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Rapport Technique pour 1’Article “Variational
Bayesian Inference for Source Separation and
Robust Feature Extraction”

Résumé : Ce rapport présente les détails de conception de ’algorithme vari-

ationel bayesien pour la séparation de sources dans [I]. La motivation sous-
jacente & cet algorithme et les résultats sont donnés dans [IJ.
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matricielle positive, inférence variationelle bayésienne
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4 Adilogu € Vincent

1 Model

1.1 Spatial Model

We adopt the model proposed in [5]. This model operates in the STFT domain.
The mixing equation in time frequency bin (n, f) can be formulated by using
the source images y; rn as follows:

J
Xfn = Y Yjfn+ € (1)
j=1

In this domain, x, represents the I x 1 vector containing the mixture STF'T
coefficients in time-frequency bin (n, f), , where I is the number of channels.
Y, fn represents the I x 1 vector consisting of the spatial image of source j on
all mixture channels in the same time-frequency bin. Finally €y, is the noise
in the STFT domain. We assume that each source image follows a zero-mean
complex-valued Gaussian distribution

Yifn ~ N(0,v5 R p), (2)

where R ; is an I x I matrix of rank R; which is called the spatial covariance
matrix and represents the spatial characteristcs of source j and of the mix-
ing system, and vj; r, is a scalar spectral power which represents the spectral
characteristics of source j.

This model can alternatively be represented as follows [5]. R, s can be
written as R ¢ = Aj,fAff, where A ¢ is a I x R; dimensional complex-valued
mixing matrix of rank R; for source j. For each source j, we define R; source
components s;, s, distributed as

sjrn ~ N (0,05, n). (3)
Denoting by R = Z;}:1 R; the total number of source components, the
source coefficients can be formulated as
T T T 1T
an:[Sl,f’ﬂ""’Sj,f’ﬂ""7sJ,f’l’L] ; (4)

where sy, is an R x 1 vector of source coefficients with

T
Sjfn = [Si1,fns -5 Sjr s+ iRy ] (5)
Hence, the prior distribution of the sources in time-frequency bin (f,n) is
given by
Sfn = N(07 Es,fn)v (6)

where 3 ¢, is an R x R diagonal covariance matrix consisting of v; ¢, repeated
R; times for each source component sj, ¢, of source j. Finally, the mixing
equation using the source components instead of the source spatial images as in

is given by

Xfn = AfSpn + €fn. (7)

Inria



Variational Bayes for Source Separation and Feature Extraction 5

We assume that the mixing system A is stationary. So, the mixing system is
expressed as

Ar=TA1y,.. ., Ajr, ..., Aygl (8)

Finally, we assume a Gaussian zero mean noise with a constant noise variance
€fn ~ N(0,%y), where ), = 021. This gives us the possibility to formulate the
likelihood of the mixture coefficients as follows:

N F
p(X|S,A) = HH (x| A gspn, o3 1), (9)

where X = {an}nzl...NJ:l...F and S = {an}nzl...NJ:l...F.

1.2 Nonnegative Tensor Factorization as a Spectral Model

We assume a three-level decomposition of the source variances v; ¢, in a non-
negative tensor factorization (NTF) fashion [5]. In the first level we assume that
the variances are the product of an excitation and a filter

ex f
Uj,fn = V5 tn thn (10)

At the second level, the excitation spectral power v G n 1S expressed as the
sum of basis spectra scaled by time activation coefficients. Finally, at the third
level, the basis spectra are defined as the sum of narrowband spectral patterns
w$y, weighted by spectral envelope coefficients v, . Similarly, the time activa-
tion coeflicients are represented as the sum of tlme localized patterns h$7,,
weighted by temporal envelope coefﬁcients 95 %km- The same decomposition

applies to the filter spectral power vif

o pn- Overall, the complete factorization
scheme is as follows:

Kex s Lo
ex ex ex
V5, = Z Z Z Gimn 5 lem WS W5 fis (11)
k=1m=1 =1
KoMt Ln

fi f f f
U = Z Z Zhtm'ngjfk'm’“jt,l’k'wjffl/~ (12)

k'=1m'=11'=1

This framework makes it possible to exploit a wide range of prior information
about the sources. For instance, harmonicity can be enforced by fixing Wiy as
narrowband harmonic spectra and letting the spectral envelope and the active
pitches be inferred from the data via u$%j, and ¢5%,,. respectively [5]. For more
details and examples of possible spectral and temporal constraints, see [3].

This three-level NTF decomposition can be shown in matrix form as follows

V; = (WPUSGYHS) © (WIUFGIHY), (13)

where ® means element-wise matrix multiplication.

RT n° 423



6 Adilogu € Vincent

1.3 Prior Distributions for the Parameters

Each parameter may be fixed or adapted to the data. In a fully Bayesian
treatment, we need to define the prior distributions for those parameters which
are adapted to the data. We assume the NTF parameters of the source variances
follow the non-informative Jeffreys prior J () oc 2

Wiy J, (14)
uSi o~ T, (15)
Gikm ~ T, (16)
W ~ T, (17)
wgffl/ ~ J, (18)
uﬁ't,l/k’ ~ J, (19)
Gwm ~ T (20)
W~ . (21)

For the mixing system, we take the dependencies between the channels and
between the source components into account. Therefore, we consider the mixing
matrix Ay as a whole and define the prior distribution accordingly. First, we
reshape the mixing matrix Ay into a vector A,. For this, we concatenate
the row vectors of Ay into the column vector Ay. Then, we define the prior
distribution of A ; to be a complex multivariate Gaussian distribution as follows

A~ N(pays, Zay) (22)

In the following, we assume that ¥4 s — 400 so that this prior is actually
flat.

1.4 Joint Distribution

With this prior information assumed, we can formulate the joint distribution
p(X,Z), where Z is the set of all model parameters

7 — {S,A,WeX,UeX,Gex,Hex,Wft,Uft,Gft,Hft}. (23)

as

p(X,Z) = p(X[|S,A)p(SIW™, U™, G™ H™ W U" G H")p(A)
p(W)p(U)p(G™)p(H™)p(W™)p(U™)p(GM)p(H™). (24)

The log-distribution is then given by

Inria



Variational Bayes for Source Separation and Feature Extraction

log p(X, Z) = log p(X[S, A) + log p(S|W**, U™, G™, H™, W", U", G", H")
+ log p(A) + log p(W) 4 log p(U) + log p(G**) + log p(H™)
+ log p(W™) + log p(U"™) + log p(G™) + log p(H™),

= Z log N (X fn|A fSfn, 02 1)
fin

+ ZIOgN(an|O, e, fn)
fin

+> log T (wi)

Jrfil

+ 3 log T (i)

JbE

+ ) log J(g5im)

J.k,m

+ > log T (hS5un)
j,m,n

+ Z log J(wﬁfﬂ/)
£l

+ > log T (ujyw)

5l k!

+ > log I (gyurm)

g,k m/

+ Y log T (hjmrm)

jm’n

+ > logN'(Aylua.s, Zap).
7

RT n° 423
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8 Adilogu € Vincent

2 Variational Inference

We aim to obtain the posterior distribution of the model parameters p(Z|X).
However exact Bayesian inference is intractable. Therefore we resort to a vari-
ational Bayesian approximation [2].

2.1 General Approach

Variational Bayesian inference aims to obtain an approximation ¢(Z) of the
true posterior distribution p(Z|X) that minimizes the Kullback-Leibler (KL)
divergence

p(ZX)
q(Z)

Marginalizing out the model parameters Z from gives the marginal
likelihood p(X) or evidence. We can show that the following equation holds

KL(qllp) = — / 4(Z) log iZ. (26)

log p(X) = Z(q) + K L(q]|p), (27)
where the free energy Z(q) is given by

p(X,Z)
q(Z)

2(q) = / ¢(Z) log iz, (28)

(29)

In this formulation, ¢(Z) is the joint distribution of the model parameters

which we use to approximate the true posterior distribution p(Z|X). Z(q)

is called the free energy and it is a lower bound of the marginal likelihood.

Maximizing this free energy wrt. ¢(Z) minimizes the KL-divergence between

the approximating distribution ¢(Z) and the true posterior [2]. Note that the
KL-divergence vanishes when ¢(Z) is equal to the true posterior.

From now on, we assume the following factorization of the variational dis-
tribution ¢(Z):

q(Z) = H%(Zz) (30)

If we embed this factorization into the free energy given in and dissect
out the dependency on one of the factors ¢;(Z;), we obtain

g(q) = /Qz{ /logp(X, Z) H ql/dzzl}dzz — /qZ log qleZ + COHSt7 (31)
i £

= /qi logp(X, Z;)dZ; — /q,- log q;dZ; + const, (32)
p(X, Z;
= /qi log Mdzi + const, (33)
di

where

Inria



Variational Bayes for Source Separation and Feature Extraction 9

logp(X,Z;) = /logp(X, Z) H girdZ; + const, (34)
it i
= Eyxillogp(X,Z)] + const (35)

and the normalizing constant is such that p(X,Z;) is a proper distribution.

Now, suppose that we keep gy »; constant and maximize the free energy
shown in wrt. ¢;. The minimum occurs when ¢;(Z;) = p(X,Z;). As a
result, we obtain a general equation for the solution by maximizing the free
energy as follows

4 (Z;) = p(X, Z;). (36)

Note that in this equation, the update equation of the optimal approximating
distribution ¢} (Z;) depends on the expectation of the log of the joint distribution
wrt. all other variational distributions. In that sense, (36] indicates a set of
equations for ¢ = {1,..., M }. Therefore an iterative update procedure is needed.
After proper initialization of all the variational distributions, each distribution
is updated in an iterative cycle.

In practice, is applicable only when E; ;[log p(X, Z)] is computable in
closed form and corresponds to a known parametric distribution for which the
normalizing constant is computable in closed form. When this is not the case,
p(X,Z) must be replaced by a lower bound for which the resulting approximat-
ing distribution becomes tractable.

Let us consider a parametric the lower bound f(X,Z,Q) of p(X,Z) such
that

p(X,Z) > [(X,Z,Q), (37)

where €2 is a set of auxiliary variables. Using this definition, we define %, which
further lower bounds .Z as in the following

20> 2(0.9) = [ a@)10g f(’f]é)”)

Using %(q, 2), we rewrite the marginal distribution given in as follows

dZ. (38)

logp(X) = max (g, Q) + (L(q) — max H(q. ) + KL(q[[p).  (39)

Here we maximize the lower bound #(q, ) wrt. Q, which tightens the lower
bound to the free energy .Z(¢). Using the factorization we introduced in (30)
and dissecting out the dependency on one of the factors g;(Z;), we obtain

f(Xa Zi7 Q)

K2

PB(q, Q) = /qi log dZ; + const, (40)

where log f(X, Z;, Q) is defined as

log F(X.2:,9) = [ log £(X,2.9) [] a2 + const
i i
= Eirzillog (X, Z, Q)] + const, (41)

RT n° 423



10 Adilogu € Vincent

where the normalizing constant is such that f (X,Z;,Q) is a proper probability
distribution.

Hence, maximizing the lower bound %(q,§2) wrt. ¢;(Z;) minimizes an ap-
proximation to the KL-divergence between ¢(Z) and the true posterior distri-
bution p(Z|X).

Finally, we conclude that two alternative steps yields the general equation
for the optimal approximating distributions ¢. In the first step, we maximize
the lower bound #(q, 2) to the free energy .Z(q) wrt. the auxiliary variables €2,
which tightens the lower bound, and in the second step, we maximize %(q, )
wrt. the approximating distributions g;.

The optimal approximating distribution ¢} (Z;) is given by

4 (Zi) = (X, Z;,92). (42)

In the following, we adopt this strategy for the derivation of the approx-
imating distributions of the multilevel NMF parameters and the source com-
ponents since E[logp(S|V)] is not tractable in closed form as we will show in

Section 2.2.11

2.2 Application to the Proposed Model

Pursuing the Variational Bayesian approach, we consider the following mean
field factorization for ¢(Z):

q(wf s )) : (43)

Inria



Variational Bayes for Source Separation and Feature Extraction 11

2.2.1 Auxiliary Variables

For the sake of readibility, let us define n = {k,m,l} the joint index of the
excitation NTF parameters and ' = {k’,m’,l'} the joint index of the filter
NTF parameters. With these joint indices let us further define v; ¢y, , .+ as the
product of the NTF parameters

__1ex ex ex ex 1 ft ft ft ft
Vi, frnnm = hj,mngj,k:muj,lkwj,flhj,m’ngj,k’m’uj,l'k:’wj,fl" (44)

Let us further define v, . as the product of the excitation coefficients of the

NTF components and v§tfn ;v as the product of the filter coefficients
ex _ ex ex ex ex
Uj,fn,n - h‘j,mngj,knLuj,lkwj,fl7 (45)
ft gt ft ft ft
Uji ' = jimim g krme Wk Wi - (46)

Having defined these notations, let us have a look at E[log p(S|V)] more closely:

Eflogp(S|V)] = E| log [T Gplo Se,n)]
E [ fZ: l;)g./\/(s,cn|07 diag( Z Z ’U]-,fn,n,n/))} )
=E [ Z —Rlogm — logdet (dniagn( Z Z ijfnﬂ%n/))
fin n n
- s?ndiag( Z Z Ujﬁfn,nm’) _1an] )
non
= fz: —Rlogm + Z —RjE[logZ Z Uj,fn,nm’}
n J n n

3 Bl [ . (47)

1 Vg, frm,m’

As one can easily see, none of the two expectations in this equation above
is tractable. So, we resort to the alternative method, which we introduced in
Section and lower bound p(S|V) as proposed in [3].

For the first expectation, given that x — —logz is convex, we can lower
bound it by its first-order Taylor series expansion around an arbitrary positive
point wj ¢, as follows

1
—log ) > v pnny > —logwj,n — QD vipnmm —Wign)s
n n’ n n

Wy, fn

Wy, fn

1
= —logwj,fn+1— Z Zvj,fn,nm“ (48)
n n

For the second expectation, given that x — ’71 is concave, for any positive
®j,frmay such that 32 37 & pnym = 1, using Jensen’s inequality:

RT n° 423



12 Adilogu € Vincent

1 B 1
) LU ,_ Vi fnmm’
Zq Zq/ J,fn,mm Zk (ybj fnmmn’ ¢J P
1
Z_Z¢anﬂ777 vannn
i, fn,mn’

S ——— (49)
n n

7.1
V5 oy

With these two inequalities, we can lower bound log p(S|V) using the aux-
iliary variables Q@ = {{wj, rn}j.fns {95, fnmm }i frnm } as follows
logp(S|V) > —F-N-R-logm

+2Rj(flogwj,fn+lf

Z Zva frmm’
jsfn
(D) DRI ) LT e L (50)

v
Jifn r 3, fr,m,m’

Wj,fn

2.2.2 Tightening the Bound wrt. the Auxiliary Variables

The update equations for 2 are obtained by maximizing the bound %(q, ).
Concerning w; r,, we simply take the partial derivative of the bound %(q,2)
w.r.t. wj rn, which is given by

PB(q,Q)=—F-N-R-logm

+ ZR]’( — log wj, fn

J,fn
+ Z Z_‘SJT fn| ZZQﬁ],fn n,m’ |: fl ] + const. (51)
Jfn T 7, fn,m, n

So, the derivative is given as

0%(¢,9) _ B S STl nn] (52)

8w7;fn wJ,f” J fn n

and make it equal to zero, which yields
Wy, fn = Z Z E[v;, rn,n,n]- (53)
n o n

For ¢; ¢n.nyn, we use Lagrange multipliers d; r,, because of the constraint.
The Lagrangian is given by

%(q,Q):Z(Z EHSJTfn' ] Zz¢jfnnn’E[v
g, fn T 3, fre,mm’
+5'vfn( DD bisnnr) — 1) + const. (54)
n n

Inria



Variational Bayes for Source Separation and Feature Extraction 13

Taking the partial derivative with respect to ¢; fny, and d; p, yields the
following system of equations:

%:(Z E[lsjr, ] (ZZ%M""'E[ : D (5)

- Vi, fn,mm’
0% (q, 2
92 Q) _ (SO g ) L (56)
8551 2
Solving the system for ¢; ¢y, 5. yields
1 1 -1
G rm = 5—E| ] (57)
Hmm Cipn L5 fnmmy

where C) ¢y, is the normalization constant given by

Chpn = ZZE[ ] (58)

V5, fnnn’

2.2.3 Variational Updates for the NTF Parameters

In this section, we will determine the approximating ¢ distributions of the NTF
parameters and derive the corresponding update equations. For this we will use

the template given in .

Update Equatlons for wi*,;:  The probability distribution f(X, WSy, §2)
defined in is given by

ZZE oS U s fray])

Wy, fn

log ¢" (w§) = wih Y (-

km n/
]EHS -t 1
ZZ jr n ZZd’J,fnnn |:hex eX  ,ex ,Uft ]
o 3mn9kem W56 Y5, frn’
— log w}; + const. (59)

Observing this distribution, one can see that it involves a linear term in
log Wiy, a linear term in Wiy and a linear term in wex . The optimal approx-
3. Sl

imating distribution ¢*(w§%;) is hence an instance of the generalized inverse
Gaussian (GIG) distribution, whose probability distribution function (PDF) is
given by
ex —1)logy — py — Z}p=
TG i p.r) = p{(v 1) 8Y—pyY— )P 7 (60)
272 K (2,/p7)
for y > 0, p> 0 and 7 > 0, where K, (-) is the modified Bessel function of the
second kind. The gamma distribution is a special case of the GIG distribution [4]
when 7 = 0 and v > 0. Similarly, the inverse gamma distribution is another
special case [4] when p =0 and v < 0.
In the exponent of the PDF of the GIG distribution, we can match 5 to

the first line of in a “completing the square” fashion [2]. Similarly, py is

RT n® 423



14 Adilogu € Vincent

matched to the second line of (59). Finally, the last line of is matched to
(v — 1) logy. By doing this we obtain the following update equations for the

parameter of ¢*(w wS ﬂ) i f1 Pcg g and e g

TSJ)jj,fl ZZE‘SJTJCTJ ZZ¢]f’fLT]T) |:he-
ZZE emngj km JlkUJ fnn} (62)

X ge;x
kom o/ jmndj km
ex
Pw.j,fl = Z
Wy, fn k,m n'

Yo, 1 = 0. (63)

Embedding the update equation for ¢; tn,. given in into (61), we
obtain the following:

1

ex ,,ft
Uik Y5, foay

i = ;{(ZEH%M)
>3 (ol Iy

km 7 ]mngj km ]lkw] flv] fn,mn'

1
E [hgxc mn5 km U], lkUJ fnn’ ]>:|
- i) ()

Jre, fl

P P ]) (64)

kym n! Jmngy km Jlkvj fn.n'

an

Finally, we can write this update equation in matrix form as shown below:

, —ef] "o (Esiocror] )

(lgs] "elas] =] 7)) @

Note that in , the power operations like X-~% are element-wise opera-
tions. Furthermore, the symbol ® means element-wise matrix multiplication.

Similarly, replacing wj, ¢y in with its update equation shown in
yields the following:

R; ft
= ( : B9 o500 g ]) - (66)
3351 ; Zn Zn’ E[v; frya] % Z J J Jilk 23, fr.m

0

The update equation of pf; is written in the matrix form as follows:
eX ex].— ex ex ex T
P = RE[VS] T (E[UFIE[GSIEMS]) . (67)

Inria



Variational Bayes for Source Separation and Feature Extraction 15

For the other NTF parameters, the derivations are performed by following
the same steps. Therefore, in the following, we skip the details of the derivations
and give only the final update equations.

Update Equations for u$7,:  The update equation for 77%; , is given in the
following

Bl 3 (g7 Bl

uj’lk fn

;;E[he 1 [ (68)

X ex ex o ft
; ; we,, vt
jomn g km Wi f1V5, fnn

The matrix version of this update equation is written as

(=] ) (IS0 0E[5] )

(L] "ela] )]

The update equation for pi; ;. is given in the following

ex 1 2
Tuj = Eq [UgX] ©

ex Rj o o o
Pu,jlk = ( ]E[h 5 kem WS VS /]> (70)
J Z ZW ZW' E[Uj’f"’ﬂ’ﬂ’] ; ; J J 5, f1%5,fnm

fn !

The matrix form if given by

p; = R;E[W,]TE[VE] ! (E[GSEHS]) . (71)

Finally,

’Yﬁ’fj,lk =0. (72)

The update equation for 7°% is written as

Update Equations for ¢¢ o5 km

X
J,km
follows

=Bl Y (g (X Bl

Gikm?
SB[ ] ) (@)

hex usX, we vlt
[ Jymn gLk g, fU g, fron’

The matrix version is

RT n° 423



16 Adilogu € Vincent

s =Elgs] " © <(E[v3;x]'_lE[U1§X]'_1)T

(1 ¢ oxlg] (el 7))

J

X

The update equation for Py km 18 @S follows

Rj ex ex . ex ft
P ke = ( Eq (A mn ¥ 1w 5105 . /]) (75)
9,3k Z >0 2o El0) ] ;Z al’j 3k, f175, from

fin n’

The matrix version is

P = Ry (E[WSE[US)) B[VS] B[S (76)

Similar to the other NTF parameters above,

Vg km = 0- (77)

Update Equations for 177, : The update equation for 7%
as follows

T =] > &3 (L Bl )
PP 1 . @

ex ex ex ,,ft
ol o i km kW 1Y oy

is expressed

=] 7o ((lw) elop] el )’

(Els;12) o ;7 @E[\;&]'_l)) (79)

eX

osimn, 1S @8 follows

The update equation for p

X R; X X x .
plez,j,mn = Z(Z Z , E[jvj Frm 77’] Z Z E[gje',kmuj,lkw;,fl”jffw,,ﬁ]) . (80)
n Lan s fnam,

fin k,l n'

The matrix version is

ex ex ex ex T ex].—
P = R; (E[WSE[USE[GSY]) E[VS) . (81)
As with all the other NTF parameters,

Vhgem = 0- (82)

Inria



Variational Bayes for Source Separation and Feature Extraction 17

Expectations to be computed in the update equations of the NTF

parameters The expectation E[|s;, r,|?] in (61)), and ([78)) is cal-

culated as

Ellsjr.pnl®] = (s, n)jel* + (Ress, 0 jrjr (83)

where pg ¢, and Rss f, are the first and second order posterior moments of sz,
derlved below in 1.' and (92). The expectatlons 1nvolv1ng the NTF parameters

in ., (75), (80) and . . and (| are computed via the

followmg formulae for the GIG dlstrlbutlon [4]

K1 YAV

Ely] = NN (84)
1 K @ypre
=L = e &)
E[V$¥] is obtained as
E[V§] = E[WF]E[UF|E[G§*E[H] (86)

and E[1/V%]-~! is a shorthand notation for

o) el el el e

For the filter NTF parameters, the derivation of the update equations is
similar to the derivation of the excitation NTF parameters and so are the final
update equations. Therefore, we skip them here.

2.2.4 Variational Updates for the Source Components
The distribution f(X,sf,, ) of the source components s, is given by

log ¢ (syn) = sfupa ¢ (030) " % pm + X5, (D) " g y8yn

1
(anRA £Sn)

_Zzlsyrfn‘ ZZ¢Jf"7777 {#

] + const.  (88)
Vg, fromn’

Replacing ¢;, fn ., With its value shown in yields

log q*(sn) = sftrn (03 1) " xpn + x5, (071) " g fEspn
1
— 5 (sf.Ra,sn)
9%
H -1
— 8/, Cpn Spn + const, (89)
where pp ; and Ra y are the first and second order posterior raw moments

of A; derived below in (I01) and (99), and C;, ' = diag(Cj s, "), is a

RT n® 423



18 Adilogu € Vincent

diagonal matrix with the main diagonal containing the normalization factor
Cj o' repeated R; times for each j.

This distribution involves a linear term in sy, its conjugate, and quadratic
terms. The optimal approximating distribution is thus a Gaussian given by

Sfn ~ N(/’l’s,fnv RSS,fn)~ (90)

By “completing the square” w.r.t. pg r,, and Rss gy, in we derive the update
equations for these two parameters. First we derive the update equation of the
covariance. For this, we rearrange the quadratic terms make them equal to
—S}{,LR;%fnan- By doing this we obtain the covariance given in the following

Res.fn = (Cpn '+ (031) 7 'Rap) "
=Cfn— Cpp(021+ Ra sCyp) 'Ra sCyy, (91)

Note that we used the Woodbury matrix identity [2] for the inversion here.
Similarly for the update equation of the mean, we arrange the linear terms of
the mean and make them equal to s'I);InR;S%f”usﬁfn +H£I7fnR;;fnan- This yields
the following update equation for the mean

Hs fn = Rss,fn/'l’g,f(o—lgj[)_len' (92)

2.2.5 Variational Updates for the Mixing Parameters

The distribution f (X, Ay, Q) of the reshaped mixing parameters A ¢ is given
by

b n

I times
1 1
H
+ Af ? ZRxs,fn + F(ZR’I‘{SJ”)AJf
b n b n

-+ const, (93)

where Ry ¢y, is the second raw moment of the source coeflicients and is given by

Rs,fn = :u’s,nfp'gnf + Ress, fn- (94)

Similarly, the cross moment Rxs ¢, is given by

Rxs,fn = [zlafn”‘gfna s 7111-,]0"”‘5)”71}71' (95)

Note that the contribution of the prior distribution vanishes, because we as-
sumed a flat prior. Also note that due to the reshaping of the mixing matrix A s
into a vector A, matrix multiplications e.g. A sy, became multiplications of
two vectors. As a result of the dimensionality mismatch the vector multiplica-
tion cannot be performed any more. Note that in the given example each row of
the mixing matrix, which correspond to each channel of the mixture respectively
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is multiplied by the source. Therefore, we define the term diag(RsT) Froees Rg) n)

I times
indicating a block diagonal matrix, where Rs ¢, is repeated on the diagonal I

times. Similarly, Rxs, rn is composed of multiplying ug n With each channel of
the mixture.
The distribution given in involves a linear term in A ;, its conjugate, and
a quadratic term. Hence, the optimal approximating distribution is a Gaussian
given by
Ap~N(par Raay)- (96)
By “completing the square” wrt. g ; and Raa r in we derive the update
equations for these two parameters. First we derive the update equation of the

covariance. For this, we rearrange the quadratic terms make them equal to
—AJIEI ka’ fA - By doing this we obtain the covariance given in the following

Raas = (%Zdiag(szn,...,Rijn)) , (97)

I times

Similarly, for the mean, we rearrange the linear terms and make them equal
to AfRaa.f 'pa s+ 1i ;Raa s 'A; which yields

1
Ha s = R@,f;g Z Rxs, fns (98)

Recall that we reshaped the mixing matrix into a vector and calculated
the optimal actor for the distribution we defined for the vector form mixing
system. Therefore, we need to reshape the mixing parameters into a matrix and
consider the inter-channel relationships within the mixing matrix to calculate
the expectations. Hence, from the given equations above, we can derive the
second order raw moment (Ra s Ay])(;j is given by

T
Rasf=) ([E[AfAﬂ ) : (99)

K2

where [];; indicates the R x R diagonal block corresponding to the channel i
and

E[A;AY] = pp jpa " +Raa s (100)

Similarly, the first order moment p 5 ; is simply obtained by reshaping ui 7
back into a matrix B

Ma (i, 1. R) = (A £)((i—1)R+1,....iR)- (101)

2.3 Lower Bound

We calculate the new lower bound %(q, ) after each iteration. Here we com-
pare the new lower bound with the previous one and set a termination condition
according to this change. The lower bound should never decrease. This fact
enables us to check the update equations and their implementation for their
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correctness. In general, if the increase in the lower bound is insignificant com-
pared to previous iterations, we stop. The lower bound has already been defined
in the following

%(q,?) = Ellog p(X|S, A)]
+E[—F-N-R-1og7r

+ ZRj(—logwj,fn—l-l —

szjfnnn
J.fn
1
+Zz_|sﬂ7"f"| Zngafnnn Ui]

gifn T 3, fn.m.m’

Wi fn

]
+ Ellogp(A)] — E[log g(A)]

+ Ellog p(W*®)] — E[log ¢(W*¥)]

+ Ellog p(W™)] — E[log g(W'™)]
U™)] - Elog ¢(U™)]

+ E[log p(G*)] — E[log ¢(G*)]

G™)] - Ellog q(G")
log p(H®)] — E[log ¢(H™

(
(
(
(
+ Eflog p(U*™)] — E[log ¢(U*)]
(
(
(
(
log p(H")] — E[log ¢(H")

]
)]
] (102)

Note that for E[p(S|V)] we used the approximation we derived which is

shown in .

Also note that for all the variational variables, the expectations of the log of
the approximating ¢ distributions correspond to their negative entropies. Note
also that the lower bound consists of the the expectation of the logarithm of the
prior distribution (p distribution) minus the expectation of the logarithm of the
variational distribution (g distribution) pairs except for the log-likelihood. For
the log-likelihood, we calculate the expectation as follows
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E[log p(X]S, A)] {Zlog]\/’ xfn|Afsfn,abI)}
fin
=-> (logmop + ]E[(an Agspn) (X0 — Agsgn)]),
fin

= —Z logwab + = (xfnxfn xan[Af]IE[sfn]
- E[an] [AF ]an +E[sf, (Ap) T Agspnl)),
= - Z log 7TUb (anxfn X?nHAJNs,fn - Ngfnlig,fxfn

1
=_F.N-T. logﬂaf — Z ?<x?nxfn - xfn,uA’fp,&fn
fn b

— gl R X0 (B e g + Rssyfn)(RA:f)))'
(103)

For the expectation of the approximation of p(S|V'), —the second, third and
fourth lines of (102))— we first replace the auxiliary variables with their values

given in as follows

E[p(S|V)]>—-F -N-R-logm

+ Z R; ( — log (Z ZE[Uj,fnmm’]))

J.fn

— S S E sl !

—1
A 1
J.fn T Zn ZW’E[Uj,fnm,n'}

Due to the factorization given in , the expectations E[v; fy,., ] and

are computed for each NTF component individually as given in
J n, n n’
Furthermore the expectation E[|s;, f,,|?] is the second raw moment of
source component Sjr,fn and is computed using (94).
The expectation of the logarithm of the optimal approximating distribution
of the source components ¢(S) is given by

~Ellogq(S)] = =) EllogN(ssulbts fn: Res,fn)];
fn

= ) log{(me)det(Ras )} (104)
fn

About the mixing matrix, we remind you that the prior distribution of the
mixing coefficients does not contribute to the lower bound, because it is flat. The
expectation of the optimal approximating distribution of the mixing coefficients
is given by
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Ellogp(A)] — Ellogg(A)] = - EmN(As|pa s Raa ),

f
= Z log{(ﬂe)2Rdet(R&,f)}. (105)
f

Finally, for one of the NTF parameters, e.g. for WS, 1, this pair is written
as follows:

X X X X X 1
Eq[log p(wie 1)l — Eqllog q(w5 11)] =0 jc. piBalwie 1] + Ti;,j,c,flEq[wT]

Jie, fl
+log Kyex (2¢/pT) +1n2

’YCX s
w,j,¢, fl ex ex
=y mple = T e )

(106)

Note that for Yoot = 05 the third line of this equation disappears. The
calculation of the contribution of the other NTF parameters to the lower bound
is calculated similarly as given in (106]).

2.4 Summary of the Algorithm

The update equations for the approximating distributions require the evalua-
tion of some expectations. These expectations are to be evaluated with respect
to the other distributions. Therefore an iterative update procedure similar to
the Expectation-Maximization (E-M) algorithm is followed. In the variational
E-step, these expectations are calculated. In the variational M-step, the ap-
proximating distributions are re-calculated with the new expectation values.

Overall, after proper initialization, each iteration of the algorithm consists
of the following steps:

1. compute the statistics of the NTF parameters, the source STFT coeffi-

cients and the mixing parameters as in (83)—(87), (94), (95), and (99),
2. update the auxiliary variables in and (58),

3. update the GIG distributions of the NTF parameters according to (63),

4. update the complex-valued Gaussian distribution of the source STFT co-

efficients according to and ,

5. update the complex-valued Gaussian distribution of the mixing parame-

ters according to and ,

6. compute the lower bound using (103)—(106) and terminate the algorithm
when the bound increases less than a given threshold or after a certain
number of iterations.
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Similarly to the original ML algorithm, with two or more channels and for typical
signal length, the computational cost is dominated by the updates in (83)), (91),
, , and , which must be performed for each time-frequency bin. The
cost of these updates being similar to the that of the E-step of the original ML
algorithm, the overall cost of one iteration of the two algorithms is on the same
order.
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