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❆❜str❛❝t✿ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐♥ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✐s ❛♥ ✐♠♣♦rt❛♥t t♦♣✐❝
✐♥ ♥❡✉r♦s❝✐❡♥❝❡ ❛s t❤❡s❡ s♦❧✉t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ ✇♦r❦✐♥❣ ✭s❤♦rt✲t❡r♠✮ ♠❡♠♦r②✳ ❲❡
✇♦r❦ ✇✐t❤ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ♥❡t✇♦r❦ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✇✐t❤ s♠♦♦t❤ ✜r✐♥❣
r❛t❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❛ ✇✐③❛r❞ ❤❛t s♣❛t✐❛❧ ❝♦♥♥❡❝t✐✈✐t②✳ ◆♦t✐♥❣ t❤❛t st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ ♦✉r ♥❡✉r❛❧
✜❡❧❞ ❡q✉❛t✐♦♥ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts ✐♥ ❛ r❡❧❛t❡❞ ❢♦✉rt❤ ♦r❞❡r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥✱ ✇❡ ❛♣♣❧② ♥♦r♠❛❧ ❢♦r♠ t❤❡♦r② ❢♦r ❛ r❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s❀ ❢✉rt❤❡r✱ ✇❡ ♣r❡s❡♥t r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡✐r st❛❜✐❧✐t②✳ ◆✉♠❡r✐❝❛❧ ❝♦♥t✐♥✉❛t✐♦♥ ✐s
✉s❡❞ t♦ ❝♦♠♣✉t❡ ❜r❛♥❝❤❡s ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥ t❤❛t ❡①❤✐❜✐t s♥❛❦✐♥❣✲t②♣❡ ❜❡❤❛✈✐♦✉r✳ ❲❡ ❞❡s❝r✐❜❡
✐♥ t❡r♠s ♦❢ t❤r❡❡ ♣❛r❛♠❡t❡rs t❤❡ ❡①❛❝t r❡❣✐♦♥s ❢♦r ✇❤✐❝❤ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♣❡rs✐st✳

❑❡②✲✇♦r❞s✿ ▲♦❝❛❧✐③❡❞ st❛t❡✱ ◆❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥✱ ❘❡✈❡rs✐❜❧❡ ❍♦♣❢✲❜✐❢✉r❝❛t✐♦♥✱ ◆♦r♠❛❧ ❢♦r♠✱
❖r❜✐t❛❧ st❛❜✐❧✐t②✱ ◆✉♠❡r✐❝❛❧ ❝♦♥t✐♥✉❛t✐♦♥



❙♦❧✉t✐♦♥s ❧♦❝❛❧✐sé❡s ❞✬éq✉❛t✐♦♥s ❞❡ ❝❤❛♠♣s ♥❡✉r♦♥❛✉① ♥♦♥

❜♦r♥és ❛✈❡❝ ♥♦♥❧✐♥é❛r✐té ❞❡ t②♣❡ s✐❣♠♦✐❞❛❧

❘és✉♠é ✿ ▲✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s s♣❛t✐❛❧❡♠❡♥t ❧♦❝❛❧✐sé❡s ❞❛♥s ❧❡s rés❡❛✉① ❞❡ ♥❡✉r♦♥❡s ❡st ✉♥
✐♠♣♦rt❛♥t s✉❥❡t ❞❡ r❡❝❤❡r❝❤❡ ❡♥ ♥❡✉r♦s❝✐❡♥❝❡ ♣✉✐sq✉❡ ❝❡s s♦❧✉t✐♦♥s s♦♥t ❝♦♥s✐❞éré❡s ❝♦♠♠❡ ét❛♥t
✉♥❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ ♠é♠♦✐r❡ à ❝♦✉rt t❡r♠❡✳ ❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s tr❛✈❛✐❧❧♦♥s ❛✈❡❝ ✉♥
rés❡❛✉ ❞❡ ♥❡✉r♦♥❡s ♥♦♥ ❜♦r♥é ♠♦❞é❧✐sé ♣❛r ✉♥❡ éq✉❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♥❡✉r♦♥❛❧ ❛✈❡❝ ✉♥❡ ♥♦♥❧✐♥é❛r✐té
❞❡ t②♣❡ s✐❣♠♦✐❞❛❧ ❛✐♥s✐ q✉✬✉♥❡ ❝♦♥♥❡❝t✐✈✐té s♣❛t✐❛❧❡ ❞❡ t②♣❡ ✏❝❤❛♣❡❛✉ ❞❡ s♦r❝✐❡r✑✳ ❊♥ r❡♠❛rq✉❛♥t
q✉❡ ❧❡s s♦❧✉t✐♦♥s st❛t✐♦♥❛✐r❡s ❞❡ ♥♦tr❡ éq✉❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♥❡✉r♦♥❛❧ s♦♥t éq✉✐✈❛❧❡♥t❡s à ❞❡s ♦r❜✐t❡s
❤♦♠♦❝❧✐♥❡s ♣♦✉r ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞✬♦r❞r❡ q✉❛tr❡ ❛ss♦❝✐é❡✱ ♥♦✉s ♣♦✉✈♦♥s ❛♣♣❧✐q✉❡r ❧❛
t❤é♦r✐❡ ❞❡s ❢♦r♠❡s ♥♦r♠❛❧❡s ♣♦✉r ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❍♦♣❢ ré✈❡rs✐❜❧❡ ❡t ❛✐♥s✐ ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡
❞❡ s♦❧✉t✐♦♥s ❧♦❝❛❧✐sé❡s✳ ◆♦✉s ♣rés❡♥t♦♥s é❣❛❧❡♠❡♥t ❞❡s rés✉❧t❛ts ❝♦♥❝❡r♥❛♥t ❧❡✉r st❛❜✐❧✐té✳ ◆♦✉s
✉t✐❧✐s♦♥s ❞❡s ♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s ♣♦✉r ❝♦♥t✐♥✉❡r ❝❡s ❜r❛♥❝❤❡s ❞❡ s♦❧✉t✐♦♥s ❡t ♣rés❡♥t♦♥s ❞❡s
❞✐❛❣r❛♠❡s ❞❡ ❜✐❢✉r❝❛t✐♦♥ q✉✐ ✏s❡r♣❡♥t❡♥t✑✳ ◆♦✉s ❞é❝r✐✈♦♥s ❧❛ ré❣✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s
♣♦✉r ❧❛q✉❡❧❧❡ ❧❡s s♦❧✉t✐♦♥s ❧♦❝❛❧✐sé❡s ♣❡rs✐st❡♥t✳

▼♦ts✲❝❧és ✿ ❙♦❧✉t✐♦♥s ❧♦❝❛❧✐sé❡s✱ ❊q✉❛t✐♦♥ ❞❡ ❝❤❛♠♣s ♥❡✉r♦♥❛✉①✱ ❇✐❢✉r❝❛t✐♦♥ ❞❡ ❍♦♣❢ ré✈❡rs✐❜❧❡✱
❋♦r♠❡ ♥♦r♠❛❧❡✱ ❙t❛❜✐❧✐té ♦r❜✐t❛❧❡✱ ❈♦♥t✐♥✉❛t✐♦♥ ♥✉♠ér✐q✉❡



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ♣❛st ❞❡❝❛❞❡s t❤❡r❡ ❤❛s ❜❡❡♥ ❛ ❣r❡❛t ❞❡❛❧ ♦❢ ✐♥t❡r❡st ✐♥ t❤❡ ♦r✐❣✐♥ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ s♣❛t✐❛❧❧②
❧♦❝❛❧✐③❡❞ str✉❝t✉r❡s ✐♥ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♣❤②s✐❝s ❛♥❞ ♥❡✉r♦s❝✐❡♥❝❡ ❬✶✱ ✻✱
✸✷✱ ✷✻✱ ✶✸✱ ✷✶✱ ✸❪✳ ❚❤❡ ❡q✉❛t✐♦♥ t❤❛t ✐s t❤❡ ♠♦st st✉❞✐❡❞ ✐♥ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐s t❤❡ ✇❡❧❧✲❦♥♦✇♥
❣❡♥❡r❛❧✐③❡❞ ❙✇✐❢t✲❍♦❤❡♥❜❡r❣ ❡q✉❛t✐♦♥ ✇✐t❤ ❡✐t❤❡r ❝✉❜✐❝✴q✉✐♥t✐❝ ♦r q✉❛❞r❛t✐❝✴❝✉❜✐❝ ♥♦♥❧✐♥❡❛r✐t✐❡s✳
❋♦r t❤✐s ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧♦❝❛❧✐③❡❞ st❡❛❞② st❛t❡s ✐s ❛ ❞②♥❛♠✐❝❛❧ ♣r♦♣❡rt②✿ ❛
❜✐❢✉r❝❛t✐♦♥ ❢r♦♠ t❤❡ tr✐✈✐❛❧ st❛t❡ ♦❝❝✉rs ❢♦r s♦♠❡ ✈❛❧✉❡ ♦❢ ❛ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r✳ ❚❤❡s❡ ❧♦❝❛❧✐③❡❞
s♦❧✉t✐♦♥s ❛r❡ t❤❡♥ ✈✐❡✇❡❞ ❛s ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts t♦ t❤❡ tr✐✈✐❛❧ st❛t❡✳

■♥ t❤❡ ♥❡✉r♦s❝✐❡♥❝❡ ❝♦♠♠✉♥✐t②✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ❡①❛♠♣❧❡ ✐s t❤❡ ❲✐❧s♦♥✲❈♦✇❛♥ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛✲
t✐♦♥ ❬✸✹✱ ✶❪

τ∂ta(x, t) = −a(x, t) +

∫ +∞

−∞

w(x− y)S(a(y, t))dy ✭✶✳✶✮

✇❤❡r❡ τ ✐s ❛ t❡♠♣♦r❛❧ ❝♦♥st❛♥t ✇❤✐❝❤ ✇❡ ✇✐❧❧ t❛❦❡ ❡q✉❛❧ t♦ 1ms ❢♦r ♠❛t❤❡♠❛t✐❝❛❧ s✐♠♣❧✐❝✐t②✳
■♥ t❤✐s ♠♦❞❡❧✱ a(x, t) r❡♣r❡s❡♥ts t❤❡ ❛✈❡r❛❣❡ ♠❡♠❜r❛♥❡ ✈♦❧t❛❣❡ ♦❢ ❛ ♥❡✉r♦♥❛❧ ♣♦♣✉❧❛t✐♦♥ ❛t
s♣❛t✐❛❧ ♣♦s✐t✐♦♥ x ❛♥❞ t✐♠❡ t✳ ❚❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ w(x) ❞❡t❡r♠✐♥❡s t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥
❡❧❡♠❡♥ts ❛♥❞ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❞❡❝❛②✐♥❣ ✇✐t❤ ❞✐st❛♥❝❡✳ S ✐s t❤❡ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
♠♦❞❡❧✳ ❚❤❡ st✉❞② ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐s ❛♥ ♦❧❞ ❛♥❞ r❡❝✉rr❡♥t s✉❜❥❡❝t ✐♥
t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♥❡✉r♦s❝✐❡♥❝❡ ❝♦♠♠✉♥✐t②✱ ✇❤❡r❡ ❛ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥s w
❛♥❞ ✜r✐♥❣✲r❛t❡ ❢✉♥❝t✐♦♥s S ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ❚❤❡ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❛♥ ❍❡❛✈✐s✐❞❡ st❡♣
❢✉♥❝t✐♦♥ ❬✶✱ ✸✷✱ ✶✸❪✱ ❛ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ❬✷✶✱ ✷✵❪ ♦r ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦❢ s✐❣♠♦✐❞❛❧ t②♣❡
❬✷✻✱ ✶✶✱ ✶✼✱ ✶✺❪✳ ❚❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ✐s ❛❧✇❛②s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛ s♦✲❝❛❧❧❡❞ ✏▼❡①✐❝❛♥
❤❛t✑ ♦r s♦✲❝❛❧❧❡❞ ✏✇✐③❛r❞ ❤❛t✑ s❤❛♣❡✳ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭P❉❊✮ ♠❡t❤♦❞s ❬✷✻✱ ✷✺❪ ❝❛♥ ❜❡
❡♠♣❧♦②❡❞ t♦ tr❛♥s❢♦r♠ t❤❡ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐♥t♦ ❛ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥✈♦❧✈✐♥❣
❤✐❣❤✲♦r❞❡r s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s✳

▲❛✐♥❣ ❡t ❛❧ ❬✷✻❪ ♥✉♠❡r✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✇✐t❤

S(x) = 2 exp
(
−r/(x− θ)2

)
H(x− θ) ✭✶✳✷✮

✇❤❡r❡ H ✐s t❤❡ ❍❡❛✈✐s✐❞❡ st❡♣ ❢✉♥❝t✐♦♥ ❛♥❞

w(x) = e−b|x|(b sin |x| + cosx). ✭✶✳✸✮

❚❤❡ ♣❛r❛♠❡t❡r b ❣♦✈❡r♥s t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ♦s❝✐❧❧❛t✐♦♥s ✐♥ w ❞❡❝❛② ✇✐t❤ ❞✐st❛♥❝❡ ❢r♦♠ x = 0✱
t❤❡ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥ S ❤❛s t❤r❡s❤♦❧❞ θ ❛♥❞ s❧♦♣❡ r✳ ■♥ ❬✷✻❪✱ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ✭✶✳✶✮
s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ st❛t❡s✳ ◆✉♠❡r✐❝❛❧ ❝♦♥t✐♥✉❛t✐♦♥ t❡❝❤♥✐q✉❡s ✇❡r❡ ✉s❡❞ t♦
❢♦❧❧♦✇✱ ❛s t❤❡ ♣❛r❛♠❡t❡r b ✐s ✈❛r✐❡❞✱ ❜r❛♥❝❤❡s ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✮ ❛♥❞ s♦✲❝❛❧❧❡❞ ✏s♥❛❦✐♥❣✑
❜❡❤❛✈✐♦✉r ✇❛s ❢♦✉♥❞✳ ❚❤✐s r❡♠❛r❦❛❜❧❡ ♣❤❡♥♦♠❡♥♦♥✱ ✐♥ ✇❤✐❝❤ ❛ s❡r✐❡s ♦❢ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥s ❣✐✈❡ r✐s❡
t♦ ❛ ❤✐❡r❛r❝❤② ♦❢ ❧♦❝❛❧✐③❛❡❞ s♦❧✉t✐♦♥ ❜r❛♥❝❤❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❜✉♠♣s✱ ❤❛s ❜❡❡♥ st✉❞✐❡❞
❡①t❡♥s✐✈❡❧② ❢♦r t❤❡ ❝❛♥♦♥✐❝❛❧ ❙✇✐❢t✲❍♦❤❡♥❜❡r❣ ❡q✉❛t✐♦♥ ❬✸✺✱ ✹✱ ✺✱ ✷✾❪✳ ◆✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s
♦❢ ❬✷✻❪ ✐♥❞✐❝❛t❡ t❤❛t ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❞♦ ♥♦t ❝♦♠❡ ✐♥t♦ ❡①✐st❡♥❝❡ t❤r♦✉❣❤
❛ r❡✈❡rs✐❜❧❡✲❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❢r♦♠ ❛ ❝♦♥st❛♥t s♦❧✉t✐♦♥ ❛s ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ❙✇✐❢t✲❍♦❤❡♥❜❡r❣
❡q✉❛t✐♦♥✳ ❆❧t❤♦✉❣❤ t❤❡✐r s②st❡♠ ✐s r❡✈❡rs✐❜❧❡✱ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❢✉♥❝t✐♦♥ S ✐♥ ❡q✉❛t✐♦♥
✭✶✳✷✮ ✭S ✐s ♥♦t ❛♥❛❧②t✐❝❛❧ ❛t x = 0✮ r❡♥❞❡rs ✐♠♣♦ss✐❜❧❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t♦♦❧s ❢r♦♠ ❜✐❢✉r❝❛t✐♦♥
t❤❡♦r②✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❊❧✈✐♥ ❡t ❛❧ ❬✶✺❪ ✉s❡❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ str✉❝t✉r❡ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❛♥❞
❞❡✈❡❧♦♣❡❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ ✜♥❞ ❛❧❧ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts ♦❢ t❤❡ s②st❡♠✳

❚❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❝♦♠♣❧❡t❡ t❤❡ st✉❞② ♦❢ ❧♦❝❛❧✐③❡❞ st❛t❡s ♦❢ ♥❡✉r❛❧ ✜❡❧❞
❡q✉❛t✐♦♥s ♦♥ t❤❡ ✉♥❜♦✉♥❞❡❞ r❡❛❧ ❧✐♥❡ ✐♥✐t✐❛t❡❞ ✐♥ ❬✷✻✱ ✶✺❪ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡s❡ st❛t❡s ❛r❡ ❜✐❢✉r✲
❝❛t❡❞ ❜r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥s ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ tr✐✈✐❛❧ st❛t❡ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮ t❤r♦✉❣❤ r❡✈❡rs✐❜❧❡
❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ ✶✿✶ r❡s♦♥❛♥❝❡ ✇❤❡♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥ ✐s ✐♥❝r❡❛s❡❞✳ ❚♦

❘❘ ♥➦ ✼✽✼✷



✹ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧✱ ✇❡ ✇♦r❦ ✇✐t❤ ❛ ✇✐③❛r❞ ❤❛t ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥ w(x) ✭❞✐✛❡r❡♥❝❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧
❢✉♥❝t✐♦♥s✮ ❛♥❞ ❛ s♠♦♦t❤ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❤❛s ♥♦♥✲✈❛♥✐s❤✐♥❣ ❞❡r✐✈❛t✐✈❡s ❛t t❤❡ ✜①❡❞
♣♦✐♥t ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮✳ ❆s ♣r❡✈✐♦✉s❧② s❤♦✇♥ ❢♦r t❤❡ ❙✇✐❢t✲❍♦❤❡♥❜❡r❣ ❡q✉❛t✐♦♥ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡
✐♥ ❬✺❪✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ❝♦❡✣❝✐❡♥ts ❬✷✸✱ ✷✷❪ ❢♦r t❤❡ r❡✈❡rs✐❜❧❡ ✶✿✶ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛♥❞
✜♥❞ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❛✐r ♦❢ ❤♦♠♦❝❧✐♥✐❝
❜r❛♥❝❤❡s✳ ❲❡ ♣r❡s❡♥t r❡s✉❧ts ♦♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❜✐❢✉r❝❛t✐♥❣ ❜r❛♥❝❤❡s✳

❲❡ ✉s❡ ♥✉♠❡r✐❝❛❧ ❝♦♥t✐♥✉❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤❡ st✉❞② ✇✐t❤ ❛♥ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ s♥❛❦✐♥❣
❜❡❤❛✈✐♦✉r❀ t❤❡s❡ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ❡①t❡♥s✐✈❡❧② ❢♦r t❤❡ ❙✇✐❢t✲❍♦❤❡♥❜❡r❣ ❡q✉❛t✐♦♥ ❬✸✱ ✹✱
✻✱ ✷✽✱ ✷✾✱ ✸✺❪ ❛♥❞✱ ✐♥ ❛ ❢❡✇ ✐s♦❧❛t❡❞ ❝❛s❡s ❢♦r t❤❡ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ❬✷✻✱ ✷✺✱ ✶✶❪✳ ❍❡r❡✱ ✇❡
✉s❡ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♣❛❝❦❛❣❡ ❆❯❚❖ ❬✶✹❪ ✇✐t❤ t❤❡ ❡①t❡♥s✐♦♥ ❍❖▼❈❖◆❚ t♦ ❢♦❧❧♦✇ ❤♦♠♦❝❧✐♥✐❝
❝②❝❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✉♥❞❡r ✈❛r✐❛t✐♦♥ ♦❢ s②st❡♠ ♣❛r❛♠❡t❡rs✳ ❲❡ ❝♦♥✜r♠
t❤❡ s♦❧✉t✐♦♥ str✉❝t✉r❡ ❞❡t❡r♠✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ t❤✐s ♣❛♣❡r ❛♥❞ r❡♣r♦❞✉❝❡ ♣r❡✈✐♦✉s❧② ♦❜s❡r✈❡❞
s♥❛❦✐♥❣ ❜❡❤❛✈✐♦✉r✳ ❋✉rt❤❡r✱ ✇❡ ✐❞❡♥t✐❢② t❤❡ ❡①❛❝t r❡❣✐♦♥s ♦❢ ♣❛r❛♠❡t❡r s♣❛❝❡ ❢♦r ✇❤✐❝❤ ❧♦❝❛❧✐③❡❞
s♦❧✉t✐♦♥s ♣❡rs✐st ✐♥ t❡r♠s ♦❢ t✇♦ ♣❛r❛♠❡t❡rs ❣♦✈❡r♥✐♥❣ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② S ❛♥❞ ❛
t❤✐r❞ ♣❛r❛♠❡t❡r ❣♦✈❡r♥✐♥❣ t❤❡ s❤❛♣❡❞ ♦❢ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ w✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷ ♦✉r ♠♦❞❡❧ ❛♥❞ ♥♦t❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞✳
❲❡ ❡①♣❧❛✐♥ ✐♥ s❡❝t✐♦♥ ✸ ❤♦✇ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ t❤❡ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ❛r❡ ❡q✉✐✈❛❧❡♥t
t♦ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts ✐♥ ❛ r❡❧❛t❡❞ ❢♦✉rt❤ ♦r❞❡r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❛♥❞ ✇❡ s❤♦✇ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❜r❛♥❝❤❡s ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✉s✐♥❣ ♥♦r♠❛❧ ❢♦r♠ t❤❡♦r②✳ ❙❡❝t✐♦♥ ✹ ❢♦❝✉s❡s ♦♥ t❤❡
st❛❜✐❧✐t② ♦❢ t❤❡s❡ ❜r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✐♥ s❡❝t✐♦♥ ✺ ✇❡ ❜✉✐❧❞ ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts
✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✉♥❞❡r t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤r❡❡ ♣❛r❛♠❡t❡rs✳

✷ ❲✐③❛r❞ ❤❛t ♠♦❞❡❧

❲❡ ✐♥tr♦❞✉❝❡ ❛ ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠t❡r µ > 0 ✐♥ t❤❡ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✭✶✳✶✮

∂ta(x, t) = −a(x, t) +

∫ +∞

−∞

w(x− y)S(µa(y, t))dy,

= F(a(x, t), µ).

✭✷✳✶✮

❚❤❡ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥ ✐s ❡✐t❤❡r t❛❦❡♥ t♦ ❜❡ t❤❡ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥

S(x) =
1

1 + e−x+θ
✇✐t❤ θ > 0 ✭✷✳✷✮

♦r ✐ts s❤✐❢t❡❞ ✈❡rs✐♦♥ ✈✐❛✿

S0(x) =
1

1 + e−x+θ
−

1

1 + eθ
. ✭✷✳✸✮

❲❡ ❞❡✜♥❡ ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ t♦ ❜❡ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✮✱ t❤✉s s❛t✐s✜❡s t❤❡
❡q✉❛t✐♦♥✿

a(x) =

∫ +∞

−∞

w(x− y)S(µa(y))dy. ✭✷✳✹✮

❋♦r ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✹✮✱ ✇❡ ❞❡✜♥❡ ✐ts r❡❣✐♦♥ ♦❢ ❡①❝✐t❛t✐♦♥ t♦ ❜❡ t❤❡ s❡t✿

Rθ
µ(a) = {x ∈ R | µa(x) > θ}.

❋♦❧❧♦✇✐♥❣ ❆♠❛r✐✬s ❞❡✜♥✐t✐♦♥ ❬✶❪✱ ❛ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✹✮ ✐s ❛ ♣❛tt❡r♥ a(x) ✇❤♦s❡ r❡❣✐♦♥ ♦❢
❡①❝✐t❛t✐♦♥ ❝♦♥s✐sts ♦❢ ❛ ✜♥✐t❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ❝♦♥♥❡❝t❡❞ ✐♥t❡r✈❛❧s ❛♥❞ ✇❤✐❝❤ ❞❡❝❛②s t♦
③❡r♦ ❛s x ❣♦❡s t♦ ✐♥✜♥✐t②✳

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✺

✷✳✶ ❈♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥

■♥ ♦r❞❡r t♦ ✇❡❧❧ ❞❡✜♥❡ t❤❡ ❝♦♥✈♦❧✉t✐♦♥❛❧ ♣❛rt ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮✱ ✇❡ ❤❛✈❡
t♦ t❛❦❡ ❛ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ❛t ❧❡❛st ✐♥t❡❣r❛❜❧❡ ♦✈❡r t❤❡ r❡❛❧ ❧✐♥❡✳ ■❢ w ❜❡❧♦♥❣s t♦ ▲1(R)✱ t❤❡
s♣❛❝❡ ♦❢ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ R✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ŵ ❛s✿

ŵ(ξ) =

∫

R

w(x)e−iξxdx.

■❢ ✇❡ ❢✉rt❤❡r s✉♣♣♦s❡ t❤❛t ŵ ∈ ▲1(R)✱ t❤❡♥ t❤❡ ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛ ❛♣♣❧✐❡s ❛♥❞ ✇❡ ❤❛✈❡✿

w(x) =
1

2π

∫

R

ŵ(ξ)eiξxdξ.

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥✳

❍②♣♦t❤❡s✐s ✶✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭✐✮ w, ŵ ∈ ▲1(R)✱

✭✐✐✮ w(0) > 0✱

✭✐✐✐✮ ŵ0
def
= ŵ(0) < 0✱

✭✐✈✮ t❤❡r❡ ❡①✐sts ξc > 0 s✉❝❤ t❤❛t ŵc
def
= ŵ(±ξc) = max

ξ∈R

ŵ(ξ) > 0✱

✭✈✮ ŵ(ξ) = R(ξ2)
Q(ξ2) ✇✐t❤ R,Q ♣♦❧✐♥♦♠✐❛❧ ✐♥ ξ2 s❛t✐s❢②✐♥❣ degR < degQ✳

❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ t❡❧❧s ✉s t❤❛t t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❛r❡ ✐♥t❡✲
❣r❛❜❧❡ ♦✈❡r t❤❡ r❡❛❧ ❧✐♥❡ s✉❝❤ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛ ❢♦r ❋♦✉r✐❡r tr❛♥s❢♦r♠✳ ❚❤❡
s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ✐s ❧♦❝❛❧❧② ❡①❝✐t❛t♦r② ❛♥❞ t❤❡ t❤✐r❞ ❝♦♥✲
❞✐t✐♦♥ t❤❛t ✐t ✐s ❧❛t❡r❛❧❧② ✐♥❤✐❜✐t♦r②✳ ❚❤❡ ❢♦✉rt❤ ❝♦♥❞✐t✐♦♥ s❛②s t❤❛t ŵ(ξ) ❤❛s t✇♦ ❣❧♦❜❛❧ ♠❛①✐♠❛
❛t ±ξc✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ŵc > 0 ✐s ♥❡❝❡ss❛r② ❢♦r t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ❞❡✈❡❧♦♣❡❞ ✐♥ ✷✳✷✳ ❋✐♥❛❧❧②✱
t❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭P❉❊✮ ♠❡t❤♦❞ ❝♦♥❞✉❝t❡❞ ✐♥ ✸✳✶
❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳

■♥ ♦r❞❡r t♦ ✜① ✐❞❡❛s✱ ❢r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ✭❛s
✉s❡❞ ✐♥ ❬✷✶✱ ✷✵❪✮✿

w(x) = b1e
−σ1|x| − b2e

−σ2|x|, ✭✷✳✺✮

✇✐t❤ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❣✐✈❡♥ ❜②

ŵ(ξ) =

∫

R

w(x)e−iξxdx = 2

(
b1σ1

σ2
1 + ξ2

−
b2σ2

σ2
2 + ξ2

)
. ✭✷✳✻✮

❚❤❡ r❡❛❧ ❝♦♥st❛♥ts (b1, b2, σ1, σ2) ❛r❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❍②♣♦t❤❡s✐s ✶ ❛r❡
s❛t✐s✜❡❞✳

❍②♣♦t❤❡s✐s ✷✳ ❲❡ ❛ss✉♠❡ t❤❛t ξc = 1✳

❲❡ ✐♠♣♦s❡ t❤✐s ❝♦♥❞✐t✐♦♥ ✐♥ ♦r❞❡r t♦ ✜① t❤❡ ♣❡r✐♦❞ t♦ 2π ♦❢ t❤❡ ❝r✐t✐❝❛❧ ♠♦❞❡s ✇❤✐❝❤ ✇✐❧❧
❜✐❢✉r❝❛t❡ ❢r♦♠ t❤❡ tr✐✈✐❛❧ st❛t❡ ✭s❡❡ ✷✳✷✮✳ ◆♦✇✱ ✐❢ ✇❡ ❞❡✜♥❡

Γ1 = 2σ1σ2(b1σ2 − b2σ1),

Γ2 = 2(b1σ1 − b2σ2),
✭✷✳✼✮

❘❘ ♥➦ ✼✽✼✷



✻ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

t❤❡♥ ŵc ❝❛♥ ❜❡ ✇r✐tt❡♥✿

ŵc =
Γ1 + Γ2

1 + σ2
1 + σ2

2 + σ2
1σ

2
2

. ✭✷✳✽✮

❚❤❡ ❝♦♥❞✐t✐♦♥ ξc = 1✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ d
dξ ŵ(ξ)|ξ=1 = 0✱ r❡❞✉❝❡s t♦

Γ1(σ
2
1 + σ2

2 + 2) + Γ2(1 − σ2
1σ

2
2) = 0. ✭✷✳✾✮

■t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ t♦ s❡❡ t❤❛t ❡q✉❛t✐♦♥s ✭✷✳✽✮ ❛♥❞ ✭✷✳✾✮ ✐♠♣❧② t❤❛t✿

σ2
1σ

2
2 −

Γ1

ŵc
= 1

σ2
1 + σ2

2 −
Γ2

ŵc
= −2.

✭✷✳✶✵✮

✷✳✷ ▲✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ tr✐✈✐❛❧ st❛t❡

❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ s❤♦✇ t❤❛t ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❤❛s ❛❧✇❛②s ❛ ✉♥✐q✉❡ tr✐✈✐❛❧ st❛t❡ t❤❛t
✉♥❞❡r❣♦❡s ❛ ❜✐❢✉r❝❛t✐♦♥ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ s❧♦♣❡ µ ♦❢ t❤❡ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥✳ ❲❡ ♣r❡s❡♥t t❤❡
r❡s✉❧ts ❢♦r ❜♦t❤ s❤✐❢t❡❞ ❛♥❞ ✉♥s❤✐❢t❡❞ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥✳

✷✳✷✳✶ ❯♥s❤✐❢t❡❞ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥ S

❊q✉❛t✐♦♥ ✭✷✳✶✮ ❤❛s t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥ a0(µ) ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ t❤❛t s❛t✐s✜❡s✿

a0(µ) = ŵ0S(µa0(µ)) ❢♦r ❛❧❧ µ > 0.

❚❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥ ❛r♦✉♥❞ t❤✐s tr✐✈✐❛❧ s♦❧✉t✐♦♥ ✐s✿

∂ta(x, t) = −a(x, t) + µS′(µa0(µ))

∫

R

w(x− y)a(y, t)dy. ✭✷✳✶✶✮

▲♦♦❦✐♥❣ ❛t ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ a(x, t) = eσteiξx✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✿

σ(ξ) = −1 + µS′(µa0(µ))ŵ(ξ). ✭✷✳✶✷✮

▲❡♠♠❛ ✷✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (µc, ac = a0(µc)) ♦❢✿

{
ac = ŵ0S(µcac)
1 = µcS

′(µcac)ŵc.
✭✷✳✶✸✮

■t ✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss (µc, ac) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②t✐❝ ❢♦r♠✉❧❛s✿

µc =
ŵ2

0

acŵc(ŵ0 − ac)
,

ac =
ŵ0ŵcW

(
−ŵ0e

−
− bw0+θ bwc

bwc /ŵc

)

ŵcW
(
−ŵ0e

−
− bw0+θ bwc

bwc /ŵc

)
− ŵ0

.

✭✷✳✶✹✮

W ✐s t❤❡ ▲❛♠❜❡rt ❢✉♥❝t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s W (x)eW (x) = x✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐① ❆✳

❋r♦♠ t❤✐s ▲❡♠♠❛✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ µ < µc t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥ a0(µ) ✐s st❛❜❧❡✳

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✼

✷✳✷✳✷ ❙❤✐❢t❡❞ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥ S0

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s❤✐❢t❡❞ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❡q✉❛t✐♦♥ ✭✷✳✸✮✱ t❤❡ ♥✉❧❧ s♦❧✉t✐♦♥ a0 = 0
✐♥❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ✐s ❝❧❡❛r❧② ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✹✮ ❢♦r ❛❧❧ µ > 0✳ ❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
ŵ0 < 0 ✐t ✐s t❤❡ ✉♥✐q✉❡ st❛t✐♦♥❛r② ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ♦❢ ✭✷✳✹✮✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❢♦r t❤❡
✉♥s❤✐❢t❡❞ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥✱ ❢♦r ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ a(x, t) = eσteiξx✱ ✇❡ ♦❜t❛✐♥ ❢♦r t❤❡
❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✿

σ(ξ) = −1 + µS′
0(0)ŵ(ξ). ✭✷✳✶✺✮

❚❤❡♥ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ µc ✐s ❣✐✈❡♥ ❜②✿

µc =
1

S′
0(0)ŵc

, ✭✷✳✶✻✮

❛♥❞ ❢♦r ❛❧❧ µ < µc t❤❡ ♥✉❧❧ s♦❧✉t✐♦♥ ✐s st❛❜❧❡✳

✷✳✷✳✸ ❈❤♦✐❝❡ ♦❢ t❤❡ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② ♦✉r ♥♦t❛t✐♦♥s✱ ❢r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇♦r❦ ✇✐t❤ t❤❡ s❤✐❢t❡❞ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥ S0

❛♥❞ ❞❡♥♦t❡ ❢♦r ❛❧❧ k ≥ 1✱ S
(k)
0 (0) = sk✳ ❖❢ ❝♦✉rs❡✱ ❛❧❧ t❤❡ r❡s✉❧ts t❤❛t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r❡s❡♥t ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❛r❡ ❡❛s✐❧② tr❛♥s♣♦rt❛❜❧❡ t♦ t❤❡ ✉♥s❤✐❢t❡❞ ❝❛s❡✳

✷✳✸ ❇✐❢✉r❝❛t✐♦♥ ♦❢ t❤❡ tr✐✈✐❛❧ st❛t❡ ❢♦r t❤❡ ❢✉❧❧ s②st❡♠

❚❤❡ tr✐✈✐❛❧ st❛t❡ a0 = 0 ✉♥❞❡r❣♦❡s ❛ ❜✐❢✉r❝❛t✐♦♥ ❛t t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ µ = µc✳ ❋✉rt❤❡r♠♦r❡✱ ❛s
❡q✉❛t✐♦♥ ✭✷✳✶✮ ✐s ❡q✉✐✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ tr❛♥s❧❛t✐♦♥s ❛♥❞ t❤❡ s②♠♠❡tr② (x→ −x, a→ a)✱
t❤❡ ❜✐❢✉r❝❛t✐♦♥ ✐s ❛ P✐t❝❤❢♦r❦ ✇✐t❤ O(2)✲s②♠♠❡tr② ❬✶✵✱ ✷✷❪✳ ❲❡ ❝❛♥ ❛♣♣❧② t❤❡ ▲②❛♣✉♥♦✈✲❙❝❤♠✐❞t
❞❡❝♦♠♣♦s✐t✐♦♥ ✭s❡❡ ❬✶✵❪ ❢♦r ❛ r❡✈✐❡✇✮ ♦♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ X = ▲2

per[0, 2π]✱ t❤❡ s❡t ♦❢ 2π✲♣❡r✐♦❞✐❝
sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ r❡❞✉❝❡❞ ❡q✉❛t✐♦♥ ♦♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡
❙♣❛♥(eix, e−ix)✳ ■❢ ✇❡ ❞❡♥♦t❡ λ = µ−µc ❛♥❞ v(x, t) = a(x, t)−a0✱ t❤❡♥ t❤❡ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥
✭✷✳✶✮ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦✿

∂tv(x, t) = Lµc
v(x, t) + R(v(x, t), λ) ✭✷✳✶✼✮

✇❤❡r❡ Lµc
❛♥❞ R ❛r❡ ❞❡✜♥❡❞ ❜②

Lµc
v(x, t) = −v(x, t) + µcs1

∫

R

w(x− y)v(y, t)dy

R(v(x, t), λ) =

∫

R

w(x− y) [S0 ((λ+ µc)v(y, t)) − µcs1v(y, t)] dy

❛♥❞

f0(X,λ) = S0 ((λ+ µc)X) − µcs1X. ✭✷✳✶✽✮

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t R(0, 0) = DvR(0, 0) = 0✳ ❲❡ ❝❛♥ ✇r✐t❡ ❡❛❝❤ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✼✮
♦♥ t❤❡ ❢♦r♠✿

v(x, t) = Z(t)eix + Z(t)eix + Φ(Z(t), Z(t), λ).

❚❤❡ r❡❞✉❝❡❞ ❡q✉❛t✐♦♥ ✐s t❤❡♥✿

Ż(t) =
(
νλ+ χ|Z(t)|2

)
Z(t) + ❤✳♦✳t. ✭✷✳✶✾✮

❘❘ ♥➦ ✼✽✼✷



✽ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

▲❡♠♠❛ ✷✳✷✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ r❡❞✉❝❡❞ ❡q✉❛t✐♦♥ ✭✷✳✶✾✮ ❛r❡✿

ν =
1

µc
,

χ =
µ3

c

s1

[
s3
2

+
µcs

2
2(19Γ1 + 4Γ2)

18

]
.

✭✷✳✷✵✮

Pr♦♦❢✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✐s ♣♦st♣♦♥❡❞ ✐♥ ❛♣♣❡♥❞✐① ❇✳

■t ❢♦❧❧♦✇s t❤❛t ❝❧♦s❡ t♦ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✱ ❢♦r λχ < 0✱ t❤❡ ❛♠♣❧✐t✉❞❡ Z(t) ✐s ❣✐✈❡♥ ❜②✿

Zω(t) =

√
−

λ

µcχ
eiω + O(|λ|

3
2 )

❢♦r ❛♥② ♣❤❛s❡ ω ♦♥ t❤❡ ❝✐r❝❧❡ S
1✳ ❚❤✐s ♣❤❛s❡ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t♦ t❤❡ tr❛♥s❧❛t✐♦♥ ✐✐♥✈❛r✐❛♥❝❡ ♦❢

❡q✉❛t✐♦♥ ✭✷✳✶✮✳ ❚❤❡ ❜✐❢✉r❝❛t✐♦♥ t♦ t❤✐s s♣❛t✐❛❧❧② ♣❡r✐♦❞✐❝ ❜r❛♥❝❤ ✐s s✉❜❝r✐t✐❝❛❧ ✭λ < 0✮ ✐♥ χ > 0
❛♥❞ s✉♣❡r❝r✐t✐❝❛❧ (λ > 0✮ ✐♥ χ < 0✳

✸ ❘❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ ✶✿✶ r❡s♦♥❛♥❝❡

✸✳✶ P❉❊ ♠❡t❤♦❞s

❲❡ ❛ss✉♠❡ t❤❛t v → v(·, t) ∈ C1(R+,H4(R)) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✼✮✱ ✇❤❡r❡ H4(R) ✐s t❤❡ ❙♦❜♦❧❡✈
s♣❛❝❡ ❞❡✜♥❡❞ ❛s✿

H4(R) = {u ∈ ▲2(R) | ∀k ≤ 4 ∂k
xku ∈ ▲2(R)}.

❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ✭✷✳✶✼✮ ❣✐✈❡s✿

(∂t + 1) v̂(ξ, t) = ŵ(ξ)
[

̂f0(v, λ)(ξ, t) + µcs1v̂(ξ, t)
]
.

❯s✐♥❣ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✇❡ ♦❜t❛✐♥✿

(∂t + 1)Lµc
(v) = M(v, λ) ✭✸✳✶✮

✇✐t❤ Lµc
❛♥❞ M ❞❡✜♥❡❞ ❜②

Lµc
(v) = (σ2

1σ
2
2 − Γ1µcs1)v − (σ2

1 + σ2
2 − Γ2µcs1)∂

2
x2v + ∂4

x4v

❛♥❞
M(v, λ) = Γ1f0(v, λ) − Γ2∂

2
x2 [f0(v, λ)] .

❋r♦♠ ❡q✉❛t✐♦♥s ✭✷✳✶✵✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t µc = (s1ŵc)
−1

✱ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ Lµc
r❡❞✉❝❡ t♦✿

σ2
1σ

2
2 − Γ1µcs1 = 1,

σ2
1 + σ2

2 − Γ2µcs1 = −2.

◆♦t❡ t❤❛t ❡q✉❛t✐♦♥ ✭✸✳✶✮ ❢♦r♠s ❛ ❢♦✉rt❤ ♦r❞❡r r❡✈❡rs✐❜❧❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✐♥ s♣❛❝❡✿ t❤❡ ❡q✉❛t✐♦♥
✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r s♣❛t✐❛❧ r❡✢❡❝t✐♦♥ (x→ −x, v → v)✳ ❲❡ ❧♦♦❦ ❢♦r st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥
✭✸✳✶✮ ✇❤✐❝❤ st❛✐s❢② {

Lµc
(v) = M(v, λ)

v ∈ H4(R).
✭✸✳✷✮

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✾

❚❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡ x ✐s r❡❝❛st ❛s t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✸✳✷✮ ✐s ♥♦✇
❛ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ♦❢ ✜rst ♦r❞❡r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❖❉❊s✮ ✇❤✐❝❤ ❝❛♥ ❜❡
✇r✐tt❡♥✿

U ′ = AU + R(U, λ) ✭✸✳✸✮

✇✐t❤ U = (u1, u2, u3, u4)
T ✭♥♦t❡ t❤❡t u1 = v✮ ❛♥❞

A =




0 1 0 0
0 0 1 0
0 0 0 1
−1 0 −2 0


 , R(U, λ) =




0
0
0

R4 (u1, u2, u3, u4, λ)


 .

❚❤❡ ❢♦✉rt❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ R ✐s ❣✐✈❡♥ ❜②

R4 (u1, u2, u3, u4, λ) = Γ1f0(u1, λ) − Γ2

[
(λ+ µc)

2
u2

2S
′′
0 ((λ+ µc)u1) − µcs1u3

+ (λ+ µc)u3S
′
0 ((λ+ µc)u1)

]
.

✭✸✳✹✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ R ❛t (U = 0R4 , λ = 0)

R1,1(U, λ) = λs1 (0, 0, 0,Γ1u1 − Γ2u3)
T

R2,0(U,U) =
µ2

cs2
2

(
0, 0, 0,Γ1u

2
1 − Γ2(2u

2
2 + 2u1u3)

)T

R3,0(U,U, U) =
µ3

cs3
6

(
0, 0, 0,Γ1u

3
1 − Γ2(6u1u

2
2 + 3u2

1u3)
)T

.

✸✳✷ ❘❡✈❡rs✐❜❧❡✲❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥

❚❤❡ ❛ss♦❝✐❛t❡❞ ❧✐♥❡❛r ♣r♦❜❧❡♠ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ✐s

U ′ = AU + R1,1(U, λ).

❊✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ st❛t✐s❢② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥✿

X4 + (2 + s1λΓ2)X
2 + 1 − s1λΓ1 = 0. ✭✸✳✺✮

❚♦ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ✐♥ λ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✺✮ s❡❡♥ ❛s ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐♥
X2 ✐s

∆(λ) = 4s1(Γ1 + Γ2)λ+ o(λ).

❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✽✮✱ ✇❡ ❤❛✈❡ s✐❣♥(Γ1 +Γ2) = s✐❣♥(ŵc) > 0✳ ❚❤❡♥✱ ❢♦r λ < 0 t❤❡r❡ ❡①✐sts ❢♦✉r
❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ r❡❛❧ ♣❛rt s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s✱ s✉❝❤ t❤❛t t❤❡
tr✐✈✐❛❧ st❛t❡ ✐s ❤②♣❡r❜♦❧✐❝ ✇✐t❤ t✇♦ st❛❜❧❡s ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t✇♦ ✉♥st❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s✳ ■♥ ❝♦♥tr❛st✱
❢♦r λ > 0 ❛❧❧ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❧✐❡ ♦♥ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s ❛♥❞ t❤❡ tr✐✈✐❛❧ st❛t❡ ✐s ♥♦ ❧♦♥❣❡r ❤②♣❡r❜♦❧✐❝✳
❆t λ = 0✱ t❤❡r❡ ✐s ❛ ♣❛✐r ♦❢ ✐♠❛❣✐♥❛r② ❡✐❣❡♥✈❛❧✉❡s ±i ♦❢ ❞♦✉❜❧❡ ♠✉❧t✐♣❧✐❝✐t②✳ ❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ❛t
λ = 0 ✐s t❤✉s ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ ❛ r❡✈❡rs✐❜❧❡ s②st❡♠ ✇✐t❤ ✶✿✶ ✭s♣❛t✐❛❧✮ r❡s♦♥❛♥❝❡✳

❘❘ ♥➦ ✼✽✼✷



✶✵ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

✸✳✸ ◆♦r♠❛❧ ❢♦r♠ t❤❡♦r②

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❞♦♣t t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ ❬✷✸✱ ✷✷❪ t♦ st✉❞② t❤❡ r❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❲❡
st❛rt ❜② ❝♦♥str✉❝t✐♥❣ ❛ s✉✐t❛❜❧❡ ❜❛s✐s ♦❢ R4 ❛♥❞ ✇❡ ❞❡♥♦t❡ S t❤❡ s②♠♠❡tr②✿

S =




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1


 ✇✐t❤ S

2 = IR4 .

▲❡t ζ0 = (1, i,−1,−i)❚ ❜❡ ❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ A ✇❤✐❝❤ s❛t✐s✜❡s✿

(A− iIR4)ζ0 = 0 ❛♥❞ Sζ0 = ζ̄0

❛♥❞ ❧❡t ζ1 = (0, 1, 2i,−3)
❚

❜❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦r t❤❛t ✐s✿

(A− iIR4)ζ1 = ζ0 ❛♥❞ Sζ1 = −ζ̄1.

❚❤❡♥ (Reζ0, Imζ0, Reζ1, Imζ1) ✐s ❛ ❜❛s✐s ♦❢ R4 ✇✐t❤ ζ0, ζ1 ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs ♦❢ A✳ ■♥
t❤✐s ❜❛s✐s✱ ✇❡ r❡♣r❡s❡♥t ❛ ✈❡❝t♦r U ∈ R4 ❜② (A,B, Ā, B̄)✱

U = Aζ0 +Bζ1 +Aζ0 +Bζ1

✇✐t❤ A,B ∈ C✳

▲❡♠♠❛ ✸✳✶ ✭◆♦r♠❛❧ ❢♦r♠✮✳ ■❢ ✇❡ r❡✇r✐t❡ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❛s

U ′ = AU + R(U, λ) = F(U, λ)

t❤❡♥ t❤❡ ✈❡❝t♦r ✜❡❧❞ F ✐s ♦❢ ❝❧❛ss Ck✱ k ≥ 3✱ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ (0, 0) ∈ R4 × R s❛t✐s❢②✐♥❣
F(0, 0) = 0 ❛♥❞ s✉❝❤ t❤❛t S ❛♥t✐❝♦♠♠✉t❡s ✇✐t❤ F✳ ❋♦r ❛♥② ✐♥t❡❣❡r p✱ 2 ≤ p ≤ k✱ t❤❡r❡ ❡①✐st
♥❡✐❣❤❜♦r❤♦♦❞s V1 ❛♥❞ V2 ♦❢ ✵ ✐♥ R4 ❛♥❞ R✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❢♦r ❛♥② λ ∈ V2 t❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧
♠❛♣ Ψ(·, λ) : R4 → R4 ♦❢ ❞❡❣r❡❡ p ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✶✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠♦♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ q ✐♥ Ψ(·, λ) ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ λ ♦❢ ❝❧❛ss Ck−q✱

Ψ(0, 0, 0, 0, 0) = 0, ∂(A,B,Ā,B̄)Ψ(0, 0, 0, 0, 0) = 0,

❛♥❞

SΨ(A,B, Ā, B̄, λ) = Ψ(Ā,−B̄, A,−B, λ).

✷✳ ❋♦r (A,B, Ā, B̄) ∈ V1✱ t❤❡ ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s

U = Aζ0 +Bζ1 +Aζ0 +Bζ1 + Ψ(A,B, Ā, B̄, λ)

tr❛♥s❢♦r♠s t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ✐♥t♦ t❤❡ ♥♦r♠❛❧ ❢♦r♠✿

dA

dt
= iA+B + iAP

(
|A|2,

i

2
(AB̄ − ĀB), λ

)
+ ρA(A,B, Ā, B̄, λ)

dB

dt
= iB + iBP

(
|A|2,

i

2
(AB̄ − ĀB), λ

)
+AQ

(
|A|2,

i

2
(AB̄ − ĀB), λ

)

+ ρB(A,B, Ā, B̄, λ)

✭✸✳✻✮

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✶✶

✇❤❡r❡ P ❛♥❞ Q ❛r❡ r❡❛❧✲✈❛❧✉❡❞ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ p−1 ✐♥ (A,B, Ā, B̄)✳ ❚❤❡ r❡♠❛✐♥❞❡rs
ρA ❛♥❞ ρB ❛r❡ ♦❢ ❝❧❛ss Ck✱ ❛♥❞ s❛t✐s❢②

ρA(Ā,−B̄, A,−B, λ) = −ρA(A,B, Ā, B̄, λ),

ρB(Ā,−B̄, A,−B, λ) = ρB(A,B, Ā, B̄, λ)

✇✐t❤ t❤❡ ❡st✐♠❛t❡

|ρA(A,B, Ā, B̄, λ)| + |ρB(A,B, Ā, B̄, λ)| = o ((|A| + |B|)p) .

Pr♦♦❢✳ ❙❡❡ ❍❛r❛❣✉s✲■♦♦ss ❬✷✷❪✳

▼♦r❡♦✈❡r✱ t❤❡ ❡①♣❛♥s✐♦♥s ♦❢ P ❛♥❞ Q ✐♥ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ❛r❡ ❣✐✈❡♥ ❜②✿

P

(
|A|2,

i

2
(AB̄ − ĀB), λ

)
= αλ+ β|A|2 +

iγ

2

(
AB̄ − ĀB

)
+ 0

(
(|λ| + (|A| + |B|)2)2

)
✭✸✳✼✮

Q

(
|A|2,

i

2
(AB̄ − ĀB), λ

)
= c11λ+ c03|A|

2 +
ic

2

(
AB̄ − ĀB

)
+ 0

(
(|λ| + (|A| + |B|)2)2

)
. ✭✸✳✽✮

❲❡ ✇✐s❤ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞✐✛❡r❡♥t ❝♦❡✣❝✐❡♥ts t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❡①♣❛♥s✐♦♥s ♦❢ P ❛♥❞ Q✳
❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ❡❛❝❤ ❝♦❡✣❝✐❡♥t ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✷✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts α, β, γ, c11, c
0
3 ❛♥❞ c ✐♥ t❤❡ ❡①♣❛♥s✐♦♥s ♦❢ P ❛♥❞ Q ✐♥ ❡q✉❛t✐♦♥s

✭✸✳✼✮ ❛♥❞ ✭✸✳✽✮ ❛r❡

α =
s1(Γ2 − Γ1)

8
,

β =
µ3

c

32

[
3s3(Γ2 − Γ1) −

µcs
2
2(4Γ2

2 + 187Γ2
1 + 29Γ1Γ2)

27

]
,

γ = −
µ4

cs
2
2(36Γ2

1 + 4Γ1Γ2 + 7Γ2
2)

162
,

c11 = −
s1(Γ1 + Γ2)

4
,

c03 = −
µ3

c(Γ1 + Γ2)

4

[
s3
2

+
µcs

2
2(19Γ1 + 4Γ2)

18

]
,

c =
µ3

c

16

[
s3(Γ2 − Γ1) −

µcs
2
2(41Γ2

1 − 209Γ1Γ2 − 52Γ2
2)

27

]
.

❚❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✷ ✐s ❧❡t ✐♥ ❛♣♣❡♥❞✐① ❈✳ ❲❡ ❝❛♥ ♥♦t❡ t❤❛t✱ ❛s ❡①♣❡❝t❡❞✱ χ =
c0
3

µcc1
1

✳ ▼♦r❡✲

♦✈❡r✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤♦s❡ ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ❙✇✐❢t✲❍♦❤❡♥❜❡r❣ ❡q✉❛t✐♦♥
✇✐t❤ q✉❛❞r❛t✐❝✴❝✉❜✐❝ ♥♦♥❧✐♥❡❛r✐t② ❬✸✱ ✹✱ ✺❪✳

✸✳✹ ❊①✐st❡♥❝❡ ♦❢ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts

❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛rt✳

❚❤❡♦r❡♠ ✸✳✸ ✭❊①✐st❡♥❝❡✮✳ ■❢ c03 < 0 ❛♥❞ λ < 0✱ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐r❜r✐✉♠
a0 ❛♥❞ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ λ✱ t❤❡r❡ ✐s ❛ ♣❛✐r ♦❢ r❡✈❡rs✐❜❧❡ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts t♦ a0✳

❘❘ ♥➦ ✼✽✼✷



✶✷ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✶ ✐♥ ❬✷✷❪ ✇✐t❤ c11 < 0 ✐♥ ▲❡♠♠❛ ✸✳✶✳

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s st❛t❡❞ ✐♥ t❤❡ t❤❡♦r❡♠✱ t❤❡ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts ♦❢ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ✭✸✳✻✮
tr✉♥❝❛t❡❞ ❛t ❝✉❜✐❝ ♦r❞❡r ❛r❡ ❣✐✈❡♥ ✐♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s A = r0e

i(t+ϕ0)✱ B = r1e
i(t+ϕ1) ❜②

r0(t) =

√
−2c11λ

c03
sech

(
t
√
c11λ

)
, r1 = |r′0|

ϕ1 − ϕ0 ∈ {0, π}, ϕ0(t) = αλt−
2β
√
c11λ

c03
tanh

(
t
√
c11λ

)
+ φ.

❋♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ λ✱ λ < 0✱ t❤❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✮ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜②

a(x) = 2

√
−2c11λ

c03
sech

(
t
√
c11λ

)
cos(x+ φ) + O(λ). ✭✸✳✾✮

❚❤✐s ❢❛♠✐❧② ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐s ♣❛r❛♠❡tr✐③❡❞ ❜② φ ∈ S
1✱ ✇❤✐❝❤ ❝♦♥tr♦❧s t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ♣❛t✲

t❡r♥ ✇✐t❤✐♥ t❤❡ sech (·) ❡♥✈❡❧♦♣❡✳ ❲✐t❤✐♥ t❤❡ ❛s②♠♣t♦t✐❝s t❤✐s ♣❤❛s❡ r❡♠❛✐♥s ❛r❜✐tr❛r②✱ ❤♦✇❡✈❡r
✐t ✐s ❦♥♦✇♥ t❤❛t t❤✐s ✐s ♥♦ ❧♦♥❣❡r t❤❡ ❝❛s❡ ♦♥❝❡ t❡r♠s ❜❡②♦♥❞ ❛❧❧ ♦r❞❡rs ❛r❡ ✐♥❝❧✉❞❡❞ ❬✸✵✱ ✷✹✱ ✼❪✳
❚❤❡s❡ t❡r♠s ❜r❡❛❦ t❤❡ r♦t❛t✐♦♥❛❧ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡♥✈❡❧♦♣❡ ❡q✉❛t✐♦♥ ❛♥❞ r❡s✉❧t ✐♥ ❛ ✇❡❛❦ ✢♦✇
♦♥ t❤❡ ❝✐r❝❧❡ S

1✳ ❚❤✐s ✢♦✇ ✐♥ t✉r♥ s❡❧❡❝ts s♣❡❝✐✜❝ ✈❛❧✉❡s ♦❢ t❤❡ ♣❤❛s❡ φ = 0 ❛♥❞ φ = π✳ ■♥❞❡❡❞
t❤❡s❡ ♣❤❛s❡s ❛r❡ t❤❡ ♦♥❧② t❤❛t ♣r❡s❡r✈❡ t❤❡ r❡✈❡s❜✐❧✐t② s②♠♠❡tr② (x → −x, v → v)✳ ■t ❢♦❧❧♦✇s
t❤❛t t❤❡ t✇♦ ❜r❛♥❝❤❡s ♦❢ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✸ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ t✇♦ ❜r❛♥❝❤❡s
♦❢ ❧♦❝❛❧✐③❡❞ st❛t❡s ❜✐❢✉r❝❛t❡ s✉❜❝r✐t✐❝❛❧❧② ❢r♦♠ λ = 0 ✭c11 < 0 ✐♥ ▲❡♠♠❛ ✸✳✶✮✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞
✐♥ ❋✐❣✉r❡ ✷✳ ❆❧♦♥❣ t❤❡ φ = 0 ❜r❛♥❝❤✱ ❛❧s♦ ❝❛❧❧❡❞ ✉♣ ❜r❛♥❝❤✱ t❤❡ ♠✐❞♣♦✐♥t ✭x = 0✮ ♦❢ t❤❡ ❧♦❝❛❧✐③❡❞
st❛t❡ ✐s ❛❧✇❛②s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠✱ ✇❤✐❧❡ ❛❧♦♥❣ t❤❡ φ = π ❜r❛♥❝❤✱ ❛❧s♦ ❝❛❧❧❡❞ ❞♦✇♥ ❜r❛♥❝❤✱ t❤❡
♠✐❞♣♦✐♥t ✐s ❛❧✇❛②s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳

❋✐♥❛❧❧②✱ ❛s χ =
c0
3

µcc1
1

❛♥❞ c11 < 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ c03 < 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ χ > 0✳

❋r♦♠ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ✷✳✸✱ t❤❡r❡ ✐s ❛❧s♦ ❛ s✉❜❝r✐t✐❝❛❧ ❜✐❢✉r❝❛t✐♦♥ ❢r♦♠ t❤❡ tr✐✈✐❛❧ st❛t❡ ♦❢ ❛ ❜r❛♥❝❤
♦❢ s♣❛t✐❛❧❧② ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ❛t λ = 0 ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮✳

✹ ❙t❛❜✐❧✐t② ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s

✹✳✶ ❆s②♠♣t♦t✐❝ st❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡♥♦t❡ Uµ
0 ∈ H4(R) ❛ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✹✮ ❢♦r ❛ ✜①❡❞ ✈❛❧✉❡ µ ♦❢

t❤❡ s❧♦♣❡ ♦❢ t❤❡ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥✳ ❲❡ ❧✐♥❡❛r✐③❡ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❛r♦✉♥❞ t❤✐s ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥✿

∂ta(x, t) = −a(x, t) + µ

∫

R

w(x− y)S′
0(µU

µ
0 (y))a(y, t)dy.

❲❡ ❧♦♦❦ ❢♦r ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ a(x, t) = p(x)eσt✱ ✇✐t❤ p ∈ H4(R)✱ ❛♥❞ ♦❜t❛✐♥

(σ + 1) p(x) = µ

∫

R

w(x− y)S′
0(µU

µ
0 (y))p(y)dy. ✭✹✳✶✮

❉✉❡ t♦ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮ (σ = 0, ∂xU
µ
0 ) ✐s ❛❧✇❛②s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡

❡q✉❛t✐♦♥✳ ■t ❢♦❧❧♦✇s t❤❛t Uµ
0 ❝❛♥♥♦t ❜❡ ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡

❛ ♥♦t✐♦♥ ♦❢ st❛❜✐❧✐t② ❛❞❛♣t❡❞ t♦ t❤✐s ♣r♦❜❧❡♠ ❛s ✇❡ ✇✐❧❧ ♥♦✇ s❤♦✇✳ ▲❡t Tρ ❜❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
♦♥ u ∈ H4(R) s✉❝❤ t❤❛t Tρu(x) = u(x+ ρ) ✭ρ ∈ R✮✳ ❚❤❡♥ Tρ ❝♦♠♠✉t❡s ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❢♦r

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✶✸

❛❧❧ ρ ∈ R✳ ❲❡ ❞❡✜♥❡ t❤❡ ✏T ✲♦r❜✐t✑ ♦❢ t❤❡ st❛t✐♦♥❛r② ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥ Uµ
0 ∈ H4(R) ♦❢ ❡q✉❛t✐♦♥

✭✷✳✹✮ ❜②
O = {TρU

µ
0 | ρ ∈ R}. ✭✹✳✷✮

❋♦r ❛❧❧ u, v ∈ ▲2(R)✱ ✇❡ s❡t✿

〈u, v〉 =

∫

R

u(x)v(x)dx. ✭✹✳✸✮

❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ ♥♦r♠❛❧ s❧✐❝❡ N t♦ O ❛t Uµ
0 ❛s t❤❡ s❡t✿

N = {v ∈ ▲2(R) | 〈∂xU
µ
0 , v〉 = 0} ⊂ ▲2(R). ✭✹✳✹✮

❘❡♠❛r❦ ✹✳✶✳ ◆♦t❡ t❤❛t Uµ
0 ∈ N ✳ ■♥❞❡❡❞✿

〈∂xU
µ
0 , U

µ
0 〉 =

∫

R

∂xU
µ
0 (x)Uµ

0 (x)dx =
1

2

[
(Uµ

0 (x))
2
]+∞

−∞
= 0,

❜❡❝❛✉s❡ Uµ
0 ∈ ▲2(R)✳

❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥✳

▲❡♠♠❛ ✹✳✶✳ ▲❡t V ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ Uµ
0 ✐♥ ▲2(R)✱ t❤❡♥ ❛♥② V ∈ V ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦

V = Tρ (Uµ
0 + Y ) ✭✹✳✺✮

✇❤❡r❡ Y ∈ N ❛♥❞ ρ ∈ R✳

Pr♦♦❢✳ ❋♦r V ∈ V✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ f ❛s

f : ρ→ f(ρ) = 〈T−ρU
µ
0 , V 〉 =

∫

R

Uµ
0 (x− ρ)V (x)dx. ✭✹✳✻✮

✭✐✮ ❲❡ ❦♥♦✇ t❤❛t C∞
c (R)✱ t❤❡ s❡t ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt✱ ✐s ❞❡♥s❡ ✐♥

▲2(R) ❬✷❪✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ Vn ∈ C∞
c (R)✱ s✉❝❤ t❤❛t Vn −→

n→+∞
V ✐♥ ▲2(R)✳ ❲❡

❞❡✜♥❡ fn ❛s
fn : ρ→ fn(ρ) = 〈T−ρU

µ
0 , Vn〉. ✭✹✳✼✮

❋♦r ❛❧❧ ρ ∈ R✱ ✇❡ ❤❛✈❡

|fn(ρ) − f(ρ)| ≤ ‖Uµ
0 ‖▲2(R)‖Vn − V ‖▲2(R) −→

n→+∞
0,

✇❤❡r❡ ‖ · ‖▲2(R) ✐s t❤❡ ♥♦r♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✭✹✳✽✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t fn

✉♥✐❢♦r♠❛❧② ❝♦♥✈❡r❣❡s t♦ f ✳ ❇❡❝❛✉s❡ Vn ∈ C∞
c (R)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t fn(ρ) −→

ρ→±∞
0 ❛♥❞ t❤❡♥

f(ρ) −→
ρ→±∞

0✳

✭✐✐✮ ▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❬✷❪✱ t❤❡ ✐♥❥❡❝t✐♦♥ Hm(R) ⊂ Cm−1(R) ✇✐t❤ m ≥ 1 ✱ ✐s
❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥ Uµ

0 ∈ H4(R) ⊂ C3(R) ⊂ ▲1
loc(R) ✇❤❡r❡ ▲1

loc(R) ✐s t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s
✇❤✐❝❤ ❛r❡ ✐♥t❡❣r❛❜❧❡ ♦♥ ❛♥② ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R✳ ❆s Uµ

0 (x) = Uµ
0 (−x)✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞

t❤❛t fn(ρ) = Vn ∗Uµ
0 (ρ)✱ ✇❤❡r❡ ∗ ✐s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✳ ❋r♦♠ t❤❡ ♣r♦♣❡rt② ♦❢

t❤❡ ❝♦♥✈♦❧✉t✐♦♥✱ fn ✐s C∞ ♦♥ R ❢♦r ❛❧❧ n ≥ 1 ❛♥❞ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t✿

f ′n(ρ) = −〈T−ρ∂xU
µ
0 , Vn〉.

❋♦r ❛❧❧ ρ ∈ R✱ ✇❡ ❤❛✈❡

|f ′n(ρ) + 〈T−ρ∂xU
µ
0 , V 〉| ≤ ‖∂xU

µ
0 ‖▲2(R)‖Vn − V ‖▲2(R) −→

n→+∞
0.

❚❤✐s ✐♠♣❧✐❡s t❤❛t f ′n ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ ❢✉♥❝t✐♦♥ ρ → −〈T−ρ∂xU
µ
0 , V 〉✳ ❆s ❛

❝♦♥s❡q✉❡♥❝❡ f ✐s C1 ❛♥❞ f ′(ρ) = −〈T−ρ∂xU
µ
0 , V 〉✳

❘❘ ♥➦ ✼✽✼✷



✶✹ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

✭✐✐✐✮ ❲❡ ❝❛♥ ♥♦✇ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ g✿

g(ρ) = 〈T−ρU
µ
0 − V, T−ρU

µ
0 − V 〉 = ‖Uµ

0 ‖
2
▲2(R) + ‖V ‖2

▲2(R) − 2f(ρ).

❲❡ ❦♥♦✇ t❤❛t g ✐s C1(R) ❛♥❞ g(ρ) −→
ρ→±∞

‖Uµ
0 ‖

2
▲2(R)

+ ‖V ‖2
▲2(R)

✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t g ❤❛s ❛

♠✐♥✐♠✉♠ ❛t ρ = ρ0 ∈ R ✇❤❡r❡ g′(ρ0) = 0✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

0 = f ′(ρ0) = −〈T−ρ0
∂xU

µ
0 , V 〉 = −〈∂xU

µ
0 , Tρ0

V 〉.

❲❡ ❞❡❞✉❝❡ t❤❛t Tρ0
V − Uµ

0 ∈ N ✱ t❤✐s ♣r♦✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ Y ∈ N s✉❝❤ t❤❛t Tρ0
V =

Uµ
0 + Y ✳

❲❡ ❝❛♥ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ ❛♥❞ ❞❡❝♦♠♣♦s❡ ❛♥② s♦❧✉t✐♦♥ V ∈ V ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❛s

V (x, t) = Tρ(t) (Uµ
0 (x) + Y (x, t))

✇❤❡r❡ t → ρ(t) ∈ C1(R) ❛♥❞ t → Y (x, t) ∈ C1(R,N )✳ ❘❡♣❧❛❝✐♥❣ V (x, t) ✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❛♥❞
t❤❛♥❦s t♦ t❤❡ tr❛♥s❧❛t✐♦♥❛❧ ❡q✉✐✈❛r✐❛♥❝❡ ♦❢ F ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♥❡✇ ❡q✉❛t✐♦♥

∂tY (x, t) + ρ′(t)∂xU
µ
0 (x) + ρ′(t)∂xY (x, t) = F(Uµ

0 (x) + Y (x, t), µ). ✭✹✳✽✮

❲❡ s❤❛❧❧ ♥♦✇ ❞❡❝♦♠♣♦s❡ ❡q✉❛t✐♦♥ ✭✹✳✽✮ ✐♥t♦ t✇♦ ♣❛rts✿ ♦♥❡ ♣❛rt ♦♥ t❤❡ t❛♥❣❡♥t s♣❛❝❡ TUµ
0
O =

❙♣❛♥(∂xU
µ
0 )✱ ✇❤✐❝❤ ✇✐❧❧ s♦❧✈❡ ρ′(t)✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ✐♥ t❤❡ ♥♦r♠❛❧ s❧✐❝❡ N t♦ O ❛t Uµ

0 ✱
✇❤✐❝❤ ✇✐❧❧ ❝♦♥t❛✐♥ t❤❡ r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❞②♥❛♠✐❝s ♥❡❛r O✳ ❲❡ ❞❡✜♥❡ ❛ ♣r♦❥❡❝t✐♦♥
P ✐♥ H4(R) ♦♥t♦ TUµ

0
O ❜②

Pu = 〈u, ∂xU
µ
0 〉

∂xU
µ
0

‖∂xU
µ
0 ‖

✭✹✳✾✮

▲❡t ✉s ♥♦✇ ❛♣♣❧② P t♦ ❡q✉❛t✐♦♥ ✭✹✳✽✮✳ ❚❤❡♥✱ s✐♥❝❡ Y ⊥ TUµ
0
O✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

ρ′(t) (1 + P∂xY (x, t)) = PF(Uµ
0 (x) + Y (x, t), µ). ✭✹✳✶✵✮

❙✐♥❝❡ Uµ
0 + Y ✐s t❛❦❡♥ ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ Uµ

0 ✱ Y ✐s s♠❛❧❧ ✐♥ ♥♦r♠✱ s✉❝❤ t❤❛t t❤❡ ❧❡❢t ❤❛♥❞
s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✹✳✶✵✮ ✐s ✐♥✈❡rt✐❜❧❡✳ ❚❤❡r❡❢♦r❡ ρ′(t) ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ❢✉♥❝t✐♦♥ ♦❢ Y ❛♥❞ µ✿

ρ′(t) = (1 + P∂xY (x, t))
−1

PF(Uµ
0 (x) + Y (x, t), µ) ❢♦r Y ∈ V ∩ N .

■t ❢♦❧❧♦✇s t❤❛t ρ ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ Y ❛♥❞ µ✳
❚❤❡ r❡♠❛✐♥✐♥❣ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♥♦r♠❛❧ s❧✐❝❡ N r❡❛❞s ❛s

∂tY (x, t) = (Id− P) [F(Uµ
0 (x) + Y (x, t), µ) − ρ′(t)∂xY (x, t)] ,

= G(Y (x, t), µ).
✭✹✳✶✶✮

❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❞②♥❛♠✐❝s ♥❡❛r t❤❡ r❡❧❛t✐✈❡
❡q✉✐❧✐❜r✐✉♠ Uµ

0 ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✹✳✶✶✮✳
■❢ ✐♥ ♣❛rt✐❝✉❧❛r Y = 0 ✐s ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❢♦r ✭✹✳✶✶✮✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ▲❡♠♠❛ ✹✳✶
t❤❛t t❤❡ Tρ✲♦r❜✐t O ✐s ❛♥ ❛ttr❛❝t♦r ❢♦r ❡q✉❛t✐♦♥ ✭✷✳✶✮✳ ❚❤✐s ❥✉st✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳ ❆ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥ Uµ
0 ∈ H4(R) ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ✐s ♦r❜✐t❛❧❧② st❛❜❧❡✱ ✐❢ ❢♦r ❛♥②

✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ V0 = Tρ0
(Uµ

0 +Y0)✱ ρ0 ∈ R ❛♥❞ Y0 ❝❧♦s❡ t♦ O ✐♥ N ✱ t❤❡ s♦❧✉t✐♦♥ V (t)
♦❢ ✭✷✳✶✮ s✉❝❤ t❤❛t V (0) = V0 s❛t✐s✜❡s V (t) = Tρ(t)(U

µ
0 + Y (t)) ✇✐t❤ Y (t) s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥

✭✹✳✶✶✮ ❛♥❞ Y (t) −→
t→+∞

0 ✐♥ N ✳

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✶✺

❋✐❣✉r❡ ✶✿ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✢♦✇ ♥❡❛r t❤❡ r❡❧❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ Uµ
0 ✳

■❢ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦rDY G(Y, µ)|Y =0 ❧✐❡s ❡♥t✐r❡❧② ✐♥ t❤❡ ❤❛❧❢ ♣❧❛♥❡ {ℜ(z) ≤
ξ < 0}✱ t❤❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥ Uµ

0 ∈ H4(R) ✐s ♦r❜✐t❛❧❧② st❛❜❧❡✳ ❋♦r µ < µc✱ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥
t❤❛t t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥ a0 = 0 ✐s ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❢♦r t❤❡ ❢✉❧❧ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✭✷✳✶✮✳
❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ❛t µ = µc ✐s s✉❜❝r✐t✐❝❛❧ ❢♦r t❤❡ r❡❞✉❝❡❞ s②st❡♠ ✭✸✳✷✮ s✉❝❤ t❤❛t t❤❡ t✇♦ ❜r❛♥❝❤❡s
♦❢ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts ❛r❡ t❤❡♥ ♦r❜✐t❛❧❧② ✉♥st❛❜❧❡ ❢♦r t❤❡ ❢✉❧❧ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✭✷✳✶✮✳ ■t ❢♦❧❧♦✇s
t❤❛t t❤❡s❡ t✇♦ ❜r❛♥❝❤❡s ❛r❡ ♦r✐❡♥t❡❞ ❜❛❝❦✇❛r❞✳ ▲❡t ✉s ❢♦❧❧♦✇ t❤❡s❡ ❜r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥s ❜②
❞❡❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ µ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥st❛♥t✿

µL =
1

supx∈R
|S′

0(x)|ŵc
.

❆♥ ♦♣❡♥ q✉❡st✐♦♥ ✐s t♦ ❦♥♦✇ ✐❢ t❤❡r❡ ❡①✐sts ♦r ♥♦t ❛ t✉r♥✐♥❣ ♣♦✐♥t µT ∈]µL, µc[ ❢♦r ❡❛❝❤ ❜r❛♥❝❤
♦❢ s♦❧✉t✐♦♥s✱ ❞❡♥♦t❡❞ µTu

❢♦r t❤❡ ✉♣ ❜r❛♥❝❤ ❛♥❞ µTd
❢♦r t❤❡ ❞♦✇♥ ♦♥❡✳ ❆t t❤❡s❡ t✉r♥✐♥❣ ♣♦✐♥ts✱

t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛♥ ❡①❝❤❛♥❣❡ ♦❢ st❛❜✐❧✐t② ❛♥❞ t❤❡ ❜r❛♥❝❤❡s s❤♦✉❧❞ ❣❛✐♥ st❛❜✐❧✐t② ❢♦r µ > µTs
✱

s ∈ {u, d}✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❯♥❢♦rt✉♥❛❧❡t②✱ ✇❡ ❝❛♥ ♦♥❧② ❝♦♥❥❡❝t✉r❡ t❤❡ ❡①✐st❡♥❝❡
♦❢ s✉❝❤ ♣♦✐♥ts✳ ◆❡✈❡rt❤❡❧❡ss ♦✉r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s s✉♣♣♦rt t❤✐s s❝❡♥❛r✐♦ ✭s❡❡ ✺✮✳ ❆ r✐❣♦r♦✉s
♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♦r❜✐t❛❧❧② st❛❜❧❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠✳

✹✳✷ ❙t❛❜✐❧✐t② r❡s✉❧t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥

❚❤❡ ❛✐♠ ♦❢ t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❡❡ ✉♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s ❛♥ ♦r❜✐t❛❧❧② st❛❜❧❡ ❧♦❝❛❧✐③❡❞
s♦❧✉t✐♦♥ Uµ

0 ∈ H4(R) ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ✐s tr❛♥s❢♦r♠❡❞ ✇❤❡♥ ✇❡ ♣❡rt✉r❜ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥
w✳ ❲❡ ❞❡✜♥❡ ❛ ♥❡✇ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ wǫ ❢♦r ❛❧❧ ǫ ≥ 0 ❛s

wǫ(x) = b1e
−σ1((1−ǫ)|x|+ǫx2) − b2e

−σ2((1−ǫ)|x|+ǫx2), ✭✹✳✶✷✮

s✉❝❤ t❤❛t wǫ ✐s ❛ ❤♦♠♦t♦♣② ❢r♦♠ w t♦ ❛ ❞✐✛❡r❡♥❝❡ ♦❢ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥s✳

❚❤❡♦r❡♠ ✹✳✸✳ ❙✉♣♣♦s❡ t❤❛t Uµ
0 ∈ H4(R) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✮ ❛♥❞ t❤❛t t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r

DY G(Y, µ)|Y =0 ✐s ✐♥✈❡rt✐❜❧❡ ❢♦r ❛ ❣✐✈❡♥ ✜①❡❞ µ ∈]µL, µc[✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts η > 0 s✉❝❤ t❤❛t ❢♦r
❛❧❧ ǫ ∈]0, η[ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ Uµ

ǫ ∈ ▲2(R) s♦❧✉t✐♦♥ ♦❢

Uµ
ǫ (x) =

∫

R

wǫ(x− y)S0(µU
µ
ǫ (y))dy. ✭✹✳✶✸✮

❘❘ ♥➦ ✼✽✼✷



✶✻ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

.

.
µµcµL µTd

µTu
0

||U ||

❋✐❣✉r❡ ✷✿ ❇✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ❢♦r ❜r❛♥❝❤❡s ♦❢ ❧♦❝❛❧✐③❡❞ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ ✭✷✳✶✮ ✇✐t❤ t❤❡✐r
st❛❜✐❧✐t②✳ ❙♦❧✐❞ ✭❞❛s❤❡❞✮ ❧✐♥❡s ✐♥❞✐❝❛t❡s st❛❜❧❡ ✭✉♥st❛❜❧❡✮ st❛t❡s✳ ●r❡② ✭❜❧❛❝❦✮ ✐♥❞✐❝❛t❡s t❤❡ ❞♦✇♥
✭✉♣✮ ❜r❛♥❝❤✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ Uµ
0 ✐s ♦r❜✐t❛❧❧② st❛❜❧❡ t❤❛♥ Uµ

ǫ ✐s ❛❧s♦ ♦r❜✐t❛❧❧② st❛❜❧❡✳

Pr♦♦❢✳ ✶✳ ❲❡ ❧♦♦❦ ❢♦r s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ Uµ
ǫ (x) = Tρǫ

(Uµ
0 (x) + Y (x))✱ ✇✐t❤ Y ∈ N ❛♥❞

ρǫ ∈ R✳ ❘❡♣❧❛❝✐♥❣ Uµ
ǫ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✹✳✶✸✮ ❛♥❞ t❤❛♥❦s t♦ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ✇❡

♦❜t❛✐♥✿
Uµ

0 + Y = wǫ ∗ S(µ(Uµ
0 + Y )).

Pr♦❥❡❝t✐♥❣ ♦♥t♦ N ✇❡ ❤❛✈❡✿
0 = Fµ(Uµ

0 + Y, ǫ), ✭✹✳✶✹✮

✇❤❡r❡ Fµ(U, ǫ) = (Id− P) (−U + wǫ ∗ S(µU))✳

✷✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t ǫ→
∫

R
wǫ(x− y)S(µU(y))dy ✐s C1 ♦♥ R+✳

❼ y → wǫ(x− y)S(µU(y)) ∈ ▲1(R)✱

❼ ǫ→ wǫ(x− y)S(µU(y)) ∈ C1(R+)✱

❼ ❋♦r ❛❧❧ K > 0 ❛♥❞ ❛❧❧ ǫ ∈ [0,K] ✇❡ ❤❛✈❡ t❤❛t✿

|∂ǫ (wǫ(x))| ≤ g(x) ∈ ▲1(R)

✇✐t❤

g(x) =

{
|x2 − |x||e−x x ≥ 1

|x2 − |x||e−x K
4 x ≤ 1.

❚❤❡♥ ❢♦r♠ t❤❡ t❤❡♦r❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥✱ ✇❡ ❤❛✈❡ t❤❡ r❡s✉❧t✳

✸✳ ❊q✉❛t✐♦♥ ✭✹✳✶✹✮ ✐s ❛♥ ✐♠♣❧✐❝✐t ❡q✉❛t✐♦♥✳ ❋r♦♠ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥✱ ✐t
✐s ❝❧❡❛r t❤❛t y → Fµ(Uµ

0 + Y, ǫ) ✐s C1 ♦♥ N ✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ Fµ(Uµ
0 , 0) = 0 ❛♥❞

DY Fµ(Uµ
0 + Y, ǫ)|Y =0,ǫ=0 = DY G(Y, µ)|Y =0.

❋r♦♠ ♦✉r ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ t❤❛t DY Fµ(Uµ
0 +Y, ǫ)|Y =0,ǫ=0 ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r ❢r♦♠

N t♦ N ✳

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✶✼

✹✳ ❲❡ ❝❛♥ ❛♣♣❧② t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ ✇❤✐❝❤ s❛②s t❤❛t t❤❡r❡ ❡①✐sts η > 0 s✉❝❤ t❤❛t
❢♦r ❛❧❧ ǫ ∈]0, η[✱ ǫ → Yǫ ∈ N ✐s s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✹✮✳ ❚❤❡♥✱ Uµ

ǫ = Tρǫ
(Uµ

0 + Yǫ) ✐s ❛ s♦❧✉t✐♦♥
♦❢ ✭✹✳✶✷✮ ❢♦r ❛❧❧ ρǫ ∈ R✳

✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

✺✳✶ ❚✉♥✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs

❇❡❢♦r❡ st✉❞②✐♥❣ ❧♦❝❛❧✐s❡❞ s♦❧✉t✐♦♥s ✐♥ t❤❡ ♠♦❞❡❧ ✐t ✐s ✜rst ♥❡❝❡ss❛r② t♦ ✐❞❡♥t✐❢② ♣❛r❛♠❡t❡r r❛♥❣❡s
❢♦r ✇❤✐❝❤ t❤❡② ❡①✐st✳ ❚❤❡ s✐❣♥ ♦❢ c03 ✐♥ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ❡q✉❛t✐♦♥ ✭✸✳✻✮ ❣♦✈❡r♥s t❤❡ ❡①✐st❡♥❝❡ ♦❢
❧♦❝❛❧✐s❡❞ s♦❧✉t✐♦♥s ❛s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸✳ ❚❤❡ ❝♦❡✣❝✐❡♥t c03 ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ❝♦♥♥❡❝t✐✈✐t②
❢✉♥❝t✐♦♥ ♣❛r❛♠❡t❡rs (b1, b2, σ1, σ2) ❛♥❞ t❤❡ t❤r❡s❤♦❧❞ ♦❢ t❤❡ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥ θ✳ ❲❡ ♥♦✇
❞❡s❝r✐❜❡ ❛ r❡❞✉❝t✐♦♥ t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❣♦✈❡r♥✐♥❣ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥✳
❋✐rst❧②✱ s♣❛❝❡ ❝❛♥ ❜❡ r❡s❝❛❧❡❞ s✉❝❤ t❤❛t✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ σ1 = 1✳ ■♥ ♦✉r ❜✐❢✉r❝❛t✐♦♥
❛♥❛❧②s✐s✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ✐♠♣♦rt❛♥t q✉❛♥t✐t✐❡s ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ❛r❡ ŵ0, ŵc ❛♥❞
ξc✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ t❤❡ ♦✈❡r❛❧❧ s❤❛♣❡ ♦❢ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ w✳ ■♥ ♦r❞❡r t♦ ✜① t❤❡ ♣❡r✐♦❞
♦❢ t❤❡ ❝r✐t✐❝❛❧ ♠♦❞❡s ❜✐❢✉r❝❛t✐♥❣ ❢r♦♠ t❤❡ tr✐✈✐❛❧ st❛t❡ a0 = 0 ❛t µ = µc t♦ 2 ∗ π✱ ✇❡ ✐♠♣♦s❡❞
t❤❛t ξc = 1 ✐♥ ❍②♣♦t❤❡s✐s ✷❀ s❡❡ s✉❜s❡❝t✐♦♥ ✷✳✷✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡
r❡♣❛r❛♠❡t❡r✐③❡❞ ✐♥ t❡r♠s ♦❢ (ŵ0, ŵc) ❜② ♠❡❛♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥✿

σ2 =

√
ŵc

ŵc − ŵ0
,

b1 = −
2ŵc(ŵc − ŵ0)

ŵ0
,

b2 = −
(2ŵc − ŵ0)

2

2ŵ0

√
ŵc

ŵc − ŵ0
.

❋✐♥❛❧❧②✱ ✐♥ ♦r❞❡r t♦ ❡①♣r❡ss t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ s✐♥❣❧❡ ♣❛r❛♠❡t❡r✱ ✇❡ ✜①
ŵ0 = −1✳ ❘❡❝❛❧❧ t❤❛t ŵ0 ❤❛s t♦ ❜❡ ♥❡❣❛t✐✈❡ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ tr✐✈✐❛❧
s♦❧✉t✐♦♥ a0 ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮✳ ❚❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ✉♣♦♥ ŵc ❛♥❞ ❝❛♥ ❜❡
✇r✐tt❡♥✿

w(x) = 2ŵc(ŵc + 1)e−|x| −
(2ŵc + 1)2

2

√
ŵc

ŵc + 1
e
−

q
bwc

bwc+1
|x|
.

■t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥ t❤❛t✱ ❞❡✜♥❡❞ ✐♥ t❤✐s ✇❛②✱ w s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s
ŵ0 = −1 ❛♥❞ ξc = 1✳

❲❡ ♣❧♦t t❤❡ ❝♦♥t♦✉r c03 = 0 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ (ŵc, θ) ✐♥ ❋✐❣✉r❡ ✸✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts
❛ ♥♦♥ ❡♠♣t② r❡❣✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥ c03 < 0 ✐s s❛t✐s✜❡❞❀ t❤❡r❡❢♦r❡✱ t❤❡r❡
❡①✐st ❜r❛♥❝❤❡s ♦❢ s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✇✐t❤✐♥ t❤✐s r❡❣✐♦♥✳ ❋♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ θ c03 > 0 ❛♥❞
s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❞♦ ♥♦t ❡①✐st✳

✺✳✷ ◆✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t② ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s

■♥ ♦r❞❡r t♦ ♥✉♠❡r✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡ t❤❡ st❛❜✐❧✐t② ♦❢ ❛ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥ Uµ
0 ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮✱ ✇❡

❤❛✈❡ t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❲❡ st❛rt ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✮ ✇✐t❤ p ∈ H4(R)
❛♥❞ ❛♣♣❧② t❤❡ P❉❊ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ✐♥ ✸✳✶✳ ❲❡ ♦❜t❛✐♥✿

(σ + 1)L0 (p(x)) = µ
(
Γ1 − Γ2∂

2
x2

)
[S′

0(µU
µ
0 (x)p(x)] ✭✺✳✶✮

❘❘ ♥➦ ✼✽✼✷



✶✽ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

❋✐❣✉r❡ ✸✿ ❈♦❡✣❝✐❡♥t c03 ❛♥❞ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥✳ ✭❛✮ ❙❤♦✇s t❤❡ ❝✉r✈❡ c03 = 0 ✐♥ t❤❡ (θ, ŵc)✲
♣❧❛♥❡❀ ❢♦r ✈❛❧✉❡s t♦ t❤❡ r✐❣❤t ♦❢ t❤✐s ❝✉r✈❡ c03 < 0✳ ■♥s❡t ✭❛✶✮ s❤♦✇s t❤❡ ✇✐③❛r❞ ❤❛t ❝♦♥♥❡❝t✐✈✐t②
❢✉♥❝t✐♦♥ w ❛♥❞ ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ŵ ❢♦r ŵc = 5✳

✇❤❡r❡ L0 = ∂4
x4 − (σ2

1 + σ2
2)∂2

x2 + σ2
1σ

2
2 ✳ ❋♦r ❛❧❧ p ∈ H4(R) ❛♥❞ q ∈ ▲2(R)✱ ✇❡ s❡t L0p = q✳ ❆s

t❤❡ s♣❡❝tr✉♠ ♦❢ L0 ✐s ❣✐✈❡♥ ❜② s♣❡❝L0
= {ξ4 + (σ2

1 + σ2
2)ξ2 + σ2

1σ
2
2 | ξ ∈ R} ⊂ [σ2

1σ
2
2 ,+∞[✱ L0 ✐s

❛♥ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r ❛♥❞ p = L−1
0 q✳ ■t ❢♦❧❧♦✇s t❤❛t ❡q✉❛t✐♦♥ ✭✺✳✶✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥✿

σq(x) = −q(x) + µ
(
Γ1 − Γ2∂

2
x2

) [
S′

0(µU
µ
0 (x)L−1

0 q(x)
]

= B(q(x)).

◆♦✇✱ ❢♦r ❡✈❡r② s♦❧✉t✐♦♥ Uµ
0 ❞✐s❝r❡t✐③❡❞ ♦♥ ❛ ❞♦♠❛✐♥ [−L, 0]✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s σ ♦❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r B ✇❤❡r❡ ✇❡ ✉s❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ♠❡t❤♦❞s
t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ∂2

x2 ✳ ❆s ✇❡ ♥✉♠❡r✐❝❛❧❧② ✇♦r❦ ♦♥ ❛ ✜♥✐t❡ ❞♦♠❛✐♥✱ t❤❡ 0
❡✐❣❡♥✈❛❧✉❡ ❞✉❡ t♦ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ✐♥ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ✐s ♥♦t ♣r❡s❡♥t ✐♥ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡
❞✐s❝r❡t✐③❛t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r B✳ ❲❤❡♥ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s ❤❛✈❡ ♥❡❣❛t✐✈❡ r❡❛❧ ♣❛rt✱ t❤❡♥ t❤❡
s♦❧✉t✐♦♥ ✐s ♦r❜✐t❛❧❧② st❛❜❧❡✱ ♦t❤❡r✇✐s❡ ✐t ✐s ✉♥st❛❜❧❡✳

✺✳✸ ❙♥❛❦✐♥❣ ❜❡❤❛✈✐♦✉r ❛♥❞ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✈❛r②✐♥❣ µ

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✉s❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♥t✐♥✉❛t✐♦♥ ♣❛❝❦❛❣❡ ❆❯❚❖ ❬✶✹❪ ✇✐t❤ t❤❡ ❡①t❡♥s✐♦♥ ❍❖▼✲
❈❖◆❚ t♦ ❝♦♠♣✉t❡ ❤♦♠♦❝❧✐♥✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ♦❢ ❖❉❊s ❞❡s❝r✐❜❡❞ ❜② ✭✸✳✸✮✳ ❙♦❧✉t✐♦♥s
♦❢ t❤✐s s②st❡♠ ❝♦rr❡s♣♦♥❞s t♦ st❡❛❞② st❛t❡s ♦❢ t❤❡ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ✇❤❡r❡ t❤❡ s♣❛t✐❛❧
❝♦♦r❞✐♥❛t❡ x ❤❛s ❜❡❡♥ r❡❝❛st ❛s t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ✐♥ t❤❡ ❖❉❊ s②st❡♠✳

❙t❛rt✐♥❣ ❞❛t❛ ❢♦r t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❛♥❛❧②s✐s ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ s②st❡♠ ✭✸✳✸✮ ♦♥ t❤❡ ❤❛❧❢✲
✐♥t❡r✈❛❧ x ∈ [−L, 0] ✇✐t❤ t❤❡ ❢♦✉r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s u1(−L) = u3(−L) = u1(0) = u3(0) = 0❀
❛ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭❇❱P✮ s♦❧✈❡r ✐♥ t❤❡ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡ ▼❛t❧❛❜ ✇❛s ✉s❡❞✳ ❇❛s❡❞ ♦♥
t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ❢♦r ✜①❡❞ (ŵc, θ) ✇❡ s❡t µ t♦ ❛ ✈❛❧✉❡ ❧❡ss t❤❛♥ ❜✉t
st✐❧❧ ❝❧♦s❡ t♦ µc✱ ✇❤❡r❡ t✇♦ t②♣❡s ♦❢ ✉♥st❛❜❧❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❛r❡ ❦♥♦✇♥ t♦ ❡①✐st ❛s ❞✐s❝✉ss❡❞
✐♥ s✉❜s❡❝t✐♦♥ ✸✳✹✳ ❯♣ s♦❧✉t✐♦♥s✱ ❢♦r ✇❤✐❝❤ u1(0) > 0✱ ❛♥❞ ❞♦✇♥ s♦❧✉t✐♦♥s✱ ❢♦r ✇❤✐❝❤ u1(0) < 0✱
❛r❡ ❢♦✉♥❞ ❜② ♣r♦✈✐❞✐♥❣ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s t♦ t❤❡ ❇❱P s♦❧✈❡r✳ ❯s✐♥❣ t❤❡s❡ s♦❧✉t✐♦♥s ❛s
st❛rt✐♥❣ ❞❛t❛ ✐♥ ❆❯❚❖✱ ❜r❛♥❝❤❡s ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✇❡r❡ tr❛❝❦❡❞ ✉♥❞❡r t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ µ✳

❋✐❣✉r❡ ✹ s❤♦✇s ❛ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ✐♥ t❤❡ ♣❛r❛♠❡t❡r µ t❤❛t ❣✐✈❡s ❛♥ ❡①❛❝t q✉❛❧✐t❛t✐✈❡
❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❛s s✉♠♠❛r✐s❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❆ ❜r❛♥❝❤ ♦❢ tr✐✈✐❛❧ s♦❧✉t✐♦♥s
✭||U || = 0✮ ✐s st❛❜❧❡ ❢♦r µ < µc ❛♥❞ ✉♥st❛❜❧❡ ❛❢t❡r ✉♥❞❡r❣♦✐♥❣ ❛ r❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ RHµc

❛t µ = µc✳ ❚❤❡r❡ ❛r❡ t✇♦ s✉❜❝r✐t✐❝❛❧✱ ✉♥st❛❜❧❡ ❜✐❢✉r❝❛t✐♥❣ ❜r❛♥❝❤❡s✱ ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
✉♣ s♦❧✉t✐♦♥ ❛♥❞ ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞♦✇♥ s♦❧✉t✐♦♥✳ ❚❤❡ ✉♣ ❛♥❞ ❞♦✇♥ ❜r❛♥❝❤❡s ✉♥❞❡r❣♦
❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥s ❛t F 1

ul ❛♥❞ F 1
dl ✐♥ ✇❤✐❝❤ t❤❡ ❜r❛♥❝❤❡s ❣❛✐♥ st❛❜✐❧✐t② ❛s ♣r❡❞✐❝t❡❞ ❛♥❛❧②t✐❝❛❧❧②✳

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✶✾
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❋✐❣✉r❡ ✹✿ ❙♥❛❦✐♥❣ ❜❡❤❛✈✐♦✉r ❛♥❞ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❛t ŵc = 5 ❛♥❞ θ = 3.5✳ ✭❛✮ ❇✐❢✉r❝❛t✐♦♥
❞✐❛❣r❛♠ ✐♥ µ ✇❤❡r❡ st❛❜❧❡ ❜r❛♥❝❤❡s ❛r❡ s♦❧✐❞ ❝✉r✈❡s ❛♥❞ ✉♥st❛❜❧❡ ❜r❛♥❝❤❡s ❛r❡ ❞❛s❤❡❞ ❝✉r✈❡s✳ ❆
tr✐✈✐❛❧ ❜r❛♥❝❤ ♦❢ s♦❧✉t✐♦♥s ✉♥❞❡r❣♦❡s ❛ r❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛t RHµc

✳ ❇✐❢✉r❝❛t✐♥❣ ❜r❛♥❝❤❡s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✉♣ s♦❧✉t✐♦♥s ❛r❡ ❜❧❛❝❦ ❛♥❞ t♦ ❞♦✇♥ s♦❧✉t✐♦♥s ❛r❡ ❣r❡②✳ ❚❤❡s❡ ❜r❛♥❝❤❡s ✉♥❞❡r❣♦
❛ s❡r✐❡s ♦❢ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥s t❤❛t ❜♦✉♥❞ ❛ µ✲r❛♥❣❡ ✭s❤❛❞❡❞ ❣r❛②✮ ✐♥ ✇❤✐❝❤ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s
❡①✐st❀ s❡❡ t❡①t✳ ❆ ✈❡rt✐❝❛❧ ❣r❛② ❧✐♥❡ ❝♦rr❡s♣♦♥❞s t♦ µ = 4✳ ✭❜✮ ❙♦❧✉t✐♦♥ ♣r♦✜❧❡ ❛t µ = 4 ♦♥
t❤❡ ❧♦✇❡st ✉♥st❛❜❧❡ ✉♣ s♦❧✉t✐♦♥ ❜r❛♥❝❤✳ ✭❝✮✕✭❡✮ ❙♦❧✉t✐♦♥ ♣r♦✜❧❡s ❛t µ = 4 ♦♥ t❤❡ s✉❜s❡q✉❡♥t
st❛❜❧❡ ✉♣ s♦❧✉t✐♦♥ ❜r❛♥❝❤ s❡❣♠❡♥ts✳ ✭❢✮ ❙♦❧✉t✐♦♥ ♣r♦✜❧❡ ❛t µ = 4 ♦♥ t❤❡ ❧♦✇❡st ✉♥st❛❜❧❡ ❞♦✇♥
s♦❧✉t✐♦♥ ❜r❛♥❝❤✳ ✭❣✮✕✭✐✮ ❙♦❧✉t✐♦♥ ♣r♦✜❧❡s ❛t µ = 4 ♦♥ t❤❡ s✉❜s❡q✉❡♥t st❛❜❧❡ ❞♦✇♥ s♦❧✉t✐♦♥ ❜r❛♥❝❤
s❡❣♠❡♥ts✳

❘❘ ♥➦ ✼✽✼✷
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u1

u1 (a) (b) (c)
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❋✐❣✉r❡ ✺✿ ❆❞❞✐♥❣ ♦❢ ❛ ❜✉♠♣ t❤r♦✉❣❤ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥s✳ ✭❛✮ ❙♦❧✉t✐♦♥ ♣r♦✜❧❡ ❛t F 1
ur✳ ✭❜✮ ❙♦❧✉t✐♦♥

♣r♦✜❧❡ ❛t µ = 4 ♦♥ ✉♥st❛❜❧❡ ❜r❛♥❝❤ ❜❡t✇❡❡♥ F 1
ur ❛♥❞ F 2

ul✳ ✭❝✮ ❙♦❧✉t✐♦♥ ♣r♦✜❧❡ ❛t F 2
ul✳ ✭❛✮ ❙♦❧✉t✐♦♥

♣r♦✜❧❡ ❛t F 1
dr✳ ✭❜✮ ❙♦❧✉t✐♦♥ ♣r♦✜❧❡ ❛t µ = 4 ♦♥ ✉♥st❛❜❧❡ ❜r❛♥❝❤ ❜❡t✇❡❡♥ F 1

dr ❛♥❞ F 2
dl✳ ✭❝✮ ❙♦❧✉t✐♦♥

♣r♦✜❧❡ ❛t F 2
dl✳

❆ s❡r✐❡s ♦❢ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥s Fn
∗ ❜♦✉♥❞ ❛ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ st❛❜❧❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♣❡rs✐st✱ ✇✐t❤

❛❞❞✐t✐♦♥❛❧ ❜✉♠♣s ❛❞❞❡❞ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ n✱ ♠♦✈✐♥❣ ✉♣ t❤❡ ❞✐❛❣r❛♠✳ ■♥ t❤❡ s✉❜s❝r✐♣t ♥♦t❛t✐♦♥
❢♦r t❤❡ ❢♦❧❞s u ❛♥❞ d ❝♦rr❡s♣♦♥❞ t♦ ✉♣ ❛♥❞ ❞♦✇♥ s♦❧✉t✐♦♥s✱ ✇❤❡r❡❛s l ❛♥❞ r ❝♦rr❡s♣♦♥❞ t♦ t❤❡
❧❡❢t ❛♥❞ r✐❣❤t ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ st❛❜❧❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♣❡rs✐st✳

❚❤❡ ♣❛♥❡❧s ✭❜✮✕✭✐✮ ✐♥ ❋✐❣✉r❡ ✹ s❤♦✇ t❤❡ s♦❧✉t✐♦♥ ♣r♦✜❧❡s u1 ♦❢ t❤❡ ❤♦♠♦❝❧✐♥✐❝ ❝②❝❧❡s ♦♥ t❤❡
❢✉❧❧ ✐♥t❡r✈❛❧ x ∈ [−L,L] ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡✢❡❝t✐♦♥❛❧ s②♠♠❡tr② ❛❜♦✉t x = 0✳ ❆❧❧ ♣❛♥❡❧s
❝♦rr❡s♣♦♥❞ t♦ s♦❧✉t✐♦♥s ❛t µ = 4✳ ❚❤❡ ❜♦tt♦♠ ♣❛♥❡❧s ✭❜✮ ❛♥❞ ✭❢✮ ❛r❡ ❢r♦♠ t❤❡ ❧♦✇❡st ✉♥st❛❜❧❡
✉♣ ❛♥❞ ❞♦✇♥ ❜r❛♥❝❤❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❙✉❜s❡q✉❡♥t ♣❛♥❡❧s s❤♦✇ s♦❧✉t✐♦♥s ❢r♦♠ t❤❡ st❛❜❧❡ ❜r❛♥❝❤
s❡❣♠❡♥ts ♦♥❧②❀ ❢♦r ❡①❛♠♣❧❡✱ ♣❛♥❡❧ ✭❝✮ ❢r♦♠ t❤❡ st❛❜❧❡ ✉♣ ❜r❛♥❝❤ ❜❡t✇❡❡♥ F 1

ul ❛♥❞ F
1
ur✱ ♣❛♥❡❧ ✭❣✮

❢r♦♠ t❤❡ st❛❜❧❡ ❞♦✇♥ ❜r❛♥❝❤ ❜❡t✇❡❡♥ F 1
dl ❛♥❞ F

1
dr✱ ❛♥❞ s♦ ♦♥✳ ■♥ ❣❡♥❡r❛❧✱ ❢♦r t❤❡ ✉♣ ❝❛s❡ t❤❡r❡

❛r❡ 2n − 1 ❜✉♠♣s ♦♥ t❤❡ st❛❜❧❡ ❜r❛♥❝❤ ❜❡t✇❡❡♥ Fn
ul ❛♥❞ Fn

ur ❛♥❞ ❢♦r t❤❡ ❞♦✇♥ ❝❛s❡ t❤❡r❡ ❛r❡
2n ❜✉♠♣s ♦♥ t❤❡ st❛❜❧❡ ❜r❛♥❝❤ ❜❡t✇❡❡♥ Fn

dl ❛♥❞ Fn
dr✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s t❡r♠✐♥❛t❡ ✭❛rr♦✇s ✐♥

♣❛♥❡❧ ✭❛✮✮ ❛t n = 4❀ ❜❡②♦♥❞ t❤✐s t❤❡ ♠♦❞❡❧ ✇✐❧❧ ♥♦ ❧♦♥❣❡r ❜❡ ✈❛❧✐❞ ✇❤❡♥ t❤❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s
❛♣♣r♦❛❝❤ t❤❡ ❧✐♠✐ts ♦❢ ✜♥✐t❡ ❞♦♠❛✐♥ ❛t x = ±L✳

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ❜✉♠♣s ❛r❡ ❛❞❞❡❞ ✇❡ s❤♦✇ ✐♥ ❋✐❣✉r❡ ✺ s♦❧✉t✐♦♥ ♣r♦✜❧❡s
❛t t❤❡ r✐❣❤t✲❤❛♥❞ ❢♦❧❞s ❢♦r n = 1✱ ❛t t❤❡ ❧❡❢t✲❤❛♥❞ ❢♦❧❞s ❢♦r n = 2 ❛♥❞ ❛t t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ ♦❢
µ = 4 ♦♥ t❤❡ ✉♥st❛❜❧❡ ❜r❛♥❝❤❡s ❝♦♥♥❡❝t✐♥❣ t❤❡s❡ ❢♦❧❞ ♣♦✐♥ts✳ P❛♥❡❧s ✭❛✮✕✭❝✮ s❤♦✇ t❤❡ ✉♣ ❝❛s❡ ❛♥❞
♣❛♥❡❧s ✭❞✮✕✭❢✮ s❤♦✇ t❤❡ ❞♦✇♥ ❝❛s❡✳ ❖♥❡ ❝❛♥ s❡❡ ✐♥ ♣❛♥❡❧s ✭❛✮ ❛♥❞ ✭❞✮ t❤❛t ❛t t❤❡ r✐❣❤t✲❤❛♥❞ ❢♦❧❞
♣♦✐♥ts ✭F 1

ur ❛♥❞ F 1
dr✮ t❤❡ ♥❡✇ ❜✉♠♣ ✜rst ❛♣♣❡❛rs❀ t❤❡ ❜✉♠♣s ❣r❛❞✉❛❧❧② ❣r♦✇ ❛❧♦♥❣ t❤❡ ✉♥st❛❜❧❡

❜r❛♥❝❤ ❜❡t✇❡❡♥ t❤❡ ❢♦❧❞ ♣♦✐♥ts ❛s s❤♦✇♥ ✐♥ ♣❛♥❡❧s ✭❜✮ ❛♥❞ ✭❡✮ ❛♥❞ ❛r❡ ✜♥❛❧❧② t❤❡ s❛♠❡ s✐③❡ ❛s
t❤❡ ❡①✐st✐♥❣ ❜✉♠♣s ❛t t❤❡ ❧❡❢t✲❤❛♥❞ ❢♦❧❞ ♣♦✐♥t ✭F 2

ul ❛♥❞ F 2
dl✮✱ ❛s s❤♦✇♥ ✐♥ ♣❛♥❡❧s ✭❝✮ ❛♥❞ ✭❢✮✳

◆♦t❡ t❤❛t ✇✐t❤ ❞❡❝r❡❛s✐♥❣ µ t❤❡ ♦✈❡r❛❧❧ r❛♥❣❡ ✐♥ u1 ♦❢ t❤❡ s♦❧✉t✐♦♥s ❞❡❝r❡❛s❡s ❛♣♣r♦❛❝❤✐♥❣ t❤❡
❧❡❢t✲❤❛♥❞ ❢♦❧❞ ♣♦✐♥ts ✭F 2

ul ❛♥❞ F
2
dl✮✱ ❜✉t ✐♥❝r❡❛s❡s ❛❣❛✐♥ ♦♥ t❤❡ st❛❜❧❡ ❜r❛♥❝❤❀ ❝♦♠♣❛r❡ ❋✐❣✉r❡ ✺✭❛✮

✇✐t❤ ❋✐❣✉r❡ ✹✭❞✮ ❛♥❞ ❋✐❣✉r❡ ✺✭❡✮ ✇✐t❤ ❋✐❣✉r❡ ✹✭❤✮✳ ❚❤❡ s❡q✉❡♥❝❡ ❞❡s❝r✐❜❡❞ ✐s ❛♥❛❧❛❣♦✉s ❢♦r t❤❡
❛❞❞✐t✐♦♥ ♦❢ ❢✉rt❤❡r ❜✉♠♣s✳

✺✳✹ ❘❡❣✐♦♥s ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❢♦r s♣❡❝✐✜❝ ✈❛❧✉❡s ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❋♦✉r✐❡r ♠♦❞❡ ŵc = 5 ❛♥❞ t❤❡ t❤r❡s❤♦❧❞
θ = 3.5✱ ✇❡ ✐❞❡♥t✐✜❡❞ ❛ ♣❛rt✐❝✉❧❛r r❛♥❣❡ ♦❢ µ ❢♦r ✇❤✐❝❤ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❡①✐st✳ ❚❤❡ ❛✐♠ ❤❡r❡ ✐s
t♦ s❤♦✇ t❤❛t ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❡①✐st ♦✈❡r ❛ r❛♥❣❡ ♦❢ t❤❡ ♦t❤❡r s②st❡♠ ♣❛r❛♠❡t❡rs ❛♥❞ ❛r❡ ♥♦t
❛♥ ✐s♦❧❛t❡❞ ♣❤❡♥♦♠❡♥❛ ✐♥ ♣❛r❛♠❡t❡r s♣❛❝❡✳ ❋✉rt❤❡r✱ ✇❡ ❛✐♠ t♦ ✐❞❡♥t✐❢② ❡①❛❝t❧② t❤❡ r❛♥❣❡s ♦❢
t❤❡ t❤r❡❡ ♣❛r❛♠❡t❡rs µ✱ ŵc ❛♥❞ θ ❢♦r ✇❤✐❝❤ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♣❡r✐st✳ ❋✐rst ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❛s

■♥r✐❛
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❋✐❣✉r❡ ✻✿ ❚✇♦✲♣❛r❛♠❡t❡r ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s✳ ✭❛✮ ❇✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s ✐♥ t❤❡ (µ, ŵc)✲♣❧❛♥❡✳ ❚❤❡
❧♦❝✉s ♦❢ t❤❡ r❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ RH ✐s ❛ ❞❛s❤❡❞ ❜❧❛❝❦ ❝✉r✈❡✳ ❚❤❡ ❧♦❝✐ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ Fl

❛♥❞ r✐❣❤t✲❤❛♥❞ Fr ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥s ✐♥ t❤❡ s♥❛❦✐♥❣ str✉❝t✉r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹ ❛r❡ s♦❧✐❞ ❜❧❛❝❦
❝✉r✈❡s✳ ❆ ❤♦r✐③♦♥t❛❧ ❣r❛② ❧✐♥❡ ❝♦rr❡s♣♦♥❞s ✇✐t❤ ŵc = 5✱ t❤❡ ✈❛❧✉❡ ✉s❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ✭❜✮ ❙✐♠✐❧❛r❧②
✐♥❞✐❝❛t❡❞ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s ♣❧♦tt❡❞ ✐♥ t❤❡ (µ, θ)✲♣❧❛♥❡✳ ❚❤❡ ❢♦❧❞ ❝✉r✈❡s Fl ❛♥❞ Fr ❛r❡ ❝♦♥♥❡❝t❡❞
❛t ❛ ❝✉s♣ ♣♦✐♥t✳ ❆ ❤♦r✐③♦♥t❛❧ ❣r❛② ❧✐♥❡ ❝♦rr❡s♣♦♥❞s ✇✐t❤ θ = 3.5 t❤❡ ✈❛❧✉❡ ✉s❡❞ ✐♥ ❋✐❣✉r❡ ✹✳

s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✭❛✮✱ ❛❧❧ t❤❡ µ✲✈❛❧✉❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢♦❧❞ ♣♦✐♥ts ❢♦r ❜♦t❤ t❤❡ ✉♣ ❛♥❞ ❞♦✇♥
s♦❧✉t✐♦♥s ❛r❡ ❛❧✐❣♥❡❞ ♦♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❜♦✉♥❞❛r✐❡s ❛s ❞❡♠❛r❦❛t❡❞ ❜② t❤❡ ❣r❛② s❤❛❞❡❞ r❡❣✐♦♥✳
❚❤❡r❡❢♦r❡✱ ❛ss✉♠✐♥❣ t❤❛t t❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ✇❤❡♥ ŵc ❛♥❞ θ ❛r❡ ✈❛r✐❡❞✱ ✇❡ ❝❛♥ ✜♥❞ ❜♦✉♥❞s ♦❢
r❡❣✐♦♥s ❢♦r ✇❤✐❝❤ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❡①✐st❀ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ (µ, ŵc)✲♣❧❛♥❡ ✐t ✐s s✉✣❝✐❡♥t t♦ tr❛❝❦
t❤❡ ❧♦❝✐ ♦❢ t❤❡ ❢♦❧❞ ♣♦✐♥ts F 1

ul ❛♥❞ F
1
ur ✉♥❞❡r t❤❡ s✐♠✉❧t❛♥❡♦✉s ✈❛r✐❛t✐♦♥ ♦❢ t❤♦s❡ t✇♦ ♣❛r❛♠❡t❡rs✳

❲❡ ❞❡♥♦t❡ t❤❡ ❝♦✐♥❝✐❞✐♥❣ ❢♦❧❞ ♣♦✐♥ts ❛t t❤❡ ❧❡❢t✲❤❛♥❞ ❜♦✉♥❞❛r② ❛s Fl ❛♥❞ t❤❡ ❝♦✐♥❝✐❞✐♥❣ ❢♦❧❞
♣♦✐♥ts ❛t t❤❡ r✐❣❤t✲❤❛♥❞ ❜♦✉♥❞❛r② Fr✳

❋✐❣✉r❡ ✻✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ ❝✉r✈❡s t❤❛t ❛r❡ t❤❡ ❧♦❝✐ ♦❢ ❜✐❢✉r❝❛t✐♦♥s ✐♥ t❤❡ (µ, ŵc) ❛♥❞ (µ, θ)
♣❛r❛♠❡t❡r ♣❧❛♥❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❡❛❝❤ ♣❛♥❡❧✱ t❤❡ ❝✉r✈❡ RH ✐s t❤❡ ❧♦❝✉s ♦❢ t❤❡ r❡✈❡rs✐❜❧❡ ❤♦♣❢
❜✐❢✉r❝❛t✐♦♥ ❛t µc✱ ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ❜② t❤❡ ❡①♣r❡ss✐♦♥ µc = (s1ŵc)

−1
✳ ❚❤❡ ❝✉r✈❡s

Fl ❛♥❞ Fr ❜♦✉♥❞ t❤❡ r❡❣✐♦♥ ❢♦r ✇❤✐❝❤ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♣❡rs✐st ✭s❤❛❞❡❞ ✐♥ ❣r❛②✮✳ ❆ ❤♦r✐③♦♥t❛❧
❧✐♥❡ ✐♥ ❡❛❝❤ ♣❛♥❡❧ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡s ♦❢ ŵc ❛♥❞ θ ✉s❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ❯♥❞❡r t❤❡
✈❛r✐❛t✐♦♥ ♦❢ µ ❛♥❞ ŵc✱ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✭❛✮✱ t❤❡r❡ ✐s ❛ ❝❤❛♥♥❡❧ ✐♥ ♣❛r❛♠❡t❡r s♣❛❝❡ ❢♦r ✇❤✐❝❤
❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❡①✐st❀ ❛s ŵc ✐s ✐♥❝r❡❛s❡❞ t❤❡ ❝❤❛♥♥❡❧ ❜❡❝♦♠❡s ♥❛rr♦✇❡r ✐♥ µ ❛♥❞ s❤✐❢ts t♦ ❧♦✇❡r
✈❛❧✉❡s ♦❢ µ❀ ❛s ŵc ✐s ❞❡❝r❡❛s❡❞ t❤❡ ❝❤❛♥♥❡❧ ❜❡❝♦♠❡s ✇✐❞❡r ✐♥ µ ❛♥❞ s❤✐❢ts t♦ ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ µ✳
❯♥❞❡r t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ µ ❛♥❞ θ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✭❜✮ t❤❡ r❛♥❣❡ ♦❢ µ ❢♦r ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s
❣r♦✇s ❛♥❞ s❤✐❢ts t♦ t❤❡ r✐❣❤t ✇✐t❤ ✐♥❝r❡❛s✐♥❣ θ✳ ❋♦r ❞❡❝r❡❛s✐♥❣ θ t❤❡ µ r❛♥❣❡ ❞❡❝r❡❛s❡s ❛♥❞
❝♦♥tr❛❝ts t♦ ❛ ❝✉s♣ ♣♦✐♥t t❤❛t ✐s ❡✛❡❝t✐✈❡❧② ❧♦✇❡r ❜♦✉♥❞ ♦♥ θ✱ ❜❡❧♦✇ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♥♦ ❧♦❝❛❧✐③❡❞
s♦❧✉t✐♦♥s✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s t❤❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❛❧✇❛②s ❡①✐st ❜❡❢♦r❡ t❤❡ r❡✈❡rs✐❜❧❡
❍♦♣❢✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❝♦❡①✐st ✇✐t❤ ❛ st❛❜❧❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥✳

■♥ ❬✶✶❪✱ t❤❡ ❛✉t❤♦rs ♣r❡s❡♥t ❛ s♥❛❦✐♥❣ ❞✐❛❣r❛♠ ❝♦♠♣✉t❡❞ ✉♥❞❡r t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ t❤r❡s❤♦❧❞
♦❢ t❤❡ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥ θ❀ ✐♥ t❤❡✐r ❢♦r♠❛❧✐s♠ t❤❡ s✐❣♠♦✐❞ s❧♦♣❡ ✐s µ = 30✳ ❚❤❡✐r ❝♦♥♥❡❝t✐✈✐t②

❢✉♥❝t✐♦♥ ✇❛s t❛❦❡♥ t♦ ❜❡ w(x) = w0

4 (1−|x|)e−|x| ✇✐t❤ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ŵ(ξ) = w0
ξ2

(1+ξ2)2 ✱ ✇❤✐❝❤

❣✐✈❡s ŵ0 = 0✱ ξc = 1 ❛♥❞ ŵc = w0

4 > 0✳ ■♥ ❋✐❣✉r❡ ✻✭❜✮ ✇❡ r❡❝♦✈❡r t❤❡✐r r❡s✉❧t✿ ❢♦r ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢
µ ❛♥❞ ŵc✱ ✐♥❝r❡❛s✐♥❣ t❤❡ t❤r❡s❤♦❧❞ ❧❡❛❞s t♦ ❛ s✉♣❡r❝r✐t✐❝❛❧ r❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ◆♦t❡ t❤❛t✱
❡✈❡♥ t❤♦✉❣❤ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ✐s s✉♣❡r❝r✐t✐❝❛❧✱ t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥ ✐s ✉♥st❛❜❧❡ ❜❡❢♦r❡ t❤❡ ❜✐❢✉r❝❛t✐♦♥
❛♥❞ ❣❛✐♥s st❛❜✐❧✐t② ❛t t❤❡ RH ♣♦✐♥t✳ ■♥ ❬✷✻✱ ✶✺❪ t❤❡ ❛✉t❤♦rs ♣r❡s❡♥t❡❞ ❛ st✉❞② ♦❢ s♥❛❦✐♥❣✲t②♣❡
❜❡❤❛✈✐♦✉r❀ ❤♦✇❡✈❡r✱ ❛s ✇❛s ♥♦t❡❞ ✐♥ ❬✷✻❪✱ t❤❡ ♥♦r♠❛❧ ❢♦r♠ t❤❡♦r② t❤❛t ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s

❘❘ ♥➦ ✼✽✼✷



✷✷ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

❛rt✐❝❧❡ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ ✐♥ t❤❡✐r ❢♦r♠❛❧✐s♠✱ s✉❝❤ t❤❛t ✐t ✐s ❞✐✣❝✉❧t t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡✐r r❡s✉❧ts
❢r♦♠ ❛ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ s♥❛❦✐♥❣ ❞✐❛❣r❛♠s ♣❧♦tt❡❞ ✐♥ ❬✷✻✱ ✶✺❪ s❤♦✇s
t❤❛t✱ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣❛r❛♠❡t❡r b ✐♥ ❡q✉❛t✐♦♥ ✶✳✸ ✭t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ ŵc ✐♥ ♦✉r s❡tt✐♥❣✮✱
❜r❛♥❝❤❡s ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ❤❛✈❡ t❤❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥ t♦ ❋✐❣✉r❡ ✹✭❛✮✳ ❚❤✐s s✉❣❣❡sts ❛
s✉♣❡r❝r✐t✐❝❛❧ t②♣❡ ♦❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ b❀ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❜❡❤❛✈✐♦✉r ✐s ♠❛✐♥❧②
❞✉❡ t♦ t❤❡ s❤❛♣❡ ♦❢ ♥♦♥❧✐♥❡❛r✐t② S ✇❤✐❝❤ ✐s ♥♦t ❛♥❛❧②t✐❝❛❧ ❛t t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥ ✐♥ ❬✷✻✱ ✶✺❪✳

✻ ❉✐s❝✉ss✐♦♥

■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ s❡t ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ ✇✐t❤ ❛ ✏✇✐③❛r❞ ❤❛t✑
❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ❛♥❞ ❛♥ ❛♥❛❧②t✐❝❛❧ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥✳ ❆♣♣❧②✐♥❣ s✉❝❝❡ss✐✈❡❧② ❛ ❋♦✉r✐❡r
tr❛♥s❢♦r♠ ❛♥❞ t❤❡♥ ❛♥ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ t♦ ♦✉r s②st❡♠✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ tr❛♥s✲
❢♦r♠ ♦✉r ✐♥✐t✐❛❧ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥t♦ ❛ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ s♣❛t✐❛❧
❞❡r✐✈❛t✐✈❡s ♦❢ ❡✈❡♥ ♦r❞❡r✳ ❚✐♠❡✲✐♥❞❡♣❡♥❞❛♥t s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♦❢ ♦✉r ♣r♦❜❧❡♠ s❛t✐s❢②
❛ ❢♦✉rt❤ ♦r❞❡r r❡✈❡rs✐❜❧❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✐♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✳ ❋♦r s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢ t❤❡
s❧♦♣❡ ♦❢ t❤❡ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥✱ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ r❡s♦♥❛♥❝❡ ♦❝❝✉rs ❢r♦♠ t❤❡ tr✐✈✐❛❧ st❛t❡✳
❲❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ❢♦r t❤❡ ✶✿✶ r❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳
❚❤✐s ❤❛s ❛❧❧♦✇❡❞ ✉s t♦ ✜♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ♦✉r ♠♦❞❡❧ ❢♦r t❤❡ ❡①✐st❡♥❝❡
♦❢ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts t♦ t❤❡ tr✐✈✐❛❧ st❛t❡s ❛♥❞ t❤✉s s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ st❛t❡s✳ ❲❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥
t❤❛t ♦✉r r❡s✉❧ts ❡①t❡♥❞ t♦ ♦t❤❡r t②♣❡s ♦❢ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡ P❉❊ ♠❡t❤♦❞ ❝❛♥
♥♦t ❜❡❡♥ ❛♣♣❧✐❡❞ ✭❞✐✛❡r❡♥❝❡ ♦❢ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥s ❢♦r ❡①❛♠♣❧❡✮✳

◆✉♠❡r✐❝❛❧ ❝♦♥t✐♥✉❛t✐♦♥ ✇❛s ✉s❡❞ t♦ ❢♦❧❧♦✇ ❜r❛♥❝❤❡s ♦❢ ❤♦♠♦❝❧✐♥✐❝ ❝②❝❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦
❧♦❝❛❧✐③❡❞ st❛t❡s ❛♥❞✱ t❤✉s✱ ❝♦♥✜r♠ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s②st❡♠✬s s♦❧✉t✐♦♥ str✉❝t✉r❡ ❜♦t❤ ❝❧♦s❡
t♦ t❤❡ r❡✈❡rs✐❜❧❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛♥❞ ♦♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❜✐❢✉r❝❛t❡❞ ❜r❛♥❝❤❡s ✭❛s ❞❡s❝r✐❜❡❞ ❜②
t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡✐♥✮✳ ❋✉rt❤❡r✱ ✈❛r②✐♥❣ t❤❡ s✐❣♠♦✐❞ s❧♦♣❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡
s②st❡♠ ❡①❤✐❜✐ts s♥❛❦✐♥❣ ❜❡❤❛✈✐♦✉r✿ ❛ s❡r✐❡s ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥s ❛❝❝✉♠✉❧❛t✐♥❣ ❛t ❧♦✇❡r ❛♥❞ ✉♣♣❡r
❧✐♠✐ts ❜♦✉♥❞ ❛ ♣❛r❛♠❡t❡r r❛♥❣❡ ♦✈❡r ✇❤✐❝❤ st❛❜❧❡ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♣❡r✐st✳ ❚❤❡ ❧♦❝✐ ♦❢ t❤❡s❡
❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ✉s✐♥❣ t✇♦✲♣❛r❛♠❡t❡r ❝♦♥t✐♥✉❛t✐♦♥✱ ❢♦r♠ t❤❡ ❜♦✉♥❞❛r✐❡s
♦❢ r❡❣✐♦♥s ♦❢ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡✳ ■♠♣♦rt❛♥t❧②✱ ✇❡ s❤♦✇ t❤❛t ❧♦❝❛❧✐③❡❞
s♦❧✉t✐♦♥s ❛r❡ ♥♦t ❛♥ ✐s♦❧❛t❡❞ ♣❤❡♥♦♠❡♥♦♥ ✐♥ ♣❛r❛♠❡t❡r s♣❛❝❡✱ t❤❛t t❤❡② ❡①✐st ♦✈❡r ✇✐❞❡ r❛♥❣❡s ♦❢
t❤r❡❡ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦❞✉❝❡ ❛ s♥❛❦✐♥❣ ❞✐❛❣r❛♠ ✐♥ ❛♥② ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs✳
❆♥♦t❤❡r ✐♠♣♦rt❛♥t r❡s✉❧t ✐s t❤❛t✱ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ t❤r❡s❤❧♦❞ ♦❢ t❤❡ s✐❣♠♦✐❞ ❢✉♥❝t✐♦♥✱ t❤❡r❡
❛r❡ ♥♦ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s✳

❲❡ t❤✐♥❦ t❤❛t t❤✐s ✇♦r❦ ✐s ❛ ✜rst st❡♣ t♦✇❛r❞s ❛ r✐❣♦r♦✉s st✉❞② ♦❢ st❛t✐♦♥❛r② r❛❞✐❛❧❧② s②♠✲
♠❡tr✐❝ s♦❧✉t✐♦♥s ♦❢ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥s s❡t ♦♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ♣❧❛♥❡ ✇✐t❤ s♠♦♦t❤ ✜r✐♥❣ r❛t❡
❢✉♥❝t✐♦♥✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♦♥❧② ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s❡s ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ s♦ ❢❛r ❬✷✺✱ ✷✼✱ ✶✸✱ ✶✷✱ ✸✶❪
✇✐t❤ ❍❡❛✈✐s✐❞❡✲❧✐❦❡ ✜r✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥✳ ❲❡ ♣r♦♣♦s❡ t❤❛t t❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✷✽✱ ✷✾❪
❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ r❛❞✐❛❧ ❧♦❝❛❧✐③❡❞ s♦❧✉t✐♦♥s ♦❢ ❙✇✐❢t✲❍♦❤❡♥❜❡r❣ ❡q✉❛t✐♦♥ ♦♥ t❤❡ ❊✉❝❧✐❞❡❛♥
♣❧❛♥❡✱ ✇♦✉❧❞ ❜❡ ❡q✉❛❧❧② ❛♣♣❧✐❝❛❜❧❡ t♦ t❤❡ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s
❛rt✐❝❧❡ ❛s ❛ str❛t✐♥❣ ♣♦✐♥t✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❛✈❡♥✉❡ ❢♦r ❢✉t✉r❡ ✇♦r❦ ✇✐❧❧ ❜❡ t♦ st✉❞② r❛❞✐❛❧❧②
s②♠♠❡tr✐❝ s♦❧✉t✐♦♥s ❢♦r ❛ ♥❡✉r❛❧ ✜❡❧❞ ♠♦❞❡❧ ♦❢ t❡①t✉r❡ ♣❡r❝❡♣t✐♦♥ ✐♥ ✈✐s✉❛❧ ❛r❡❛s ❬✾✱ ✶✾✱ ✽✱ ✶✽❪✱
✇❤✐❝❤ ✐s s❡t ♦♥ t❤❡ P♦✐♥❝❛ré ❞✐s❦✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ❚❤❡ ❛✉t❤♦rs ❛r❡ ❣r❛t❡❢✉❧ t♦ ❉❛✈✐❞ ▲❧♦②❞ ❢♦r ❤✐s ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ♦♥
t❤❡ ♣r❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ♠❛♥✉s❝r✐♣t✳ ❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❇❛rt ❖❧❞❡♠❛♥
❢♦r ❤✐s ❤❡❧♣ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ ❆❯❚❖✳ ❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛❧❧② ❢✉♥❞❡❞ ❜② t❤❡ ❊❘❈ ❛❞✈❛♥❝❡❞
❣r❛♥t ◆❡r❱✐ ♥✉♠❜❡r ✷✷✼✼✹✼✳

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✷✸

❆ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶

❲❡ r❡❝❛❧❧ t❤❡ ▲❡♠♠❛ ✷✳✶ st❛t❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✷✳✷✳

▲❡♠♠❛ ❆✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (µc, ac = a0(µc)) ♦❢✿

{
ac = ŵ0S(µcac)
1 = µcS

′(µcac)ŵc.
✭❆✳✶✮

■t ✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss (µc, ac) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②t✐❝ ❢♦r♠✉❧❛s✿

µc =
ŵ2

0

acŵc(ŵ0 − ac)
,

ac =
ŵ0ŵcW

(
−ŵ0e

−
− bw0+θ bwc

bwc /ŵc

)

ŵcW
(
−ŵ0e

−
− bw0+θ bwc

bwc /ŵc

)
− ŵ0

.

✭❆✳✷✮

W ✐s t❤❡ ▲❛♠❜❡rt ❢✉♥❝t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s W (x)eW (x) = x✳

Pr♦♦❢✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ ❬✸✸❪ t❤❛t ✐❢ ŵ0 < 0 t❤❡♥ s②st❡♠ ✭❆✳✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (µc, ac =
a0(µc))✳ ❋♦r♠✉❧❛s ❢♦r ac ❛♥❞ µc ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✐❣♠♦✐❞❛❧ ❢✉♥❝t✐♦♥ S ❞❡✜♥❡❞
✐♥ ❡q✉❛t✐♦♥ ✭✷✳✷✮✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t S s❛t✐s✜❡s t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s S′ = S(1−S)
❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ❡q✉❛t✐♦♥s ♦❢ ✭❆✳✶✮✱ ✇❡ ✜♥❞✿

µc =
ŵ2

0

acŵc(ŵ0 − ac)
.

■❢ m =
ŵc

ŵ0
❛♥❞ x = ac/ŵ0✱ ❢r♦♠ ac = ŵ0S(µcac)✱ x ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥✿

1

x
= 1 + exp

(
−

1

m(1 − x)
+ θ

)

⇔ x = (1 − x) exp

(
+

1

m(1 − x)
− θ

)

⇔
x

m(x− 1)
exp

(
x

m(x− 1)

)
= −

1

m
exp

(
−
−1 + θm

m

)

⇔
x

m(x− 1)
= W

(
−

1

m
exp

(
−
−1 + θm

m

))

⇔ x =

mW

(
− 1

m exp

(
−
−1 + θm

m

))

mW

(
− 1

m exp

(
−
−1 + θm

m

))
− 1

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ ❢♦r♠✉❧❛✳

❇ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳

❘❘ ♥➦ ✼✽✼✷



✷✹ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

❇✳✶ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ν

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r Lµ ✐s ❣✐✈❡♥ ❜②✿

Lµv = −v + µs1w ∗ v.

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t Lµe
ix = (−1 + µs1ŵc)e

ix = λ
µc
eix✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ν = 1

µc
✳

❇✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ χ

❲❡ ❤❛✈❡ ❞❡✜♥❡❞ R ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r✿

R(v, λ) = w ∗ f0(v, λ).

❲❡ ❝❛♥ ❚❛②❧♦r ❡①♣❛♥❞ R ❛t (v = 0, λ = 0) ❛♥❞ ✐❢ ✇❡ ❞❡♥♦t❡✿

R11(v, λ) = λs1w ∗ v,

R20(v, w) =
µ2

cs2
2

w ∗ (vw),

R30(u, v, w) =
µ3

cs3
6

w ∗ (uvw),

t❤❡♥✱ ✇❡ ✜♥❞ t❤❛t R(v, λ) = R11(v, λ) + R20(v, v) + R30(v, v, v) + ❤✳♦✳t✳ ❲❡ ❛❧s♦ ❚❛②❧♦r ❡①♣❛♥❞
Φ✿

Φ(Z, Z̄, λ) =
∑

s,l,m

ZsZ̄lλmΦslm.

❆♣♣❧②✐♥❣ ❝❧❛ss✐❝❛❧ t❡❝❤♥✐q✉❡s ❬✶✵✱ ✷✷❪ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿

0 = Lµc
Φ200 + R20(e

ix, eix)

0 = Lµc
Φ110 + 2R20(e

ix, e−ix)

χ = 〈2R20(e
−ix,Φ200) + 2R20(e

ix,Φ110) + 3R30(e
ix, eix, e−ix), eix〉▲2

per[0,2π].

■❢ ✇❡ ❞❡♥♦t❡ ŵ2 = ŵ(2)✱ t❤❡ t✇♦ ✜rst ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ✇✐t❤✿

Φ200 = µ2
cs2

ŵ2

2(1 − ŵ2/ŵc)
e2ix + ❙♣❛♥(eix, e−ix)

Φ110 = µ2
cs2

ŵ0

1 − ŵ0/ŵc
+ ❙♣❛♥(eix, e−ix).

■t ❢♦❧❧♦✇s t❤❛t χ ✐s ❣✐✈❡♥ ❜②✿

χ = µ3
cŵc

[
s3
2

+ µcs
2
2

(
ŵ2

2(1 − ŵ2/ŵc)
+

ŵ0

1 − ŵ0/ŵc

)]
.

❘❡❧❛t✐♦♥s ✭✷✳✶✵✮ ❣✐✈❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r χ✱ ❛s st❛t❡❞ ✐♥ t❤❡ ▲❡♠♠❛✳

❈ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✳ ❋✐rst❧②✱ t❤❡ ❢♦✉r ❡✐❣❡♥✈❛❧✉❡s ♦❢ D0F✱ ✇❤❡♥
λ > 0✱ ❛r❡ ❣✐✈❡♥ ❜②✿

X = ±i

(
1 ±

√
λs1(Γ1 + Γ2)

4
+
λs1(Γ2 − Γ1)

8
+ 0(|λ|3/2)

)
.

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✷✺

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ❛t t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ✭✸✳✻✮
❛r❡ ❣✐✈❡♥ ❜②✿

i

(
1 ±

√
−c11λ+ αλ+ 0(|λ|3/2)

)
,

✇❤❡r❡ c11 ❛♥❞ α ❛r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❡①♣❡♥s✐♦♥s ♦❢ P ❛♥❞ Q ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t✿

c11 = −
s1(Γ1 + Γ2)

4
, α =

s1(Γ2 − Γ1)

8
.

■t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦❡✣❝✐❡♥ts c03, β, c, γ ♦❢ t❤❡ ❡①♣❛♥s✐♦♥s P ❛♥❞ Q ✇❤✐❝❤ r❡q✉✐r❡s
t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ ❋✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✹✮✿

R(U, λ) = R1,1(U, λ) + R2,0(U,U) + R3,0(U,U, U) + ❤✳♦✳t✳

❛♥❞ ✐❢ U = (u1, u2, u3, u4), V = (v1, v2, v3, v4) ❛♥❞ W = (w1, w2, w3, w4) ✇❡ ❤❛✈❡✿

R2,0(U, V ) =
µ2

cs2
2

(0, 0, 0,Γ1u1v1 − Γ2(2u2v2 + u1v3 + u3v1))
❚

R3,0(U, V,W ) =
µ3

cs3
6

(0, 0, 0,Γ1u1v1w1 − Γ2(u1v1w3 + u1w1v3

+u3v1w1 + 2(u1v2w2 + u2v1w2 + u2v2w1)))
❚
.

❚❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ Ψ ✐♥ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ✭✸✳✻✮ ✐s ❣✐✈❡♥ ❜②✿

Ψ(A,B, Ā, B̄, λ) =
∑

1≤r+s+q+l+m≤p

ArBsĀqB̄lλmΨrsqlm.

❯s✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥s ♦❢ R,Ψ, P ❛♥❞ Q✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ ❡q✉❛t✐♦♥s ❛t ❞✐✛❡r❡♥t ♦r❞❡rs✳

❈✳✶ ❈♦♠♣✉t❛t✐♦♥ ♦❢ c0

3

❆♣♣❧②✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡s ✐♥ t❤❡ ❛♣♣❡♥❞✐① ♦❢ ❍❛r❛❣✉s✲■♦♦ss ❬✷✷❪✱ ✇❡ ❤❛✈❡ ✜rst t♦ s♦❧✈❡ t❤❡
t✇♦ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿

O(A2) : 0 = (A− 2i IR4)Ψ20000 + R2,0(ζ0, ζ0) ✭❈✳✶✮

O(AĀ) : 0 = AΨ10100 + 2R2,0(ζ0, ζ̄0) ✭❈✳✷✮

O(A2Ā) : c03ζ1 + iβζ0 = (A− i IR4)Ψ20100 + 2R2,0(ζ0,Ψ10100)

+ 2R2,0(ζ̄0,Ψ20000) + 3R3,0(ζ0, ζ0, ζ̄0).
✭❈✳✸✮

❚❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ t❤❡ ♦♣❡r❛t♦rs A,A− 2i IR4 ✐♠♣❧✐❡s t❤❛t s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥s ✭❈✳✶✮ ❛♥❞
✭❈✳✷✮ ❛r❡ ❣✐✈❡♥ ❜②

Ψ20000 = −(A− 2i IR4)−1R2,0(ζ0, ζ0) =
µ2

cs2((Γ1 + 4Γ2)

18
(1, 2i,−4,−8i)

❚

❛♥❞ ❛s

R2,0(ζ0, ζ̄0) =
µ2

cs2Γ1

2
(0, 0, 0, 1)

❚

❘❘ ♥➦ ✼✽✼✷



✷✻ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

✇❡ ❛✉t♦♠❛t✐❝❛❧❧② ❤❛✈❡✿

Ψ10100 = −2A−1R2,0(ζ0, ζ̄0) = µ2
cs2Γ1 (1, 0, 0, 0)

❚
.

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ c03 ✐♥ ❡q✉❛t✐♦♥ ✭❈✳✸✮✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❛ ✈❡❝t♦r ♦r✲
t❤♦❣♦♥❛❧ t♦ (ζ0, ζ̄1, ζ̄0) ❢♦r t❤❡ ♥❛t✉r❛❧ ❍❡r♠✐t✐❛♥ s❝❛❧❛r ♣r♦❞✉❝t 〈·, ·〉✳ ▲❡t ❜❡ ζ∗1 t❤❡ ✈❡❝t♦r ✐♥ t❤❡
❦❡r♥❡❧ ♦❢ (A− i)∗✱

ζ∗1 = −
1

4
(−i, 1,−i, 1)

❚

✇❤✐❝❤ s❛t✐s✜❡s

〈ζ1, ζ
∗
1 〉 = 1, 〈ζ0, ζ

∗
1 〉 = 0, 〈ζ̄1, ζ

∗
1 〉 = 0, 〈ζ̄0, ζ

∗
1 〉 = 0.

❚❛❦✐♥❣ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ ❡q✉❛t✐♦♥ ✭❈✳✸✮ ✇✐t❤ ζ∗1 ✇❡ ♦❜t❛✐♥ ❛ r❡❧❛t✐♦♥ ❢♦r c03

c03 = 〈2R2,0(ζ0,Ψ10100) + 2R2,0(ζ̄0,Ψ20000) + 3R3,0(ζ0, ζ0, ζ̄0), ζ
∗
1 〉

✇✐t❤

R2,0(ζ0,Ψ10100) =
µ4

cs
2
2Γ1(Γ1 + Γ2)

2
(0, 0, 0, 1)❚

R2,0(ζ̄0,Ψ20000) =
µ4

cs
2
2(Γ1 + Γ2)(Γ1 + 4Γ2)

36
(0, 0, 0, 1)❚

R3,0(ζ0, ζ0, ζ̄0) =
µ3

cs3(Γ1 + Γ2)

6
(0, 0, 0, 1)❚.

❲❡ ❞❡❞✉❝❡ t❤❛t

c03 = −
µ3

c(Γ1 + Γ2)

4

[
s3
2

+
µcs

2
2(19Γ1 + 4Γ2)

18

]
. ✭❈✳✹✮

❈✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ β ❛♥❞ c

■❢ ❞❡❝♦♠♣♦s❡ Ψ̃20100 ♦♥ (ζ0, ζ1) s✉❝❤ t❤❛t

Ψ20100 = Ψ̃20100 + iβζ1 + ψ20100ζ0, ✇✐t❤ ψ20100 ∈ R

t❤❡♥ ❡q✉❛t✐♦♥ ✭❈✳✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✇✐t❤ Ψ̃20100 ♦♥❧②✿

c03ζ1 = (A− i IR4)Ψ̃20100 + 2R2,0(ζ0,Ψ10100) + 2R2,0(ζ̄0,Ψ20000)

+ 3R3,0(ζ0, ζ0, ζ̄0).

❑♥♦✇✐♥❣ ❡❛❝❤ t❡r♠s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝❛❧❝✉❧❛t❡ Ψ̃20100✿

Ψ̃20100 = c03(0, 0, 1, 3i)
❚.

❚❤❡ ❝♦❡✣❝✐❡♥ts β ❛♥❞ c ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ♦r❞❡rs O(A2B̄) ❛♥❞ O(AĀB)✿

ic

2
ζ1 −

γ

2
ζ0 + Ψ20100 = (A− i IR4)Ψ̃20010 + 2R2,0(ζ0,Ψ10010)

+ 2R2,0(ζ̄1,Ψ20000) + 3R3,0(ζ0, ζ0, ζ̄1)
✭❈✳✺✮

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✷✼

(
iβ −

ic

2

)
ζ1 +

γ

2
ζ0 + 2Ψ20100 = (A− i IR4)Ψ̃11100 + 2R2,0(ζ0,Ψ01100)

+ 2R2,0(ζ̄0,Ψ11000) + 2R2,0(ζ1,Ψ10100)

+ 6R3,0(ζ0, ζ1, ζ̄0).

✭❈✳✻✮

❚❛❦✐♥❣ s❝❛❧❛r ♣r♦❞✉❝t ✇✐t❤ ζ∗1 ❡q✉❛t✐♦♥s ✭❈✳✺✮ ❛♥❞ ✭❈✳✻✮ ♥♦✇ ❣✐✈❡

iβ +
ic

2
= 〈2R2,0(ζ0,Ψ10010) + 2R2,0(ζ̄1,Ψ20000) + 3R3,0(ζ0, ζ0, ζ̄1), ζ

∗
1 〉

− 〈Ψ̃20100, ζ
∗
1 〉

✭❈✳✼✮

❛♥❞

3iβ −
ic

2
= 〈2R2,0(ζ0,Ψ01100) + 2R2,0(ζ̄0,Ψ11000)ζ

∗
1 〉

+ 〈2R2,0(ζ1,Ψ10100) + 6R3,0(ζ0, ζ1, ζ̄0) − 2Ψ̃20100, ζ
∗
1 〉.

✭❈✳✽✮

Ψ10010,Ψ01100 ❛♥❞ Ψ11000 s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s

O(AB) : 2Ψ20000 = (A− 2i)Ψ11000 + 2R2,0(ζ0, ζ1)

O(AB̄) : Ψ10100 = AΨ10010 + 2R2,0(ζ0, ζ̄1)

O(BB̄) : Ψ10010 + Ψ01100 = AΨ01010 + 2R2,0(ζ1, ζ̄1).

❚❤❡ ✜rst ❡q✉❛t✐♦♥ ❣✐✈❡s✿

Ψ11000 = (A− 2i IR4)−1(2Ψ20000 − 2R2,0(ζ0, ζ1))

=
µ2

cs2
27

(i(8Γ1 + 20Γ2),−(13Γ1 + 28Γ2),−i(20Γ1 + 32Γ2), 28Γ1 + 16Γ2)
T
.

❚❤❡ s❡❝♦♥❞ ♦♥❡ ②✐❡❧s

Ψ10010 = A−1
(
Ψ10100 − 2R2,0(ζ0, ζ̄1)

)

= A−1Ψ10100 ❛s R2,0(ζ0, ζ̄1) = 0

= µ2
cs2Γ1 (0, 1, 0, 0)

❚

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t✿

Ψ01100 = −❙Ψ10010 = µ2
cs2Γ1 (0, 1, 0, 0)

❚
.

❋✐♥❛❧❧②✱ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ✐s ❥✉st✿

Ψ01010 = A−1
(
2Ψ10010 − 2R2,0(ζ1, ζ̄1)

)

= µ2
cs2(−(4Γ1 + 2Γ2), 0, 2Γ1, 0)❚.

■t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ❢♦r♠ R2,0(·, ·) ❛♥❞ R3,0(·, ·) ♦❢ ❡q✉❛t✐♦♥s ✭❈✳✼✮

❘❘ ♥➦ ✼✽✼✷



✷✽ ❋❛②❡✱ ❘❛♥❦✐♥ ❛♥❞ ❈❤♦ss❛t

❛♥❞ ✭❈✳✽✮✳ ❚❤❡② ❛r❡ s✉♠♠❡r✐③❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s✿

R2,0(ζ0,Ψ10010) = −iµ4
cs

2
2Γ1Γ2 (0, 0, 0, 1)

❚

R2,0(ζ̄1,Ψ20000) = −
iµ4

cs
2
2Γ2(Γ1 + 4Γ2)

18
(0, 0, 0, 1)

❚

R3,0(ζ0, ζ0, ζ̄1) = −
iµ3

cs3Γ2

3
(0, 0, 0, 1)

❚

R2,0(ζ0,Ψ01100) = −iµ4
cs

2
2Γ1Γ2 (0, 0, 0, 1)

❚

R2,0(ζ̄0,Ψ11000) =
iµ4

cs
2
2(4Γ2

1 + 11Γ1Γ2 − 2Γ2
2)

27
(0, 0, 0, 1)

❚

R2,0(ζ1,Ψ10100) = (0, 0, 0, 0)
❚

R3,0(ζ0, ζ1, ζ̄0) = −
iµ3

cs3Γ2

3
(0, 0, 0, 1)

❚
.

❋✐♥❛❧❧② ❢♦r♠✉❧❛ ❢♦r β ❛♥❞ c ❛r❡

β =
µ3

c

32

[
3s3(Γ2 − Γ1) −

µcs
2
2(4Γ2

2 + 187Γ2
1 + 29Γ1Γ2)

27

]
, ✭❈✳✾✮

c =
µ3

c

16

[
s3(Γ2 − Γ1) −

µcs
2
2(41Γ2

1 − 209Γ1Γ2 − 52Γ2
2)

27

]
. ✭❈✳✶✵✮

❈✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ γ

◆♦✇✱ ✐t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡ t❤❡ ❧❛st ❝♦❡✣❝✐❡♥t γ✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❞❡❝♦♠♣♦s❡ Ψ20010 ❛♥❞ Ψ11100

s✉❝❤ t❤❛t ✇❡ ❤❛✈❡

Ψ20010 = Ψ̃20010 + (ψ20100 − γ/2)ζ1

Ψ11100 = Ψ̃11100 + (2ψ20100 + γ/2)ζ1 + ψ11100ζ0 ✇✐t❤ ψ11100 ∈ R.

■t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ ❦♥♦✇ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ Ψ̃11100−2Ψ̃20010 ❛♥❞ ✐ts s❝❛❧❛r ♣r♦❞✉❝t
✇✐t❤ ζ∗1 ✳ ❙✉❜str❛❝t✐♥❣ ❢r♦♠ ❡q✉❛t✐♦♥ ✭❈✳✻✮ t✇♦ t✐♠❡s ❡q✉❛t✐♦♥ ✭❈✳✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t✐♦♥

i

(
β −

3c

2

)
ζ1 = (A− i IR4)

(
Ψ̃11100 − 2Ψ̃20010

)
+ 2R2,0(ζ0,Ψ01100)

+ 2R2,0(ζ̄0,Ψ11000) + 6R3,0(ζ0, ζ1, ζ̄0) − 4R2,0(ζ0,Ψ10010)

− 4R2,0(ζ̄1,Ψ20000) − 6R3,0(ζ0, ζ0, ζ̄1),

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t R2,0(ζ1,Ψ10100) = 0R4 ✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ❝♦♠♣✉t❡❞ s♦♠❡ ♦❢ t❤❡
t❡r♠s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ❲❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ ❢r♦♠
♦✉r ❛❜♦✈❡ ❝❛❧❝✉❧❛t✐♦♥s t❤❛t

R2,0(ζ0,Ψ01100) = R2,0(ζ0,Ψ10010) = −iµ4
cs

2
2Γ1Γ2 (0, 0, 0, 1)

❚

R3,0(ζ0, ζ0, ζ̄1) = R3,0(ζ0, ζ1, ζ̄0) = −
iµ3

cs3Γ2

3
(0, 0, 0, 1)

❚

R2,0(ζ̄0,Ψ11000) =
iµ4

cs
2
2(4Γ2

1 + 11Γ1Γ2 − 2Γ2
2)

27
(0, 0, 0, 1)

❚

R2,0(ζ̄1,Ψ20000) = −
iµ4

cs
2
2Γ2(Γ1 + 4Γ2)

18
(0, 0, 0, 1)

❚
.

■♥r✐❛



▲♦❝❛❧✐③❡❞ st❛t❡s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥❡✉r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥ ✷✾

❚❤✐s ✐♠♣❧✐❡s t❤❛t✿

−2R2,0(ζ0,Ψ01100) + 2R2,0(ζ̄0,Ψ11000) − 4R2,0(ζ̄1,Ψ20000)

=
4iµ4

cs
2
2

(
4Γ2

1 + 41Γ1Γ2 + 10Γ2
2

)

54
(0, 0, 0, 1)

❚
.

❋r♦♠ ❡q✉❛t✐♦♥s ✭❈✳✾✮ ❛♥❞ ✭❈✳✶✵✮ ✇❡ ❤❛✈❡

i

(
β −

3c

2

)
=

−iµ4
cs

2
2(4Γ2

1 + 41Γ1Γ2 + 10Γ2
2)

54
.

❚❤❡♥ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

Ψ̃11100 − 2Ψ̃20010 =
−iµ4

cs
2
2(4Γ2

1 + 41Γ1Γ2 + 10Γ2
2)

54
(0, 0, 1, 3i)

❚

❛♥❞

⇒ 〈Ψ̃11100 − 2Ψ̃20010, ζ
∗
1 〉 = −

µ4
cs

2
2(4Γ2

1 + 41Γ1Γ2 + 10Γ2
2)

54
.

❆ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ♦❢ ♦r❞❡rs O(ĀB2) ❛♥❞ O(ABB̄) ♣r♦❥❡❝t❡❞ ♦♥ ζ1 ❣✐✈❡s t❤❡
❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❢♦r γ

3γ = 〈4R2,0(ζ̄0,Ψ02000) + 4R2,0(ζ1,Ψ01100) + 6R30(ζ1, ζ1, ζ̄0), ζ
∗
1 〉

− 〈2R2,0(ζ0,Ψ01010) + 2R2,0(ζ̄1,Ψ11000) + 2R2,0(ζ1,Ψ10010), ζ
∗
1 〉

− 〈6R30(ζ0, ζ1, ζ̄1) − 2Ψ̃20010 + Ψ̃11100, ζ
∗
1 〉.

✭❈✳✶✶✮

❚❤❡ ❡q✉❛t✐♦♥ ❢♦r Ψ02000 ✐s ♦❜t❛✐♥❡❞ ❛t ♦r❞❡r O(B2)

Ψ11000 = (A− 2i IR4)Ψ02000 + 2R2,0(ζ1, ζ1)

⇒ Ψ02000 = (A− 2i IR4)−1(Ψ11000 − 2R2,0(ζ1, ζ1))

=
µ2

cs2
27

(−(14Γ1 + 30Γ2),−i(20Γ1 + 40Γ2), 27Γ1 + 52Γ2, i(34Γ1 + 72Γ2))
T
.

❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛ ❛s ❛❧❧ t❡r♠s ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥
✭❈✳✶✶✮ ❛r❡ ❡❛s✐❧② ❝❛❧❝✉❧❛❜❧❡✳ ❆s st❛t❡❞ ✐♥ t❤❡ ❧❡♠♠❛✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ γ ✐s

γ = −
µ4

cs
2
2(36Γ2

1 + 4Γ1Γ2 + 7Γ2
2)
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