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Jakob Philipp Kulik 
  

was born in 1793 in Lemberg (now Lviv in Ukraine) which was then part of the Austrian Empire. He first studied philosophy, then law, and finally mathematics. In 1814, he applied for a position of professor of elementary mathematics in Olomouc and in 1816, he became professor of physics at the Lyceum in Graz. In 1822, he was given the title of doctor for a thesis on the rainbow. Four year later, in 1826, he became professor of mathematics at the University of Prague, where he remained till his death in 1863. He is buried in the Vyšehrad Cemetery.

. He computed other tables, sometimes only publishing them many years later. This was the case for his table of squares and cubes which was computed in 1828, but only published in 1848.

. A second part of the Handbuch with the title Vollständige Sammlung mathematisch-physikalischer Tafeln was announced, but it was apparently never published.

 as well as perpetual calendars.

But Kulik's most important achievement in tablemaking was his table of factors for all integers up to 100 millions.

The method of quarter-squares

Kulik's table of multiplication was based on the method of quarter-squares. This method makes use of the identity

 and Weiss [75].

i

of the 19th century, the method of quarter squares was mentioned in passing by Laplace in 1809 [10, p. 261] and Gergonne in 1816 [15, pp. 159-160], but they did not produce tables.

It seems that it was only with the publication of the tables of Voisin [74] and Bürger [5] in 1817 that a table of squares was considered useful for the computations of multiplications. But both authors independently went one step beyond, and removed the need to divide by 4. They merely gave a table of quarter-squares for numbers up to 20000.

When a number is odd, its quarter square is of the form n + 0.25 and Voisin and Bürger only gave the value n. So if a and b are both odd or both even, the values of the quarter-squares are given exactly. If one of the integers is odd and the other is even, both quarter-squares are in default by 0.25, but the difference of these two values is correct. So, Voisin and Bürger's tables are not totally accurate for a table of squares, but they serve the purpose of a table of multiplication. If one wished to use them as a table of squares, one would need to remember to add 1 to the result multiplied by 4, whenever the value entered is odd.

A table of quarter-squares is also very advantageous with respect to space. Such a table is a linear table, with only one entry. With slightly more work than a mere table of multiplication, it is possible with a table of quarter-squares to do computations that would require many thousands of pages with a conventional table of multiplication, such as Crelle's table [8].

A number of other tables of quarter-squares were published during the 19th century (table 1), in particular in 1825 by Centnerschwer [6], in 1832 by Merpaut [START_REF] Merpaut | Tables arithmonomiques, fondées sur le rapport du rectangle au carré ; ou, le calcul réduit à son dernier degré de simplification[END_REF], in 1851 by Kulik (described here), in 1856 by Laundy [39], and in 1887 by Blater [3]. In 1836, Galbraith published a small table of quarter-squares in a more general collection of tables [START_REF] Galbraith | New and concise general tables for computing the obliquity of the ecliptic[END_REF]. This table was probably borrowed from Voisin's table.

In the preface of his table of quarter-squares [39, p. iv], Laundy also mentions that Peter Gray had in his possession a manuscript of a table of quarter-squares extending to 200000 by Shortrede, but that table was never published.

There have also been several applications of quarter-squares for mechanical aids. In 1829, Schiereck invented a calculating machine based on quarter-squares [76] and in 1841 he devised an instrument for the measurement of the area of triangles, useful in surveying, and also based on quarter-squares [71,[START_REF] Haeberlin | Die Viertelquadratemethode und das Pediometer des Joseph Friedrich Schiereck[END_REF].

In a book published in 1857, Edward Sang also suggested the use of quarter-squares for multiplications [7, pp. 50-51]. The use of quarter-squares declined in the first half of the 20th century [START_REF] David | Tables of quarter-squares, sociologic[al] applications, and contributions of George W. Jones[END_REF], but Bojko in 1909 [4] and Plassmann in 1933 [START_REF] Plassmann | Tafel der Viertel-Quadrate aller Zahlen von 1 bis 20009 zur Erleichterung des Multiplizierens vierstelliger Zahlen[END_REF] each published tables of quarter-squares up to 20000.

In the 1950s, however, new applications of the quarter-squares method for multiplication on analog devices surfaced, and this prompted their use for the implementation of multiplication in digital processors [START_REF] Jayashree | On binary multiplication using the quarter square algorithm[END_REF][START_REF] Johnson | A digital quarter square multiplier[END_REF].

Finally, we mention that tables of triangular numbers can also be used in a way similar to quarter-squares in order to facilitate the multiplications [9]. 

Kulik's table of 1833

Kulik's first table of quarter-squares was published in 1833, as part of a collection of tables facilitating the conversion of various units [START_REF] Philipp | Toasirtafeln, zur leichtern Berechnung des Längen-Flächenund Kubik-Inhaltes und der verschiedenen Münz-Maß-und Gewichts-Beträge[END_REF]. Kulik called his collection "Toasir"tables, although the meaning of "Toasir" is not totally clear. It may have the meaning of "conversion." Most of Kulik's tables were specialized tables, but one of the tables was more general and was not meant for conversions between various units. The table published in 1833 only gave the quarter-squares up to 20000, and its layout suffered a number of anomalies.

In the introduction of the tables, Kulik claimed to have discovered the new principle underlying his tables, namely the quarter-squares, and he was unaware that Voisin [74] and Bürger [5] had already discovered their usefulness and given the quarter-squares for the same range as Kulik. 3

Kulik's table of 1851

The 1851 tables of quarter-squares [START_REF] Philipp | Neue Multiplikationstafeln : ein unentbehrliches Hülfsmittel für Jedermann, um schnell, sicher und ohne Ermüdung zu rechnen[END_REF] are actually extensions of the 1833 tables. The new tables give the quarter-squares up to 30000, and their layout is much more regular, although not very different from that of the tables published in 1833.

Kulik's tables are actually in three parts. 4 The first part gives the explicit products of 2-digit numbers in a very straighforward way.

The second part gives the (integer part of the) quarter-squares of all integers from 0 to 29999 and can therefore be used for computing the products of two integers whose sum iii Figure 1: Excerpt of the 1833 tables [START_REF] Philipp | Toasirtafeln, zur leichtern Berechnung des Längen-Flächenund Kubik-Inhaltes und der verschiedenen Münz-Maß-und Gewichts-Beträge[END_REF]. (courtesy of the library of the observatory, Vienna) iv does not exceed 29999. Kulik's table is a double-entry table and a number n is written a × 1000 + b. The value of b ranges from 000 to 999 and appears in the column on the left of each page. The value of a ranges from 0 to 29. The even values of a appear on even pages, and the odd values on odd pages. This is not merely a fancy organization, but it is required by the way in which the result is indicated. The last three digits of the quarter squares are given separately, and they are common for a whole line, but not (or not always) on two identical lines of consecutive pages. Indeed, (a × 1000 + b) 2 4 mod 1000 = ((a + 2c) × 1000 + b) 2 4 mod 1000

So, if we call q(x) the (integer part of the) quarter-square function, we have q(1703) = . . . 052, q(3703) = . . . 052, q(5703) = . . . 052, . . . , but q(2703) = . . . 552, q(4703) = . . . 552, q(6703) = . . . 552, . . . In general, the value of q(x) is separated in three parts αβγ, each of β and γ made of three digits. The last part, γ (called "M" by Kulik), is given in the column at the right on the line corresponding to x. So, in the previous examples, q(1703) has its last three digits 052 on the line 703. The middle part, β, is given at the intersection of the column for a and the line for b. In the table, we find β = 25. One should however be careful, because the leading digits are not always given and may need to be searched a few lines above. For q(3703), for instance, we find 28 at the intersection of a = 3 and b = 703, but this column contains three-digit integers and the actual value of β is 428. Finally, α is given above the first line for b, and in this case, for q(1703), it is 7. So, we have found α = 7, β = 25, and γ = 052, and the result is q(1703) = 725052. Indeed, 1703 2 4 = 725052. [START_REF] Johnson | A digital quarter square multiplier[END_REF]. In some cases, the value found at the intersection of the column for a and the line for b contains a " * " or there is a " * " in front of a previous value in that column. In that case, the value found for α should be increased by one unit. For instance, if we wish to compute q(22730), we first find 128163225, but in fact the correct result is 129163225. Now, Kulik's table can be used to compute a product. If we want to compute 2817 × 16381, we first compute the sum and the difference of these two integers, we compute their quarter-squares, and we take the difference:

x = 16381 + 2817 = 19198
(2) y = 16381 -2817 = 13564

(3) q(19198) = 92140801 (4) q(13564) = 45995524

( Finally, Kulik gives a third one-page table of the first hundred multiples of π and π -1 to 12 places, which has not been reproduced here. v Our first reconstruction in 2011 was based on the 2-page excerpt given by Porubský [START_REF] Porubský | -ein vergessener Rechenkünstler[END_REF]. Most of the second table could be reconstructed, but there were still some uncertainties for certain pages, and the first table was not reconstructed. In 2013, we were able to get hold of an entire copy of the tables through Andrea Celli, leading to a more faithful reconstruction, in particular in the positioning of the " * " marks. One should however notice that there are some inconsistencies in Kulik's second table. The values of β are not always given with three digits, and consequently the values of α do not always correspond to digits of the same weight. This problem only occurs in some of the first columns of the pages. For instance, in the first column of page 19, we have α = 0, and the first value of β is 275. Therefore, the quarter-square of 1050 is 0|275|625. But on page 17, we have α = 2, and the first value of β is 50, so that the quarter-square of 1000 is 2|50|000. On page 33, we have the quarter-square of 1400 given as 0|490|000 and on page 35 the quarter-square of 1450 given as 5|25|625. In our reconstruction, we have always taken β to be on three digits, as did Kulik in all his table, except in a few cases of the first columns. vi Figure 2: An excerpt of Kulik's 1851 table [START_REF] Philipp | Neue Multiplikationstafeln : ein unentbehrliches Hülfsmittel für Jedermann, um schnell, sicher und ohne Ermüdung zu rechnen[END_REF].

vii [60] Denis Roegel. A reconstruction of Kulik's table of squares and cubes (1848).
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Table Range

 Range 

			Pages Density
	Voisin (1817)	20000	123	162.6
	Bürger (1817)	20000	80	250.0
	Centnerschwer (1825)	20000	40	500.0
	Merpaut (1832)	40000	400	100.0
	Kulik (1851)	30000	40	750.0
	Laundy (1856)	100000	200	500.0
	Blater (1887)	200000	200	1000.0
	Bojko (1909)	20000	20	1000.0
	Plassmann (1933)	20009	200	100.0

Table 1 :

 1 A comparison of the main tables of quarter-squares. The density is the ratio of the range by the number of pages. The tables which pack the greatest ranges in the smallest number of pages are those of Blater and Bojko.

  Kulik's table of quarter-squares was an inspiration for Blater's table [3], but Blater swaped the columns and lines of Kulik's table and extended the table to 200000. Blater also writes that during the construction of his table, he found 30 errors in Kulik's table, because Kulik's values appear twice in Blater's table. Unfortunately, Blater doesn't give the list of those errors.

		5)
	92140801 -45995524 = 46145277	(6)
	and we can indeed check that 2817 × 16381 = 46145277.	

  . A reconstruction of Blater's table of quarter-squares (1887). Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [3].] [62] Denis Roegel. A reconstruction of Bojko's table of quarter-squares (1909). Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [4].] [63] Denis Roegel. A reconstruction of Bürger's table of quarter-squares (1817). Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [5].] [64] Denis Roegel. A reconstruction of Centnerschwer's table of quarter-squares (1825). Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [6].]

[65] Denis Roegel. A reconstruction of Joncourt's table of triangular numbers (1762). Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [9].] [66] Denis Roegel. A reconstruction of Laundy's table of quarter-squares (1856). Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [39].] [67] Denis Roegel. A reconstruction of Ludolf's Tetragonometria tabularia (1690). Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [42].] [68] Denis Roegel. A reconstruction of Merpaut's table of quarter-squares (1832). Technical report, LORIA, Nancy, 2013.

On the other hand, Voisin's table is nowadays extremely rare, and it is understandable that Kulik did not know about it. In 1873, Glaisher wrote that he had not seen it, but that there was supposedly a copy in the Graves library[16, p. 23]. Eventually, Glaisher gave a more detailed description of Voisin's table in 1889[START_REF] Whitbread | The method of quarter squares[END_REF], and we assume that he then had seen it.

In the first version of this reconstruction, only the second part of the tables had been reconstructed, because we had not seen all of the original table.

N.

1 3 5 7 9 11 [START_REF] Carey | The Method of Quarter-Squares[END_REF]