Tertia 
  
  ,,, ,,   
  
  
  
  
  
  ,,    
  
  
  
  
  
  ,,    
  
  
  
  
  
  
  
,   
  
  
  
  ,, ,   
  
  
  
  ,, ,   
  
  
  
  ,, ,   
  
  
  
   
  
   
  
  
  
  
  
  ,,    
  
  
  
  
  
  ,, ,   
  
  
  
  ,, ,   
  
  
  
   
  
  
  
  
  
  
  
   
  
  
  
  
  
  
  
  ,, ,   
  
  
  
  ,, ,   
  
  
  
, ,, XXX  
  
Centesima Integri 
  
  
  
  
  
   
  
  
  
  
  
  
  
   
  
  
  
  
  
  
  
   
  
  
  
  
  
   
  
  
  
          II

Keywords: lus rectus, part Hypotelus rectus, part

. I am first giving a brief overview of Viète's predecessors, then I describe the tables and how Viète constructed them, before giving a modern reconstruction of these tables, which can be compared to Viète's original tables.

Viète's predecessors

The history of trigonometry and the computation of tables goes back to Greece, and even before. I will here only highlight Viète's main predecessors, namely Regiomontanus and Rheticus, but a detailed survey is given separately for the fundamental trigonometric tables of the 15th and 16th centuries [41]. 1

Regiomontanus (1436-1476)

Regiomontanus is in fact the main source of Viète's Canon mathematicus. Regiomontanus, or rather Hans Müller, was probably born in 1436 in Königsberg, near Bamberg in Germany. He had latinized his name as Johannes de Monte Regio and it was only half a century after his death in 1476 that he became known as Regiomontanus.

He established trigonometry as an independant field, separate from astronomy, in Western Europe. After having studied in Leipzig, he came to Vienna around 1450 and became a friend and pupil of Georg von Peuerbach.

It seems that Regiomontanus started around 1460 to compute sines with a large radius in order to produce a table with R = 6 • 10 6 for his De triangulis (1462?). This table was certainly inspired by Peuerbach's table with R = 600000.

), or more groundbreaking in the case of Viète.

, in particular for a more thorough description of Regiomontanus's life and works.

Rheticus (1514-1574)

Rheticus was the first to really go beyond mere sine tables. Georg Joachim was born in 1514 in Feldkirch (Austria) in what was formerly the Roman province of Raetia, from which the name Rheticus is derived. His father was a doctor. 2 After studying in Zurich from 1528 to 1532, Rheticus went to Wittenberg to complete his education. Wittenberg was then the center of the sciences.

went to Nuremberg and Tübingen, then was called back to Wittenberg as professor of mathematics in 1536, along with Erasmus Reinhold. In 1539, he went to Frauenburg in order to assist Copernicus and pushed him to publish the details of his theory.

Rheticus resumed his teaching in Wittenberg in 1541 and in 1542, Copernicus's De lateribus et angulis triangulorum was published by Rheticus in Wittenberg [START_REF] Copernicus | De lateribus et angulis triangulorum[END_REF]. This short treatise on trigonometry contains a table of sines for every minute of the quadrant and for a radius of 10 7 . It was based on Regiomontanus's table with the same radius [START_REF] Von | Tractatus super propositiones Ptolemaei de sinubus & chordis[END_REF].

Copernicus's De Revolutionibus (1543), whose printing was partly overseen by Rheticus, contained the same chapter on trigonometry, but with a simpler table. The sines were only given every 10 and for a radius of 100000. The values were also derived from Regiomontanus's works [START_REF] Roegel | A survey of the main fundamental European trigonometric tables printed in the 15th and 16th centuries[END_REF].

In 1542, Rheticus went to Nuremberg and Philip Melanchton then helped him to obtain a position at Leipzig University where he remained from 1542 to 1551. Rheticus had to leave Leipzig after being accused of homosexual conduct and went to Prague in 1551. He gave up his academic career and completed his medicine studies. He settled in Cracow in 1554 where he practiced medicine. Cracow was located on the same meridian as Frauenburg and Rheticus had a 15-meter obelisk erected near the city for astronomical purposes which were never completed. Rheticus died during a visit in Košice, now in Slovakia, in 1574.

Rheticus published his first trigonometrical canon, the Canon doctrinae triangulorum, in 1551 in Leipzig [START_REF] Joachim | Canon doctrinae triangulorum[END_REF]. It gave the six trigonometrical functions at intervals of 10 , semiquadrantically arranged. Each function was given to 7 places, or more exactly as integers for a radius of 10 7 . This is a very rare table, and it was practically unknown when De Morgan happened to find a copy of it in the 1840s [START_REF] De | On the almost total disappearance of the earliest trigonometrical canon[END_REF][START_REF] De | On the almost total disappearance of the earliest trigonometrical canon[END_REF].

Rheticus was the first to provide a uniform treatment of the six trigonometric functions. He was in particular the first to publish a table of secants. 3 Rheticus only computed two thirds of his table. The table of sines was taken from Regiomontanus [23, p. 152], but the tangents and secants were recomputed from the sines [23, p. 193]. Rheticus had therefore to compute about 1080 ratios (90 × 6 × 2).

Rheticus did not consider angles in circles, but triangles of which one of the side was constant, and he gave the lengths of the other sides as a function of the angle at the center. The name of "sine" was not used by Rheticus, nor those of tangent and secant, the latter two having not yet been introduced. 4 The sides were called "base," "perpendicular," and "hypothenuse." The tables span 14 pages, with 7 degrees on each double page. The last double page is not totally filled, with only the degrees 42 to 44. Each double page is split in three groups of two columns. Each group gives the values of two functions and their differences. The first group (hypothenuse = 10 7 ) gives the sines and cosines, with their differences. The second group (base = 10 7 ) gives the secants and the tangents. And the third group (perpendicular = 10 7 ) gives the cosecants and the cotangents. The structure of the table was first described by De Morgan [START_REF] De | On the almost total disappearance of the earliest trigonometrical canon[END_REF][START_REF] De | On the almost total disappearance of the earliest trigonometrical canon[END_REF].

The 1551 canon has been reprinted in 1565 in Basel [23, p. 185]. 5 2 Viète's Canon mathematicus (1579)

François Viète (1540-1603) was a French mathematician whose work on the new algebra was an important step towards modern algebra. According to Zeller, Viète "was the foremost mathematician of France in the sixteenth century" [53, p. 73]. 6 Viète received a bachelor's degree in law in 1560 and held a number of official positions. In 1573, the King Charles IX made him counselor to the parlement of Brittany. He came back to Paris in 1580. Among his many works is his In artem analyticem isagoge, the earliest work on symbolic algebra (1591).

Also inspired by Rheticus's 1551 Canon doctrinae triangulorum [START_REF] Joachim | Canon doctrinae triangulorum[END_REF][START_REF] Hunrath | Des Rheticus Canon doctrinae triangulorum und Vieta's Canon mathematicus[END_REF], Viète constructed a new table, which he called the Canon mathematicus [START_REF] Viète | Canon mathematicus seu ad triangula cum appendicibus[END_REF]. This work contained a typographically sophisticated table of the six trigonometric functions for every minute of the quadrant and with a radius of 100000, with sometimes one or more additional figures [START_REF] Hunrath | Des Rheticus Canon doctrinae triangulorum und Vieta's Canon mathematicus[END_REF], [16, pp. 455-456]. 7 (see figure 1). The printing of the table was started in 1571 but it was only completed in 1579 [43, p. 205].

This was the first published canon giving the trigonometric functions every minute, but on the other hand it gave them to less places than Rheticus's 1551 table (which however only had an interval of 10 ).

The first double column gives the sines and cosines. They correspond to the perpendicular and the base of a triangle whose hypotenuse is 100000. The second double column gives the tangent and the secant. They correspond to the perpendicular and the hypotenuse of a triangle whose base is 100000. The third double column gives the cotangent and the cosecant. They correspond to the base and the hypotenuse of a triangle whose perpendicular is 100000.

The values of the cosines and secants up to 2 are given with four additional digits. From 3 to 24 , only three additional digits are given, from 25 to 4 • 5 only two, and finally only one. This is explained in a marginal note on the second page of the table.

The sines from 0 • to 45 • and the cosines from 0 • 30 to 45 • were taken from Regiomontanus (or Reinhold) and rounded or not, depending on the range of the table. Glowatzki and Göttsche had observed that Viète had recomputed the sines from 89 • 61 to 90 • [23, pp. 154-155], but in fact the cosines from 0 • to 30 have been computed from Regiomontanus's (or Reinhold's) sines, probably with cos x ≈ 1-sin 2 x 2 , which, with a radius R other than 1, becomes Cos x ≈ R -Sin 2 x 2R . For instance, for 6 , R = 10 For the tangents and secants, Glowatzki and Göttsche wrote that they were recomputed from Regiomontanus's values [23, pp. 189, 196]. But we can actually tell a bit more.

First, we can see that Viète computed the secants from 0 • to 45 • by inverting his cosines (and not those of Regiomontanus). The tangents between 0 • to 45 • were computed by using Regiomontanus's full values.

Then, the cotangents from about 5 • to 45 • were also computed from the ratios cos / sin using Viète's values (and not by inverting the tangents). The cosecants from about 5 • to 45 • were computed by inverting Viète's values of the sines.

But for the cotangents and cosecants between 0 • and about 5 • , Viète used more accurate values of the sines than those printed in his table, with 1 to 5 more figures than Regiomontanus. For instance, for Cot 1 , Viète used Sin 1 = 29.0888204 (here with R = 10 5 ), that is 5 more figures than Regiomontanus. This enabled him to obtain (reducing the cosine and sine to R = 10 and this is precisely the value given in the Canon mathematicus (the exact value being 343774667).

The same applies for Csc 1 . For Sin 2 , Viète took 58.1776385, whereas Regiomontanus only has 5818. And so on.

These values are much more accurate than the tangents and secants given by Reinhold in 1554 and Fincke in 1583 for large angles, and obviously Viète had a much better understanding of the requirements for exact computations.

In his treatise on angular sections [START_REF] Viète | Ad angulares sectiones theoremata καθολικωτερα[END_REF], [53, pp. 79-80], Viète describes a way to compute the sine of 1 and other values he needed. This sine can be obtained as follows. First, like Ptolemy before, one can compute the sines of 18 • and 60 • . Trisecting 60 • twice, we obtain Sin 20 • and then Sin 6 • 40 . Using quinquisection with 18 • , we obtain Sin 3 • 36 . Bisecting 6 • 40 we find Sin 3 • 20 . Using the two values Sin 3 • 36 and Sin 3 • 20 , we obtain the sine of the difference of the angles, namely sin 16 . And bisecting 16 four times, we obtain Sin 1 . But as a matter of fact Viète seems to have proceeded slightly differently. He actually found two approximations of Sin 1 , one greater and one smaller than the sought value. An interpolation between these two values then gave a better approximation of Sin 1 [46, pp. 62-67], [45, pp. 22-23].

Viète made a special case of the first value, which is actually not 0 degrees. Viète wanted to avoid infinite values, as alluded in the marginal note on the first page. 8 In fact, Viète computed with an angle whose sine and tangent was close to 10 -5 (one unit with an hypotenuse of 100000) and whose cotangent and cosecant was therefore close to 10 5 (10 10 units with a perpendicular of 100000). An angle satisfying these conditions is arctan (10 -5 ) (or arcsin (10 -5 ) which is almost identical), We have arctan (10 -5 ) ≈ 0 2 3 3 4 , but Viète's table incorrectly gives it as 0 2 3 2 4 , although this is probably a typographical error. If Viète had really meant 2 4 , he would certainly have written 1 2 instead. This angle is not difficult to obtain, as it is given to a good approximation in degrees by 1 10 5 × 180 π , even if we only take π ≈ 3.14.

As observed by Tannery, if Viète's tables are rare it is because of the success of Rheticus's Opus palatinum (1596), of Pitiscus's Thesaurus mathematicus (1613), and because of the introduction of logarithms (1614). They all made Viète's tables obsolete.

A persistent legend is that the Canon mathematicus contained many errors, and that Viète consequently withdrew or re-purchased all the copies he could find and had them destroyed. This would then have explained why this book is of great rarity [START_REF] Eneström | Vorlesungen über Geschichte der Mathematik (review)[END_REF] [7, pp. 583-584]. But according to Ritter's biography of Viète [33, p. 54], this legend rests on the editor of Viète's 1646 Opera omitting the Canon mathematicus, on the grounds that the computations would have to be redone [43, p. 208] [START_REF] Tannery | Vorlesungen über Geschichte der Mathematik, von Moritz Cantor (review)[END_REF]. Moreover, as I have shown, Viète's table is actually very accurate.

The Canon mathematicus was also published with a London imprint in 1589 (Opera mathematica, London: Bouvier) and there is an edition dated 1609, but Bosmans showed that it is not a reprint. It is the 1579 edition rebound [4, pp. 111-114] [3, pp. 297-298]. Cantor and von Braunmühl had mistakenly thought that it was a new edition [START_REF] Von | Vorlesungen über Geschichte der Trigonometrie[END_REF] [7, p. 583], probably after Eneström led them to think so [START_REF] Eneström | Vorlesungen über Geschichte der Mathematik (review)[END_REF].

Reconstruction and analysis of errors

I have reconstructed the first two tables of the Canon mathematicus. The second table (Canonion triangulorum) is described separately [START_REF] Roegel | A reconstruction of Viète's Canonion triangulorum[END_REF].

The main trigonometrical table was recomputed using the GNU mpfr multiple-precision floating-point library developed at INRIA [START_REF] Fousse | MPFR: A multiple-precision binary floating-point library with correct rounding[END_REF], and gives the exact values. The comparison of my table and Viète's therefore immediately shows where Viète's table contains errors. I have not checked Viète's entire table, but only the values of the trigonometric lines on the first and last pages out of 90. The differences have not been checked. On the first page, there are two typographical errors and 14 last digit errors, out of 186 values. On the last page, there is one typographical error, and there are 13 last digit errors. Based on these samples, Viète's table may have an average of one or two typographical errors per page, and about a dozen last-digit errors, which were never greater than two units on the first and last pages. These observations counter the allegations according to which Viète's table was full of errors, and could therefore not be printed. 

LV           VI , ,  f , ,  f ,, ,, LIIII           VII , ,  , ,  ,, ,, LIII           VIII , ,  , ,  ,, ,, LII           IX , ,  , ,  ,, ,, LI           X , ,  , ,  ,, ,, L           XI , ,  , ,  ,, ,, XLIX           XII , ,  , ,  ,, ,, XLVIII           XIII , ,  , ,  ,, ,, XLVII           XIIII , ,  , ,  ,, ,, XLVI           XV , ,  , ,  ,, ,, XLV           XVI , ,  , ,  ,, ,, XLIIII           XVII , ,  , ,  ,, ,, XLIII           XVIII , ,  , ,  ,, ,, XLII           XIX , ,  , ,  ,, ,, XLI           XX , ,  , ,  ,, ,, XL           XXI , ,  , ,  ,, ,, XXXIX           XXII , ,  , ,  ,, ,, XXXVIII           XXIII , ,  , ,  ,, ,, XXXVII           XXIIII , ,  , ,  ,, ,, XXXVI           XXV , ,  , ,  ,, ,, XXXV           XXVI , ,  , ,  ,, ,, XXXIIII           XXVII , ,  , ,  ,, ,, XXXIII           XXVIII , ,  , ,  ,, ,, XXXII           XXIX , ,  , ,  ,, ,, XXXI           XXX , ,  , ,  ,, ,, XXX PRIMA SECVNDA SERIE TERTIA scrvp.
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Figure 1 :

 1 Figure 1: A page from Viète's Canon mathematicus (1579). This page gives (from left to right) the sines, cosines, tangents, secants, cotangents, and cosecants for angles from 4 • to 4 • 30 and from 85 • 30 to 86 • . (source: http://www.christies.com, book auctioned on June 17, 2008 in New York)

Figure 2 :

 2 Figure 2: An excerpt of the same page from the Gallica digital library. This excerpt is representative of the bad digital quality of most of the books scanned from microfilms at Gallica, at least in 2011 when I first wrote this.

  Viète gives the value 99999848. Viète did not use the values of the sines in his table for this purpose, and using 175 in the previous example would not give a sufficiently accurate cosine.

			8 and Regiomontanus's
	sine value 17453:		
	Cos 6 ≈ 10 8 -	174530 2 2 • 10 8 = 10 8 -	17453 2 2 • 10 6 = 99999847.69 . . .

and

The first version of this document was made available in

2011, and it has been reworked to blend with this new survey.2 For extensive biographies of Rheticus, see Burmeister[START_REF] Heinz | Eine bio-bibliographie[END_REF], and Danielson[START_REF] Richard | The first Copernican: Georg Joachim Rheticus and the rise of the Copernican Revolution[END_REF].

In 1819, Delambre, unaware of Rheticus's 1551 table, still wrote that Viète was the first to put together all these functions in 1579[16, p. 

456].[START_REF] Bosmans | Le traité des sinus de Michiel Coignet[END_REF] It was Thomas Fincke who in 1583 first used the names "tangent" and "secant"[START_REF] Fincke | Geometriae Rotundi Libri XIIII[END_REF][START_REF] De | On the first introduction of the words Tangent and Secant[END_REF].

For summaries of Viète's life and works, see[START_REF] De | The Penny Cyclopaedia of the Society for the Diffusion of Useful Knowledge[END_REF],[START_REF] Ritter | inventeur de l'algèbre moderne[END_REF],[START_REF] Hubertus Lambertus | Dictionary of Scientific Biography[END_REF], and[45, pp. 9-11].

The cosines and secants are given more accurately than the other values throughout the table. They are given to four more places from 0 • to 0 • 2 , to three more places from 0 • 3 to 0 • 24 , to two more places from 0 • 25 to 4 • 5 , and to one more place from 4 • 6 to 45 • .

I are indebted to Marisa Addomine for helping me translate the two marginal notes.

Note on the titles of the works: Original titles come with many idiosyncrasies and features (line splitting, size, fonts, etc.) which can often not be reproduced in a list of references. It has therefore seemed pointless to capitalize works according to conventions which not only have no relation with the original work, but also do not restore the title entirely. In the following list of references, most title words (except in German) will therefore be left uncapitalized. The names of the authors have also been homogenized and initials expanded, as much as possible.The reader should keep in mind that this list is not meant as a facsimile of the original works. The original style information could no doubt have been added as a note, but I have not done it here.