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Arithmetic with Skolem Axioms

Federico Aschieri

Laboratoire PPS, équipe PI.R2
Université Paris 7, INRIA & CNRS

—— Abstract

Interactive realizability is a computational semantics of classical Arithmetic. It is based on
interactive learning and was originally designed to interpret excluded middle and Skolem axioms
for simple existential formulas. A realizer represents a proof/construction depending on some
state, which is an approximation of some Skolem functions. The realizer interacts with the
environment, which may provide a counter-proof, a counterexample invalidating the current
construction of the realizer. But the realizer is always able to turn such a negative outcome
into a positive information, which consists in some new piece of knowledge learned about the
mentioned Skolem functions. The aim of this work is to extend Interactive realizability to a
system which includes classical first-order Peano Arithmetic with Skolem axioms. For witness
extraction, the learning capabilities of realizers will be exploited according to the paradigm of
learning by levels. In particular, realizers of atomic formulas will be update procedures in the
sense of Avigad and thus will be understood as stratified-learning algorithms.

1998 ACM Subject Classification F.4.1

Keywords and phrases Interactive realizability, learning, classical Arithmetic, witness extraction

1 Introduction

Do classical proofs have some constructive content? If yes, what is a construction in classical
logic? On a first thought one is inclined to think that these questions cannot have any
interesting answers in terms of effective computer programs.

Surely, a classical proof is a mental construction, for it is a succession of constructive
steps interleaved with some ineffective considerations, which however appear to have a clear
mental constructive significance. Indeed, when we use the excluded middle, we can clearly
picture ourselves ideally deciding whether in a situation something holds or does not. When
we use an axiom of comprehension, we employ a definite law in order to construct in our
minds a perfectly determined collection of elements. When we use the axiom of choice, we
may imagine ourselves to make arbitrary choices as long as it is needed.

Even if a classical proof seems a legitimate mental construction, it is still a long way to
yield some effective computer program. Nevertheless, from the beginning of proof theory
many results have been obtained in that direction, which clearly showed that classical proofs
have a constructive content. Of course, we refer to the seminal results obtained by Hilbert’s
epsilon substitution method (see e.g [18]) and Gentzen’s cut elimination [14]. Then, several
other techniques have been introduced: among them, Godel’s double negation translation
followed either by the Godel functional interpretation [13] or Kreisel’s modified realizability
[16] and Friedman’s translation [12]; finally, Curry-Howard correspondence (see e.g. [19]).

The Curry-Howard correspondence, first introduced for intuitionistic logic and finally
extended to higher-order classical logic [17], clearly shows that a classical proof not only is a
mental construction but has the very same sylntactic structure of a program. In other word,
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a proof is an effective program. Thus the problem of explaining what is a construction in

classical logic acquires a perfectly sound mathematical sense.

Though all these constructive interpretations may seem very different from each other, a
deeper study shows that they are all based on the same concept: learning. As suggestively
showed by Coquand [11], a classical proof yields a learning strategy in some class of games
in which players can erase their moves and backtrack to earlier positions of the game.

Now, the most important problem to solve in order to understand and implement effi-
ciently the constructive content of classical proofs, is to provide an accurate description of
the nature and the structure of the knowledge that a program extracted from a classical
proof gathers during its execution. Only after a precise description of learning has been
completed, one can think of how to build efficient programs. This remains a complex task,
but it is of central importance to start by defining a semantics for classical proofs explicitly
based on learning. In such a way, one can implement a much more sophisticated backtrack-
ing mechanism which minimizes the information that is lost when a program abandons its
current evaluation context in order to restore a previous one. This loss of information is
indeed the biggest source of inefficiency for programs extracted from classical proofs.

In order to provide answers to those issues, Interactive realizability [1, 4, 6] has been
developed: it is a realizability semantics based on states of knowledge and learning, designed
for a system of Heyting Arithmetic with excluded middle and choice principles (Skolem
axioms) restricted to ¥9-formulas. In hindsight, it can be seen as modern evolution of the
epsilon substitution method, refined and rebuilt around the Curry-Howard correspondence
for classical logic and game semantics. The aim of this paper is to take the theory of
Interactive realizability to the next level: we extend it in order to interpret a full classical
system, which includes first-order Peano Arithmetic with Skolem axioms, that is, excluded
middle, comprehension and choice over all first-order formulas.

The theory of Interactive realizability makes precise the intuitive considerations that
we have made above. In particular, it explains how to interpret a classical proof, how to
pass from the ideal mental construction it represents to a concrete effective construction (a
program). The main concepts are indeed the following;:

B Tin.. and mental constructions. An interactive realizer is in the first place a term of
Tiraes, a version of Godel’s system T enriched with Skolem function symbols for every
arithmetical formulas. The terms of 7¢,.., represent the mental constructions that one
can obtain directly and intuitively from a classical proof.

m States of Knowledge as Approximations. Terms of Tcy.,,, are ineffective and, let to them-
selves, useless. Therefore, interactive realizers are always computed with respect to
states, i.e. approzimations of the Skolem functions they contain and thus effectiveness is
recovered.

m Learning. Since finite approximations may be inadequate, results of computations may
be wrong. But an interactive realizer is also a self-correcting program, able to spot
incorrect values of the approximations used during computations and to correct them
with right values. The new values are learned, remarkably, by realizers of classical prin-
ciples and all the oracle values needed during each particular computation are acquired
through learning processes. Here is the fundamental insight: classical principle may be
computationally interpreted as learning devices.

All these ideas work very smoothly for the most simple instance of the excluded middle
EM; :=Va". 3y"P(x,y) vV Vy"=P(x,y) (P computable atomic predicate)

A realizer of this principle uses some approximation s of a Skolem function ¢ for P in
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order to decide which side of EM; is true. If for some particular n, P(n, s(n)) holds, then
the realizer has a witness for the left side; otherwise, it declares the right side to be true.
However, if the environment asks the realizer for a construction of —=P(n,m) and actually
m is a counterexample to its belief (i.e. P(n,m) is true), then the realizer corrects the
approximation s as to output m on input n. We observe that this correction is sound on
absolute grounds: m is a correct value for ® on argument n.

In the case of a general instance of the excluded middle

EM :=Va". 3y A(z,y) vV Vy"-A(x,y) (A first-order formula)

one stumbles across a serious problem: even if one has an approximation s of a Skolem
function ® for A(x,y), how to compute whether A(n,s(n)) holds? In general, one cannot
know for sure the truth value of a complex formula. A realizer thus may assume that
s(n) is not a witness and declare the right side to be true. However, a problem remains
because learning is going to be by counterexamples: how to test whether an m given by
a computational environment is such that A(n,m) is true? The solution is to “compute”
the truth value of A(n,m) by using the approximations of the Skolem functions for the
sub-formulas of A: it suffices to use the equivalences Jy B(z,y) = B(x,P(z)), where 1 is a
Skolem function for B. Since these approximations refer to Skolem functions for formulas
of lower logical complexity of A, a realizer can determine on relatively firm grounds whether
m is a correct value for ® on argument n.

An important concept that we shall introduce is therefore that of truth value of a formula
in a state and we shall study how it relates to realizability. Another novelty is that the self-
corrections of realizers will not be absolute, but relative, and learning will be by levels. By
this we mean that whenever a realizer gains some knowledge concerning a Skolem function
for some formula, it may falsify a knowledge about another Skolem function for a formula of
higher complexity than the first. In this case, one is forced to remove the falsified knowledge
and all its consequences of greater level from the current state. The termination of this add-
and-remove process is not at all evident, yet it may be proved by well-established techniques:
we shall be able to see that a realizer of an atomic formula is an update procedure in the
sense of Avigad [8], and that will be enough for witness extraction. As in [4], one can
see Interactive realizability as new use of Friedman’s translation and modified realizability,
that allows to extract update procedures from classical proofs without transforming them
in quantifier-free form, as in the epsilon substitution method or Herbrand analysis.

Plan of the Paper. In section §2 we introduce the term calculus 7¢y,.. in which Interactive,
learning-based realizers are written, namely an extension of Godel’s system T plus Skolem
function symbols for a denumerable collection of Skolem functions. In section §3, we extend
Interactive realizability, as described in [1, 4], to HA® + EM + SK| an arithmetical system
with functional variables which includes first-order classical Peano Arithmetic and Skolem
axioms. In section §4 we show to perform witness extraction with Interactive realizability.

Acknowledgments. I would like to thank Stefano Berardi for his valuable comments
and suggestions on early drafts of this paper.

2 The Term Calculus 7;

lass

In this section we follow the approach of [1, 4] and describe the typed lambda calculi 7 and
Tonmee in which interactive realizers are written. 7 is an extension of Godel’s system T (see
Girard [15]) with some syntactic sugar. The basic objects of 7 are numerals, booleans, and
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its basic computational constructs are primitive recursion at all types, if-then-else, pairs, as
in Godel’s T. T also includes as basic objects finite partial functions over N and simple
primitive recursive operations over them. 7¢,... is obtained from 7 by adding on top of it a
collection of Skolem function symbols @y, &1, P, ..., of type N — N, one for each arithmetical
formula. The symbols are inert from the computational point of view and realizers are always
computed with respect to some approximation of the Skolem maps represented by ®g, ®1, .. ..

2.1 Updates

In order to define T, we start by introducing the concept of “update”, which is nothing
but a finite partial function over N. Realizers of atomic formulas will return these finite
partial functions, or “updates”, as new pieces of information that they have learned about
the Skolem function ®g,®;,.... Skolem functions, in turn, are used as “oracles” during
computations in the system 7¢.,.. Updates are new associations input-output that are
intended to correct, and in this sense, to update, wrong oracle values used in a computation.

B Definition 1 (Updates and Consistent Union). We define:

1. An update set U, shortly an update, is a finite set of triples of natural numbers repres-
enting a finite partial function from N? to N.

2. Two triples (a,n,m) and (a’,n’,m’) of numbers are consistent if a = o’ and n = n’

implies m = m’. Two updates Uy, Us are consistent if U; U Us is an update.

3. U is the set of all updates.

4. The consistent union Uy U Us of Uy,Us € U is Uy U Us minus all triples of U which are
inconsistent with some triple of Uy.

The consistent union U; U Us is an non-commutative operation: whenever a triple of Uy
and a triple of U, are inconsistent, we arbitrarily keep the triple of U; and we reject the
triple of Us, therefore for some Uy, Uy we have Uy U Us # UsU Uy. U represents a way of
selecting a consistent subset of U; U Us, such that UyifUs = ) = U; = Uy = (. Any
operator U with that property would produce an alternative Realizability Semantics.

2.2 The System T

T is formally described in figure 1. Terms of the form if 4 ¢1 to t3 will be written in the more
legible form if ¢ then t5 else t3. A numeral is a term of the form S(...S(0)...). For every
update U € U, there is in 7 a constant U : U, where U is a new base type representing U.
We write @ for (. In T, there are four operations involving updates (see figure 1):

1. The first operation is denoted by the constant min : U — N. min takes as argument an
update constant U; it returns the minimum numeral a such that (a,n,m) € U for some
n,m € N, if any exists; it returns 0 otherwise.

2. The second operation is denoted by the constant get : U — N3 — N. get takes as argu-
ments an update constant U and three numerals a,n,[; it returns m if (a,n,m) € U for
some m € N (i.e. if (a,n) belongs to the domain of the partial function U); it returns [
otherwise.
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3. The third operation is denoted by the constant mkupd : N> — U. mkupd takes as argu-
ments three numerals a,n, m and transforms them into (the constant coding in 7°) the
update {(a,n,m)}.

4. The forth operation is denoted by the constant U : U2 — U. U takes as arguments two
update constants and returns the update constant denoting their consistent union.

We observe that the constants min, get, mkupd are just syntactic sugar and may be
avoided by coding finite partial functions into natural numbers. System 7 may thus be
coded in Godel’s T. As proved in [1, 4], T is strongly normalizing, has the uniqueness-of-
normal-form property and the following normal form theorem also holds.

B Lemma 2 (Normal Form Property for 7 4+ C + R). Assume that R is a functional set of
reduction rules for C'. Assume A is either an atomic type or a product type. Then any closed
normal term t € T of type A is: a numeral n : N, or a boolean True,False : Bool, or an
update constant U : U, or a constant of type A, or a pair (u,v): B x C.

2.3 The System 7,

We now define a classical extension of 7', that we call 7¢y,.., with a Skolem function symbol for
each arithmetical formula. The elements of Tc,.., will represent (non-computable) realizers.

B Definition 3 (The System 7¢...). Define T¢p... = T + SC, where SC is a countable set of
Skolem function constants, each one of type N — N. We assume to have an enumeration
®g, D1, Dy, ... of all the constants in SC (while generic elements of SC will be denoted with
letters &, ¥, 0,71,...).

Every ® € SC represents a Skolem function for some arithmetical formula Iy A(z,y),
taking as argument a number 2 and returning some y such that A(z,y) is true if any exists,
and an arbitrary value otherwise. In general, there is no set of computable reduction rules for
the constants in SC, and therefore no set of computable reduction rules for 7¢,.... Each (in
general, non-computable) term ¢ € T¢... is associated to a set {t[s] |[s € T,s: N> = N} C T
of computable terms we call its “approximations”, one for each term s : N> — N of T,
which is thought as a sequence sq, s1, So,... of computable approximations of the oracles
®g, D1, Dy, ... (with s; we denote s(7)).

B Definition 4 (Approximation at state s). We define:

1. A state is a closed term of type N> — N of 7. If i is a numeral, with s; we denote s(i).

2. Assume t € T, and s is a state. The “approximation of ¢ at state s” is the term ¢[s]
of 7 obtained from ¢ by replacing each constant ®; with s;.

3 An Interactive Learning-Based Notion of Realizability for
HAY + EM + SK

In this section we introduce a learning-based notion of realizability for HA“ + EM + SK,
Heyting Arithmetic in all finite types (see e.g. Troelstra [20]) plus Excluded Middle and
Skolem axiom schemes for all arithmetical formulas. Then we prove our main Theorem, the
Adequacy Theorem: “if a closed formula is provable in HAY +EM~+SK, then it is realizable”.
We first define the formal system HA® + EM + SK. We represent atomic predicates of
HA® +EM+SK with closed terms of 7¢,... of type Bool. Terms of HA* +EM+SK are elements
of Tciass and thus may include the function symbols in SC. We assume having in Godel’s T
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Types

o,7:=N|Bool |U|o—=7T|oxT

Constants

c:=R, |if; | 0|S | True | False | min | get | mkupd | U | U (VU € U)

Terms
tus= cl|z” | tu| Xe"u | (t,u) | mou | miu

Typing Rules for Variables and Constants

T
T T

0:N
S:N—N
True : Bool
False : Bool

U : U (for every U € U)
U:U—=-U0U—=T
min: U — N
get:U—-N—-N—-N—=>N
mkupd : N—-N—>N—T
ifr :Bool 7 —7T—T
Rt N—>(r—>7)=>N—>1

Typing Rules for Composed Terms

t:0—=T1 u:o u:T
tu:T Azu:io — T
u:o t:7 w:To X T1
N Te— —_— 1 0,1
(u,t) 1o X T iU * T € {01}

Reduction Rules All the usual reduction rules for simply typed lambda calculus (see Girard [15]) plus
the rules for recursion, if-then-else and projections

Rruv0 — u RauvS(t) — vt(Rruvt)

if- Trueuwv — u if- Falseuv — v mi{uo, u1) — usy i = 0,1

plus the following ones, assuming a,n,m,l be numerals:

manH a Ilemv-n' (aanvm)EU/\v(b,Z,])EUéaSb
0 otherwise

m if Im. (a,n,m) € U
I otherwise

getUanl — {
U10Uz— U1 U

mkupd anm — {(a,n,m)}
Figure 1 the extension 7 of Godel’s system T
some terms =rpoo1: Bool — Bool — Bool, —go01 : Bool — Bool, Vpeo1 : Bool — Bool —

Bool..., implementing boolean connectives. As usual, we shall use infix notation: for
example, we write t1 =poo1 to in place of =-pyo1 t1t2 and similarly for the other connectives.
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3.1 Language of HA” + EM + SK
We now define the language of the arithmetical theory HA” + EM + SK.

Bl Definition 5 (Language of HA® + EM + SK). The language Lc... of HA” + EM + SK is
defined as follows.
1. The terms of Lq,... are all t € Tg....

2. The atomic formulas of L., are all Q € T¢.., such that @Q : Bool.

3. The formulas of L¢,... are built from atomic formulas of L¢,,., by the connectives V, A, —
, \,V,3 as usual, with quantifiers possibly ranging over variables 7, y7, 27, ... of arbit-
rary finite type 7 of T

4. A formula of L., is said arithmetical if it does not contain constants in SC and all its
quantifiers range over the type N, i.e. it has one of the following forms: Va"A, 324, A v
B,ANB,A— B,AN B, P, with A, B arithmetical and P atomic formula of 7.

We denote with | the atomic formula False and with —A the formula A — 1. A\ B
is the dual of implication as in bi-intuitionistic logic and means “A and the opposite of B”.
If F is a formula of L., in the free variables 1*,...,zl" and t1 : 71,...,t, : T, are terms
of Lcaes, with F(t1,...,t,) we shall denote the formula F[t1/x1,...,t,/2,]. Sequences of
variable zY, ..., 2z} will be written as Z. We denote with (Z) a term of 7 in the free numeric
variables ¥ representing a injection of N¥ into N. Moreover, for every sequence of numerals
= ny,...,ng, we define (i) := (Z)[7i/Z] and assume that the function 7 — (77) is a
bijection.

The Excluded Middle axiom scheme EM is defined as the set of all formulas of the form:

VIV, A(T) V -A(T)

where A is an arithmetical formula.
The Skolem axiom scheme SK contains for each arithmetical formula A(Z,y) an axiom:

VEY. BNA(T,y) — A(F, O(T))

with ® € SC. We assume that for every ® € SC there is in SK one and only one formula in
which ® occurs. Such unique formula A is said to be the formula associated to ® and ¢ will
be sometimes written as 4. If s is a state and ; = &4, with sy, we denote s; and with
mkupd A ut we denote mkupdiut. With lev(®) we denote the number measuring the logical
complexity of the formula A associated to ®, i.e. the number of logical symbols occurring in
A. If s, 8" are two states and n a numeral, we write s = s’ lev(n) if for every A of complexity
less than n, one has s4(m) = s/, (m) for all numerals m.

For each formula F of L,..., its involutive negation F* is defined by induction on F.
First, we say that an atomic formula P is positive if it is of the form —peo1 - .. Boo1 @, @ is
not of the form —p,01 R, and the number of —pye1 in front of @ is even. Then we define:

(mBoo1 P)* = P (if P positive) Pt = —go01 P (if P positive)
(AAB)* = At v Bt (Av B)* = At A Bt
(A= B =A\B (ANB* =A—B

(V2" A)t =327 A+ (FaTA)F = V2T A

As usual, one has (F1)+ = F.
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3.2 Truth Value of a Formula in a State

The axioms of the system HA® + EM + SK give a great computational power to the system
Trass: One can “compute” by a term X g of T¢p... the truth value of any arithmetical formula
A. When one effectively evaluates X in a particular state s, we say that one computes the
truth value of a formula F in a state s.

B Definition 6 (Truth Value of a Formula A in a State s). For every arithmetical formula
F(Z) of Lcy... we define, by induction on F, a term X : Bool of system 7,..., with the same
free variables of F":

xp = P, P atomic
XAVB = XA VBoo1l XB XvyvA = XA[ f>/ ] XANB = XA ABool XBL

+(
XAAB = XA \Bool XB X3aygma = XA[ (f>/ ] XA—B = XA =Bool XB
We define F'® :=xp[s] and call it the truth value of F in the state s.

Intuitively, if F(7) is a closed formula, our intended interpretation is:

1. xr(77) is a term of T¢y... denoting, in any standard model of HA* + EM + SK| the truth
value of F(77).

2. F*(i1) is a term of T computing what would be the truth value of F(7) in some standard
model of HA* +EM under the (possible false) assumption that the interpretation ®; — s;
satisfies the axioms of SK.

We remark that thus F'*(17) is only a conditional truth value: if F'*(7i) is not the correct
truth value of F(i7) — it may well happen — then the interpretation ®; — s; does not satisfy
the axioms of SK. This subtle point is what makes possible learning in Interactive realizab-
ility: whenever a contradiction follows, realizers are able to effectively find counterexamples
to the assertion that the interpretation ®; — s; satisfies the axioms of SK. We also ob-
serve that this way of computing the truth of a formula comes from the epsilon substitution
method (see Avigad [8], Mints et al. [18]).

The notion of truth in a state behaves as expected with respect to involutive negation.

B Proposition 7 (Truth in a State and Truth). For every arithmetical formula F(¥), state s
and sequence of numerals 7i, F*(ii) = False <= (F1)%(ii) = True

Proof. By induction and according to the shape of F' we prove that xp[s](77) = False if
and only if xp1 [s](7) = True.
m F = P, with P atomic. Then xp = P and Xp. = P+ = —poo1 P. Therefore

Xr[s](M) = False <= xp1[s](7) = True
m F=AAB. Then F+ = AL A B+. Moreover,
XAAB = XA NBool XB

XALtvBLt = XAl VBool XBL

Therefore, xanp[s](77) = False if and only if xa[s](77) = False or xp[s](7i) = False if
and only if (by induction hypothesis) x 4+ [s](77) = True or X+ [s](7) = True if and only

if xa1ype[s](7l) = True.
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m F=AVB. Then F+ = A A B+, Moreover,
XAVB = XA VBoo1 XB

XALABL = XAL NBool XBL

Therefore, X avp[s](7) = False if and only if xa[s|(7) = False and xp[s](7i) = False
if and only if (by induction hypothesis) x 41 [s](7)) = True and xp.[s](7) = True if and
only if x g1 rpt[s](7]) = True.

m '=A— B. Then F- = A~ B. Moreover,

XA—B = XA =Bool XB

XA~ B = XA NBool XBL

Therefore, x4 5[s](7) = False if and only if xa[s](77) = True and xp[s](7) = False if
and only if (by induction hypothesis) x a[s](71) = True and X1 [s](7) = True if and only
if x4 B[s](7) = True.

m F = A~ B. Then F+ = A — B. Moreover,

XA~ B = XA \Bool XBL

XA—B = XA =Bool XB

Therefore, x4 < [s](77) = False if and only if x 4[s](7) = False or xp.[s](7) = False if
and only if (by induction hypothesis) xa[s](77) = False or xp[s](77) = True if and only
if x4 B[s](7) = True.

m [ =Vy"A Then F* = " AL, Moreover,

XvyrA = XA [‘DAL <f>/y]

Xayral = XaL[PaL(T)/y]

Therefore, Xy, a[s](7) = False if and only if x a[s](7)[s 41 (i) /y] = False if and only if
(by induction hypothesis) x 41 [s](77)[s 41 (i7) /y] = True if and only if X, 4 [s](7) = True.
m F =3y"A. Then F*+ =Vy"AL. Moreover,

X3yia = XA[Pa(T) /Y]

Xvgiat = Xat [Py (@)/y]l = xa[Pa()/y]

Therefore, X3,v4[s](77) = False if and only if x4[s](7)[sa(7)/y] = False if and only if

(by induction hypothesis) x 4. [s](7)[sa(7)/y] = True if and only if x4 [s](7) = True.

<

We now prove a fundamental fact: the truth of a formula F' in a state s is determined

by the approximations that s gives of the Skolem functions of strictly lower level than the
logical complexity of A.

B Proposition 8. Let F(Z) be any arithmetical formula of logical complexity m, 7 be a
sequence of numerals and s,s' be states such that s = s'lev(m). Then F*(ii) = F* (1).

Proof. By inspection of the definition 6 of F** = xp[s], it can be seen that for every Skolem
constant ® 4 occurring in x g, one has lev(®4) < m. Moreover, for every A of complexity
less than m, sa(n) = s'y(n) for every numeral n. Since both F* and F*' result from the
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substitution of each ®4 occurring in xp with respectively s4 and s'y(n), it must be that
Fs(ii) and F* (i) reduce to the same boolean. <
Every state s is considered as an approzimation of the Skolem functions denoted by the
constants of SC: for each formula A, s4 may be a correct approximation of ®4 on some
arguments, but wrong on other ones. More precisely, if ®; = ® 4, we are going to consider
the set of (i, (7)) such that A%(7, s4 (7)) = True as the real “domain” of s, representing the
set of arguments at which s4 is surely a correct approximation of ® 4, in the sense that sy
returns an appropriate witness (but observe that the truth of A is approximated in s).

B Definition 9 (Sound Updates, Domains). We define:

1. Given an update U and a state s, we define dom(U) as the set of pairs of numerals (i, (7))
such that A(Z,y) is the formula associated to ®;, (i, (71), m) € U and A*(7i,m) = True.
U is said to be sound in the state s if (i, (7)), m) € U implies (i, (7)) € dom,(U).

2. Similarly, if s is a state, we denote with dom(s) the set of pairs of numerals (4, (7)) such
that A(Z,y) is the formula associated to ®;, s;(i7) = m and A®(7l,m) = True.

From now onwards, for every pair of terms t¢1,to of system T, we shall write t; = ¢ if they
are the same term modulo the equality rules corresponding to the reduction rules of system
T (equivalently, if they have the same normal form).

3.3 Interactive Realizability

For every formula A of Le,,.., we now define what type |A| a realizer of A must have.

B Definition 10 (Types for realizers). For each formula A of L,... we define a type |A| of
Tcrass by induction on A:

|P| =U, if P is atomic

|A N B| =]A| x |B] [FzT Al =7 x |A] |AN B| = |A| x |BY|
|AV B| =Bool x (|A] x |B|) VT Al = 17 — |A] |A — B|=|A| — |B|
Let now pg := 7y : 0g X (01 X 02) — 00, p1 := Wem1 : 09 X (01 X 02) — o1 and

p2 := w1 : 09 X (01 X 02) — 02 be the three canonical projections from oy X (o1 X 02). We
define the realizability relation t IIF F', where t € T¢ju, F' € Leias and t: |F|.

Bl Definition 11 (Interactive Realizability). Assume s is a state, t is a closed term of Tia.,
F € L. i a closed formula, and ¢ : |F|. We define first the relation ¢ IIF; F by induction
and by cases according to the form of F:

1. tllFs @ for some atomic Q if and only if U = t[s] implies:
= U is sound in s and domg(U) Ndom(s) = ()
= U = @ implies Q[s] = True

2. tliFg AA B if and only if mot lIFs A and w1t -3 B

3. tlFs AV B if and only if either pot[s] = True and pit k5 A, or pot[s] = False and
pot Iy B

4. tlFy A — B if and only if for all u, if u llFg A, then tu ll-3 B
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5. tlF, A~ B if and only if mot -y A and 71t IF, B+
6. tll-s V2™ A if and only if for all closed terms u : 7 of T, tu ll-g Afu/x]
7. tlFs 327 A if and only for some closed term w : 7 of T, mot[s] = v and 7t ks Afu/x]

We define ¢ I F' if and only if for all states s of T, ¢ lIF F.

The ideas behind the definition of - in the case of HAY + EM + SK are those we
already explained in [1, 4, 6]. A realizer is a term ¢ of 7., possibly containing some
non-computable Skolem function of SC; if such a function was computable, ¢ would be an
intuitionistic realizer. Since in general ¢ is not computable, we calculate its approximation
t[s] at state s. t is an intelligent, self-correcting program, representing a proof/construction
depending on the state s. The realizer interacts with the environment, which may provide
a counter-proof, a counterexample invalidating the current construction of the realizer. But
the realizer is always able to turn such a negative outcome into a positive information, which
consists in some new piece of knowledge learned about some Skolem function ®;.

There are two concepts that are useful to understand the interaction of a realizer with
the environment: a realizer receives as input tests and produces as output predictions.

m Predictions.

= A realizer t of AV B uses s to predict which one between A and B is realizable: if

mot[s] = True then A is realizable, and if myt[s] = False then B is realizable.

= A realizer u of 327 A uses s to compute mou[s] = w and to predict that w is a witness

for 327 A (i.e. that Afw/x] is realizable).
m Tests.
= A realizer of a universal formula Vz™ A takes an object w as a challenge coming from
the environment to provide a construction of Afw/z], whose correctness will be tested
at the end of computation.
= A realizer of A — B takes a realizer of A as a challenge coming from the environment
to provide a construction of B, whose correctness will be tested at the end of the
computation.

= A realizer of A A B may be challenged to construct A as well as B, and again the

correctness of the construction will be tested at the end of computation.

= A realizer of an atomic formula ) comes after a series of predictions and challenges

that have been provided to test the construction of a complex formula; the realizer

performs a final test and computes the formula @ in the state s as an experiment.

Since predictions of realizers need not be always correct, it is possible that a realized
atomic formula is actually false; we may have ¢ llF5 @ and Q[s] = False in 7. If
@, though predicted to be true, is instead false, then a counterexample has been
encountered; this means that the approximation s of the Skolem constants in SC is
still inadequate. In this case, t[s] # & by definition of ¢ IIF; Q. That is to say: if the
construction of a realizer is wrong in a particular state, the realizer must learn from
its mistakes. The point is that after every learning, the actual state can be improved
with the information in U = t[s], since (4, (7)) € U and A is associated to ®; imply
A*(fi,m) = True and A%(7, s;(1)) = False.

The next proposition tells that realizability at state s respects the notion of equality of
Térss terms, when the latter is relativized to state s. That is, if two terms are equal at the
state s, then they realize the same formulas in the state s.

11
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B Proposition 12 (Saturation). If t1[s] = t2[s] and ui[s] = usls], then t1 ks Bluy/x] if and
only if ta IFs Blug/x].

Proof. By straightforward induction on A. <

3.4 Realizability of Classical Axioms

We are now going to show how to realize EM and SK. We first need to realize the ex-falso-
quodlibet axiom, for which a dummy term is enough.

B Proposition 13 (Realizer of the Ex-Falso-Quodlibet Axiom). For every formula F(Z) of
L 1o, there exists a closed term Lp of T such that Ly - L — F(i), for every sequence of
closed terms U of Ty In particular, L g can be defined by induction on F as follows:

1p:=X.z lap:= )\xu)\yw. 1px
J—AAB = AxU.<LA$, lB$> lger = )\.Z‘U<OT, lAl‘>
Layp = A\2Y.(False, L 47, L px) Lygra =X\ Lz

laop:= A$U<lA$,LBL$>

Proof. Suppose t llFs L. Then t[s] = U, for some sound, non-empty update U such that
dom(s)Ndom,(U) = (). We show by induction and according to the shape of F' that Lpt IF F.
m F = P, with P atomic. Then, L pt[s] = (Az"z)t[s] = U. Thus, L pt -5 P(%).

m "= A — B. Suppose v IF5 A(@). We have to show that

Lpto = A" Myl Lpz)tv = Lpt -, B()

which is indeed true by induction hypothesis.
m All the other cases follows by straightforward application of the induction hypothesis.
<
In Interactive realizability, as we shall see many times, realizers continually interact
with each other and game theory is a very useful tool to describe they behaviour (see [5]).
Interestingly, for realizing Skolem axioms and some instances of EM we are lead to consider
once again Tarski games. In these kind of games, there are two players and an arithmetical
formula on the board; the first player — usually called Eloise — tries to show that it is true,
while the second player — usually called Abelard — tries to show that the formula is false.
Thus, Eloise wins when true atomic formulas are on the board while Abelard wins with
false ones. In the case of formulas of the shape AV B,3z"A, Eloise moves: in the first
case by choosing a side of the disjunction and in the second case by choosing a numeral as
a witness for the existential quantifier. In the case of formulas of the shape A A B,VaVA,
Abelard moves: in the first case by choosing a side of the conjunction and in the second
case by choosing a numeral as a counterexample to the universal quantifier. In the case of
formulas of the shape A — B, Abelard gives a winning strategy for A to Eloise and they
play the game for B. An Eloise strategy for A is represented by a term & of type |A|, while
an Abelard strategy for A is represented by a term .« of type |A+|. Thus one may define
the Tarski game between strategies through a game operator x (which indeed resembles the
operator * of symmetric lambda calculus [9]) that puts Eloise against Abelard. The result
of the game is thus & x &7 and it is a term of type |L| = U. If & and & happens to be
interactive realizers, they represent self-correcting constructions. & and & challenge the
construction of each other, but who looses the interaction is always able to partially repair
its construction, i.e. to learn some information about some Skolem functions, which he puts
in some update. That is to say, & x & realizes L. Details follow.
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B Proposition 14 (A Tarski Game Between Strategies). Let F' be an arithmetical formula and
& |F|, o : |F*| two terms of Tey.. Define by induction and according to the shape of F a
term & x o : | L] as follows:

(F =P, P atomic) & x o .= E WV A
(F=A—B)&xd = E(mod) xm o (F=ANDB) &x o := o (np8) *m&E
(F=3A) &x o :=mE * o (18 (F=Vy"A) &x o := (1o ) % 1.9
(F=ANADB) &% :=if po/ then mo& x p1. else m & * pad
(F=AVB) &xo :=if pp& then p1& x oo/ else pa& * m .o/

Then & kg FA L -y Fr = &xof I, L.

Proof. Assume & lI-, F and . IIF, F-. We prove by induction and according to the shape

of F' that &% o7 I+, L.

m [ = P, with P atomic. Then, either P[s] = False or P*[s|] = False. If we let
&ls] = Uy and /[s] = Us, then Uy, Us are sound updates, dom(s) N domy(U;y) = 0,
dom(s) Ndomg(Usz) = 0 and either Uy # ) or Uy # (). Thus, if we let Uz = UyUUs, we
have

(& )[s] = E[s|W[s]| =U, WU, = Us

and indeed, Us is sound, non-empty and dom(s) N domg(Us) = @, which means that
Exd g L.
m = AAB. Then, F+ = A+ Vv Bt. Now, either pgo/[s] = True or poe/[s] = False. In
the first case,
& * o [s] = (if poo then mp& * p1.4 else T & * paol)[s] = w8 * p1.4[s]

Since < Iy A+ Vv Bt one has p1 Ik AL, Since & IIF; A A B, one has m& -5 A.
Therefore by induction hypothesis,

T8 % p1.t s L

We conclude by saturation (proposition 12) that & x4 I, L. The second case is treated
in analogous way.

m F = AV B. Then, F = At A B+. Now, either po&[s] = True or pp&’[s] = False. In
the first case,

& x o [s] = (if po& then p1& x mo.f else pad x m .o )[s] = p1E * woA [s]

Since o Iy A+ A BY, one has moo/ IIF, AL, Since & -y AV B, one has p1& lIFs A.
Therefore by induction hypothesis,

plg*ﬂoﬂf ||FS L

We conclude by saturation (proposition 12) that &* .o lIF; L. The second case is treated
in analogous way.
m F=A— B. Then, - = A~ B. By definition

5*%:£(WO~Q{)*W1JZ{

Since 7 -y A~ B, one has mpeZ -y A and m .7 I, BL. Since & -y A — B, one has
&(mo) ks B. Therefore by induction hypothesis

E(modl ) x 1 ks L

which is the thesis.
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m F = A~ B. Then, F* = A — B. By definition
g*ﬂzﬂ(ﬂog)*ﬂlg

Since & lIF; A~ B, one has mo& s A and m & I BL. Since < IIF; A — B, one has
o (mp&) IIFs B. Therefore by induction hypothesis

%(7’(06’)*7’(1& ||F5 1

which is the thesis.
m F=Vy"A. Then, F+ = 3y"AL. Let 1o/ [s] = n. By definition

Exds] = (E(mod) xm e )[s] = En*m 8]

Since & I, FYN AL, one has 7.7 -, A+(n). Since & IIF; Yy A, one has &n I A(n).
Therefore by induction hypothesis

EnxmA g L

We conclude by saturation (proposition 12) that & x <7 ll-4 L.
m F=3y"A. Then, F =Vy"At. Let my&[s] = n. By definition

E*x A [s] = (mE * o (mp8))[s]| = mE * Anls]

Since &7 lIF, Vy" AL, one has @/n lIF; At (n). Since & -, FyM A, one has & I, A(n).
Therefore by induction hypothesis

mé& *dn ks L

We conclude by saturation (proposition 12) that & * o7 ll-5 L.
<

We now establish two important links between the concept of truth in a state and the
concept of realizability in the same state.

The first result is that if a formula is true in a state s, then it is realizable in s. Intuitively,
F®* = True means that the state s is both: i) powerful enough to compute witnesses for all
the subformulas of F' and their negations which are supposed to be true if F is true; ii) sharp
enough to not provide counterexamples invalidating some of those witnesses. Thus F' can
be realized in the state s by a realizer T which uses s to return the mentioned witnesses
and “waits” for possible counterexamples.

One could expect the converse to hold as well, namely that if F' is realizable in s, then
F is true in s. This is not actually true, but “almost”. Indeed, the second result is that
if F'is realizable in s and F'°* = False, one has disastrous consequences: L is realizable
in s. In fact, one can define a term §Fr transforming any realizer & of F' in the state s
in a realizer of L in the same s, whenever F'* = False. Indeed, if [’ = False, then
(F1)* = True by proposition 7; therefore .7 := Tp. realizes F'- in 5. The state s is thus
used to build a counterexample & to F', which can be put against the realizer & of F' in
the term & x .o/. This latter term realizes L by proposition 14. Intuitively, if s is a strong
enough approximation, &/ wins and thus provides a counterexample to the fact that & is a
construction of F'; since &, as realizer, is a self-correcting program, it is able to extend the
state s with new information: this information realizes | in s. If instead s is not a good
approximation, & wins and the capabilities of &7 are used to improve the state s with an
update realizing 1. Formally:
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B Proposition 15 (Truth and Realizability in a State). Let F(Z) be an arithmetical formula.
There exist two terms Tp (L) and Fr(Z) of Tow. such that for all numerals i and state s

F*(fl) = True = Tp(n) ks F(7) (1)

F*(7l) = False = (i) lI-s ~F(f) 2)

In particular, Tp and Fr can be constructed by induction on F as follows:

Tp:=, P atomic Tap = Aif Xa then Tp else Lp(Faz)

Tarp = (T, Th) Tyyia = M if x4 then T4 else L ymkupd A+ (%) y
FTav = (X4, %A, Tp)  Taya = (Pa(D), Ta[®a(T)/y])
Tpop = (Ta, TpL) Fr= Tl oxgp

Proof. We first prove (1) by induction and according to the shape of F.

m F = P, with P atomic. Suppose P[s](77) = True. Then, by the very definition 11 of
realizability of atomic formulas, we obtain Tp = @ lI-5 P(7).

m = AAB. Suppose F*(7i) = True and thus A®(7i) = True = B*(7). Then, by induction
hypothesis T 4(77) ks A(77) and Tp(7) ks B(7). Therefore

moTanp (M) = m0(Ta(), Tp(i)) = Ta(i) -5 A7)

mTanp (i) = m(Ta(ni), Tp(i)) = Tp(i) IFs B(7)
and thus Taap(77) IFs AA B(7).
m F = A~ B. Same proof of the case F = A A B+.
m = AV B. Suppose F*(i7) = True. Then, either A*(7i) = True or B*(71) = True. In
the first case,

PoTavs()[s] = po(xal(ii), Ta(ii), Tp(7))[s] = xa(i)[s] = A°(7) = True

and indeed by induction hypothesis
p1Tavi(7) = Ta () Iy A(7)

In the second case, we obtain as well T (i) - B(77). Therefore, we obtain T 4y p(7) Il
AV B().

m = A — B. Suppose F*(ii) = True and ¢ ll; A(77); we have to show that T 4_, p(77)t Il
B(7). We have either A*(77) = True or A°(7i) = False. In the first case, B*(ii) = True
and we obtain

Taop(A)ts] = (if Xa(7) then Tp(7) else Ly (Fa(@)t)) [s] = Tp()[s]

By induction hypothesis, Tp(77) s B(7). By saturation (proposition 12), also T4, g ()t lIFs

B( ). In the second case, by induction hypothesis T 41 (77) llFs A+ (i), for by proposition
7, (A+)*(i) = True. Therefore, by proposition 14

Far ()t =t x Ty () Iy L
and thus by proposition 13
L) (Fa(i)t) ks B(i)
Moreover,
Ta-p(M)t[s] = Lp) (Fa(@)t)]s]
We conclude by saturation that 4, 5(7)t lIFs B(7), which is the thesis.

15
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m F =Vy"A. Suppose F*(ii) = True. By definition 6 of F*(7),
A* (7, s 40 (1)) = xals](7l, 541 (7)) = True
Let m be any numeral. We have to show that
Tyyra(i)m = if xa(7,m) then T (7, m) else L 4zymkupd At (@) m Ik A7, m)
Now, we have either A®(7,m) = True or A*(7, m) = False. In the first case,
Toyra(M)mls] = Ta(i, m)[s]

and by induction hypothesis T 4 (7, m) -5 A(7i, m); we obtain the thesis by saturation
(proposition 12). In the second case,

Tyra()mls] = L g mkupd AL () mls]

Since by proposition 7 (A1)*(7, m) = True and (A1)*(i, s 41 (ii)) = False, we obtain
mkupd A (@) m Ik, L

Therefore, by proposition 13
L agmymkupd A* (1) m I A(77)

and we obtain the thesis by saturation (proposition 12).
m F = Jy"A. Suppose F*(7i) = True. We have to show that

Tayua () = (Pa(71), Ta(R)[®4(7) /y]) IFs Ty AR
Thus if we let
10T ayna(7)[s] = sa(7)) =m
we have to show that
T Zayna (1) I A(7,m)
By definition 6 of F*(),
Xal[s](7, sa (1)) = True
Therefore, by induction hypothesis
Tp(ri,m) kg A(7i, m)
But
T Taya(71)[s] = Ta(70)[P () /y][s] = Ta(i,m)[s]

Thus, by saturation (proposition 12), we obtain the thesis.
We now prove (2). Suppose F'*(fl) = False and & llb; F(77). We have to show that

Fr()E =&« Tpo () Ik, L

By proposition 7, (F+)*(ii) = True. By (1), Tp. (i) lIFs F(i7). Therefore, by proposition
14, & * FTpo (7)) Ik, L.
<
The most remarkable feature of our realizability semantics is the existence of a realizer
for any instance of EM, even if our language contains the positive symbols V, 3 which have
to be realized according to the Kreisel-style clauses of our definition of realizability.
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B Proposition 16 (Realizer E4 of EM). Let A(%) be any arithmetical formula. Define
Ea:=AT" (x4, Fa,84)

Then E o IF VZY. A(Z) V —A(T).

Proof. Let 77 be any sequence of numerals and s any state. We have to show that
Eani = (xa (i), Ta(n), Fa()) IFs A() V —A(R)

We have two cases:
1. xa(i)[s] = True. Then, by definition 6, A*(77) = True and thus by proposition 15,
T A(7) Ik A(7) which is the thesis.

2. xa(7)[s] = False. Then, by definition 6, A®*(7) = False and thus by proposition 15,
Fa() ks = A(7i) which is the thesis.

~—

<

We observe that the excluded middle can very well be defined as VZ". A(Z) v AL(Z). In
the case of X9 -formulas, one would get a simplified realizer of the form AZY. (x4, T4, T 1),
which does not use the game operator x contained in §4. In the case of X{-formulas, one
recovers as a special case exactly the realizer of [1], where Interactive realizability was first
defined for HA + EM; + SK;. We also conjecture that all the arithmetical formulas which
are true in the standard model are realizable, when realizers are allowed to range among all
lambda terms (as in [5]).
We now show how to realize the Skolem axiom scheme SK.

B Proposition 17 (Realizer Sy of SK). Let A(Z,y) be any arithmetical formula and  the
Skolem function constant associated to A. Define

Sa = AZNZPV AL xg,04 then TA[(T)/y] else Laz o) (Fayaz)
Then Sa - VZY. FYPNA(Z, y) — A(Z, d(T)).

Proof. Let s be any state, i a sequence of numerals and suppose ¢ lIF; IYNA(7,y). We
have to show that Sa7it IFs A(7, ®(7)). Let m = s4(7). By saturation (proposition 12), it
suffices to prove that Sa7it[s] lIFs A(77,m). There are two cases:

1. A®(f,m) = True. Then, since by definition 6

Xayra(7)[s] = xa[®(Z)/y][7/Z][s] = xa(7i,m) = A*(7i,m)
we obtain by proposition 15
Safit[s] = Ta(ri, m)[s] IFs A7, m)

which is the thesis.
2. A%(ii,m) = False. Then, (3y"A)°(7) = False. Therefore, by proposition 15

Ta(id) kg =3y A7, y)
and thus §4 ()t lIF; L. We conclude by proposition 13 that
Samit][s] = J;A(fﬁq)(f))%A(ﬁ)t -5 A(Z, ®(Z))

which is the thesis.
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3.5 Curry-Howard Correspondence for HA“ + EM + SK

In figure 2, we define a standard natural deduction system for HA” + EM + SK (see [19], for
example) together with a term assignment in the spirit of Curry-Howard correspondence for
classical logic.

Contexts With I' we denote contexts of the form x1 : A1,...,z, : An, with z1,..., 2, proof variables
and Aj,..., Ay, formulas of Lojass-

Axioms T, z:Arzl4l:A

Coni i 'ku:A T'Ht:B I'tu:AANB I'u:AANB
omunction = AN B TF mou: A TFmu:B
Subtraction F'tu:A T'Ht:B* 'Fu:A\B 'Fu:A\B
TF (u,t): ANB I'Fmou: A Lk mu: BT
Implicati ''ru:A—B T'Ht: A Nex:AFwu:B
mpfication TFut:B TFxlu: A B
'Fu:A 'Fu:A

Disjunction Intro. I b (True, u, d‘B|> :AV B '+ (False,dlA‘,u) :AV B

'ru:AvB To:Atw :C T)z:BFwy:C
I Fif pou then (Az!Mwi)(pru) else (Az!Plws)(p2u) : C

Disjunction Elim.

'Fu:Va™A 'Fu:A
Thut: Aft/a"] TFXM u:Va™A

Universal Quantification
where t is a term of Lciass and o does not occur free in any formula B occurring in T'.

DhHuwu: Alt/aT] F'tu:3a”™ A T,2:AFt:C
TF(t,u):da A T F a2z ) (mou) (miu) : C

Existential Quantification
where " is not free in C' nor in any formula B occurring in I'.

T'Fu:A0) TFov:Va . Ala) = A(S(a))
T F Aa"Ruva : Vo' A

Induction

F'Fui:AiThus: Ay - T'hun : Ap

T'FuiUusU---Uu,y, : A
where n > 0 and A;, As,...,Ap, A are atomic formulas of Lciass, and the rule is a Post rule for
equality, for a Peano axiom or for a classical propositional tautology or for booleans.

Post Rules

Post Rules with no Premises TI'Fo: A
where A is an atomic formula of Lciass and an axiom of equality or a classical propositional tautology.

EM TFE4:Va". A@@) V —A(@)

SK TFS,: V2" AT, y) — A, 1)

Figure 2 Term Assignement Rules for HA® 4+ EM + SK

We replace purely universal axioms (i.e., I1{-axioms) with Post rules, which are inferences
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of the form

'FAITHFA, --- THA,

'HA
where Aq,...,A,, A are atomic formulas of L. such that for every substitution ¢ =
[t1/21,...,tx/xk] of closed terms tq,...,t; of T and state s, Ajo[s] = ... = A,0[s] = True

implies Ao[s] = True. Let now eq : N? — Bool be a term of Godel’s system T representing
equality between natural numbers. Among the Post rules, we have the Peano axioms and
axioms of equality

I'teqS(z)S(y) TI'Feq0S(x) I'teqzy 'Feqyz T FHA@) TFeqry
I'Feqxy 'L I'Feqxx I'tequrz ' A(y)

and for every Ay, Ay such that A; = As is an equation of Godel’s system T (equivalently,
A1, As have the same normal form in T), we have the rule

T'FA
' As

We also have a Post rule

'FAT'HAy -~ THA,
r-A

for every classical propositional tautology A; — ... — A, — A, where for i = 1,...,n,
A;, A are atomic formulas obtained as combination of other atomic formulas by the Godel’s
system T boolean connectives. As title of example, we have the rules

Tk L I'-B T+ A Agoor B
TFPpP TF A =g B TFA

Finally, we have a rule of case reasoning for booleans. For any atomic formula P and any
formula A[P] we have:

'+ A[True] T'F A[False]
'+ A[P]

The connectives Vpoo1 and V have the same meaning but they are syntactically different: for
every atomic formula P, we consider P Vpoo1 —Boo1” an atomic formula and PV —peo1 P a
compound formula. P Vgee1 —Boo1 P is an axiom, while may derive HA® = PV —g,,1 P by case
reasoning.

Assume uq, ..., u, are realizers of the assumptions of a Post rule. Then a realizer of the
conclusion of a Post rule is of the form v = uq U --- W u,. In this case, we have n different
realizers, whose learning capabilities are put together through a sort of union. In order to
prove that u realizes A, assume that u[s] = @, then u1[s] = ... = u,[s] = &, i.e. all u; “have
nothing to learn”. In that case, each u; must guarantee A; to be true, and therefore the
conclusion of the Post rule is true, because true premises Ay, ..., A, spell a true conclusion
A. Thus, u realizes A.

If T is any type of T, we denote with d” a dummy term of type T, defined by d" = 0,
d®°! = False, d’ = @, dA78 = \24.dP (with z# any variable of type A), d**B = (d4,dP).

We now prove our main theorem, that every theorem of HA* + EM + SK is realizable.

19



20

Interactive Realizability for Classical Peano Arithmetic with Skolem Axioms

B Theorem 18 (Adequacy Theorem). Suppose that '+ w : A in the system HA® + EM + SK,
with ' =21 : Ay, ...,y : Ay, and that the free variables of the formulas occurring in T' and
A are among a1 : T1,...,qp : 7. For all states s and for all closed terms ry : T, ..., 7% : Tk

of system T, if there are terms ty,...,t, such that

then w(t1/x]

fori=1,....n, t; ks A;[r1/aq - i /o)

[Ax] n

n/xn ! rifoq o] kg Alryfoaq -+ /o]

Proof. Notation: for any term v and formula B, we denote

[tl/x‘Al . --tn/xllA"l rifoq /o]

with v and

Blri/ay -1 /o]

with B. We have |B| = | B| for all formulas B. We denote with = the provable equality in
Térmes We proceed by induction on w. Consider the last rule in the derivation of I' - w : A:

1.

If it is the rule for variables, then for some 7, w = xLAi‘ and A=A;. Sow=t, llF, A, = A.

If it is the AI rule, then w = (u,t), A= BAC, T+ u: Band ' t: C. Therefore,
W = (4, 1). By induction hypothesis, 70w = % lIFs B and 7@ = I, C; so, by definition,
wlk, BAC = A.

If it is a AE rule, say left, then w = mou and '+ u : AA B. So w = mou -, A, because
ullFs A A B by induction hypothesis.

If it is the ~ [ rule, then w = (u,t), A= B~C,TFu:Band T F t:_CL. Therefore,
W = (u,1). By induction hypothesis, mow = -, B and m®@ =  lIFy C+; so, by defini-
tion, wllFy BNC = A

If it is a ~ F rule, say right, then w = mu and ' F u : BN A. So w = ma |k ﬁ,
because 7 lIF; B~ A by induction hypothesis.

If it is the — E rule, then w = ut, TFu: B — Aand 't : B. Sow = ut ll-, A, for
@y B — A and 7 I, B by induction hypothesis.

If it is the — I rule, then w = \z!Bluy, A= B — C and I',z : B+ u : C. Suppose now
that t lIF, B; we have to prove that wt -, C. By induction hypothesis on u, @ lI-, C.
By trivial equalities

tfs] = (alBlupfta 23]t o) 1y fon e Janltls]
el Bluytlty fziM -t fal Al vy Jan g ] [s]
= ult/alPta foy™ bl v fon o[

= u[s]

Then by [s] = wt[s] and saturation (prop. 12), wt lIF, C.
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8.

10.

11.

12.

13.

If it is a VI rule, say left (the other case is symmetric), then w = (True,u, d/°!), A = BvC
and T+ u : B. So, @ = (True,@,d!®!) and hence 7yw|s] = True. We indeed verify that
7 lIFs B with the help of induction hypothesis.

If it is a VFE rule, then

|Bl

w = if pou then (Az!Plwy)(pru) else (Az!Clwy)(paou)

and'Fu:BVC, I'z:BFrw :D, Ty:Crwy:D, A= D.
Assume pot[s] = True. By inductive hypothesis @ -, B vV C. Therefore, p17 lIFs B.
Hence

(Az'B‘wl)plﬂ[tl/zllAll .. 'tn/zLA"‘ rifag - /ag[s]
= wilpr/al [ty /2l et fall e fan o)
= wl[plﬂ/x‘Bl tl/xllAll . -tn/x‘nA"‘ ri/oq g/ ag[s]

= wilpru/z'P[s]

w[s]

By induction hypothesis, wy[pi/z!P!] I, D. Thus, by wy[piu/z!P!] = W[s] and satura-

tion (prop. 12), also w ll-¢ D.
Symmetrically, if pot[s] = False, we obtain again w ll-; D.

If it is the VE rule, then w = ut, A = B[t/a"] and T F w : Va"B. So, w = ut. Let
v = {[s]. By inductive hypothesis % ll-; YaB and so wv -5 B[v/a™]. Since ut[s] = uvl[s],
by saturation (prop. 12), we conclude that ut -, B[t/a7].

If it is the VI rule, then w = Aa"u, A =Va"B and I' - u : B (with o™ not occurring free
in the formulas of T'). So, W = A\a™w, since a # v, ..., ax. Let ¢ : 7 be a closed term of
T ; by saturation (prop. 12), it is enough to prove that wt = u[t/a"] ll-s B[t/a"], which
amounts to show that the induction hypothesis can be applied to u. For this purpose,
we observe that, since a # aq, ..., a, for i = 1,...,n we have

tillks A; = Ajft/a”]

If it is the JE rule, then
w = (A" Mz!Blt) (mou) (mu)

Dx:BhFt:Aand T'F u: 3a™.B. Assume v = mou[s]. Then
tv/a” mu/z'Bl] Ik, Alv/a™] = A

by inductive hypothesis, whose application being justified by the fact, also by induction,
that @ -y 3".B and hence m% lIF, B[v/a”]. We thus obtain by @[s] = f[mu/a” ma/x!Pl][s]
and saturation (prop. 12) that

Wi, A

If it is the 37 rule, then w = (t,u), A = 3a"B, I' - u : B[t/a™]. So, w = (t,u); and,

indeed, m®@ = U lIFy B[mow/a"] = B[t/a"] since by induction hypothesis 7 -, B[t/a™].
By saturation we conclude the thesis.
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14. 1If it is the induction rule, then w = Aa"Ruva, A = Va'"B, '+ u : B(0) and T - v :
Va'.B(a) — B(S(a)). So, W = Aa*Ruva. We have to prove that wu -, B[n/a] for
all closed normal form of type N. Let n = wu[s] be the normal form of u[s]: then n is a
numeral by the Lemma 2. A plain induction on n shows that

wn = Raon -, Bln/a]

for w lIFs B(0) and wi ll-; B(i) — B(S(4)) for all numerals i by induction hypothesis. If
we set i = n, the thesis follows by saturation and wuls] = wnls].

15. Ifit is a Post rule, then w = vy Uus V- - - Wu, and '+ u; : A;. So, w =u Uus U- - - Ua,.
First, suppose that, for i = 1,...,n, u[s] = U; and w[s] = U. By induction hypo-

thesis, domg(U;) Ndom(s) = @, and thus also domg(U) N dom(s) = (. Suppose now
that U = @; then we have to prove that A[s] = True. It suffices to prove that
Ai[s] = Ag[s] = -+ = A,[s] = True. We have U; = --- = U,, = @ and by induc-
tion hypothesis A;[s] = --- = A,[s] = True, since u; lIF; A;, fori =1,..., n.

16. If it is the excluded middle axiom EM, then w realizes EM by proposition 16.

17. If it is the Skolem axiom SK, then w realizes SK by proposition 17.

As corollary of the Adequacy theorem 18, we obtain the main theorem.

B Theorem 19. If A is a closed formula such that HA® + EM + SK ¢ : A, then tIIF A.

4 Witness Extraction with Interactive Realizability

In this section, we turn our attention to the witness extraction problem for II3-formulas.
Given a realizer t lIF Vz¥3y" Pry, where P is an atomic recursive predicate, one is asked to
extract from ¢ a non-trivial program taking as input a numeral n and yielding as output a
witness for the formula Jy" Pny (that is, a numeral m such that Pnm = True). In the case
of Interactive realizability, the problem of computing that witness can be reduced to finding
a “zero” for a suitable term u of type U, that is a state s such that u[s] = @. Indeed, given
any numeral n and state s, the following implications hold:

t IF Va3 Py

—

t Ik, Va"3Iy" Pay

—

tn Iy 3y"Pny

—

mo(tn)[s] = m Ami(tn) lIFs Pnm
—

mi(tn)[s] = @ = Pnm = True

Therefore, if s is a zero of 7 (tn), then 7y (tn) is equal in the state s to some witness m of the
formula Jy" Pny. Intuitively, a zero for 71 (tn) represents a sufficient amount of information
to compute the required witness. Indeed, a zero for 7 (tn) always exists, because 1 (tn)
represents an update procedure (see [2, 8] for investigations of the concept).
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B Definition 20 (Avigad's Finite Update Procedures). A k + 1l-ary typed update procedure
k€ Nisaterm U: (N — N)* — U of T such that the following holds:
1. for all sequences f = fy,..., fx of closed type-N — N terms of T

Uf 42 — Uf={inm)}A0<i<k

2. for all sequences f = fo,..., fr and g = go, ..., gr of closed type-N — N terms of 7 and
for all 0 <1 <k, if
= Uf={(i,n,m)}
- fora11j<i, fj:gj
= gi(n)=m

then: Ug = {(i,h,1)} = h#n.

If U is a k 4+ 1-ary update procedure, a zero for U is a sequence f = fo,..., fi of closed
type-N — N terms of 7 such that Uf = @.

Condition (2) describes learning by levels. If U is a k-ary update procedure and f is a
sequence of terms approximating the Skolem functions ®, ..., ®; (and we assume i < j,
implies lev(®;) < lev(®;)), there are two possibilities: either f is a fine approximation and
then Uf = 0; or f is not and then Uf = {(i,n,m)}, for some numerals n, m: U says the
term f; should be updated as to output m on input n. Moreover, if Uf = (i,n,m), one in
a sense has learned at level ¢ that ®;(n) = m on grounds of the values of f;, for j < i: by
definition of update procedure, if g is a function sequence agreeing with f in its first ¢ — 1
elements, g; is another candidate approximation of ®; and g¢;(n) = m, then Ug does not

represent a request to modify the value of g; at point n, for Ug = {(i, h,1)} implies h # n.

Condition (2) indicates that the information ®;(n) = m should be preserved, unless some
information in the lower levels changes.

For technical convenience we now add to 7 (and thus to system 7¢y...), a constant
ch : U — U which chooses exactly one element from every non-empty update and maps the
empty update to itself. Therefore, we assume to have in 7 conversion rules such that for
every non-empty update U

chg — o chU  {(i,n,m)}, for some (i,n,m) € U

For simplicity, we are going to consider only proof-like terms of T¢i...: a term t is said to be
proof-like if: i) every occurrence in ¢ of the constant mkupd is of the form mkupd,, where

¢ is some numeral, and ®; occurs in ¢; i) no update constant different from & occurs in t.

Indeed, that is the syntactic form of every interactive realizer extracted from some proof in
HA® + EM + SK.

B Proposition 21 (The Update Procedure Associated to an Atomic Realizer). Let @ be an
atomic formula of L., and suppose t - Q, with t proof-like. Let without loss of generality
Py, ..., D the list of all Skolem function constants of t ordered by levels: if i < j, then
lev(®;) < lev(®;). Define

U= M7V AN ch(t[fo/Po . .. fr/Pk])

Then U 1is an update procedure.

Proof. Fix two sequences f = fo,..., fr and g = go, ..., gk of closed type-N — N terms of
T. The property that Uf = {(i,n,m)} implies 0 < ¢ < k is guaranteed by the fact that ¢ is
proof-like: the only update constants that can show up in any reduction of U f are generated
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by some mkupd; with ¢ < k. Assume now Uf = {(i,n,m)}, i <k, for all j < i, f; = g;,
gi(n) = m and Ug = {i, h,l}. We must show that h # n. Let, for simplicity, A(z,y) the
formula associated to ®; and a be the complexity of A (thus, a = lev(®;)). Define

f= X"\ if @ < k then f.(y) else 0

G = A" \y".if 2 <k then g, (y) else 0
Since t lIF @Q and

A A,

ch(t[f]) = Uf = {(i,n,m)} € t[f]

by definition of realizability we obtain Af (n,m) = True and
Al (n, fi(n)) = Af (n, fi(n)) = False

Furthermore, since §;(n) = g;(n) = m and

ch(t[g]) = Ug = {(i,h, 1)} € t[g]

by definition of realizability we obtain A9(h,m) = False. Now, for the sake of contradic-
tion, suppose h = n. Since the constants @, ..., P, are ordered by the complexity of the
associated formula and for all j < i, f; = g;, we have that § = f lev(a). Thus we obtain by
proposition 8

True = Af(n, m) = A9(h,m) = False

a contradiction.
<
From now on, the term U of proposition 21 will be called the (k+1)-ary update procedure
associated to t. There is a standard way to compute a zero for any update procedure and
thus for the correspondent atomic realizer. In order to do that, if f = fo,..., fx is a sequence
of terms of type N — N and U is an update constant, we define a term f @ U which changes
the values of f; according to the triples (i,n,m) € U, where i = min U, leaves f; for j < i
unchanged and changes every f;, with j > i, to be equal to the constant function Az"0.

B Definition 22 (Updates of Functions). For each numeral i, we define a term @; : (N —
N) = U— (N — N) as follows:

@i = A7 A2" if minu > i then fx else if minu = i then (getuix fz) else 0

We shall write t1®;t2 in place of @;t1ts. If f = fo,..., fr is a sequence of terms of type
N — N and u : U, we define fdu := foPou, ..., [rPru.

B Theorem 23 (Zero Theorem). Let Q be an atomic formula of L., suppose t is a proof-
like term such that t IF Q and let U be the (k4 1)-ary update procedure associated to t. Let
s be any state. Define, by induction on n, a sequence {r,}nen of k + 1-ary sequences of
type-N — N terms as follows:

To ‘= S0,-..,Sk
Tnt1 = rn®(Ury,) (see definition 22)

Then, there exists a n such that t[(r,)o/Po ... (rn)k/Pr] = @.
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Proof. The proof that for some n, Ur, = @, is standard (see [2, 8]).
<
Using the results of [3], we are even able to extract a program belonging to system 7.

B Theorem 24 (Program Extraction via Interactive Realizability). Let t be a term of Tg.., and

suppose that t IF Va¥Iy™ Pxy, with P : N — 7 — Bool closed term of system T . Then:

1. From t one can effectively define a recursive function [ such that for every numeral n,
f(n) : 7 is a term of system T such that Pn(f(n)) = True.

2. f can be represented in system T .

Proof. 1. Let
v = Am" 7 (tm)
v is of type N — U. Since for every numeral n
vn |l Pnmg(tn)

by the zero theorem 23, there exists a recursive function zero from the set of numerals
to the set of states such that vn[zero(n)] = & for every numeral n. Define the function

f = w— mo(tw)[zero(w)]

and fix a numeral n. By unfolding the definition of realizability with respect to zero(n),
we have that

tn I perony Iy Py
and hence

71(67) Faerotm) P ()
that is to say

vnzero(n)] = & = Pn(f(n)) = True
and therefore

Pn(f(n)) = True

which is the thesis.

2. The result is proven in Aschieri [3]. In particular, it follows from the fact that one can
compute in system T a zero for every update procedure and therefore for every atomic
realizer. Thus the function zero can be represented in 7. In [6] there is a more efficient
algorithm, based on the technique of constructive forcing.

<

Remark 1. The function f described in theorem 24, point 1, reduces the problem of
finding a witness to the formula 3™ Pnz to the problem of computing a zero of the atomic
realizer

vn = m(tn)
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This latter problem is solved by f by considering the update procedure U associated to vn
and computing the sequence

To ‘= S0,-.-,Sk
Tog1 :=1n @ U(ry)

until a m is found such that U(r,,) = &. The translation of f in a term of system T,
which exists by theorem 24, point 2, yields the very same algorithm. The crucial fact is that
the number n can be computed directly in system 7 and thus the iteration that allows to
compute 7, can be expressed by the primitive recursor of 7. For details see [3].

Remark 2. We observe that our algorithm for witness extraction is not at all the last
word on the topic, for it is not particularly optimized for real-world execution. However,
thanks to our realizability interpretation, we have now achieved a sharp understanding
and control of the learning process which is implicit in every computational interpretation
of classical logic. This is crucial: the inefficiency of the algorithms extracted from classical
proofs is usually due to their inability to backtrack without forgetting important information
that they have acquired during the computation. It is already evident that dramatically
more efficient algorithm are possible, by managing in a more sophisticated way the update
of the states. For example, multiple updates of the states can be allowed at one time and
in the proof of the Zero theorem one does not need to “set to zero” every approximation
corresponding to a Skolem function of higher level of the first level which is corrected by an
update. For reasons of space, we leave these important optimizations to future work.
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