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It is known that the symmetric Boolean functions with optimal nonlinearity are the quadratic functions. Here, we extend this work and we characterise the functions with suboptimal nonlinearity by using the link between the periodicity of their simplified value vectors and their algebraic degrees.

Introduction

Symmetric Boolean functions can be easily represented by reduced versions of their value vectors and of their algebraic normal forms. Besides this conciseness, they are also good functions in terms of gate complexity [START_REF] Wegener | The complexity of Boolean functions[END_REF]. These properties make them be interesting candidates to be used in many applications. Unfortunately, it has been proved that their nonlinearities and algebraic degrees which are important cryptographic parameters, cannot be simultaneously maximised. However symmetric functions with suboptimal nonlinearity might be of interest for designing cryptographic primitives. Definition 1.1 A Boolean function f is symmetric if its output is invariant under any permutation of its input bits : f (x 1 , x 2 , . . . , x n ) = f (x σ(1) , x σ(2) , . . . , x σ(n) ), for all permutations σ of {1,. . . ,n} .

It means that there exists a function v f : {0, . . . , n} → F 2 such that ∀x ∈ F n 2 , f (x) = v f (wt(x)). We will refer to the sequence v(f ) = (v f (0), . . . , v f (n)) as the simplified value vector of f . Proposition 1.1 A Boolean function f of n variables is symmetric if and only if its algebraic normal form can be written as

f (x 1 , . . . , x n ) = n � i=0 λ f (i) � u∈F n 2 wt(u)=i n � j=1 x uj j , λ f (i) ∈ F n 2 .
We call the (n + 1)-bit vector λ(f

) = (λ f (0), λ f (1), . . . , λ f (n)) the simplified ANF vector of f .
It is proved in [START_REF] Canteaut | Symmetric Boolean functions[END_REF] that low degree symmetric functions have a periodic simplified value vector.

Theorem 1.2 Let f be a symmetric Boolean function of n variables with simplified ANF vector λ(f ) = (λ 0 , . . . , λ n ) and simplified value vector

v(f ) = (v 0 , . . . , v n ). Then, v(f ) is periodic with period 2 t if and only if deg(f ) ≤ 2 t -1. Moreover, (v 0 , . . . , v 2 t -1
) is the simplified value vector of the symmetric Boolean function of (2 t -1) variables with (λ 0 , . . . , λ 2 t -1 ) as simplified ANF vector.

We recall the notation for the Walsh coefficients and the nonlinearity of a Boolean function f . If we denote a linear function by ϕ a : x � → a • x, then

F (f + ϕ a ) = � x∈F n 2 (-1) f (x)+a•x , L(f ) = max a∈F n 2 | F (f + ϕ a ) |, and N L(f ) = 2 n-1 - L(f ) 2 .

Highly nonlinear symmetric Boolean functions

The maximum nonlinearity for symmetric functions of n variables has been proved to be reached only by quadratic functions. More precisely, when n is even, these functions are bent and the nonlinearity is

2 n-1 -2 n 2 -1 [Sav94]
and when n is odd, the maximal nonlinearity is 2 n-1 -2 n-1 2 [START_REF] Maitra | Maximum nonlinearity of symmetric Boolean functions on odd number of variables[END_REF]. In this section we investigate cases of suboptimal nonlinearity and we point out that the nonlinearity is related to the periodicity of the simplified value vector.

Theorem 2.1 Let f be a symmetric Boolean function of n variables. If L(f ) < 2 � n+1 2 � + 2 t+1 for some integer t, 0 ≤ t < � n+1 2 �, then v f (i + 2) = v f (i) ⊕ 1, for all t ≤ i ≤ n -2 -t ,
or equivalently f = q + h where q is a symmetric quadratic function and h is a symmetric function of

n variables such that v h (i) = 0 for all t ≤ i ≤ n -t.
This can be proved by induction on t using the properties of periodicity of the restrictions of a symmetric Boolean function [START_REF] Canteaut | Symmetric Boolean functions[END_REF].

As a direct corollary, we can deduce a necessary condition on the simplified value vector of the symmetric functions f with L(f

) < 2 � n+1 2 �+1 .
Corollary 2.2 Let f be a symmetric Boolean function of n variables.

• For n even, if v f ( n 2 -1) = v f ( n 2 + 1), then L(f ) ≥ 2 n 2 +1 . • For n odd, if v f ( n+1 2 ) = v f ( n-3 2 ) or if v f ( n+3 2 ) = v f ( n-1 2 ), then L(f ) ≥ 2 n+1 2 +1 .
Theorem 2.1 also points out that the resiliency order of a highly nonlinear symmetric function is limited.

Corollary 2.3 Let f be a symmetric Boolean function of n variables such that L(f ) < 2 � n+1 2 � + 2 t+1 for some integer t, 0 ≤ t < � n+1 2 �. Then, f is at most (2t + 2)-resilient. Now, we can characterise the symmetric functions whose nonlinearity is very close to the optimal nonlinearity.

Proposition 2.1 The symmetric Boolean functions f of n variables such that L(f ) = 2 � n+1 2 � + 2 are the 8 functions of degree n defined by the following simplified ANF vectors: λ f = (a, b, 1, 0, . . . , 0, 1) and λ f = (a, b, 0, 1, . . . , 1, 1), a, b ∈ F 2 . Proposition 2.2 The symmetric Boolean functions f of n variables such that L(f ) = 2 � n+1 2 � + 4 are the 4 functions of degree (n -1) defined by the following simplified ANF vectors: λ f = (a, b, 0, 1, . . . , 1, 0), a, b ∈ F 2 .