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Optimal Synthesis and Normality of the Maximum Principle for
Optimal Control Problems with Pure State Constraints

Hélene Frankowska* and Marco Mazzola**

Abstract— The objective of the present paper is investigation
of the optimal synthesis and normality of the maximum prin-
ciple for the Mayer optimal control problem under pure state
constraints. Such models do arise in many applied areas such
as space industry, robotics, drug administration, economy, etc.
We express the optimal synthesis using Dini derivatives of an
associated cost-to-go function and derive the normal maximum
principle from a new Neighboring Feasible Trajectories theorem
(NFT). For a state constraint with smooth boundary, NFT
theorems imply that under standard assumptions on control
system and an inward pointing condition, feasible trajectories
depend in a Lipschitz way on the initial states. Some recent
counterexamples indicate that, if the state constraint is an
intersection of two half spaces in R", surprisingly conclusions
of NFT theorems might be no longer valid. We propose here a
new inward pointing condition implying a new NFT theorem.

I. INTRODUCTION

Consider a complete separable metric space U, a mapping
f:0,1]xR"xU — R™ and a closed non-empty subset K C
R™. Open loop controls are Lebesgue measurable mappings
uw:[0,1] — U. Let g € K. We associate to these data the
control system

{ () = f(t,z(t),ut)), ult)eU @1
z(0) = o, ’
under the state constraint

xz(t) e K forall tel0,1]. 12)

An absolutely continuous function z : [0,1] — R™ that
satisfies (I.1) and (1.2) is called a feasible trajectory. S¥ (z¢)
denotes the set of all feasible trajectories.

Consider a function g : R™ — R and the Mayer optimal
control problem

(1)) [ () € 8%(z0)} -

For every (to,yo) € [0,1] x R" denote by Sff ,(yo) the set
of all solutions z(-) to (I.1) defined on [to, lﬂ with the initial
time O replaced by %y, the initial state o replaced by yo and
such that x(t) € K for all ¢ € [to, 1].

The cost-to-go function V' : [0,1] x R — R U {400}
associated to problem (I.3) is defined by: V (¢, z) = 400 if

minimize { g(z (1.3)
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(t,x) ¢ [0,1] x K and for all ¢ € [0, 1],
V(to,yo) = inf {g(@(1)) | 2() € S 1y(v0) }

where we have set V(tg,yo) = +oo if S[Ifo,l] (o) = 0.
We underline that V' is, in general, discontinuous on the set
[0,1] x K even if f, g and boundary of K are smooth.

We recall next the maximum principle for the problem
(I.3) (see for instance [21]). Consider an optimal trajec-
tory/control pair (Z, ). Then, under some regularity as-
sumptions, there exist A € {0, 1}, a positive (scalar) Radon
measure g on [0, 1] with (A, u) # 0 and a Borel measurable
function v(.) : [0, 1] — R™ satisfying

v(t) € Ne(Z(t) N B p —ae., (L5)

(where Ng (Z(t)) denotes the normal cone to K at Z(t))
such that the absolutely continuous solution p : [0,1] — R™
to the system

—p' = =(t,z(t),u(t))" v(s)du(s 1.6)
ORI (m/m (5)au )) (

Yo € K
14)

p(1) = —AVg(a(1)) - /[ V) @
0,1
satisfies almost everywhere the maximum principle
(b0 + fo o)) 103000 =

maxuey (p(t) + fig g v(5)di(s), (1, 2(t), u))

When A = 1 the above maximum principle is called
normal. If zy € OK, then a trivial choice of multipliers
is 0 # ¢ € Ng(z(0)), v = ¢, p = —¢, = 0 and
= &g, where dy denotes the unit measure concentrated at
{0}. In this case p(t)+ f[o 1 (s)du(s) is equal to zero for all
t € [0,1] and any feasible trajectory satisfies the maximum
principle with such choice of multipliers.

Define () f[o g v(s)du(s) for all ¢ €]0,1] and
¥(0) = 0. In [9] under a geometrlc condition imposed on
the boundary of K a maximum principle was proved with
the following additional sensitivity relation

—p(0) € A9,V (0, zg),

where 0,V (0, () denotes a generalized gradient of (0, -)
at z¢9 € K and an additional non degeneracy condition

A+ var(v, (0,1]) # 0,

where var(t, (0,1]) is the total variation of ¢ on (0, 1].
In particular, this eliminates the above trivial choice of
multipliers for zg € 0K.



It was also shown that A\ = 1 (that is the maximum
principle is normal) whenever the boundary 0K of K is
smooth and the classical inward pointing condition holds
true : there exists p > 0 such that for all (¢,z) € [0,1] x
0K, Ju, € U satisfying

(n(x)v f(t7 z, ut,$)> < —p,

where n(z) denotes the unit outward normal to K at x. In the
autonomous case such condition was used in [20] to prove
continuity of the cost-to-go function associated to an infinite
horizon optimal control problem under state constraints with
smooth boundary.

Normality of the maximum principle is important to study
regularity of optimal trajectories (see for instance [17] and
[13]) and is crucial for second order optimality conditions.
The above normality result was extended in [13] to K being
an intersection of a finite family of closed sets with smooth
boundary for Lipschitz optimal trajectories (see also [6] for
more general sets K). For absolutely continuous optimal
trajectories and constraints with smooth boundary a further
extension can be found in [14], where a new inward pointing
condition was introduced.

For f Lipschitz with respect to ¢, x and when JK is
smooth, a normal maximum principle was derived in [18] for
strong local minimizers under the assumption of existence
of a continuous feedback control u(t,z) € U such that
f(t,z,u(t,z)) is pointing inward.

For the Mayer problem we extend this result to a much
more general case of W' local minimizers when K may
be nonsmooth, f continuous with respect to ¢ and under a
less restrictive inward pointing condition.

The second question we investigate here is the character-
ization of optimal trajectories as solutions to a differential
inclusion involving feedback controls.

More precisely, for all ¢ € [0,1), * € K such that
V(t,xz) # +oo and all © € R™ define the lower directional
derivative of V at (¢,z) in the direction (1,7) € R"! by

V(t+h,z+ hv) = V(L)

DyV (t,2)(1,7) == -

lim inf
h—0+, v—0

and consider the sets
U(t,z) ={u e U | D4V (t,z)(1, f(t,x,u)) < 0}.

By the dynamic programming principle if z(-) € S¥ (z) is
optimal for the Mayer problem and w(-) is a corresponding
optimal control, then

u(t) € U(t,x(t)) ae.in [0,1].
Thus z(-) satisfies the differential inclusion
2(t) € F(t, (), Ut 2())) ae., 2(0) = zo.

The above necessary optimality condition becomes also
sufficient whenever V' is locally Lipschitz on [0,1] x K.
That is every solution Z(-) to the differential inclusion (1.9)
defined on [0, 1] is optimal and an optimal control satisfying
u(t) € U(t,z(t)) ae. in [0,1] may be associated to it by
using a measurable selection theorem.

1.9)
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If g is locally Lipschitz, then the local Lipschitz continuity
of V' can be proved whenever feasible trajectories depend on
initial states in a locally Lipschitz way.

We provide here sufficient conditions for the following
property: for every xo € K there exist constants L > 0 and
€ > 0 such that for any y;,y2 € B(xg,¢) N K and any
feasible trajectory 1(-) € S¥(y;1) we can find a feasible
trajectory 92(-) € S (y2) satisfying

() = 92()llwra < Lilyr —wef,  (L10)

where W11([0, 1];R™) denotes the space of absolutely con-
tinuous functions from [0,1] into R™ with the usual norm
| - llwi1. In other words the set-valued map S¥(.)
K ~ Wh(]0,1];R™) is locally Lipschitz. Such estimates
are deduced from a new Neighboring Feasible Trajectories
(NFT) theorem. This theorem provides sufficient conditions
for the existence of a constant C' > 0 such that for any
solution Z(+) : [0,1] — R™ to (I.1) that satisfies Z(0) € K but
possibly “violates” the state constraint, there exists a feasible
trajectory z(-) € SE(£(0)) such that

lz() = 2()llwrr < € max dg (2(t)),

(L11)
t€(0,1]

where dg (y) denotes the distance from a point y € R”
to K. NFT theorems have been extensively studied and
have various applications in Optimal Control Theory and
Differential Games under state constraints (see for instance
[2] - [51, [8], [12], [15], [16], [18] - [20] and the references
therein). When f is locally Lipschitz with respect to ¢ and
z and K is an arbitrary closed set, then under an inward
pointing condition involving interior of Clarke’s tangent
cones to K, an NFT theorem holds true with W' norm
replaced by L norm, see [15]. However, an example from
[7] shows that estimates provided by NFT theorems may not
hold when f is merely continuous with respect to ¢ and K
is an intersection of two halfspaces in R3, even with W1:!
norm replaced by L° norm. We propose here a new inward
pointing condition of a similar nature as the one in [14]
that allows to get NFT results for K having a nonsmooth
boundary and f continuous in t.

II. NFT THEOREM

By |- | we denote the Euclidean norm in R™ and by (-, -)
the inner product. Let B(x,r) be the closed ball of radius
r > 0 centered at xo € R™ and B the closed unit ball in R"
centered at zero.

Consider a closed non-empty subset K of R™. We denote
by Int K its interior and by K its boundary. Henceforth,
di (z) := inf,c i |z —y] is the distance from a point z € R™
to K.

Let (X, dx) be a metric space, Y be a Banach space and
G : X ~ Y be a set-valued map. The graph of G is defined
by Graph (G) := {(z,y) | y € G(x)}. G is called locally
Lipschitz if for every z( € X there exist e > 0 and L > 0
such that G has nonempty values on B(zg, &) and

G(l‘l) CG(JJQ)—FLCZX ($1,$2>B Va1, EB(JI(),E).



In other words G is L—Lipschitz on B(zg,¢) C X.

The Clarke’s tangent cone to K at z is defined by
!
lm @R 0}

—0+, 2> gz h

CK(:U):{UGR" .
and the normal cone to K at x by
Nk (x)={peR"| (p,v) <0 VveCk(x)}.

For properties of tangent and normal cones see [1].
Consider a set-valued map F : [0,1] x R™ ~» R™ with
closed nonempty values and the differential inclusion
z'(t) € F(t,z(t)) ae. in]0,1]
{ #(0) = o (IL.1)

An absolutely continuous function z : [0, 1] — R" satisfying
(IL.1) is called an F'— trajectory. It is called feasible (in K)
if for all t € [0,1], z(¢) € K.

Recall that if f is continuous, then the set of trajectories of
control system (I.1) coincides with the set of F'— trajectories
of (IL.1) for F(t,x) := f(t,z,U).

We impose the following assumptions on F’
F (-,z) is Lebesgue measurable for every « € R"™;
F is upper semicontinuous at every (t,z) € [0,1] x OK;
3y € L ([0,1]5Ry) , SuPye s ) [0] < v (8) (1 + |2])
for ae. t €[0,1],V z € R™;

VR >0,3\g € L' ([0,1];R,), F (¢,-) is
Ar (t) — Lipschitz on RB for a.e. t € [0, 1]

(I1.2)
and the following inward pointing condition on K, F

VR>0,3Mgr>0, pr > 0 such that V¢ € [0, 1]
Ve e OKNRB, Yv e F(t,z) \ Int Ck (x),
Jw € (Liminf(syy)%(tym)F (s, y)) N B (v, M)
satisfying
(@) sup,eny(x)ngn—1 (W) < —pr

(b) SUPpeNg (x)nsn—1 <n’w - U> < —Pr-

(IL.3)
In the above Liminf denotes the Painlevé-Kuratowski lower
set limit. That is for every (s,y) € [0,1] x R™ there exists
Wsy € F (s,y) such that  lim  w,, = w = wy 5.
(5,y)—(t,2)

Remark:

1. If K is the closure of an open set {) with smooth
boundary 02 having a positive reach and F is continuous,
then (a) of assumption (II.3) is the classical inward point-
ing condition. Moreover, in this case, (b) is an immediate
consequence of (a).

2. If F is lower semicontinuous at (¢, ), then we always
have F'(t,z) C Liminf(s )+ F (s,y). In particular if f
is continuous and F'(s,y) = f(s,y,U) for all (s,y), then F’
is lower semicontinuous.

3. Note that (a) and (b) of assumption (II.3) are indepen-
dent. Indeed consider the constant set-valued map

R?> x~ F(z) = G :=co{(2,1),(=2,1),(0,0)}
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and
K= {(1’1,1‘2) S Rz | To > |£U1|}

(see Figure 1 below). Then (a) is satisfied for every x €
OK, while (b) fails at (0,0) € R2. Indeed for v = (2,1) ¢
Int Ck (0) there is no w € G satisfying inequality (b).

Xoh

If we replace the set G defined above by the set
Gi1=GU{(2,3),(=2,3)},
then the set valued map
R? > 2~ Fi(z) := Gy

satisfies assumption (IL.3) for the same set of constraints K.

Theorem 2.1: (NFT) Assume (I1.2), (IL.3) and that
Int Ck (x) # 0 for all z € OK. Then V rg > 0,3 C > 0
such that ¥V o € [0, 1], for every F-trajectory & (-) on [0, 1]
with & (o) € K NroB and for any ¢ > 0, there exists an F-
trajectory x () on [o, 1] satisfying z (o) = 2 (0), z ((0,1]) C
Int K and

o = allwes o < € (o e (0 + )

In particular, if max;c(,1)dx (2(t)) > 0, then an F-
trajectory x (-) as above may be chosen so that
|z — :%”lel([a,l];]R”) <20 max dx (2 (1))

te(o,1]
The proof of the above NFT theorem is very long and

technical. It involves arguments of nonsmooth analysis and
an explicit construction of a feasible F-trajectory z (-). It
will be published elsewhere. The Filippov [11] and the NFT
theorems imply the following corollary.

Corollary 2.2: Under all the assumptions of Theorem 2.1
the set-valued map S¥ (+) : K ~ WH1([0, 1]; R™) is locally
Lipschitz continuous on K.

In [2] the set K and the set-valued map F' of Remark
3 above were used to provide a counter example to the
Neighboring Feasible Trajectories theorem under the inward
pointing condition (a). Thanks to the additional requirement
(b) we could prove a new NFT theorem. In particular the
set-valued map F; of Remark 3 satisfies (II.3).



III. NORMAL MAXIMUM PRINCIPLE

For a locally Lipschitz ¢ : R® — R denote by 9%¢ (z)
Clarke’s generalized gradient of ¢ at z € R™.

Let ¢ : R® — R be locally Lipschitz and consider
the Mayer optimal control problem (I.3). The Pontryagin
Hamiltonian is defined by

H(t’ ‘,L.7p7 u) = <p7 f(t7 x? u)>'

Hypothesis (H):
i) U C R™ is compact, g is locally Lipschitz,
f is continuous;
ii) For some ¢ > 0, maxyey |f(t, z,u)| < (1 + |z|),
for all (¢,z) € [0,1] x R™;
ii) VR>0,3Ag >0such that V¢ e [0,1], VueU
f(t,-,u) is Ag - Lipschitz on RB.
V) VR > 0,3pg >0,V ¢te0,1],Vz e dKNRB, if
u € U is such that (n, f(t,z,u)) > 0 for some n € Nk (z),
then there exists v; , ,, € U satisfying

{

A feasible trajectory/control pair (Z(-), u(+)) is called a Wh!
local minimizer for the problem (I.3) if for some ¢ > 0
and every feasible trajectory/control pair (z(-),u(-)) of (I.1)
satisfying || — Z|[y1.: < e we have g(Z(1))) < g(z(1)).

Theorem 3.1: Assume (H) and that Int C' (x) # 0 for all
x € OK. Let (Z(+),u(-)) be a Wh! local minimizer for the
Mayer problem (I.3). Then for a positive Radon measure p
on [0, 1] and a Borel measurable v : [0, 1] — R™ as in (I.5),
there exists an absolutely continuous solution p : [0, 1] — R"
to

—p' € dH (t,x(t),p+/ V(s)du(s),u(t)> (IL.1)
[0,1]

SUPpeNgk (z)nsn—1 <?’l, f(t, €, Ut,a;,u)> < —pRr

SupneNK(a:)ﬂS"*1 <n, f(t7x7vt,:1:¢u) - f(t, x,u)} < —PR-

satisfying (1.8) a.e. in [0, 1] and such that

B0~ [ vt € 090
0,
Proof: We proceed in a way similar to [18] using a Clarke pe-
nalization theorem. Let £ > 0 be such that for every feasible
trajectory/control pair (z(-), u(+)) satisfying ||z —Z||p11 < e
we have g(Z(1)) < g(«(1)) and let k be a Lipschitz constant
of g on B(Z(1),¢). By [10, p.51] for any trajectory Z(-) of
control system (I.1) satisfying || — Z|jy11 < € we have
g9(z(1)) < g(2(1))+
B inf{& - yllws |y € S5 (o), lly - allws < e}

By Theorem 2.1 there exists C' > 0 such that for any
trajectory (-) of control system (L.1),

inf{||& — yllwrr |y € S¥(z0)} < C max dic (£(1)).

Hence (7,0, ) is a W11 local minimizer of the problem
minimize g(x(1)) + k Cz(1)

over trajectory/control pairs (z, z,u) of control system (I.1)
augmented by z' = 0, satisfying dx (z(t)) — z(¢t) < 0. By
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[21, pp. 157 and 329] for a positive Radon measure p on
[0,1] and a Borel measurable selection v(t) € 0%dk (Z(t))
there exists an absolutely continuous solution p : [0,1] — R”
to (IIT.1) satisfying (I.8) a.e. and

(1) - /[ | VN €29 (1)

Moreover (p(-),b, u, A) # 0 for some b € R such that

(1IL.2)

(b, —b+ du(s)) = (0, \kC). (L.3)
(0,1]

(Note that in [21, p.329] integrals are taken over inter-
vals [0,t) instead of [0,¢], however, the mapping v (t) :
f[O,t] v(s)du(s) being of bounded total variation, it has at
most countable number of jumps and therefore the adjoint
equation and maximum principle are satisfied a.e. also with
closed intervals [0,¢]). By (IL.3), b = 0. If A = 0, then
f[0,1] du(s) = 0 implying that 0 and, by (IL.2),
p(1l) = 0. Consider any R > ||Z||«. By the definition of
# and (IIL1) for all ¢t € [0,1], [p(t)] < Ag [, [p(s)|ds.
This and the Gronwall inequality yield p = 0 which is in
a contradiction with (p(-), b, pt, A) # 0. Therefore A # 0. By
[10, p.51] 0%dk (Z(t)) € Ng(Z(t)) N B which completes
the proof. O

Example. We would like to underline that the inward
pointing condition 4v) is sufficient, but not necessary for
normality of a maximum principle.

Indeed consider f : [0,1] x R? x U — R2, where

U=[-1,1]x[-1,1], f(t,z, (u1,u2)) = (ur,uz+u;—1),

a control system
= f(t,z,u(t)), u(t) €U,
the closed set of constraints
K=R_xR_)HUR; xR)
and the Mayer problem
minimize — z3(1)

over solutions to the above control system satisfying the state
constraints z(t) € K and the initial condition

1‘1(0) = —1/2, LUQ(O) =0.
Then the trajectory Z given by

(t—1/2,0) if t<1/2

(t—1/2,t —1/2) if t>1/2

is optimal. Note that

f(tava) =G:= {(91792) | g1 € [_lvl]a gl_2 S 92 S 91}

(see Figure 2 below) and that for u (1,1), the second
inequality in ¢v) is not satisfied at x = 0 for any v € U.
Nevertheless it was shown in [9] that a maximum principle
corresponding to this (globally) optimal trajectory is normal.
This observation is in line with results of [13], where



normality was studied for global minimizers. However, our
Theorem 3.1 applies also to W1 local minimizers.

IV. OPTIMAL SYNTHESIS

The set of all feasible trajectories to (II.1) is denoted again
by SK(JE()).

Given a map g : K — R and xp € K consider the
Mayer optimal problem (I.3). The associated value function
V :]0,1] x R® — R U {+o0o} is defined by V (to,y0) :=
infg(x (1)) over all F— trajectories x (-) of (IL.1) with
the initial time fy (instead of 0) and the initial state at
time ¢, equal to yo satisfying z([tg,1]) € K. By the
dynamic programming principle a feasible F-trajectory Z (-)
is optimal for the Mayer problem (I.3) if and only if the map
t— V (t,T(t)) is constant and finite.

Using a standard method it is possible to deduce the
following result from Corollary 2.2.

Theorem 4.1: Let K be such that Int Ck (x) # 0 for
all z € 0K. Assume (I1.2), (IL3) and that g (-) is locally
Lipschitz. Then the value function V' (-, -) is locally Lipschitz
continuous on [0, 1] x K.

The local Lipschitz continuity of the value function allows
to characterize optimal trajectories as solutions of a new
differential inclusion.

Let D4V (t,z)(1,v) be as defined in the introduction.
An immediate necessary condition for the optimality of a
feasible F'—trajectory T (-) is

DV (4,7 (t)) (1,7 (t)) <0 av.n

for all ¢ € [0, 1] such that T’ (¢) does exist.

We show next that if the value function V is locally
Lipschitz continuous on [0,1] x K, then (IV.l) is also a
sufficient condition for optimality.

For any (¢,z) € [0,1) x K such that V (¢, z) # +oo define

G(t,z)={ve F(t,x): D;V (t,z)(1,v) <0}.

Theorem 4.2: Under all the assumptions of Theorem 4.1,
T (+) is an optimal trajectory for the problem (I.3) if and only
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if T(-) is a solution of the differential inclusion

' (t) € G(t,xz(t) ae.te€][0,1]

x (0) = xo.
Proof: Suppose that T () solves the above inclusion. Then
V (t,Z(t)) # 400 and T (t) € K for all t € [0,1]. Define
the function ¢ : [0,1] — R by ¢ (¢) = V (¢,Z (t)). From the
definition of V (-, -), we know that ¢ (-) is non decreasing.
Moreover, by Theorem 4.1, v (-) is locally Lipschitz contin-
uous. For all ¢ € [0,1] such that ¢’ (t) and Z'(¢) do exist
and T (t) € G (t,z (t)), we have

Y (t) = D4V (¢, 7 (1)) (1,7 (1)) < 0.

Thus the map 7 (-) is nonincreasing and so it is constant.
Consequently Z(-) is optimal. O

V. ADJOINT VARIABLE AND THE VALUE
FUNCTION

In this section we state a necessary condition for optimality
that includes a relation between the adjoint variable p (-)
of the Maximum Principle and an appropriate generalized
gradient of the value function V' (0, -).

Let ¢ : K — R be locally Lipschitz on a neighborhood
of z in K. For every u € Ck () set

¢(z' + hu') — ¢(2')
- :

= lim inf
v =g x, h— 0+
v = u,x’ +hu' e K

de(x)(u) :

A generalized gradient is defined using d¢ (z) (+):

9¢ (x) ={p € R" | (p,v) =2 d¢(z) (v) Vv €k (x)}.

Observe that for z € Int K we have 9¢ () = 0%¢ (z).

Let & : R® ~» R” be Lipschitz continuous around x and
let y € ® (). The adjacent derivative of ® at (x,y) is the
set-valued map d® (z,y) : R™ ~» R™ defined by

O(@thu)—y
h .
Let A : R™ ~ R”™ be a set-valued map whose graph is

a closed convex cone. Such map is called a closed convex
process. Its adjoint process A* : R™ ~» R™ is defined by

A* (p) ={qg € R" | {q,u) < (p,v) ¥ (u,v) € Graph (A)}.

d® (x,y) u := Liminf, 04

Below NBV ([0,1]) states for the space of mappings ¢ :
[0,1] — R™ of bounded total variation on [0, 1], continuous
from the right on (0, 1) and such that ) (0) = 0.

Denote by ¢o F (t, x) the closed convex hull of F' (¢, ), by
d.co F (t,x(t),T (t)) the adjacent derivative of co F (¢, -)
at (T (¢t), @ (¢)) and by 9,V (0,z¢) the generalized gradient
of V' (0,-) at z( introduced above.

Consider an optimal solution Z (-) to the Mayer problem
1.3).

Assumption (A): For a family of closed convex
processes A (t,-) : R™ ~ R", ¢ € [0,1] we have
i) A(-,v) is measurable ¥V v € R™;
i) A(t,v) Cd,eoF (t,z(t),T (t))v, VveR"
for a.e. t € [0, 1];



iii) For some m > 0, A (t,-) is m-Lipschitz on R”
for a.e. t € [0,1].

Theorem 5.1: Assume that Int Cg (z) # () for all z €
OK, that g (-) is locally Lipschitz and that (I.2), (I.3) and
(A) hold true. Let T (-) be an optimal solution to the Mayer
problem (I.3). Then there exist A € {0,1},¢ € NBV ([0, 1])
and an absolutely continuous function p : [0,1] — R"
satisfying

pt) e AT (t,—p(t) =¥ (1))
@) +¢(),7 (1) =

for a.e. t € [0,1],

@) +¢(),0) ae.,

max
veF (t,Z(t))

—p (1) =9 (1) € X% (z (1))

and
—p(0) € A0,V (0, z0) .

Furthermore, for a positive Radon measure p on [0, 1] and
a Borel measurable function v : [0, 1] — R™ satisfying (I.5)
and for all t € (0,1], ¥ (t) = f[o g v (s)dpu(s),

¥ (0+) € Nk (z(0)), ¢ (t) —¢(t—) € Nk (T (1))

Moreover the following non degeneracy conditions hold
true

A+ 8up 4¢o,1)|P(t) + ()] # 0

and

A+ var (e, (0,1]) # 0.
The above result follows from Theorem 4.1 and [9]. O

VI. CONCLUSIONS

We obtained a new Neighboring Feasible Trajectories
theorem that yields, in particular, the local Lipschitz conti-
nuity of the cost-to-go function of the Mayer problem under
pure state constraints. We applied it to prove a nonsmooth
normal maximum principle for W' local minimizers of the
Mayer problem and to express the optimal synthesis using
the Dini directional derivatives. These results substantially
improve those existing in the literature. Finally we derived
non-degenerate necessary conditions for optimality for a
differential inclusion optimization problem under pure state
constraints and a relation of the adjoint variable to the value
function at the initial time.
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