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Complementary notes on Smart Energy-Aware Sensors for EvdrBased
Control

Nicolas Cardoso de Castro, Daniel E. Quevedo, Federicam@ad Carlos Canudas de Wit

Abstract— This document completes the paper “Smart 1) Step 1: First, we prove that the closed-loop system
E}neg%z-fév?éeCSe?sors for E\llDent_-B_ased é:?:ntrol” Istl)anrw]itted 0 (5),(18) admits an invariant s€t C R™< x M.
the onference on Decision and Control by the same T A . >
authors. It is not intended to be self contained; it only give \éVe defmea;(s). N IO.Q(?) + s, then, noting that, > 0
the proof of Lemma 2. and ||| > 0, (21) implies:

l. APPENDIX V(¢,m) < as([[¢ll+c1) + [[Kl + e
We recall from [1] the following elements. =a(||<]| + 1)
=@ (V(Gm) < ¢ +a (26)

Definition 1 The system (5) with the policy (18) is said to be
Input-to-State practically Stable (ISpS) if there exis&- | et ¢(s) be ak..-function.
function~, and a constant > 0, such that, for all, € R™<¢

and for all mg € M: o Ifer <]
1Gk(Gomo)ll < A(IGoll, k) + ¢, &€ Zzo.  (20) e < g & A < g
Definition 2 V : R™¢ xM — R>( is called a ISpS-Lyapunov = <|C| + Cl> < <
function for the system (5) with the policy (18) if: s 2 < as(llcl) = as(lic) + &(er)
o there exist a pair of C.-functions a1, as, and a 0o s ]
constante; > 0 such that, for all¢ € R™ and for !
all m € M:
" I < en e EE
ar([[<]]) < V(¢,m) < ax(l[C]]) +e1n (21) 1l + e
« there exist a suitabléC..-function a; and a constant =& (T) < &(c1) < as(|[C]]) +&(er)
co > 0 such that, for all¢ € R™< and for all m € M:
' i 2 i s E i
AV(C,m) 2 V(gon (¢, u™),0%) = V(C,m)) Let's defineas(s) £ min {¢ (%), a3 (%) }. We notice that

a3 € K, s is then strictly increasing, which yields:
< —as([[<I]) + c2. (22)

(||C||+C1) az([[<l) + &(er) (27)

Lemma 2 Under assumption 2, if the closed-loop system _
P DSy (26), (27) = (@ (V(¢,m))) < as(|[C]]) +&(er)

formed by (5) and the policy (18) admits an ISpS-Lyapunov

function, then it is ISpS. Let's definecy 2 0651, then:

Proof: This proof is based on the proofs of ISS and

ISpS from [2], [3]. as (V(¢,m)) < as(|IC]]) + &(er)

We assume that Eq.s (21)-(22) holc. that the system = 043(HCH (1) < —aq (V(¢,m))
(5) with the policy (18) admits an ISpS-Lyapunov function,  (22)= AV(C, m) < —az(|[C]]) + c2 — &(e1) +€(er)
denotedV (¢, m). Let's prove that the closed-loop system is AV(C,m) < —au (V(C,m)) + ¢z + E(cr1) (28)
ISpS.

Let p be aK -functlon such thatid — p) is also afC

Definition 3 A set{) C R"< x M is called an invariant set fynction. p(s) = & is an example. We defin@ c R"< x M:
for system (5) if there exists a poli¢y, ) such that, for all
(¢.1m) €, gy(com) (€ u(C.m)) € Q. Q={((,m) R™ xM:V((,m) <w(es)}  (29)
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Let's now assume that,m) € Q:

(28):>V(gv*(Cau*)7 ) (Ca ) 4( (Ca ))+03
= V(go- (¢ u"),v7) < (id — aa) (V(C,m)) + 3
< (id — ) (wles)) + 3

=w(cg) — aq (w(es)) +c3
= w(ez) — aq (W(es)) + poas(w(es))
= w(e3) — (id — p)(aq (w(cz))

Indeed, from the definition af, it holds thatpo as(w(s)) =
s, and sincgid—p)(s) > 0 (being ak . -function), it yields:

V(gv- (G, u™),v7) < w(es)

Eqg. (30) with the assumption thatis in 2 implies that(2
is an invariant set for the policy (18).

2) Step 2:Let's now prove that the invariant s€t is an
attractive setj.e. that for any(¢x, my) ¢ Q, there exists a
finite k > k such that,(Cz, mj) € Q.

We assume that, for any timefrom 0 up to time k,
(&, my) ¢ Q. From Eq. (29), and ignoring the time index,
the following holds for any time up té:

(30)

V(¢,m) > w(es) = oy ' opt(cs)
= poay(V((,m)) > c3
<:>poa4( ( ))763>0 (31)
Moreover:
(28)= AV((,m) < —aq (V(¢,m)) +c3
—(id—p) o aus (V(¢,m)) —po g (V(¢,m))+es
(31)= AV(¢,m) < —(id — p) o aq (V((,m)) (32)

Let's definek as the first time index where the systemEq

enters(2, for the initial condition(¢y, mo):

k2 min{k € Z>q : (G, mz) € Q} < 00 (33)

Remark 1 We allowk to be infinite, which means that the
trajectories never entef2. To prove that( is attractive, we
need to prove that is finite.

Eq. (32) holds for all(¢y,mo) and for all (¢x,myx) with
0 < k < k. According to [4, Lemma 4.3], there exists a
K L-function¥(s, k) such that¥ (¢, mg) € R™ x M:

kY

,k}, the value function

V(Ce,mr) < A(V(Coymo), k) Vk € {0,1,...

It holds then that, for alk € {0,1,...
is decreasing and going to
Assume thatk is not finite, sincew(cz) > 0!, there exists
a finite time ¢ such thaty(V (¢o,mo),?) < w(cs), which
contradict the assumption thatis not finite. This proves
that (2 is an attractive set.

INote thatw(cs) = aZl o p_l(f(cl) +¢2), and ife; =0, c2 =0,
£(0) = 0, p~1(0) = 0 and ;' (0) = 0, thenw(cz) = 0, but in this
situation sincec; = 0 andca = 0, we are back in the case studied in [2].

3) Step 3:Finally, we want to prove that Eq. (20) holds.
We collect the results from the previous step&;, mg) €
R™ x M, Vk € ZZO:

o if (Cksmr) € Q) V(Crymy) <

o i (Coymk) & Q0 V(i)
Eg. (21) implies that||¢x| <
obtain:

o if (Gromi) €, [IGll < a7t

o if (Cosmu) € Q|G| < o
In any case, we have:

w(es),
’y( (C05m07 ))
a1 (V(¢k,mi)), we thus

(w(cs)),
L (3 (V(Go,mo), k).

Gkl < @™ (3 (V(Co, mo), k) + a™" (w(es))
Eq. (21) implies thatV (¢o,mo) < a2(]|Coll) + c1, which
implies:
Ikl <@ (7 (aa(llGolD) +e1, k) +a N w(ez))  (34)

Then, we notice that, for any functiom(s) of class K,
V(s1,52) € R>, the following holds:
a(2s1), if 81> s9

{a(QSQ), if S1 S S92

=a(s; + s2) < a2s1) + a(2s2).

a(s1 + s2)

IN

Since, for a givenk, a=! (¥ (s, k)) is a function of class
Koo, We have:

Ofl( (a2(|\§0|\)+c1,k)) <
(3 2az(lIGoll), k) + a7 (5 (2e1, ) -

The functiona ™ (4 (2¢1, k)) is of classK,, and thus going
to 0 ask — oo, which means that it attains its maximum for

(35)

a ' (% (2¢1,k) <a t(3(2¢1,0)), Yk EZsy  (36)
s (34)-(36) imply:
1€(Cosmo, k)| < v(lIColls k) + ¢
with v(s, k) = o~ (4 (2a2(s), k))
c=a" (w(es)) + a7t (7 (261,0)) .
[ |
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