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Abstract

We prove global existence in time of solutions to relaxed conservative cross diffusion systems
governed by nonlinear operators of the form w; — dyu; — A(a;(@)u;) where the u;, i = 1,...,1
represent I density-functions, @ is a spatially regularized form of (uy,...,u;) and the nonlinearities
a; are merely assumed to be continuous and bounded from below. Existence of global weak solutions
is obtained in any space dimension. Solutions are proved to be regular and unique when the a; are
locally Lipschitz continuous.

1 Introduction

Introduced by Shigesada et al. [28], cross diffusion models try to represent the effect of the interaction
between species through motion, and not only as usual through reaction. These models have been
studied by Levin [18], Levin and Segel [17], Okubo [26], Mimura and Murray [23], Mimura and
Kawasaki [22], Mimura and Yamaguti [24], Andreianov et al. [1], Bendahmane and Langlais [2] and
many other authors: a survey by A. Jingel may be found in [12] for applications to population
dynamics. In those references, a general system is the following:

orug — A[ul(dl + dlluﬁj + dlgug)] = Tl(ul,u2),
Opug — Alug(da + doyul] + dogub)] = ro(uz,usg), (1)
Onlur(dy + dinul] + di2ub)] = Opfua(de + dagul] + dogub)] = 0.

For the system (1) with p = 1 and Lotka-Volterra-type reaction, there exists a wide literature, studying
specific cases of the system where an additional structure keeps it parabolic or with cross diffusion
pressure only on one of the species (see e.g. Wang [29] and the many references therein, especially
in the introduction). To our knowledge, the most general result on global weak solutions might be
found in Chen and Jiingel [7] where the entropy structure of the model is used. For existence of
classical solutions the reader might consult [29, 19] by Wang and Li-Zhao for instance. In population
dynamics, one of the most interesting features of cross diffusion is its effect on steady states: cross
diffusion pressure might help the appearance of nonconstant steady states when the reaction structure
does not drive to segregation (see Iida-Mimura-Ninomyia [11] for instance). However, in these cases,



the pattern formation relies on the reaction term (for instance, the convergence to homogeneous steady
states in absence of reaction is proved in [7]).

In [3], [15], the first author and collaborators introduced a relaxation of conservative cross diffusion
systems, replacing

Opu; — Alai(u)u;] = 0, on (0,4+00) x Q, © C RV, bounded,
U = (ul,... ,’LL[),
Onla;(w)u;] = 0 on (0,+00) x 9Q, u(0,-) = u® given,

where a; : [0,00)! — [0,00), by the following relaxed model:

Orui — Ala;(@)u;] = 0, on (0,+00) x €,

u = (ul,...w), (2)
; — 0;Al; = u;, on (O, +OO) x €, 6; > 0,

Onui = D1y = 0 on (0,+00) x Q,  u(0,-) = u given.

This model was introduced in order to investigate the effect of non classical cross diffusion pressure
on the segregative behavior (and a;(-) is often truly nonlinear). One of the purposes was to drive
spatial segregation only through motion. Its effects on the stability of the homogeneous equilibria is
investigated in [15, 3, 16]. This relaxed version is also relevant in some applications: it takes into ac-
count that the intensity of the underlying Brownian motion depends on the density of the population
measured with a space scale §; and not exactly at the exact location z. It takes therefore into account
the fact that a species can react to the presence of another species in a neighborhood.

Models with nonlocal diffusion coefficients can be seen also in [4] (where the self-diffusion coefficients
depend on the total population). Nonlocal reaction terms can also be considered ([5, 8, 25] for in-
stance), but the goal of our model is more to create patterns only through motion.

A first well-posedness result for the relaxed model was derived in [15], [3] in dimension N = 1,2
and with some restrictions on the structure of the nonlinearities a; (basically, the a; are C? and have
at most a polynomial growth in ). In this paper, we prove existence of solutions for this system
i any dimension and for gemeral monlinearities a;, which are only assumed to be continuous and
bounded from below. Weak solutions are obtained in general and they are proved to be strong and
unique as soon as the a; are locally Lipschitz continuous. Some L2-estimates are exploited in the
spirit of [27] to prove existence of weak solutions. A main point is that @ is uniformly bounded in
any dimension for these weak solutions. Next, one has to deal with parabolic operators of the form
u; — Opu; — A (a;(@)u;): they are not of divergence form, but they are uniformly parabolic since a;(u)
is then bounded from above and from below. Using the C'*-theory for the duals of these operators,
namely U; — 0,U;—a; () AU, in the spirit of Krylov-Safonov [13], [10] (see also the book by Lieberman
[20]), we prove that @ is even Holder-continuous. This provides continuous coefficients a;(@) for the
above operators, and then, LP-estimates classically follow for the solution. When the a; are locally
Lipschitz continuous, even Opu;, A (a;(@)u;) are proved to be in LP so that the solution is strong:
moreover, weak solutions are then proved to be unique.

Let us fix the notations and state the main result. We assume that Q C RY is a bounded subset
with a C?-boundary. The exterior normal derivative operator on 92 is denoted by 8,,. For all T > 0,
we denote Qr = (0,7) x Q, %7 = (0,T) x 9. For a € (0, 1], we denote

C(Qr) = {v € L®(Qr); |[v]|%) < 400 },



(o) |’U(t,3§‘) — ’U(S,y)| }
v = ||v|| 00 —i—sup{ =, (t,x),(s,y) € Qr ¢ .
ol = 1ol (@r) s+ o —gP|® (t,2), (s,y) € Qr

We will at least assume that

Vi=1,...1, a;:[0,00)] = [0,00) is continuous and : [inf " ai(r) >d > 0. (3)
rel0,00

And we are given ¢; € (0,00),Vi =1,...1.
0

Theorem 1.1 Assume (3) and u® = (u9,...,ul) € L°°(,[0,00))!. Then, there exists a nonnegative
solution w = (uq,...,us) to the following problem:

(VT € (0,00),Vi=1,....,1, Vp € [1,00),

u; € LP(Qr); 4; € C*(Qr) N LP (0,T; W*P(Q)) for some a € (0,1],

[y ai(@)yu; € L (0,T; W2P(Q)),

wi(t) — A[fot ai(@)u;] = ud in Qr, (4)
ﬂi — 5ZAZ~LZ = Uy m QT

8n (f(f ai(ﬂ)ui> =0= an’LNLZ' on ET.

If moreover

Vi=1,...1, a; : [0,00)] = [0,00) is locally Lipschitz continuous (5)

then, Vi =1,...,1, VT > 0,Vp € [1,00),
u; € LOO(QT),VT S (O,T),atui,A(ai(ﬁ)ui) S Lp((T, T) X Q)

and Oyu; — A(a;(@)u;) = 0,0, (a;(@)u;) = 0 in a pointwise sense. Finally, under assumption (5),
solutions of (4) are unique.

The paper is organized as follows.
Section 2 first assumes that the nonlinearities a; are also bounded from above. We prove existence of a
weak solution to the system (4) by a standard Leray-Schauder fixed-point argument. The underlying
space is an adequate subspace of L?(Q7) and the required compactness follows essentially from Lemma
2.3.
Section 3 is devoted to the proof of the L>-estimate on @. Then, the assumption of the bound from
above on the a; may be dropped.
Section 4 exploits this L*°-estimate to prove that the weak solution is actually rather regular, and
existence as stated in Theorem 1.1 follows. The C'%-theory for nondivergential parabolic operators is
used there. An alternative more elementary proof of the regularity is also given when monotonicity
properties hold for the a; together with locally Lipschitz continuity.
The uniqueness stated in Theorem 1.1 is proved in Section 5. It is based on solving an original dual
problem, interesting for itself.
A short Section 6 indicates without proof a complementary approach which provides a constructive and
alternative way of proving existence of a solution and which may be used to compute it numerically.



2 Global existence when q; is bounded

In this section, we first prove existence of weak-solutions of (4) on a given interval [0, 7] when, besides
(3), the nonlinearities a; also satisfy

3d >0, Vi=1,...1, sup a;(r)<d. (6)

Proposition 2.1 Let T > 0. Assume (3), (6) and Vi = 1,...,I,u) € L?(;]0,00)). Then, there exists
a nonnegative solution uw = (uy,...,us) to the system

Vi=1,..1,

u; € L2 (Qr), fg a; () u, € L?(0,T; H*(Q)),

u; € L? (O,T H?(Q) ) i — 0;Al; = u; on Qr, ; >0 (7)
t

ui — A( [y ai(@)u;) = z nQT7

Onti; =0 = Oy fo a;(@)u;) on Xp.

To prove Proposition 2.1, we will use the classical Leray-Schauder’s approach, namely (see e.g. [9],
Theorem 11.3)

Lemma 2.2 (Leray-Schauder) Let (X,| - ||x) be a Banach space and T : X — X a continuous
compact mapping. Suppose that

dM >0, Vo e[0,1], [ue X, u=ocTu] = [|ullx <M].
Then, there exists u € X such that u = T u.

To define the mapping 7, we will use the following lemma.

Lemma 2.3 Let T > 0, wg € L?(£;]0,+00)), A € L>(Q7), a, @ € (0,00) such that 0 < a < A <
a < +o0o. Then there exists a unique nonnegative solution w = w(A,wg) to

w € L*(Qr), [y Aw e L*(0,T; H?(Q)),
w— A (fo Aw> =wgy on Qr, O, (fo Aw) =0 on Xr.

Moreover, if
A" € L®(Qr), 0<a < A" <a < oo, A" = Aa.e., w§ — wp in L*(Q),
then w(A™, w) converges strongly in L*(Qr) to w(A,wy).

Proof of Lemma 2.3: Using convolution, we approximate A by a sequence of smooth functions
(A™)pen € C°°(Qr) such that a < A" <@ and A" — A a.e.. Let also w§ be a regular approximation
of wg. There exists a classical regular nonnegative solution w™ of (see e.g. [14], Theorem V.7.4, applied
to the unknown A"w")

Jw" — A(A"w"™) =0 on Qr, Op(A"w") =0 on Xp,w"(0,-) = wy. (9)



Integrating (9) in time gives

t t
w"(t) — A </0 A”w”> = wqy on Qr, Oy, (/0 A”w”> =0on Xp. (10)

We multiply by A"w" and use the following identity, valid for z" = A™w":

t t 1 t
—/ z"A/ z":/Vz”V/ z":/ —8t|V/ 22 (11)
QO 0 0 0 02 0

We obtain the following estimate after integration in time

1 T
/ A“(w”)2+/ —|v/ A"w"|2:/ Wl Am, (12)
Qr a2 Jo Qr

In particular

of W <avT ([ ) - ( | (W) P e gy < VT, (13)

Now, up to a subsequence, w™ converges weakly in L?(Qr) to some w. By the pointwise and
uniformly bounded convergence of A" to A, for all ¢ € L*(Qr), A" converges strongly in L?(Q7) to
1A (using the dominated convergence theorem). Thus, fQT YA w" converges to fQT 1 Aw. In other

words, 2" = A"w" also converges weakly in L?(Qr) to z = Aw.

By (10), A fot 2" is bounded in L?(Qr); since fg 2" is bounded in L?(Q7) as well, this implies that
fg 2" is bounded in L?(0,T; H?(£2)). We now may pass to the weak limit in (10) to deduce that w is
solution of (8).

For the uniqueness, let w be the difference of two solutions of (8) (then w(0) = 0). We denote
S(t) = fg Aw. Formally, the idea is to multiply the equation w — AS = 0 by S’ = Aw. Then, after
integration

Aw = [ sas= —/ VSIS = —/ Lagvs? = —/ Lvsmp <o.
Qr Qr T T 2 02

Whence w = 0 since A > 0.
Since we do not know whether V.S” € L?(Q7), we have to justify this computation in an approximate
way. For h € (0,T), let us denote

Vhe (0,T), Sp(t) = SEHSW — L 0 ) (s)ds. (14)

Note that
Sp € L?(0,T — h; H*()) , [|Sh — Awll12(gp_,) = 0 as h — 0. (15)

We have
Vt e [0,T —h), w(t+ h)+w(t) — A[S(t)+ S(t+h)] =0.

We multiply by S, (t) and integrate over €2 to obtain
/[w(t +h) + w(®)]Sh(t) = —/ VSu(t)[VS(t + h) + VS()] = —/ % [VS(t+ )2 — [VS(D)?).
Q Q Q
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After integration on [0,7 — h] and an easy change of variable, we have:

1 1 1
/ [w(-+h)+w]Sh:——/ |v5|2+—/ VS|? < —/ VSE (16)
Qron h Jw-nm)x0 h Jo,pxa h Jq,

To pass to the limit as h — 0, we use

/Qh VI = /Qh o= /Q N /oh {w(t) /ot(Aw)(J)da} dt < ”A”LOO(QT)h/Qh wdt.

Now, letting h decrease to 0 in (16) and using that S}, — Aw in L? (see(15)), lead to fQT 2w Aw <0,
whence w = 0.
Let us now prove the continuity result. Let us first notice that, for any solution of (8), we have the

identity ,
1
Aw2+/ —yv/ AwP:/ wo Aw. (17)
Qr a2 Jo Qr

This may be justified as we did above for the uniqueness (namely in the case wy = 0) by passing to
the limit in the following identity where S(t) = fg Aw,Sp(t) =[S+ h) — S(t)]/h:

/ (- + h) + w]Sh + VSHVIS(- + h) + S] = 2 / woSh, (18)
Qr—n Qr—n
1 2 1 2
[w(- + h) +w]Sy + + IVS|2 - - IVS|2 =2 woSh. (19)
Qr_n h Jir—nm)xo h Jio,n)x0 Qron

And we pass to the limit as above as h — 0 to obtain (17) (at least a.e.T").
Let w" = w(A",wg). As in the beginning of this proof (see (17), (13)), the relation

T
A" (w”)2+/ 1\V/ A"w"]zz/ wi A" w". (20)
Qr a2 Jo Qr

proves that w" is bounded in L?(Q7). From (10), we deduce that fot Amw™ is bounded in L2(0, T'; H?(2)).
A subsequence of (w”, A fg A”w”) converges weakly in L2(Qr)? to (w, A fot Aw) and w is solution
of the limit problem (8). By uniqueness, the full sequence converges. Since A" — A a.e., vV Amw"
converges also weakly in L?(Qr) to vAw and, by the estimate (20), V fOT A"w™ converges weakly in
L?(9), the limit being necessarily V fOT Aw. In particular

T T
/ Aw? Sliminf/ A™(w™)?, / ]V/ Aw|* < liminf ]V/ At |2 (21)

But, since lim,, fQT wy A"w" = fQT woAw, and since the identity (17) is true for w, it follows from
(20), (17) that equality holds in the two inequalities (21). In particular, the norm of v/ Amw™ in L*(Q7)
converges to the norm of v/Aw; this implies that the L?(Qr)-weak convergence of v Arw" to v Aw is
actually strong. Using again the pointwise convergence of A™, we deduce that w™ converges strongly
in L2(Qr) as well.

O



Remark 2.4 As a consequence of (17), there is a constant C' = C(a, @, ||wol|r2(q)) such that for any
solution w of (8),

Jwll 2,y < VTC. (22)

The next step is the definition of a compact continuous mapping 7 whose fixed points are solutions
of (7). We introduce the Hilbert space

X =Th<i<Xi, Xi = {v € L*(Qr) : 8:(Js,v) € L*(Qr)}, (23)
where the Hilbert norm || - ||; is defined on X; by
[0l1F = 110117200y + 10:(T5:0) 720y

and where J; = (I — §A)~! is the resolvent of the Laplace operator on L?(2) with homogeneous
Neumann boundary conditions, that is

[f € L*(Q), Z = Jsf] < [Z € HX(Q), Z —0AZ = f, 0,Z = 0 on 99)].

Definition 2.5 We fiz u® € L*(Q,[0,00))!. Let v = (v1,...,v7) € X and let @ = (i, ...,0s) be the
solution of (see [6], Proposition 9.24 and Theorem 9.26):

Vi=1,..1, @; € L*(0,T; H*(Q)), @; — 6;Ad; = v; on Qr, Opil; = 0 on Sr.

Next, we define
T:X—XbyT(w):=u=(u1,..,ur),

where u; is the solution w of (8) with A = a;([@]7),wo = u¥; [a]* = ([a1]*, ..., [Gr]T) and [@;]T is the
positive part of u;.

Proposition 2.6 Assume (3), (6) and Vi = 1,....,1,uY € L*(Q;[0,00)). Then the mapping T is
continuous and compact from X into itself.

Proof of Proposition 2.6: First, remark that for v € X, u = T(v) € X. Indeed, since u; is
solution of (8) with A = a;([@]") and wp = uY, we may write

t t
Js,ui = J5, A / Au; + J5u) = / AJs, (Aug) + J5,ul = 0y(Js,us) = AJs, (Au;) € L*(Qr).
0 0

Let v" be a bounded sequence in X. Up to a subsequence, me may assume that v}* converges weakly
to v; in L?(Q7). Then

i — 0;Aw; = v on Qr, 0,0 =0on Xp = o) = O(J5,07).

Thus @' is bounded in L? (0,7 H*(Q)) and yal" = 0;(Js,v}") = Ji,(Opv)") is bounded in L*(Qr). As
"]*. Up to a subsequence again, we

a consequence, u; is relatively compact in L?(Qr), and so is (@]
may assume that they converge strongly in L?(Qr) and a.e. in Qp. By continuity of a;, a;([a"]1)



converges a.e. and 0 < d < a;([a"]") < d < co. By Lemma 2.3, u™ := T (v") converges (up to a
subsequence) strongly in L?(Q7). Moreover

W= A (/Ot a; ([@"T+) uy> L = (Tl = Ads, [(afd) ol

But the Yosida approximation A.Js, is Lipschitz continuous on L?(Qr), and a;([@"]*)u? converges in
L*(Qr). Therefore, 0(Js,ul') converges also in L?(Qr). Finally, this proves that u" converges in X
(at least up to a subsequence), whence the compactness of 7.

For the continuity of 7, let v — v in X as n — oco. If 4" = (a4}, ..., a7}) is the solution of

Vi=1,..,I, a; —6Au; =v; on Qp, du; =0 on X,
then 4 converges in L? (0, T, HQ(Q)) to the solution ; of
u; — 0;At; = v; on Qp, Opti; = 0 on Y.

By definition, v = T (v") = (u7,...,u}) is the solution of
ul € L*(Qr), fo a;([a"M)uf € L? (0,T; HQ(Q))
ul + n ni+\,n (24)
A(fo (IZ )ul) —'LLZ' on QT7 811 (f(] ai ] )’LL)

U; i :OODET.

Using the compactness of T proven above, the sequence (u"),ecn is relatively compact in X. Let
u®™ = lim,_,o u" be a limit point. Up to a subsequence, ﬂ?p converges a.e. to ;. By continuity of
a;, a;([a"]T) = A; := a;([a]T) almost everywhere, and it is uniformly bounded from above and from
below. According to Lemma 2.3, we can pass to the limit as n, — 400 in (24). By the uniqueness
result in Lemma 2.3 with A = A;, we necessarily have v = T (v). The sequence (u"),ecn lies in a
compact set and has a unique possible limit point, so u™ = T (v") — T (v) and T is continuous on X.

O

Proof of Proposition 2.1: Let T' € (0,00) and o € [0,1]. Suppose that u € X is a solution of
u =0T (u). By definition of 7, we have

Vi=1,..,1,u; € L2(QT>7 u; > 0,
i, fo ai(@)u; € L*(0,T; H*(Q)),
ﬂ, — §;At; = uz on QT, Onptt; = 0 on X,
Afoal Jui = oul on Qr,dp foaz @)u;) = 0 on M.

(25)

The initial conditions ou! are uniformly bounded in L?(Q2) for o € [0,1]. Therefore, by the estimate
(22), the function u; remains bounded in L?(Qr), independently of o. We also have 9;(Jsu;) =
AJs, (ai(@)u;), so u is bounded in X independently of . Using Proposition 2.6 and Leray-Schauder’s
Lemma 2.2, we can conclude that 7 has a fixed point, which is a nonnegative solution of (7) (the
nonnegativity of @; is a consequence of u; > 0 and of the maximum principle property of (I — §;A)~!
with homogeneous Neumann boundary conditions, see e.g. [6], Proposition 9.30).

3 L™-estimate of u in Proposition 2.1

A main estimate in the proof of Theorem 1.1 is given in the next proposition.



Proposition 3.1 Assume u° € L>®(Q,[0,+00))! and (3), (6) as in Proposition 2.1. Let us define

VEk>0, G(k) =max{ sup a;(r)}.
v orel0,k)!

Then, for any solution u, 4 of Proposition 2.1, we have

o {aallmion +1 [ @ullimin | < Mo+ 307Gk,
where Mo, My and ko depend only on u°,§ := min; 6;, 0 := max; 6;.
The proof of Proposition 3.1 uses the following classical lemma.
Lemma 3.2 Let f € L>™(Q) and let w satisfy
we HX(Q), w>0, —Aw< f onQ, d,w =0 on Q.

Then there exists C = C(Q2) such that

|mmﬂm§c(wmﬂm+4w)

(26)

(28)

Proof: First, we rewrite the equation as w — Aw < f+w. Let us fix p € (N/2,00). Using w > 0, the
comparison principle and elliptic regularity theory, we know (see e.g. [9], Theorem 8.15) the existence

of C = C(£,p) such that

lollze < C(1f +wlie) < C (1 Flle + lwlz0)
30@mm+mwﬁmﬂﬁwwﬁ,

<C (HfHLp + g||lw||p~ + c(s)/ w> (Young’s inequality)
Q

and we conclude choosing € small enough.

|

Remark 3.3 Obviously, the conclusion of Lemma 3.2 would be the same when assuming only f €

LP(Q),p > N/2.

Proof of Proposition 3.1: We rewrite the equations in w;, @; of Proposition 2.1 as

t t
ﬂi - A <5ZZ~LZ + / al(&)ul> = u?, ’LNLZ' — Awi = u?, w; = 52222 + / ai(ﬂ)ui.
0 0

We sum up the equations (29), denoting U = >, @;, W = >, w; :

U—AW=U"=> u.

Next, we apply Lemma 3.2 with w = W (t),a.e.t, f = U% (note that —AW (¢) < UY). It gives

et W@l < C (1000 + [ WD)

9

(31)



By nonnegativity of 4;, a;(@)u;, we also have (see the definitions of W,w;): Vi =1,...,I, a.e.t € [0,T):

t
Gilli (8) ]| Lo () H/O ai(@)uil Lo () < W (@) Lo (0)-

Then, to end the proof of Proposition 3.1, it is sufficient to prove the following lemma.

Lemma 3.4
a.et €0,7], / W(t) < Co + CYTG ko),
Q

where Cy,C1, ko depend only on u°,5,8 and G is defined in (26).

Proof of Lemma 3.4: By integrating the equations on w; and #; in Proposition 2.1, we get:

>0, /Qui(t) :/Qﬂi(t) :/ng.

(32)

Recall that @, w; € L*(0,T; H*(Q)), a;(@)u; € L*(Qr). We also have dyii; = AJs, (a;()w;) € L*(Qr)

From (29), we may write with dyw; = 6;0;1; + a;(@)u; € L*(Qr)

&gwi — 52A(8th) = ai(ﬂ)ui.

(33)

Differentiating d,w; = 0 with respect to t on 9 leads formally to 0, (0w;) = 0. Let us check that

Oyw; = 6(t) where 6(t) is the unique solution of
0 € L*(0,T; H*()), a.e.t €[0,T), 0(t) — 5;A0(t) = (a;(@)u;)(t), 9,0(t) = 0 on O
Using also a;(@)u; > 0, it will then follow that
Oyw; >0, dyw; € L*(0,T; H*(Q)), [0vwillz2(Qp) < lai(@)uillz2(gq)-

By integration in time of (34), and with O(t) = fg 0(s)ds, we have
t
Ot) — 5;A0(t) = / (a(@)us) (£), 8,60(t) = 0 on DL
0

Comparing with w; — §; Aw; = 5iu? + fg a;(t)u;, Opw; = 0 implies by uniqueness that:
O(t) = w; + (I — §A)~1ud, whence ©'(t) = 0 = w; after differentiating in ¢.

We denote

‘7 = Zélﬂ“ B = Zal(ﬂ)ul
i i
Recall also that .
(7 = Z’LNLZ', W = Zwi,wi = 0;U; —I—/ ai(ﬂ)ui.
, . 0
(2 K]
Summing the I equations in u;, @; as in (30), we have

SV AW <U - AW = U,

10

(34)

(35)



We multiply this equation by ;W =), dyw; = &V + B >0 (see (35)) and we get
_ - 1 _
B 1/ V(0;V + B) + —/ O, |[VW|? < / U%d,V + B).
Q 2 Jo Q

We integrate in time to obtain (we denote V0 := V(0) = W (0))

/QV2(T)—|-/QT 2BV+5/Q|VW(T)|2 < /Q(VO)2+S|VV0|2+23U0(V(T)—V0)+/QT 20U°B. (37)

Since we have by definition B L o N -
SUY = 6U° —5AVY > VO — AV,
we have
/ (V)2 +0VVOP* - 20U0°V0 < - / (V)2 +vVo* < 0
Q Q

So that (37) becomes,

/172(T)+/ 2Bx7+3/ VW (T))? gﬁ/ UOXN/(T)Jr/ 2U°B.
Q QT Q Q QT

We have in particular, with |U°||o = [|U[| (0, and by using (32):

/ BV < 3|0 </ x7°+/ B>,
Qr Q T
Thus, we have for any k > 0

k:/ B <0|U%s /X70+/ B B+/ ~ BJ.
Qrn{V>k} Q QrN{V<k} Qr{V>k}

Note that, {V < k} € N;{@i; < kd~'}. Thanks to the L' estimate (32), we have

/ _ B= B Zai(&)uigT[/ UO] G(kd™),
QTN{V<k} Qr{V<k} ™ Q

where G is defined in (26). Finally choosing k = 26||U°||» in (40), we obtain

/QTO{Vzk} b= <2/Q‘70 +T [/Q UO] GU%)) . ko =28"1(8]|U°| o)

Adding the two last inequalities gives

/ B < Co—l—ClTG(k’(]),
T

where C depends only on u?,d, 4.
To end the proof of Lemma 3.4, we use that W (t) = >, §;4,;(t) + fg B(s)ds so that

vt € [0,77, /QW(t)g/QI?OJr/ B.
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Od
From the L*-estimate of Proposition 3.1, we may now deduce that the problem (4) in Theorem 1.1
has at least a weak solution under the only assumption of continuity of the a;’s.

Corollary 3.5 Assume (3) (only) and Vi =1,....,1,u) € L>=(Q;[0,00)). Then, there exists a nonneg-
ative solution u = (uy,...,ur) to the system

V1T >0,Vi=1,..,1,
ug, ai(@)u; € L? QT fo a; (@ uZEL2 (0,75 H*()),

sz c [® (QT) A L2 (0 T- HQ(Q)) , Uy — 0;At; = u; on Qr, (42)
fo ai(@)u;) = ud on Qr,
aul—O— foal u;) on L.

Proof: Here, a; is assumed to satisfy only (3) (and not (6)). Let T > 0. We introduce My :=
07 [My + MyTG(kg)] where the function G is defined in (26) of Proposition 3.1 and My, My, ko are
defined in (27) of the same proposition. We define

Vr e [0, o], a@i(r) := ai(r),¥r € [0,00)" \ [0, Ma)?,@;(r) = min{a;(r), G(M>)}.
Then, @; is continuous on [0, 00)! and
0<d§ﬁi§G(M2)<OO, a; < aj.

Therefore, we may apply Proposition 2.1 with a; replaced by @;. By Proposition 3.1, the corresponding
u satisfies N
Vi=1,.,1, ||t pooqr) < 07" [Mo+ MiTG(ko)] ,

where G is defined as in (26) with a; replaced by @;. But G(ko) < G(ko), so that
Vi=1,...,1, 0 <u; < Mo, 62(11) = CLZ('&)

Therefore, the solution obtained with the data @; is also solution with the data a;.

This provides a solution of (42) in Corollary 3.5 with the estimate (27), but only on [0,7] and it
may depend on T. To construct a global solution on (0,00), we may argue as follows: let 7}, be an
increasing sequence of times with lim, , . 7, = +00. Let u” be a solution of our problem on the
interval [0,7}] given by the above proof. For k € N, we denote by X* the space X as defined in (23)
with T replaced by T}, and we denote by 7% : X¥ — X* the operator 7 with 7' = T},. For p > k, we
denote uP* := ul[)oka} so that 7% (uP*) = uP*. We will prove that

vk € N, (up,k)ka is relatively compact in X*. (43)

Thus, using a diagonal process, we obtain a sequence p,, — oo as m — oo and some limit u defined
on (0,00) so that, for all k¥ € N, uP™* converges to U, 1,] in X* as m — oo. Then, Ti(uo,1,]) = upo,1]
and u is a global solution of (42).

Let k be fixed in N and let us prove (43). By the L>-estimate (27) in Proposition 3.1,

N 1
Vp =k, 5| Le(@r,) < 5. (Mo + MiTiG (ko)]. (44)

Thus, a;(@P) is uniformly bounded on @7, . This implies by (22) that u” is bounded in L?(Q7;,)! and
so is OyuP since by (35)
0ill Oy | 12(Qq, ) < 2Mlai(@)uf || 2@y, ) < C(k).

Thus, u”* is bounded in X* and, by compactness of 7%, it is relatively compact in X*, whence (43).
O
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4 Proof of existence in Theorem 1.1

Existence of a weak solution to (4) is already proved in Corollary 3.5. It only remains to prove that
this solution is actually as regular as stated in Theorem 1.1. This will mainly be a consequence of the
L*°-estimate on u proved in the previous section, namely

Vi=1,...1, [l re@r) < Co+ CiT, [lai(@)|pe g < C(T),

where C, C1 depend only on the data and C(T) = G(Cp + C1T).
We begin by the following simple estimates.

Prop051t10n 4.1 Let w; = 6;u; + fo a;(@)u; where u,u is solution of (42) in Corollary 3.5. Assume
0e L°(Q,[0,00))!. Then,

VT > 0, Vw; € L®(Q7)N, w;, dyw; € L®(Qr), dw; > 0. (45)

Proof: The fact that w; € L>(Qr) is a consequence of (31) and Lemma 3.4. We recall the two
equations (see (29), (33)):

— Aw; = u , Opw; — ;A (Opw;) = a;(t)u;.

Since w;, Aw; € L®(Qr) and d,w; = 0 on Y7, we deduce that Vw; € L=(Qr)V (at least). We have
already seen that dyw; > 0 comes directly from the second equation and the nonnegativity of a;(@)u;.
Now we rewrite this equation as

(8twi - C(T)’LNLZ) - 5ZA(6{LUZ - C(T)’LNLZ) = (al(&) - C’(T))ul <0.
Together with 0, (0yw; — C(T)u;) = 0 on Lp, this implies

dw; — C(T)u; <0, sothat 0 < dyw; < C(T)[Co + C1T].
O

We will now prove that U;(t,z) := fo a;(u)u;)(s, x)ds is in CO‘(QT) so that, since u; = w; — U;, it
will follow that w; is not only bounded, but Hélder-continuous (at least).

To prove it, we rely on the C“-regularity theory of Krylov-Safonov for the solutions of nondivergence
parabolic equations with bounded coefficients. We actually use them in the rather particular case of
the operator —AA where A is bounded from above and from below. We may state the result we need
as follows:

Lemma 4.2 Let A € C(Q7),9 € L™®(Qr),a,a € (0,00) with 0 < a < A <@ < oco. Let w €
C*1(Qr) N CHY(Qr) solution of

Ow — AAw = gin Qr (46)
Opw =0 on X7, w(0) = 0.
Then, there exists o € (0,1),C > 0 such that
lollf? < € (47)

where o, C' depend only on a,a, T, (gl pe (g, 2-
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Remark 4.3 Note that the L> estimate of w is easy by a comparison argument (valid here thanks to
the a priori regularity of w and of A ): we remark that the function W (¢, x) := t sup g is a supersolution
of the problem (46), so that W > w. Doing the same from below, we obtain

[wllLe(@r) < TNgllLoc(@r)- (48)

Next, we may use the Krylov-Safonov result: the global estimate with homogeneous Neumann bound-
ary conditions as stated above may, for instance, be found in [10], Lemma 2.2 (in a quite more general
setting). We more generally refer to [13], [10], [20] for this kind of results.

We apply this result to prove the regularity of U; = fg a;()u;.
Proposition 4.4 Let T > 0 and u° € L>®(Q,[0,00)). There exists a € (0,1),C > 0 such that
10367 + a6 < .
Proof: Let u, @ be the solution of (42) in Corollary 3.5. Recall that 0 < d < a;(u) < C(T). Since
Lemma 4.2 a priori applies to regular solutions only, we will use a convenient approximation of u. For
this, let A™ be a smooth approximation of a;(%) such that
0<d< A" <C(T), A™ — a;(u)a.e.
Let also v™ be a smooth approximation of ug such that
0<v" < HU?HLOO(Q), v =l in L ().
Let u}' be the solution of
Oui — A(A™u}) =0, dpul =0 on X, ul(0) =0".

Then, after integration in time, we see that U;* = fg A" satisfies

U — A"AU = A™", 9,U" =0on Xp, U*(0) = 0. (49)
By Lemma 4.2, there exists «,C independent of n such that ||UZ"||§FQ) < C. By Lemma 2.3, u}
converges to u; in L?(Qr) which implies that U also converges to U; in L?(Q7). Whence the estimate

of Proposition 4.4 on U;. The estimate on @; = w; — U; follows by combining with Proposition 4.1
which says that w; is even Lipschitz continuous.

|

Now that we know that the coefficient a;(@) is not only bounded but also continuous, we may
continue improving the regularity of w.

Proposition 4.5 Assume u® € L>®(Q,[0,00))!. Then,

Vp € [l,00), VI' >0, Vi=1,...,I, u;,0,U;, AU; € LP(Q7).

14



Proof: We may formally write
OU; — a;i(0)AU; = a;(a)u), 9,U; =0, Us(0) = (50)

Here a;(1) is continuous on Q7 so that, a;() being given, this equation has a unique solution : let us
call it V;. We set v; := 0,V;/a;(@). Then

t t
LAV =l V= / a: (i)vs, On( / ai(@y;) = 0.
0 0

Thus, v; coincides with our u; (and V; coincides with our U;) thanks to the uniqueness result of Lemma
2.3.

Moreover, LP-maximal regularity holds for the equation (50) since a;(@) is continuous (see for in-
stance [14], Theorem 9.1 or [21], Theorem 2.5.2) so that, as a;(@)ul € L=(Qr) C LP(Qr), we have

Vp S (1700)7 ”8tUl”Lp (Qr) 7HAU1”LP(QT S C’

where C' depends on p, ||a2( )u || o0 (@) and on the modulus of continuity of the function a;(a).
Next, from 0 < u; < d~a;(@)u; = d'|0;U;|, we deduce that u; € LP(Qr) as well. And p = 1 is also

included since Q7 is bounded.
O

With Proposition 4.5, the first part of the existence result in Theorem 1.1 is now complete. We will
now assume that a; is locally Lipschitz continuous.

Proposition 4.6 Besides (3), assume a; is locally Lipschitz continuous for all i = 1,...,I. Assume
also u® € L>(€,[0,00))!. Then

Vi=1,.,I, VT >0, u; € L*(Qr), Vp < oo,V7 € (0,T), Oru;, Ala;(w)u;) € LP((1,T) x Q),
and
Oy — A(az(u)uz) =0 on QT7 (az(u)uz) =0on X,

is satisfied pointwise.
Proof: The equation in u; may also be written (at least formally to start):
O(ai(t)u;) — a;(a)A(ai()u;) = wiDa;(w) - Oyt (51)

We know that 6;0:u; + a;(@)u; € L®(Qr) (see Proposition 4.1), and a;(u)u; € LP(Qr), for all p < oo,
so that dyu; € LP(Qr) for all p < oco. The right hand side of this equation F' := w;Da;(a) - Oyt is
therefore in LP(Qr) for all p < oo since also Da;(@) € L>®(Qr)Y (as a; is locally Lipschitz and  is
bounded).

Since a;() is continuous on Qr, we know (see again e.g. [14], Theorem 9.1 or [21], Theorem 2.5.2),
there exists a (unique) solution 6 to

Vp < oo, 0 € C(0,T;LP(Q2)),YT € (0,T),0:0, A0 € LP((1,T) x Q) (52)
010 — a;(W) A0 = F, 9,0 =0 on T, 0(0) = a;(a%)u?,
and we have
1611z @) + 19201 Lo (77 x ) + 1AO] Lo ((r1yx02) < ClIF Loy + 6l (@) (53)
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where C' depends on 7,7, p,Q and of the modulus of continuity of a;(@).
If we knew that € = a;(@)u;, then the proof of Proposition 4.6 would be complete using moreover:

Opu; = a; (@) " [0y (a;i(@)u;) — uiDa;(@) - dyit] € LP((,T) x Q).

To prove it, we recall (see the proof of Lemma 2.3) that w; is the limit of the approximate solutions
u™ of

ou"™ — A(A™u™) = 0, dpu™ =0 on X7, u™(0) = uf,
where A™ is smooth and converges pointwise to a;(@) with 0 < mina;(2) < A™ < maxa;(a) < +oo.
Moreover, u" is bounded in LP (QT)I for all p < oo by the analysis in Proposition 4.5. Here, we choose
such an approximation A™ which moreover satisfies

A" = a;(u) in L™ (Qr), 0,A" — Owa;(u) = Da;(a) - Oyt in LP(Qr) Vp < oo.
Then, we apply the estimates (53) to A"u" which satisfies
O(A™™) — A"A(A™™) = u" 9, A", 9, A" =0 on S, A"u™(0) = a;(a°)ul,

and they are preserved at the limit. Whence 6 = a;(%)u; by uniqueness in (52).
O
Proof of the Existence in Theorem 1.1: It is a consequence of Corollary 3.5 and of Propositions

4.4, 4.5, 4.6.
O

Remark 4.7 Note that, not only we proved existence of a solution with the announced regularity,
but we even proved that any weak solution as in Corollary 3.5 has actually the announced regularity.
This will be useful in the proof of uniqueness

Remark 4.8 The assumption that the a; are bounded from below is essential in our proof of existence,
first for the L2-estimate, next to apply the Krylov-Safonov regularity theory. In the case when the
a; degenerate (a; > 0), the L? a priori estimate is to be replaced by +/a;(@)u; € L?(Qr). However,
we loose the L?-compactness of the approximate solutions and also most regularity properties of the
solution as well. It could however be interesting to study the possibility of existence of weak solutions.

Remark 4.9 The above analysis relies on the use of the C*Krylov-Safonov estimates. However, it
is interesting to notice that one can prove directly, by an elementary estimate, that u € L*(Qr),
without using these estimates in the (rather general situation) where, besides (3), a; satisfies

Vi=1,...,1, a;islocally Lipschitz continuous, Vj =1,..., I, 95,a; > 0. (54)

Once the L*°-estimate is proved on u;, the full regularity follows by the same arguments as in Propo-
sition 4.6.
We indicate below (at least formally) the computations which leads to u € L*>(Qr).

Proof of u € L*°(Qr) under assumption (54):
We write a; for a;(4) and a;; = 0g,a;. We multiply the equation dyu; — A(a;u;) = 0 by plazu; )P~
and we integrate over §2:

A / ™l + [ o= Dlau Ve = -1 / &P a0, (55)
dt Q — Jo
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We proved in Proposition 4.1 that 0,t; + aju; < C(T') < oo. This implies 0;a; < C(T'). Plugging this
into (55), using a;; > 0, a;; bounded and a; > d leads with some Cr independent of p to:

da plp/ _ . \P—2 ) |2 — /p_lp
ﬁ/% + | bl = D(asus) 9 (aw)* < Cr(p ngﬁ .

Summing over i and using Gronwall’s lemma on the term ), fQ P 1up we then have

Z/W%@QMW”Z/WW@
AL AL
Using the lower and upper bounds on a;, we have with A, C} both independent of p:

Z/ ) < Ae Tp 1+Z||a2ul ) oo )?-

This implies
asus) (t)], < AYPeCH 1+§jwmz|m

whence the L*-estimate on a;u; by letting p — oo, and then on wu; itself by using the lower bound on
Qj.
O

5 Proof of uniqueness in Theorem 1.1

Actually, we will prove the more general following result:

Proposition 5.1 Let u® € L>®(Q,[0,00)).. Assume that for all i = 1,...,1, a; satisfies (3) and is
locally Lipschitz continuous. Then there exists a unique solution to the system (42) in Corollary 3.5.

Proof: By Remark 4.7, we already know that any solution of (42) satisfies the regularity stated in
Proposition 4.6 and Theorem 1.1. Let u,v be two such solutions. We denote a; = a;(@),b; = a;(0).
By difference,

O(u; — vi) — Alai(u; — v;) +vi(a; — b;)] = 0.
We set

. 1
U=ui—v,U;=1; —0;,U = —0,A; = / Dai(tﬂ + (1 — t)f})dt,
0
so that a; —b; = 4; - (4 —0) =}, A;;U;. Note that ||A;||f~ < co. Then
8tUZ' — A a,-Ui + Uz’Ai . [7 = 0, 8V(CLZ'UZ' + UiAi . fj) = 0. (56)

Lemma 5.2 Let F' € C°(Qr)!. There exists a solution to the dual problem

Vi = 1,...,1, gDi,at(,Di,ASDi S L2(QT)7
Orpi + ailp; + J5,(Bi - Ap) = F; on Qr, (57)
© = (1, 01),000i =00n Xp, ;(T) =0,

where B; = (Bj1, ---,Bu),Bij = vjAji.
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Assuming this lemma, we multiply each equation (56) by ¢; and we obtain after integration on Q7 (the
integrations by parts are allowed, thanks to the regularity of u, v, 4, v, p; and the boundary conditions;
we also use fQT U;Js,(B; - Ap) = fQT U;B; - Ap):

0= / Ui[&gpi + aiAgoi] + A(pi ’L)Z’Ai . ﬁ = / UiFi — ﬁsz . A(,D + A(,Di UiAi . ﬁ
Qr Q

T

Summing these I identities gives ) . fQT U; F; = 0 which implies U = 0 by arbitrarity of the F;, whence

uniqueness.
O

Proof of Lemma 5.2: To solve the dual problem (actually interesting for itself), we may start with
a; replaced by regular approximations A converging in the usual way to a; (which means a.e. and
uniformly bounded from above and from below), and we first solve

007" + A(APOY) + AJds,(B; - 0™) = AF;, 0,(A707) =0, 6;(T) = 0.

This is possible since 6 € L2(Qr)! — (AJs,(B; - 0)),;<; € L*(Qr)" is a Lipschitz perturbation (recall
that B; € L™ and AJy, is the Yosida approximation of the operator —A with homogeneous Neumann
boundary conditions). Note that [, 67'(t) = 0. Next, we solve

At =67 in €, 0,(¢7) =0 on 09, [ 6 =0,
Q
so that, "by applying A™!” to the equation in 67, we obtain
Opi + AP A + Js,(Bi - Ap") = Fy, On(p;') = 0 on X, ¢ (T) = 0. (58)
Next, multiplying by Ay} gives
1
| ~300VE + AXAG? + Aet s (B A" = [ Bag < [ b + CF?,
Q Q Q
We choose € := d/2 and we deduce
1 d
| —soiverp s S@erzc [ By [ vzver<e [ m2a [ avzpeclvat. o9
o 2 2 0 Q Q 0
where Z — §;AZ = B; - A", 0,7 = 0. Multipling this by Z gives
/ 224 5V 2|2 = / ZB; - A" < || By / 22 4 CAG? = / vz < 0/ AT 2.
Q Q Q Q Q

Summing the equations in (59) and choosing adequately € leads to (with a different C')

n d n n
_8t/Q§i:’V(Pi ‘2+§zi:/(2(A%’)2SC [/gzg:[EQ‘FIV(Pi %]

| 2

Integrating the Gronwall estimate in ), V7

d
wp/ w¢%+:/ me§0/ PP
QEZ: 2 Qr Qr

0<t<T

and plugging back the terms in Ay} yield

By going back to (58), we also obtain that d;¢! is bounded in L?*(Qr). Now, we can pass to the limit
as n — oo, weakly in L?(Qr) in each term of (58), to prove the existence result of Lemma 5.2.
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Remark 5.3 We do not know whether uniqueness holds or not without assuming Lipschitz continuity
of the a;. The above proof indicates that uniqueness is essentially equivalent to solving the ”dual”
problem (57). The fact that B; € L*°(Qr) (which equivalent to the Lipschitz continuity of a;) is
strongly used in the estimates to solve (57). It is not clear how to weaken it.

6 A constructive approximation procedure

In this Section, we just mention without proof a complementary approach for the proof of existence
and regularity of solutions to our system. A interesting point is that it provides a constructive approach
and may be used to provide a numerical approximation schemes of the solutions (and have actually
been used in [15]).

The approximation procedure follows the ideas of [15] to make a time semi-discretization with an
explicit treatment of @ and an implicit treatment of u; in a;(@)u;. We fix T > 0 in the following. Let
7> 0 is given. We introduce the following approximate system

n+1l_ n _ .
L Ag[(@™)uT =0, in 9,
in £, (60)

Ot = dpultt =0, on 9.

T

SN SN n

Then, using some adequate discretized version of the approaches in Section 3, it may be proved that:
- there exists a unique solution to the system (60),
- the discrete version of the L'-estimate (41) is valid for B" = 3, a;(@™)ul
- an L*°-estimate may be deduced for u" ,
- the direct L> estimate may be reproduced in this direct situation under the assumption (54). Once
all these estimates are obtained at the discrete level, one can get Corollary 3.5.

A common issue to both procedures is the need, first to truncate the coefficients (for steps 2 and 3),
and then notice a posteriori that this truncation was useless.

Remark 6.1 We have used here a situation where the i-th relaxation parameter depends on the
species (in words §; depends on ). It is quite natural on a modeling point of view to consider:

e situations where the relaxation parameter might depend on the species that are observed and
on the species that are observing (in words, a; = a; (J5,, (u1), ..., Js,, (ur))).

e several sensitivities for a single species might have to be considered, short and long distances
could matter in the diffusion coefficient (in words two or more different J5(u;) could be taken
into consideration in a;).

Our results could be easily extended to these more general situations through rather slight modifi-
cations.
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