Sexagesimal arithmetic and regular numbers

A regular number is a number of the form 2 i 3 j 5 k , where i, j, k are non-negative integers. Such a number therefore divides a certain power of 60 and can be written N = 60 n p . The reciprocal of a regular number N has a finite representation in sexagesimal notation. This follows from the fact that 1 N = p 60 n , hence a number with at most n sexagesimal digits after the period. Reciprocals of non-regular numbers do not have a finite representation.

These numbers are therefore useful for divisions in base 60, as dividing by a number is equivalent to multiplying by its reciprocal. Tables of reciprocals of regular numbers were used by the Babylonians [1, 2, 13, 16, 17, 18, 19, 14].

Let us write a, b, c; d, e, f for a × 60 2 + b × 60 + c + d × 60 -1 + e × 60 -2 + f × 60 -3 and similarly for any other sexagesimal number. Any finite sexagesimal number can be written in the form n × 60 m where n mod 60 = 0. We will now ignore the factor 60 m and therefore only consider the significant digits of a number. In other words, we consider "floating" sexagesimal numbers. We also define the order of such a sexagesimal number as its number of sexagesimal digits. With that convention in mind, we can establish some simple relations, for instance 2 ⊗ 30 = 1, where ⊗ is the floating multiplication. Hence 1 2 = 30, where the division is the floating division.

Gingerich's table of reciprocals (1965)

Owen Gingerich (born in 1930) was professor for astronomy and history of astronomy at Harvard University. Since the 1970s, his work concentrated especially on Copernicus, on Kepler and on the history of Copernicus' De revolutionibus orbium coelestium, but Gingerich was also interested in the use of computers as an aid to historians of astronomy. He translated Oppolzer's Canon der Finsternisse (published in 1962). In 1963, together with William D. Stahlman, he published tables of solar and planetary longitudes from -2500 to 2000. In 1983, with Barbara Welter, he published new tables of planetary, lunar and solar positions. Other examples of computations are given in Gingerich's article "Applications of high-speed computers to the history of astronomy" [9].

In 1965, he computed a list of regular sexagesimals up to the order 11 together with their reciprocals [8]. This work was suggested by O. Neugebauer and A. Aaboe as a comprehensive table useful for historians. Neugebauer had computed a table of reciprocals up to the seventh order [15] 1 around 1940 and Gingerich's table follows its format. Gingerich's work was not the first of that kind computed by machine, though. In 1964, for instance, Gillings and Hamblin had prepared a table of reciprocals for all regular numbers from 1 to 2 4 3 12 5 3 = 1 062 882 000, that is, for numbers up to the 6th order, but the 6th order was not completely covered [7].

. The exponents are named a, b, c, and are not always reduced. We thank Christine Proust for providing us a copy of Neugebauer's table.

2 Owen Gingerich, personal communication, 21-22 September 2011.
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According to Gingerich's article, given the triplet (p, q, r), the reciprocal R = 60 p+q+r 2 p •3 q •5 r = 2 p+2q+2r • 3 p+r • 5 p+q was computed. This value was computed in decimal. Gingerich writes that the factors 60 were first removed, and he gives a formula, but his formula does not express the factoring out. What Gingerich probably did was to simplify the expression 2 a • 3 b • 5 c by removing as many factors 2 2 • 3 1 • 5 1 as possible, and this can be done by operating on the triplets (a, b, c) alone. For instance, with p = 65, q = 41, and r = 28, the reciprocal would be 2 (65+82+56) •3 (65+41) •5 (65+28) = 2 203 •3 106 •5 93 and this could be simplified into 2 17 • 3 13 . Computing this value then shows that it has seven sexagesimal digits, since (17 log 2 + 13 log 3)/ log 60 = 6.366211 . . .. When this process is iterated over all possible values of (p, q, r) in the order 11, we obtain easily the length of the longest reciprocal, and this information was probably then used to compute the reciprocals themselves and store them.

Gingerich expressed the reciprocals in decimal and since the greatest reciprocal was 30 sexagesimal digits long, 3 he needed to represent values up to 60 30 , which require 178 bits at most. In fact, he needed slightly less, because the longest reciprocal is 2, 59, 2, 45, . . ., and therefore about 3 • 60 29 , which requires (log 3 + 29 log 60)/ log 2 = 172.8847 . . ., hence 173 bits. 4 Gingerich writes that the maximum storage needed would have been 174 bits, but that he didn't store these values. Instead, he writes that he applied a long division. It is however not clear where the reciprocal was stored, if it was not stored in a memory sufficient to account for the 30 sexagesimal digits. In any case, assuming this problem solved, Gingerich apparently extracted the sexagesimal digits from a decimal representation by repeated subtractions. For instance, if the reciprocal has n digits and is therefore between 60 n-1 and 60 n , the most significant digit can be obtained by trying to subtract repeatedly 60 n-1 . Gingerich sped up this process by storing in advance the values 2 i • 60 j , and he could then try to subtract 32 • 60 n-1 , then 16 • 60 n-1 , 8 • 60 n-1 , . . . , until 60 n-1 . The number of 60 n-1 that was subtracted is the digit sought. This process can then be repeated for all other digits until the value is smaller than 60.

Gingerich's table has 100 lines per page. For each value of p, q, and r such that 2 p • 3 q • 5 r has at most 11 sexagesimal digits, Gingerich gives these digits, as well as the digits of the reciprocal. The only exception concerns the first and last values, for which the reciprocal of 1 is given as 60. These values can be viewed as the limit values in the sequence of regular numbers.

Gingerich's table is easy to use. The second entry of Gingerich's table means for instance that 1, 0, 4, 3, 53, 47, 20, 37, 30 ⊗ 59, 55, 56, 22, 42, 57, 46, 40 = 1 In other words, the product of these two sexagesimal numbers is a power of 60, and dividing by one of these values is like multiplying by the other and shifting the position of the unit.

3 Two numbers have a 30-digit reciprocal: 3 40 = 20, 6, 23, 36, 4, 3, 26, 14, 40, 13, 21 and 2 1 • 3 40 = 40, 12, 47, 12, 8, 6, 52, 29, 20, 26, 42. 4 As a comparison, Gillings and Hamblin write that they needed 160 bits, for a maximal number of 18 sexagesimal digits [7, p. 141]. This does not seem to have been as efficient as Gingerich's storage, since 18 sexagesimal digits normally require at most 107 bits. If they needed more, it may be because the initial regular numbers or the reciprocals were not simplified by factoring the powers of 60. Unfortunately, Gillings and Hamblin did not go into the details of their procedure.

Reconstruction

In order to compute the reciprocals of order n, we have gone through all the regular numbers having at most n digits, hence smaller than 60 n . This enumeration [START_REF] Evert | La construction des tables numériques en Mésopotamie[END_REF] was done by looping over the triplets (p, q, r) such that 2 p • 3 q • 5 r < 60 n and (p, q, r) ≥ (2, 1, 1). For each such triplet 2 p • 3 q • 5 r , we computed 60 p+q+r 2 p •3 q •5 r = 2 p+2q+2r • 3 p+r • 5 p+q divided by the greatest possible power of 60. This procedure produces duplicates, and after the values are sorted, these duplicates must be eliminated.

The regular numbers are sorted, not by their absolute values, but in lexicographic order. Consequently, if we write < 60 for this lexicographic order, we have for instance 49, 12, 27 < 60 50, although 49 × 60 2 + 12 × 60 + 27 > 50.

In addition to the reconstruction of Gingerich's table, we have also made a version in cuneiform script. In that script, we have 1 = , 2 = , . . . , 9 = , and then 10 = u, 20 = , . . . , 50 = . Combinations are used for integers which are not multiples of 10, for instance 23 =

. We have intentionally aligned the cuneiform characters, so that the zeros are as visible as possible, without introducing an extra character.

The last entry of the table is 2 31 • 5 7 = 59, 55, 56, 22, 42, 57, 46, 40 = .

We have also added separate listings restricting the order to 1 through 10. Each listing is included in the next one, and the last one is itself included in the main listing. The first listing gives the reciprocals of 1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 16, 18, 20, 24, 25, 27, 30, 32, 36, 40, 45, 48, 50, 54, and 60. In that first listing, the longest reciprocals have three sexagesimal digits. For instance, the reciprocal of 32 is 1, 52, 30. The second listing gives the reciprocals of 1, then of 1,4, then of 1,12, etc. The tenth listing gives the reciprocals of regular numbers having at most 10 sexagesimal digits.

The number of reciprocals in each order is the following, counting the duplicate first and last values for one value only: Gingerich also gave a formula approximating the number of regular numbers of order n. His formula differs from the above values by at most 1. Gingerich seems to have only counted the number of reciprocals for the orders 1 to 4, for 6, and for 11 and his experimental values agree with ours.

In general, we have not found any error in Gingerich's table, although we did only sample some values.

meeting of the British Association for the advancement of science," London: John Murray, 1874. A review by R. Radau was published in the Bulletin des sciences mathématiques et astronomiques, volume 11, 1876, pp. 7-27] [START_REF] Gandz | The Babylonian tables of reciprocals[END_REF] Note on the titles of the works: Original titles come with many idiosyncrasies and features (line splitting, size, fonts, etc.) which can often not be reproduced in a list of references. It has therefore seemed pointless to capitalize works according to conventions which not only have no relation with the original work, but also do not restore the title entirely. In the following list of references, most title words (except in German) will therefore be left uncapitalized. The names of the authors have also been homogenized and initials expanded, as much as possible.

The reader should keep in mind that this list is not meant as a facsimile of the original works. The original style information could no doubt have been added as a note, but we have not done it here. 
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 1 Figure 1: Excerpt of Neugebauer's table of reciprocals [15]. (reproduced with permission, Otto Neugebauer papers, Box 1, From The Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA)
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A related problem is the enumeration of regular numbers in order, and Richard Hamming gave an algorithm for their generation. This algorithm, however, is not useful in our case, because we do not want to sort the regular numbers by size, but in lexicographic order.
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