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Abstract — We exhibit the link between the peri-
odicity of the value vectors symmetric Boolean func-
tions and their degrees. We also deduce new results
concerning balancedness, resiliency and propagation
criteria of symmetric Boolean functions.

I. PRELIMINARIES

Let S, be the set of all symmetric Boolean function in n
variables, i.e. of all the Boolean functions in n variables whose
output only depends on the weight of the input vector. Any
f € S is related to a function vy : {0,...,n} — F2 such that
Vz € Fy, f(z) = vy(wt(z)). The algebraic normal form of f
is

D

w,wt(u)=t

flar,. ) = @A)

<Hx;”> As(i) € F5.

We will refer to v(f) = (vs(0),...,v¢(n)) as the simplified
value vector of f and A(f) = (Af(0),...,Af(n)) as the simpli-
fied ANF vector of f.

Proposition 1 For alli € {0,...,n},

vr(i) = @ As(k) and A; (i) = P s k),

k=i k=i

where k =1 if and only if Vj, k; < i; in their 2-adic repre-
sentations.

II. PERIODICITY OF THE SIMPLIFIED VALUE VECTOR

We say that a n-bit vector a is periodic with period T if it is
composed of the the first n bits of the sequence (ao, .. .,ar—1)
repeated infinitely. Some periodic patterns may occur in the
simplified value vectors of symmetric functions, for instance,
it was shown in [1] that the patterns for quadratic symmetric
functions are (0011) and all its circular shifts.

Proposition 2 Let f € S,,. Thenv(f) is periodic with period
2t if and only if deg(f) < 2" — 1. Moreover, (vo,...,vqt_1)
is the simplified value vector of the function of Sit_qy with
(Aoy - -y Agt_1) as simplified ANF vector.

For instance, the previous proposition enables to compute the
weights of all symmetric functions of degree 3 and to deduce
that they cannot be balanced.

III. RESILIENCY

A Boolean function is t-resilient if it remains balanced when
t variables are fixed [4]. There is no general bound on the
resiliency of symmetric functions, but in [2] a computer search
up to 128 variables has lead to the conjecture that they are
at most 2-resilient. Thanks to the periodicity property, we
deduce that if f € S,, with deg f # 1, is (2° — 1)-resilient with

£ = |log, deg f| + 1, then for any ¢ > 0 there exists a function
of degree deg f in S,4; which is (2° — 1 + t)-resilient. Using
that if (n + 1) is a prime, all balanced functions of S,, have
degree 1, [2, Th. 2.6 |, we come to a contradiction which leads
to a bound on the resiliency related to the degree. Then using
Siegenthaler’s inequality, we get a bound only lying on n.

Theorem 1 Let f € Sn, degf # 1, £ = [log,(deg f)] + 1,
a = [log,n].
If f is t-resilient, then t < 26 — 1 andt < 9o l _ 9

IV. PROPAGATION CHARACTERISTICS

For any a € Fy, the derivative of f € B, with respect to a is
the function Do f € B, defined by D, f(z) = f(z ® a) ® f(x).
f satisfies the propagation criterion of degree k, (PC(k)) if
D, f is balanced for all a € F3 \ {0} such that wt(a) < k [3].

Let a € F3 \ {0,1} and consider z — D,f(z ®b), = €
span{e;, i & supp(a)}, b € span{e;,i € supp(a)}, where e; is
the i-th vector of the canonical basis of F5.

Proposition 3 Let f € S,.. Then Do.f(- ®b) € Sp_wi(a)
only depends on wt(b) and D1f € S,. The coefficients of
their ANF are:

jR3wt(a)—wt(b)
@ Nitks ie{O,..,,n—l}
k#0,k=<n—i

Let f € Sy, and d = deg(f). The case wt(a) = 2 leads to the
corollary: for all a € Fy \ {0,1}, deg(D, f) = d — 1. Moreover
we can deduce:

M+ e @ ri+)

J=wt(d)

Ap,fean () =

ADyf (7') =

Theorem 2 f € S, satisfies PC(2) if and only if deg f = 2.
Then f satisfies PC'(n) if n is even and PC(n—1) if n is odd.
The case a = 1 leads to

e deg(D1f) =d—1if and only if n — d is even;

e if n — d is odd, then either deg(D1f) =
deg(D1f) <d—4.

d— 2 or
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