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✭✹✮ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✺ ❚❤❡ ❢♦••♦✇✐♥❣ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣•❡ ✐s ❡❛s✐•② ❡st❛❜•✐s❤❡❞✿ Q int (t, x t , ξ t ) = essinf c t (ξ t )u t + Q int (t + 1, x t+1 , ξ t ) s✉❜•❡❝t t♦ u t ∈ U t ∩ Z n , x t+1 = x t + A t u t ; ✭✺✮ ✇❤❡r❡ Q int (•, •, •) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ✈❛•✉❡ ❛t t✐♠❡ t+1 ♦❜t❛✐♥❡❞ ♦♥ st❛t❡ ✈❛•✉❡ x t+1 ✿ Q int (t + 1, x t+1 , ξ t ) := E Q int (t + 1, x t+1 , ξ t+1 ) | F t = E Q int (t + 1, x t+1 , ξ t+1 ) | x t+1 , ξ t ; ✭✻✮ ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛•✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t x t+1 ✐s F t ♠❡❛s✉r❛❜•❡✳ ❋✐♥❛••② t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ ❛t ✜♥❛• st❛❣❡ ✐s✿ Q int (T, x T , ξ T ) = g(ξ T , x T ) ✐❢ x T ∈ X T , +∞ ♦t❤❡r✇✐s❡✳ ✭✼✮ ▲❡♠♠❛ ✷✳✶✳ ❚❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ Q int (t, x t , ξ t ) ❛♥❞ ✐ts ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ Q int (t, x t , ξ t-1 ) ❛r❡ •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✐♥ x t ✳ Pr♦♦❢✳ ❇•❛✐r ❛♥❞ ❏❡r♦s•♦✇ ❬✻( ❤❛✈❡ ♣r♦✈❡❞ t❤✐s ♣r♦♣❡rt② ❢♦r t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳ ■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ❛♣♣❡❛rs ♦♥•② ✐♥ t❤❡ ♦❜•❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ ✐s ❛ ❝♦♥t✐♥✉♦✉s✱ ✐♥❝r❡❛s✐♥❣ ♦♣❡r❛t♦r✱ t❤✉s t❤❡ •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♣r♦♣❡rt② ✐s ❦❡♣t✳ ❚❤❡ •❡♠♠❛ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✳ ❙✐♠✐•❛r•②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ Q cont (t, x t , ξ t ) ❛♥❞ ✐ts ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ Q cont (t, x t , ξ t-1 ) ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ ♣r♦❜•❡♠ ✭✸✮✳ ❋♦r t❤❡ ♠❛t❤❡♠❛t✐❝❛• ♣r♦♣❡rt② ♦❢ Q cont (t, x t , ξ t ) ❛♥❞ Q cont (t, x t , ξ t-1 )✱ r❡❛❞❡rs ❝❛♥ r❡❢❡r t♦ ❇♦♥♥❛♥s ❡t ❛•✳ ❬✼(✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❢r❛♠❡✇♦r❦✱ ✇❡ •♦s❡ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❝♦♥✲ ✈❡①✐t② ✐♥ t❤❡ ✐♥t❡❣❡r ❝❛s❡✳ ■♥❞❡❡❞✱ Q int (t, x t , ξ t ) ❛♥❞ Q int (t, x t , ξ t ) ❛r❡ ✐♥ ❣❡♥❡r❛• ♥♦♥✲❝♦♥✈❡① ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥ x t ✭s❡❡ ❡✳❣✳ ❙❝❤✉•t③ ❡t ❛•✳ ❬✷✷(✮✳ ❲❡ ❝❛♥ ✐••✉s✲ tr❛t❡ t❤✐s ❢❛❝t ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡✳ ❊①❛♠♣•❡ ✷✳✷✳ ❲❡ ✉s❡ t❤✐s ❡①❛♠♣•❡ t♦ ❡①♣•❛✐♥ t❤❡ ❞✐✣❝✉•t ♣♦✐♥ts ❜② ❞✉❛• ❛♣✲ ♣r♦①✐♠❛t✐♦♥ ❛♥❞ s❤♦✇ t❤❡ ♣♦ss✐❜•❡ ✐♠♣r♦✈❡♠❡♥t ❜② t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞ ✐♥ ♠✉•t✐✲st❛❣❡ ❙▼■▲P ❛•• t❤r♦✉❣❤ t❤❡ ♣❛♣❡r✳ ❚❤✐s ❡①❛♠♣•❡ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ s✉❜♣r♦❜•❡♠ ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ Q int (x 0 ) = essinf E [ξu 0 + ϑ] , s✉❜•❡❝t t♦ u 0 ∈ [0, 3] ∩ Z, x 1 = x 0 + 2u 0 , x 1 ≤ 6, ϑ ≥ x 1 -3 2 , ϑ ≥ - x 1 -3 2 ; ✭✽✮ ✇❤❡r❡ ξ ∈ {-2, 0.5} t❤❛t ❡❛❝❤ t❛❦❡s ♣r♦❜❛❜✐•✐t② 0.5✳ ❲❡ ❞❡♥♦t❡ ❜② Q int (x 0 , ξ) t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ ❢♦r ❡❛❝❤ r❡❛•✐③❛t✐♦♥ ♦❢ ξ✳ ❚♦ s✐♠♣•✐❢② t❤❡ ♣r♦❜•❡♠✱ ❢♦r ❡❛❝❤ r❡❛•✐③❛t✐♦♥ ♦❢ ξ✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❢✉t✉r❡ ❝♦sts ❛♣♣r♦①✐♠❛t❡❞ ❜② ♦♣t✐♠❛•✐t② ❝✉ts θ ✐s t❤❡ s❛♠❡✳ ❚❤❡ ❢✉♥❝t✐♦♥s Q int (x 0 , ξ) ❛♥❞ Q int (x 0 ) ❛r❡ ❞❡✜♥❡❞ ❢♦r x 0 ∈ [0, 3]✱ ❜✉t ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✐♥t❡❣❡r ♣♦✐♥ts x 0 ∈ {0, 1, 2, 3}✳ ❚❤❡ ❢✉♥❝t✐♦♥s Q int (x 0 , ξ) ❛♥❞ Q int (x 0 ) ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✱ ❜♦t❤ ❛r❡ ♥♦♥✲ ❝♦♥✈❡① ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥ x 0 ✳ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✻ x 0 1 2 3 Q 1 O ✭❛✮ Q int (x 0 , ξ = 0.5) x 0 1 2 3 Q -1 -2 -3 -4 ✭❜✮ Q int (x 0 , ξ = -2) x 0 1 2 3 Q -1 -2 O ✭❝✮ Q int (x 0 ) ❋✐❣✉r❡ ✶✿ t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ Q int (x 0 , ξ) ❛♥❞ ✐ts ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ Q int (x 0 )✳ ✸ ❋❡❛s✐❜•❡ s❡t ❚❤❡ ✜♥❛• st❛t❡ ❝♦♥str❛✐♥ts ♦❢ ♣r♦❜•❡♠ ✭✷✮ x T ∈ X T ②✐❡•❞s t♦ ❛♥ ✐♠♣•✐❝✐t ❝♦♥✲ str❛✐♥t ♦♥ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜•❡ u t ❛♥❞ st❛t❡ ✈❛r✐❛❜•❡ x t ❛t ❡❛❝❤ st❛❣❡✳ ❲❡ ✐♠♠❡❞✐✲ ❛t❡•② s♣❡❝✐❢② ❢❡❛s✐❜•❡ s❡t ♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜•❡♠ ✭✷✮✳ ❲❡ ❞❡✜♥❡ t❤❡ •♦❝❛• ❢❡❛s✐❜•❡ s❡t ♦❢ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜•❡ u t ✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ✈❛r✐❛❜•❡ x t ✿ U int,ad t (x t ) := u t x T = x t + T -1 s=t A s u s ∈ X T , u s ∈ U s ∩ Z n . ✭✾✮ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ U int,
(x t ) = ∅, x t = t-1 s=0 A s u s , u s ∈ U s ∩ Z n = x t x t = t-1 s=0 A s u s , x t + T -1 s=t A s u s ∈ X T , u s ∈ U s ∩ Z n . ✭✶✵✮ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜•❡ s❡t ✐♥ t❤❡ s♣❛❝❡ (x, u)✿ (X, U) int,ad t := {x t , u t | x 0 = 0, x s+1 = x s + A s u s , x T ∈ X T , u s ∈ U s ∩ Z n , s = 0, . . . , T -1}. ✭✶✶✮ ❉✉❡ t♦ ❆ss✉♠♣t✐♦♥ ✶✳✶✱ ❛♥② x t ∈ X int,ad t ❛♥❞ (x t , u t ) ∈ (X, U) int,ad t ❛r❡ ✐♥t❡❣❡r✳ ❲❡ ❞❡♥♦t❡ ❜② conv U int,ad t (x t ) ✭r❡s♣✳ conv X int,ad t ✱ conv(X, U) int,ad t ✮ t❤❡ ❝•♦✲ s✉r❡ ♦❢ ❝♦♥✈❡① ❤✉•• ♦❢ U int,ad t (x t ) ✭r❡s♣✳ X int,ad t ✱ (X, U) int,ad t ✮✳ ◆♦t❡ t❤❛t ✐♥ ♦✉r st✉❞② U int,ad t ✱ X int,ad ❛♥❞ (U, X) int,ad t ❛r❡ ❜♦✉♥❞❡❞✱ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ r❡♣•❛❝❡ t❤❡ ❝•♦s✉r❡ ♦❢ ❝♦♥✈❡① ❤✉•• ❜② t❤❡ ❝♦♥✈❡① ❤✉•• ✐ts❡•❢ s✐♥❝❡ t❤❡② ❛r❡ ❡q✉❛•✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐•• ❦❡❡♣ ♦♥ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ conv✳ ❋✐♥❛••②✱ ✇❡ ❞❡♥♦t❡ ❜② U int,ad t (x t ) := u t | (x t , u t ) ∈ conv(X, U) int,ad t . ✭✶✷✮ |❡♠❛r❦ ✸✳✶✳ ❙✐♥❝❡ ♣r♦❜•❡♠ ✭✷✮ ❤❛s ♥♦ r❛♥❞♦♠♥❡ss ✐♥ t❤❡ ❝♦♥str❛✐♥ts✱ t❤❡ ✈❛r✐♦✉s ❢❡❛s✐❜•❡ s❡ts ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ξ t ✳ ❚❤✐s ❢❛❝t ✐s ✐♠♣•✐❡❞ ❞✐r❡❝t•② ❜② t❤❡✐r ❞❡✜♥✐t✐♦♥s ✭✾✮ ✭✶✵✮✭✶✶✮✭✶✷✮✳ ◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❛•✇❛②s r❡str❛✐♥ ♦✉rs❡•✈❡s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ X T ❛r❡ ✐♥t❡❣❡r ❞✉❡ t♦ ❆ss✉♠♣t✐♦♥ ✶✳✶✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛✳ ▲❡♠♠❛ ✸✳✷✳ ■❢ xt ∈ conv X int,ad t ✱ t❤❡♥ conv U int,ad t (x t ) ⊂ U int,ad t (x t ). ✭✶✸✮ ❋✉rt❤❡r♠♦r❡✱ ✐❢ xt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ conv X int,ad t ✱ t❤❡ ✐♥❝•✉s✐♦♥ ✭✶✸✮ ✇✐•• ❜❡❝♦♠❡ ❛♥ ❡q✉❛•✐t②✳ Pr♦♦❢✳ ■❢ u t ∈ conv U int,ad t (x t )✱ t❤❡♥ t❤❡r❡ ❡①✐sts λ i u > 0, u i t ∈ U int,ad t (x t ), i ∈ I s✉❝❤ t❤❛t✱ i∈I λ i u = 1 ❛♥❞ u t = i∈I λ i u u i t ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ U int,ad t (x t )✱ t❤❡r❡ ❡①✐sts (u i s ) ∈ U s ∩ Z n , t ≤ s ≤ T -1 s✉❝❤ t❤❛t xt + T -1 s=t A s u i s ∈ X T ✳ ■❢ xt ∈ conv X int,ad t ✱ t❤❡♥ t❤❡r❡ ❡①✐sts λ j x > 0, x j t ∈ X int,ad t , j ∈ J s✉❝❤ t❤❛t✱ j∈J λ j x = 1✱ xt = j∈J λ j x x j t ✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♦t❤❡r ✐♥t❡❣❡r ♣♦✐♥t ✐♥ int conv x j t , j ∈ J ✱ ✇❤❡r❡ int(X) r❡♣r❡s❡♥ts ✐♥t❡r✐♦r ♦❢ X✳ ❋♦••♦✇✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ X int,ad t ✱ ∃(ũ j s ) ∈ U s ∩ Z n , 0 ≤ s ≤ t -1 s✉❝❤ t❤❛t x j t = t-1 s=0 A s ũj s ✳ ▲❡t x i,j T = x j t + T -1 s=t A s u i s ✱ t❤❡♥ j∈J λ j x x i,j T = j∈J λ j x x j t + T -1 s=t A s u i s = xt + T -1 s=t A s u i s ∈ X T . || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✽ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ t❤❛t x i,j T , ∀j ∈ J ❛r❡ ✐♥t❡❣❡r✱ ❛♥❞ t❤❛t t❤❡r❡ ✐s ♥♦ ✐♥t❡❣❡r ♣♦✐♥t ✐♥ int conv x i,j T , j ∈ J ✳ ❖✇✐♥❣ t♦ t❤❡ ♣r♦♣❡rt② ♦❢ X T t❤❛t X T ✐s ❝♦♥✈❡①✱ ❝♦♠♣❛❝t ❛♥❞ ✐ts ❡①tr❡♠❡ ♣♦✐♥ts ❛r❡ ✐♥t❡❣❡r✱ ✇❡ ❤❛✈❡ x i,j T ∈ X T , ∀j ∈ J✳ ❚❤✐s r❡s✉•t ✐s ✈❛•✐❞ ❢♦r ❛•• i ∈ I✱ ❚❤✉s✱ (x j t , u i t ) ∈ X int,ad t , ∀i ∈ I, j ∈ J✳ ❍❡♥❝❡✱ ❜② t❤❡ ❝♦♥✈❡①✐t②✱ (x t , u t ) ∈ conv(X, U) int,ad t ✱ ❛♥❞ u t ∈ U int,ad t (x t )✳ ❆ss✉♠❡ t❤❛t u t ∈ U int,ad t (x t )✱ ♦r ❡q✉✐✈❛•❡♥t•② (x t , u t ) ∈ conv(X, U) int,ad t ✱ t❤❡♥ t❤❡r❡ ❡①✐st λ i ≥ 0, (x i t , u i t ) ∈ (X, U) int,ad t , i ∈ I s✉❝❤ t❤❛t i∈I λ i = 1✱ xt = i∈I λ i x i t ✱ ❛♥❞ u t = i λ i u i t ✳ ❙✐♥❝❡ xt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ conv X int,ad t ✱ ✇❡ ❤❛✈❡ t❤❛t ∀i, x i t = xt ✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (X, U) int,ad t ②✐❡•❞s t♦ u i t ∈ U int,ad t (x t )✳ ❍❡♥❝❡✱ u t ∈ conv U int,ad t (x t )✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ✐♠♠❡❞✐❛t❡•② t❤❡ ❢♦••♦✇✐♥❣ ❝♦r♦••❛r②✳ ❈♦r♦••❛r② ✸✳✸✳ ■❢ X int,ad t ⊂ B m ✱ ✇❤❡r❡ B = {0, 1} r❡♣r❡s❡♥ts t❤❡ ❜✐♥❛r② s❡t✱ t❤❡♥ U int,ad t (x t ) = conv U int,ad t (x t )✳ Pr♦♦❢✳ ❋♦••♦✇✐♥❣ ❆ss✉♠♣t✐♦♥ ✶✳✶ ❛♥❞ ❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥✱ x t ✐s ✐♥t❡❣❡r✱ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ conv X int,ad t ✳ ❚❤❡ ❝♦♥❝•✉s✐♦♥ ❢♦••♦✇s✳ ■♥ ❣❡♥❡r❛•✱ t❤❡ ✐♥❝•✉s✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✷ ✐s str✐❝t✳ ▲❡t ✉s ✐••✉str❛t❡ ✐t ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡✳ ❊①❛♠♣•❡ ✸✳✹ ✭❡①❛♠♣•❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ❲❡ ✐••✉str❛t❡ t❤❡ ❢❡❛s✐❜•❡ s❡t ♦❢ t❤❡ ❡①❛♠✲ ♣•❡ ✷✳✷ ✐♥ ❋✐❣✉r❡ ✷✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ str✐❝t ✐♥❝•✉s✐♦♥ ✐♥ ✭✶✸✮ ✐♥ t❤✐s ❡①❛♠♣•❡ x 0 1 2 3 u 0 1 2 3 O ❋✐❣✉r❡ ✷✿ ❚❤❡ ❜•❛❝❦ ❞♦ts r❡♣r❡s❡♥t t❤❡ ✐♥t❡❣❡r s♦•✉t✐♦♥ (X, U) int,ad 0 ✱ ❛♥❞ t❤❡ ❣r❛② ③♦♥❡ ✐s t❤❡ ❝♦♥✈❡① ❤✉•• conv(X, U) int,ad 0 ✳ ❲❤❡♥ x0 = 1✱ t❤❡ ❜•❛❝❦ •✐♥❡ ✐s conv U int,ad 0 (x 0 )✱ ✇❤✐•st t❤❡ r❡❞ ❜•♦❝❦ ✐s U int,ad 0 (x 0 )✳ t❤❛t ✇❤❡♥ x0 = 1✱ ✇❡ ❤❛✈❡ conv U int,ad 0 (x 0 ) = [0, 2] ⊂ U int,ad 0 (x 0 ) = [0, 2.5]✳ ❋✐♥❛••②✱ ✇❡ r❡q✉✐r❡ t❤❡ ❢♦••♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ t♦ ❜❡ s❛t✐s✜❡❞ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥✳ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✾ ❆ss✉♠♣t✐♦♥ ✸✳✺✳ T -1 t=0 A t (U t ∩ Z n ) ∩ X T = ∅✳ ✹ ❋✐rst ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ❋♦••♦✇✐♥❣ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣•❡ ✭✺✮✱ ✐❢ ✇❡ ❛r❡ ❛❜•❡ t♦ ❛♣♣r♦①✐♠❛t❡ Q int (t+1, x t+1 , ξ t )✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛• ✐♥t❡❣❡r ❞❡❝✐s✐♦♥✳ ❚❤❡ ✜rst ✐❞❡❛ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❬✺✱ ❈❤❛♣t❡r ✽✱ Pr♦♣♦s✐t✐♦♥ ✺(✳ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❆♥② ♦♣t✐♠❛•✐t② ❝✉t ♦❢ Q cont (t, x t , ξ t ) ✭r❡s♣✳ Q cont (t, x t , ξ t-1 )✮ ✐s ❛ ✈❛•✐❞ •♦✇❡r ❜♦✉♥❞ ♦❢ Q int (t, x t , ξ t ) ❛♥❞ ✭r❡s♣✳ Q int (t, x t , ξ t-1 )✮✳ ❋♦••♦✇✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ♦✉r ✜rst ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ❛✐♠s t♦ ✜♥❞ ❛ s✉❜✲ ♦♣t✐♠❛• ✐♥t❡❣❡r ❞❡❝✐s✐♦♥ ✉s✐♥❣ t❤❡ ♦♣t✐♠❛•✐t② ❝✉t ♦❢ Q cont (t + 1, x t+1 , ξ t )✿ essinf c t (ξ t )u t + θ(t + 1, x t+1 , ξ t ) s✉❜•❡❝t t♦ x t+1 = x t + A t u t , (❢❡❛s✐❜✐•✐t② ❝✉t) u t ∈ U int,ad t (x t ), (♦♣t✐♠❛•✐t② ❝✉t) θ(t + 1, x t+1 , ξ t ) ≥ x * x t+1 -Q * ,cont (t + 1, x * , ξ t ), ∀x * ; ✭✶✹✮ ✇❤❡r❡ Q * ,cont (t + 1, x * , ξ t ) ✐s t❤❡ ❋❡♥❝❤❡• tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ Q cont (t + 1, x t+1 , ξ t ) ✐♥ x t+1 ✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦❝❡❞✉r❡ ✭✶✹✮ ✐s ♦♥•② ❛✈❛✐•❛❜•❡ ❢♦r t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ t❤❡ ❙❉❉P ❛♣♣r♦❛❝❤ s✐♥❝❡ ✇❡ ❝❛♥♥♦t ♦❜t❛✐♥ ❛♥② ❞✉❛• ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ▼■▲P ♣r♦❜•❡♠ ✭✶✹✮✳ ❚❤✉s✱ t❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ ❣✐✈❡s ✉s ❛ •♦✇❡r ❜♦✉♥❞ ♦❢ Q int (t+ 1, x t+1 , ξ t ) ❜② s♦♠❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡♥ ✭✶✹✮ ♣r♦✈✐❞❡s ❛ s✉❜✲♦♣t✐♠❛• s♦✲ •✉t✐♦♥✳ ❚❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ♠❡♥t✐♦♥❡❞ ✐♥ ❇✐r❣❡ ❛♥❞ ▲♦✉✈❡❛✉① ❬✺✱ ❈❤❛♣t❡r ✽(✳ ❊①❛♠♣•❡ ✹✳✷ ✭❡①❛♠♣•❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ❲❡ ♣•♦t ✐♥ ❋✐❣✉r❡ ✸ Q cont (x 0 , ξ) ❛♥❞ Q cont (x 0 ) ♦❢ ❡①❛♠♣•❡ ✷✳✷✳ ■♥ ♣r❛❝t✐❝❡✱ ✐♥ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ t❤❡ ❙❉❉P ♣r♦❝❡❞✉r❡✳ ❲❡ s✐♠✉•❛t❡ M f s❛♠♣•✐♥❣s ❛♥❞ ❝♦♠♣✉t❡ ❛ s✉❜✲♦♣t✐♠❛• ❞❡❝✐s✐♦♥ ✉s✐♥❣ ✭✶✹✮✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ st❛t✐st✐❝ ✈❛•✉❡ v int ✱ ✇❤✐❝❤ ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜•❡♠ ✭✷✮✳ ❲❡ t❛❦❡ t❤❡ •♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ ♣r♦❜•❡♠ ✭✸✮ ❛s ❛ •♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜•❡♠ ✭✷✮✳ ■♥ ❣❡♥❡r❛•✱ t❤❡ ✉♣♣❡r ❛♥❞ •♦✇❡r ❜♦✉♥❞s ❞♦ ♥♦t ❝♦♥✈❡r❣❡ ❜② t❤✐s ♠❡t❤♦❞✳ ❚❤❡♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❛rt✐❝•❡ ❢♦❝✉s❡s ♦♥ r❡❞✉❝✐♥❣ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜♦✉♥❞s✳ ✺ ▲✐♠✐t❛t✐♦♥ ♦❢ ❞✉❛• ♣r♦❣r❛♠♠✐♥❣ ❢♦r ♠✉•t✐✲st❛❣❡ ❙▼■▲P ❙✐♥❝❡ Q int (t, x t , ξ t ) ✭r❡s♣✳ Q int (t, x t , ξ t-1 )✮ ✐s ✐♥ ❣❡♥❡r❛• ♥♦♥✲❝♦♥✈❡① ❛♥❞ ❞✐s❝♦♥✲ t✐♥✉♦✉s ✐♥ x t ✱ t❤❡ ❜❡st ❝♦♥✈❡① ❛♥❞ •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ t♦ ❛♣♣r♦①✐✲ ♠❛t❡ Q int (t, x t , ξ t ) ✭r❡s♣✳ Q int (t, x t , ξ t-1 )✮ ❢r♦♠ ❜❡•♦✇ ✐s ✐ts ❝♦♥✈❡① ❤✉••✱ ✐✳❡✳ t❤❡ ❣r❡❛t❡st ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ♠❛•♦r✐③❡❞ ❜② Q int (t, x t , ξ t ) ✭r❡s♣✳ Q int (t, x t , ξ t-1 )✮✱ ❞❡✲ ♥♦t❡❞ ❜② conv Q int (t, x t , ξ t ) ✭r❡s♣✳ conv Q int (t, x t , ξ t-1 )✮✳ ❚❤❡r❡❢♦r❡✱ conv Q int (t, x t , ξ t ) ❛♥❞ conv Q int (t, x t , ξ t-1 ) ❤❛✈❡ ❜② t❤❡ ❋❡♥❝❤❡•✲▼♦r❡❛✉ t❤❡♦r❡♠ ❛ ❞✉❛• r❡♣r❡s❡♥✲ t❛t✐♦♥✿ t❤❡② ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ s✉♣r❡♠✉♠ ♦❢ •✐♥❡❛r ❢✉♥❝t✐♦♥s ✭♦♣t✐♠❛•✐t② ❝✉ts✮✳ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✵ x 0 1 2 3 Q 1 O ✭❛✮ Q int (x 0 , ξ = 0.5) ❛♥❞ Q cont (x 0 , ξ = 0.5) x 0 1 2 3 Q -1 -2 -3 -4 ✭❜✮ Q int (x 0 , ξ = -2) ❛♥❞ Q cont (x 0 , ξ = -2) x 0 1 2 3 Q -1 -2 O ✭❝✮ Q int (x 0 ) ❛♥❞ Q cont (x 0 ) ❋✐❣✉r❡ ✸✿ ❚❤❡ ❜•✉❡ •✐♥❡ ✐s Q cont (x 0 , ξ) ♦r Q cont (x 0 )✳ ❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❛❜•❡ t♦ ❝♦♠♣✉t❡ conv Q int (τ + 1, x τ +1 , ξ τ +1 ) ❢♦r s♦♠❡ 0 ≤ τ ≤ T -1✱ t❤❡♥ ❢♦r ❛•• t ≤ τ t❤❡ ❢♦••♦✇✐♥❣ ❛♣♣r♦❛❝❤ ❣✐✈❡s ❛♥ ❛•t❡r♥❛t✐✈❡ ♦❢ ✭✶✹✮ Q int,conv τ (t, x t , ξ t ) := essinf c t (ξ t )u t + ϑ s✉❜•❡❝t t♦ u t ∈ U int,ad t (x t ), x t+1 = x t + A t u t , ϑ ≥ Q int,conv τ (t + 1, x t+1 , ξ t ); ✭✶✺✮ ✇❤❡r❡ Q int,conv τ (t, x t , ξ t-1 ) = E conv Q int (τ + 1, x τ +1 , ξ τ +1 ) | F τ ✐❢ t = τ, E conv Q int,conv τ (t + 1, x t+1 , ξ t+1 ) | F t ✐❢ t < τ. ✭✶✻✮ ■♥❞❡❡❞✱ Q int,conv τ (t, x t , ξ t-1 ) ✐s ❝♦♥✈❡① ✐♥ x t s✐♥❝❡ t❤❡ ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ❦❡❡♣s t❤❡ ❝♦♥✈❡①✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✭✶✹✮ ❛••♦✇s ✉s t♦ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✶ ❝♦♥t✐♥✉❡ t♦ ✉s❡ t❤❡ ❙❉❉P ❛♣♣r♦❛❝❤✱ ■♥ ❛❞❞✐t✐♦♥✱ r❡♠❛r❦ t❤❛t ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦♥✈❡① ❤✉••✱ ✇❡ ❤❛✈❡ Q int,conv τ (t, x t , ξ t-1 ) ≤ conv E Q int,conv τ (t, x t , ξ t ) | F t-1 . ✭✶✼✮ ❊✈❡♥ ✐❢ ✇❡ ❛r❡ ❛❜•❡ t♦ ❝♦♠♣✉t❡ conv Q int (τ, x τ , ξ t )✱ ♣r♦❜•❡♠ ✭✶✺✮ ❛t st❛❣❡ t = τ ❞♦❡s ♥♦t r❡t✉r♥ t❤❡ ❡①❛❝t ♦♣t✐♠❛• s♦•✉t✐♦♥ ♦❢ ✭✺✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❢♦r t ≤ τ ✿ Q cont (t, x t , ξ t ) ≤ Q int,conv τ (t, x t , ξ t ) ≤ Q int (t, x t , ξ t ), ✭✶✽✮ ❛♥❞ s♦ Q cont (t, x t , ξ t-1 ) ≤ Q int,conv τ (t, x t , ξ t-1 ) ≤ conv Q int (t, x t , ξ t-1 ); ✭✶✾✮ ❛♥❞ ❣❡♥❡r❛••② t❤❡② ❞♦ ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡r❡❢♦r❡✱ ✭✶✺✮ ❛•✇❛②s r❡t✉r♥s ❛ t✐❣❤t❡r •♦✇❡r ❜♦✉♥❞ ♦❢ Q int (t, x t , ξ t ) t❤❛♥ ✭✶✹✮✳ ❖♥❡ ❡①❝❡♣t✐♦♥ ✐s ✇❤❡♥ X int,ad t ⊂ B m ✳ ❲❡ ❤❛✈❡ t❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐✲ t✐♦♥✳ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ■❢ ❢♦r ❛•• t ≤ τ ✱ X int,ad t ⊂ B m ✱ t❤❡♥ ✇❡ ❤❛✈❡ ❢♦r ❛•• x t ∈ X int,ad t ✿ Q int,conv τ (t + 1, x t+1 , ξ t ) = Q int (t + 1, x t+1 , ξ t ), Q int,conv τ (t, x t , ξ t ) = Q int (t, x t , ξ t ). ❚❤❡r❡❢♦r❡✱ ✭✶✺✮ ✐s ❡q✉✐✈❛•❡♥t t♦ ✭✺✮✳ Pr♦♦❢✳ ❚❤❡ ❦❡② ♣♦✐♥t ♦❢ x t ∈ X int,ad t ⊂ B m ✐s t❤❛t ❛♥② ✐♥t❡❣❡r s♦•✉t✐♦♥ x t ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ X int,ad t ✳ ❆t st❛❣❡ t = τ ✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦♥✈❡① ❤✉••✱ ❛t ❡①tr❡♠❡ ♣♦✐♥t ♦❢ X int,ad t ✇❡ ❤❛✈❡ conv Q int (τ + 1, x τ +1 , ξ τ +1 ) = Q int (τ + 1, x τ +1 , ξ τ +1 ). ❚❛❦✐♥❣ ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡✱ ✇❡ ❣❡t Q int,conv (τ + 1, x τ +1 , ξ τ )Q int (τ + 1, x τ +1 , ξ τ ). ❙✐♥❝❡ ✐♥ ✭✶✺✮ ✇❡ ❛r❡ ♦♥•② ✐♥t❡r❡st❡❞ ✐♥ Q int,conv τ (τ +1, x τ +1 , ξ τ ) ✇❤❡r❡ x τ +1 ✐s ✐♥✲ t❡❣❡r✱ ♣r♦❜•❡♠s ✭✶✺✮ ❛♥❞ ✭✺✮ ❝♦✐♥❝✐❞❡✳ ❍❡♥❝❡✱ Q int,conv τ (τ, x τ , ξ τ ) = Q int (τ, x τ , ξ τ )✳ ❆t st❛❣❡ t < τ ✱ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❢♦r t = τ ✱ t❤❡ ❛❜♦✈❡ r❡s✉•t ❢♦••♦✇s✳ ❊①❛♠♣•❡ ✺✳✷ ✭❡①❛♠♣•❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ❲❡ ❛❞❞ t❤❡ ❝♦♥✈❡① ❤✉••s ✐♥ ❡①❛♠♣•❡ ✷✳✷ ✐♥ ❋✐❣✉r❡ ✹✳ ❆ss✉♠❡ t❤❛t ✐♥ ✭✽✮✱ t❤❡ ♦♣t✐♠❛•✐t② ❝✉ts ❛♣♣r♦①✐♠❛t❡ ❡①❛❝t•② t❤❡ ❝♦♥✈❡① ❤✉•• conv Q(x 1 , ξ)✳ ■♥ t❤✐s ❡①❛♠♣•❡✱ Q int,conv 1 (x 0 ) ♣r♦✈✐❞❡s s♦♠❡ ✐♠♣r♦✈❡♠❡♥t t❤❛♥ Q cont (x 0 )✱ ❜✉t ✐t ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ conv Q int (x 0 )✳ |❡♠❛r❦ ✺✳✸✳ ◆❡✈❡rt❤❡•❡ss✱ t❤❡ ❝♦♥✈❡① ❤✉••s conv Q int (t, x t , ξ t ) ❛♥❞ conv Q int (t, x t , ξ t-1 ) ❛r❡ ✈❡r② ❞✐✣❝✉•t t♦ ❝♦♠♣✉t❡✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❛r❡ ❛❜•❡ t♦ ❝♦♠♣✉t❡ conv Q int (T, x T , ξ T ) = g(ξ T , x T ) || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✷ x 0 1 2 3 Q 1 O ✭❛✮ Q int (x 0 , ξ = 0.5)✱ conv Q int (x 0 , ξ = 0.5) ❛♥❞ Q cont (x 0 , ξ = 0.5) x 0 1 2 3 Q -1 -2 -3 -4 ✭❜✮ Q int (x 0 , ξ = -2)✱ conv Q int (x 0 , ξ = -2) ❛♥❞ Q cont (x 0 , ξ = -2) x 0 1 2 3 Q -1 -2 O ✭❝✮ Q int (x 0 )✱ conv Q int (x 0 )✱ Q cont (x 0 )✱ ❛♥❞ Q int,conv 1 (x 0 ) ❋✐❣✉r❡ ✹✿ ❚❤❡ ❜•✉❡ •✐♥❡ ✐s Q cont ❛♥❞ Q cont ❀ t❤❡ r❡❞ •✐♥❡ ✐s conv Q int ❛♥❞ conv Q int ❀ ✇❤✐•st t❤❡ ❣r❡❡♥ ♦♥❡ ✐s Q int,conv ✳ ❢♦r t❤❡ •❛st st❛❣❡ T ✳ ❚❤❡♥✱ ❜② ✉s✐♥❣ ❞✉❛• ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ t♦ s♦•✈❡ t❤❡ ♠✉•t✐✲st❛❣❡ ❙▼■▲P ♣r♦❜•❡♠ ✭✷✮✱ ✐t ✐s ❛•♠♦st ✐♠♣♦ss✐❜•❡ t♦ ♦❜t❛✐♥ t❤❡ ❡①❛❝t ♦♣✲ t✐♠❛• ✐♥t❡❣❡r s♦•✉t✐♦♥ ❛♥❞ t❤❡ ❡①❛❝t ✈❛•✉❡ ❢✉♥❝t✐♦♥ Q int (t, x t , ξ t )✳ ❚❤❡ ❜❡st ❛♣✲ ♣r♦①✐♠❛t❡❞ ❢✉♥❝t✐♦♥ ❢♦r Q int (t, x t , ξ t ) ✭r❡s♣✳ Q int (t, x t , ξ t-1 )✮ ✐s Q int,conv T (t, x t , ξ t ) ✭r❡s♣✳ Q int,conv T (t, x t , ξ t-1 )✮✳ ❚❤✐s ✐s ❛•s♦ r❡♠❛r❦❡❞ ✐♥ ❙❡♥ ❡t ❛•✳ ❬✷✺(✳ ❋♦••♦✇✐♥❣ ✭✶✽✮ ✭✶✾✮✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❛•✐t② ❞❡❝r❡❛s❡s ❛s t❤❡ ❜❛❝❦✇❛r❞ ♣r♦❝❡❞✉r❡ ❣♦❡s ♦♥✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ t❤❛t Q int,conv τ1 (t, x t , ξ t ) ≤ Q int,conv τ2 (t, x t , ξ t ), τ 2 ≤ τ 1 . ✭✷✵✮ ❯♥❢♦rt✉♥❛t❡•②✱ Q int,conv T (t, x t , ξ t ) ✐s t❤❡ ✇♦rst ♦♥❡ ❛♠♦♥❣ t❤✐s ❝•❛ss ♦❢ ❛♣♣r♦①✐✲ ♠❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞ ✭✈❛•✐❞ ✐♥✲ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✸ ❡q✉❛•✐t②✮ t♦ ❛♣♣r♦①✐♠❛t❡ conv Q(t, x t , ξ t-1 )✳ ❚❤❡ ♦❜•❡❝t✐✈❡ ♥♦✇ ✐s •✉st t♦ r❡✲ ❞✉❝❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ conv Q int (t, x t , ξ t ) ❛♥❞ Q cont (t, x t , ξ t ) ✭r❡s♣✳ ❜❡t✇❡❡♥ conv Q int (t, x t , ξ t-1 ) ❛♥❞ Q cont (t, x t , ξ t-1 )✮ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜•❡✱ ❢♦r ✐♥st❛♥❝❡ ❜② ❝♦♠♣✉t✐♥❣ conv Q int,conv T (t, x t , ξ t ) ✭r❡s♣✳ Q int,conv T (t, x t , ξ t )✮✳ ✻ ■♥t❡❣❡r ❝✉tt✐♥❣ ♣•❛♥ t❡❝❤♥✐q✉❡ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ t✐❣❤t❡r •♦✇❡r ❜♦✉♥❞ ✭❜❡tt❡r ♦♣t✐♠❛•✐t② ❝✉ts✮ ❢♦r conv Q int (t, x t , ξ t ) ❛♥❞ conv Q int (t, x t , ξ t-1 )✱ ✇❡ ✇✐•• ✉s❡ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ t❡❝❤♥✐q✉❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❛r❡ st✐•• ✐♥t❡r❡st❡❞ ✐♥ s♦•✈✐♥❣ ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❜•❡♠ t♦ ❝♦♠♣✉t❡ ❞✉❛• ✈❛•✉❡ t♦ ❜✉✐•❞ ♦♣t✐♠❛•✐t② ❝✉ts✱ s✐♥❝❡ ▼■▲P ♣r♦❜•❡♠ ❞♦❡s ♥♦t ❣✐✈❡ ❛♥② ❞✉❛• ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✳ ▲❡t ✉s ✜rst ❛♣♣r♦①✐♠❛t❡ t❤❡ ✜♥❛• ❝♦st ❢✉♥❝t✐♦♥ g(ξ T , x T ) ❜② s♦♠❡ ♦♣t✐♠❛•✐t② ❝✉ts O T (ξ T )✱ ✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜② Q cut (T, x T , ξ T , O T ) t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢✉♥❝t✐♦♥ ✿ Q cut (T, x T , ξ T , O T ) = max θ : θ ≥ λ x T x T + λ 0 T , (λ x T , λ 0 T ) ∈ O T (ξ T ) . ✭✷✶✮ ■♥ ❣❡♥❡r❛•✱ ✇❡ ❞❡♥♦t❡ ❜② Q cut (t, x t , ξ t , I [t,T -1] , O t ) ✭Q cut (t, x t , ξ t ) ❢♦r s❤♦rt✮ t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ ❜② ✉s✐♥❣ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❣❡♥❡r❛t❡❞ ❝✉tt✐♥❣ ♣•❛♥❡s {I, O}✳ ❍❡r❡✱ ✇❡ s❡♣❛r❛t❡ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s ✐♥t♦ t✇♦ t②♣❡s✳ ❖♥❡ ✐s t❤❡ ❢❡❛s✐❜✐•✐t② ❝✉t✱ ✇❤✐❝❤ ♦♥•② ❞❡♣❡♥❞s ♦♥ t✐♠❡ st❡♣ t✿ λ x t x t + λ u t u t ≤ λ 0 t , (λ x t , λ u t , λ 0 t ) ∈ I t . ✭✷✷✮ ❲❡ ❞❡♥♦t❡ ❜② I [t1,t2] = {I t1 , . . . , I t2 } , t1 ≤ t2✳ ❚❤❡ ♦t❤❡r t②♣❡ ✐s t❤❡ ♦♣t✐♠❛•✐t② ❝✉t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ♦♥❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✈❛•✉❡ ξ t θ ≥ λ x t x t + λ 0 t , (λ x t , λ 0 t ) ∈ O t (ξ t ). ✭✷✸✮ ♦r ϑ ≥ λ x t x t+1 + λ u t u t + λ 0 t , (λ x t , λ u t , λ 0 t ) ∈ O t (ξ t ). ✭✷✹✮ ❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ Q cut (t, x t , ξ t-1 , I [t,T -1] , O t-1 ) ✭Q cut (t, x t , ξ t-1 ) ❢♦r s❤♦rt✮ t❤❡ ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ ♦❢ Q cut (t, x t , ξ t , I [t,T -1] , O t )✿ Q cut (t, x t , ξ t-1 , I [t,T -1] , O t-1 ) := E Q cut (t, x t , ξ t , I [t,T -1] , O t ) | F t-1 ; = max ϑ : ϑ ≥ λ x t-1 x t + λ 0 t-1 , (λ x t-1 , λ 0 t-1 ) ∈ O t-1 (ξ t-1 ) . ✭✷✺✮ ✇❤❡r❡ λ x t-1 = E[λ x t | F t-1 ] ❛♥❞ λ 0 t-1 = E[λ 0 t | F t-1 ]✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❜② Q int,cut (t, x t , ξ t , I [t+1,T -1] , O t ) ✭Q int,cut (t, x t , ξ t ) ❢♦r s❤♦rt✮ t❤❡ ✈❛•✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ▼■▲P ♣r♦❜•❡♠✿ Q int,cut (t, x t , ξ t , I [t+1,T -1] , O t ) := essinf{c t (ξ t )u t + ϑ : s✳t✳ (u t , x t+1 , ϑ) ∈ A(x t , ξ t , I [t+1,T -1] , O t )}; ✭✷✻✮ ✇❤❡r❡ t❤❡ ❢❡❛s✐❜•❡ s❡t A(x t , ξ t , I [t+1,T -1] , O t ) ✭A(x t , ξ t ) ❢♦r s❤♦rt✮ ✐s A(x t , ξ t , I [t+1,T -1] , O t ) := {(u t , x t+1 , ϑ) | u t ∈ U int,ad t (x t ), x t+1 = x t + A t u t , ϑ ≥ Q cut (t + 1, x t+1 , ξ t , I [t+1,T -1] , O t )}. ✭✷✼✮ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✹ ❙✐♥❝❡ Q int,cut (t, x t , ξ t ) ✐s ♥♦♥✲❝♦♥✈❡① ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s✱ ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ✐♥ ❜✉✐•❞✐♥❣ conv Q int,cut (t, x t , ξ t , I [t+1,T -1] , O t ) ❛♥❞ t❤❡♥ ✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ ❜② ❛ s✉♣r❡♠✉♠ ♦❢ •✐♥❡❛r ❢✉♥❝t✐♦♥s✳ ❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉•❛ t♦ conv Q int,cut (t, x t , ξ t )✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐✲ t✐♦♥ t♦ ❝❤❛r❛❝t❡r✐③❡ conv Q int,cut (t, x t , ξ t , I [t+1,T -1] , O t )✳ ❋♦r t❡❝❤♥✐❝❛• r❡❛s♦♥✱ ✇❡ ♥❡❡❞ s♦♠❡ ♥♦t❛t✐♦♥s✳ ▲❡t ✉s ❞❡✜♥❡ A(x t , ξ t , I [t+1,T -1] , O t ) := (u t , x t+1 , ϑ) | x t+1 = x t + A t u t , (u t , x t+1 , ϑ) ∈ conv ∪ xt∈X int,ad t A(x t , ξ t , I [t+1,T -1] , O t ) ; ✭✷✽✮ ❞❡♥♦t❡ ❜② Q A (t, x t , ξ t , I [t+1,T -1] , O t ) t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❣r❛♠ Q A (t, x t , ξ t , I [t+1,T -1] , O t ) := essinf{c t (ξ t )u t + ϑ : s✳t✳ (u t , x t+1 , ϑ) ∈ A(x t , ξ t , I [t+1,T -1] , O t )}; ✭✷✾✮ ❛♥❞ ✐♥tr♦❞✉❝❡ A c (x t , ξ t , I [t+1,T -1] , O t ) := {(u t , x t+1 , ϑ) | u t ∈ U int,ad t (x t ), x t+1 = x t + A t u t , ϑ ≥ Q cut (t + 1, x t+1 , ξ t , I [t+1,T -1] , O t )}. ✭✸✵✮ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ✭✐✮ ❲❡ ❤❛✈❡ t❤❛t conv Q int,cut (t, x t , ξ t , I [t+1,T -1] , O t ) = Q A (t, x t , ξ t , I [t+1,T -1] , O t ). ✭✸✶✮ ✭✐✐✮ ❚❤❡ ♣r♦•❡❝t✐♦♥ ♦❢ A(x t , ξ t ) ♦♥t♦ t❤❡ u t s✉❜s♣❛❝❡ ✐s proj ut A(x t , ξ t ) = U int,ad t (x t ). ✭✸✷✮ ✭✐✐✐✮ A(x t , ξ t , I [t+1,T -1] , O t ) ⊂ A c (x t , ξ t , I [t+1,T -1] , O t )✳ Pr♦♦❢✳ ✭✐✮ ❙✐♥❝❡ ♣r♦❜•❡♠s ✭✷✻✮ ❛♥❞ ✭✷✾✮ ❤❛✈❡ t❤❡ s❛♠❡ ♦❜•❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ s✐♥❝❡ t❤❡ ❢❡❛s✐❜•❡ s❡t A(x t , ξ t ) ♦❢ ✭✷✻✮ ✐s ✐♥❝•✉❞❡❞ ✐♥ A(x t , ξ t )✱ ✇❡ ❤❛✈❡ t❤❛t Q A (t, x t , ξ t ) ≤ Q int,cut (t, x t , ξ t )✳ ❆s x t ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❢❡❛s✐❜•❡ s❡t A(x t , ξ t )✱ t❤❡ ✈❛•✉❡ ❢✉♥❝t✐♦♥ Q A (t, x t , ξ t ) ✐s ❝♦♥✈❡① ✐♥ x t ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦♥✈❡① ❤✉••✱ Q A (t, x t , ξ t ) ≤ conv Q int,cut (t, x t , ξ t )✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✷✾✮✱ ❢♦r ❛•• ǫ > 0✱ t❤❡r❡ ❡①✐sts (u ǫ t , x ǫ t+1 , ϑ ǫ ) ∈ A(x t , ξ t ) s✉❝❤ t❤❛t c t (ξ t )u ǫ t + ϑ ǫ ≤ Q A (t, x t , ξ t ) + ǫ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A(x t , ξ t )✱ t❤❡r❡ ❡①✐sts λ i ≥ 0, x i t ∈ X int,ad t , (u i t , x i t+1 , ϑ i ) ∈ A(x i t , ξ t ), i ∈ I s✉❝❤ t❤❛t i∈I λ i = 1✱ u ǫ t = i∈I λ i u i t ✱ x t = i∈I λ i x i t ✱ ❛♥❞ x ǫ t+1 = i∈I λ i x i t+1 ✳ ❚❤❡♥✱ conv Q int,cut (t, x t , ξ t ) ≤ i∈I λ i conv Q int,cut (t, x i t , ξ t ) ≤ i∈I λ i Q int,cut (t, x i t , ξ t ) ≤ i∈I λ i c t (ξ t )u i t + ϑ i = c t (ξ t )u ǫ t + ϑ ǫ ≤ Q A (t, x t , ξ t ) + ǫ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✺ ▲❡t ǫ → 0✱ ✇❡ ❤❛✈❡ conv Q int,cut (t, x t , ξ t ) ≤ Q A (t, x t , ξ t )✳ ✭✐✐✮ ❚❤❛t proj ut A(x t , ξ t ) ⊂ U int,ad t (x t ) ❢♦••♦✇s ❞✐r❡❝t•② t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ A(x t , ξ t )✱ (X, U) int,ad t ❛♥❞ U int,ad t (x t )✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ u t ∈ U int,ad t (x t )✱ ♦r ❡q✉✐✈❛•❡♥t•② (x t , u t ) ∈ conv(X, U) int,ad t ✱ t❤❡♥ t❤❡r❡ ❡①✐sts λ i ≥ 0, x i t ∈ X int,ad t , u i t ∈ U int,ad t (x i t ), i ∈ I s✉❝❤ t❤❛t i∈I λ i = 1✱ x t = i∈I λ i x i t ❛♥❞ u t = i∈I λ i u i t ✳ ▲❡t ✉s t❛❦❡ x i t+1 = x i t + A t u i t ✱ ❛♥❞ ϑ i ≥ Q cut (t + 1, x i t+1 , ξ t ) ❢♦r ❡❛❝❤ i ∈ I✳ ❚❤❡♥✱ (u i t , x i t+1 , ϑ i ) ∈ A(x i t , ξ t )✳ ❚❛❦✐♥❣ x t+1 = i∈I λ i x i t+1 ❛♥❞ ϑ t+1 = i∈I λ i ϑ i ✱ t❤❡♥ (u t , x t+1 , ϑ) ∈ A t (x t , ξ t )✱ ♦r ❡q✉✐✈❛•❡♥t•② u t ∈ proj ut A t (x t , ξ t )✳ ✭✐✐✐✮ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ r❡s✉•t✱ ❛♥❞ t❤❡ ❝♦♥✈❡①✲ ✐t② ♦❢ Q(t+1, x t+1 , ξ t )✱ ✇❡ ♦❜t❛✐♥ ✐♠♠❡❞✐❛t❡•② t❤❛t A(x t , ξ t ) ⊂ A c (x t , ξ t )✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❝♦r♦••❛r② ❢♦r t❤❡ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ X int,ad t ✳ ❈♦r♦••❛r② ✻✳✷✳ ■❢ x t ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ X int,ad t ✱ t❤❡♥ A(x t , ξ t ) = conv A(x t , ξ t ). ✭✸✸✮ |❡♠❛r❦ ✻✳✸✳ ❋♦••♦✇✐♥❣ t❤❡ t❤✐r❞ ♣r♦♣❡rt② ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ t❤❡ ♦♣t✐♠❛•✐t② ❝✉ts ϑ ≥ λ x t x t+1 + λ 0 t , (λ x t , λ 0 t ) ∈ O t (ξ t )✱ ✇❤✐❝❤ ❝❛♥ ♦♥•② ❛♣♣r♦①✐♠❛t❡ Q cut (t + 1, x t+1 , ξ t )✱ ❛r❡ ♥♦t ❡♥♦✉❣❤✳ ❚❤❛t ✐s ✇❤② ✇❡ ❡①t❡♥❞ t❤❡ ♦♣t✐♠❛•✐t② ❝✉t t♦ ❢♦r♠ ϑ ≥ λ x t x t+1 + λ x u u t + λ 0 t . ❆t t❤✐s st❛❣❡✱ ✇❡ ❛r❡ r❡❛❞② t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞ t♦ ❛♣✲ ♣r♦①✐♠❛t❡ A(x t , ξ t ) ❛♥❞ t❤❡♥ conv Q int,cut (t, x t , ξ t )✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✇r✐t❡ ✭✷✾✮ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❢♦r♠✉•❛t✐♦♥✿ essinf c t (ξ t )u t + θ(t + 1, x t+1 , ξ t , O t ) s✉❜•❡❝t t♦ u s ∈ U s , x s+1 = x s + A s u s , s = t, . . . , T -1, x T ∈ X T , ✭❢❡❛s✐❜✐•✐t② ❝✉t✮ λ x s x s + λ u s u s ≤ λ 0 s , ∀(λ x s , λ u s , λ 0 s ) ∈ I s , s = t, . . . , T -1, ✭♦♣t✐♠❛•✐t② ❝✉t✮ θ(t + 1, x t+1 , ξ t , O t ) ≥ λ x x t+1 + λ u u t + λ 0 , ∀(λ x , λ u , λ 0 ) ∈ O t (ξ t ); ✭✸✹✮ ◆♦t❡ t❤❛t O t (ξ t ) ✐♥ ✭✸✹✮ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ✐♥ ✭✶✹✮✱ ❡✈❡♥ t❤♦✉❣❤ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s✳ |❡♠❛r❦ t❤❛t ✐♥ ✭✸✹✮ ❛t t✐♠❡ t✱ ✇❡ ❛❞❞ ❛•• ❢❡❛s✐❜✐•✐t② ❝✉ts I [t,T -1] ♦❢ ❢✉t✉r❡ t✐♠❡ st❡♣s t ≤ s ≤ T -1✳ ❲❡ ❞❡♥♦t❡ t❤❡ ✈❛•✉❡ ❢✉♥❝t✐♦♥ ♦❢ ✭✸✹✮ ❜② Q cut (t, x t , ξ t , I [t,T -1] , O t ) ✭Q cut (t, x t , ξ t ) ❢♦r s❤♦rt✮✳ ❯s✐♥❣ t❤❡ ❋❡♥❝❤❡•✲▼♦r❡❛✉ t❤❡♦r❡♠✱ ✇❡ ❤❡r❡ ♥♦t❡ ✐t ❜② ✐ts ❞✉❛• ❛♣✲ ♣r♦①✐♠❛t✐♦♥✿ Q cut (t, x t , ξ t , I [t+1,t-1] , O t ) = max θ : θ ≥ λ x t x t + λ 0 t , (λ x t , λ 0 t ) ∈ O t (ξ t ) . ✭✸✺✮ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✻ ❚❤❡s❡ ❢❡❛s✐❜✐•✐t② ❝✉ts I [t,t-1] ❛♥❞ ♦♣t✐♠❛•✐t② ❝✉ts O t ❛r❡ ❤❡r❡ t♦ ❛♣♣r♦①✐✲ ♠❛t❡ A(x t , ξ t , I [t+1,t-1] , O t )✳ ❙✐♥❝❡ ✇❡ ❜✉✐•❞ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s ✐♥ t❤❡ ❙❉❉P ❛•❣♦r✐t❤♠✱ ✇❡ ❝❛♥ ♦♥•② ❣❡♥❡r❛t❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝✉tt✐♥❣ ♣•❛♥❡s t♦ ❛♣♣r♦①✐✲ ♠❛t❡ A(x t , ξ t )✳ ❚❤❡♥✱ t❤❡ ✈❛•✉❡ ♦❜t❛✐♥❡❞ ✐♥ ✭✸✹✮ Q cut (t, x t , ξ t , I [t,T -1] , O t ) ✐s ✐ts❡•❢ ❛ •♦✇❡r ❜♦✉♥❞ ♦❢ conv Q int,cut (x t , ξ t , I [t+1,T -1] , O t+1 )✳ |❡♠❛r❦ ✻✳✹✳ ❙✐♥❝❡ ♦✉r ❛•❣♦r✐t❤♠ ✐s st✐•• ✐♥ t❤❡ ❙❉❉P ❢r❛♠❡✇♦r❦✱ ✇❡ ❝❛♥♥♦t ❤❛✈❡ ❛ t✐❣❤t❡r •♦✇❡r ❜♦✉♥❞ t❤❛♥ Q int,conv T (t, x t , ξ t ) ❛s ♠❡♥t✐♦♥❡❞ ✐♥ r❡♠❛r❦ ✺✳✸✿ Q int,cut (t, x t , ξ t , I [t+1,T -1] , O t+1 ) ≤ Q int,conv T (t, x t , ξ t ); ✭✸✻✮ Q cut (t, x t , ξ t , I [t+1,T -1] , O t+1 ) ≤ conv Q int,conv T (t, x t , ξ t ). ✭✸✼✮ ❖✉r ❛•❣♦r✐t❤♠✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❙❉❉P ❛•❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞✱ ❝♦♥s✐sts ✐♥ ✐t❡r❛t✐♦♥s ♦❢ ❛ ❢♦r✇❛r❞ ❛♥❞ ❛ ❜❛❝❦✇❛r❞ ♣❛ss✳ ■♥ t❤❡ ❢♦r✇❛r❞ ♣❛ss✱ ✇❡ ✐♥t❡♥❞ t♦ ❝♦♠♣✉t❡ ❛ s✉❜✲♦♣t✐♠❛• ❞❡❝✐s✐♦♥ s♦•✉t✐♦♥ ❢♦r ❡❛❝❤ s✐♠✉•❛t❡❞ tr❛•❡❝t♦r② (ξ t ) ❛♥❞ t♦ ♦❜t❛✐♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ♦❢ ✭✷✮✳ ■♥ t❤❡ ❜❛❝❦✲ ✇❛r❞ ♣❛ss✱ ✇❡ ❛✐♠ ❛t ❣❡♥❡r❛t✐♥❣ ❛ t✐❣❤t❡r •♦✇❡r ❜♦✉♥❞ t♦ ❜❡tt❡r ❛♣♣r♦①✐♠❛t❡ Q int (t, x t , ξ t ) ❛♥❞ t♦ ❣❡t ❛ •♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ♦❢ ✭✷✮✳ ❚❤❡ ❣❡♥❡r✲ ❛t✐♦♥ ♦❢ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♦❝❝✉rs ✐♥ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♣r♦❝❡❞✉r❡✳ ❲❡ ✜rst s♦•✈❡ ✭✸✹✮ ✇❤❡r❡ xt ✐s ✐♥t❡❣❡r ❞✉❡ t♦ ❆ss✉♠♣t✐♦♥ ✶✳✶✱ ❛♥❞ ❞❡♥♦t❡ ❜② (û cont t , xt+1 , θ) t❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥✳ ❼ ■❢ ûcont t ✐s ✐♥t❡❣❡r✱ ✇❡ s❡t ûint t = ûcont t ✱ ❛♥❞ ❣♦ ♦♥ ❞✐r❡❝t•② t♦ t❤❡ ♥❡①t t✐♠❡ st❡♣ t + 1✳ ❼ ❖t❤❡r✇✐s❡✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ✇❡ ❛r❡ ❛❜•❡ t♦ ✉s❡ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ t❡❝❤♥✐q✉❡ t♦ ❡•✐♠✐♥❛t❡ t❤❡ ♥♦♥✲✐♥t❡❣❡r s♦•✉t✐♦♥ (û cont t , xt+1 , θ)✱ ❛♥❞ t❤✉s r❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣♦•②❤❡❞r♦♥ A(x t , ξ t )✳ |❡♠❛r❦ ✻✳✺✳ ❲❡ ✉s❡ ✭✸✹✮ t♦ ❜✉✐•❞ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ t♦ ❛♣♣r♦①✐♠❛t❡ conv Q int,cut (t, x t , ξ t )✳ ❚❤❡♥✱ t❤❡ ♦❜•❡❝t✐✈❡ ♦❢ ✭✸✹✮ ✐s ❞✐✛❡r❡♥t ❢r♦♠ ✉s✐♥❣ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞ t♦ s♦•✈❡ ▼■▲P ❜② t❤❡ ✇❡•• ❦♥♦✇♥ t❤❡♦r❡♠ ❬✶✾✱ ❚❤❡♦r❡♠ ✻✳✸✱ ❙❡❝t✐♦♥ ■✳✹✳✻(✳ ■❢ ✇❡ ✇❛♥t t♦ ❛♣♣•② t❤❡ t❤❡♦r❡♠ t♦ tr❛♥s❢❡r t❤❡ ▼■▲P ✭✷✻✮ t♦ •✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ✭▲P✮✱ t❤❡ ❢❡❛s✐❜•❡ s❡t s❤♦✉•❞ ❜❡ conv A(x t , ξ t ) ✐♥st❡❛❞ ♦❢ A(x t , ξ t )✳ ❚❤❡ ❦❡② ❞✐✛❡r✲ ❡♥❝❡ ✐s t❤❛t t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s ❢♦r A(x t , ξ t ) ❛r❡ ✈❛•✐❞ ❢♦r ❛•• st❛t❡ ✈❛•✉❡s X int,ad t ✱ ✇❤✐•st t❤❛t t❤❡ ♦♥❡s ❢♦r conv A(x t , ξ t ) ♠❛② ❜❡ ♦♥•② ✈❛•✐❞ ❢♦r s♦♠❡ s♣❡❝✐✜❝ ✈❛•✉❡s xt ∈ X int,ad t ✳ ❉✉r✐♥❣ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ ♦✉r ❛•❣♦r✐t❤♠✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♠♣✉t✐♥❣ ❛♥ ✐♥t❡❣❡r s♦•✉t✐♦♥✳ ❚❤❡♥✱ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ❢♦r conv A(x t , ξ t ) ✐s ✉s❡❢✉•✳ ◆❡✈❡r✲ t❤❡•❡ss✱ t❤❡② ❛r❡ t♦t❛••② ✉s❡•❡ss ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ♦❢ ♦✉r ❛•❣♦r✐t❤♠✳ ✻✳✶ •❡♥❡r❛t✐♥❣ ❝✉tt✐♥❣ ♣•❛♥❡s ❲❡ ❞✐s❝✉ss ❜❡•♦✇ ❤♦✇ t♦ ❣❡♥❡r❛t❡ ❝✉tt✐♥❣ ♣•❛♥❡s✳ ❲❡ ❞✐st✐♥❣✉✐s❤ 3 ❝❛s❡s ❞❡✲ ♣❡♥❞✐♥❣ ♦♥ ✇❤❡r❡ ûcont t t♦ ❜✉✐•❞ ❛ ❝✉tt✐♥❣ ♣•❛♥❡ ✐s •♦❝❛t❡❞✳ ✻✳✶✳✶ ❈❛s❡ ✇❤❡♥ ûcont t / ∈ U int,ad t (x t ) ❚❤✐s ✐s t❤❡ s✐♠♣•❡st ❝❛s❡ ✇❤❡r❡ ✇❡ ❛r❡ s✉r❡ t♦ ❡•✐♠✐♥❛t❡ t❤❡ ♦♣t✐♠❛• ♥♦♥✲✐♥t❡❣❡r s♦•✉t✐♦♥ ûcont t ❢r♦♠ t❤❡ ❢❡❛s✐❜•❡ s❡t U int,ad t (x t ) = proj u A(x t , ξ t )✳ ❯s✐♥❣ ✈❛r✐♦✉s || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✼ ❝✉tt✐♥❣ ♣•❛♥❡ t❡❝❤♥✐q✉❡s ✭s❡❡ ❡✳❣✳ ❬✶✶✱ ✶✾(✮✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❛ ❝✉tt✐♥❣ ♣•❛♥❡ ♦❢ t❤❡ ❢❡❛s✐❜✐•✐t② ❝✉t ❢♦r♠✿ λ x t x t + λ u t u t ≤ λ 0 t ✳ ❍❡r❡✱ ✇❡ ♣r❡s❡♥t t❤❡ ❋❡♥❝❤❡• ❝✉t ♠❡t❤♦❞ ❬✾(✳ ❚❤❡ ▼■P ♣r♦❜•❡♠ ❛ss♦❝✐❛t❡❞ t♦ ❜✉✐•❞ ❋❡♥❝❤❡• ❝✉t ✐s max λ x t ,λ u t min xt,ut λ x t (x t -x t ) + λ u t (û cont t -u t ) s✉❜•❡❝t t♦ (λ x t , λ u t ) ∈ Λ, (x t , u t ) ∈ (X, U) int,ad t ; ✭✸✽✮ ✇❤❡r❡ Λ ✐s t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ ❛ ♣r♦♣❡r ♥♦r♠✳ ❚❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ✐s λ x t x t +λ u t u t ≤ λ 0 t ✱ ✇❤❡r❡ λ 0 t = λ x t x * t + λ u t u * t ✱ ❛♥❞ (λ x t , λ u t , x * t , u * t ) ✐s t❤❡ ♦♣t✐♠❛• s♦•✉t✐♦♥ ♦❢ ✭✸✽✮✳ ❲❡ t❤❡♥ ❛❞❞ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ✐♥t♦ t❤❡ ❢❡❛s✐❜✐•✐t② ❝✉t ❝♦••❡❝t✐♦♥ I t ✳ ❚❤❡ ▼■P ♣r♦❜•❡♠ ✭✸✽✮ ❝❛♥ ❛•s♦ ❤❡•♣ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s❡t conv(X, U) int,ad t ✳ ■❢ (x t , ûcont t ) ∈ conv(X, U) int,ad t ✱ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ♦❢ ✭✸✽✮ ✐s ✵✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ✐s str✐❝t ♣♦s✐t✐✈❡✳ |❡♠❛r❦ ✻✳✻✳ ■t ♠❛② ❜❡ s✉r♣r✐s✐♥❣ t❤❛t ✇❡ ✉s❡ ❛ ▼■P ♣r♦❜•❡♠ ✭✸✽✮ t♦ ❣❡♥❡r❛t❡ ❛ ❝✉tt✐♥❣ ♣•❛♥❡✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r✱ t❤✐s ✐s ♠❡❛♥✐♥❣❢✉• s✐♥❝❡ ✇❡ ✐♥t❡♥❞ t♦ s♦•✈❡ ❛ st♦❝❤❛st✐❝ ♣r♦❜•❡♠✳ ❚❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ❣❡♥❡r❛t❡❞ ✐♥ ✭✸✽✮ ✐s ✉♥✐✈❡rs❛• ✈❛•✐❞ ❢♦r ❛♥② r❡❛•✐③❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ξ t ✳ ❲❡ ❤❛✈❡ s✉❝❤ ♥✐❝❡ ♣r♦♣❡rt② s✐♥❝❡ t❤❡ ❢❡❛s✐❜•❡ s❡ts ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ r❡♠❛r❦ ✸✳✶✳ ❊①❛♠♣•❡ ✻✳✼ ✭❡①❛♠♣•❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜♣r♦❜•❡♠ ✇❤❡r❡ ξ = -2 ❛♥❞ x0 = 3✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ ♣r♦❜•❡♠ r❡t✉r♥s t❤❡ ♦♣t✐♠❛• s♦•✉t✐♦♥ (û cont 0 , x1 , θ) = (1.5, 6, 1.5)✱ ✇❤❡r❡ ûcont 0 / ∈ U int,ad 0 (x 0 ) = [0, 1]✳ x 0 1 2 3 u 0 1 2 3 O ❋✐❣✉r❡ ✺✿ t❤❡ ❢❡❛s✐❜•❡ s❡t ♦♥ (x 0 , u 0 ) s✉❜s♣❛❝❡❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥❀ t❤❡ ❜•✉❡ •✐♥❡ ✐s t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡✳ ❆ ❝✉tt✐♥❣ ♣•❛♥❡ x 0 + u 0 ≤ 4 ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ t♦ ❡•✐♠✐♥❛t❡ t❤❡ ♥♦♥✲✐♥t❡❣❡r ♣♦✐♥t ✭s❡❡ ❋✐❣✉r❡ ✺✮✳ ❚❤❡♥✱ ❛❢t❡r ❛❞❞✐♥❣ t❤✐s ❝✉tt✐♥❣ ♣•❛♥❡✱ t❤❡ s✉❜♣r♦❜•❡♠ ✭✸✹✮ r❡t✉r♥s t❤❡ ♦♣t✐♠❛• s♦•✉t✐♦♥ (û cont 0 , x1 , θ) = (1, 5, 1)✱ ✇❤❡r❡ ûcont 0 ✐s ✐♥t❡❣❡r✳ ❋✐♥❛••②✱ t❤❡ ❞✉❛• ✈❛•✉❡ ♦❢ ✭✸✹✮ ❤❡•♣s ❜✉✐•❞ ❛♥ ♦♣t✐♠❛•✐t② ❝✉t 1.5x 0 -5.5 ♦❢ Q cut (x 0 , ξ = -2) ✇❤✐❝❤ ✐s ❡①❛❝t•② t❤❡ ❝♦♥✈❡① ❤✉•• conv Q int,cut (x 0 , ξ = -2) ❛t ♣♦✐♥t x 0 = 3 ✭s❡❡ ❋✐❣✉r❡ ✹✮✳ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✽ ◆❡✈❡rt❤❡•❡ss✱ ✐❢ t❤❡ ♥♦♥✲✐♥t❡❣❡r s♦•✉t✐♦♥ ûcont t ∈ U int,ad t (x t )✱ t❤❡ ♣r♦❜•❡♠ ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣•❡①✱ ❛♥❞ t❤❛t ✐s t❤❡ r❡❛s♦♥ ♦❢ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ♦❢ t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜•❡♠✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ ❛♥❛•②s✐s✱ ✇❡ s❡♣❛r❛t❡ ✷ ❝❛s❡s ❡✐t❤❡r ûcont t ∈ U int,ad t (x t ) \ conv U int,ad t (x t ) ♦r ûcont t ∈ conv U int,ad t (x t )✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ûcont t ∈ U int,ad t (x t )✱ ❛♥② ❝✉tt✐♥❣ ♣•❛♥❡ ♦❢ t❤❡ ❢❡❛s✐❜✐•✐t② ❝✉t ❢♦r♠ λ x x t + λ u u t ≤ λ 0 ✐s ♥♦t ✉s❡❢✉• ❛♥②♠♦r❡ ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ❚❤❡♥✱ ✇❡ ✇✐•• ❢♦❝✉s ♦♥ ❣❡♥❡r❛t✐♥❣ ❝✉tt✐♥❣ ♣•❛♥❡s ♦❢ t❤❡ ♦♣t✐♠❛•✐t② ❝✉t ❢♦r♠✿ ϑ ≥ λ x x t+1 +λ u u t +λ 0 ✳ ✻✳✶✳✷ ❈❛s❡ ✇❤❡♥ ûcont t ∈ U int,ad t (x t ) \ conv U int,ad t (x t ) ▲❡t ✉s st❛rt ❜② t❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡ t♦ ✐••✉str❛t❡ t❤✐s ❝❛s❡✳ ❊①❛♠♣•❡ ✻✳✽ ✭❡①❛♠♣•❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜♣r♦❜•❡♠ ✇❤❡r❡ ξ = -2 ❛♥❞ x0 = 1✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥ ✐s (û cont 0 , x1 , θ) = (2.5, 6, 1.5)✱ ✇❤❡r❡ ûcont t ∈ U int,ad 0 (x 0 ) \ conv U int,ad t (x 0 ) = [2, 2.5]✳ ❋✐❣✉r❡ ✻ ✐••✉str❛t❡s t❤❡ ❢❡❛s✐❜•❡ s❡t ❛♥❞ t❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥✳ ❚❤✐s ❡①❛♠♣•❡ s❤♦✇s t❤❛t t❤✐s u 0 1 2 θ 1 ✭❛✮ t❤❡ ❢❡❛s✐❜•❡ s❡t ♦♥ (u 0 , θ) s✉❜s♣❛❝❡ ✇❤❡r❡ ✇❡ r❡♣•❛❝❡ x 1 ❜② 2u 0 + x0 ❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐✲ ♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥❀ t❤❡ ❜•✉❡ ❞❛s❤❡❞ •✐♥❡ ✐s t❤❡ ♦❜•❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ x0 1 2 3 u0 1 2 3 O ✭❜✮ ♣r♦•❡❝t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜•❡ s❡t ♦♥t♦ (x 0 , u 0 ) s✉❜s♣❛❝❡❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥✳ ❋✐❣✉r❡ ✻✿ ■••✉str❛t✐♦♥ ♦❢ ❡①❛♠♣•❡ ✻✳✽✳ ❝❛s❡ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ❛♥❞ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ Q int,cut (t, x t , ξ t ) ✭s❡❡ ❋✐❣✉r❡ ✹ ❛t ♣♦✐♥t ξ = -2✱ x 0 = 1✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞ ♠❛② ❢❛✐• t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛• ✐♥t❡❣❡r s♦•✉t✐♦♥✳ ■❢ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞ ❢❛✐•s t♦ ❡•✐♠✐♥❛t❡ t❤❡ ♥♦♥✲✐♥t❡❣❡r s♦•✉t✐♦♥✱ ✇❡ ❤❛✈❡ t♦ s♦•✈❡ t❤❡ ▼■▲P ♣r♦❜•❡♠ ✭✷✻✮ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ❛♥ ✐♥t❡❣❡r s♦•✉t✐♦♥ ❛♥❞ t♦ ❝♦♥t✐♥✉❡ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ t❤❡ ❙❉❉P ❛•❣♦r✐t❤♠✳ ■♥ ❡①❛♠♣•❡ ✻✳✽✱ t❤❡ ▼■▲P ✭✷✻✮ r❡t✉r♥s ❛♥ ✐♥t❡❣❡r s♦•✉t✐♦♥ (û 0 , x1 ) = (2, 5)✳ |❡♠❛r❦ ✻✳✾✳ ❙✐♥❝❡ ✭✷✻✮ ✐s ❛ ▼■▲P ♣r♦❜•❡♠✱ s♦♠❡ ♠❡t❛❤❡✉r✐st✐❝ ♠❡t❤♦❞s ❬✶✷( ✐♥ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ❝❛♥ ❜❡ ❛♣♣•✐❡❞ ❤❡r❡✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ✐♥t❡❣❡r •♦❝❛• s❡❛r❝❤ ♠❡t❤♦❞ ✭s❡❡ ❲❛•s❡r ❬✸✵(✮✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❛✈♦✐❞ s♦•✈✐♥❣ ❛ ▼■▲P ♣r♦❜•❡♠ ✭✷✻✮✳ ❚❤❡ s♦•✉t✐♦♥ ❜② ♠❡t❛❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✐s ♦❢ ❝♦✉rs❡ ✐ts❡•❢ s✉❜✲♦♣t✐♠❛•✳ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✶✾ ❋♦••♦✇✐♥❣ ▲❡♠♠❛ ✸✳✷✱ ✐❢ X int,ad t ✐s ❜✐♥❛r②✱ U int,ad t (x t ) = conv U int,ad t (x t ) ❛♥❞ t❤❡ ❝❛s❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❝✉rr❡♥t s✉❜s❡❝t✐♦♥ ❞♦❡s ♥♦t ❤❛♣♣❡♥✳ ✻✳✶✳✸ ❈❛s❡ ✇❤❡♥ ûcont t ∈ conv U int,ad t (x t ) ❲❡ ✜rst ✐••✉str❛t❡ t❤❡ ❝❛s❡ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡✳ ❊①❛♠♣•❡ ✻✳✶✵ ✭❡①❛♠♣•❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜♣r♦❜•❡♠ ✇❤❡r❡ x0 = 2✱ ξ = 0.5✳ ❋✐❣✉r❡ ✼ ✐••✉str❛t❡s t❤❡ ❢❡❛s✐❜•❡ s❡t ❛♥❞ t❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥✳ ❚❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥ ✐s (û cont 0 , x1 , θ) = (0.5, 3, 0)✱ ✇❤❡r❡ u 0 1 2 θ 1 O ✭❛✮ t❤❡ ❢❡❛s✐❜•❡ s❡t ♦♥ (u 0 , θ) s✉❜s♣❛❝❡ ✇❤❡r❡ ✇❡ r❡♣•❛❝❡ x 1 ❜② 2u 0 + x0 ❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥❀ t❤❡ ❜•✉❡ ❞❛s❤❡❞ •✐♥❡ ✐s t❤❡ ♦❜•❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ x0 1 2 3 u0 1 2 3 O ✭❜✮ ♣r♦•❡❝t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜•❡ s❡t ♦♥t♦ (x 0 , u 0 ) s✉❜s♣❛❝❡❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥✳ ❋✐❣✉r❡ ✼✿ ■••✉str❛t✐♦♥ ♦❢ ❡①❛♠♣•❡ ✻✳✶✵✳ ûcont 0 ✐s ♥♦t ✐♥t❡❣❡r✱ ❜✉t ✐t ✐s ✐♥ conv U int,ad 0 (x 0 ) = [0, 3]✳ ❚❤✐s ✐s ❛♥♦t❤❡r r❡❛s♦♥ t♦ ❝❛✉s❡ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ♦❢ Q int,cut (x 0 , ξ) ✭s❡❡ ❋✐❣✉r❡ ✹ ❛t ♣♦✐♥t x 0 = 2✱ ξ = 0.5✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞ ❛❣❛✐♥ ❢❛✐•s t♦ ❡•✐♠✐♥❛t❡ ❛♥ ♦♣t✐♠❛• ♥♦♥✲ ✐♥t❡❣❡r s♦•✉t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ❛♥ ✐♥t❡❣❡r s♦•✉t✐♦♥ ûint t ✱ ✇❡ ❤❛✈❡ t♦ s♦•✈❡ t❤❡ ▼■▲P ♣r♦❜•❡♠ ✭✷✻✮✳ ❈❛s❡ ✇❤❡♥ xt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ conv X int,ad t ✳ ❍♦✇❡✈❡r✱ ✐❢ xt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ conv X int,ad t ✱ A(x t , ξ t ) ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❈♦r♦••❛r② ✻✳✷✳ ❋✉r✲ t❤❡r♠♦r❡✱ ✐❢ ♣r♦❜•❡♠ ✭✷✻✮ ❤❛s ❛ ✉♥✐q✉❡ ♦♣t✐♠❛• s♦•✉t✐♦♥✱ ❜② ❬✶✾✱ ❚❤❡♦r❡♠ ✻✳✸✱ ❙❡❝t✐♦♥ ■✳✹✳✻(✱ t❤❡ ♦♣t✐♠❛• s♦•✉t✐♦♥ t♦ ♣r♦❜•❡♠ ✭✷✾✮ ✐s ✉♥✐q✉❡ ❛♥❞ ✐♥t❡❣❡r✱ ❛♥❞ ❜♦t❤ ♦♣t✐♠❛• s♦•✉t✐♦♥s ❝♦✐♥❝✐❞❡✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✭✸✹✮ r❡t✉r♥s ❛♥ ♦♣t✐♠❛• ♥♦♥✲ ✐♥t❡❣❡r s♦•✉t✐♦♥ ûcont t ✱ ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ ❛ ❝✉tt✐♥❣ ♣•❛♥❡ ♦❢ ♦♣t✐♠❛•✐t② ❝✉t ❢♦r♠ t♦ ❡•✐♠✐♥❛t❡ ûcont t ❛♥❞ ❛❞❞ ✐t ✐♥t♦ O t (ξ t )✳ ❚❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡❞✉r❡ ❛r❡✿ ❼ ❲❡ ❝❛♥ ✜rst ❜✉✐•❞ ❛ ❝✉tt✐♥❣ ♣•❛♥❡ ❢♦r conv A(x t , ξ t ) ❜② ✈❛r✐♦✉s ♠❡t❤♦❞s ✭s❡❡ ❡✳❣✳ ❬✶✶✱ ✶✾(✮✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ •♦♠♦r② ❝✉t t❡❝❤♥✐q✉❡ ❬✶✸✱ ✸(✳ ■♥ ✈✐❡✇ ♦❢ ❈♦r♦••❛r② ✻✳✷ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ûcont t ∈ U int,ad t (x t )✱ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ✐s || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✷✵ ♦❢ ❢♦r♠✿ ϑ ≥ λx t x t+1 + λ0 t . ✭✸✾✮ ◆♦t❡ t❤❛t t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ❣❡♥❡r❛t❡❞ ✉♥t✐• ♥♦✇ ♠❛② ❜❡ ♦♥•② ✈❛•✐❞ ❢♦r conv A(x t , ξ t )✱ ✐✳❡✳ ♥♦t ✈❛•✐❞ ❢♦r A(x t , ξ t ), x t = xt ✳ ❼ ❙✐♥❝❡ x t = x t+1 -A t u t ✱ t❤❡♥ x * , x t+1 -A t u t -xt ≤ 0, ∀x * ∈ N conv X int,ad t (x t ); ✭✹✵✮ ✇❤❡r❡ N K (x) ✐s t❤❡ ♥♦r♠❛• ❝♦♥❡ ♦❢ K ❛t ♣♦✐♥t x✳ ❙✐♥❝❡ xt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ conv X int,ad t ✱ t❤❡♥ int N conv X int,ad t (x t ) ✐s ♥♦t ❡♠♣t②✳ ❋✐♥❛••②✱ ❛❞❞✐♥❣ ✭✹✵✮ ♦♥t♦ ✭✸✾✮✱ ✇❡ ❤❛✈❡ ϑ ≥ ( λx t + x * )x t+1 -x * A t u t + ( λ0 t -x * xt ), ∀x * ∈ N conv X int,ad t (x t ) ✭✹✶✮ ✐s st✐•• ✈❛•✐❞ ❢♦r conv A(x t , ξ t )✳ ❼ ❚❤❡ ✜♥❛• st❡♣ ✐s t♦ ❝❤♦♦s❡ x * ∈ N conv X int,ad t (x t ) s✉❝❤ t❤❛t t❤✐s ❝✉tt✐♥❣ ♣•❛♥❡ ✭✹✶✮ ✐s ✈❛•✐❞ ❢♦r ❛•• A(x t , ξ t ) s✉❝❤ t❤❛t x t ∈ X int,ad t ✳ ❚❤❡♥✱ ✭✹✶✮ ✐s t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ✇❡ ❛r❡ •♦♦❦✐♥❣ ❢♦r✳ ❲❡ ✜rst s♦•✈❡ t✇♦ •✐♥❡❛r ♣r♦❣r❛♠s t❤❛t ϑ lb := min ϑ, s✳t✳ x t+1 ∈ conv X int,ad t+1 , ϑ ≥ λ x t x t+1 + λ 0 t , ∀(λ x t , λ 0 t ) ∈ O t (ξ) ; ✭✹✷✮ ❛♥❞ ϑ ub := max λx t x t+1 + λ0 t , s✳t✳ x t+1 ∈ conv X int,ad t+1 ; ✭✹✸✮ ❛♥❞ ❞❡♥♦t❡ ❜② ϑ lb ❛♥❞ ϑ ub t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ t♦ ✭✹✷✮ ❛♥❞ t♦ ✭✹✸✮✳ |❡♠❛r❦ t❤❛t ✐♥ ✭✹✷✮✱ ✇❡ •✉st ❛❞❞ t❤❡ ♦♣t✐♠❛•✐t② ❝✉ts ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡ Q cut (t + 1, x t+1 , ξ t )✳ ❚❤❡♥✱ ✇❡ ✐♥t❡♥❞ t♦ ✜♥❞ ❛ x * s✉❝❤ t❤❛t x * (x t -xt ) ≤ ϑ lb -ϑ ub , ✭✹✹✮ ❢♦r ❛•• x t ∈ X ck (x t , d, α), d ∈ int N conv X int,ad t (x t ) ✱ ✇❤❡r❡ X ck (x t , d, α), α ≤ 0 ✐s ❞❡✜♥❡❞ ❛s X ck (x t , d, α) := x t : d, x t -xt = α, x t ∈ conv X int,ad t . ✭✹✺✮ ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ δ(α) = max x∈X ck (xt,d,α) |x -xt | 2 ✳ ❖❜✈✐♦✉s•②✱ δ(•) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t ❞❡❝r❡❛s✐♥❣✱ ❛♥❞ t❤❡♥ δ -1 (•) ✐s ✇❡•• ❞❡✜♥❡❞ ❛♥❞ str✐❝t ❞❡❝r❡❛s✐♥❣✳ ❋✐♥❛••②✱ ✇❡ t❛❦❡ α := δ -1 (1) = α : max x∈X ck (xt,d,α) |x -xt | 2 = 1 . ✭✹✻✮ ❚❤❡ ❋✐❣✉r❡ ✽ ✐••✉str❛t❡s t❤❡ s❡t X ck (x t , d, α)✳ || ♥➦ ✼✽✻✽ xt convX int,ad t x * N convX int,ad t (x t ) d X ck (x t , d) 1 ❋✐❣✉r❡ ✽✿ ✐••✉str❛t✐♦♥ ♦❢ X ck t (x t , d) ❛♥❞ x * ✳ ❖❜✈✐♦✉s•②✱ ✇❡ ❤❛✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ x * ∈ int N conv X int,ad t (x t ) ✱ s✐♥❝❡ lim κ→∞ κx * , x t -xt = -∞, ∀x * ∈ int N conv X int,ad t (x t ) . ✭✹✼✮ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ❢♦r ❛•• x t ∈ X int,ad t \ {x t }✱ t❤❡r❡ ❡①✐sts κ ≥ 1, x ck ∈ X ck (x t , d, α)✱ s✉❝❤ t❤❛t x t -x t = κ(x ck -x t )✱ t❤❡♥ ❢♦r ❛•• x t ∈ X int,ad t \{x t }✱ u t ∈ conv U int,ad t (x t )✱ s✉❝❤ t❤❛t x t+1 = x t + A t u t ✿ ( λx t + x * )x t+1 -x * A t u t + ( λ0 t -x * xt ) = λx t x t+1 + λ0 t + x * (x t -xt ) ≤ ϑ ub + κx * (x ck -xt ) ≤ ϑ lb . ✭✹✽✮ ❚❤❡♥✱ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ✭✹✶✮ ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ ❛♥②t❤✐♥❣ ♦♥ ♦t❤❡r ♣♦✐♥ts ✐♥ X int,ad t ❡①❝❡♣t xt ✳ ❍❡♥❝❡✱ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ✭✹✶✮ ✐s ✈❛•✐❞ ❢♦r ❛•• A(x t , ξ t ) s✉❝❤ t❤❛t x t ∈ X int,ad t ✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡ ✐••✉str❛t❡s t❤❡ ❝❛s❡ ✇❤❡♥ xt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ conv X int,ad t ✳ ❊①❛♠♣•❡ ✻✳✶✶ ✭❡①❛♠♣•❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜♣r♦❜•❡♠ ✇❤❡♥ x0 = 0✱ ξ = 0.5✳ ❚❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥ ✐s (û cont 0 , x1 , θ) = (1.5, 3, 0)✱ ✇❤❡r❡ ûcont 0 ✐s ♥♦t ✐♥t❡❣❡r✱ ❜✉t ✐t ✐s ✐♥ conv U int,ad 0 (0) = [0, 3]✳ ❋✐❣✉r❡ ✾ ✐••✉str❛t❡s t❤❡ ❢❡❛s✐❜•❡ s❡t✳ ❙✐♥❝❡ x0 = 0 ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ conv X int,ad 0 = [0, 3]✱ ✇❡ ✉s❡ t❤❡ ♣r❡✈✐♦✉s ♣r♦❝❡❞✉r❡ t♦ ❜✉✐•❞ ❛ ❝✉tt✐♥❣ ♣•❛♥❡✳ ❆♣♣•②✐♥❣ t❤❡ •♦♠♦r② ❝✉t t❡❝❤♥✐q✉❡ ♦♥t♦ conv A(x 0 = 0, ξ = 0.5) r❡t✉r♥s ❛♥ ✐♥❡q✉❛•✐t② ϑ ≥ 0.5, ✇❤✐❝❤ ❡•✐♠✐♥❛t❡s t❤❡ ♥♦♥✲✐♥t❡❣❡r ♣♦✐♥t ûcont 0 = 1.5✳ ❚❤❡ ♥♦r♠❛• ❝♦♥❡ ✐s N conv X int,ad t (x 0 = 0) = {x * ≤ 0}✳ ❖❜✈✐♦✉s•②✱ ✇❡ ❤❛✈❡ ϑ lb = 0 ❛♥❞ ϑ ub = 0.5✳ ❚❤❡♥✱ ❢♦••♦✇✐♥❣ ✭✹✹✮✱ || ♥➦ ✼✽✻✽ u 0 1 2 3 θ 1 O ✭❛✮ t❤❡ ❢❡❛s✐❜•❡ s❡t ♦♥ (u 0 , θ) s✉❜s♣❛❝❡ ✇❤❡r❡ ✇❡ r❡♣•❛❝❡ x 1 ❜② 2u 0 + x0 ❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐✲ ♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥❀ t❤❡ ❜•✉❡ ❞❛s❤❡❞ •✐♥❡ ✐s t❤❡ ♦❜•❡❝t✐✈❡ ❢✉♥❝t✐♦♥❀ ✇❤✐•st t❤❡ ❜•✉❡ •✐♥❡ ✐s t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡✳ x0 1 2 3 u0 1 2 3 O ✭❜✮ ♣r♦•❡❝t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜•❡ s❡t ♦♥t♦ (x 0 , u 0 ) s✉❜s♣❛❝❡❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐♠❛• ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥✳ ❋✐❣✉r❡ ✾✿ ■••✉str❛t✐♦♥ ♦❢ ❡①❛♠♣•❡ ✻✳✶✶✳ ✇❡ ♥❡❡❞ t♦ ✜♥❞ x * ≤ 0 s✉❝❤ t❤❛t x * ≤ -0.5✳ ❚❛❦✐♥❣ x * = -0.5 ❣✐✈❡s ✉s t❤❛t ❛ ❝✉tt✐♥❣ ♣•❛♥❡ ϑ ≥ u 0 -0.5x 1 + 0.5. ❆❢t❡r ❛❞❞✐♥❣ t❤✐s ✐♥❡q✉❛•✐t②✱ ♣r♦❜•❡♠ ✭✸✹✮ r❡t✉r♥s ❛♥ ✐♥t❡❣❡r s♦•✉t✐♦♥ û0 = 1✳ ❋✐♥❛••②✱ ♣r♦❜•❡♠ ✭✸✹✮ ❝❛♥ ❜✉✐•❞ ❛♥ ♦♣t✐♠❛•✐t② ❝✉t ϑ ≥ -0.5x 0 +1 ♦❢ Q cut (x 0 , ξ = 0.5) ✇❤✐❝❤ ✐s ❡①❛❝t•② t❤❡ ❝♦♥✈❡① ❤✉•• conv Q int,cut (x 0 , ξ = 0.5) ❛r♦✉♥❞ ♣♦✐♥t x 0 = 0✳ ❖❢ ♠♦st ✐♠♣♦rt❛♥❝❡✱ t❤✐s ❝✉tt✐♥❣ ♣•❛♥❡ ✐s ✈❛•✐❞ ❢♦r ❛•• st❛t❡ ✈❛•✉❡s x 0 ∈ {0, 1, 2, 3}✳ ❋✐♥❛••②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠✳ ❚❤❡♦r❡♠ ✻✳✶✷✳ ■❢ X int,ad t ⊂ B m ✱ t❤❡♥ ✇❡ ❝❛♥ s♦•✈❡ t❤❡ ♠✉•t✐✲st❛❣❡ ❙▼■▲P ✭✷✮ ❡①❛❝t•② ❜② ♦✉r ❛•❣♦r✐t❤♠✳ Pr♦♦❢✳ ❲❡ ❤❛✈❡ ✜rst t❤❛t Q int,conv T (t, x t , ξ t ) = Q int (t, x t , ξ t ) ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ❛♥❞ Q int,cut (t, x t , ξ t ) ≤ Q int,conv T (t, x t , ξ t ) ❜② r❡♠❛r❦ ✻✳✹✳ ■t ♥♦✇ s✉✣❝❡s t♦ s❤♦✇ t❤❛t Q int (t, x t , ξ t ) ≤ Q cut (t, x t , ξ t )✱ ♦r ❡q✉✐✈❛•❡♥t•② t♦ s❛② t❤❛t ✭✸✹✮ ❛•✇❛②s r❡t✉r♥s ❛♥ ✐♥t❡❣❡r s♦•✉t✐♦♥ ❜② ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞✳ ❇② ❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥✱ xt ✐s ✐♥t❡❣❡r✳ ❋♦••♦✇✐♥❣ t❤❡ ❈♦r♦••❛r② ✸✳✸✱ ûcont t ✐s ❡✐t❤❡r ✐♥ conv U int,cut t (x t ) ♦r ♥♦t ✐♥ U int,cut t (x t )✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❝❛♥ ❜✉✐•❞ ❛ ❝✉tt✐♥❣ ♣•❛♥❡s t♦ ❡•✐♠✐♥❛t❡ ❛♥② ♦♣t✐♠❛• ♥♦♥✲✐♥t❡❣❡r s♦•✉t✐♦♥ ûcont t ✳ ❚❤❡♥✱ t❤❡ r❡s✉•t ❢♦••♦✇s✳ ✻✳✷ ❆•❣♦r✐t❤♠ ❲❡ s✉♠♠❛r✐③❡ ✐♥ ❆•❣♦r✐t❤♠ ✶ t❤❡ ❛•❣♦r✐t❤♠ ♦❢ ❣❡♥❡r❛t✐♥❣ ❝✉tt✐♥❣ ♣•❛♥❡ ❛♥❞ ♦❢ ❝♦♠♣✉t✐♥❣ ✐♥t❡❣❡r s♦•✉t✐♦♥✳ |❡♠❛r❦ t❤❛t ✐♥ ❣❡♥❡r❛•✱ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❜✉✐•❞ ✐♥✜♥✐t❡ ❝✉tt✐♥❣ ♣•❛♥❡s✱ ♦r t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞ ❢❛✐•s t♦ ❣❡♥❡r❛t❡❞ ❛♥ ✐♥t❡❣❡r s♦•✉t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ ✜① ❛ ♠❛①✐♠✉♠ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r N max cut t♦ ❛✈♦✐❞ ✐♥✜♥✐t❡ •♦♦♣✳ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✷✸ ❆•❣♦r✐t❤♠ ✶ ❣❡♥❡r❛t❡ ❝✉tt✐♥❣ ♣•❛♥❡ ❛♥❞ ❝♦♠♣✉t❡ ✐♥t❡❣❡r s♦•✉t✐♦♥ n cut = 0❀ r❡♣❡❛t s♦•✈❡ ♣r♦❜•❡♠ ✭✸✹✮ ❛♥❞ s❡t ♦♣t✐♠❛• s♦•✉t✐♦♥ ûcont t ❀ ✐❢ ûcont t / ∈ Z n n cut = n cut + 1❀ ✐❢ ûcont t / ∈ U int,ad t (x m t ) ❝♦♠♣✉t❡ ❢❡❛s✐❜✐•✐t② ❝✉t ❜② ❋❡♥❝❤❡• ❝✉t ✭✸✽✮ ❛♥❞ ❛❞❞ ✐♥t♦ I t ❀ ❡•s❡ ❝♦♠♣✉t❡ ♦♣t✐♠❛•✐t② ❝✉t ❜② t❤❡ ♣r♦❝❡❞✉r❡ ✐♥ s❡❝t✐♦♥ ✻✳✶✳✸ ❛♥❞ ❛❞❞ ✐♥t♦ O t (ξ t )❀ ❡♥❞ ✐❢ ✐❢ n cut ≥ N max cut s♦•✈❡ ▼■▲P ♣r♦❜•❡♠ ✭✷✻✮ ❛♥❞ s❡t ♦♣t✐♠❛• s♦•✉t✐♦♥ ûcont t ❀ ❡♥❞ ✐❢ ❡♥❞ ✐❢ ✉♥t✐• ûcont t ∈ Z n ❋✐♥❛••②✱ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ✇❤♦•❡ ❛•❣♦r✐t❤♠ ✐♥ ❆•❣♦r✐t❤♠ ✷✳ ❙✐♥❝❡ ✐♥ ❣❡♥❡r❛•✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ v ❛♥❞ t❤❡ •♦✇❡r ❜♦✉♥❞ v ❞♦ ♥♦t ❝♦♥✈❡r❣❡✳ ❍❡♥❝❡✱ ✇❡ ❞♦ ♥♦t ❛♣♣•② t❤❡ ✉s✉❛• t❤❡ ❙❉❉P st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ |v -v| ≤ 1.96σ(v)✳ ❲❡ ❤❡r❡ ✜① ❛ ♠❛①✐♠✉♠ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r N max loop t♦ ❛✈♦✐❞ ✐♥✜♥✐t❡ •♦♦♣✳ ❊①❛♠♣•❡ ✻✳✶✸ ✭❡①❛♠♣•❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ❋✐♥❛••②✱ ❤❛✈✐♥❣ ❝♦♠♣✉t❡❞ ❝✉tt✐♥❣ ♣•❛♥❡s ❢♦••♦✇✐♥❣ t❤❡ 3 ❝❛s❡s✱ ✇❡ ✜♥❛••② ♦❜t❛✐♥ s♦♠❡ ✐♠♣r♦✈❡♠❡♥t t♦ ♦❜t❛✐♥ t✐❣❤t❡r •♦✇❡r ❜♦✉♥❞s ♦❢ Q int (x 0 , ξ) ❛♥❞ Q int (x 0 ) t❤❛♥ Q cont (x 0 , ξ) ❛♥❞ Q cont (x 0 ) ✐♥ t❤❡ ❡①❛♠♣•❡ ✷✳✷ ✭s❡❡ ❋✐❣✉r❡ ✶✵✮✳ ■♥ t❤✐s ❡①❛♠♣•❡✱ ✇❡ ❛r❡ ❛❜•❡ t♦ ♦❜t❛✐♥ ❡①❛❝t•② conv Q int,conv 1 (x 0 , ξ) ❛♥❞ Q int,conv 1 (x 0 )✳ ✼ ◆✉♠❡r✐❝❛• t❡st ♦♥ ▲◆• ♣♦rt❢♦•✐♦ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ❣❛s tr❛❞✐♥❣ ♣♦rt❢♦•✐♦✳ ❆ tr❛❞✐♥❣ ❝♦♠♣❛♥② ♣✉r❝❤❛s❡s ♥❛t✉r❛• ❣❛s ❢r♦♠ ❛ s❡t ♦❢ ♣r♦❞✉❝✐♥❣ ❝♦✉♥tr✐❡s ✐♥❞❡①❡❞ ❛t ❛ ♣r✐❝❡ ❢♦r♠✉•❛ ❛♥❞ s❡••s ✐t t♦ ❝♦♥s✉♠✐♥❣ ❝♦✉♥tr✐❡s ❛t ❛♥♦t❤❡r ♦t❤❡r ♣r✐❝❡ ❢♦r♠✉•❛ ✭s❡❡ ❋✐❣✉r❡ ✶✶ ❢♦r t❤❡ ♠❛✐♥ ♠❛r❦❡t✮✳ ❆♥♥✉❛• q✉❛♥t✐t② ❛♥❞ ♣r✐❝❡ ❢♦r♠✉•❛❡ ❤❛✈❡ ❜❡❡♥ ❛❣r❡❡❞ ❝♦♥tr❛❝t✉❛••②✱ t❤❡ •❛tt❡r ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢✉t✉r❡ ♣r✐❝❡s ♦❢ ♠❛•♦r ❡♥❡r❣② ♠❛r❦❡ts ξ t ✱ s✉❝❤ ❛s ❝r✉❞❡ ♦✐• ♣r✐❝❡ ✭❖■▲✮✱ ♥♦rt❤ ❆♠❡r✐❝❛♥ ♥❛t✉r❛• ❣❛s ♣r✐❝❡ ✭◆❆ ◆•✮✱ ❛♥❞ ❊✉r♦♣❡ ♥❛t✉r❛• ❣❛s ♣r✐❝❡ ✭❊❯ ◆•✮✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛• t❡st✱ ✇❡ ❝♦♥s✐❞❡r t❤❡r❡ ❛r❡ t✇♦ ❝❛r❣♦ s✐③❡s ✭2.9 ❛♥❞ 3.4✮ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝❛r❣♦ ❛r❡ ❛•✇❛②s ❢✉••② ❝❤❛r❣❡❞✳ ❚❤✉s✱ t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜•❡ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❝❛r❣♦s ♦♥ ❡❛❝❤ r♦✉t❡✱ ✐♥st❡❛❞ ♦❢ t❤❡ ▲◆• q✉❛♥t✐t②✳ ❚❤❡ ❞❡t❛✐• ♦❢ ❝♦♥str❛✐♥ts ❛♥❞ ♣r✐❝❡ ❢♦r♠✉•❛❡ ✐s s❤♦✇♥ t❤❡ ❚❛❜•❡ ✶ ❜❡•♦✇✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss ❢♦••♦✇s t❤❡ ❞②♥❛♠✐❝ ξ i t = (F t 0 ) i exp t-1 s=0 σ i W i s - 1 2 (σ i ) 2 t ; || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✷✹ ❆•❣♦r✐t❤♠ ✷ ✇❤♦•❡ ❛•❣♦r✐t❤♠ ❙t❡♣ ✵ ■♥✐t✐❛•✐③❛t✐♦♥✿ ❜✉✐•❞ q✉❛♥t✐③❛t✐♦♥ tr❡❡ (Γ t )❀ s♦•✈❡ t❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ ♣r♦❜•❡♠ ✭✸✮❀ n loop = 0✳ ❙t❡♣ ✶ ❋♦r✇❛r❞ ♣❛ss✿ ❢♦r m = 1, . . . , M f ❞♦ s✐♠✉•❛t❡ (ξ m t ) ❢♦••♦✇✐♥❣ ❞②♥❛♠✐❝ ✭✶✮❀ ❢♦r t = 1, . . . , T -1 ❞♦ ✉s❡ ❆•❣♦r✐t❤♠ ✶ t♦ ❝♦♠♣✉t❡ ûm t ∈ Z n ❀ ❡♥❞ ❢♦r ❝♦♠♣✉t❡ v m = T -1 t=0 c t (ξ m t )û m t + g(ξ m T , xm T )❀ ❡♥❞ ❢♦r ❝♦♠♣✉t❡ v = 1 M f M f m=1 v m ❛♥❞ σ(v) = 1 M f M f m=1 (v m -v) 2 ✳ ❙t❡♣ ✷ ❇❛❝❦✇❛r❞ ♣❛ss✿ ❢♦r t = T -1, . . . , 1 ❞♦ ❝❤♦♦s❡ M b s❛♠♣•❡s❀ ❢♦r m = 1, . . . , M b ❞♦ ❢♦r ξ j t ∈ Γ t ❞♦ s♦•✈❡ s✉❜♣r♦❜•❡♠ ✭✸✹✮❀ ❝♦♠♣✉t❡ ♥❡✇ ♦♣t✐♠❛•✐t② ❝✉t ((λ x ) j t , (λ 0 ) j t )❀ ❡♥❞ ❢♦r ❢♦r ξ i t-1 ∈ Γ t-1 ❞♦ ❝♦♠♣✉t❡ ξ j t ∈Γt p ij t-1 ((λ x ) j t , (λ 0 ) j t ) ❛♥❞ ❛❞❞ ✐♥t♦ O i t-1 ❀ ❡♥❞ ❢♦r ❡♥❞ ❢♦r ❡♥❞ ❢♦r t = 0 s♦•✈❡ s✉❜♣r♦❜•❡♠ ✭✸✹✮ ❛♥❞ ❝♦♠♣✉t❡ ❜❛❝❦✇❛r❞ ✈❛•✉❡ v✳ ❙t❡♣ ✸ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥✿ ✐❢ n loop ≤ N max loop n loop = n loop + 1❀ ❣♦ t♦ ❙t❡♣ ✶❀ ❡•s❡ st♦♣❀ ❡♥❞ ✐❢ ♦r ❡q✉✐✈❛•❡♥t•② ξ i t+1 = ξ i t (F t+1 0 ) i (F t 0 ) i exp σ i W i t - 1 2 (σ i ) 2 ; ✭✹✾✮ ✇❤❡r❡ F t 0 ✐s t❤❡ ❢♦r✇❛r❞ ♣r✐❝❡ ♣r✐❝❡ ✇✐t❤ ♠❛t✉r✐t② t ♦❜s❡r✈❡❞ ❛t t✐♠❡ t = 0✱ σ ✐s t❤❡ ✈♦•❛t✐•✐t②✱ ❛♥❞ W i ❢♦••♦✇s t❤❡ ♥♦r♠❛• ❞✐str✐❜✉t✐♦♥ N (0, 1) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡•❛t✐♦♥ corr(W i t , W j t ) = ρ ij ✳ ❚❤❡ ❤♦r✐③♦♥ ✐s T = 6✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❞r✐✈✐♥❣ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✐♥ t❤❡ t❡st ❛r❡ s❡t ❛s ❢♦••♦✇s✿ ✈♦•❛t✐•✐t② σ 1 = σ 2 = σ 3 = 40%✱ ❛♥❞ ❝♦rr❡•❛t✐♦♥s ρ 12 = 0.7✱ ρ 13 = 0.2 ❛♥❞ ρ 23 = 0.4✳ ❚❤❡ ❢♦r✇❛r❞ ♣r✐❝❡ F t 0 ✐s r❡❛❞ ❢r♦♠ t❤❡ || ♥➦ ✼✽✻✽ ❙▼■▲P ❜② ❉❉P ✷✺ x 0 1 2 3 Q 1 O ✭❛✮ Q int (x 0 , ξ = 0.5)✱ conv Q int (x 0 , ξ = 0.5)✱ Q cont (x 0 , ξ = 0.5)✱ ❛♥❞ Q cut (x 0 , ξ = 0.5)✳ x 0 1 2 3 Q -1 -2 -3 -4 ✭❜✮ Q int (x 0 , ξ = -2)✱ conv Q int (x 0 , ξ = -2)✱ Q cont (x 0 , ξ = -2)✱ ❛♥❞ Q cut (x 0 , ξ = -2)✳ x 0 1 2 3 Q -1 -2 O ✭❝✮ Q int (x 0 )✱ conv Q int (x 0 )✱ Q cont (x 0 )✱ ❛♥❞ Q cut (x 0 )✳ ❋✐❣✉r❡ ✶✵✿ ■♠♣r♦✈❡♠❡♥t ♦❢ ❡①❛♠♣•❡ ✷✳✷✳ ❚❤❡ r❡❞ •✐♥❡ ✐s conv Q int (x 0 , ξ) ♦r conv Q int (x 0 )✳ ❚❤❡ ❜•✉❡ •✐♥❡ ✐s Q cont (x 0 , ξ) ♦r Q cont (x 0 )✳ ❚❤❡ ❣r❡❡♥ •✐♥❡ ✐s Q cut (x 0 , ξ) ♦r Q cut (x 0 )✳ ❡♥❡r❣② ♠❛r❦❡t✳ ❲❡ t❛❦❡ t❤❡ ❢♦••♦✇✐♥❣ ✈❛•✉❡s ✐♥ t❤❡ ♥✉♠❡r✐❝❛• t❡st ✭s❡❡ ✐♥ ❚❛❜•❡ ✷✮✳ ❋✐♥❛••②✱ ❲❡ ❜✉✐•❞ ❛ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ♦❢ 15000 ♣♦✐♥ts t♦ ❞✐s❝r❡t✐③❡ t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss ξ t ✳ ■♥ t❤❡ t❡st✱ ✇❡ ❛♣♣•② t❤❡ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❛♥❞ t❤❡ ✐♠✲ ♣r♦✈❡♠❡♥t ❜② t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ t❡❝❤♥✐q✉❡ ✐♥ ❙❡❝t✐♦♥ ✻✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡♠ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✉♥t❡r♣❛rt ▼■▲P ♣r♦❜•❡♠✿ inf T -1 t=0 c t (E [ξ t ])u t + g(E [ξ T ] , x T ) s✉❜•❡❝t t♦ u t ∈ Z n ∩ U t , x t+1 = x t + A t u t , x 0 = 0, x T ∈ X T . ✭✺✵✮ || ♥➦ ✼✽✻✽ ❋✐❣✉r❡ ✶✶✿ ❆ ✜❝t✐✈❡ s✉♣♣•② ❛♥❞ ❞❡♠❛♥❞ ♣♦rt❢♦•✐♦✱ ❛s ✇❡•• ❛s t❤❡ ♣♦ss✐❜•❡ r♦✉t❡s✳ ✿ ♣r♦❞✉❝✐♥❣ ❝♦✉♥tr②❀ •✿ ❝♦♥

||

  s✉♠✐♥❣ ❝♦✉♥tr②✳ P♦rt ❈❛r❣♦ ❙✐③❡ ❆♥♥✉❛• ◗❈✳✯ ▼♦♥t❤•② ◗❈✳✯ Pr✐❝❡ ❢♦r♠✉✶✿ ❈♦♥str❛✐♥ts ❛♥❞ ♣r✐❝❡ ❢♦r♠✉•❛❡ ✯ ❚❤❡ q✉❛♥t✐t② ✉♥✐t ✐s ✐♥ ❚❇t✉✳ ▼▼❇t✉ st❛♥❞s ❢♦r ❛ ♠✐••✐♦♥ ❇r✐t✐s❤ t❤❡r♠❛• ✉♥✐t✱ ❛ ❚❇t✉ ✐s ❛ tr✐••✐♦♥ ❇r✐t✐s❤ t❤❡r♠❛• ✉♥✐t t❤✉s ❡q✉✐✈❛•❡♥t t♦ ❛ ▼✐••✐♦♥ ▼▼❇t✉✳ ✯✯ ❚❤❡ ♣r✐❝❡ ✉♥✐t ✐s ✩✴▼▼❇t✉✳❚✐✷✿ ❋♦r✇❛r❞ ♣r✐❝❡ ✯ ξ 1 = ❖■▲✱ ξ 2 = ❊❯ ◆•✱ ❛♥❞ ξ 3 = ◆❆ ◆•✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✉s❡ ✭✺✵✮ t♦ ❣❡♥❡r❛t❡ ❛ ❝♦♥tr♦• ✈❛r✐❛t❡✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•ts ✭s❡❡ ❚❛❜•❡ ✸✮✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ r❡t✉r♥s ❛ •♦✇❡r ❜♦✉♥❞ -32.3395 ❛♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ -31.9767✳ ❇❛s❡❞ ♦♥ t❤❡ ♦♣t✐♠❛•✐t② ❝✉ts ❝♦♠♣✉t❡❞ ✐♥ r❡s♦•✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ ♣r♦❜•❡♠✱ t❤❡ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✐♥ ❙❡❝t✐♦♥ ✹ •❡❛❞s t♦ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ -13.8319 ❢♦r t❤❡ ✐♥t❡❣❡r ♣r♦❜•❡♠✱ ✇✐t❤ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ 0.417892✱ ✇✐t❤ 5000 ❢♦r✇❛r❞ s✐♠✉•❛t✐♦♥s✳ ❋✐♥❛••②✱ ❛♣♣•②✐♥❣ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ t❡❝❤♥✐q✉❡✱ ✇❡ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ❢♦r✇❛r❞ ✈❛•✉❡ ❢r♦♠ -13.8319 t♦ -17.0725✱ ❛ ❣❛✐♥ ❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✉♣♣❡r ❜♦✉♥❞✳ ❚❛❜•❡ ✸✿ ❝♦♠♣❛r✐s♦♥ ♦❢ ♦♣t✐♠❛• ✈❛•✉❡ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜•❡♠ ❛♥❞ t❤❡ ✐♥t❡❣❡r ♣r♦❜•❡♠ ♦❢ ❝✐r❝❛ ✷✵✪✳ ❍♦✇❡✈❡r✱ ✇❡ ♦♥•② ♦❜t❛✐♥ •✐tt•❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ •♦✇❡r ❜♦✉♥❞ ✈❛•✉❡✳ ❚❤❡ ♠❛✐♥ ❛r❣✉♠❡♥t ✐s t❤❛t ✇❡ st✐•• ✉s❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜•❡s ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❞✉❛• ✈❛•✉❡✳ ❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✉♥t❡r♣❛rt ✈❛•✉❡ ✭✺✵✮ ❣✐✈❡s ❛ ❣♦♦❞ ✐♥s✐❣❤t ♦♥ t❤❡ ❣❛✐♥ ♦❜✲ t❛✐♥❡❞ ❜② ✉s✐♥❣ st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ ❝❛s❡✱ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ♦❜t❛✐♥❡❞ ✐s ♠✉❝❤ •♦✇❡r t❤❛♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✉♥t❡r♣❛rt ✈❛•✉❡✱ ✇✐t❤ ❛ ❣❛✐♥ ♦❢ ❝✐r❝❛ -30✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✐♥ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣❡r ♣r♦❜•❡♠✱ ❛•t❤♦✉❣❤ ♦♥•② ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❝♦✉•❞ ❜❡ ❣❡♥❡r❛t❡❞✱ ✐t •❡❛❞s t♦ ❛ ❣❛✐♥ ♦❢ ❝✐r❝❛ -16.8 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✉♥t❡r♣❛rt ✈❛•✉❡✳ ❚❤✐s ✐s t♦ ❜❡ ❝♦♠♣❛r❡❞ t♦ ❛ ❣❛✐♥ ♦❢ ❝✐r❝❛ -20.1 ❜② ✉s✐♥❣ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ ♠❡t❤♦❞✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠ •✐❡s s♦♠❡✇❤❡r❡ ❜❡t✇❡❡♥ -31.8612 ✭t❤❡ ❝♦♥t✐♥✉♦✉s r❡•❛①❛t✐♦♥ ♦♣t✐♠❛• ✈❛•✉❡✮ ❛♥❞ -17.0725 ✭t❤❡ ✐♥t❡❣❡r s✉❜✲♦♣t✐♠❛• ✈❛•✉❡✮✳ ◆❡✈❡rt❤❡•❡ss✱ ❜✉✐•❞✐♥❣ ❝✉tt✐♥❣ ♣•❛♥❡ ✐s q✉✐t❡ ❡①♣❡♥s✐✈❡✿ ✺ ❤♦✉rs ♣❡r ✐t❡r❛t✐♦♥ ✇❤❡♥ ✉s✐♥❣ M f = 1000 s❝❡♥❛r✐♦s ✐♥ ❢♦r✇❛r❞ ♣❛ss ❛♥❞ M b = 10 s❛♠♣•❡s ✐♥ ❜❛❝❦✇❛r❞ ♣❛ss✳ ✽ ❈♦♥❝•✉s✐♦♥ ■♥ t❤❡ ❛rt✐❝•❡✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❝r✐t✐❝❛• ♣♦✐♥t ♦❢ ✉s✐♥❣ st❛❣❡✲✇✐s❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❞✉❛• ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ✐♥ ♠✉•t✐✲st❛❣❡ ❙▼■▲P✳ ❚❤❡ ♠❛✐♥ ❞✐❢✲ ✜❝✉•t② ❝♦♠❡s ❢r♦♠ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ❛♥❞ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ Q int (t, x t , ξ t ) ❛♥❞ ✐ts ❝♦♥❞✐t✐♦♥❛• ❡①♣❡❝t❛t✐♦♥ Q int (t, x t , ξ t-1 ) ✇✐t❤ r❡✲ s♣❡❝t t♦ st❛t❡ ✈❛r✐❛❜•❡ x t ✳ ❲❡ r❡•② ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❇❡••♠❛♥ ✈❛•✉❡ ❢✉♥❝t✐♦♥ ❜② ✐ts ❝♦♥✈❡① ❤✉••✱ ❛♥❞ tr② t♦ ❝♦♥t✐♥✉❡ t❤❡ ❙❉❉P ❛♣♣r♦❛❝❤✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✐s❝✉ss❡❞ ❤❡r❡ ✐s ❢❛r ❢r♦♠ s♦•✈✐♥❣ ❡①❛❝t•② ♠✉•t✐✲st❛❣❡ ❙▼■▲P ♣r♦❜•❡♠✳ ❚❤❡ ♥✉♠❡r✐❝❛• t❡st s❤♦✇s t❤❛t ✐♥ t❤❡ ❡①❛♠♣•❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱ t❤❡r❡ ✐s st✐•• ❛ •❛r❣❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ •♦✇❡r ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞s✳ ❚❤❡ ❝✉tt✐♥❣ ♣•❛♥❡ t❡❝❤♥✐q✉❡ ✇❡ ✐♥✈❡st✐❣❛t❡ ❞♦❡s ②✐❡•❞ s♦♠❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ s✉❜✲♦♣t✐♠❛• s♦•✉t✐♦♥ ❛♥❞ r❡❞✉❝❡s t❤❡ ❣❛♣✳|❡❢❡r❡♥❝❡s ❬✶( ❙✳ ❆❤♠❡❞✳ ❚✇♦✲st❛❣❡ st♦❝❤❛st✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣✿ ❆ ❜r✐❡❢ ✐♥tr♦❞✉❝✲ t✐♦♥✳ ■♥ ❏❛♠❡s ❏✳ ❈♦❝❤r❛♥✱ ▲♦✉✐s ❆✳ ❈♦①✱ P✐♥❛r ❑❡s❦✐♥♦❝❛❦✱ ❏❡✛r❡② P✳ ❑❤❛r♦✉❢❡❤✱ ❛♥❞ ❏✳ ❈♦•❡ ❙♠✐t❤✱ ❡❞✐t♦rs✱ ❲✐•❡② ❊♥❝②❝•♦♣❡❞✐❛ ♦❢ ❖♣❡r❛t✐♦♥s |❡s❡❛r❝❤ ❛♥❞ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✳ ❏♦❤♥ ❲✐•❡② ✫ ❙♦♥s✱ ■♥❝✳✱ ✷✵✶✵✳ || ♥➦ ✼✽✻✽

x t+1 = x t + A t u t , x 0 = 0, x T ∈ X T , ❛•♠♦st s✉r❡•②.

RESEARCH CENTRE SACLAY -ÎLE-DE-FRANCE