t) − Φ(f2)(t)‖λ(t),0 ≤M(1 + γ0) exp {(Mγ0 + γ1)T}

∫ T

0

‖f1(t) − f2(t)‖λ(t),1dt.

∫ T

0

‖Φ(f1)(θ) − Φ(f2)(θ)‖λ(θ),1 dθ ≤M(1 + γ0) exp {(Mγ0 + γ1)T}

∫ T

0

‖f1(t) − f2(t)‖λ(t),1dt.

❚❤❡ ❝♦♥tr❛❝t✐✈✐t② ♣r♦♣❡rt② ✐s t❤✉s ❣r❛♥t❡❞ ❜② ✭✷✳✷✸✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ λ0,M ❛♥❞ T ✱ ❚❤❡♦r❡♠ ✷✳✶✺ ❤♦❧❞s ❛♥❞✱ ♠♦r❡♦✈❡r✱ t❤❡
❛ss✉♠♣t✐♦♥s ♦♥ f0 ✐♠♣❧② t❤❛t g0 ∈ BM

λ0,K,T ∩ B̃M
λ0,K,T ✳ ❚❤❡r❡❢♦r❡✱ ❜② ❇❛♥❛❝❤✬s ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ t❤❡

s❡q✉❡♥❝❡ Φn(g0) ❝♦♥✈❡r❣❡s t♦ ❛ ❢✉♥❝t✐♦♥ g ∈ BM
λ0,K,T ∩ B̃M

λ0,K,T ✇❤✐❝❤ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭❱❋Pω✮✳

❘❡♠❛r❦ ✷✳✶✻✳ ■❢ g0(x, u) ✐s 1✲♣❡r✐♦❞✐❝ ✐♥ x✱ ✉♥✐q✉❡♥❡ss ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s t♦ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥
✭❋Pω✮ ✐♠♣❧✐❡s t❤❛t Φn(g0) t♦♦ ✐s 1✲♣❡r✐♦❞✐❝ ✐♥ x ❢♦r ❡❛❝❤ n ∈ N✳ ❈♦♥s❡q✉❡♥t❧②✱ s♦ ✐s t❤❡ ❧✐♠✐t g✳

✸ ❚❤❡ ❦✐♥❡t✐❝ ♣♦t❡♥t✐❛❧ ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts t♦ t❤❡ s✐t✉❛t✐♦♥ β 6= 0 ❛♥❞ α = 0 ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
st❛♥❞❛r❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ♣♦t❡♥t✐❛❧✮ ♦r α = 1 ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣②✮✳ ❲❡ ❝♦♥s✐❞❡r
t❤❡ ♥♦♥❧✐♥❡❛r ❱❧❛s♦✈✲❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❦✐♥❡t✐❝ ♣♦t❡♥t✐❛❧





∂tg(t, x, u) + u∂xg(t, x, u) − [∂xP (t, x) + β(u− αV (t, x)) − ∂u ln(ω(u))] ∂ug(t, x, u)

−
σ2

2
∂2

ug(t, x, u) = [∂xP (t, x) − αβV (t, x)∂u ln(ω(u))] g(t, x, u) − g(t, x, u)ĥ(u),

♦♥ (0, T ] × R
2,

P (t, x) = −

∫

R

u2

ω(u)
g(t, x, u) du, V (t, x) =

∫

R

u

ω(u)
g(t, x, u)du

g(0, x, u) = g0(x, u) ♦♥ R
2,

✭❱❋Pω❑✮

✷✵



✇❤❡r❡

ĥ(u) :=
∂2

uω(u)

2ω(u)
− |∂u ln(ω(u))|2 − β − βu∂u(lnω(u)) .

❚❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥ g(t, x, u) = ω(u)f(t, x, u)✱ ❡q✉❛t✐♦♥ ✭❱❋Pω❑✮ ✐s s❡❡♥ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦




∂tf(t, x, u) + u∂xf(t, x, u) − (∂xP (t, x) + β(u− αV (t, x))) ∂uf(t, x, u) − βf(t, x, u)

−
σ2

2
∂2

uf(t, x, u) = 0, ♦♥ (0, T ] × R
2,

P (t, x) = −

∫

R

u2f(t, x, u)du, V (t, x) =

∫

R

uf(t, x, u)du

f(0, x, u) = f0(x, u) ♦♥ R
2.

✭❱❋P❑✮

❲❡ ♥♦✇ ♣r♦✈❡

❚❤❡♦r❡♠ ✸✳✶✳ ▲❡t λ0,M, T > 0 ❜❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ ω : R → (0,+∞) ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss C∞

s❛t✐s❢②✐♥❣ ✭❍ω✮❛♥❞ ♠♦r❡♦✈❡r t❤❛t u∂u(lnω(u)) ∈ H(λ0)✳ ❉❡✜♥❡ t❤❡ ✜♥✐t❡ ❝♦♥st❛♥ts

γ0 := ‖ ln(ω)‖ eH,λ0
, γ̂1 := ‖ĥ‖H,λ0

❛♥❞ Cω :=

∫

R

|u|

ω(u)
du,

❛♥❞ ❛ss✉♠❡ t❤❛t

❛✮ T < (1+β)λ0

1+4γ0+(1+β)(1+λ0)
✱

❜✮ M ≤ (1+β)(K−λ0)−4γ0−1
16+αβ ❢♦r s♦♠❡ K ∈ ( 1+4γ0

1+β + λ0,
λ0

T − 1) (6= ∅) ❛♥❞

❝✮ M(1 + γ0)(1 + TCωαβ) exp {(M(1 + Cωαβ)γ0 + γ̂1)T} < 1✳

❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t f0 : R
2 → R ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss C∞ ❛♥❞ t❤❛t g0(x, u) := ω(u)f0(x, u) s❛t✐s✜❡s

❞✮ max{‖g0‖H,λ0
, T‖g0‖ eH,λ0

} ≤M ❛♥❞

❡✮ ‖g0‖H,λ0
exp {T (γ̂1 + 16γ0 + αβγ0CωM) + (16 + γ0)M} < M ✳

❚❤❡♥✱ ❡q✉❛t✐♦♥ ✭❱❋Pω❑✮ ❤❛s ❛ ✉♥✐q✉❡ s♠♦♦t❤ s♦❧✉t✐♦♥ g ∈ BM
λ0,K,T ∩ B̃M

λ0,K,T ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉♥❞❡r t❤❡

♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s✱ ❛ s♦❧✉t✐♦♥ f ∈ C1,∞ t♦ ✭❱❋P❑✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ f0 ❡①✐sts✳

■t ✐s ❝❤❡❝❦❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✶ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ u 7→ ĥ(u) ❜❡❧♦♥❣s t♦ H(λ0) ❢♦r ❡✈❡r② λ0 ∈ (0, 1
4 )

✇❤❡♥ ω(u) := c(1 + u2)
s
2 ✳

❈♦r♦❧❧❛r② ✸✳✷✳ ▲❡t f ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭❱❋P❑✮ ❣✐✈❡♥ ❛❜♦✈❡ ❛♥❞ ❛ss✉♠❡ t❤❛t ✭❍✉♥✐❢(0)✮ ❤♦❧❞s✳ ❚❤❡♥✱
f(t, x, u) s❛t✐s✜❡s ✭❍✉♥✐❢(t)✮ ❢♦r ❛❧❧ t ✐♥ [0, T ]✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❛♥❞
✭❍✉♥✐❢(0)✮ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✮ ❢♦r β ≥ 0 ❡①✐sts✳

❘❡♠❛r❦ ✸✳✸✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✼✱ ❣✐✈❡♥ f0 ∈ C∞ ❛♥❞ λ1 > 0 s✉❝❤ t❤❛t g0 ∈ H(λ1) ∩ H̃(λ1)✱ ✐t
✐s ❛❣❛✐♥ ♣♦ss✐❜❧❡ t♦ ❡①❤✐❜✐t s♠❛❧❧ ❝♦♥st❛♥ts κ′0 > 0 ❛♥❞ κ′1 > 0✱ t❤❡ ❢♦r♠❡r ❞❡♣❡♥❞✐♥❣ ♦♥ ω ❛♥❞ t❤❡ ❧❛tt❡r
♦♥ λ1✱ β ≥ 0✱ t❤❡ ❢✉♥❝t✐♦♥ ω✱ ❛♥❞ t❤❡ ♥♦r♠s ‖g0‖H,λ0

❛♥❞ ‖g0‖ eH,λ0
✱ s✉❝❤ t❤❛t t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠

✸✳✶ ❤♦❧❞s ✐❢ ‖g0‖H,λ0
< κ′0 ❛♥❞ T < κ′1✳ ❯s✐♥❣ ❘❡♠❛r❦ ✷✳✹✱ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ f0

❛♥❞ T > 0 ❝❛♥ ❛❧s♦ ❜❡ ❡①❤✐❜✐t❡❞✳

▼♦st ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s r❡q✉✐r❡❞ ✐♥ t❤❡ ♣r♦♦❢s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ s♦ ✇❡ ♦♥❧②
♣r♦✈✐❞❡ s♦♠❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❛❞❞✐t✐♦♥❛❧ t❡r♠s t❤❛t t❤❡ ❝❛s❡ β > 0 r❡q✉✐r❡s t♦ ❞❡❛❧ ✇✐t❤✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ ❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② r❡s♣❡❝t✐✈❡❧② r❡♣❧❛❝✐♥❣ ✐♥ ✭❱❋Pω❑✮ t❤❡
❢✉♥❝t✐♦♥s P ❛♥❞ V ❜② ✜①❡❞ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s Q,H : [0, T ] × R → R✿





∂tg(t, x, u) + u∂xg(t, x, u) − [∂xQ(t, x) + β(u− αH(t, x)) − ∂u ln(ω(u))] ∂ug(t, x, u)

−
σ2

2
∂2

ug(t, x, u) = [∂xQ(t, x) − αβH(t, x)∂u ln(ω(u))] g(t, x, u) − g(t, x, u)ĥ(u),

♦♥ (0, T ] × R
2,

g(0, x, u) = g0(x, u) ♦♥ R
2,

✭❋Pω❑✮

✷✶



❋✐rst ✇❡ ♥♦t✐❝❡ t❤❛t

∂k
x∂

l
u(u∂ug(t, x, u)) =

l∑

n=0

Cn
l (∂n

uu)(∂u∂
k
x∂

l−n
u g(t, x, u)) = u∂k

x∂
l+1
u g(t, x, u) + l∂k

x∂
l
ug(t, x, u).

❚❤❡r❡❢♦r❡✱ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ∂k
x∂

l
u t♦ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✭❋Pω❑✮ ②✐❡❧❞s t❤❡ ✐❞❡♥t✐t②

∂t∂
k
x∂

l
ug(t, x, u) + u∂x(∂k

x∂
l
ug(t, x, u))

− (∂xQ(t, x) − ∂u lnω(u) + β(u− αV (t, x))) ∂u(∂k
x∂

l
ug(t, x, u)) −

σ2

2
∂2

u(∂k
x∂

l
ug(t, x, u))

= βl∂k
x∂

l
ug(t, x, u) − l∂k+1

x ∂l−1
u g(t, x, u)

+ ✶✶{k≥1}

k−1∑

m=0

Cm
k ∂

k−m
x (∂xQ(t, x) − αβH(t, x))∂u(∂m

x ∂
l
ug(t, x, u)) − ✶✶{l≥1}

l−1∑

n=0

Cn
l

(
∂l−n+1

u ln(ω(u))∂n+1
u ∂k

xg(t, x, u)
)

+

l∑

n=0

k∑

m=0

Cn
l C

m
k

(
∂k−m

x ∂xQ(t, x) − αβH(t, x)
)
∂l−n+1

u lnω(u)∂m
x ∂

n
ug(t, x, u) +

l∑

n=0

Cn
l ∂

k
x∂

n
ug(t, x, u)∂

l−n
u ĥ(u).

❇② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ A ∈ N ❛♥❞ a ∈ {0, . . . , A}✱ ❛ s♠♦♦t❤ s♦❧✉t✐♦♥ g t♦
❡q✉❛t✐♦♥ ✭❋Pω❑✮ ♠✉st s❛t✐s❢②

d

dt
‖g(t)‖λ,a;A ≤ λ(1 + β)‖g(t)‖λ,a+1;A + a(1 + β)‖g(t)‖λ,a;A

+
da

dλa

(
‖g(t)‖λ,1;A (‖Q(t)‖λ,1;A + αβ‖H(t)‖λ,0;A + ‖ ln(ω)‖λ,1;A)

)

+
da

dλa

(
‖g(t)‖λ,0;A

[
‖ĥ‖λ,0;A + (‖Q(t)‖λ,1;A + αβ‖H(t)‖λ,0;A)‖ ln(ω)‖λ,1;A

])
.

❇② s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✵✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❡st❛❜❧✐s❤

▲❡♠♠❛ ✸✳✹✳ ✭✐✮ ❙✉♣♣♦s❡ t❤❛t ❢♦r s♦♠❡ λ̄ > 0 ✇❡ ❤❛✈❡ f ∈ H(λ̄) ❛♥❞ v ∈ H̃(λ̄)✳ ❚❤❡♥✱ ❢♦r ❛❧❧
λ ∈ [0, λ̄) ♦♥❡ ❤❛s

∑

a∈N

1

(a!)2
da

dλa
(‖f‖λ,0‖v‖λ,1) ≤ ‖f‖H,λ‖v‖ eH,λ.

✭✐✐✮ ❙✉♣♣♦s❡ t❤❛t ❢♦r s♦♠❡ λ̄ > 0✱ f, w ∈ H(λ̄) ❛♥❞ v ∈ H̃(λ̄)✳ ❚❤❡♥✱ ❢♦r ❛❧❧ λ ∈ [0, λ̄) ♦♥❡ ❤❛s

∑

a∈N

1

(a!)2
da

dλa
(‖f‖λ,0‖w‖λ,0‖v‖λ,1) ≤ ‖f‖H,λ‖w‖H,λ‖v‖ eH,λ.

❚r✉♥❝❛t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡s❡ ❡st✐♠❛t❡s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ♦♥❡s ②✐❡❧❞✿

Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ ❋♦r ❡❛❝❤ A ∈ N✱ t❤❡ C1,∞ ❢✉♥❝t✐♦♥ g s♦❧✉t✐♦♥ t♦ ✭❋Pω❑✮ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

d

dt
‖g(t)‖H,λ(t);A ≤

(
(1 + β)[λ(t) + 1 + λ′(t)] + 4γ0 + 16‖Q(t)‖H,λ(t) + αβ‖H(t)‖H,λ(t)

)
‖g(t)‖ eH,λ(t);A

+
(
γ1 + 16γ0 + (γ0 + 16) ‖Q(t)‖ eH,λ(t) + αβγ0‖H(t)‖H,λ(t)

)
‖g(t)‖H,λ(t);A,

✇❤❡r❡ γ0 := ‖ ln(ω)‖ eH,λ0
❛♥❞ γ̂1 := ‖ĥ‖H,λ0

✳

❆♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t

λ(t) + 1 + λ′(t) + 4γ0 + 16‖P (t)‖H,λ(t) + αβ‖V (t)‖H,λ(t) ≤ (1 + β)[λ0 −K] + 4γ0 + (16 + αβ)M1

✷✷



✇❡ t❤❡♥ ♦❜t❛✐♥ t❤❛t✱ ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ A ∈ N✱

‖g(t)‖H,λ(t);A ≤ ‖g0‖H,λ0
exp {T (γ̂1 + 16γ0 + αβγ0M1) + (16 + γ0)M2}

+ exp {T (γ̂1 + 16γ0 + αβγ0M1) + (16 + γ0)M2} ((1 + β)[λ0 −K] + 4γ0 + (16 + αβ)M1)

∫ t

0

‖g(s)‖ eH,λ(s);Ads.

✭✸✳✹✮
❋r♦♠ ❛ss✉♠♣t✐♦♥s ❛✮ ❛♥❞ ❜✮ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✇❡ ❝❛♥ ❝❤♦♦s❡ K > 0 s✉❝❤ t❤❛t K < λ0

T − 1 ❛♥❞

(1 + β)(K − λ0) − 4γ0 − (16 + αβ)M1 ≥ 1

✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ ♦❜t❛✐♥

‖g(t)‖H,λ(t);A +

∫ t

0

‖g(s)‖ eH,λ(s);Ads ≤ ‖g0‖H,λ0
exp {T (γ̂1 + 16γ0 + αβγ0M1) + (16 + γ0)M2} ,

❛♥❞ t❤❡♥

‖g(t)‖H,λ(t) +

∫ t

0

‖g(s)‖ eH,λ(s)ds ≤ ‖g0‖H,λ0
exp {T (γ̂1 + 16γ0 + αβγ0M1) + (16 + γ0)M2} .

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ : [0, T ] × R
2 → R ♦❢ ❝❧❛ss C1,∞ ❛♥❞ ❡✈❡r② t ∈ [0, T ] ✇❡ ❤❛✈❡

∥∥∥∥
∫

R

u2

ω(u)
ϕ(t, ·, u)du

∥∥∥∥
λ,a

≤ ‖ϕ(t, ·, ·)‖λ,a ❛♥❞

∥∥∥∥
∫

R

|u|

ω(u)
ϕ(t, ·, u)du

∥∥∥∥
λ,a

≤ Cω ‖ϕ(t, ·, ·)‖λ,a

❢♦r ❛❧❧ λ ≥ 0 ❛♥❞ a ∈ N✱ t❤❡ ♠❛♣♣✐♥❣ Φ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ϕ t❤❡ s♦❧✉t✐♦♥ Φ(ϕ) ♦❢ ❡q✉❛t✐♦♥
✭❋Pω❑✮ ✇✐t❤ t❤❡ ❞❛t❛

Q(t, x) := −

∫

R

u2

ω(u)
ϕ(t, x, u)du ❛♥❞ H(t, x) :=

∫

R

u

ω(u)
ϕ(t, x, u)du

s❛t✐s✜❡s t❤❡ ✐♥❝❧✉s✐♦♥
Φ
(
BM1

λ0,K,T ∩ B̃M2

λ0,K,T

)
⊆ BM̂

λ0,K,T ∩ B̃M̂
λ0,K,T

✐❢ M1, T, λ0 > 0 ❛r❡ ❛s ♣r❡✈✐♦✉s❧②✱ M2 > 0 ✐s ❛r❜✐tr❛r② ❛♥❞

M̂ = ‖g0‖H,λ0
exp {T (γ̂1 + 16γ0 + αβγ0CωM1) + (16 + γ0)M2} .

■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s Φ
(
BM

λ0,K,T ∩ B̃M
λ0,K,T

)
⊆ BM

λ0,K,T ∩ B̃M
λ0,K,T ✐❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❝♦♥❞✐t✐♦♥s ❛✮ ❛♥❞ ❜✮

♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ t❤❡ ❝♦♥st❛♥ts M > 0 ❛♥❞ T > 0 s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ❞✮✳ ◆♦✇✱ ✇r✐t✐♥❣ Φ̄ := Φ(f1) − Φ(f2)✱
P̄ := P1 − P2 ❛♥❞ V̄ := V1 − V2 ✇❤❡r❡

Pi(t, x) := −

∫

R

u2

ω(u)
fi(t, ·, u) du ❛♥❞ Vi(t, x) :=

∫

R

u

ω(u)
fi(t, ·, u)du i = 1, 2,

✇❡ ❤❛✈❡

∂t(∂
k
x∂

l
uΦ̄) + u∂x

(
∂k

x∂
l
uΦ̄
)
− (∂xQ1 − ∂u lnω(u) + β(u− αV1(t, x))) ∂u

(
∂k

x∂
l
uΦ̄
)
−
σ2

2
∂2

u(∂k
x∂

l
uΦ̄)

= −l∂k+1
x ∂l−1

u Φ̄ + ✶✶{k≥1}

k−1∑

m=0

Cm
k ∂

k−m
x (∂xQ1(t, x) − αβV1(t, x)) ∂

m
x ∂

l+1
u Φ̄ − ✶✶{l≥1}

l−1∑

n=0

Cn
l

(
∂l−n+1

u ln(ω)
)
∂k

x∂
n+1
u Φ̄

+
l∑

n=0

k∑

m=0

Cm
k C

n
l

(
∂k−m

x ∂n
uΦ(f2)

) (
∂l−n+1

u ln(ω)
)
∂m

x

(
∂xP̄ − αβV̄ (t, x)

)

+

k∑

m=0

Cm
k

(
∂k−m

x ∂l+1
u Φ(f2)

)
∂m

x

(
∂xP̄ − αβV̄ (t, x)

)
)

+
l∑

n=0

k∑

m=0

Cm
k C

n
l ∂

k−m
x (∂xP1 − αβV1(t, x)) ∂

l−n+1
u lnω(u)∂m

x ∂
n
u Φ̄ +

l∑

n=0

Cn
l

(
∂k

x∂
n
u Φ̄
)
∂l−n

u ĥ(u);

✷✸



❋r♦♠ t❤✐s ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✇❡ ❞❡❞✉❝❡ t❤❛t d
dt‖∂

k
x∂

l
uΦ̄(t)‖∞ ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜②

l‖∂k+1
x ∂l−1

u Φ̄(t)‖∞ + ✶✶{k≥1}

k−1∑

m=0

Cm
k (‖∂k−m+1

x f1(t)‖∞ + Cωαβ‖∂
k−m
x f1(t)‖∞)‖∂m

x ∂
l+1
u Φ̄(t)‖∞

+ ✶✶{l≥1}

l−1∑

n=0

Cn
l ‖∂

l−n+1
u ln(ω)‖∞‖∂k

x∂
n+1
u Φ̄(t)‖∞

+

l∑

n=0

k∑

m=0

Cm
k C

n
l ‖∂

l−n+1
u ln(ω)‖∞‖∂k−m

x ∂n
uΦ(f2)(t)‖∞(‖∂m+1

x f̄(t)‖∞ + Cωαβ‖∂
m
x f̄(t)‖∞)

+

k∑

m=0

Cm
k ‖∂k−m

x ∂l+1
u Φ(f2)(t)‖∞(‖∂m+1

x f̄(t)‖∞ + Cωαβ‖∂
m
x f̄(t)‖∞)

+

l∑

n=0

k∑

m=0

Cm
k C

n
l ‖∂

l−n+1
u ln(ω)‖∞(‖∂k−m+1

x f1(t)‖∞ + Cωαβ‖∂
k−m
x f1(t)‖∞)‖∂m

x ∂
n
u Φ̄(t)‖∞

+

l∑

n=0

Cn
l ‖∂

k
x∂

n
u Φ̄(t)‖∞‖∂l−n

u ĥ(u)‖∞.

❚❤✐s ②✐❡❧❞s

d

dt
‖Φ̄(t)‖λ(t),0 ≤

(
λ(t) + λ′(t) + ‖f1(t)‖λ(t),1 + Cωαβ‖f1(t)‖λ(t),0 + ‖ ln(ω)‖λ(t),1

)
‖Φ̄(t)‖λ(t),1

+ ‖Φ̄(t)‖λ(t),0

[(
‖f1(t)‖λ(t),1 + Cωαβ‖f1(t)‖λ(t),0

)
‖ ln(ω)‖λ(t),1 + ‖ĥ‖λ(t),0

]

+
(
‖f̄(t)‖λ(t),1 + Cωαβ‖f̄(t)‖λ(t),0

) (
‖Φ(f2)(t)‖λ(t),1 + ‖Φ(f2)(t)‖λ(t),0‖ ln(ω)‖λ(t),1

)

✭✸✳✺✮
❛♥❞ t❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ t ∈ [0, T ]✱

d

dt
‖Φ̄(t)‖λ(t),0 ≤ ((1 + β)(λ0 −K) + (1 + Cωαβ)M + γ0) ‖Φ̄(t)‖λ(t),1

+ ‖Φ̄(t)‖λ(t),0 (M(1 + Cωαβ)γ0 + γ̂1)

+
(
‖f̄(t)‖λ(t),1 + Cωαβ‖f̄(t)‖λ(t),0

)
M(1 + γ0).

✭✸✳✻✮

❙✐♥❝❡ ♦✉r ❛ss✉♠♣t✐♦♥s ❛❧❧♦✇ ✉s t♦ ❝❤♦♦s❡ K ∈ (0, λ0

T − 1) s✉❝❤ t❤❛t

(1 + β)(K − λ0) − (1 + Cωαβ)M − γ0 > 1,

✇❡ ❣❡t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❛❢t❡r ❛♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ t❤❛t

‖Φ̄(t)‖λ(t),0 +

∫ t

0

‖Φ̄(s)‖λ(t),1 ds ≤ ‖Φ̄(t)‖λ(t),0 + exp {T (M(1 + Cωαβ)γ0 + γ̂1)}

∫ t

0

‖Φ̄(s)‖λ(s),1 ds

≤M(1 + γ0) exp {(M(1 + Cωαβ)γ0 + γ̂1)T}

∫ T

0

‖f̄(t)‖λ(t),1 + Cωαβ‖f̄(t)‖λ(t),0dt.

❚❤✐s ✐♠♣❧✐❡s t❤❛t Φ : BM
λ0,K,T ∩ B̃M

λ0,K,T → BM
λ0,K,T ∩ B̃M

λ0,K,T ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢♦r t❤❡ ♥♦r♠

max

{
max

t∈[0,T ]
‖ψ(t)‖λ(t),0 ,

∫ T

0

‖ψ(t)‖λ(t),1 dt

}

✉♥❞❡r ❝♦♥❞✐t✐♦♥ ❝✮ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ ❛♥❞ ❝♦♥❞✐t✐♦♥ ❞✮ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥
st❛rt✐♥❣ ❢r♦♠ g0✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳✷✳ ❇② ▲❡♠♠❛ ✶✳✷ ✇❡ ♥♦✇ ♦❜t❛✐♥ ✐♥ t❤❡ ❝❛s❡ α = 1 t❤❛t✱ ❢♦r ❛❧❧ (t, x) ∈ (0, T ] × R✱
{

∂tρ(t, x) = −∂xV (t, x),

∂t(∂xV (t, x)) = −∂x(ρ(t, x)∂xP (t, x)) + β∂x (V (t, x)ρ(t, x)) ,

✷✹



✇❤❡r❡ ρ(t, x) := ρ(t, x) − 1 =
∫

R
f(t, x, u)du− 1✱ V (t, x) :=

∫
R
uf(t, x, u) du ❛♥❞

∂xP (t, x) = −∂x

∫
R
u2f(t, x, u) du✳ ❍❡♥❝❡✱ ❢♦r ❛❧❧ λ > 0✱

{
∂t‖ρ(t)‖λ ≤ ‖∂xV (t)‖λ,

∂t‖∂xV (t)‖λ ≤ ‖∂xP (t)‖λ‖∂xρ(t)‖λ + ‖∂2
xP (t)‖λ‖ρ(t)‖λ + β (‖∂xV (t)‖λ‖ρ(t)‖λ + ‖V (t)‖λ‖∂xρ(t)‖λ) .

✭✸✳✼✮
❲✐t❤ A(t, λ) := ‖ρ(t)‖λ ❛♥❞ B(t, λ) := ‖∂xV (t)‖λ ✇❡ ❤❛✈❡

{
∂tA(t, λ) ≤ B(t, λ),

∂tB(t, λ) ≤ (‖∂xP (t)‖λ + β‖V (t)‖λ)∂λA(t, λ) + (‖∂2
xP (t)‖λ + βB(t, λ))A(t, λ).

❋r♦♠ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s✱ s✐♥❝❡ t❤❡ t❡r♠s ✐♥ ♣❛r❡♥t❤❡s❡s ❛r❡ ❜♦✉♥❞❡❞✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② s✐♠✐❧❛r
❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ❝❛s❡ β = 0✳ ■❢ ♥♦✇ α = 0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥s✱ ❢♦r ❛❧❧ (t, x) ∈ (0, T ] × R✱

{
∂tρ(t, x) = −∂xV (t, x),

∂t(∂xV (t, x)) = −∂x(ρ(t, x)∂xP (t, x)) + β∂xV (t, x)

✇❤✐t t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ❜❡❢♦r❡✳ ❚❤✐s ②✐❡❧❞s
{
∂tA(t, λ) ≤ B(t, λ),

∂tB(t, λ) ≤ ‖∂xP (t)‖λ∂λA(t, λ) + ‖∂2
xP (t)‖λA(t, λ) + βB(t, λ).

❙✐♥❝❡ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ β = 0 r❡❧✐❡s ♦♥ t❤❡ ✐♥❡q✉❛❧✐t② s❛t✐s✜❡❞ ❜② t❤❡ s✉♠ Y(t, λ) :=
A(t, λ) + bB(t, λ)✱ ❜② s✉✐t❛❜❧② ♠♦❞✐❢②✐♥❣ t❤❡ ❝♦♥st❛♥ts t❤❡r❡✐♥ ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

❆ ❆♣♣❡♥❞✐①

❆✳✶ ❆ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ♦❢ ❛♥❛❧②t✐❝ t②♣❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t ❢♦r t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω(u) = c(1 + u2)
s
2 ✇❤❡r❡ c, s > 0 ❛r❡ ✜①❡❞

❝♦♥st❛♥ts✱ t❤❡ ❢✉♥❝t✐♦♥s u 7→ ∂u ln(ω(u)) = su
(1+u2) ✱ u 7→ h(u) =

∂2
uω(u)
2ω(u) − |∂u ln(ω(u))|2 = s−(s+s2)u2

2(1+u2)2 ❛♥❞

u 7→ ĥ(u) = h(u)− β(1 + u∂u(lnω(u))) s❛t✐s❢② ✭❍ω✮❢♦r λ0 ∈ [0, 1/4)✳ ❖❜s❡r✈❡ ❛❧s♦ t❤❛t
∫

R

u2

ω(u)du < +∞
❛s s♦♦♥ ❛s s > 3✳

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r ∂u ln(ω)✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✐❞❡♥t✐❢② ∂l
u ln(ω) ❢♦r l ≥ 1 ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

ql(u)
(1+|u|2)l ✇❤❡r❡ ql ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r l s❛t✐s❢②✐♥❣ q1(u) = su ❛♥❞✱ ❢♦r ❛❧❧ l ≥ 1✱

ql+1(u)

(1 + |u|2)l+1
= ∂u

(
ql(u)

(1 + |u|2)l

)
=

(1 + |u|2)∂uql(u) − 2luql(u)

(1 + |u|2)l+1
,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ql+1(u) = (1+ |u|2)∂uql(u)−2luql(u)✳ ❲❡ ❝❛♥ ♥♦✇ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦❡✣❝✐❡♥ts {a
(l)
n }0≤n≤l

s✉❝❤ t❤❛t ql(u) =
∑l

n=0 a
(l)
n un ♦❜s❡r✈✐♥❣ t❤❛t✱ ❢♦r l ≥ 1✱

(1 + |u|2)∂uql(u) − 2luql(u) = (1 + |u|2)
l∑

n=1

na(l)
n un−1 − 2lu

l∑

n=0

a(l)
n un

=

l∑

n=1

na(l)
n un−1 +

l∑

n=1

na(l)
n un+1 − 2l

l∑

n=0

a(l)
n un+1

=

l−1∑

n=0

(n+ 1)a
(l)
n+1u

n +

l+1∑

n=2

(n− 1)a
(l)
n−1u

n − 2l

l+1∑

n=1

a
(l)
n−1u

n.

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ a
(1)
0 = 0✱ a

(1)
1 = s✱ a

(2)
0 = s, a

(2)
1 = 0, a

(2)
2 = −s ❛♥❞✱ ❢♦r l ≥ 2✱

a
(l+1)
0 = a

(l)
1 , a

(l+1)
1 = 2a

(l)
2 − 2la

(l)
0 ,

a(l+1)
n = (n+ 1)a

(l)
n+1 + (n− 1)a

(l)
n−1 − 2la

(l)
n−1, ✐❢ 2 ≤ n ≤ l − 1,

❛♥❞ a
(l+1)
l = −(l + 1)a

(l)
l−1, al+1

(l+1) = −la
(l)
l .

✭❆✳✶✮

✷✺



❙❡tt✐♥❣ a(l) := max
n∈{0,...,l}

a(l)
n ✱ ✇❡ ❞❡❞✉❝❡ t❤❡ r♦✉❣❤ ❡st✐♠❛t❡s✿ a(l+1) ≤ 4(l + 1)a(l) ❢♦r l ≥ 2✱ ❛♥❞ t❤❡♥✿

a(l) ≤ s
44ll! ❢♦r l ≥ 1✳ ❚❤✉s✱ ❢♦r l ≥ 1

|∂l
u(∂u(ln(ω))| ≤

∑l+1
n=0 a

(l+1)
n |u|n

(1 + u2)l+1
≤
s

4

l+1∑

n=0

4l+1(l + 1)!|u|n

(1 + u2)l+1
≤ s4l(l + 2)!. ✭❆✳✷✮

❈♦♥s❡q✉❡♥t❧②✱ ❜② ▲❡♠♠❛ ✷✳✶ ✇❡ ❤❛✈❡ ∂u(ln(ω)) ∈ H(λ) ❢♦r ❛❧❧ λ ∈ [0, 1/4)✱ ❛♥❞ ❢r♦♠ ▲❡♠♠❛ ✷✳✷✲✭✐✮ ✇❡

❝♦♥❝❧✉❞❡ t❤❛t ln(ω) ∈ H̃(λ) ❢♦r ❛❧❧ λ ∈ [0, 1/4)✳
❆s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ h✱ ✐t ✐s s✐♠✐❧❛r❧② ❝❤❡❝❦❡❞ ✐♥ t❤✐s ❝❛s❡ t❤❛t ❢♦r ❛❧❧ l ≥ 0

∂l
uh(u) =

rl+2(u)

2(1 + |u|2)l+2
,

✇❤❡r❡ rl ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r l✱ ❞❡✜♥❡❞ ❢♦r l ≥ 2✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts {b
(l)
n }0≤n≤l s✉❝❤ t❤❛t

rl(u) =
∑l

n=0 b
(l)
n un s❛t✐s❢② b

(2)
0 = s/2✱ b

(2)
1 = 0✱ b

(2)
2 = −(s + s2)/2 ❛♥❞ ♠♦r❡♦✈❡r✱ ❢♦r ❛❧❧ l ≥ 2✱ t❤❡

r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ✭❆✳✶✮ ✇✐t❤ a
(l)
n r❡♣❧❛❝❡❞ ❜② b

(l)
n ✳ ■t ❢♦❧❧♦✇s ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ❜❡❢♦r❡ t❤❛t

|∂l
uh(u)| ≤

s+ s2

4
4l(l + 3)!

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❛s ✇❡❧❧ ❜② ▲❡♠♠❛ ✷✳✶ t❤❛t h ∈ H(λ) ❢♦r ❛❧❧ λ ∈ [0, 1/4)✳
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ u∂u(lnω(u)) = s− s

1+u2 s♦ t❤❛t ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ s
1+u2 ❜❡❧♦♥❣s

t♦ t❤❡ s♣❛❝❡ H(λ) ❢♦r λ ∈ [0, 1/4)✳ P❧❛✐♥❧②✱ ❢♦r ❡❛❝❤ l ≥ 0✱ ∂l
u

(
s

1+u2

)
= jl(u)

(1+|u|2)l+1 ❢♦r s♦♠❡ ♣♦❧②♥♦♠✐❛❧

jl ♦❢ ♦r❞❡r l✳ ❚❤✐s ②✐❡❧❞s ❛ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts t❤❛t ♦♥❧② ❞✐✛❡rs ❢r♦♠ ✭❆✳✶✮ ✐♥ t❤❛t t❤❡
❢❛❝t♦rs −2l ❛r❡ r❡♣❧❛❝❡❞ ❜② −2(l + 1)✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ t❤✉s ❢♦❧❧♦✇s ❛s ♣r❡✈✐♦✉s❧②✳

❆✳✷ ❆ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❢♦r ❦✐♥❡t✐❝ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥s

❲❡ ♥❡①t ❣✐✈❡ ❢♦r ❝♦♠♣❧❡t❡♥❡ss ❛ ❜r✐❡❢ ♣r♦♦❢ ♦❢ t❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❤❛t ❤❛s ❜❡❡♥ ✉s❡❞
t❤r♦✉❣❤♦✉t✳

❚❤❡♦r❡♠ ❆✳✶✳ ▲❡t d ≥ 1 ❛♥❞ σ ≥ 0✳ ❈♦♥s✐❞❡r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ̺0 : R
d × R

d → R ❛♥❞ F, c :
[0, T ]×R

d ×R
d → R ❛♥❞ ❛ ❢✉♥❝t✐♦♥ φ : [0, T ]×R

d ×R
d → R

d t❤❛t ❣r♦✇s ❧✐♥❡❛r❧② ✐♥ (x, u) ✉♥✐❢♦r♠❧② ✐♥
t ∈ [0, T ]✳ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ♦❢ ❝❧❛ss C0,∞ ❛♥❞ ❤❛✈❡ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛❧❧
♦r❞❡r✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ̺ ♦❢ ❝❧❛ss C1,∞ t♦ t❤❡ ❧✐♥❡❛r ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥




∂t̺(t, x, u) + u · ∇x̺(t, x, u) − φ(t, x, u) · ∇u̺(t, x, u) −

σ2

2
△u̺(t, x, u) + c(t, x, u)̺(t, x, u) = F (t, x, u) ♦♥ QT ,

̺(0, x, u) = ̺0(x, u), ♦♥ R
2d,

✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✐♥ QT := [0, T ] × R
2d✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥ t 7→ ‖̺(t)‖∞ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s✱

❛♥❞ ❢♦r ❛❧♠♦st ❡✈❡r② t ∈ [0, T ] ♦♥❡ ❤❛s

d

dt
‖̺(t)‖∞ ≤ ‖c(t)‖∞‖̺(t)‖∞ + ‖F (t)‖∞. ✭❆✳✸✮

Pr♦♦❢✳ ■♥ t❤❡ ❝❛s❡ σ > 0✱ ❡①✐st❡♥❝❡ ♦❢ ❛ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ ❝❧❛ss C1,∞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❜❛❜✐❧✐st✐❝
♠❡t❤♦❞s✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✉♥✐q✉❡ ♣❛t❤✇✐s❡ s♦❧✉t✐♦♥ (Xs,x,u

t , Us,x,u
t )s≤t≤T t♦ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥ ✐♥ R
d × R

d✿

XT ;s,x,u
t = x−

∫ t

s

UT ;s,x,u
r dr

UT ;s,x,u
t = u−

∫ t

s

φ(T − r,XT ;s,x,u
r , UT ;s,x,u

r )dr + σ(Wt −Ws)

✷✻



✇❤❡r❡ W ✐s ❛ st❛♥❞❛r❞ d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❞❡✜♥❡❞ ✐♥ s♦♠❡ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❋♦❧✲
❧♦✇✐♥❣ ❋r✐❡❞♠❛♥♥ ❬✽❪ ♦♥❡ s❤♦✇s t❤❛t

(T, x, u) 7→E

[
ρ0(X

T ;0,x,u
T , UT ;0;x,u

T ) exp

{∫ T

0

c(T − θ,XT ;0,x,u
θ , UT ;0,x,u

θ ) dθ

}]

+ E

[∫ T

0

F (T − θ,XT ;0,x,u
θ , UT ;0,x,u

θ ) exp

{∫ θ

0

c(T − s,XT ;0,x,u
s , UT ;0,x,u

s )ds

}
dθ

]

✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✭r❡❣✉❧❛r✐t② ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ✐s t❤❡♥ ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢

t❤❡ r❡❣✉❧❛r✐t② ♦❢ ρ0, φ, c, F ❛♥❞ ♦❢ t❤❡ ✢♦✇ (t, x, u) 7→ (XT ;0,x,u
t , UT ;0,x,u

t )✮✳
■♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t ✭❆✳✸✮ ❤♦❧❞s✱ ✇❡ s❡t ¯̺(t, x, u) := ̺(T − t, x, u) ❛♥❞ ❛♣♣❧② ■tô✬s ❢♦r♠✉❧❛ t♦ ❣❡t

¯̺(t,XT ;s,x,u
t , UT ;s,x,u

t ) = ¯̺(s, x, u)+

∫ t

s

(F−cρ)(T−r,XT ;s,x,u
r , UT ;s,x,u

r )dr+σ

∫ t

s

∇ ¯̺(r,XT ;s,x,u
r , UT ;s,x,u

r )dWr.

❙✐♥❝❡ ∇ ¯̺ ✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (τn) ♦❢ st♦♣♣✐♥❣ t✐♠❡s ✇✐t❤ τn ր +∞ s✉❝❤ t❤❛t∫ t∧τn

s
∇ ¯̺(r,Xs,x,u

r , Us,x,u
r )dWr ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ❧❡tt✐♥❣ n → ∞ ✉s✐♥❣ t❤❡ ❢❛❝t

t❤❛t ̺ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

E̺(T − t,XT ;s,x,u
t , UT ;s,x,u

t ) = ̺(T − s, x, u) +

∫ t

s

E
[
(F − c̺)(T − r,XT ;s,x,u

r , UT ;s,x,u
r ))

]
dr.

❚❛❦✐♥❣ θ = T − t ≤ α = T − s✱ ✇❡ ❣❡t

E̺(θ,XT ;T−α,x,u
T−θ , UT ;T−α,x,u

T−θ ) = ̺(α, x, u) +

∫ α

θ

E

[
(c̺− F )(r,XT ;T−α,x,u

T−r , UT ;T−α,x,u
T−r )

]
dr.

❲r✐t✐♥❣ t❤✐s ✐❞❡♥t✐t② ❢♦r θ = 0 ❛♥❞ α = t✱ t❤❡♥ ❢♦r θ = 0 ❛♥❞ α = t+h✱ ❛♥❞ t❛❦✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ t✇♦ ♦❜t❛✐♥❡❞ ✐❞❡♥t✐t✐❡s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

∣∣∣∣‖̺(t+ h)‖∞ − ‖̺(t)‖∞

∣∣∣∣ ≤ ‖̺(t+ h) − ̺(t)‖∞ ≤

∣∣∣∣∣

∫ t+h

t

(‖c(θ)‖∞‖̺(θ)‖∞ + ‖F (θ)‖∞) dθ

∣∣∣∣∣

❢♦r ❛❧❧ 0 ≤ t ≤ T ❛♥❞ h ∈ R s✉❝❤ t❤❛t t + h ∈ [0, T ]✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t t 7→ ‖̺(t)‖∞ ✐s
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❛t ✭❆✳✸✮ ❤♦❧❞s✳

■♥ t❤❡ ❝❛s❡ σ = 0 t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❣♦ t❤r♦✉❣❤ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳

❆✳✸ Pr♦♦❢ ♦❢ ▲❡♠♠❛s ✷✳✶✵ ❛♥❞ ✷✳✶✶

❍❡r❡✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ♣r♦♦❢s ♦❢ ▲❡♠♠❛s ✷✳✶✵ ❛♥❞ ✷✳✶✶ ❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥ts ♦❢ ❬✶✵❪✳ ❚❤❡✐r tr✉♥❝❛t❡❞
✈❡rs✐♦♥s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ ♥❛♠❡❧② r❡♣❧❛❝✐♥❣ ✐♥ t❤❡ ♥❡①t
♣r♦♦❢s t❤❡ ♥♦r♠s ‖ · ‖λ,a ❜② t❤❡✐r tr✉♥❝❛t❡❞ ✈❡rs✐♦♥s ‖ · ‖λ,a,A ❢♦r ❡❛❝❤ A ∈ N✱ ❛♥❞ t❤❡ s✉♠s ♦✈❡r N ❜②
s✉♠s ♦✈❡r t❤❡ s❡t {0, . . . , A}✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✵✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡

∑

a∈N

1

(a!)2
da

dλa
(‖f‖λ,0‖v‖λ,1‖w‖λ,1) =

∑

a∈N

1

(a!)2

a∑

r=0

Cr
a

dr

dλr
‖f‖λ,0

da−r

dλa−r
(‖v‖λ,1‖w‖λ,1) .

✷✼



❚❤❡♥ ✇❡ s❡❡ t❤❛t

∑

a∈N

1

(a!)2

a∑

r=0

Cr
a

dr

dλr
‖f‖λ,0

da−r

dλa−r
(‖v‖λ,1‖w‖λ,1)

=
∑

r∈N

‖f‖λ,r

+∞∑

a=r

Cr
a

(a!)2
da−r

dλa−r
(‖v‖λ,1‖w‖λ,1) (s✐♥❝❡

dp

dλp
‖ψ‖λ,0 = ‖ψ‖λ,p ❜② ❞❡✜♥✐t✐♦♥)

=
∑

r∈N

‖f‖λ,r

+∞∑

a=r

Cr
a

(a!)2

a−r∑

q=0

Cq
a−r (‖v‖λ,q+1‖w‖λ,a−q−r+1)

=
∑

r∈N

‖f‖λ,r

+∞∑

a=0

a∑

q=0

Cr
a+rC

q
a

((a+ r)!)2
(‖v‖λ,q+1‖w‖λ,a−q+1) (❜② ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s)

=
∑

r∈N

‖f‖λ,r

+∞∑

q=0

(
‖v‖λ,q+1

+∞∑

a=q

‖w‖λ,a−q+1
Cr

a+rC
q
a

((a+ r)!)2

)

=
∑

r∈N

‖f‖λ,r

+∞∑

q=0

(
‖v‖λ,q+1

+∞∑

a=0

‖w‖λ,a+1

Cr
a+r+qC

q
a+q

((a+ r + q)!)2

)
.

❚❤✉s✱

∑

a∈N

1

(a!)2
da

dλa
(‖f‖λ,0‖v‖λ,1‖w‖λ,1)

=
∑

r∈N

‖f‖λ,r

(r!)2

+∞∑

q=0

(q + 1)2

((q + 1)!)2
‖v‖λ,q+1

+∞∑

a=0

(a+ 1)2

((a+ 1)!)2
‖w‖λ,a+1

(r!)2((q + 1)!)2((a+ 1)!)2Cr
a+r+qC

q
a+q

(a+ 1)2(q + 1)2((a+ r + q)!)2
,

✇❤❡r❡
(r!)2((q + 1)!)2((a+ 1)!)2Cr

a+r+qC
q
a+q

(a+ 1)2(q + 1)2((a+ r + q)!)2
=

a!q!r!

(a+ q + r)!
.

❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s s✐♥❝❡ a!q!r!
(a+q+r)! ≤ 1, ∀ a, q, r ∈ N.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✶✳ ❖♥❡ ❤❛s

∑

a∈N

1

(a!)2
da

dλa
(‖f‖λ,1‖v‖λ,1) =

∑

a∈N

1

(a!)2

(
a∑

r=0

Cr
a

dr

dλr
‖f‖λ,1

da−r

dλa−r
‖v‖λ,1

)

=
∑

a∈N

1

(a!)2

(
a∑

r=0

Cr
a‖f‖λ,r+1‖v‖λ,a−r+1

)
(s✐♥❝❡

dp

dλp
‖ψ‖λ,0 = ‖ψ‖λ,p ❜② ❞❡✜♥✐t✐♦♥)

=
∑

r∈N

‖f‖λ,r+1

(
+∞∑

a=r

Cr
a

(a!)2
‖v‖λ,a−r+1

)

=
∑

r∈N

‖f‖λ,r+1

(
+∞∑

a=0

Cr
a+r

((a+ r)!)2
‖v‖λ,a+1

)

=
∑

r∈N

‖f‖λ,r+1

((r + 1)!)2

∑

a∈N

‖v‖λ,a+1

((a+ 1)!)2

(
Cr

a+r((a+ 1)!)2((r + 1)!)2

((a+ r)!)2

)
,

✇❤❡r❡

Cr
a+r((a+ 1)!)2((r + 1)!)2

((a+ r)!)2
=

(a+ 1)(r + 1)(a+ 1)!(r + 1)!

(a+ r)!
.

❆s ✐♥ ❬✶✵❪✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✇❤❡♥ a ≥ 2 ❛♥❞ r ≥ 2 ♦♥❡ ❤❛s

(r + 1)(a+ 1)(a+ 1)!(r + 1)!

(a+ r)!
≤ 24.

✷✽



■♥❞❡❡❞✱ ❢♦r r ≥ 2 ❛♥❞ a ≥ 3✱

(r + 1)(a+ 1)(a+ 1)!(r + 1)!

(a+ r)!
=

1 × · · · × (r + 1) × (r + 1)

1 × · · · × r × (r + 1) × (r + 2)
× 1 × 2 × 3 × 4 ×

5 × · · · × a× (a+ 1) × (a+ 1)

(r + 3) · · · × (a+ r − 1) × (a+ r)

≤ 4! ×
5 × · · · × (a+ 1) × (a+ 1)

(r + 3) × · · · × (a+ r − 1) × (a+ r)

≤ 24,

✇❤❡r❡ a ≥ 3 ✇❛s ✉s❡❞ ✐♥ t❤❡ ✜rst ❡①♣❛♥s✐♦♥ ❛♥❞ r ≥ 2 ✐♥ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t②✳ ■❢ r ≥ 2 ❛♥❞ a = 2 t❤❡♥

(r + 1)(a+ 1)(a+ 1)!(r + 1)!

(a+ r)!
= 18 ×

(r + 1)(r + 1)!

(r + 2)!
≤ 18.

■❢ a ≤ 1 ♦r r ≤ 1 ✇❡ ❤❛✈❡ t♦ s❡♣❛r❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❡r♠s ✐♥ t❤❡ ❡st✐♠❛t✐♦♥✳ ❚❤❡♥✱ ✇❡ ❣❡t

∑

a∈N

1

(a!)2

a∑

r=0

Cr
a‖f‖λ,r+1‖v‖λ,a−r+1 =

∑

r∈N

‖f‖λ,r+1

((r + 1)!)2

+∞∑

a=0

‖v‖λ,a+1

((a+ 1)!)2

(
(r + 1)(a+ 1)(a+ 1)!(r + 1)!

(a+ r)!

)

= ‖v‖λ,1

∑

r∈N

‖f‖λ,r+1

((r + 1)!)2
(r + 1)2 + 4‖v‖λ,2

∑

r∈N

‖f‖λ,r+1

((r + 1)!)2
(r + 1)

+ ‖f‖λ,1

∑

a≥2

‖v‖λ,a+1

((a+ 1)!)2
(a+ 1)2 + 4‖f‖λ,2

∑

a≥2

‖v‖λ,a+1

((a+ 1)!)2
(a+ 1)

+ 24
∑

r≥2

‖f‖λ,r+1

((r + 1)!)2

∑

a≥2

‖v‖λ,a+1

((a+ 1)!)2

≤ (‖v‖λ,1 + 4‖v‖λ,2) ‖f‖ eH,λ + (‖f‖λ,1 + 4‖f‖λ,2) ‖v‖ eH,λ + 24
∑

r≥2

‖f‖λ,r+1

((r + 1)!)2

∑

a≥2

‖v‖λ,a+1

((a+ 1)!)2

❙✐♥❝❡
∑

a≥3
‖v‖λ,a

(a!)2 ≤ ‖v‖ eH,λ ∧ ‖v‖H,λ ❛♥❞
∑

r≥3
‖f‖λ,r

(r!)2 ≤ ‖f‖ eH,λ ∧ ‖f‖H,λ✱ t❤❡ ❧❛tt❡r ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡

❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜②


‖v‖λ,1 + 4‖v‖λ,2 + 12

∑

a≥3

‖v‖λ,a

(a!)2


 ‖f‖ eH,λ +


‖f‖λ,1 + 4‖f‖λ,2 + 12

∑

r≥3

‖f‖λ,r

(r!)2


 ‖v‖ eH,λ

≤ 16(‖f‖ eH,λ‖v‖H,λ + ‖f‖H,λ‖v‖ eH,λ)

❛♥❞ ✇✐t❤ t❤❡ ❜♦✉♥❞ ‖w‖λ,1 + 4‖w‖λ,2 + 12
∑

a≥3
‖w‖λ,a

(a!)2 ≤ 16‖w‖H,λ ❢♦r w = f, v ✇❡ ❡st❛❜❧✐s❤ ✭✐✮✳ ❯s✐♥❣

t❤❡ ❜♦✉♥❞ ‖v‖λ,1 + 4‖v‖λ,2 + 12
∑

a≥3
‖v‖λ,a

(a!)2 ≤ 4‖v‖ eH,λ ✇❡ ❛❧t❡r♥❛t✐✈❡❧② ♦❜t❛✐♥ ✭✐✐✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❙❛ï❞ ❇❡♥❛❝❤♦✉r✳ ❆♥❛❧②t✐❝✐té ❞❡s s♦❧✉t✐♦♥s ❞❡s éq✉❛t✐♦♥s ❞❡ ❱❧❛ss♦✈✲P♦✐ss♦♥✳ ❆♥♥✳ ❙❝✉♦❧❛ ◆♦r♠✳
❙✉♣✳ P✐s❛ ❈❧✳ ❙❝✐✳ ✭✹✮✱ ✶✻✭✶✮✿✽✸✕✶✵✹✱ ✶✾✽✾✳

❬✷❪ ❋ré❞ér✐❝ ❇❡r♥❛r❞✐♥✱ ▼✐r❡✐❧❧❡ ❇♦ss②✱ ❈❧❛✐r❡ ❈❤❛✉✈✐♥✱ ❏❡❛♥✲❋r❛♥ç♦✐s ❏❛❜✐r✱ ❛♥❞ ❆♥t♦✐♥❡ ❘♦✉ss❡❛✉✳
❙t♦❝❤❛st✐❝ ▲❛❣r❛♥❣✐❛♥ ▼❡t❤♦❞ ❢♦r ❉♦✇♥s❝❛❧✐♥❣ Pr♦❜❧❡♠s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✳
❊❙❆■▼✿ ▼✷❆◆✱ ✹✹✭✺✮✿✽✽✺✕✾✷✵✱ ✷✵✶✵✳

❬✸❪ ◆✐❝♦❧❛s ❇❡ss❡✳ ❖♥ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r t❤❡ ❣②r♦✲✇❛t❡r✲❜❛❣ ♠♦❞❡❧✳ ▼❛t❤✳ ▼♦❞❡❧s ▼❡t❤♦❞s ❆♣♣❧✳
❙❝✐✳✱ ✷✶✭✾✮✿✶✽✸✾✕✶✽✻✾✱ ✷✵✶✶✳

❬✹❪ ◆✐❝♦❧❛s ❇❡ss❡✱ ❋❧♦r❡♥t ❇❡rt❤❡❧✐♥✱ ❨❛♥♥ ❇r❡♥✐❡r✱ ❛♥❞ P✐❡rr❡ ❇❡rtr❛♥❞✳ ❚❤❡ ♠✉❧t✐✲✇❛t❡r✲❜❛❣ ❡q✉❛t✐♦♥s
❢♦r ❝♦❧❧✐s✐♦♥❧❡ss ❦✐♥❡t✐❝ ♠♦❞❡❧✐♥❣✳ ❑✐♥❡t✳ ❘❡❧❛t✳ ▼♦❞❡❧s✱ ✷✭✶✮✿✸✾✕✽✵✱ ✷✵✵✾✳

✷✾



❬✺❪ ▼✐r❡✐❧❧❡ ❇♦ss② ❛♥❞ ❏❡❛♥✲❋r❛♥ç♦✐s ❏❛❜✐r✳ ❖♥ ❝♦♥✜♥❡❞ ▼❝❑❡❛♥ ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss❡s s❛t✐s❢②✐♥❣ t❤❡ ♠❡❛♥
♥♦✲♣❡r♠❡❛❜✐❧✐t② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞ t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✷✶✭✶✷✮✿✷✼✺✶✕
✷✼✼✺✱ ✷✵✶✶✳

❬✻❪ ▼✐r❡✐❧❧❡ ❇♦ss② ❛♥❞ ❏❡❛♥✲❋r❛♥ç♦✐s ❏❛❜✐r✳ P❉❋ ♠♦❞❡❧ ✇✐t❤ s♣❡❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✷✵✶✶✳ ❙✉❜✲
♠✐tt❡❞✳

❬✼❪ ▼✐r❡✐❧❧❡ ❇♦ss②✱ ❏❡❛♥✲❋r❛♥ç♦✐s ❏❛❜✐r✱ ❛♥❞ ❉❡♥✐s ❚❛❧❛②✳ ❖♥ ❝♦♥❞✐t✐♦♥❛❧ ▼❝❑❡❛♥ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝
♠♦❞❡❧s✳ Pr♦❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t✳ ❋✐❡❧❞s✱ ✶✺✶✿✸✶✾✕✸✺✶✱ ✷✵✶✶✳
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