♥ ✉❡• ❱✐♥❝❡♥t Pr 
  
✺ ✶✳✸ Pr✐ 
  

✷ ❱❛r✐❛t✐♦♥❛• ■♥❢❡r❡♥❝❡ ✽ ✷✳✶ •❡♥❡r❛• ❆♣♣r♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽ ✷✳✷ ❆♣♣•✐❝❛t✐♦♥ t♦ t❤❡ Pr♦♣♦s❡❞ ▼♦❞❡• ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵ ✷✳✷✳✶ ❆✉①✐•✐❛r② ❱❛r✐❛❜•❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶ ✷✳✷✳✷ ❚✐❣❤t❡♥✐♥❣ t❤❡ ❇♦✉♥❞ ✇rt✳ t❤❡ ❆✉①✐•✐❛r② ❱❛r✐❛❜•❡s ✳ ✳ ✳ ✳ ✶✷ ✷✳✷✳✸ ❱❛r✐❛t✐♦♥❛• ❯♣❞❛t❡s ❢♦r t❤❡ ◆❚❋ P❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸ ✷✳✷✳✹ ❱❛r✐❛t✐♦♥❛• ❯♣❞❛t❡s ❢♦r t❤❡ ❙♦✉r❝❡ ❈♦♠♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✶✼ ✷✳✷✳✺ ❱❛r✐❛t✐♦♥❛• ❯♣❞❛t❡s ❢♦r t❤❡ ▼✐①✐♥❣ P❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✶✽ ✷✳✸ ▲♦✇❡r ❇♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾ ✷✳✹ ❙✉♠♠❛r② ♦❢ t❤❡ ❆•❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷ |❚ ♥➦ ✹✷✸ ✹ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t ✶ ▼♦❞❡• ✶✳✶ ❙♣❛t✐❛• ▼♦❞❡• ❲❡ ❛❞♦♣t t❤❡ ♠♦❞❡• ♣r♦♣♦s❡❞ ✐♥ ❬✺(✳ ❚❤✐s ♠♦❞❡• ♦♣❡r❛t❡s ✐♥ t❤❡ ❙❚❋❚ ❞♦♠❛✐♥✳ ❚❤❡ ♠✐①✐♥❣ ❡q✉❛t✐♦♥ ✐♥ t✐♠❡ ❢r❡q✉❡♥❝② ❜✐♥ (n, f ) ❝❛♥ ❜❡ ❢♦r♠✉•❛t❡❞ ❜② ✉s✐♥❣ t❤❡ s♦✉r❝❡ ✐♠❛❣❡s y j,f n ❛s ❢♦••♦✇s✿ x f n = J j=1 y j,f n + ǫ f n . ✭✶✮ ■♥ t❤✐s ❞♦♠❛✐♥✱ x f n r❡♣r❡s❡♥ts t❤❡ I ×1 ✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ t❤❡ ♠✐①t✉r❡ ❙❚❋❚ ❝♦❡✣❝✐❡♥ts ✐♥ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥ (n, f )✱ ✱ ✇❤❡r❡ I ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♥♥❡•s✳ y j,f n r❡♣r❡s❡♥ts t❤❡ I × 1 ✈❡❝t♦r ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ s♣❛t✐❛• ✐♠❛❣❡ ♦❢ s♦✉r❝❡ j ♦♥ ❛•• ♠✐①t✉r❡ ❝❤❛♥♥❡•s ✐♥ t❤❡ s❛♠❡ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥✳ ❋✐♥❛••② ǫ f n ✐s t❤❡ ♥♦✐s❡ ✐♥ t❤❡ ❙❚❋❚ ❞♦♠❛✐♥✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ s♦✉r❝❡ ✐♠❛❣❡ ❢♦••♦✇s ❛ ③❡r♦✲♠❡❛♥ ❝♦♠♣•❡①✲✈❛•✉❡❞ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ y j,f n ∼ N (0, v j,f n R j,f ), ✭✷✮ ✇❤❡r❡ R j,f ✐s ❛♥ I × I ♠❛tr✐① ♦❢ r❛♥❦ R j ✇❤✐❝❤ ✐s ❝❛••❡❞ t❤❡ s♣❛t✐❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛♥❞ r❡♣r❡s❡♥ts t❤❡ s♣❛t✐❛• ❝❤❛r❛❝t❡r✐st❝s ♦❢ s♦✉r❝❡ j ❛♥❞ ♦❢ t❤❡ ♠✐①✲ ✐♥❣ s②st❡♠✱ ❛♥❞ v j,f n ✐s ❛ s❝❛•❛r s♣❡❝tr❛• ♣♦✇❡r ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ s♣❡❝tr❛• ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ s♦✉r❝❡ j✳ ❚❤✐s ♠♦❞❡• ❝❛♥ ❛•t❡r♥❛t✐✈❡•② ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❢♦••♦✇s ❬✺(✳ R j,f ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s R j,f = A j,f A H j,f ✱ ✇❤❡r❡ A j,f ✐s ❛ I × R j ❞✐♠❡♥s✐♦♥❛• ❝♦♠♣•❡①✲✈❛•✉❡❞ ♠✐①✐♥❣ ♠❛tr✐① ♦❢ r❛♥❦ R j ❢♦r s♦✉r❝❡ j✳ ❋♦r ❡❛❝❤ s♦✉r❝❡ j✱ ✇❡ ❞❡✜♥❡ R j s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts s jr,f n ❞✐str✐❜✉t❡❞ ❛s s jr,f n ∼ N (0, v j,f n ). ✭✸✮ ❉❡♥♦t✐♥❣ ❜② R = J j=1 R j t❤❡ t♦t❛• ♥✉♠❜❡r ♦❢ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts✱ t❤❡ s♦✉r❝❡ ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡ ❢♦r♠✉•❛t❡❞ ❛s s f n = [s T
1,f n , . . . , s T j,f n , . . . , s T J,f n ] T , ✭✹✮ ✇❤❡r❡ s f n ✐s ❛♥ R × 1 ✈❡❝t♦r ♦❢ s♦✉r❝❡ ❝♦❡✣❝✐❡♥ts ✇✐t❤ s j,f n = [s j1,f n , . . . , s jr,f n , . . . , s jRj ,f n ] T .

✭✺✮ ❍❡♥❝❡✱ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡s ✐♥ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥ (f, n) ✐s ❣✐✈❡♥ ❜② 

s f n = N (0, Σ s,f n ), ✭✻✮ ✇❤❡r❡ Σ s,f n ✐s ❛♥ R × R ❞✐❛❣♦♥❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❝♦♥s✐st✐♥❣ ♦❢ v j,f n r❡♣❡❛t❡❞ R j t✐♠❡s ❢♦r ❡❛❝❤ s♦✉r❝❡ ❝♦♠♣♦♥❡♥t s jr,f n ♦❢ s♦✉r❝❡ j✳ ❋✐♥❛••②✱ t❤❡ ♠✐①✐♥❣ ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts ✐♥st❡❛❞ ♦❢ t❤❡ s♦✉r❝❡ s♣❛t✐❛• ✐♠❛❣❡s ❛s ✐♥ ✭✶✮ ✐s ❣✐✈❡♥ ❜② x f n = A f s f n + ǫ f n . ✭✼✮ ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✺ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠✐①✐♥❣ s②st❡♠ A ✐s st❛t✐♦♥❛r②✳ ❙♦✱ t❤❡ ♠✐①✐♥❣ s②st❡♠ ✐s ❡①♣r❡ss❡❞ ❛s A f = [A 1,f , . . . , A j,f , . . . , A J,f ]. ✭✽✮ ❋✐♥❛••②✱ ✇❡ ❛ss✉♠❡ ❛ •❛✉ss✐❛♥ ③❡r♦ ♠❡❛♥ ♥♦✐s❡ ✇✐t❤ ❛ ❝♦♥st❛♥t ♥♦✐s❡ ✈❛r✐❛♥❝❡ ǫ f n ∼ N (0, Σ b )✱ ✇❤❡r❡ Σ b = σ 2 b I✳ ❚❤✐s ❣✐✈❡s ✉s t❤❡ ♣♦ss✐❜✐•✐t② t♦ ❢♦r♠✉•❛t❡ t❤❡ •✐❦❡•✐❤♦♦❞ ♦❢ t❤❡ ♠✐①t✉r❡ ❝♦❡✣❝✐❡♥ts ❛s ❢♦••♦✇s✿ p(X|S, A) = N n=1 F f =1 N (x f n |A f s f n , σ 2 b I), ✭✾✮ ✇❤❡r❡ X = {x f n } n=1•••N,f =1•••F ❛♥❞ S = {s f n } n=1•••N,f =1•••F ✳ ✶✳✷ ◆♦♥♥❡❣❛t✐✈❡ ❚❡♥s♦r ❋❛❝t♦r✐③❛t✐♦♥ ❛s ❛ ❙♣❡❝tr❛• ▼♦❞❡• ❲❡ ❛ss✉♠❡ ❛ t❤r❡❡✲•❡✈❡• ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ✈❛r✐❛♥❝❡s v j,f n ✐♥ ❛ ♥♦♥✲ ♥❡❣❛t✐✈❡ t❡♥s♦r ❢❛❝t♦r✐③❛t✐♦♥ ✭◆❚❋✮ ❢❛s❤✐♦♥ ❬✺(✳ ■♥ t❤❡ ✜rst •❡✈❡• ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✈❛r✐❛♥❝❡s ❛r❡ t❤❡ ♣r♦❞✉❝t ♦❢ ❛♥ ❡①❝✐t❛t✐♦♥ ❛♥❞ ❛ ✜•t❡r v j,f n = v ex j,f n v ft j,f n . ✭✶✵✮ ❆t t❤❡ s❡❝♦♥❞ •❡✈❡•✱ t❤❡ ❡①❝✐t❛t✐♦♥ s♣❡❝tr❛• ♣♦✇❡r v ex j,f n ✐s ❡①♣r❡ss❡❞ ❛s t❤❡ s✉♠ ♦❢ ❜❛s✐s s♣❡❝tr❛ s❝❛•❡❞ ❜② t✐♠❡ ❛❝t✐✈❛t✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❋✐♥❛••②✱ ❛t t❤❡ t❤✐r❞ •❡✈❡•✱ t❤❡ ❜❛s✐s s♣❡❝tr❛ ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ♥❛rr♦✇❜❛♥❞ s♣❡❝tr❛• ♣❛tt❡r♥s w ex j,f l ✇❡✐❣❤t❡❞ ❜② s♣❡❝tr❛• ❡♥✈❡•♦♣❡ ❝♦❡✣❝✐❡♥ts u ex j,lk ✳ ❙✐♠✐•❛r•②✱ t❤❡ t✐♠❡ ❛❝t✐✈❛✲ t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s t❤❡ s✉♠ ♦❢ t✐♠❡✲•♦❝❛•✐③❡❞ ♣❛tt❡r♥s h ex j,mn ✇❡✐❣❤t❡❞ ❜② t❡♠♣♦r❛• ❡♥✈❡•♦♣❡ ❝♦❡✣❝✐❡♥ts g ex j,km ✳ ❚❤❡ s❛♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♣♣•✐❡s t♦ t❤❡ ✜•t❡r s♣❡❝tr❛• ♣♦✇❡r v ft j,f n ✳ ❖✈❡r❛••✱ t❤❡ ❝♦♠♣•❡t❡ ❢❛❝t♦r✐③❛t✐♦♥ s❝❤❡♠❡ ✐s ❛s ❢♦••♦✇s✿ v ex j,f n = K ex j k=1 M ex j m=1 L ex j l=1 h ex j,mn g ex j,km u ex j,lk w ex j,f l , ✭✶✶✮ v ft j,f n = K ft j k ′ =1 M ft j m ′ =1 L ft j l ′ =1 h ft j,m ′ n g ft j,k ′ m ′ u ft j,l ′ k ′ w ft j,f l ′ . ✭✶✷✮ ❚❤✐s ❢r❛♠❡✇♦r❦ ♠❛❦❡s ✐t ♣♦ss✐❜•❡ t♦ ❡①♣•♦✐t ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s♦✉r❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❤❛r♠♦♥✐❝✐t② ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❜② ✜①✐♥❣ w ex j,f l ❛s ♥❛rr♦✇❜❛♥❞ ❤❛r♠♦♥✐❝ s♣❡❝tr❛ ❛♥❞ •❡tt✐♥❣ t❤❡ s♣❡❝tr❛• ❡♥✈❡•♦♣❡ ❛♥❞ t❤❡ ❛❝t✐✈❡ ♣✐t❝❤❡s ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❞❛t❛ ✈✐❛ u ex j,lk ❛♥❞ g ex j,km ✱ r❡s♣❡❝t✐✈❡•② ❬✺(✳ ❋♦r ♠♦r❡ ❞❡t❛✐•s ❛♥❞ ❡①❛♠♣•❡s ♦❢ ♣♦ss✐❜•❡ s♣❡❝tr❛• ❛♥❞ t❡♠♣♦r❛• ❝♦♥str❛✐♥ts✱ s❡❡ ❬✺(✳ ❚❤✐s t❤r❡❡✲•❡✈❡• ◆❚❋ ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ s❤♦✇♥ ✐♥ ♠❛tr✐① ❢♦r♠ ❛s ❢♦••♦✇s V j = (W ex j U ex j G ex j H ex j ) ⊙ (W ft j U ft j G ft j H ft j ), ✭✶✸✮ ✇❤❡r❡ ⊙ ♠❡❛♥s ❡•❡♠❡♥t✲✇✐s❡ ♠❛tr✐① ♠✉•t✐♣•✐❝❛t✐♦♥✳ |❚ ♥➦ ✹✷✸ ✻ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t ✶✳✸ Pr✐♦r ❉✐str✐❜✉t✐♦♥s ❢♦r t❤❡ P❛r❛♠❡t❡rs ❊❛❝❤ ♣❛r❛♠❡t❡r ♠❛② ❜❡ ✜①❡❞ ♦r ❛❞❛♣t❡❞ t♦ t❤❡ ❞❛t❛✳ ■♥ ❛ ❢✉••② ❇❛②❡s✐❛♥ tr❡❛t♠❡♥t✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ❢♦r t❤♦s❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❞❛t❛✳ ❲❡ ❛ss✉♠❡ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s♦✉r❝❡ ✈❛r✐❛♥❝❡s ❢♦••♦✇ t❤❡ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ❏❡✛r❡②s ♣r✐♦r J (x) ∝ 1 x w ex j,f l ∼ J , ✭✶✹✮ u ex j,lk ∼ J , ✭✶✺✮ g ex j,km ∼ J , ✭✶✻✮ h ex j,mn ∼ J , ✭✶✼✮ w ft j,f l ′ ∼ J , ✭✶✽✮ u ft j,l ′ k ′ ∼ J , ✭✶✾✮ g ft j,k ′ m ′ ∼ J , ✭✷✵✮ h ft j,m ′ n ∼ J . ✭✷✶✮ ❋♦r t❤❡ ♠✐①✐♥❣ s②st❡♠✱ ✇❡ t❛❦❡ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ❝❤❛♥♥❡•s ❛♥❞ ❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠✐①✐♥❣ ♠❛tr✐① A f ❛s ❛ ✇❤♦•❡ ❛♥❞ ❞❡✜♥❡ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❛❝❝♦r❞✐♥❣•②✳ ❋✐rst✱ ✇❡ r❡s❤❛♣❡ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① A f ✐♥t♦ ❛ ✈❡❝t♦r A f ✳ ❋♦r t❤✐s✱ ✇❡ ❝♦♥❝❛t❡♥❛t❡ t❤❡ r♦✇ ✈❡❝t♦rs ♦❢ A f ✐♥t♦ t❤❡ ❝♦•✉♠♥ ✈❡❝t♦r A f ✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ A f t♦ ❜❡ ❛ ❝♦♠♣•❡① ♠✉•t✐✈❛r✐❛t❡ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛s ❢♦••♦✇s A f ∼ N (µ A,f , Σ A,f ). ✭✷✷✮ ■♥ t❤❡ ❢♦••♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t Σ A,f → +∞ s♦ t❤❛t t❤✐s ♣r✐♦r ✐s ❛❝t✉❛••② ✢❛t✳ ✶✳✹ ❏♦✐♥t ❉✐str✐❜✉t✐♦♥ ❲✐t❤ t❤✐s ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ❛ss✉♠❡❞✱ ✇❡ ❝❛♥ ❢♦r♠✉•❛t❡ t❤❡ •♦✐♥t ❞✐str✐❜✉t✐♦♥ p(X, Z)✱ ✇❤❡r❡ Z ✐s t❤❡ s❡t ♦❢ ❛•• ♠♦❞❡• ♣❛r❛♠❡t❡rs Z = {S, A, W ex , U ex , G ex , H ex , W ft , U ft , G ft , H ft }. ✭✷✸✮ ❛s p(X, Z) = p(X|S, A)p(S|W ex , U ex , G ex , H ex , W ft , U ft , G ft , H ft )p(A) p(W ex )p(U ex )p(G ex )p(H ex )p(W ft )p(U ft )p(G ft )p(H ft ). ✭✷✹✮ ❚❤❡ log✲❞✐str✐❜✉t✐♦♥ ✐s t❤❡♥ ❣✐✈❡♥ ❜② ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✼ log p(X, Z) = log p(X|S, A) + log p(S|W ex , U ex , G ex , H ex , W ft , U ft , G ft , H ft ) + log p(A) + log p(W ex ) + log p(U ex ) + log p(G ex ) + log p(H ex ) + log p(W ft ) + log p(U ft ) + log p(G ft ) + log p(H ft ), = f,n log N (x f n |A f s f n , σ 2 b I) + f,n log N (s f n |0, Σ s,f n ) + j,f,l log J (w ex j,f l ) + j,l,k log J (u ex j,lk ) + j,k,m log J (g ex j,km ) + j,m,n log J (h ex j,mn ) + j,f,l ′ log J (w ft j,f l ′ ) + j,l ′ ,k ′ log J (u ft j,l ′ k ′ ) + j,k ′ ,m ′ log J (g ft j,k ′ m ′ ) + j,m ′ ,n log J (h ft j,m ′ n ) + f log N (A f |µ A,f , Σ A,f ). ✭✷✺✮ |❚ ♥➦ ✹✷✸ ✽ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t ✷ ❱❛r✐❛t✐♦♥❛• ■♥❢❡r❡♥❝❡ ❲❡ ❛✐♠ t♦ ♦❜t❛✐♥ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡• ♣❛r❛♠❡t❡rs p(Z|X)✳ ❍♦✇❡✈❡r ❡①❛❝t ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ✐s ✐♥tr❛❝t❛❜•❡✳ ❚❤❡r❡❢♦r❡ ✇❡ r❡s♦rt t♦ ❛ ✈❛r✐✲ ❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❬✷(✳ ✷✳✶ •❡♥❡r❛• ❆♣♣r♦❛❝❤ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❛✐♠s t♦ ♦❜t❛✐♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ q(Z) ♦❢ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ p(Z|X) t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❑✉••❜❛❝❦✲▲❡✐❜•❡r ✭❑▲✮ ❞✐✈❡r❣❡♥❝❡ KL(q||p) = -q(Z) log p(Z|X) q(Z) dZ. ✭✷✻✮ ▼❛r❣✐♥❛•✐③✐♥❣ ♦✉t t❤❡ ♠♦❞❡• ♣❛r❛♠❡t❡rs Z ❢r♦♠ ✭✷✹✮ ❣✐✈❡s t❤❡ ♠❛r❣✐♥❛• •✐❦❡•✐❤♦♦❞ p(X) ♦r ❡✈✐❞❡♥❝❡✳ ❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❢♦••♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦•❞s log p(X) = L (q) + KL(q||p), ✭✷✼✮ ✇❤❡r❡ t❤❡ ❢r❡❡ ❡♥❡r❣② L (q) ✐s ❣✐✈❡♥ ❜② L (q) = q(Z) log p(X, Z) q(Z) dZ, ✭✷✽✮ ✭✷✾✮ ■♥ t❤✐s ❢♦r♠✉•❛t✐♦♥✱ q(Z) ✐s t❤❡ •♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡• ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ✇❡ ✉s❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ p(Z|X)✳ L (q) ✐s ❝❛••❡❞ t❤❡ ❢r❡❡ ❡♥❡r❣② ❛♥❞ ✐t ✐s ❛ •♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ♠❛r❣✐♥❛• •✐❦❡•✐❤♦♦❞✳ ▼❛①✐♠✐③✐♥❣ t❤✐s ❢r❡❡ ❡♥❡r❣② ✇rt✳ q(Z) ♠✐♥✐♠✐③❡s t❤❡ ❑▲✲❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q(Z) ❛♥❞ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❬✷(✳ ◆♦t❡ t❤❛t t❤❡ ❑▲✲❞✐✈❡r❣❡♥❝❡ ✈❛♥✐s❤❡s ✇❤❡♥ q(Z) ✐s ❡q✉❛• t♦ t❤❡ tr✉❡ ♣♦st❡r✐♦r✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❡ ❢♦••♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛• ❞✐s✲ tr✐❜✉t✐♦♥ q(Z)✿ q(Z) = M i=1 q i (Z i ). ✭✸✵✮ ■❢ ✇❡ ❡♠❜❡❞ t❤✐s ❢❛❝t♦r✐③❛t✐♦♥ ✐♥t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② ❣✐✈❡♥ ✐♥ ✭✷✽✮ ❛♥❞ ❞✐ss❡❝t ♦✉t t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs q i (Z i )✱ ✇❡ ♦❜t❛✐♥ L (q) = q i log p(X, Z) i ′ =i q i ′ dZ i ′ dZ i -q i log q i dZ i + ❝♦♥st, ✭✸✶✮ = q i log p(X, Z i )dZ i -q i log q i dZ i + ❝♦♥st, ✭✸✷✮ = q i log p(X, Z i ) q i dZ i + ❝♦♥st, ✭✸✸✮ ✇❤❡r❡ ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✾ log p(X, Z i ) = log p(X, Z) i ′ =i q i ′ dZ i ′ + const, ✭✸✹✮ = E i ′ =i [log p(X, Z)] + ❝♦♥st ✭✸✺✮ ❛♥❞ t❤❡ ♥♦r♠❛•✐③✐♥❣ ❝♦♥st❛♥t ✐s s✉❝❤ t❤❛t p(X, Z i ) ✐s ❛ ♣r♦♣❡r ❞✐str✐❜✉t✐♦♥✳ ◆♦✇✱ s✉♣♣♦s❡ t❤❛t ✇❡ ❦❡❡♣ q i ′ =i ❝♦♥st❛♥t ❛♥❞ ♠❛①✐♠✐③❡ t❤❡ ❢r❡❡ ❡♥❡r❣② s❤♦✇♥ ✐♥ ✭✷✽✮ ✇rt✳ q i ✳ ❚❤❡ ♠✐♥✐♠✉♠ ♦❝❝✉rs ✇❤❡♥ q i (Z i ) = p(X, Z i )✳ ❆s ❛ r❡s✉•t✱ ✇❡ ♦❜t❛✐♥ ❛ ❣❡♥❡r❛• ❡q✉❛t✐♦♥ ❢♦r t❤❡ s♦•✉t✐♦♥ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ ❢r❡❡ ❡♥❡r❣② ❛s ❢♦••♦✇s q * i (Z i ) = p(X, Z i ). ✭✸✻✮ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❡q✉❛t✐♦♥✱ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛• ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q * i (Z i ) ❞❡♣❡♥❞s ♦♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ log ♦❢ t❤❡ •♦✐♥t ❞✐str✐❜✉t✐♦♥ ✇rt✳ ❛•• ♦t❤❡r ✈❛r✐❛t✐♦♥❛• ❞✐str✐❜✉t✐♦♥s✳ ■♥ t❤❛t s❡♥s❡✱ ✭✸✻✮ ✐♥❞✐❝❛t❡s ❛ s❡t ♦❢ ❡q✉❛t✐♦♥s ❢♦r i = {1, . . . , M }✳ ❚❤❡r❡❢♦r❡ ❛♥ ✐t❡r❛t✐✈❡ ✉♣❞❛t❡ ♣r♦❝❡❞✉r❡ ✐s ♥❡❡❞❡❞✳ ❆❢t❡r ♣r♦♣❡r ✐♥✐t✐❛•✐③❛t✐♦♥ ♦❢ ❛•• t❤❡ ✈❛r✐❛t✐♦♥❛• ❞✐str✐❜✉t✐♦♥s✱ ❡❛❝❤ ❞✐str✐❜✉t✐♦♥ ✐s ✉♣❞❛t❡❞ ✐♥ ❛♥ ✐t❡r❛t✐✈❡ ❝②❝•❡✳ ■♥ ♣r❛❝t✐❝❡✱ ✭✸✻✮ ✐s ❛♣♣•✐❝❛❜•❡ ♦♥•② ✇❤❡♥ E i ′ =i [log p(X, Z)] ✐s ❝♦♠♣✉t❛❜•❡ ✐♥ ❝•♦s❡❞ ❢♦r♠ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❦♥♦✇♥ ♣❛r❛♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡ ♥♦r♠❛•✐③✐♥❣ ❝♦♥st❛♥t ✐s ❝♦♠♣✉t❛❜•❡ ✐♥ ❝•♦s❡❞ ❢♦r♠✳ ❲❤❡♥ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ p(X, Z) ♠✉st ❜❡ r❡♣•❛❝❡❞ ❜② ❛ •♦✇❡r ❜♦✉♥❞ ❢♦r ✇❤✐❝❤ t❤❡ r❡s✉•t✐♥❣ ❛♣♣r♦①✐♠❛t✲ ✐♥❣ ❞✐str✐❜✉t✐♦♥ ❜❡❝♦♠❡s tr❛❝t❛❜•❡✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛r❛♠❡tr✐❝ t❤❡ •♦✇❡r ❜♦✉♥❞ f (X, Z, Ω) ♦❢ p(X, Z) s✉❝❤ t❤❛t p(X, Z) ≥ f (X, Z, Ω), ✭✸✼✮ ✇❤❡r❡ Ω ✐s ❛ s❡t ♦❢ ❛✉①✐•✐❛r② ✈❛r✐❛❜•❡s✳ ❯s✐♥❣ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ B✱ ✇❤✐❝❤ ❢✉rt❤❡r •♦✇❡r ❜♦✉♥❞s L ❛s ✐♥ t❤❡ ❢♦••♦✇✐♥❣ L (q) ≥ B(q, Ω) = q(Z) log f (X, Z, Ω) q(Z) dZ. ✭✸✽✮ ❯s✐♥❣ B(q, Ω)✱ ✇❡ r❡✇r✐t❡ t❤❡ ♠❛r❣✐♥❛• ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✷✼✮ ❛s ❢♦••♦✇s log p(X) = max Ω B(q, Ω) + (L (q) -max Ω B(q, Ω)) + KL(q||p). ✭✸✾✮ ❍❡r❡ ✇❡ ♠❛①✐♠✐③❡ t❤❡ •♦✇❡r ❜♦✉♥❞ B(q, Ω) ✇rt✳ Ω✱ ✇❤✐❝❤ t✐❣❤t❡♥s t❤❡ •♦✇❡r ❜♦✉♥❞ t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② L (q)✳ ❯s✐♥❣ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✸✵✮ ❛♥❞ ❞✐ss❡❝t✐♥❣ ♦✉t t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs q i (Z i )✱ ✇❡ ♦❜t❛✐♥ B(q, Ω) = q i log f (X, Z i , Ω) q i dZ i + const, ✭✹✵✮ ✇❤❡r❡ log f (X, Z i , Ω) ✐s ❞❡✜♥❡❞ ❛s log f (X, Z i , Ω) = log f (X, Z, Ω) i ′ =i q i ′ dZ i ′ + const, = E i ′ =i [log f (X, Z, Ω)] + const, ✭✹✶✮ |❚ ♥➦ ✹✷✸ ✶✵ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t ✇❤❡r❡ t❤❡ ♥♦r♠❛•✐③✐♥❣ ❝♦♥st❛♥t ✐s s✉❝❤ t❤❛t f (X, Z i , Ω) ✐s ❛ ♣r♦♣❡r ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥✳ ❍❡♥❝❡✱ ♠❛①✐♠✐③✐♥❣ t❤❡ •♦✇❡r ❜♦✉♥❞ B(q, Ω) ✇rt✳ q i (Z i ) ♠✐♥✐♠✐③❡s ❛♥ ❛♣✲ ♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❑▲✲❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ q(Z) ❛♥❞ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐✲ ❜✉t✐♦♥ p(Z|X)✳ ❋✐♥❛••②✱ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t t✇♦ ❛•t❡r♥❛t✐✈❡ st❡♣s ②✐❡•❞s t❤❡ ❣❡♥❡r❛• ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛• ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s q * i ✳ ■♥ t❤❡ ✜rst st❡♣✱ ✇❡ ♠❛①✐♠✐③❡ t❤❡ •♦✇❡r ❜♦✉♥❞ B(q, Ω) t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② L (q) ✇rt✳ t❤❡ ❛✉①✐•✐❛r② ✈❛r✐❛❜•❡s Ω✱ ✇❤✐❝❤ t✐❣❤t❡♥s t❤❡ •♦✇❡r ❜♦✉♥❞✱ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ♠❛①✐♠✐③❡ B(q, Ω) ✇rt✳ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s q i ✳ ❚❤❡ ♦♣t✐♠❛• ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q * i (Z i ) ✐s ❣✐✈❡♥ ❜② q * i (Z i ) = f (X, Z i , Ω). ✭✹✷✮ ■♥ t❤❡ ❢♦••♦✇✐♥❣✱ ✇❡ ❛❞♦♣t t❤✐s str❛t❡❣② ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✲ ✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ♠✉•t✐•❡✈❡• ◆▼❋ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ s♦✉r❝❡ ❝♦♠✲ ♣♦♥❡♥ts s✐♥❝❡ E[log p(S|V)] ✐s ♥♦t tr❛❝t❛❜•❡ ✐♥ ❝•♦s❡❞ ❢♦r♠ ❛s ✇❡ ✇✐•• s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✶✳ ✷✳✷ ❆♣♣•✐❝❛t✐♦♥ t♦ t❤❡ Pr♦♣♦s❡❞ ▼♦❞❡• P✉rs✉✐♥❣ t❤❡ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ♠❡❛♥ ✜❡•❞ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r q(Z)✿ q(Z) = f,n q(s f n ) f q(A f )) j,m,n q(h ex j,mn ) j,k,m q(g ex j,km ) j,k,l q(u ex j,lk ) j,f,l q(w ex j,f l ) j,m ′ ,n q(h ft j,m ′ n ) j,k ′ ,m ′ q(g ft j,k ′ m ′ ) j,k ′ ,l ′ q(u ft j,l ′ k ′ ) j,f,l ′ q(w ft j,f l ′ ) . ✭✹✸✮ ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✶ ✷✳✷✳✶ ❆✉①✐•✐❛r② ❱❛r✐❛❜•❡s ❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞✐❜✐•✐t②✱ •❡t ✉s ❞❡✜♥❡ η = {k, m, l} t❤❡ •♦✐♥t ✐♥❞❡① ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ◆❚❋ ♣❛r❛♠❡t❡rs ❛♥❞ η ′ = {k ′ , m ′ , l ′ } t❤❡ •♦✐♥t ✐♥❞❡① ♦❢ t❤❡ ✜•t❡r ◆❚❋ ♣❛r❛♠❡t❡rs✳ ❲✐t❤ t❤❡s❡ •♦✐♥t ✐♥❞✐❝❡s •❡t ✉s ❢✉rt❤❡r ❞❡✜♥❡ v j,f n,η,η ′ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs v j,f n,η,η ′ = h ex j,mn g ex j,km u ex j,lk w ex j,f l h ft j,m ′ n g ft j,k ′ m ′ u ft j,l ′ k ′ w ft j,f l ′ . ✭✹✹✮ ▲❡t ✉s ❢✉rt❤❡r ❞❡✜♥❡ v ex j,f n,η ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ◆❚❋ ❝♦♠♣♦♥❡♥ts ❛♥❞ v ft j,f n,η ′ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✜•t❡r ❝♦❡✣❝✐❡♥ts v ex j,f n,η = h ex j,mn g ex j,km u ex j,lk w ex j,f l , ✭✹✺✮ v ft j,f n,η ′ = h ft j,m ′ n g ft j,k ′ m ′ u ft j,l ′ k ′ w ft j,f l ′ . ✭✹✻✮ ❍❛✈✐♥❣ ❞❡✜♥❡❞ t❤❡s❡ ♥♦t❛t✐♦♥s✱ •❡t ✉s ❤❛✈❡ ❛ •♦♦❦ ❛t E[log p(S|V)] ♠♦r❡ ❝•♦s❡•②✿ E[log p(S|V)] = E log f,n N (s f n |0, Σ s,f n ) = E f,n log N s f n |0, diag η η ′ v j,f n,η,η ′ , = E f,n -R log π -log det diag η η ′ v j,f n,η,η ′ -s H f n diag η η ′ v j,f n,η,η ′ -1 s f n , = f,n -R log π + j -RjE log η η ′ v j,f n,η,η ′ + j,r -E[|s jr,f n | 2 ]E 1 η η ′ v j,f n,η,η ′ . ✭✹✼✮ ❆s ♦♥❡ ❝❛♥ ❡❛s✐•② s❡❡✱ ♥♦♥❡ ♦❢ t❤❡ t✇♦ ❡①♣❡❝t❛t✐♦♥s ✐♥ t❤✐s ❡q✉❛t✐♦♥ ❛❜♦✈❡ ✐s tr❛❝t❛❜•❡✳ ❙♦✱ ✇❡ r❡s♦rt t♦ t❤❡ ❛•t❡r♥❛t✐✈❡ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶ ❛♥❞ •♦✇❡r ❜♦✉♥❞ p(S|V) ❛s ♣r♦♣♦s❡❞ ✐♥ ❬✸(✳ ❋♦r t❤❡ ✜rst ❡①♣❡❝t❛t✐♦♥✱ ❣✐✈❡♥ t❤❛t x → -log x ✐s ❝♦♥✈❡①✱ ✇❡ ❝❛♥ •♦✇❡r ❜♦✉♥❞ ✐t ❜② ✐ts ✜rst✲♦r❞❡r ❚❛②•♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛r♦✉♥❞ ❛♥ ❛r❜✐tr❛r② ♣♦s✐t✐✈❡ ♣♦✐♥t ω j,f n ❛s ❢♦••♦✇s -log η η ′ v j,f n,η,η ′ ≥ -log ω j,f n - 1 ω j,f n ( η η ′ v j,f n,η,η ′ -ω j,f n ), = -log ω j,f n + 1 - 1 ω j,f n η η ′ v j,f n,η,η ′ . ✭✹✽✮ ❋♦r t❤❡ s❡❝♦♥❞ ❡①♣❡❝t❛t✐♦♥✱ ❣✐✈❡♥ t❤❛t x → -1 x ✐s ❝♦♥❝❛✈❡✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡ φ j,f n,η,η ′ s✉❝❤ t❤❛t η η ′ φ j,f n,η,η ′ = 1✱ ✉s✐♥❣ ❏❡♥s❡♥✬s ✐♥❡q✉❛•✐t②✿ |❚ ♥➦ ✹✷✸ ✶✷ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t - 1 η η ′ v j,f n,η,η ′ = - 1 k φ j,f n,η,η ′ v j,f n,η,η ′ φ j,f n,η,η ′ ≥ - k φ j,f n,η,η ′ 1 v j,f n,η,η ′ φ j,f n,η,η ′ = - η η ′ φ 2 j,f n,η,η ′ 1 v j,f n,η,η ′ . ✭✹✾✮ ❲✐t❤ t❤❡s❡ t✇♦ ✐♥❡q✉❛•✐t✐❡s✱ ✇❡ ❝❛♥ •♦✇❡r ❜♦✉♥❞ log p(S|V) ✉s✐♥❣ t❤❡ ❛✉①✲ ✐•✐❛r② ✈❛r✐❛❜•❡s Ω = {{ω j,f n } j,f n , {φ j,f n,η,η ′ } j,f n,η,η ′ } ❛s ❢♦••♦✇s log p(S|V) ≥ -F • N • R • log π + j,f n Rj -log ω j,f n + 1 - 1 ω j,f n η η ′ v j,f n,η,η ′ + j,f n r -|s jr,f n | 2 η η ′ φ 2 j,f n,η,η ′ 1 v j,f n,η,η ′ . ✭✺✵✮ ✷✳✷✳✷ ❚✐❣❤t❡♥✐♥❣ t❤❡ ❇♦✉♥❞ ✇rt✳ t❤❡ ❆✉①✐•✐❛r② ❱❛r✐❛❜•❡s ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r Ω ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ ❜♦✉♥❞ B(q, Ω)✳ ❈♦♥❝❡r♥✐♥❣ ω j,f n ✱ ✇❡ s✐♠♣•② t❛❦❡ t❤❡ ♣❛rt✐❛• ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❜♦✉♥❞ B(q, Ω) ✇✳r✳t✳ ω j,f n ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② B(q, Ω) = -F • N • R • log π + j,f n Rj -log ω j,f n + 1 - 1 ω j,f n η η ′ E[v j,f n,η,η ′ ] + j,f n r -|s jr,f n | 2 η η ′ φ 2 j,f n,η,η ′ E 1 v j,f n,η,η ′ + const. ✭✺✶✮ ❙♦✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s ❣✐✈❡♥ ❛s ∂B(q, Ω) ∂ω j,f n = - R j ω j,f n + R j ω 2 j,f n η η ′ E[v j,f n,η,η ′ ] ✭✺✷✮ ❛♥❞ ♠❛❦❡ ✐t ❡q✉❛• t♦ ③❡r♦✱ ✇❤✐❝❤ ②✐❡•❞s ω j,f n = η η ′ E[v j,f n,η,η ′ ]. ✭✺✸✮ ❋♦r φ j,f n,η,η ′ ✱ ✇❡ ✉s❡ ▲❛❣r❛♥❣❡ ♠✉•t✐♣•✐❡rs δ j,f n ✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s ❣✐✈❡♥ ❜② B(q, Ω) = j,f n r -E[|s jr,f n | 2 ] η η ′ φ 2 j,f n,η,η ′ E 1 v j,f n,η,η ′ + δ j,f n η η ′ φ j,f n,η,η ′ -1 + const. ✭✺✹✮ ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✸ ❚❛❦✐♥❣ t❤❡ ♣❛rt✐❛• ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ φ j,f n,η,η ′ ❛♥❞ δ j,f n ②✐❡•❞s t❤❡ ❢♦••♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿ ∂B(q, Ω) ∂φ j,f n,c,η,η ′ = r -E[|s jr,f n | 2 ] η η ′ φ 2 j,f n,η,η ′ E 1 v j,f n,η,η ′ ✭✺✺✮ ∂B(q, Ω) ∂δ j,f n = η η ′ φ j,f n,η,η ′ -1. ✭✺✻✮ ❙♦•✈✐♥❣ t❤❡ s②st❡♠ ❢♦r φ j,f n,η,η ′ ②✐❡•❞s φ j,f n,η,η ′ = 1 C j,f n E 1 v j,f n,η,η ′ -1 , ✭✺✼✮ ✇❤❡r❡ C j,f n ✐s t❤❡ ♥♦r♠❛•✐③❛t✐♦♥ ❝♦♥st❛♥t ❣✐✈❡♥ ❜② C j,f n = η η ′ E 1 v j,f n,η,η ′ -1 . ✭✺✽✮ ✷✳✷✳✸ ❱❛r✐❛t✐♦♥❛• ❯♣❞❛t❡s ❢♦r t❤❡ ◆❚❋ P❛r❛♠❡t❡rs ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐•• ❞❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ q ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs ❛♥❞ ❞❡r✐✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳ ❋♦r t❤✐s ✇❡ ✇✐•• ✉s❡ t❤❡ t❡♠♣•❛t❡ ❣✐✈❡♥ ✐♥ ✭✹✶✱ ✹✷✮✳ ❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r w ex j,f l ✿ ❚❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ f (X, w ex j,f l , Ω) ❞❡✜♥❡❞ ✐♥ ✭✹✶✮ ✐s ❣✐✈❡♥ ❜② log q * (w ex j,f l ) = w ex j,f l n - Rj ω j,f n k,m η ′ E[h ex j,mn g ex j,km u ex j,lk v ft j,f n,η ′ ] - n r E[|s jr,f n | 2 ] w ex j,f l k,m η ′ φ 2 j,f n,η,η ′ E 1 h ex j,mn g ex j,km u ex j,lk v ft j,f n,η ′ -log w ex j,f l + const. ✭✺✾✮ ❖❜s❡r✈✐♥❣ t❤✐s ❞✐str✐❜✉t✐♦♥✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ✐t ✐♥✈♦•✈❡s ❛ •✐♥❡❛r t❡r♠ ✐♥ log w ex j,f l ✱ ❛ •✐♥❡❛r t❡r♠ ✐♥ w ex j,f l ❛♥❞ ❛ •✐♥❡❛r t❡r♠ ✐♥ 1 w ex j,f l ✳ ❚❤❡ ♦♣t✐♠❛• ❛♣♣r♦①✲ ✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q * (w ex j,f l ) ✐s ❤❡♥❝❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❣❡♥❡r❛•✐③❡❞ ✐♥✈❡rs❡ •❛✉ss✐❛♥ ✭•■•✮ ❞✐str✐❜✉t✐♦♥✱ ✇❤♦s❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭P❉❋✮ ✐s ❣✐✈❡♥ ❜② GIG(y; γ, ρ, τ ) = exp{(γ -1) log y -ρy -τ y }ρ γ 2 2τ γ 2 K γ (2 √ ρτ ) , ✭✻✵✮ ❢♦r y ≥ 0✱ ρ ≥ 0 ❛♥❞ τ ≥ 0✱ ✇❤❡r❡ K γ (•) ✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡• ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❦✐♥❞✳ ❚❤❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ❛ s♣❡❝✐❛• ❝❛s❡ ♦❢ t❤❡ •■• ❞✐str✐❜✉t✐♦♥ ❬✹( ✇❤❡♥ τ = 0 ❛♥❞ γ > 0✳ ❙✐♠✐•❛r•②✱ t❤❡ ✐♥✈❡rs❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ❛♥♦t❤❡r s♣❡❝✐❛• ❝❛s❡ ❬✹( ✇❤❡♥ ρ = 0 ❛♥❞ γ < 0✳ ■♥ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ P❉❋ ♦❢ t❤❡ •■• ❞✐str✐❜✉t✐♦♥✱ ✇❡ ❝❛♥ ♠❛t❝❤ τ y t♦ t❤❡ ✜rst •✐♥❡ ♦❢ ✭✺✾✮ ✐♥ ❛ ✏❝♦♠♣•❡t✐♥❣ t❤❡ sq✉❛r❡✑ ❢❛s❤✐♦♥ ❬✷(✳ ❙✐♠✐•❛r•②✱ ρy ✐s |❚ ♥➦ ✹✷✸ ✶✹ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t ♠❛t❝❤❡❞ t♦ t❤❡ s❡❝♦♥❞ •✐♥❡ ♦❢ ✭✺✾✮✳ ❋✐♥❛••②✱ t❤❡ •❛st •✐♥❡ ♦❢ ✭✺✾✮ ✐s ♠❛t❝❤❡❞ t♦ (γ -1) log y✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♣❛r❛♠❡t❡r ♦❢ q * (w ex j,f l ) τ ex w,j,f l ✱ ρ ex w,j,f l ❛♥❞ γ ex w,j,f l τ ex w,j,f l = n r E[|s jr,f n | 2 ] k,m η ′ φ 2 j,f n,η,η ′ E 1 h ex j,mn g ex j,km u ex j,lk v ft j,f n,η ′ , ✭✻✶✮ ρ ex w,j,f l = n R j ω j,f n k,m η ′ E[h ex j,mn g ex j,km u ex j,lk v ft j,f n,η ′ ], ✭✻✷✮ γ ex w,j,f l = 0. ✭✻✸✮ ❊♠❜❡❞❞✐♥❣ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r φ j,f n,η,η ′ ❣✐✈❡♥ ✐♥ ✭✺✼✮ ✐♥t♦ ✭✻✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣✿ τ ex w,j,f l = n r E[|s jr,f n | 2 ] k,m η ′ 1 C j,f n E 1 h ex j,mn g ex j,km u ex j,lk w ex j,f l v ft j,f n,η ′ -1 2 E 1 h ex j,c,mn g ex j,km u ex j,lk v ft j,f n,η ′ = E 1 w ex j,c,f l -2 n 1 C j,f n 2 r E[|s jr,f n | 2 ] k,m η ′ E 1 h ex j,mn g ex j,km u ex j,lk v ft j,f n,η ′ -1 . ✭✻✹✮ ❋✐♥❛••②✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤✐s ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ✐♥ ♠❛tr✐① ❢♦r♠ ❛s s❤♦✇♥ ❜❡•♦✇✿ τ ex w,j = E 1 W ex j .-2 ⊙ E[|S j | .2 ] ⊙ C .-2 j ⊙ E 1 V ft j .-1 E 1 U ex j .-1 E 1 G ex j .-1 E 1 H ex j .-1 T . ✭✻✺✮ ◆♦t❡ t❤❛t ✐♥ ✭✻✺✮✱ t❤❡ ♣♦✇❡r ♦♣❡r❛t✐♦♥s •✐❦❡ X .-a ❛r❡ ❡•❡♠❡♥t✲✇✐s❡ ♦♣❡r❛✲ t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s②♠❜♦• ⊙ ♠❡❛♥s ❡•❡♠❡♥t✲✇✐s❡ ♠❛tr✐① ♠✉•t✐♣•✐❝❛t✐♦♥✳ ❙✐♠✐•❛r•②✱ r❡♣•❛❝✐♥❣ ω j,f n ✐♥ ✭✻✻✮ ✇✐t❤ ✐ts ✉♣❞❛t❡ ❡q✉❛t✐♦♥ s❤♦✇♥ ✐♥ ✭✺✸✮ ②✐❡•❞s t❤❡ ❢♦••♦✇✐♥❣✿ ρ ex w,j,f l = n R j η η ′ E[v j,f n,η,η ′ ] k,m η ′ E[h ex j,mn g ex j,km u ex j,lk v ft j,f n,η ′ ] . ✭✻✻✮ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ ρ ex w,j ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ♠❛tr✐① ❢♦r♠ ❛s ❢♦••♦✇s✿ ρ ex w,j = R j E[V ex j ] .-1 E[U ex j ]E[G ex j ]E[H ex j ] T . ✭✻✼✮ ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✺ ❋♦r t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱ t❤❡ ❞❡r✐✈❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❜② ❢♦••♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦••♦✇✐♥❣✱ ✇❡ s❦✐♣ t❤❡ ❞❡t❛✐•s ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥s ❛♥❞ ❣✐✈❡ ♦♥•② t❤❡ ✜♥❛• ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳ ❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r u ex j,lk ✿ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r τ ex u,j,lk ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ τ ex u,j,lk =E 1 u ex j,lk -2 f,n 1 C j,f n 2 r E[|s jr,f n | 2 ] m η ′ E 1 h ex j,mn g ex j,km w ex j,f l v ft j,f n,η ′ -1 . ✭✻✽✮ ❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ♦❢ t❤✐s ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ✐s ✇r✐tt❡♥ ❛s τ ex u,j = E q 1 U ex j .-2 ⊙ E q 1 W ex j,c .-1 T E[|S j | .2 ] ⊙ C .-2 j ⊙ E 1 V ft j,c .-1 E 1 G ex j,c .-1 E 1 H ex j,c .-1 T . ✭✻✾✮ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r ρ ex u,j,lk ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ρ ex u,j,lk = f,n R j η η ′ E[v j,f n,η,η ′ ] m η ′ E[h ex j,mn g ex j,km w ex j,f l v ft j,f n,η ′ ] . ✭✼✵✮ ❚❤❡ ♠❛tr✐① ❢♦r♠ ✐❢ ❣✐✈❡♥ ❜② ρ ex u,j = R j E[W j ] T E[V ex j ] .-1 E[G ex j ]E[H ex j ] T . ✭✼✶✮ ❋✐♥❛••②✱ γ ex u,j,lk = 0. ✭✼✷✮ ❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r g ex j,km ✿ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r τ ex g,j,km ✐s ✇r✐tt❡♥ ❛s ❢♦••♦✇s τ ex g,j,km = E 1 g ex j,km -2 f,n 1 C j,f n 2 r E[|s jr,f n | 2 ] l η ′ E 1 h ex j,mn u ex j,lk w ex j,f l v ft j,f n,η ′ -1 . ✭✼✸✮ ❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ✐s |❚ ♥➦ ✹✷✸ ✶✻ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t τ ex g,j = E 1 G ex j .-2 ⊙ E 1 W ex j .-1 E 1 U ex j .-1 T E[|S j | .2 ] ⊙ C .-2 j ⊙ E 1 V ft j .-1 E 1 H ex j .-1 T . ✭✼✹✮ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r ρ ex g,j,km ✐s ❛s ❢♦••♦✇s ρ ex g,j,km = f,n R j η η ′ E[v j,f n,η,η ′ ] l η ′ E q [h ex j,mn u ex j,lk w ex j,f l v ft j,f n,η ′ ] . ✭✼✺✮ ❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ✐s ρ ex g,j = R j (E[W ex j ]E[U ex j ]) T E[V ex j ] .-1 E[H ex j ] T . ✭✼✻✮ ❙✐♠✐•❛r t♦ t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs ❛❜♦✈❡✱ γ ex g,j,km = 0. ✭✼✼✮ ❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r h ex j,mn ✿ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r τ ex h,j,mn ✐s ❡①♣r❡ss❡❞ ❛s ❢♦••♦✇s τ ex h,j,mn = E 1 h ex j,mn -2 f 1 C j,f n 2 r E[|s jr,f n | 2 ] k,l η ′ E 1 g ex j,km u ex j,lk w ex j,f l v ft j,f n,η ′ -1 . ✭✼✽✮ ❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ τ ex h,j = E 1 H ex j .-2 ⊙ E 1 W ex j .-1 E 1 U ex j .-1 E 1 G ex j .-1 T E[|S j | .2 ] ⊙ C .-2 j ⊙ E 1 V ft j .-1 . ✭✼✾✮ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r ρ ex h,j,mn ✐s ❛s ❢♦••♦✇s ρ ex h,j,mn = f,n R j η η ′ E[v j,f n,η,η ′ ] k,l η ′ E[g ex j,km u ex j,lk w ex j,f l v ft j,f n,η ′ ] . ✭✽✵✮ ❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ✐s ρ ex h,j = R j E[W ex j ]E[U ex j ]E[G ex j ] T E[V ex j ] .-1 . ✭✽✶✮ ❆s ✇✐t❤ ❛•• t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱ γ ex h,j,km = 0. ✭✽✷✮ ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✼ ❊①♣❡❝t❛t✐♦♥s t♦ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs ❚❤❡ ❡①♣❡❝t❛t✐♦♥ E[|s jr,f n | .2 ] ✐♥ ✭✻✶✮✱ ✭✻✽✮✱ ✭✼✸✮ ❛♥❞ ✭✼✽✮ ✐s ❝❛•✲ ❝✉•❛t❡❞ ❛s E[|s jr,f n | 2 ] = |(µ s,f n ) jr | 2 + (R ss,f n ) jr,jr ✭✽✸✮ ✇❤❡r❡ µ s,f n ❛♥❞ R ss,f n ❛r❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ♣♦st❡r✐♦r ♠♦♠❡♥ts ♦❢ s f n ❞❡r✐✈❡❞ ❜❡•♦✇ ✐♥ ✭✾✶✮ ❛♥❞ ✭✾✷✮✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥s ✐♥✈♦•✈✐♥❣ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs ✐♥ ✭✻✷✮✱ ✭✼✵✮✱ ✭✼✺✮✱ ✭✽✵✮ ❛♥❞ ✭✻✶✮✱ ✭✻✽✮✱ ✭✼✸✮ ❛♥❞ ✭✼✽✮ ❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛ t❤❡ ❢♦••♦✇✐♥❣ ❢♦r♠✉•❛❡ ❢♦r t❤❡ •■• ❞✐str✐❜✉t✐♦♥ ❬✹(✿ E[y] = K γ+1 (2 √ ρτ ) √ τ K γ (2 √ ρτ ) √ ρ , ✭✽✹✮ E 1 y = K γ-1 (2 √ ρτ ) √ ρ K γ (2 √ ρτ ) √ τ . ✭✽✺✮ E[V ex j ] ✐s ♦❜t❛✐♥❡❞ ❛s E[V ex j ] = E[W ex j ]E[U ex j ]E[G ex j ]E[H ex j ] ✭✽✻✮ ❛♥❞ E[1/V ft j ] .-1 ✐s ❛ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥ ❢♦r E 1 W ft j .-1 E 1 U ft j .-1 E 1 G ft j .-1 E 1 H ft j .-1 . ✭✽✼✮ ❋♦r t❤❡ ✜•t❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ✐s s✐♠✐•❛r t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ◆❚❋ ♣❛r❛♠❡t❡rs ❛♥❞ s♦ ❛r❡ t❤❡ ✜♥❛• ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❦✐♣ t❤❡♠ ❤❡r❡✳ ✷✳✷✳✹ ❱❛r✐❛t✐♦♥❛• ❯♣❞❛t❡s ❢♦r t❤❡ ❙♦✉r❝❡ ❈♦♠♣♦♥❡♥ts ❚❤❡ ❞✐str✐❜✉t✐♦♥ f (X, s f n , Ω) ♦❢ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts s f n ✐s ❣✐✈❡♥ ❜② log q * (s f n ) = s H f n µ H A,f (σ 2 b I) -1 x f n + x H f n (σ 2 b I) -1 µ A,f s f n - 1 σ 2 b (s H f n R A,f s f n ) - j r |s jr,f n | 2 η η ′ φ 2 j,f n,η,η ′ E 1 v j,f n,η,η ′ + const. ✭✽✽✮ |❡♣•❛❝✐♥❣ φ j,f n,η,η ′ ✇✐t❤ ✐ts ✈❛•✉❡ s❤♦✇♥ ✐♥ ✭✺✼✮ ②✐❡•❞s log q * (s f n ) = s H f n µ H A,f (σ 2 b I) -1 x f n + x H f n (σ 2 b I) -1 µ A,f s f n - 1 σ 2 b (s H f n R A,f s f n ) -s H f n C f n -1 s f n + const, ✭✽✾✮ ✇❤❡r❡ µ A,f ❛♥❞ R A,f ❛r❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ♣♦st❡r✐♦r r❛✇ ♠♦♠❡♥ts ♦❢ A f ❞❡r✐✈❡❞ ❜❡•♦✇ ✐♥ ✭✶✵✶✮ ❛♥❞ ✭✾✾✮✱ ❛♥❞ C f n -1 = diag(C j,f n -1 ) R r=1 ✐s ❛ |❚ ♥➦ ✹✷✸ ✶✽ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t ❞✐❛❣♦♥❛• ♠❛tr✐① ✇✐t❤ t❤❡ ♠❛✐♥ ❞✐❛❣♦♥❛• ❝♦♥t❛✐♥✐♥❣ t❤❡ ♥♦r♠❛•✐③❛t✐♦♥ ❢❛❝t♦r C j,f n -1 r❡♣❡❛t❡❞ R j t✐♠❡s ❢♦r ❡❛❝❤ j✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ✐♥✈♦•✈❡s ❛ •✐♥❡❛r t❡r♠ ✐♥ s f n ✱ ✐ts ❝♦♥•✉❣❛t❡✱ ❛♥❞ q✉❛❞r❛t✐❝ t❡r♠s✳ ❚❤❡ ♦♣t✐♠❛• ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s t❤✉s ❛ •❛✉ss✐❛♥ ❣✐✈❡♥ ❜② s f n ∼ N (µ s,f n , R ss,f n ). ✭✾✵✮ ❇② ✏❝♦♠♣•❡t✐♥❣ t❤❡ sq✉❛r❡✑ ✇✳r✳t✳ µ s,f n ❛♥❞ R ss,f n ✐♥ ✭✽✾✮ ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs✳ ❋✐rst ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡✳ ❋♦r t❤✐s✱ ✇❡ r❡❛rr❛♥❣❡ t❤❡ q✉❛❞r❛t✐❝ t❡r♠s ♠❛❦❡ t❤❡♠ ❡q✉❛• t♦ -s H f n R -1 ss,f n s f n ✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ R ss,f n = (C f n -1 + (σ 2 b I) -1 R A,f ) -1 = C f n -C f n (σ 2 b I + R A,f C f n ) -1 R A,f C f n , ✭✾✶✮ ◆♦t❡ t❤❛t ✇❡ ✉s❡❞ t❤❡ ❲♦♦❞❜✉r② ♠❛tr✐① ✐❞❡♥t✐t② ❬✷( ❢♦r t❤❡ ✐♥✈❡rs✐♦♥ ❤❡r❡✳ ❙✐♠✐•❛r•② ❢♦r t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥✱ ✇❡ ❛rr❛♥❣❡ t❤❡ •✐♥❡❛r t❡r♠s ♦❢ t❤❡ ♠❡❛♥ ❛♥❞ ♠❛❦❡ t❤❡♠ ❡q✉❛• t♦ s H f n R -1 ss,f n µ s,f n +µ H s,f n R -1 ss,f n s f n ✳ ❚❤✐s ②✐❡•❞s t❤❡ ❢♦••♦✇✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♠❡❛♥ µ s,f n = R ss,f n µ H A,f (σ 2 b I) -1 x f n . ✭✾✷✮ ✷✳✷✳✺ ❱❛r✐❛t✐♦♥❛• ❯♣❞❛t❡s ❢♦r t❤❡ ▼✐①✐♥❣ P❛r❛♠❡t❡rs ❚❤❡ ❞✐str✐❜✉t✐♦♥ f (X, A f , Ω) ♦❢ t❤❡ r❡s❤❛♣❡❞ ♠✐①✐♥❣ ♣❛r❛♠❡t❡rs A f ✐s ❣✐✈❡♥ ❜② log q * (A f ) = -A H f 1 σ 2 b n diag(R T s,f n , . . . , R T s,f n ) ■ t✐♠❡s A f + A H f 1 σ 2 b n R xs,f n + 1 σ 2 b n R H xs,f n A f + const, ✭✾✸✮ ✇❤❡r❡ R s,f n ✐s t❤❡ s❡❝♦♥❞ r❛✇ ♠♦♠❡♥t ♦❢ t❤❡ s♦✉r❝❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ ✐s ❣✐✈❡♥ ❜② R s,f n = µ s,nf µ H s,nf + R ss,f n . ✭✾✹✮ ❙✐♠✐•❛r•②✱ t❤❡ ❝r♦ss ♠♦♠❡♥t R xs,f n ✐s ❣✐✈❡♥ ❜② R xs,f n = [x 1,f n µ H s,f n , . . . , x I,f n µ H s,f n ] T . ✭✾✺✮ ◆♦t❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✈❛♥✐s❤❡s✱ ❜❡❝❛✉s❡ ✇❡ ❛s✲ s✉♠❡❞ ❛ ✢❛t ♣r✐♦r✳ ❆•s♦ ♥♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ r❡s❤❛♣✐♥❣ ♦❢ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① A f ✐♥t♦ ❛ ✈❡❝t♦r A f ✱ ♠❛tr✐① ♠✉•t✐♣•✐❝❛t✐♦♥s ❡✳❣✳ A f s f n ❜❡❝❛♠❡ ♠✉•t✐♣•✐❝❛t✐♦♥s ♦❢ t✇♦ ✈❡❝t♦rs✳ ❆s ❛ r❡s✉•t ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❛•✐t② ♠✐s♠❛t❝❤ t❤❡ ✈❡❝t♦r ♠✉•t✐♣•✐❝❛✲ t✐♦♥ ❝❛♥♥♦t ❜❡ ♣❡r❢♦r♠❡❞ ❛♥② ♠♦r❡✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❣✐✈❡♥ ❡①❛♠♣•❡ ❡❛❝❤ r♦✇ ♦❢ t❤❡ ♠✐①✐♥❣ ♠❛tr✐①✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❡❛❝❤ ❝❤❛♥♥❡• ♦❢ t❤❡ ♠✐①t✉r❡ r❡s♣❡❝t✐✈❡•② ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✾ ✐s ♠✉•t✐♣•✐❡❞ ❜② t❤❡ s♦✉r❝❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ t❡r♠ diag(R T s,f n , . . . , R T s,f n ) ■ t✐♠❡s ✐♥❞✐❝❛t✐♥❣ ❛ ❜•♦❝❦ ❞✐❛❣♦♥❛• ♠❛tr✐①✱ ✇❤❡r❡ R s,f n ✐s r❡♣❡❛t❡❞ ♦♥ t❤❡ ❞✐❛❣♦♥❛• I t✐♠❡s✳ ❙✐♠✐•❛r•②✱ R xs,f n ✐s ❝♦♠♣♦s❡❞ ♦❢ ♠✉•t✐♣•②✐♥❣ µ H s,f n ✇✐t❤ ❡❛❝❤ ❝❤❛♥♥❡• ♦❢ t❤❡ ♠✐①t✉r❡✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✾✸✮ ✐♥✈♦•✈❡s ❛ •✐♥❡❛r t❡r♠ ✐♥ A f ✱ ✐ts ❝♦♥•✉❣❛t❡✱ ❛♥❞ ❛ q✉❛❞r❛t✐❝ t❡r♠✳ ❍❡♥❝❡✱ t❤❡ ♦♣t✐♠❛• ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s ❛ •❛✉ss✐❛♥ ❣✐✈❡♥ ❜② A f ∼ N (µ A,f , R AA,f ). ✭✾✻✮ ❇② ✏❝♦♠♣•❡t✐♥❣ t❤❡ sq✉❛r❡✑ ✇rt✳ µ A,f ❛♥❞ R AA,f ✐♥ ✭✾✸✮ ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs✳ ❋✐rst ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡✳ ❋♦r t❤✐s✱ ✇❡ r❡❛rr❛♥❣❡ t❤❡ q✉❛❞r❛t✐❝ t❡r♠s ♠❛❦❡ t❤❡♠ ❡q✉❛• t♦ -A H f R -1 AA,f A f ✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ R AA,f = 1 σ 2 b n diag (R T s,f n , . . . , R T s,f n ) ■ t✐♠❡s -1 , ✭✾✼✮ ❙✐♠✐•❛r•②✱ ❢♦r t❤❡ ♠❡❛♥✱ ✇❡ r❡❛rr❛♥❣❡ t❤❡ •✐♥❡❛r t❡r♠s ❛♥❞ ♠❛❦❡ t❤❡♠ ❡q✉❛• t♦ A H f R AA,f -1 µ A,f + µ H A,f R AA,f -1 A f ✇❤✐❝❤ ②✐❡•❞s µ A,f = R AA,f 1 σ 2 b n R xs,f n , ✭✾✽✮ |❡❝❛•• t❤❛t ✇❡ r❡s❤❛♣❡❞ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① ✐♥t♦ ❛ ✈❡❝t♦r ❛♥❞ ❝❛•❝✉•❛t❡❞ t❤❡ ♦♣t✐♠❛• ❛❝t♦r ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ✇❡ ❞❡✜♥❡❞ ❢♦r t❤❡ ✈❡❝t♦r ❢♦r♠ ♠✐①✐♥❣ s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ r❡s❤❛♣❡ t❤❡ ♠✐①✐♥❣ ♣❛r❛♠❡t❡rs ✐♥t♦ ❛ ♠❛tr✐① ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r✲❝❤❛♥♥❡• r❡•❛t✐♦♥s❤✐♣s ✇✐t❤✐♥ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① t♦ ❝❛•❝✉•❛t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥s✳ ❍❡♥❝❡✱ ❢r♦♠ t❤❡ ❣✐✈❡♥ ❡q✉❛t✐♦♥s ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ s❡❝♦♥❞ ♦r❞❡r r❛✇ ♠♦♠❡♥t R A,f ❛s ✐♥ t❤❡ ❢♦••♦✇✐♥❣ R A,f = i E[A f A H f ii T , ✭✾✾✮ ✇❤❡r❡ [•] ii ✐♥❞✐❝❛t❡s t❤❡ R × R ❞✐❛❣♦♥❛• ❜•♦❝❦ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❤❛♥♥❡• i ❛♥❞ E[A f A H f ] = µ A,f µ A,f H + R AA,f . ✭✶✵✵✮ ❙✐♠✐•❛r•②✱ t❤❡ ✜rst ♦r❞❡r ♠♦♠❡♥t µ A,f ✐s s✐♠♣•② ♦❜t❛✐♥❡❞ ❜② r❡s❤❛♣✐♥❣ µ H A,f ❜❛❝❦ ✐♥t♦ ❛ ♠❛tr✐① µ A,f (i, 1 . . . R) = (µ A,f ) ((i-1)R+1,...,iR) . ✭✶✵✶✮ ✷✳✸ ▲♦✇❡r ❇♦✉♥❞ ❲❡ ❝❛•❝✉•❛t❡ t❤❡ ♥❡✇ •♦✇❡r ❜♦✉♥❞ B(q, Ω) ❛❢t❡r ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❍❡r❡ ✇❡ ❝♦♠✲ ♣❛r❡ t❤❡ ♥❡✇ •♦✇❡r ❜♦✉♥❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛♥❞ s❡t ❛ t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ❝❤❛♥❣❡✳ ❚❤❡ •♦✇❡r ❜♦✉♥❞ s❤♦✉•❞ ♥❡✈❡r ❞❡❝r❡❛s❡✳ ❚❤✐s ❢❛❝t ❡♥❛❜•❡s ✉s t♦ ❝❤❡❝❦ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡✐r ✐♠♣•❡♠❡♥t❛t✐♦♥ ❢♦r t❤❡✐r |❚ ♥➦ ✹✷✸ ✷✵ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t ❝♦rr❡❝t♥❡ss✳ ■♥ ❣❡♥❡r❛•✱ ✐❢ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ •♦✇❡r ❜♦✉♥❞ ✐s ✐♥s✐❣♥✐✜❝❛♥t ❝♦♠✲ ♣❛r❡❞ t♦ ♣r❡✈✐♦✉s ✐t❡r❛t✐♦♥s✱ ✇❡ st♦♣✳ ❚❤❡ •♦✇❡r ❜♦✉♥❞ ❤❛s ❛•r❡❛❞② ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ B(q, Ω) = E[log p(X|S, A)] + E -F • N • R • log π + j,f n R j -log ω j,f n + 1 - 1 ω j,f n η η ′ v j,f n,η,η ′ + j,f n r -|s jr,f n | 2 η η ′ φ 2 j,f n,η,η ′ 1 v j,f n,η,η ′ -E[log q(S)] + E[log p(A)] -E[log q(A)] + E[log p(W ex )] -E[log q(W ex )] + E[log p(W ft )] -E[log q(W ft )] + E[log p(U ex )] -E[log q(U ex )] + E[log p(U ft )] -E[log q(U ft )] + E[log p(G ex )] -E[log q(G ex )] + E[log p(G ft )] -E[log q(G ft )] + E[log p(H ex )] -E[log q(H ex )] + E[log p(H ft )] -E[log q(H ft )]. ✭✶✵✷✮ ◆♦t❡ t❤❛t ❢♦r E[p(S|V)] ✇❡ ✉s❡❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ❞❡r✐✈❡❞ ✇❤✐❝❤ ✐s s❤♦✇♥ ✐♥ ✭✺✶✮✳ ❆•s♦ ♥♦t❡ t❤❛t ❢♦r ❛•• t❤❡ ✈❛r✐❛t✐♦♥❛• ✈❛r✐❛❜•❡s✱ t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦❢ t❤❡ log ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ q ❞✐str✐❜✉t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡✐r ♥❡❣❛t✐✈❡ ❡♥tr♦♣✐❡s✳ ◆♦t❡ ❛•s♦ t❤❛t t❤❡ •♦✇❡r ❜♦✉♥❞ ❝♦♥s✐sts ♦❢ t❤❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ •♦❣❛r✐t❤♠ ♦❢ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✭p ❞✐str✐❜✉t✐♦♥✮ ♠✐♥✉s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ •♦❣❛r✐t❤♠ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛• ❞✐str✐❜✉t✐♦♥ ✭q ❞✐str✐❜✉t✐♦♥✮ ♣❛✐rs ❡①❝❡♣t ❢♦r t❤❡ log✲•✐❦❡•✐❤♦♦❞✳ ❋♦r t❤❡ log✲•✐❦❡•✐❤♦♦❞✱ ✇❡ ❝❛•❝✉•❛t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛s ❢♦••♦✇s ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✷✶ E[log p(X|S, A)] = E f,n log N (x f n |A f s f n , σ 2 b I) , = - f,n log πσ 2 b + 1 σ 2 b E[(x f n -A f s f n ) H (x f n -A f s f n )] , = - f,n log πσ 2 b + 1 σ 2 b (x H f n x f n -x H f n E[A f ]E[s f n ] -E[s H f n ]E[A H f ]x f n + E[s H f n (A f ) H A f s f n ]) , = - f,n log πσ 2 b + 1 σ 2 b x H f n x f n -x H f n µ A,f µ s,f n -µ H s,f n µ H A,f x f n + tr(E[s f n s H f n ]E[A H f A f ]) , = -F • N • I • log πσ 2 b - f,n 1 σ 2 b x H f n x f n -x H f n µ A,f µ s,f n -µ H s,f n µ H A,f x f n + tr (µ s,nf µ H s,nf + R ss,f n )(R A,f ) . ✭✶✵✸✮ ❋♦r t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ p(S|V)✱ ✕t❤❡ s❡❝♦♥❞✱ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ •✐♥❡s ♦❢ ✭✶✵✷✮✕ ✇❡ ✜rst r❡♣•❛❝❡ t❤❡ ❛✉①✐•✐❛r② ✈❛r✐❛❜•❡s ✇✐t❤ t❤❡✐r ✈❛•✉❡s ❣✐✈❡♥ ✐♥ ✭✺✸✱ ✺✼✮ ❛s ❢♦••♦✇s E[p(S|V)] ≥ -F • N • R • log π + j,f n R j -log η η ′ E[v j,f n,η,η ′ ] - j,f n r E[|s jr,f n | 2 ] 1 η η ′ E 1 v j,f n,η,η ′ -1 ❉✉❡ t♦ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✹✸✮✱ t❤❡ ❡①♣❡❝t❛t✐♦♥s E[v j,f n,η,η ′ ] ❛♥❞ E 1 v j,f n,η,η ′ ❛r❡ ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ◆❚❋ ❝♦♠♣♦♥❡♥t ✐♥❞✐✈✐❞✉❛••② ❛s ❣✐✈❡♥ ✐♥ ✭✽✹✱ ✽✺✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ E[|s jr,f n | 2 ] ✐s t❤❡ s❡❝♦♥❞ r❛✇ ♠♦♠❡♥t ♦❢ s♦✉r❝❡ ❝♦♠♣♦♥❡♥t s jr,f n ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ✭✾✹✮✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ •♦❣❛r✐t❤♠ ♦❢ t❤❡ ♦♣t✐♠❛• ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts q(S) ✐s ❣✐✈❡♥ ❜② -E[log q(S)] = - f n E[log N (s f n |µ s,f n , R ss,f n )], = f n log{(πe) R det(R ss,f n )}. ✭✶✵✹✮ ❆❜♦✉t t❤❡ ♠✐①✐♥❣ ♠❛tr✐①✱ ✇❡ r❡♠✐♥❞ ②♦✉ t❤❛t t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ •♦✇❡r ❜♦✉♥❞✱ ❜❡❝❛✉s❡ ✐t ✐s ✢❛t✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛• ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts ✐s ❣✐✈❡♥ ❜② |❚ ♥➦ ✹✷✸ ✷✷ ❆❞✐•♦➜✉ ✫ ❱✐♥❝❡♥t E[log p(A)] -E[log q(A)] = - f E[ln N (A f |µ A,f , R AA,f )], = f log{(πe) 2R det(R AA,f )}. ✭✶✵✺✮ ❋✐♥❛••②✱ ❢♦r ♦♥❡ ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs✱ ❡✳❣✳ ❢♦r w ex j,c,f l ✱ t❤✐s ♣❛✐r ✐s ✇r✐tt❡♥ ❛s ❢♦••♦✇s✿ E q [log p(w ex j,c,f l )] -E q [log q(w ex j,c,f l )] =ρ ex w,j,c,f l E q [w ex j,c,f l ] + τ ex w,j,c,f l E q [ 1 w ex j,

  c,f l ] + log K γ ex w,j,c,f l (2 √ ρτ ) + ln 2 -γ exw,j,c,f l 2 (ln ρ ex w,j,c,f lln τ ex w,j,c,f l ).✭✶✵✻✮ ◆♦t❡ t❤❛t ❢♦r γ ex w,j,c,f l = 0✱ t❤❡ t❤✐r❞ •✐♥❡ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❞✐s❛♣♣❡❛rs✳ ❚❤❡ ❝❛•❝✉•❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs t♦ t❤❡ •♦✇❡r ❜♦✉♥❞ ✐s ❝❛•❝✉•❛t❡❞ s✐♠✐•❛r•② ❛s ❣✐✈❡♥ ✐♥ ✭✶✵✻✮✳ ✷✳✹ ❙✉♠♠❛r② ♦❢ t❤❡ ❆•❣♦r✐t❤♠ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s r❡q✉✐r❡ t❤❡ ❡✈❛•✉❛✲ t✐♦♥ ♦❢ s♦♠❡ ❡①♣❡❝t❛t✐♦♥s✳ ❚❤❡s❡ ❡①♣❡❝t❛t✐♦♥s ❛r❡ t♦ ❜❡ ❡✈❛•✉❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦t❤❡r ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡r❡❢♦r❡ ❛♥ ✐t❡r❛t✐✈❡ ✉♣❞❛t❡ ♣r♦❝❡❞✉r❡ s✐♠✐•❛r t♦ t❤❡ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ ✭❊✲▼✮ ❛•❣♦r✐t❤♠ ✐s ❢♦••♦✇❡❞✳ ■♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ❊✲st❡♣✱ t❤❡s❡ ❡①♣❡❝t❛t✐♦♥s ❛r❡ ❝❛•❝✉•❛t❡❞✳ ■♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ▼✲st❡♣✱ t❤❡ ❛♣✲ ♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s ❛r❡ r❡✲❝❛•❝✉•❛t❡❞ ✇✐t❤ t❤❡ ♥❡✇ ❡①♣❡❝t❛t✐♦♥ ✈❛•✉❡s✳ ❖✈❡r❛••✱ ❛❢t❡r ♣r♦♣❡r ✐♥✐t✐❛•✐③❛t✐♦♥✱ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❛•❣♦r✐t❤♠ ❝♦♥s✐sts ♦❢ t❤❡ ❢♦••♦✇✐♥❣ st❡♣s✿ ✶✳ ❝♦♠♣✉t❡ t❤❡ st❛t✐st✐❝s ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs✱ t❤❡ s♦✉r❝❡ ❙❚❋❚ ❝♦❡✣✲ ❝✐❡♥ts ❛♥❞ t❤❡ ♠✐①✐♥❣ ♣❛r❛♠❡t❡rs ❛s ✐♥ ✭✽✸✮✕✭✽✼✮✱ ✭✾✹✮✱ ✭✾✺✮✱ ❛♥❞ ✭✾✾✮✱ ✷✳ ✉♣❞❛t❡ t❤❡ ❛✉①✐•✐❛r② ✈❛r✐❛❜•❡s ✐♥ ✭✺✸✮ ❛♥❞ ✭✺✽✮✱ ✸✳ ✉♣❞❛t❡ t❤❡ •■• ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs ❛❝❝♦r❞✐♥❣ t♦ ✭✻✸✮✱ ✭✻✺✮✱ ✭✻✼✮✱ ✭✻✾✮✱ ✭✼✶✮✱ ✭✼✷✮✱ ✭✼✹✮✱ ✭✼✻✮✱ ✭✼✼✮✱ ✭✼✾✮✱ ✭✽✶✮✱ ✭✽✷✮✱ ✹✳ ✉♣❞❛t❡ t❤❡ ❝♦♠♣•❡①✲✈❛•✉❡❞ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ❙❚❋❚ ❝♦✲ ❡✣❝✐❡♥ts ❛❝❝♦r❞✐♥❣ t♦ ✭✾✶✮ ❛♥❞ ✭✾✷✮✱ ✺✳ ✉♣❞❛t❡ t❤❡ ❝♦♠♣•❡①✲✈❛•✉❡❞ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ♣❛r❛♠❡✲ t❡rs ❛❝❝♦r❞✐♥❣ t♦ ✭✾✼✮ ❛♥❞ ✭✾✽✮✱ ✻✳ ❝♦♠♣✉t❡ t❤❡ •♦✇❡r ❜♦✉♥❞ ✉s✐♥❣ ✭✶✵✸✮✕✭✶✵✻✮ ❛♥❞ t❡r♠✐♥❛t❡ t❤❡ ❛•❣♦r✐t❤♠ ✇❤❡♥ t❤❡ ❜♦✉♥❞ ✐♥❝r❡❛s❡s •❡ss t❤❛♥ ❛ ❣✐✈❡♥ t❤r❡s❤♦•❞ ♦r ❛❢t❡r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳ ■♥r✐❛ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✷✸ ❙✐♠✐•❛r•② t♦ t❤❡ ♦r✐❣✐♥❛• ▼▲ ❛•❣♦r✐t❤♠✱ ✇✐t❤ t✇♦ ♦r ♠♦r❡ ❝❤❛♥♥❡•s ❛♥❞ ❢♦r t②♣✐❝❛• s✐❣♥❛• •❡♥❣t❤✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛• ❝♦st ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ✉♣❞❛t❡s ✐♥ ✭✽✸✮✱ ✭✾✶✮✱ ✭✾✷✮✱ ✭✾✹✮✱ ❛♥❞ ✭✾✺✮✱ ✇❤✐❝❤ ♠✉st ❜❡ ♣❡r❢♦r♠❡❞ ❢♦r ❡❛❝❤ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥✳ ❚❤❡ ❝♦st ♦❢ t❤❡s❡ ✉♣❞❛t❡s ❜❡✐♥❣ s✐♠✐•❛r t♦ t❤❡ t❤❛t ♦❢ t❤❡ ❊✲st❡♣ ♦❢ t❤❡ ♦r✐❣✐♥❛• ▼▲ ❛•❣♦r✐t❤♠✱ t❤❡ ♦✈❡r❛•• ❝♦st ♦❢ ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ t✇♦ ❛•❣♦r✐t❤♠s ✐s ♦♥ t❤❡ s❛♠❡ ♦r❞❡r✳ |❡❢❡r❡♥❝❡s ❬✶( ❑✳ ❆❞✐•♦➜•✉ ❛♥❞ ❊✳ ❱✐♥❝❡♥t✳ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r s♦✉r❝❡ s❡♣✲ ❛r❛t✐♦♥ ❛♥❞ r♦❜✉st ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆✉❞✐♦ ❙♣❡❡❝❤ ❛♥❞ ▲❛♥❣✉❛❣❡ Pr♦❝❡ss✐♥❣✱ ✷✵✶✷✳ s✉❜♠✐tt❡❞✳ ❬✷( ❈✳ ▼✳ ❇✐s❤♦♣✳ P❛tt❡r♥ |❡❝♦❣♥✐t✐♦♥ ❛♥❞ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣✳ ❙♣r✐♥❣❡r✱ ✷✵✵✻✳ ❬✸( ▼✳ ❉✳ ❍♦✛♠❛♥✱ ❉✳ ▼✳ ❇•❡✐✱ ❛♥❞ P✳ |✳ ❈♦♦❦✳ ❇❛②❡s✐❛♥ ♥♦♥♣❛r❛♠❡tr✐❝ ♠❛✲ tr✐① ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r r❡❝♦r❞❡❞ ♠✉s✐❝✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛• ❈♦♥❢❡r❡♥❝❡ ♦♥ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ ✭■❈▼▲✮✱ ✷✵✶✵✳ ❬✹( ❇✳ ❏♦r❣❡♥s❡♥✳ ❙t❛t✐st✐❝❛• Pr♦♣❡rt✐❡s ♦❢ t❤❡ •❡♥❡r❛•✐③❡❞ ■♥✈❡rs❡✲•❛✉ss✐❛♥ ❉✐s✲ tr✐❜✉t✐♦♥✳ ❙♣r✐♥❣❡r✱ ✶✾✽✷✳ ❬✺( ❆✳ ❖③❡r♦✈✱ ❊✳ ❱✐♥❝❡♥t✱ ❛♥❞ ❋✳ ❇✐♠❜♦t✳ ❆ ❣❡♥❡r❛• ✢❡①✐❜•❡ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❤❛♥❞•✐♥❣ ♦❢ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛✉❞✐♦ s♦✉r❝❡ s❡♣❛r❛t✐♦♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆✉❞✐♦✱ ❙♣❡❡❝❤ ❛♥❞ ▲❛♥❣✉❛❣❡ Pr♦❝❡ss✐♥❣✱ ✷✵✭✹✮✿✶✶✶✽✕✶✶✸✸✱ ✷✵✶✷✳ |❚ ♥➦ ✹✷✸
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