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Abstract - In most industrial processes that use electrical energy as a source

of tension or current, requiring a power circuit to control of these physical

states.This paper deals with observability problems of the parallel multi-cell

chopper. This type of choppers is a new DC/DC static power converter. After

modeling of the power converter, its hybrid dynamical behavior and proper-

ties are highlighted. The observability properties of the state vector is studied

from the new observability concept ( The Z(TN )- observability ). Following

this observability analysis an adequate sensor placement is proposed after an

observability analysis and a super-twisting observer has been proposed, that

ensures finite-time convergence and robustness under bounded perturbations.

That is why, its estimation by means of an observer becomes an attractive and

economical solution. The suitability of the proposed strategy is proved by ex-

tensive computer aided simulations employing a comprehensive model of the

system considering noisy measurements and load variations.

Keyword - Parallel multi-cell converter, Z(TN )-observability, Super-twisting

observer.

1 INTRODUCTION

The concept of multi-cell converters has been intro-

duced since 1975 [4]. The term multi-cell began with

the three-cell converter [5]. Subsequently, several

multi-cell converter topologies have been developed

[4]. So, the concept of a DC/DC parallel multi-cell

converter to achieve higher power is to use a paral-

lel cells each cell constituted of one switch and one

inductance with only one voltage dc source. The out-

put current synthesized is equal to n times the input

current, where n is the number of cells. Batteries,

and renewable energy voltage sources can be used as

the dc voltage sources.

The need to regulate the output voltage and cur-

rent phases requires us to know the dynamics of

phase currents and load variations. The use of multi-

ple sensors is the first disadvantage of these kinds

of converters. That is why; an observer becomes

an attractive and economical solution. In this pa-

per, the concept of observability for switched sys-

tems is investigated. The obsevability of multi-

cell converter is analyzed by a new concept called

Z(TN )observability. Following this analysis two ob-

servers are proposed. Both are based on the well

known super-twisting algorithm coupled with an es-

timator. So finite time properties and stability of un-

observable parties guaranty the estimation conver-

gence. Moreover, the second integral term of the

super twisting algorithm guaranties a good robust-

ness with respect to the noise measurement. Super-

twisting observer algorithm is designed for the ob-

servation of current phases and voltage output. The

observer is set to operate in two cases: the k th

switch is closed the observer work, outside the es-

timator will be operate. The theoretical results are

complemented with simulation results verifying per-

formance of the designed observer algorithm. The

organization of this paper is as follows. In section 2,

the Parallel multi-cell converter modeling is briefly

presented. The analysis of the observability of multi-

cell converter can be found in Section 3. The ob-

server design is shown in Section 4. While simula-

tion results showing the performance of the observer

system are shown in Section 5. Finally, conclusions

are presented in Section 6.

2 PARALLEL MULTI-CELL CONVERTER

MODELLING

A step-down parallel multi-cell converter is com-

posed by elementary cells of commutation. As it can

be seen in Fig.1. In this paper a 5 phase converter

and linear load , will be considered a resistive or lin-

ear load. The physical switches are considered to be
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ideal: in the state on, their voltage is null and in the

state off, their current is null.

Fig.1. 5-phases parallel multi-cell converter.

Depending on the number of phases and the state of

the switch S a multi-cell chopper can be modeled by

the following set of differential equations:































Ldi1
dt

= −RL i1 − vC + s1 E
...

L
dip
dt

= −RL ip − vC + sp E

C dvC

dt
= i1 + · · ·+ ip −

vC
R

(1)

where p the number of phases, ik , k = 1, .., p the

circulating current through the k phase, vC the out-

put voltage and sk the k-phase control input which

here value is expressed with the switching function

sk(t) =

{

1, S closed

0, S open
(2)

It is assumed that the inductance value (L) and the

resistance value (RL) are identical for all phases.

Considering the case of 5-phases converter and intro-

ducing the variables x , y, model (1) can be rewritten

in the state form:

ẋ = f(x, q, t) = A x+B(q) E
y = h(x, q, t) = C(q) x

(3)

Where x =
[

i1, i2, i3, i4, i5, vC
]T

∈ ℜ6 is the con-

tinuous state, q =
[

s1, s2, s3, s4, s5
]T

is the discrete

input control. The dynamical matrix Aq and matrix

B(q) , C(q) defined as:

Aq =
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0 0 0 0 −RL
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C

1
C

1
C

1
C

−1
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,

B(q) =
[

s1, s2, s3, s4, s5
]T

C(q) =

[

s1 s2 s3 s4 s5 0
0 0 0 0 0 1

]

3 OBSERVABILITY ANALYSIS

Many studies deal with the observability of switched

systems using generally either geometric tools or lin-

ear time-varying system theory. In these studies, the

notion of Z(TN )-observability are defined to char-

acterize the ability of state reconstruction using the

knowledge of the discrete input and the continuous

output (see [2] for further details). Hence, it is im-

portant to give the following definitions.

Definition 1: A hybrid time trajectory is a finite or

infinite sequence of intervals TN = {Ii}
N
i=0 such

that

* Ii = [ti,0, ti,1] , for all 0 ≤ i ≤ N ;

* For all i ≤ Nti,1 = ti+1,0

* t0,0 = tini andtN,1 = tend
Moreover,〈TN 〉 is defined as the ordered list of q

associated to TN (i.e. {q0, ..., qN } where qi is the

value of q on the interval Ii .

Definition 2: consider a hybrid dynamical system

of parallel multi-cell shopper (3) and a variable

z = Z(t, x) . The function z = Z(t, x) is said to

be Z(TN )observable with respect to the hybrid time

trajectory TN and 〈TN 〉 if for any two trajectories,

(t, xi(t), ui(t)), i = 1, 2 defined in [tini, tend] the

equality

h(x1(t), u1(t)) = h(x2(t), u2(t)) Implies

Z(x1(t), u1(t)) = Z(x2(t), u2(t))in[t0, t1]
Lemma 1: Consider the system (3) and a fixed hy-

brid trajectory TN and 〈TN 〉 . Suppose z = Z(t, x)
is always continuous under any admissible control

input. Suppose there exists a sequence of projection

Pi, i = 0, 1, ..., N such that

(1) given any 0 ≤ i ≤ N,PiZ(x(t), u(t)) is

Z(TN )-observable on the subinterval t ∈ [ti,0, ti,1[ ;

(2) rank[PT
0 , ..., PT

N ] = dim(Z) = nz ;

(3)
dP̄iZ(x(t),u(t)

dt
= 0 for t ∈ [ti,0, ti,1[,
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where {P̄T
i , PT

i } has a full rank in ℜdim(Z)dim(Z)

Then, z is Z(TN )-observable with respect to the

hybrid time trajectory TN and 〈TN 〉.

Lemma 2: The first condition of Lemma 1 im-

plies that there is at least a time interval in which

the variable PiZ(x(t), u(t)) is Z(TN )-observable;

whereas the second one implies that all the compo-

nents of z are observable in a given time interval

TN of the hybrid time trajectory. The third condi-

tion requires that components of z which are not

observable in Ii must be a linear dynamic. The

application of Lemma 1 to the parallel multicells

converter yields the following result: Consider

the system (1) and the function z = x . Then,

z is Z(TN )-observable with respect to the hybrid

time trajectory TN and < TN > if rank{qi} = p−1.

where {qi}=











q1 ... 0 0

0
. . .

... 0
0 ... qp−1 0
0 ... 0 qp











Remark 1: this proposition was used in order to

studied the serial multi-cell chopper observability

with respect to the hybrid time trajectory, moreover

a proof of the proposition was given

Now, in order to deal with the case of parallel multi-

cell chopper, the class of considered system is the

following one:

Ẋ = AqX +Bqu, q ∈ Q, X ∈ ℜn, u ∈ ℜm

y = CqX
(4)

where, the matrices Aq , Bq and Cq are of appropriate

dimensions.

Proposition 2 Consider the system (5) and a fixed

hybrid time trajectory TN and 〈TN 〉. Let U be

an open set in time-state-control space. Suppose

Z(t,X(t), u(t)) is equal to X(t). Suppose there ex-

ists a sequence of projections Pi, i = 0, 1, · · · , N
and a positive definite function

V : ℜnz → ℜ+, such that

(1) given any 0 ≤ i ≤ N , PiZ(t, ξ, u) is Z-

observable in U on the subinterval t ∈ [ti,0, ti,1[;

(2) Rank[PT
0 ... PT

N ] = dim(Z) = nz ;

(3) V (Z) = V (PiZ) + V (P̄iZ);

(4) V̇ (P̄iZ) = ∂V (.)
∂Z

|P̄iZ
P̄iAiP̄iZ < 0 ∀P̄IZ 6= 0

for t ∈ [ti,0, ti,1[ and (t,X(t), u(t)) ∈ U .

Then, z = Z(t,X, u) is Z(TN )-observable in U

with respect to the hybrid time trajectory TN and

〈TN 〉.

Proof From condition (1) using for example a finite

time observer based on the super Twisting algorithm

[3] , there exists ti,c(ti,0 ≤ ti,c ≤ ti,0+ki(ti,1−ti,0)
where ki ∈ [0, 1[ will be defined later) such that

Pie = epi
= 0 ∀t ∈ [ti,1, ti,c]

ePi
is the observation error on the observable sub-

space during the time interval Ti, in the same way

eP̄i
denotes the estimation error on the unobservable

subspace during the time interval Ti.

Choosing for the unobservable subspace (i.e.

span{P̄i}) an estimator firstly of the form

P̄i
˙̂
Z = P̄iAi(P̄iẐ + PiẐ(ti,0)) + P̄iBiu (5)

and this for t ∈]ti,c, ti,0]. And secondly for t ∈
]ti,1, ti,c] the estimator becomes

P̄i
˙̂
Z = P̄iAi(P̄iẐ + PiZ) + P̄iBiu (6)

it is possible to use (6) after ti,c because the finite

time as converged and consequently PiZ is perfectly

known.

From equations (5) and (6) and conditions (3) and

(4) the variation of V during the time interval Ii is

∆V = V (e(ti,1))− V (e(ti,0))

=

∫ ti,1

ti,0

∂V (.)

∂e
|eP̄i

P̄iAieP̄i
dt

+

∫ ti,0+ki(ti,1−ti,0)

ti,0

∂V (.)

∂e
|eP̄i

P̄iAiPi(Z − Ẑ(ti,0))dt

−V (eP̄i
(ti,0))

By integration continuity it is always possible ∀l ∈
]1,+∞] to find ki such that

∫ ti,0+ki(ti,1−ti,0)

ti,0

∂V (.)

∂e
|eP̄i

P̄iAiPi(Z − Ẑ(ti,0))dt

−V (eP̄i
(ti,0)) ≤

V (eP̄i
(ti,0))

l

It is important to note that if V (eP̄i
(ti,0)) = 0, then

ki = 0 and this corresponds to the case where the fi-

nite time observer is initialized with the exact system
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observable state value.

This choice of ki implies that, for all time interval

Ti, the variation of V verifies

∆V ≤ −
V (eP̄i

(ti,0))

l
−

∫ ti,1

ti,0

∂V (.)

∂e
|eP̄i

P̄iAieP̄i
dt

and from condition (4) and the linearity of (5) there

exist the same λ > 0 for all i such that

∆V ≤ −
V (eP̄i

(ti,0))

l
−(eλ(ti,1−ti,0)−1)V (eP̄i

(ti,1))

With V (e(ti,1)) = V (eP̄i
(ti,1)) and V (eP̄i

(ti,1)) =
0 the condition (2) implies that for any part of the

state there exist at least one time interval Ii where

this state part is observable then considering time in-

terval from t0,0 to tN,1 the variation V verifies

−V (e(t0,0)) ≤ λV ≤ −
V (e(t0,0))

l

Consequently

0 ≤ V (e(tN,1)) ≤ V (tN,1) ≤
1− l

l
V (e(t0,0))

As l can be chosen arbitrarily close to 1 the system

is Z(TN ) observable.

The application of Proposition 2 to the multicellular

converter yields the following result :

Consider the system (1) ( see Fig.1) . Let us as-

sume that we can measure the input current ie =
∑3

i=1 sixi The system of parallel multi-cell chop-

per is not Z(TN )-observable with Z = [x1, x2, x3]
for any time trajectory. The problem is to exhibit

some particular hybrid trajectory TN and 〈TN 〉 such

that the system (1) is Z(TN )-observable. It can be

verified that Z = [x1, x2, x3]T is not Z(TN )-
observable with any hybrid time trajectory under dis-

crete status (1,1,1), (1,1,0), (1,0,1) and (0,1,1). How-

ever, if a trajectory of the system satisfies that the

status is (1,0,0) in period I1 , (0,1,0) in period I2
and (0,0,1) in period I3 , then Z = [x1, x2, x3] is

Z(TN )-observable. We define in I1 P1 = [1 0 0],
similarly in I2 and I3 respectively P2 = [0 1 0]
,P3 = [0 1 0].

Rank













P1

P2

P3

P4

P5













= nz = 3,

this problem satisfies the assumption in condition

(2).

Define the candidate Lyapunov function as:

V (X) =
∑p

i=1 x
2
i (t)

It can be verified that these function satisfying as-

sumption 3

V (Z) = V (PiZ) + V (P̄iZ);

In order to show that V (X) verified the assumption

(4) its first time derivative can be described as fol-

lows :

V̇ (P̄i) = − 1
2

∑5
k 6=i(

R
L
x2
k + 1

L
xkvC) ≤ 0;

4 OBSERVER DESIGN

Observer design1:

Assuming that the input current ie and voltage output

vC are measured, the super-twisting observer for the

system (1) is designed as follows[3]:







































˙̂xi = si
−R
L

x̃+ (1− si)
−R
L

x̂i −
−1
L
vC

+si
E
L
λ|ei|sign(ei)

˙̃x = si(
−R
L

x̂− −1
L
vC + si

E
L
+ αsign(ei)

x̃(t) = x̂i(t), fort+i ≤ t < t0i

(7)

Where t+i is the instant of transition of the switch

control qi passing from the closed state to the open

state. λ and α are positive constants [3]. Define the

observation errors as:










ei = ie − six̂i =
∑p

i=1 sixi − six̂i

ẽi =
∑p

i=1 sixi − x̃

(8)

Remark 2:

According to the above assumptions, there is a hy-

brid time trajectory such that the current phase is

observable. When a switch si is closed the value

of xi is observed, outside this interval the current is

estimated by the knowledge of the dynamics of the

model and these parameters.

Equations (1)-(7)-(8) yield the dynamics of the ob-

servation error as:










ėi = si
E
L
λ|ei|sign(ei)−

R
L
ẽi

˙̃ei = −R
L
ei − αsign(ei)

(9)

The system (9) can be approximated by a system of

order two, where the eigenvalues of the dynamic ma-

trix of the system are negative real parts; the trajecto-

ries will spiral into the origin. To ensure convergence
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of ėi you must calculate its dynamic, which is repre-

sented in the following equation:

ëi = φ(ei)−
λ

2
|ei|

− 1

2 sign(ėi) (10)

Such that φ(ei) converges to zero when the error

convergence is guaranteed[7]. From equation (11)

one can observe the convergence of the dynamics of

the error ėi
Observer design 2:

In this section, phase currents and voltage output will

be observed using only the measurement of input

current ie . The observer design for the system (1)

is represented as follows:























˙̂xi = si
−R
L

ie + (1− si)
−R
L

x̂i −
−1
L
x̃

+si
E
L
+ siλ|ei|sign(ei)

˙̃x =

∑

p

i=1
x̂i

L
− x̃

RC
+ αsign(ei) i = 1, ..., p

(11)

Remark 3: The estimated variable x̂i takes the value

of xi when the switch si is closed. In this interval the

observer estimates the output voltage and the phase

currents which the switches are open.

{

ei = sixi − six̂i

ẽi =
1
C

∑p

i=1 sixi − x̃
(12)

Equations (1)-(11)-(12) yield the dynamics of the ob-

servation error as:










ėi = siλ|ei|sign(ei)− (1− si)
R
L
ei −

1
L
ẽi

˙̃e = −R
L
ei − αsign(ei)−

1
C

∑p

i=1 ei −
1

RC
ẽ

(13)

According to Remark 2, the objective, i.e. the es-

timation of the current phases and voltage output, is

achieved when the finite time stabilization of the sys-

tem (14) is obtained.

5 SIMULATION RESULTS

The simulation is done to verify the theoretical re-

sults. The multiphase power converter has the afore-

mentioned parameters: E = 12V , L = 100µH ,

C = 100µF ,

RL = 1mΩ and RS = 0.035 Ω.

First set simulation : phase currents are unbal-

anced.

The observer has been tested when the average

values of current phases are unequal. Let now an

estimation of current phases be obtained as the noisy

measurement of the input current and output voltage.

Fig.2 and Fig.3 show the convergence of the first

observer and error of observation. This observer

estimates the phase currents from the knowledge

of the control and the two measures of input cur-

rent and output voltage. The figures also have a

zoomed area to show convergence of the observer.

Fig.2 Phase currents (i1, i2, i3, i4, i5)
and their estimates (̂i1, î2, î3, î4, î5) .

Fig.3 errors of observation e1, e2, e3, e4 and e5.

Second set simulation : observer using only the

measurement of input current. The purpose of this

part is the observation of phase currents and output

voltage without the knowledge of the dynamic of

load. The performance of the observer system is

shown through Fig.4 and Fig.5.

For the simulations, the observer is set to operate

in two load zones, incorporating disturbances of

measurements and variations of current phases. The

evolution of the current phases and their estimates is

depicted in Fig.4. All observers converge exactly in

finite-time despite of the perturbation measurements.

Note that the high-order sliding mode ob-

server improves the convergence velocity of

the observation error. Once we have obtained

the current phases and voltage output, we

can now compute the parameters of the load.
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Fig.4 Load variation, phase cur-

rents and their estimations

Fig.5 Observation errors in phase cur-

rents, variation of load at t = 0.003s.

Fig.6 Output voltage vC and its estimate v̂C .

6 CONCLUSION

In this paper, a new DC/DC multi-cell converter has

been studied. The problem of the phase current and

output voltage estimations is solved. In such situa-

tions, the Z(TN )observability for switched systems

to be useful. The concept of Z(TN )observability is

extended to hybrid dynamic systems, an algebraic

characterization of the strong observability is intro-

duced for a 4-phases parallel multi-cell converter and

an algorithm that yields a super-twisting observer

based on sliding mode theory is applied. The robust-

ness of the estimation method has been guaranteed

using the high order sliding mode observer. Finally,

the numerical simulations approve the obtained the-

oretical results. Further research is necessary to re-

alize the control of output current, phase currents

and output voltage without load variation and distur-

bance.
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