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Abstra
t: In the present work a 
riterion on the redu
tion of the sto
hasti
 dimensions hasbeen investigated in the 
ontext of the sto
hasti
 partial di�erential equations. Three di�erenttypes of equations have been analyzed: ellipti
al, paraboli
 and an hyperboli
. For ea
h equation,both mean and varian
e have been 
omputed on some s
alar output of interest. The 
ompleteand the redu
ed models have been 
ompared in terms of statisti
al moments. The validity andthe e�
ien
y of a 
riterion based on TSI index has been investigated, and an error 
orrelation hasbeen found between the error on the varian
e and the TSI, that will be validated in a future workfor more 
omplex equations.Key-words: ANOVA analysis, PDE, un
ertainty, TSI, sto
hasti
 dimensions redu
tion



Analyse et étude de l'in�uen
e du "TotalSensitivity Index" dans la solutions des équationssto
hastiques aux dérivées partiellesRésumé : Dans 
e rapport nous avons étudié un 
ritère pour la rédu
tiondes dimensions sto
hastiques dans le 
ontexte des équations aux dérivées par-tielles. On a pris en 
ompte trois types di�érentes d'équations : elliptiques,paraboliques et hyperboliques. Pour 
haque équation, la moyenne et la vari-an
e des quelques outputs spé
i�ques ont été 
al
ulées. Les modèles 
omplétset réduits ont été 
omparés en terme de moments statistiques. On a éstimé lapré
ision et l'e�
a
ité de 
e 
ritère basé sur le TSI, et on a trouvé une 
orrela-tion sur l'erreur permettant de lier l'erreur sur la varian
e et le TSI, 
e qui seravalidé dans le futur sur des équations plus 
omplexes.Mots-
lés : analyse ANOVA, EDP, in
ertitude, TSI, rédu
tion des dimensionssto
hastiques
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TSI in�uen
e in sto
hasti
 PDEs 51 Introdu
tionIn the last years the interest in the un
ertainty quanti�
ation (UQ) has moti-vated an in
reasing e�ort in the analysis of sto
hasti
 partial di�erential equa-tions (sPDEs) [1℄. The 
ommon requirement of the analysis of sPDEs with alarge number of parameters has motivated a series of approa
hes for an e�
ientredu
tion of the sto
hasti
 dimension of the problems. In this 
ontext the majore�ort has been devoted in the so-
alled ANOVA de
omposition [2℄ and relatedte
hniques. However even if e�
ient te
hniques exist for the 
omputation ofthe ANOVA de
omposition terms an open question, related to the 
hoi
e of ofmost important parameters, remains. Re
ently Hestaven has proposed a strat-egy for the dimensional redu
tion of ordinary di�erential equations based onthe so-
alled total sensitivity index (TSI) of the variables. The TSI of a givenvariable measures the 
ontribution of this variable to the varian
e, in
luding allthe intera
tions with the other variables. The idea proposed by Hestaven is tofreeze (repla
ing with their mean value) all the variables with a TSI inferior to apres
ribed threshold. After an extensive experimental 
ampaign, the Hestaven
riterion has been 
alibrated to two per
ent for ordinary di�erential equations.The aim of the present work is to investigate numeri
ally the possibility toextend this 
riterion to sPDEs. Moreover, the idea is to set up a strategy inorder to estimate the error asso
iated to the statisti
al moments when only theredu
ed model is used, i.e. when all the non-important parameters are frozen,
omputed with respe
t to the referen
es values of the 
omplete model.2 ANOVA de
omposition and Sobol indi
esLet us 
onsider to have a given equation, or a systems of equations, to solveand to have an output of interest f = f(ξ). The output of the system isdependent by d un
ertainties parameters ξi assumed so that ξ = {ξ1, . . . , ξd} ∈
Ξ ⊂ R

d. In this work we assume independent distributed random variables
ξi ∈ Ξi and, 
onsequently, the spa
e Ξ 
an be obtained by tensorization of theirmonodimensional spa
es, i.e. Ξi ⊂ R, Ξ = Ξ1 × · · · × Ξd.From the independen
e of the random variables follows dire
tly p(ξ) =
∏

i p(ξi). Assuming f(ξ) ∈ L2(ξ, p(ξ)) then a Sobol unique fun
tional de
om-position exists:
f(ξ) =

∑

u⊆{1,...,d}
fu(ξu) (1)where u is a set of integers with 
ardinality v = |u| and ξu = {ξu1

, . . . , ξuv
}.Ea
h fun
tion fu is 
omputed by the relation[3℄:

fu(ξu) =

∫

Ξū

f(ξ)p(ξ
ū
)dξ

ū
−

∑

w⊂u

fw(ξw) (2)where Ξū is the spa
e Ξ without the dimensions 
ontained in u and ξ
ū
is theve
tor ξ without the variables in u.By de�nition

f0 =

∫

Ξ

f(ξ)p(ξ)dξ (3)RR n° 7911



TSI in�uen
e in sto
hasti
 PDEs 6is the mean of the fun
tion f(ξ). This fun
tional de
omposition is 
alledANOVA if ea
h of the 2d elements of the de
omposition, ex
ept f0, veri�esfor every ξi:
∫

Ξi

fu(ξu)p(ξi)dξi = 0, ∀i ∈ u (4)Dire
tly from eq. 4 follows the orthogonality:
∫

Ξ

fu(ξu)fw(ξw)p(ξ)dξ = 0, u 6= w (5)2.1 Sobol sensitivity indi
esWe are interested in the redu
tion of the sto
hasti
 problem, i.e. 
omputingstatisti
al moments of the fun
tion f = f(ξ) by redu
ing the 
omputational 
ostas mu
h as possible. We propose to identify the important sto
hasti
 variables,that must be retained in the sto
hasti
 analysis, by means of the so-
alled totalsensitivity indi
es (TSI) for every random variable ξi. Further details on the
hoi
e of this 
riterion will be dis
ussed in the next session.Employing the ANOVA de
omposition it is possible to de
ompose the vari-an
e of f = f(ξ):
σ2(f) =

∑

u⊆{1,...,d}
u 6=0

σ2
u
(fu) (6)where

σ2
u
(fu) =

∫

Ξu

f2
u
(ξu)p(ξu)dξu (7)and Ξu = Ξu1

× · · · × Ξuv
.The Sobol sensitivity indi
es (SI), are de�ned as:

Su =
σ2
u

σ2
(8)measuring the sensitivity of the varian
e due to the v-order (v = |u|) intera
tionbetween the variables in ξu. It is evident that the summation of the 2d−1 Sobolindi
es is equal to one. The total sensitivity indi
es measure the sensitivity ofea
h variable (or group of variables) to the overall varian
e:

TSIj =
∑

j∈u

Su. (9)2.2 TSI 
omputation from PC expansionThe 
omputation of the Sobol indi
es is possible using every sample sto
hasti
method (Monte Carlo, quasi-Monte Carlo) but 
an be done in a very e�
ientway when a polynomial expansion of the solution is adopted. The idea is to 
om-pute the expansion of the solution (trun
ated) and 
ompute the Sobol indi
esfrom the expansion instead of 
omputing them on the real fun
tion. Rememberthe polynomial expansion:
f(ξ) = f̃(ξ) +OT =

P
∑

k=0

βkΨk(ξ) +OT , (10)RR n° 7911



TSI in�uen
e in sto
hasti
 PDEs 7with a number of terms related to the maximum degree of the polynomial re-
onstru
tion no and the dimension of the system d: P + 1 = (no+d)!
no!d!

. Forfurther details on the polynomial 
haos te
hniques see [4℄. Ea
h element fu ofthe fun
tional de
omposition of f(ξ) is approximated by the relative term f̃u:
fu(ξu) ≈ f̃u(ξu) =

∑

k∈Ku

βkΨk(ξu), (11)where the set of indi
es Ku is given by
Ku =







k ∈ {1, . . . , P}|Ψk(ξu) =

|u|
∏

i=1

φαk
i
(ξui

), αk
i > 0







(12)and φαk
i
(ξui

) are the monodimensional polynomials for every dire
tion ξi ofdegree k 
hosen with respe
t to the so-
alled Wiener-Askey s
heme [5℄.Thanks to the orthogonality it is possible to obtain dire
tly the varian
e
σ̃2(f) = σ2(f̃) ≈ σ2(f) and the 
onditional varian
e σ̃2

u
(fu) = σ2

u
(f̃u) ≈ σ2

u
(fu)from the following relations:

σ̃2(f) =

P
∑

k=1

β2
k〈Ψk,Ψk〉 (13)

σ̃2
u
(fu) =

∑

k∈Ku

β2
k〈Ψk,Ψk〉.Sobol sensitivity indi
es follows dire
tly from eq. 13:

Su ≈ S̃u =
σ̃2
u
(fu)

σ̃2(f)
=

∑

k∈Ku

β2
k〈Ψk,Ψk〉

∑P
k=1 β

2
k〈Ψk,Ψk〉

(14)and the total sensitivity index is always de�ned by the equation 9.3 Problem settingIn the framework of the PDEs, a generi
 se
ond order equations, for a s
alarvariable u(x, t) de�ned on [a, b]× [0, T ] 7→ R, reads
ω
∂u

∂t
−

d

dx

(

ν
du

dx

)

+ τ
du

dx
+ σu = f(x, t), (15)
orrelated by the opportune boundary and initial 
onditions. For the sake ofsimpli
ity, in the following, only Diri
hlet boundary 
onditions are adopted







u(a, t) = α
u(b, t) = β
u(x, 0) = u0(x),

(16)while the initial 
ondition is a polynomial fun
tion of x.In this work all the types of PDE have been investigated. For the ellipti
and paraboli
 equation we solved the s
alar equations obtained dire
tly from 20RR n° 7911



TSI in�uen
e in sto
hasti
 PDEs 8
hoosing opportunely the 
oe�
ients and setting the boundary, i.e. minimumand maximum values allowed, for the remaining parameters, while for the hy-perboli
 equation we solved the 
ompressible nozzle �ow problem. In the �rsttwo 
ases the output of the system is identi�ed as
F (T ) =

∫ b

a
u(x, T )dx
∫ b

a
dx

(17)while in the third 
ase, the hyperboli
 one, the output of the system is 
hosenas the sho
k position in the divergent part of the nozzle.For the output F (T ) the expe
ted value and its varian
e is then 
omputedby the following relations
E(T ) =

∫

Ξ

F (T )dΞ

Var(T ) =

∫

Ξ

(F (T )− E)2dΞ. (18)In the numeri
al se
tion �4 the error with respe
t to the 
omplete problemwill be 
omputed a

ording to the following de�nitions:
errmean =

|E − Er|

E
100

errvariance =
|Var−Varr|

Var
100,where the symbol ()r represents the redu
ed problem.4 Numeri
al resultsIn this se
tion we present the numeri
al results obtained for three sPDEs. Inthis work only uniform pdf are taken into a

ount. Anyway, remark that theproposed analysis 
an be easily extended to a pdf of whatever form. First the
omplete problem, i.e. 
onsidering all the sto
hasti
 dimensions, is analyzedwith a quasi-Monte Carlo method with 400000 deterministi
 runs: this solutionis assumed to be the referen
e solution. The Sobol indi
es have been then
omputed, as explained in �2, with PC. Pro
eeding progressively, the problem isredu
ed freezing the unimportant variables until the monodimensional problem.For every redu
ed problem the error on the expe
ted value and the varian
e is
omputed and 
orrelated to the total amount of TSI relatively to the non-frozensto
hasti
 dimensions.4.1 Ellipti
The ellipti
 equation is obtained from 17 setting

ω = 0, ν = 1, τ = 1, a = 0 and b = 1. (19)If we indi
ate with the symbol ′ the derivative with respe
t to x the equationreads:
u′′ + σu = f(x) = γ cos δxRR n° 7911



TSI in�uen
e in sto
hasti
 PDEs 9with the boundary 
onditions
{

u(0) = α
u(1) = β

(20)For this equation the exa
t solution 
an be expressed as
u(x) = c1e

−√
σx + c2e

√
σx +

γ

δ2 + σ
cos δxand the 
oe�
ient 
an be 
omputed imposing the boundary 
onditions andresolving the linear system

[

1 1

e−
√
σ e

√
σ

]{

c1

c2

}

=

{

α− γ
δ2+σ

β − γ
δ2+σ

cos δ

}

.In the table 1 the bounds for the sto
hasti
 parameters are reported.Variable Min Max Mean Un
ertainty
σ 0.01 0.05 0.03 ± 66.67%
γ 8 12 10 ± 20%
δ 0.5 1.5 1.0 ± 50%
α 0.0 5.0 2.5 ± 66.67%
β 3.0 8.0 5.5 ± 45.55%Table 1: Bounds for the sto
hasti
 variables in the ellipti
 problemIn the table 2 the values for the total sensitivity index, 
al
ulated as shownin �2, are reported for the 
omplete problem.Variable TSI

σ 2.276639e-05
γ 6.223883e-03
δ 4.134716e-03
α 4.948589e-01
β 4.948210e-01Table 2: TSI values for the ellipti
al 
omplete problemIt is evident from the table 2 that the boundary values (α and β) are themost important sour
es of un
ertainties, while σ is the less in�uent parameter.If we pro
eed freezing, in the order, σ, δ, γ and β we 
an 
ompute the errors, forthe expe
ted value and for the varian
e, with respe
t to the 
omplete problem.The total amount of TSI for ea
h un
ertainty in the redu
ed problem, isthen 
omputed as a per
entage of the total amount of TSI (of the 
ompleteproblem):

%TSI =

∑

i TSIi
∑

j TSIj
100, (21)where the index i runs on the non-frozen variables, while j runs on all thevariables of the 
omplete problem.For all the problems, 400000 deterministi
 runs have been employed. In the�gure 1 the errors for the expe
ted value (a) and varian
e (b) are reported.RR n° 7911
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(b)Figure 1: Errors for the mean (a) and varian
e (b) as fun
tion of the totalamount of TSI with respe
t to the 
omplete ellipti
 problem.
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TSI in�uen
e in sto
hasti
 PDEs 114.2 Paraboli
The paraboli
 equation is obtained from 17 setting
ω = 1, σ = 0, τ = 0, a = 0 and b = γ, (22)with the sour
e term f(x, t) = 0. The �nal equation be
omes, for x ∈ [0, γ] and

t ∈ [0, T ],
∂u

∂t
− ν

∂2u

∂x2
= 0,with boundary and initial 
onditions:







u(0, t) = 0
u(γ, t) = 0
u0(x, t) = Ax2 +Bx+ C.

(23)In the following results the �nal time is 
hosen as T = 0.1. The equation 23 
anbe solved employing a modal solution:
u(x, t) =

√

2

γ

+∞
∑

i=1

Ci sin

(

πxi

γ

)

e
−π2i2νt

γ2with the 
oe�
ients Ci obtained after imposing the initial 
onditions:
Ci =

√

2

γ

∫ γ

0

sin

(

πxi

γ

)

u0(x)dx.In the present work, the series is trun
ated and a preliminary study of 
onver-gen
e has been performed, not reported here for brevity, in order to asset themodal 
onvergen
e of the solution.In the table 3 the bounds for the �ve sto
hasti
 parameters are reported.Variable Min Max Mean Un
ertainty
ν 0.02 0.08 0.05 ± 60%
γ 0.7 1.3 1.0 ± 30%
A 2.0 4.0 3.0 ± 33.33%
B -3.0 -1.0 -2.0 ± 50%
C 0.0 2.0 1.0 ± 100%Table 3: Bounds for the sto
hasti
 variables in the paraboli
 problemThe 
omplete problem has been solved with 400000 deterministi
 runs andthe Sobol indi
es have been 
omputed as reported in �2. In the table 4 TSIindi
es are reported for the 
omplete problem.The parameter ν is nearly not in�uent, while C is the most in�uent. Notethat a variable with a narrow variability 
an be more in�uent than a variablewith a larger one. In this 
ase we pro
eeded freezing in the order ν, A, γ and

B. In the �gure 2 the errors for the expe
ted value (a) and varian
e (b) arereported.RR n° 7911
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 PDEs 12
Variable TSI

ν 4.675377e-03
γ 9.337960e-02
A 8.078432e-02
B 1.751148e-01
C 6.650567e-01Table 4: TSI values for the paraboli
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TSI in�uen
e in sto
hasti
 PDEs 134.3 Hyperboli
For the hyperboli
 
ase we 
onsidered a nozzle problem, for whi
h an analyti
alsolution is possible.The �ve parameters in this 
ase are the polytropi
 
oe�
ient of the gas γ, theratio between the external pressure and the reservoir pressure Pe/P0, the ratioof the exit and throat area Ae/At and two 
oe�
ients used in the geometri
alrepresentation of the nozzle shape α and β. A 
omplete des
ription of the nozzleshape parametrization is given in Appendix A.In the table 5 the bounds for the �ve sto
hasti
 parameters are reported.Variable Min Max Mean Un
ertainty
γ 1.3 1.5 1.4 ± 7.142%

Pe/P0 0.8181855 0.8347145 0.8264500 ± 1.0%
Ae/At 1.4 1.6 1.5 ± 6.667%

α 0.00 0.01 0.005 ± 100%
β 0.4 0.6 0.5 ± 20%Table 5: Bounds for the sto
hasti
 variables in the hyperboli
 problemIn this 
ase the TSI for the �ve parameters are reported in the table 6.Variable TSI

γ 1.701168e-01
Pe/P0 1.813889e-01
Ae/At 5.359230e-01

α 6.193598e-03
β 1.240211e-01Table 6: TSI values for the hyperboli
 
omplete problemThe non-important parameter in this 
ase is α while the most in�uent is theratio Ae/At. We pro
eed freezing progressively α, β, γ e Pe/P0 obtaining theerrors for the expe
ted value and varian
e, reported in �gure 3.5 Con
lusionsIn all the 
on�gurations that we studied, the error on the expe
ted value isalways inferior to the error on the varian
e. Moreover, we remark that the erroron the varian
e is roughly a linear fun
tion of the %TSI. This result 
an beused to obtain a 
on�den
e estimation when a redu
ed model is used in orderto redu
e an high-dimensional sto
hasti
 problem.6 Perspe
tivesThis work, fo
used on the analysis of a TSI 
riterion for a sto
hasti
 dimensionalredu
tion, is part of a wider resear
h that aims to develop e�
ient strategy forthe robust optimization under un
ertainties. We hope to apply soon this studyto more 
omplex 
on�gurations.RR n° 7911
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(b)Figure 3: Errors for the mean (a) and varian
e (b) as fun
tion of the totalamount of TSI with respe
t to the 
omplete hyperboli
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TSI in�uen
e in sto
hasti
 PDEs 16A Geometry des
ription of the nozzleWe report here the equations used for the geometri
al des
ription of the nozzle.The nozzle is a 
lassi
al de Laval 
on�guration.
yc = 1 + 0.75x2

yd = 1 + αx+ βx2 + γdx
3 with γd = Ae/At − 1− α− β
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