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Kamil Adiloğlu, Emmanuel Vincent





RESEARCH CENTRE

RENNES – BRETAGNE ATLANTIQUE

Campus universitaire de Beaulieu

35042 Rennes Cedex

❙✉♣♣♦rt✐♥❣ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ❢♦r t❤❡ ❆rt✐❝❧❡

✏❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ■♥❢❡r❡♥❝❡ ❢♦r ❙♦✉r❝❡

❙❡♣❛r❛t✐♦♥ ❛♥❞ ❘♦❜✉st ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥✑

❑❛♠✐❧ ❆❞✐❧♦➜❧✉✱ ❊♠♠❛♥✉❡❧ ❱✐♥❝❡♥t

Pr♦❥❡❝t✲❚❡❛♠ ▼❡t✐ss

❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ♥➦ ✹✷✸ ✖ ❋❡❜r✉❛r② ✷✵✶✹ ✖ ✷✸ ♣❛❣❡s

❆❜str❛❝t✿ ❚❤✐s t❡❝❤♥✐❝❛❧ r❡♣♦rt ♣r❡s❡♥ts t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❇❛②❡s✐❛♥
s♦✉r❝❡ s❡♣❛r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐♥ ❬✶❪✳ ❋♦r t❤❡ ♠♦t✐✈❛t✐♦♥ ❜❡❤✐♥❞ t❤✐s ❛❧❣♦r✐t❤♠ ❛♥❞ ❢♦r ❡①♣❡r✐♠❡♥t❛❧
r❡s✉❧ts✱ s❡❡ ❬✶❪✳

❑❡②✲✇♦r❞s✿ ❆✉❞✐♦ s♦✉r❝❡ s❡♣❛r❛t✐♦♥✱ ❧♦❝❛❧ ●❛✉ss✐❛♥ ♠♦❞❡❧✐♥❣✱ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐① ❢❛❝t♦r✐③❛✲
t✐♦♥✱ ✈❛r✐❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡

❚❤✐s ✇♦r❦ ✐s ❛ ♣❛rt ♦❢ t❤❡ ◗❯❆❊❘❖ ♣r♦❥❡❝t ❢✉♥❞❡❞ ❜② ❖❙❊❖✳



❘❛♣♣♦rt ❚❡❝❤♥✐q✉❡ ♣♦✉r ❧✬❆rt✐❝❧❡ ✏❱❛r✐❛t✐♦♥❛❧

❇❛②❡s✐❛♥ ■♥❢❡r❡♥❝❡ ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞

❘♦❜✉st ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥✑

❘és✉♠é ✿ ❈❡ r❛♣♣♦rt ♣rés❡♥t❡ ❧❡s ❞ét❛✐❧s ❞❡ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ✈❛r✐✲
❛t✐♦♥❡❧ ❜❛②❡s✐❡♥ ♣♦✉r ❧❛ sé♣❛r❛t✐♦♥ ❞❡ s♦✉r❝❡s ❞❛♥s ❬✶❪✳ ▲❛ ♠♦t✐✈❛t✐♦♥ s♦✉s✲
❥❛❝❡♥t❡ á ❝❡t ❛❧❣♦r✐t❤♠❡ ❡t ❧❡s rés✉❧t❛ts s♦♥t ❞♦♥♥és ❞❛♥s ❬✶❪✳

▼♦ts✲❝❧és ✿ ❙é♣❛r❛t✐♦♥ ❞❡ s♦✉r❝❡s ❛✉❞✐♦✱ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❧♦❝❛❧✱ ❢❛❝t♦r✐s❛t✐♦♥
♠❛tr✐❝✐❡❧❧❡ ♣♦s✐t✐✈❡✱ ✐♥❢ér❡♥❝❡ ✈❛r✐❛t✐♦♥❡❧❧❡ ❜❛②és✐❡♥♥❡



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✸

❈♦♥t❡♥ts

✶ ▼♦❞❡❧ ✹

✶✳✶ ❙♣❛t✐❛❧ ▼♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✷ ◆♦♥♥❡❣❛t✐✈❡ ❚❡♥s♦r ❋❛❝t♦r✐③❛t✐♦♥ ❛s ❛ ❙♣❡❝tr❛❧ ▼♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✶✳✸ Pr✐♦r ❉✐str✐❜✉t✐♦♥s ❢♦r t❤❡ P❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✶✳✹ ❏♦✐♥t ❉✐str✐❜✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷ ❱❛r✐❛t✐♦♥❛❧ ■♥❢❡r❡♥❝❡ ✽

✷✳✶ ●❡♥❡r❛❧ ❆♣♣r♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✷✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ Pr♦♣♦s❡❞ ▼♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✷✳✶ ❆✉①✐❧✐❛r② ❱❛r✐❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✷✳✷✳✷ ❚✐❣❤t❡♥✐♥❣ t❤❡ ❇♦✉♥❞ ✇rt✳ t❤❡ ❆✉①✐❧✐❛r② ❱❛r✐❛❜❧❡s ✳ ✳ ✳ ✳ ✶✷
✷✳✷✳✸ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ◆❚❋ P❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✷✳✷✳✹ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ❙♦✉r❝❡ ❈♦♠♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✷✳✺ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ▼✐①✐♥❣ P❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✸ ▲♦✇❡r ❇♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✷✳✹ ❙✉♠♠❛r② ♦❢ t❤❡ ❆❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

❘❚ ♥➦ ✹✷✸



✹ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

✶ ▼♦❞❡❧

✶✳✶ ❙♣❛t✐❛❧ ▼♦❞❡❧
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❚❤❡ ♠✐①✐♥❣ ❡q✉❛t✐♦♥ ✐♥ t✐♠❡ ❢r❡q✉❡♥❝② ❜✐♥ (n, f) ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❜② ✉s✐♥❣
t❤❡ s♦✉r❝❡ ✐♠❛❣❡s yj,fn ❛s ❢♦❧❧♦✇s✿

xfn =
J∑

j=1

yj,fn + ǫfn. ✭✶✮

■♥ t❤✐s ❞♦♠❛✐♥✱ xfn r❡♣r❡s❡♥ts t❤❡ I×1 ✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ t❤❡ ♠✐①t✉r❡ ❙❚❋❚
❝♦❡✣❝✐❡♥ts ✐♥ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥ (n, f)✱ ✱ ✇❤❡r❡ I ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♥♥❡❧s✳
yj,fn r❡♣r❡s❡♥ts t❤❡ I × 1 ✈❡❝t♦r ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ s♣❛t✐❛❧ ✐♠❛❣❡ ♦❢ s♦✉r❝❡ j ♦♥
❛❧❧ ♠✐①t✉r❡ ❝❤❛♥♥❡❧s ✐♥ t❤❡ s❛♠❡ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥✳ ❋✐♥❛❧❧② ǫfn ✐s t❤❡ ♥♦✐s❡
✐♥ t❤❡ ❙❚❋❚ ❞♦♠❛✐♥✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ s♦✉r❝❡ ✐♠❛❣❡ ❢♦❧❧♦✇s ❛ ③❡r♦✲♠❡❛♥
❝♦♠♣❧❡①✲✈❛❧✉❡❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥

yj,fn ∼ N (0, vj,fnRj,f ), ✭✷✮

✇❤❡r❡ Rj,f ✐s ❛♥ I × I ♠❛tr✐① ♦❢ r❛♥❦ Rj ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ s♣❛t✐❛❧ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ❛♥❞ r❡♣r❡s❡♥ts t❤❡ s♣❛t✐❛❧ ❝❤❛r❛❝t❡r✐st❝s ♦❢ s♦✉r❝❡ j ❛♥❞ ♦❢ t❤❡ ♠✐①✲
✐♥❣ s②st❡♠✱ ❛♥❞ vj,fn ✐s ❛ s❝❛❧❛r s♣❡❝tr❛❧ ♣♦✇❡r ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ s♣❡❝tr❛❧
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ s♦✉r❝❡ j✳

❚❤✐s ♠♦❞❡❧ ❝❛♥ ❛❧t❡r♥❛t✐✈❡❧② ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❢♦❧❧♦✇s ❬✺❪✳ Rj,f ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s Rj,f = Aj,fA

H
j,f ✱ ✇❤❡r❡ Aj,f ✐s ❛ I×Rj ❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡①✲✈❛❧✉❡❞

♠✐①✐♥❣ ♠❛tr✐① ♦❢ r❛♥❦ Rj ❢♦r s♦✉r❝❡ j✳ ❋♦r ❡❛❝❤ s♦✉r❝❡ j✱ ✇❡ ❞❡✜♥❡ Rj s♦✉r❝❡
❝♦♠♣♦♥❡♥ts sjr,fn ❞✐str✐❜✉t❡❞ ❛s

sjr,fn ∼ N (0, vj,fn). ✭✸✮

❉❡♥♦t✐♥❣ ❜② R =
∑J

j=1 Rj t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts✱ t❤❡
s♦✉r❝❡ ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s

sfn = [sT1,fn, . . . , s
T
j,fn, . . . , s

T
J,fn]

T , ✭✹✮

✇❤❡r❡ sfn ✐s ❛♥ R× 1 ✈❡❝t♦r ♦❢ s♦✉r❝❡ ❝♦❡✣❝✐❡♥ts ✇✐t❤

sj,fn = [sj1,fn, . . . , sjr,fn, . . . , sjRj ,fn]
T . ✭✺✮

❍❡♥❝❡✱ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡s ✐♥ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥ (f, n) ✐s
❣✐✈❡♥ ❜②

sfn = N (0,Σs,fn), ✭✻✮

✇❤❡r❡ Σs,fn ✐s ❛♥ R×R ❞✐❛❣♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❝♦♥s✐st✐♥❣ ♦❢ vj,fn r❡♣❡❛t❡❞
Rj t✐♠❡s ❢♦r ❡❛❝❤ s♦✉r❝❡ ❝♦♠♣♦♥❡♥t sjr,fn ♦❢ s♦✉r❝❡ j✳ ❋✐♥❛❧❧②✱ t❤❡ ♠✐①✐♥❣
❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts ✐♥st❡❛❞ ♦❢ t❤❡ s♦✉r❝❡ s♣❛t✐❛❧ ✐♠❛❣❡s ❛s ✐♥
✭✶✮ ✐s ❣✐✈❡♥ ❜②

xfn = Afsfn + ǫfn. ✭✼✮

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✺

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠✐①✐♥❣ s②st❡♠ A ✐s st❛t✐♦♥❛r②✳ ❙♦✱ t❤❡ ♠✐①✐♥❣ s②st❡♠ ✐s
❡①♣r❡ss❡❞ ❛s

Af = [A1,f , . . . ,Aj,f , . . . ,AJ,f ]. ✭✽✮

❋✐♥❛❧❧②✱ ✇❡ ❛ss✉♠❡ ❛ ●❛✉ss✐❛♥ ③❡r♦ ♠❡❛♥ ♥♦✐s❡ ✇✐t❤ ❛ ❝♦♥st❛♥t ♥♦✐s❡ ✈❛r✐❛♥❝❡
ǫfn ∼ N (0,Σb)✱ ✇❤❡r❡ Σb = σ2

b I✳ ❚❤✐s ❣✐✈❡s ✉s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❢♦r♠✉❧❛t❡ t❤❡
❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ♠✐①t✉r❡ ❝♦❡✣❝✐❡♥ts ❛s ❢♦❧❧♦✇s✿

p(X|S,A) =

N∏

n=1

F∏

f=1

N (xfn|Afsfn, σ
2
b I), ✭✾✮

✇❤❡r❡ X = {xfn}n=1···N,f=1···F ❛♥❞ S = {sfn}n=1···N,f=1···F ✳

✶✳✷ ◆♦♥♥❡❣❛t✐✈❡ ❚❡♥s♦r ❋❛❝t♦r✐③❛t✐♦♥ ❛s ❛ ❙♣❡❝tr❛❧ ▼♦❞❡❧

❲❡ ❛ss✉♠❡ ❛ t❤r❡❡✲❧❡✈❡❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ✈❛r✐❛♥❝❡s vj,fn ✐♥ ❛ ♥♦♥✲
♥❡❣❛t✐✈❡ t❡♥s♦r ❢❛❝t♦r✐③❛t✐♦♥ ✭◆❚❋✮ ❢❛s❤✐♦♥ ❬✺❪✳ ■♥ t❤❡ ✜rst ❧❡✈❡❧ ✇❡ ❛ss✉♠❡ t❤❛t
t❤❡ ✈❛r✐❛♥❝❡s ❛r❡ t❤❡ ♣r♦❞✉❝t ♦❢ ❛♥ ❡①❝✐t❛t✐♦♥ ❛♥❞ ❛ ✜❧t❡r

vj,fn = vexj,fnv
ft
j,fn. ✭✶✵✮

❆t t❤❡ s❡❝♦♥❞ ❧❡✈❡❧✱ t❤❡ ❡①❝✐t❛t✐♦♥ s♣❡❝tr❛❧ ♣♦✇❡r vexj,fn ✐s ❡①♣r❡ss❡❞ ❛s t❤❡
s✉♠ ♦❢ ❜❛s✐s s♣❡❝tr❛ s❝❛❧❡❞ ❜② t✐♠❡ ❛❝t✐✈❛t✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❋✐♥❛❧❧②✱ ❛t t❤❡ t❤✐r❞
❧❡✈❡❧✱ t❤❡ ❜❛s✐s s♣❡❝tr❛ ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ♥❛rr♦✇❜❛♥❞ s♣❡❝tr❛❧ ♣❛tt❡r♥s
wex

j,fl ✇❡✐❣❤t❡❞ ❜② s♣❡❝tr❛❧ ❡♥✈❡❧♦♣❡ ❝♦❡✣❝✐❡♥ts uex
j,lk✳ ❙✐♠✐❧❛r❧②✱ t❤❡ t✐♠❡ ❛❝t✐✈❛✲

t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s t❤❡ s✉♠ ♦❢ t✐♠❡✲❧♦❝❛❧✐③❡❞ ♣❛tt❡r♥s hex
j,mn

✇❡✐❣❤t❡❞ ❜② t❡♠♣♦r❛❧ ❡♥✈❡❧♦♣❡ ❝♦❡✣❝✐❡♥ts gexj,km✳ ❚❤❡ s❛♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥

❛♣♣❧✐❡s t♦ t❤❡ ✜❧t❡r s♣❡❝tr❛❧ ♣♦✇❡r vftj,fn✳ ❖✈❡r❛❧❧✱ t❤❡ ❝♦♠♣❧❡t❡ ❢❛❝t♦r✐③❛t✐♦♥
s❝❤❡♠❡ ✐s ❛s ❢♦❧❧♦✇s✿

vexj,fn =

Kex

j∑

k=1

Mex

j∑

m=1

Lex

j∑

l=1

hex
j,mng

ex
j,kmuex

j,lkw
ex
j,fl, ✭✶✶✮

vftj,fn =

Kft

j∑

k′=1

M ft

j∑

m′=1

Lft

j∑

l′=1

hft
j,m′ng

ft
j,k′m′uft

j,l′k′wft
j,fl′ . ✭✶✷✮

❚❤✐s ❢r❛♠❡✇♦r❦ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❡①♣❧♦✐t ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ s♦✉r❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❤❛r♠♦♥✐❝✐t② ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❜② ✜①✐♥❣ wex

j,fl ❛s
♥❛rr♦✇❜❛♥❞ ❤❛r♠♦♥✐❝ s♣❡❝tr❛ ❛♥❞ ❧❡tt✐♥❣ t❤❡ s♣❡❝tr❛❧ ❡♥✈❡❧♦♣❡ ❛♥❞ t❤❡ ❛❝t✐✈❡
♣✐t❝❤❡s ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❞❛t❛ ✈✐❛ uex

j,lk ❛♥❞ gexj,km✱ r❡s♣❡❝t✐✈❡❧② ❬✺❪✳ ❋♦r ♠♦r❡
❞❡t❛✐❧s ❛♥❞ ❡①❛♠♣❧❡s ♦❢ ♣♦ss✐❜❧❡ s♣❡❝tr❛❧ ❛♥❞ t❡♠♣♦r❛❧ ❝♦♥str❛✐♥ts✱ s❡❡ ❬✺❪✳

❚❤✐s t❤r❡❡✲❧❡✈❡❧ ◆❚❋ ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ s❤♦✇♥ ✐♥ ♠❛tr✐① ❢♦r♠ ❛s ❢♦❧❧♦✇s

Vj = (Wex
j Uex

j Gex
j Hex

j )⊙ (Wft
j U

ft
j G

ft
j H

ft
j ), ✭✶✸✮

✇❤❡r❡ ⊙ ♠❡❛♥s ❡❧❡♠❡♥t✲✇✐s❡ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❘❚ ♥➦ ✹✷✸



✻ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

✶✳✸ Pr✐♦r ❉✐str✐❜✉t✐♦♥s ❢♦r t❤❡ P❛r❛♠❡t❡rs

❊❛❝❤ ♣❛r❛♠❡t❡r ♠❛② ❜❡ ✜①❡❞ ♦r ❛❞❛♣t❡❞ t♦ t❤❡ ❞❛t❛✳ ■♥ ❛ ❢✉❧❧② ❇❛②❡s✐❛♥
tr❡❛t♠❡♥t✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ❢♦r t❤♦s❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤
❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❞❛t❛✳ ❲❡ ❛ss✉♠❡ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s♦✉r❝❡ ✈❛r✐❛♥❝❡s
❢♦❧❧♦✇ t❤❡ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ❏❡✛r❡②s ♣r✐♦r J (x) ∝ 1

x

wex
j,fl ∼ J , ✭✶✹✮

uex
j,lk ∼ J , ✭✶✺✮

gexj,km ∼ J , ✭✶✻✮

hex
j,mn ∼ J , ✭✶✼✮

wft
j,fl′ ∼ J , ✭✶✽✮

uft
j,l′k′ ∼ J , ✭✶✾✮

gftj,k′m′ ∼ J , ✭✷✵✮

hft
j,m′n ∼ J . ✭✷✶✮

❋♦r t❤❡ ♠✐①✐♥❣ s②st❡♠✱ ✇❡ t❛❦❡ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ❝❤❛♥♥❡❧s ❛♥❞
❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠✐①✐♥❣
♠❛tr✐① Af ❛s ❛ ✇❤♦❧❡ ❛♥❞ ❞❡✜♥❡ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❛❝❝♦r❞✐♥❣❧②✳ ❋✐rst✱ ✇❡
r❡s❤❛♣❡ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① Af ✐♥t♦ ❛ ✈❡❝t♦r Af ✳ ❋♦r t❤✐s✱ ✇❡ ❝♦♥❝❛t❡♥❛t❡
t❤❡ r♦✇ ✈❡❝t♦rs ♦❢ Af ✐♥t♦ t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦r Af ✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r✐♦r
❞✐str✐❜✉t✐♦♥ ♦❢ Af t♦ ❜❡ ❛ ❝♦♠♣❧❡① ♠✉❧t✐✈❛r✐❛t❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛s ❢♦❧❧♦✇s

Af ∼ N (µA,f ,ΣA,f ). ✭✷✷✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t ΣA,f → +∞ s♦ t❤❛t t❤✐s ♣r✐♦r ✐s ❛❝t✉❛❧❧②
✢❛t✳

✶✳✹ ❏♦✐♥t ❉✐str✐❜✉t✐♦♥

❲✐t❤ t❤✐s ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ❛ss✉♠❡❞✱ ✇❡ ❝❛♥ ❢♦r♠✉❧❛t❡ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥
p(X,Z)✱ ✇❤❡r❡ Z ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs

Z = {S,A,Wex,Uex,Gex,Hex,Wft,Uft,Gft,Hft}. ✭✷✸✮

❛s

p(X,Z) = p(X|S,A)p(S|Wex,Uex,Gex,Hex,Wft,Uft,Gft,Hft)p(A)

p(Wex)p(Uex)p(Gex)p(Hex)p(Wft)p(Uft)p(Gft)p(Hft). ✭✷✹✮

❚❤❡ log✲❞✐str✐❜✉t✐♦♥ ✐s t❤❡♥ ❣✐✈❡♥ ❜②

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✼

log p(X,Z) = log p(X|S,A) + log p(S|Wex
,U

ex
,G

ex
,H

ex
,W

ft
,U

ft
,G

ft
,H

ft)

+ log p(A) + log p(Wex) + log p(Uex) + log p(Gex) + log p(Hex)

+ log p(Wft) + log p(Uft) + log p(Gft) + log p(Hft),

=
∑

f,n

logN (xfn|Afsfn, σ
2

b I)

+
∑

f,n

logN (sfn|0,Σs,fn)

+
∑

j,f,l

logJ (wex

j,fl)

+
∑

j,l,k

logJ (uex

j,lk)

+
∑

j,k,m

logJ (gexj,km)

+
∑

j,m,n

logJ (hex

j,mn)

+
∑

j,f,l′

logJ (wft

j,fl′)

+
∑

j,l′,k′

logJ (uft

j,l′k′)

+
∑

j,k′,m′

logJ (gftj,k′m′)

+
∑

j,m′,n

logJ (hft

j,m′n)

+
∑

f

logN (Af |µA,f ,ΣA,f ). ✭✷✺✮
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✷ ❱❛r✐❛t✐♦♥❛❧ ■♥❢❡r❡♥❝❡

❲❡ ❛✐♠ t♦ ♦❜t❛✐♥ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs p(Z|X)✳
❍♦✇❡✈❡r ❡①❛❝t ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ✐s ✐♥tr❛❝t❛❜❧❡✳ ❚❤❡r❡❢♦r❡ ✇❡ r❡s♦rt t♦ ❛ ✈❛r✐✲
❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❬✷❪✳

✷✳✶ ●❡♥❡r❛❧ ❆♣♣r♦❛❝❤

❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❛✐♠s t♦ ♦❜t❛✐♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ q(Z) ♦❢ t❤❡
tr✉❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ p(Z|X) t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ✭❑▲✮
❞✐✈❡r❣❡♥❝❡

KL(q||p) = −
∫

q(Z) log
p(Z|X)

q(Z)
dZ. ✭✷✻✮

▼❛r❣✐♥❛❧✐③✐♥❣ ♦✉t t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs Z ❢r♦♠ ✭✷✹✮ ❣✐✈❡s t❤❡ ♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞ p(X) ♦r ❡✈✐❞❡♥❝❡✳ ❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦❧❞s

log p(X) = L (q) +KL(q||p), ✭✷✼✮

✇❤❡r❡ t❤❡ ❢r❡❡ ❡♥❡r❣② L (q) ✐s ❣✐✈❡♥ ❜②

L (q) =

∫

q(Z) log
p(X,Z)

q(Z)
dZ, ✭✷✽✮

✭✷✾✮

■♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ q(Z) ✐s t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs
✇❤✐❝❤ ✇❡ ✉s❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ p(Z|X)✳ L (q)
✐s ❝❛❧❧❡❞ t❤❡ ❢r❡❡ ❡♥❡r❣② ❛♥❞ ✐t ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❧✐❦❡❧✐❤♦♦❞✳
▼❛①✐♠✐③✐♥❣ t❤✐s ❢r❡❡ ❡♥❡r❣② ✇rt✳ q(Z) ♠✐♥✐♠✐③❡s t❤❡ ❑▲✲❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q(Z) ❛♥❞ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❬✷❪✳ ◆♦t❡ t❤❛t t❤❡
❑▲✲❞✐✈❡r❣❡♥❝❡ ✈❛♥✐s❤❡s ✇❤❡♥ q(Z) ✐s ❡q✉❛❧ t♦ t❤❡ tr✉❡ ♣♦st❡r✐♦r✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞✐s✲
tr✐❜✉t✐♦♥ q(Z)✿

q(Z) =

M∏

i=1

qi(Zi). ✭✸✵✮

■❢ ✇❡ ❡♠❜❡❞ t❤✐s ❢❛❝t♦r✐③❛t✐♦♥ ✐♥t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② ❣✐✈❡♥ ✐♥ ✭✷✽✮ ❛♥❞ ❞✐ss❡❝t
♦✉t t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs qi(Zi)✱ ✇❡ ♦❜t❛✐♥

L (q) =

∫

qi

{∫

log p(X,Z)
∏

i′ 6=i

qi′dZi′

}

dZi −
∫

qi log qidZi + ❝♦♥st, ✭✸✶✮

=

∫

qi log p̃(X,Zi)dZi −
∫

qi log qidZi + ❝♦♥st, ✭✸✷✮

=

∫

qi log
p̃(X,Zi)

qi
dZi + ❝♦♥st, ✭✸✸✮

✇❤❡r❡

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✾

log p̃(X,Zi) =

∫

log p(X,Z)
∏

i′ 6=i

qi′dZi′ + const, ✭✸✹✮

= Ei′ 6=i[log p(X,Z)] + ❝♦♥st ✭✸✺✮

❛♥❞ t❤❡ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ✐s s✉❝❤ t❤❛t p̃(X,Zi) ✐s ❛ ♣r♦♣❡r ❞✐str✐❜✉t✐♦♥✳
◆♦✇✱ s✉♣♣♦s❡ t❤❛t ✇❡ ❦❡❡♣ qi′ 6=i ❝♦♥st❛♥t ❛♥❞ ♠❛①✐♠✐③❡ t❤❡ ❢r❡❡ ❡♥❡r❣②

s❤♦✇♥ ✐♥ ✭✷✽✮ ✇rt✳ qi✳ ❚❤❡ ♠✐♥✐♠✉♠ ♦❝❝✉rs ✇❤❡♥ qi(Zi) = p̃(X,Zi)✳ ❆s ❛
r❡s✉❧t✱ ✇❡ ♦❜t❛✐♥ ❛ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ ❢r❡❡
❡♥❡r❣② ❛s ❢♦❧❧♦✇s

q∗i (Zi) = p̃(X,Zi). ✭✸✻✮

◆♦t❡ t❤❛t ✐♥ t❤✐s ❡q✉❛t✐♦♥✱ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣
❞✐str✐❜✉t✐♦♥ q∗i (Zi) ❞❡♣❡♥❞s ♦♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ log ♦❢ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥
✇rt✳ ❛❧❧ ♦t❤❡r ✈❛r✐❛t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s✳ ■♥ t❤❛t s❡♥s❡✱ ✭✸✻✮ ✐♥❞✐❝❛t❡s ❛ s❡t ♦❢
❡q✉❛t✐♦♥s ❢♦r i = {1, . . . ,M}✳ ❚❤❡r❡❢♦r❡ ❛♥ ✐t❡r❛t✐✈❡ ✉♣❞❛t❡ ♣r♦❝❡❞✉r❡ ✐s ♥❡❡❞❡❞✳
❆❢t❡r ♣r♦♣❡r ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ ❛❧❧ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s✱ ❡❛❝❤ ❞✐str✐❜✉t✐♦♥
✐s ✉♣❞❛t❡❞ ✐♥ ❛♥ ✐t❡r❛t✐✈❡ ❝②❝❧❡✳

■♥ ♣r❛❝t✐❝❡✱ ✭✸✻✮ ✐s ❛♣♣❧✐❝❛❜❧❡ ♦♥❧② ✇❤❡♥ Ei′ 6=i[log p(X,Z)] ✐s ❝♦♠♣✉t❛❜❧❡ ✐♥
❝❧♦s❡❞ ❢♦r♠ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❦♥♦✇♥ ♣❛r❛♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡
♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ✐s ❝♦♠♣✉t❛❜❧❡ ✐♥ ❝❧♦s❡❞ ❢♦r♠✳ ❲❤❡♥ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱
p(X,Z) ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r ✇❤✐❝❤ t❤❡ r❡s✉❧t✐♥❣ ❛♣♣r♦①✐♠❛t✲
✐♥❣ ❞✐str✐❜✉t✐♦♥ ❜❡❝♦♠❡s tr❛❝t❛❜❧❡✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛r❛♠❡tr✐❝ t❤❡ ❧♦✇❡r ❜♦✉♥❞ f(X,Z,Ω) ♦❢ p(X,Z) s✉❝❤
t❤❛t

p(X,Z) ≥ f(X,Z,Ω), ✭✸✼✮

✇❤❡r❡ Ω ✐s ❛ s❡t ♦❢ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s✳ ❯s✐♥❣ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ B✱ ✇❤✐❝❤
❢✉rt❤❡r ❧♦✇❡r ❜♦✉♥❞s L ❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

L (q) ≥ B(q,Ω) =

∫

q(Z) log
f(X,Z,Ω)

q(Z)
dZ. ✭✸✽✮

❯s✐♥❣ B(q,Ω)✱ ✇❡ r❡✇r✐t❡ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✷✼✮ ❛s ❢♦❧❧♦✇s

log p(X) = max
Ω

B(q,Ω) + (L (q)−max
Ω

B(q,Ω)) +KL(q||p). ✭✸✾✮

❍❡r❡ ✇❡ ♠❛①✐♠✐③❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ B(q,Ω) ✇rt✳ Ω✱ ✇❤✐❝❤ t✐❣❤t❡♥s t❤❡ ❧♦✇❡r
❜♦✉♥❞ t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② L (q)✳ ❯s✐♥❣ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✸✵✮
❛♥❞ ❞✐ss❡❝t✐♥❣ ♦✉t t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs qi(Zi)✱ ✇❡ ♦❜t❛✐♥

B(q,Ω) =

∫

qi log
f̃(X,Zi,Ω)

qi
dZi + const, ✭✹✵✮

✇❤❡r❡ log f̃(X,Zi,Ω) ✐s ❞❡✜♥❡❞ ❛s

log f̃(X,Zi,Ω) =

∫

log f(X,Z,Ω)
∏

i′ 6=i

qi′dZi′ + const,

= Ei′ 6=i[log f(X,Z,Ω)] + const, ✭✹✶✮

❘❚ ♥➦ ✹✷✸



✶✵ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

✇❤❡r❡ t❤❡ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ✐s s✉❝❤ t❤❛t f̃(X,Zi,Ω) ✐s ❛ ♣r♦♣❡r ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥✳

❍❡♥❝❡✱ ♠❛①✐♠✐③✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞ B(q,Ω) ✇rt✳ qi(Zi) ♠✐♥✐♠✐③❡s ❛♥ ❛♣✲
♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❑▲✲❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ q(Z) ❛♥❞ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐✲
❜✉t✐♦♥ p(Z|X)✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t✇♦ ❛❧t❡r♥❛t✐✈❡ st❡♣s ②✐❡❧❞s t❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥
❢♦r t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s q∗i ✳ ■♥ t❤❡ ✜rst st❡♣✱ ✇❡ ♠❛①✐♠✐③❡
t❤❡ ❧♦✇❡r ❜♦✉♥❞ B(q,Ω) t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② L (q) ✇rt✳ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s Ω✱
✇❤✐❝❤ t✐❣❤t❡♥s t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ♠❛①✐♠✐③❡ B(q,Ω)
✇rt✳ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s qi✳

❚❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q∗i (Zi) ✐s ❣✐✈❡♥ ❜②

q∗i (Zi) = f̃(X,Zi,Ω). ✭✹✷✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❞♦♣t t❤✐s str❛t❡❣② ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✲
✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ♠✉❧t✐❧❡✈❡❧ ◆▼❋ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ s♦✉r❝❡ ❝♦♠✲
♣♦♥❡♥ts s✐♥❝❡ E[log p(S|V)] ✐s ♥♦t tr❛❝t❛❜❧❡ ✐♥ ❝❧♦s❡❞ ❢♦r♠ ❛s ✇❡ ✇✐❧❧ s❤♦✇ ✐♥
❙❡❝t✐♦♥ ✷✳✷✳✶✳

✷✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ Pr♦♣♦s❡❞ ▼♦❞❡❧

P✉rs✉✐♥❣ t❤❡ ❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛♥
✜❡❧❞ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r q(Z)✿

q(Z) =
(∏

f,n

q(sfn)
)

(∏

f

q(Af ))
)

( ∏

j,m,n

q(hex
j,mn)

)

( ∏

j,k,m

q(gexj,km)
)

(∏

j,k,l

q(uex
j,lk)

)

(∏

j,f,l

q(wex
j,fl)

)

( ∏

j,m′,n

q(hft
j,m′n)

)

( ∏

j,k′,m′

q(gftj,k′m′)
)

( ∏

j,k′,l′

q(uft
j,l′k′)

)

( ∏

j,f,l′

q(wft
j,fl′)

)

. ✭✹✸✮

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✶

✷✳✷✳✶ ❆✉①✐❧✐❛r② ❱❛r✐❛❜❧❡s

❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞✐❜✐❧✐t②✱ ❧❡t ✉s ❞❡✜♥❡ η = {k,m, l} t❤❡ ❥♦✐♥t ✐♥❞❡① ♦❢ t❤❡
❡①❝✐t❛t✐♦♥ ◆❚❋ ♣❛r❛♠❡t❡rs ❛♥❞ η′ = {k′,m′, l′} t❤❡ ❥♦✐♥t ✐♥❞❡① ♦❢ t❤❡ ✜❧t❡r
◆❚❋ ♣❛r❛♠❡t❡rs✳ ❲✐t❤ t❤❡s❡ ❥♦✐♥t ✐♥❞✐❝❡s ❧❡t ✉s ❢✉rt❤❡r ❞❡✜♥❡ vj,fn,η,η′ ❛s t❤❡
♣r♦❞✉❝t ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs

vj,fn,η,η′ = hex
j,mng

ex
j,kmuex

j,lkw
ex
j,flh

ft
j,m′ng

ft
j,k′m′uft

j,l′k′wft
j,fl′ . ✭✹✹✮

▲❡t ✉s ❢✉rt❤❡r ❞❡✜♥❡ vexj,fn,η ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡

◆❚❋ ❝♦♠♣♦♥❡♥ts ❛♥❞ vftj,fn,η′ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✜❧t❡r ❝♦❡✣❝✐❡♥ts

vexj,fn,η = hex
j,mng

ex
j,kmuex

j,lkw
ex
j,fl, ✭✹✺✮

vftj,fn,η′ = hft
j,m′ng

ft
j,k′m′uft

j,l′k′wft
j,fl′ . ✭✹✻✮

❍❛✈✐♥❣ ❞❡✜♥❡❞ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ❧❡t ✉s ❤❛✈❡ ❛ ❧♦♦❦ ❛t E[log p(S|V)] ♠♦r❡ ❝❧♦s❡❧②✿

E[log p(S|V)] = E

[

log
∏

f,n

N (sfn|0,Σs,fn)
]

= E

[

∑

f,n

logN
(

sfn|0, diag
(

∑

η

∑

η′

vj,fn,η,η′

)

)]

,

= E

[

∑

f,n

−R log π − log det
(

diag
(

∑

η

∑

η′

vj,fn,η,η′

)

)

− s
H
fndiag

(

∑

η

∑

η′

vj,fn,η,η′

)

−1
sfn

]

,

=
∑

f,n

−R log π +
∑

j

−RjE

[

log
∑

η

∑

η′

vj,fn,η,η′

]

+
∑

j,r

−E[|sjr,fn|
2]E
[ 1
∑

η

∑

η′ vj,fn,η,η′

]

. ✭✹✼✮

❆s ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡✱ ♥♦♥❡ ♦❢ t❤❡ t✇♦ ❡①♣❡❝t❛t✐♦♥s ✐♥ t❤✐s ❡q✉❛t✐♦♥ ❛❜♦✈❡
✐s tr❛❝t❛❜❧❡✳ ❙♦✱ ✇❡ r❡s♦rt t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥
❙❡❝t✐♦♥ ✷✳✶ ❛♥❞ ❧♦✇❡r ❜♦✉♥❞ p(S|V) ❛s ♣r♦♣♦s❡❞ ✐♥ ❬✸❪✳

❋♦r t❤❡ ✜rst ❡①♣❡❝t❛t✐♦♥✱ ❣✐✈❡♥ t❤❛t x → − log x ✐s ❝♦♥✈❡①✱ ✇❡ ❝❛♥ ❧♦✇❡r
❜♦✉♥❞ ✐t ❜② ✐ts ✜rst✲♦r❞❡r ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛r♦✉♥❞ ❛♥ ❛r❜✐tr❛r② ♣♦s✐t✐✈❡
♣♦✐♥t ωj,fn ❛s ❢♦❧❧♦✇s

− log
∑

η

∑

η′

vj,fn,η,η′ ≥ − logωj,fn −
1

ωj,fn

(
∑

η

∑

η′

vj,fn,η,η′ − ωj,fn),

= − logωj,fn + 1−
1

ωj,fn

∑

η

∑

η′

vj,fn,η,η′ . ✭✹✽✮

❋♦r t❤❡ s❡❝♦♥❞ ❡①♣❡❝t❛t✐♦♥✱ ❣✐✈❡♥ t❤❛t x → −1
x

✐s ❝♦♥❝❛✈❡✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡
φj,fn,η,η′ s✉❝❤ t❤❛t

∑

η

∑

η′ φj,fn,η,η′ = 1✱ ✉s✐♥❣ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✿

❘❚ ♥➦ ✹✷✸



✶✷ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

− 1
∑

η

∑

η′ vj,fn,η,η′

= − 1
∑

k φj,fn,η,η′

vj,fn,η,η′

φj,fn,η,η′

≥ −
∑

k

φj,fn,η,η′

1
vj,fn,η,η′

φj,fn,η,η′

= −
∑

η

∑

η′

φ2
j,fn,η,η′

1

vj,fn,η,η′

. ✭✹✾✮

❲✐t❤ t❤❡s❡ t✇♦ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❝❛♥ ❧♦✇❡r ❜♦✉♥❞ log p(S|V) ✉s✐♥❣ t❤❡ ❛✉①✲
✐❧✐❛r② ✈❛r✐❛❜❧❡s Ω = {{ωj,fn}j,fn, {φj,fn,η,η′}j,fn,η,η′} ❛s ❢♦❧❧♦✇s

log p(S|V) ≥ −F ·N ·R · log π

+
∑

j,fn

Rj

(

− logωj,fn + 1−
1

ωj,fn

∑

η

∑

η′

vj,fn,η,η′

)

+
∑

j,fn

∑

r

−|sjr,fn|
2
∑

η

∑

η′

φ
2

j,fn,η,η′

1

vj,fn,η,η′

. ✭✺✵✮

✷✳✷✳✷ ❚✐❣❤t❡♥✐♥❣ t❤❡ ❇♦✉♥❞ ✇rt✳ t❤❡ ❆✉①✐❧✐❛r② ❱❛r✐❛❜❧❡s

❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r Ω ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ ❜♦✉♥❞ B(q,Ω)✳
❈♦♥❝❡r♥✐♥❣ ωj,fn✱ ✇❡ s✐♠♣❧② t❛❦❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❜♦✉♥❞ B(q,Ω)
✇✳r✳t✳ ωj,fn ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

B(q,Ω) =− F ·N ·R · log π

+
∑

j,fn

Rj

(

− logωj,fn + 1−
1

ωj,fn

∑

η

∑

η′

E[vj,fn,η,η′ ]
)

+
∑

j,fn

∑

r

−|sjr,fn|
2
∑

η

∑

η′

φ
2

j,fn,η,η′E

[ 1

vj,fn,η,η′

]

+ const. ✭✺✶✮

❙♦✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s ❣✐✈❡♥ ❛s

∂B(q,Ω)

∂ωj,fn

= − Rj

ωj,fn

+
Rj

ω2
j,fn

∑

η

∑

η′

E[vj,fn,η,η′ ] ✭✺✷✮

❛♥❞ ♠❛❦❡ ✐t ❡q✉❛❧ t♦ ③❡r♦✱ ✇❤✐❝❤ ②✐❡❧❞s

ωj,fn =
∑

η

∑

η′

E[vj,fn,η,η′ ]. ✭✺✸✮

❋♦r φj,fn,η,η′ ✱ ✇❡ ✉s❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs δj,fn✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t✳
❚❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s ❣✐✈❡♥ ❜②

B(q,Ω) =
∑

j,fn

(

∑

r

−E[|sjr,fn|
2]
)

∑

η

∑

η′

φ
2

j,fn,η,η′E

[ 1

vj,fn,η,η′

]

+ δj,fn

(

(

∑

η

∑

η′

φj,fn,η,η′

)

− 1
)

+ const. ✭✺✹✮

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✸

❚❛❦✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ φj,fn,η,η′ ❛♥❞ δj,fn ②✐❡❧❞s t❤❡
❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿

∂B(q,Ω)

∂φj,fn,c,η,η′

=
(

∑

r

−E[|sjr,fn|
2]
)

(

∑

η

∑

η′

φ
2

j,fn,η,η′E

[ 1

vj,fn,η,η′

])

✭✺✺✮

∂B(q,Ω)

∂δj,fn
=
(

∑

η

∑

η′

φj,fn,η,η′

)

− 1. ✭✺✻✮

❙♦❧✈✐♥❣ t❤❡ s②st❡♠ ❢♦r φj,fn,η,η′ ②✐❡❧❞s

φj,fn,η,η′ =
1

Cj,fn

E

[ 1

vj,fn,η,η′

]−1

, ✭✺✼✮

✇❤❡r❡ Cj,fn ✐s t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t ❣✐✈❡♥ ❜②

Cj,fn =
∑

η

∑

η′

E

[ 1

vj,fn,η,η′

]−1

. ✭✺✽✮

✷✳✷✳✸ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ◆❚❋ P❛r❛♠❡t❡rs

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ q ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ◆❚❋
♣❛r❛♠❡t❡rs ❛♥❞ ❞❡r✐✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳ ❋♦r t❤✐s ✇❡ ✇✐❧❧ ✉s❡
t❤❡ t❡♠♣❧❛t❡ ❣✐✈❡♥ ✐♥ ✭✹✶✱ ✹✷✮✳

❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r wex
j,fl✿ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ f̃(X, wex

j,fl,Ω)
❞❡✜♥❡❞ ✐♥ ✭✹✶✮ ✐s ❣✐✈❡♥ ❜②

log q∗(wex

j,fl) = w
ex

j,fl

∑

n

(

−
Rj

ωj,fn

∑

k,m

∑

η′

E[hex

j,mng
ex

j,kmu
ex

j,lkv
ft

j,fn,η′ ]
)

−
∑

n

∑

r

E[|sjr,fn|
2]

wex

j,fl

∑

k,m

∑

η′

φ
2

j,fn,η,η′E

[ 1

hex

j,mng
ex

j,kmuex

j,lkv
ft

j,fn,η′

]

− logwex

j,fl + const. ✭✺✾✮

❖❜s❡r✈✐♥❣ t❤✐s ❞✐str✐❜✉t✐♦♥✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ✐t ✐♥✈♦❧✈❡s ❛ ❧✐♥❡❛r t❡r♠ ✐♥
logwex

j,fl✱ ❛ ❧✐♥❡❛r t❡r♠ ✐♥ wex
j,fl ❛♥❞ ❛ ❧✐♥❡❛r t❡r♠ ✐♥ 1

wex

j,fl

✳ ❚❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✲

✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q∗(wex
j,fl) ✐s ❤❡♥❝❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✐♥✈❡rs❡

●❛✉ss✐❛♥ ✭●■●✮ ❞✐str✐❜✉t✐♦♥✱ ✇❤♦s❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭P❉❋✮ ✐s
❣✐✈❡♥ ❜②

GIG(y; γ, ρ, τ) =
exp{(γ − 1) log y − ρy − τ

y
}ρ γ

2

2τ
γ
2 Kγ(2

√
ρτ)

, ✭✻✵✮

❢♦r y ≥ 0✱ ρ ≥ 0 ❛♥❞ τ ≥ 0✱ ✇❤❡r❡ Kγ(·) ✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
s❡❝♦♥❞ ❦✐♥❞✳ ❚❤❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ●■● ❞✐str✐❜✉t✐♦♥ ❬✹❪
✇❤❡♥ τ = 0 ❛♥❞ γ > 0✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ✐♥✈❡rs❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ❛♥♦t❤❡r
s♣❡❝✐❛❧ ❝❛s❡ ❬✹❪ ✇❤❡♥ ρ = 0 ❛♥❞ γ < 0✳

■♥ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ P❉❋ ♦❢ t❤❡ ●■● ❞✐str✐❜✉t✐♦♥✱ ✇❡ ❝❛♥ ♠❛t❝❤ τ
y
t♦

t❤❡ ✜rst ❧✐♥❡ ♦❢ ✭✺✾✮ ✐♥ ❛ ✏❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✑ ❢❛s❤✐♦♥ ❬✷❪✳ ❙✐♠✐❧❛r❧②✱ ρy ✐s

❘❚ ♥➦ ✹✷✸



✶✹ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

♠❛t❝❤❡❞ t♦ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ♦❢ ✭✺✾✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st ❧✐♥❡ ♦❢ ✭✺✾✮ ✐s ♠❛t❝❤❡❞ t♦
(γ − 1) log y✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡
♣❛r❛♠❡t❡r ♦❢ q∗(wex

j,fl) τ
ex
w,j,fl✱ ρ

ex
w,j,fl ❛♥❞ γex

w,j,fl

τ exw,j,fl =
∑

n

∑

r

E[|sjr,fn|2]
∑

k,m

∑

η′

φ2
j,fn,η,η′E

[ 1

hex
j,mng

ex
j,kmuex

j,lkv
ft
j,fn,η′

]

, ✭✻✶✮

ρexw,j,fl =
∑

n

Rj

ωj,fn

∑

k,m

∑

η′

E[hex
j,mng

ex
j,kmuex

j,lkv
ft
j,fn,η′ ], ✭✻✷✮

γex
w,j,fl = 0. ✭✻✸✮

❊♠❜❡❞❞✐♥❣ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r φj,fn,η,η′ ❣✐✈❡♥ ✐♥ ✭✺✼✮ ✐♥t♦ ✭✻✶✮✱ ✇❡
♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿

τ
ex

w,j,fl =
∑

n

[

(

∑

r

E[|sjr,fn|
2]
)

∑

k,m

∑

η′

(

( 1

Cj,fn

E

[ 1

hex

j,mng
ex

j,kmuex

j,lkw
ex

j,flv
ft

j,fn,η′

]

−1)2

E

[ 1

hex

j,c,mng
ex

j,kmuex

j,lkv
ft

j,fn,η′

]

)]

= E

[ 1

wex

j,c,fl

]

−2∑

n

(

1

Cj,fn
2

(

∑

r

E[|sjr,fn|
2]
)

∑

k,m

∑

η′

E

[ 1

hex

j,mng
ex

j,kmuex

j,lkv
ft

j,fn,η′

]

−1

)

. ✭✻✹✮

❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤✐s ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ✐♥ ♠❛tr✐① ❢♦r♠ ❛s s❤♦✇♥ ❜❡❧♦✇✿

τ
ex
w,j = E

[
1

Wex

j

].−2

⊙
(

(

E[|Sj |.2]⊙C.−2
j ⊙ E

[ 1

Vft
j

].−1)

(

E

[ 1

Uex
j

].−1

E

[ 1

Gex
j

].−1

E

[ 1

Hex
j

].−1)T
)

. ✭✻✺✮

◆♦t❡ t❤❛t ✐♥ ✭✻✺✮✱ t❤❡ ♣♦✇❡r ♦♣❡r❛t✐♦♥s ❧✐❦❡ X.−a ❛r❡ ❡❧❡♠❡♥t✲✇✐s❡ ♦♣❡r❛✲
t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s②♠❜♦❧ ⊙ ♠❡❛♥s ❡❧❡♠❡♥t✲✇✐s❡ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❙✐♠✐❧❛r❧②✱ r❡♣❧❛❝✐♥❣ ωj,fn ✐♥ ✭✻✻✮ ✇✐t❤ ✐ts ✉♣❞❛t❡ ❡q✉❛t✐♦♥ s❤♦✇♥ ✐♥ ✭✺✸✮
②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣✿

ρexw,j,fl =
∑

n

( Rj
∑

η

∑

η′ E[vj,fn,η,η′ ]

∑

k,m

∑

η′

E[hex
j,mng

ex
j,kmuex

j,lkv
ft
j,fn,η′ ]

)

. ✭✻✻✮

❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ ρex
w,j ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ♠❛tr✐① ❢♦r♠ ❛s ❢♦❧❧♦✇s✿

ρ
ex
w,j = RjE[V

ex
j ].−1

(
E[Uex

j ]E[Gex
j ]E[Hex

j ]
)T

. ✭✻✼✮

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✺

❋♦r t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱ t❤❡ ❞❡r✐✈❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❜② ❢♦❧❧♦✇✐♥❣
t❤❡ s❛♠❡ st❡♣s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❦✐♣ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥s
❛♥❞ ❣✐✈❡ ♦♥❧② t❤❡ ✜♥❛❧ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳

❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r uex
j,lk✿ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r τ exu,j,lk ✐s ❣✐✈❡♥ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣

τ exu,j,lk =E

[ 1

uex
j,lk

]−2∑

f,n

( 1

Cj,fn
2

∑

r

E[|sjr,fn|2]

∑

m

∑

η′

E

[ 1

hex
j,mng

ex
j,kmwex

j,flv
ft
j,fn,η′

]−1)

. ✭✻✽✮

❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ♦❢ t❤✐s ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ✐s ✇r✐tt❡♥ ❛s

τ
ex
u,j = Eq

[ 1

Uex
j

].−2

⊙
[
(

Eq

[ 1

Wex
j,c

].−1)T(

E[|Sj |.2]⊙C.−2
j ⊙ E

[ 1

Vft
j,c

].−1)

(

E

[ 1

Gex
j,c

].−1

E

[ 1

Hex
j,c

].−1)T
]

. ✭✻✾✮

❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r ρexu,j,lk ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

ρexu,j,lk =
∑

f,n

( Rj
∑

η

∑

η′ E[vj,fn,η,η′ ]

∑

m

∑

η′

E[hex
j,mng

ex
j,kmwex

j,flv
ft
j,fn,η′ ]

)

. ✭✼✵✮

❚❤❡ ♠❛tr✐① ❢♦r♠ ✐❢ ❣✐✈❡♥ ❜②

ρ
ex
u,j = RjE[Wj ]

T
E[Vex

j ].−1
(
E[Gex

j ]E[Hex
j ]
)T

. ✭✼✶✮

❋✐♥❛❧❧②✱

γex
u,j,lk = 0. ✭✼✷✮

❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r gexj,km ✿ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r τ exg,j,km ✐s ✇r✐tt❡♥ ❛s
❢♦❧❧♦✇s

τ exg,j,km = E

[ 1

gexj,km

]−2∑

f,n

( 1

Cj,fn
2

(∑

r

E[|sjr,fn|2]
)

∑

l

∑

η′

E

[ 1

hex
j,mnu

ex
j,lkw

ex
j,flv

ft
j,fn,η′

]−1)

. ✭✼✸✮

❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ✐s

❘❚ ♥➦ ✹✷✸



✶✻ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

τ
ex
g,j = E

[ 1

Gex
j

].−2

⊙
(
(

E

[ 1

Wex
j

].−1

E

[ 1

Uex
j

].−1)T

(

E[|Sj |.2]⊙C.−2
j ⊙ E

[ 1

Vft
j

].−1)(

E

[ 1

Hex
j

].−1)T
)

. ✭✼✹✮

❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r ρexg,j,km ✐s ❛s ❢♦❧❧♦✇s

ρexg,j,km =
∑

f,n

( Rj
∑

η

∑

η′ E[vj,fn,η,η′ ]

∑

l

∑

η′

Eq[h
ex
j,mnu

ex
j,lkw

ex
j,flv

ft
j,fn,η′ ]

)

. ✭✼✺✮

❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ✐s

ρ
ex
g,j = Rj(E[W

ex
j ]E[Uex

j ])TE[Vex
j ].−1

E[Hex
j ]T . ✭✼✻✮

❙✐♠✐❧❛r t♦ t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs ❛❜♦✈❡✱

γex
g,j,km = 0. ✭✼✼✮

❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r hex
j,mn ✿ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r τ exh,j,mn ✐s ❡①♣r❡ss❡❞

❛s ❢♦❧❧♦✇s

τ exh,j,mn = E

[ 1

hex
j,mn

]−2∑

f

( 1

Cj,fn
2

(∑

r

E[|sjr,fn|2]
)

∑

k,l

∑

η′

E

[ 1

gexj,kmuex
j,lkw

ex
j,flv

ft
j,fn,η′

]−1)

. ✭✼✽✮

❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥

τ
ex
h,j = E

[ 1

Hex
j

].−2

⊙
(
(

E

[ 1

Wex
j

].−1

E

[ 1

Uex
j

].−1

E

[ 1

Gex
j

].−1)T

(

E[|Sj |.2]⊙C.−2
j ⊙ E

[ 1

Vft
j

].−1)
)

. ✭✼✾✮

❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r ρexh,j,mn ✐s ❛s ❢♦❧❧♦✇s

ρexh,j,mn =
∑

f,n

( Rj
∑

η

∑

η′ E[vj,fn,η,η′ ]

∑

k,l

∑

η′

E[gexj,kmuex
j,lkw

ex
j,flv

ft
j,fn,η′ ]

)

. ✭✽✵✮

❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ✐s

ρ
ex
h,j = Rj

(
E[Wex

j ]E[Uex
j ]E[Gex

j ]
)T

E[Vex
j ].−1. ✭✽✶✮

❆s ✇✐t❤ ❛❧❧ t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱

γex
h,j,km = 0. ✭✽✷✮

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✼

❊①♣❡❝t❛t✐♦♥s t♦ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ◆❚❋

♣❛r❛♠❡t❡rs ❚❤❡ ❡①♣❡❝t❛t✐♦♥ E[|sjr,fn|.2] ✐♥ ✭✻✶✮✱ ✭✻✽✮✱ ✭✼✸✮ ❛♥❞ ✭✼✽✮ ✐s ❝❛❧✲
❝✉❧❛t❡❞ ❛s

E[|sjr,fn|2] = |(µs,fn)jr|2 + (Rss,fn)jr,jr ✭✽✸✮

✇❤❡r❡ µs,fn ❛♥❞ Rss,fn ❛r❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ♣♦st❡r✐♦r ♠♦♠❡♥ts ♦❢ sfn
❞❡r✐✈❡❞ ❜❡❧♦✇ ✐♥ ✭✾✶✮ ❛♥❞ ✭✾✷✮✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs
✐♥ ✭✻✷✮✱ ✭✼✵✮✱ ✭✼✺✮✱ ✭✽✵✮ ❛♥❞ ✭✻✶✮✱ ✭✻✽✮✱ ✭✼✸✮ ❛♥❞ ✭✼✽✮ ❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛ t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ ●■● ❞✐str✐❜✉t✐♦♥ ❬✹❪✿

E[y] =
Kγ+1(2

√
ρτ)

√
τ

Kγ(2
√
ρτ)

√
ρ

, ✭✽✹✮

E

[1

y

]

=
Kγ−1(2

√
ρτ)

√
ρ

Kγ(2
√
ρτ)

√
τ

. ✭✽✺✮

E[Vex
j ] ✐s ♦❜t❛✐♥❡❞ ❛s

E[Vex
j ] = E[Wex

j ]E[Uex
j ]E[Gex

j ]E[Hex
j ] ✭✽✻✮

❛♥❞ E[1/Vft
j ]

.−1 ✐s ❛ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥ ❢♦r

E

[ 1

Wft
j

].−1

E

[ 1

Uft
j

].−1

E

[ 1

Gft
j

].−1

E

[ 1

Hft
j

].−1

. ✭✽✼✮

❋♦r t❤❡ ✜❧t❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ✐s
s✐♠✐❧❛r t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ◆❚❋ ♣❛r❛♠❡t❡rs ❛♥❞ s♦ ❛r❡ t❤❡ ✜♥❛❧
✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❦✐♣ t❤❡♠ ❤❡r❡✳

✷✳✷✳✹ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ❙♦✉r❝❡ ❈♦♠♣♦♥❡♥ts

❚❤❡ ❞✐str✐❜✉t✐♦♥ f̃(X, sfn,Ω) ♦❢ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts sfn ✐s ❣✐✈❡♥ ❜②

log q∗(sfn) = sHfnµ
H
A,f (σ

2
b I)

−1xfn + xH
fn(σ

2
b I)

−1
µA,fsfn

− 1

σ2
b

(sHfnRA,fsfn)

−
∑

j

∑

r

|sjr,fn|2
∑

η

∑

η′

φ2
j,fn,η,η′E

[ 1

vj,fn,η,η′

]

+ const. ✭✽✽✮

❘❡♣❧❛❝✐♥❣ φj,fn,η,η′ ✇✐t❤ ✐ts ✈❛❧✉❡ s❤♦✇♥ ✐♥ ✭✺✼✮ ②✐❡❧❞s

log q∗(sfn) = sHfnµ
H
A,f (σ

2
b I)

−1xfn + xH
fn(σ

2
b I)

−1
µA,fEsfn

− 1

σ2
b

(sHfnRA,fsfn)

− sHfnCfn
−1sfn + const, ✭✽✾✮

✇❤❡r❡ µA,f ❛♥❞ RA,f ❛r❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ♣♦st❡r✐♦r r❛✇ ♠♦♠❡♥ts

♦❢ Af ❞❡r✐✈❡❞ ❜❡❧♦✇ ✐♥ ✭✶✵✶✮ ❛♥❞ ✭✾✾✮✱ ❛♥❞ Cfn
−1 = diag(Cj,fn

−1)Rr=1 ✐s ❛

❘❚ ♥➦ ✹✷✸



✶✽ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ t❤❡ ♠❛✐♥ ❞✐❛❣♦♥❛❧ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦r
Cj,fn

−1 r❡♣❡❛t❡❞ Rj t✐♠❡s ❢♦r ❡❛❝❤ j✳
❚❤✐s ❞✐str✐❜✉t✐♦♥ ✐♥✈♦❧✈❡s ❛ ❧✐♥❡❛r t❡r♠ ✐♥ sfn✱ ✐ts ❝♦♥❥✉❣❛t❡✱ ❛♥❞ q✉❛❞r❛t✐❝

t❡r♠s✳ ❚❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s t❤✉s ❛ ●❛✉ss✐❛♥ ❣✐✈❡♥ ❜②

sfn ∼ N (µs,fn,Rss,fn). ✭✾✵✮

❇② ✏❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✑ ✇✳r✳t✳ µs,fn ❛♥❞ Rss,fn ✐♥ ✭✽✾✮ ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡
❡q✉❛t✐♦♥s ❢♦r t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs✳ ❋✐rst ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡
❝♦✈❛r✐❛♥❝❡✳ ❋♦r t❤✐s✱ ✇❡ r❡❛rr❛♥❣❡ t❤❡ q✉❛❞r❛t✐❝ t❡r♠s ♠❛❦❡ t❤❡♠ ❡q✉❛❧ t♦
−sHfnR

−1
ss,fnsfn✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

Rss,fn = (Cfn
−1 + (σ2

b I)
−1RA,f )

−1

= Cfn −Cfn(σ
2
b I+RA,fCfn)

−1RA,fCfn, ✭✾✶✮

◆♦t❡ t❤❛t ✇❡ ✉s❡❞ t❤❡ ❲♦♦❞❜✉r② ♠❛tr✐① ✐❞❡♥t✐t② ❬✷❪ ❢♦r t❤❡ ✐♥✈❡rs✐♦♥ ❤❡r❡✳
❙✐♠✐❧❛r❧② ❢♦r t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥✱ ✇❡ ❛rr❛♥❣❡ t❤❡ ❧✐♥❡❛r t❡r♠s ♦❢
t❤❡ ♠❡❛♥ ❛♥❞ ♠❛❦❡ t❤❡♠ ❡q✉❛❧ t♦ sHfnR

−1
ss,fnµs,fn+µ

H
s,fnR

−1
ss,fnsfn✳ ❚❤✐s ②✐❡❧❞s

t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♠❡❛♥

µs,fn = Rss,fnµ
H
A,f (σ

2
b I)

−1xfn. ✭✾✷✮

✷✳✷✳✺ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ▼✐①✐♥❣ P❛r❛♠❡t❡rs

❚❤❡ ❞✐str✐❜✉t✐♦♥ f̃(X,Af ,Ω) ♦❢ t❤❡ r❡s❤❛♣❡❞ ♠✐①✐♥❣ ♣❛r❛♠❡t❡rs Af ✐s ❣✐✈❡♥
❜②

log q∗(Af ) = −AH
f

1

σ2
b

∑

n

diag(RT
s,fn, . . . ,R

T
s,fn)

︸ ︷︷ ︸

■ t✐♠❡s

Af

+AH
f

1

σ2
b

∑

n

Rxs,fn +
1

σ2
b

(∑

n

RH
xs,fn

)

Af

+ const, ✭✾✸✮

✇❤❡r❡ Rs,fn ✐s t❤❡ s❡❝♦♥❞ r❛✇ ♠♦♠❡♥t ♦❢ t❤❡ s♦✉r❝❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ ✐s ❣✐✈❡♥ ❜②

Rs,fn = µs,nfµ
H
s,nf +Rss,fn. ✭✾✹✮

❙✐♠✐❧❛r❧②✱ t❤❡ ❝r♦ss ♠♦♠❡♥t Rxs,fn ✐s ❣✐✈❡♥ ❜②

Rxs,fn = [x1,fnµ
H
s,fn, . . . , xI,fnµ

H
s,fn]

T . ✭✾✺✮

◆♦t❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✈❛♥✐s❤❡s✱ ❜❡❝❛✉s❡ ✇❡ ❛s✲
s✉♠❡❞ ❛ ✢❛t ♣r✐♦r✳ ❆❧s♦ ♥♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ r❡s❤❛♣✐♥❣ ♦❢ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① Af

✐♥t♦ ❛ ✈❡❝t♦r Af ✱ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❡✳❣✳ Afsfn ❜❡❝❛♠❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♦❢
t✇♦ ✈❡❝t♦rs✳ ❆s ❛ r❡s✉❧t ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♠✐s♠❛t❝❤ t❤❡ ✈❡❝t♦r ♠✉❧t✐♣❧✐❝❛✲
t✐♦♥ ❝❛♥♥♦t ❜❡ ♣❡r❢♦r♠❡❞ ❛♥② ♠♦r❡✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❣✐✈❡♥ ❡①❛♠♣❧❡ ❡❛❝❤ r♦✇ ♦❢
t❤❡ ♠✐①✐♥❣ ♠❛tr✐①✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❡❛❝❤ ❝❤❛♥♥❡❧ ♦❢ t❤❡ ♠✐①t✉r❡ r❡s♣❡❝t✐✈❡❧②

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✾

✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ s♦✉r❝❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ t❡r♠ diag(RT
s,fn, . . . ,R

T
s,fn)

︸ ︷︷ ︸

■ t✐♠❡s

✐♥❞✐❝❛t✐♥❣ ❛ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✱ ✇❤❡r❡ Rs,fn ✐s r❡♣❡❛t❡❞ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ I
t✐♠❡s✳ ❙✐♠✐❧❛r❧②✱ Rxs,fn ✐s ❝♦♠♣♦s❡❞ ♦❢ ♠✉❧t✐♣❧②✐♥❣ µ

H
s,fn ✇✐t❤ ❡❛❝❤ ❝❤❛♥♥❡❧ ♦❢

t❤❡ ♠✐①t✉r❡✳
❚❤❡ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✾✸✮ ✐♥✈♦❧✈❡s ❛ ❧✐♥❡❛r t❡r♠ ✐♥Af ✱ ✐ts ❝♦♥❥✉❣❛t❡✱ ❛♥❞

❛ q✉❛❞r❛t✐❝ t❡r♠✳ ❍❡♥❝❡✱ t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s ❛ ●❛✉ss✐❛♥
❣✐✈❡♥ ❜②

Af ∼ N (µA,f ,RAA,f ). ✭✾✻✮

❇② ✏❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✑ ✇rt✳ µA,f ❛♥❞ RAA,f ✐♥ ✭✾✸✮ ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡
❡q✉❛t✐♦♥s ❢♦r t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs✳ ❋✐rst ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡
❝♦✈❛r✐❛♥❝❡✳ ❋♦r t❤✐s✱ ✇❡ r❡❛rr❛♥❣❡ t❤❡ q✉❛❞r❛t✐❝ t❡r♠s ♠❛❦❡ t❤❡♠ ❡q✉❛❧ t♦
−AH

f R−1
AA,fAf ✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

RAA,f =
( 1

σ2
b

∑

n

diag (RT
s,fn, . . . ,R

T
s,fn)

︸ ︷︷ ︸

■ t✐♠❡s

)−1

, ✭✾✼✮

❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ ♠❡❛♥✱ ✇❡ r❡❛rr❛♥❣❡ t❤❡ ❧✐♥❡❛r t❡r♠s ❛♥❞ ♠❛❦❡ t❤❡♠ ❡q✉❛❧
t♦ AH

f RAA,f
−1

µA,f + µ
H
A,fRAA,f

−1Af ✇❤✐❝❤ ②✐❡❧❞s

µA,f = RAA,f

1

σ2
b

∑

n

Rxs,fn, ✭✾✽✮

❘❡❝❛❧❧ t❤❛t ✇❡ r❡s❤❛♣❡❞ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① ✐♥t♦ ❛ ✈❡❝t♦r ❛♥❞ ❝❛❧❝✉❧❛t❡❞
t❤❡ ♦♣t✐♠❛❧ ❛❝t♦r ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ✇❡ ❞❡✜♥❡❞ ❢♦r t❤❡ ✈❡❝t♦r ❢♦r♠ ♠✐①✐♥❣
s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ r❡s❤❛♣❡ t❤❡ ♠✐①✐♥❣ ♣❛r❛♠❡t❡rs ✐♥t♦ ❛ ♠❛tr✐① ❛♥❞
❝♦♥s✐❞❡r t❤❡ ✐♥t❡r✲❝❤❛♥♥❡❧ r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤✐♥ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① t♦ ❝❛❧❝✉❧❛t❡
t❤❡ ❡①♣❡❝t❛t✐♦♥s✳ ❍❡♥❝❡✱ ❢r♦♠ t❤❡ ❣✐✈❡♥ ❡q✉❛t✐♦♥s ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡
s❡❝♦♥❞ ♦r❞❡r r❛✇ ♠♦♠❡♥t (RA,ff

HAf ])(jj′) ✐s ❣✐✈❡♥ ❜②

RA,f =
∑

i

(
[

E[AfA
H
f

]

ii

)T

, ✭✾✾✮

✇❤❡r❡ [·]ii ✐♥❞✐❝❛t❡s t❤❡ R × R ❞✐❛❣♦♥❛❧ ❜❧♦❝❦ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❤❛♥♥❡❧ i
❛♥❞

E[AfA
H
f ] = µA,fµA,f

H +RAA,f . ✭✶✵✵✮

❙✐♠✐❧❛r❧②✱ t❤❡ ✜rst ♦r❞❡r ♠♦♠❡♥t µA,f ✐s s✐♠♣❧② ♦❜t❛✐♥❡❞ ❜② r❡s❤❛♣✐♥❣ µ
H
A,f

❜❛❝❦ ✐♥t♦ ❛ ♠❛tr✐①

µA,f (i, 1 . . . R) = (µA,f )((i−1)R+1,...,iR). ✭✶✵✶✮

✷✳✸ ▲♦✇❡r ❇♦✉♥❞

❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♥❡✇ ❧♦✇❡r ❜♦✉♥❞ B(q,Ω) ❛❢t❡r ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❍❡r❡ ✇❡ ❝♦♠✲
♣❛r❡ t❤❡ ♥❡✇ ❧♦✇❡r ❜♦✉♥❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛♥❞ s❡t ❛ t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥
❛❝❝♦r❞✐♥❣ t♦ t❤✐s ❝❤❛♥❣❡✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ s❤♦✉❧❞ ♥❡✈❡r ❞❡❝r❡❛s❡✳ ❚❤✐s ❢❛❝t
❡♥❛❜❧❡s ✉s t♦ ❝❤❡❝❦ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡✐r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r t❤❡✐r

❘❚ ♥➦ ✹✷✸



✷✵ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

❝♦rr❡❝t♥❡ss✳ ■♥ ❣❡♥❡r❛❧✱ ✐❢ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s ✐♥s✐❣♥✐✜❝❛♥t ❝♦♠✲
♣❛r❡❞ t♦ ♣r❡✈✐♦✉s ✐t❡r❛t✐♦♥s✱ ✇❡ st♦♣✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❞❡✜♥❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

B(q,Ω) = E[log p(X|S,A)]

+ E

[

− F ·N ·R · log π

+
∑

j,fn

Rj

(
− logωj,fn + 1− 1

ωj,fn

∑

η

∑

η′

vj,fn,η,η′

)

+
∑

j,fn

∑

r

−|sjr,fn|2
∑

η

∑

η′

φ2
j,fn,η,η′

1

vj,fn,η,η′

]

− E[log q(S)]

+ E[log p(A)]− E[log q(A)]

+ E[log p(Wex)]− E[log q(Wex)]

+ E[log p(Wft)]− E[log q(Wft)]

+ E[log p(Uex)]− E[log q(Uex)]

+ E[log p(Uft)]− E[log q(Uft)]

+ E[log p(Gex)]− E[log q(Gex)]

+ E[log p(Gft)]− E[log q(Gft)]

+ E[log p(Hex)]− E[log q(Hex)]

+ E[log p(Hft)]− E[log q(Hft)]. ✭✶✵✷✮

◆♦t❡ t❤❛t ❢♦r E[p(S|V)] ✇❡ ✉s❡❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ❞❡r✐✈❡❞ ✇❤✐❝❤ ✐s
s❤♦✇♥ ✐♥ ✭✺✶✮✳

❆❧s♦ ♥♦t❡ t❤❛t ❢♦r ❛❧❧ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✱ t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦❢ t❤❡ log ♦❢
t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ q ❞✐str✐❜✉t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡✐r ♥❡❣❛t✐✈❡ ❡♥tr♦♣✐❡s✳ ◆♦t❡
❛❧s♦ t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❝♦♥s✐sts ♦❢ t❤❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡
♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✭p ❞✐str✐❜✉t✐♦♥✮ ♠✐♥✉s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡
✈❛r✐❛t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ✭q ❞✐str✐❜✉t✐♦♥✮ ♣❛✐rs ❡①❝❡♣t ❢♦r t❤❡ log✲❧✐❦❡❧✐❤♦♦❞✳ ❋♦r
t❤❡ log✲❧✐❦❡❧✐❤♦♦❞✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛s ❢♦❧❧♦✇s

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✷✶

E[log p(X|S,A)] = E

[∑

f,n

logN (xfn|Afsfn, σ
2
b I)
]

,

= −
∑

f,n

(
log πσ2

b +
1

σ2
b

E[(xfn −Afsfn)
H(xfn −Afsfn)]

)
,

= −
∑

f,n

(
log πσ2

b +
1

σ2
b

(xH
fnxfn − xH

fnE[Af ]E[sfn]

− E[sHfn]E[A
H
f ]xfn + E[sHfn(Af )

HAfsfn])
)
,

= −
∑

f,n

log πσ2
b +

1

σ2
b

(
xH
fnxfn − xH

fnµA,fµs,fn − µ
H
s,fnµ

H
A,fxfn

+ tr(E[sfns
H
fn]E[A

H
f Af ])

)
,

= −F ·N · I · log πσ2
b −

∑

f,n

1

σ2
b

(

xH
fnxfn − xH

fnµA,fµs,fn

− µ
H
s,fnµ

H
A,fxfn + tr

(
(µs,nfµ

H
s,nf +Rss,fn)(RA,f )

))

.

✭✶✵✸✮

❋♦r t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ p(S|V)✱ ✕t❤❡ s❡❝♦♥❞✱ t❤✐r❞ ❛♥❞
❢♦✉rt❤ ❧✐♥❡s ♦❢ ✭✶✵✷✮✕ ✇❡ ✜rst r❡♣❧❛❝❡ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡✐r ✈❛❧✉❡s
❣✐✈❡♥ ✐♥ ✭✺✸✱ ✺✼✮ ❛s ❢♦❧❧♦✇s

E[p(S|V)] ≥ −F ·N ·R · log π
+
∑

j,fn

Rj

(

− log
(∑

η

∑

η′

E[vj,fn,η,η′ ]
))

−
∑

j,fn

∑

r

E[|sjr,fn|2]
1

∑

η

∑

η′ E

[
1

vj,fn,η,η′

]−1

❉✉❡ t♦ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✹✸✮✱ t❤❡ ❡①♣❡❝t❛t✐♦♥s E[vj,fn,η,η′ ] ❛♥❞

E

[
1

vj,fn,η,η′

]

❛r❡ ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ◆❚❋ ❝♦♠♣♦♥❡♥t ✐♥❞✐✈✐❞✉❛❧❧② ❛s ❣✐✈❡♥ ✐♥

✭✽✹✱ ✽✺✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ E[|sjr,fn|2] ✐s t❤❡ s❡❝♦♥❞ r❛✇ ♠♦♠❡♥t ♦❢
s♦✉r❝❡ ❝♦♠♣♦♥❡♥t sjr,fn ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ✭✾✹✮✳

❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts q(S) ✐s ❣✐✈❡♥ ❜②

−E[log q(S)] = −
∑

fn

E[logN (sfn|µs,fn,Rss,fn)],

=
∑

fn

log{(πe)Rdet(Rss,fn)}. ✭✶✵✹✮

❆❜♦✉t t❤❡ ♠✐①✐♥❣ ♠❛tr✐①✱ ✇❡ r❡♠✐♥❞ ②♦✉ t❤❛t t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ ❜❡❝❛✉s❡ ✐t ✐s ✢❛t✳ ❚❤❡
❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts
✐s ❣✐✈❡♥ ❜②

❘❚ ♥➦ ✹✷✸



✷✷ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t

E[log p(A)]− E[log q(A)] = −
∑

f

E[lnN (Af |µA,f ,RAA,f )],

=
∑

f

log{(πe)2Rdet(RAA,f )}. ✭✶✵✺✮

❋✐♥❛❧❧②✱ ❢♦r ♦♥❡ ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs✱ ❡✳❣✳ ❢♦r wex
j,c,fl✱ t❤✐s ♣❛✐r ✐s ✇r✐tt❡♥

❛s ❢♦❧❧♦✇s✿

Eq[log p(w
ex
j,c,fl)]− Eq[log q(w

ex
j,c,fl)] =ρexw,j,c,flEq[w

ex
j,c,fl] + τ exw,j,c,flEq[

1

wex
j,c,fl

]

+ logKγex

w,j,c,fl
(2
√
ρτ) + ln 2

−
γex
w,j,c,fl

2
(ln ρexw,j,c,fl − ln τ exw,j,c,fl).

✭✶✵✻✮

◆♦t❡ t❤❛t ❢♦r γex
w,j,c,fl = 0✱ t❤❡ t❤✐r❞ ❧✐♥❡ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❞✐s❛♣♣❡❛rs✳ ❚❤❡

❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞
✐s ❝❛❧❝✉❧❛t❡❞ s✐♠✐❧❛r❧② ❛s ❣✐✈❡♥ ✐♥ ✭✶✵✻✮✳

✷✳✹ ❙✉♠♠❛r② ♦❢ t❤❡ ❆❧❣♦r✐t❤♠

❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s r❡q✉✐r❡ t❤❡ ❡✈❛❧✉❛✲
t✐♦♥ ♦❢ s♦♠❡ ❡①♣❡❝t❛t✐♦♥s✳ ❚❤❡s❡ ❡①♣❡❝t❛t✐♦♥s ❛r❡ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♦t❤❡r ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡r❡❢♦r❡ ❛♥ ✐t❡r❛t✐✈❡ ✉♣❞❛t❡ ♣r♦❝❡❞✉r❡ s✐♠✐❧❛r t♦
t❤❡ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ ✭❊✲▼✮ ❛❧❣♦r✐t❤♠ ✐s ❢♦❧❧♦✇❡❞✳ ■♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧
❊✲st❡♣✱ t❤❡s❡ ❡①♣❡❝t❛t✐♦♥s ❛r❡ ❝❛❧❝✉❧❛t❡❞✳ ■♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ▼✲st❡♣✱ t❤❡ ❛♣✲
♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s ❛r❡ r❡✲❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ♥❡✇ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s✳

❖✈❡r❛❧❧✱ ❛❢t❡r ♣r♦♣❡r ✐♥✐t✐❛❧✐③❛t✐♦♥✱ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

✶✳ ❝♦♠♣✉t❡ t❤❡ st❛t✐st✐❝s ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs✱ t❤❡ s♦✉r❝❡ ❙❚❋❚ ❝♦❡✣✲
❝✐❡♥ts ❛♥❞ t❤❡ ♠✐①✐♥❣ ♣❛r❛♠❡t❡rs ❛s ✐♥ ✭✽✸✮✕✭✽✼✮✱ ✭✾✹✮✱ ✭✾✺✮✱ ❛♥❞ ✭✾✾✮✱

✷✳ ✉♣❞❛t❡ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s ✐♥ ✭✺✸✮ ❛♥❞ ✭✺✽✮✱

✸✳ ✉♣❞❛t❡ t❤❡ ●■● ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs ❛❝❝♦r❞✐♥❣ t♦ ✭✻✸✮✱
✭✻✺✮✱ ✭✻✼✮✱ ✭✻✾✮✱ ✭✼✶✮✱ ✭✼✷✮✱ ✭✼✹✮✱ ✭✼✻✮✱ ✭✼✼✮✱ ✭✼✾✮✱ ✭✽✶✮✱ ✭✽✷✮✱

✹✳ ✉♣❞❛t❡ t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ❙❚❋❚ ❝♦✲
❡✣❝✐❡♥ts ❛❝❝♦r❞✐♥❣ t♦ ✭✾✶✮ ❛♥❞ ✭✾✷✮✱

✺✳ ✉♣❞❛t❡ t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ♣❛r❛♠❡✲
t❡rs ❛❝❝♦r❞✐♥❣ t♦ ✭✾✼✮ ❛♥❞ ✭✾✽✮✱

✻✳ ❝♦♠♣✉t❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✉s✐♥❣ ✭✶✵✸✮✕✭✶✵✻✮ ❛♥❞ t❡r♠✐♥❛t❡ t❤❡ ❛❧❣♦r✐t❤♠
✇❤❡♥ t❤❡ ❜♦✉♥❞ ✐♥❝r❡❛s❡s ❧❡ss t❤❛♥ ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ ♦r ❛❢t❡r ❛ ❝❡rt❛✐♥
♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳

■♥r✐❛



❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✷✸

❙✐♠✐❧❛r❧② t♦ t❤❡ ♦r✐❣✐♥❛❧ ▼▲ ❛❧❣♦r✐t❤♠✱ ✇✐t❤ t✇♦ ♦r ♠♦r❡ ❝❤❛♥♥❡❧s ❛♥❞ ❢♦r t②♣✐❝❛❧
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