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◆✐❝♦❧❛s P❡rr✐♥1

❆❜str❛❝t✳ ❚❤❡ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ✭P❇✮ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ♦❢ ❛ ❜✐♦♠♦❧❡❝✲
✉❧❛r s②st❡♠ ❝♦♠♣♦s❡❞ ❜② ❛ ♠♦❧❡❝✉❧❡ ✐♥ ❛ s♦❧✈❡♥t✳ ❚❤❡ ❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ✐s ✐♥✈♦❧✈❡❞ ✐♥ ❜✐♦♠♦❧❡❝✉❧❛r
♠♦❞❡❧s ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ ♠♦❧❡❝✉❧❛r s✐♠✉❧❛t✐♦♥✳ ■♥ ❝♦♥s❡q✉❡♥❝❡s✱ ✜♥❞✐♥❣ ❛♥ ❡✣❝✐❡♥t ♠❡t❤♦❞ t♦ s✐♠✲
✉❧❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ P❇ ❡q✉❛t✐♦♥ ✐s ✈❡r② ✉s❡❢✉❧✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ♣r♦❜❛❜✐❧✐st✐❝
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r P❇ ❡q✉❛t✐♦♥ ✇✐t❤ ❇❛❝❦✇❛r❞ ❙t♦❝❤❛st✐❝ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭❇❙❉❊s✮✳
❚❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ r❡q✉✐r❡s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ❡①✐st✐♥❣ r❡s✉❧ts ♦♥ ❇❙❉❊s✳

❘és✉♠é✳ ❊♥ ❞②♥❛♠✐q✉❡ ♠♦❧é❝✉❧❛✐r❡✱ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ✭P❇✮ ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❧❡
♣♦t❡♥t✐❡❧ é❧❡❝tr♦st❛t✐q✉❡ ❞✬✉♥ s②stè♠❡ ♠♦❧é❝✉❧❛✐r❡ ❝♦♠♣♦sé ❞✬✉♥❡ ♠♦❧é❝✉❧❡ ❞❛♥s ✉♥ s♦❧✈❛♥t✳ ❈❡ ♣♦✲
t❡♥t✐❡❧ é❧❡❝tr♦st❛t✐q✉❡ ✐♥t❡r✈✐❡♥t ❞❛♥s ❧❡s ♠♦❞è❧❡s ❞❡ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ ♣❡r♠❡tt❛♥t ❞❡ ❝♦♠♣r❡♥❞r❡
❧❛ str✉❝t✉r❡✱ ❧❛ ❞②♥❛♠✐q✉❡ ❡t ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡s ♣r♦té✐♥❡s✳ ▲❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧✬éq✉❛t✐♦♥
❞❡ P❇ ❡st ❞♦♥❝ ✉♥❡ ét❛♣❡ ✐♠♣♦rt❛♥t❡ ❞❡ ❝❡s s✐♠✉❧❛t✐♦♥s✳ ❆✉ss✐✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥
♣r♦❜❛❜✐❧✐st❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ P❇ ♥♦♥✲❧✐♥é❛✐r❡ à ❧✬❛✐❞❡ ❞❡s ❊q✉❛t✐♦♥s ❉✐✛ér❡♥t✐❡❧❧❡s ❙t♦❝❤❛st✐q✉❡s ❘étr♦✲
❣r❛❞❡s ✭❊❉❙❘✮✳ ❈❡tt❡ ✐♥t❡r♣rét❛t✐♦♥ ♥é❝❡ss✐t❡ ✉♥❡ ❛❞❛♣t❛t✐♦♥ ❞❡s rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ❞❡s
s♦❧✉t✐♦♥s ❞✬❊❉❙❘✳

■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ✭P❇✮
❡q✉❛t✐♦♥

−∇. (ǫ(x)∇u(x)) + κ2(x) sinh {u(x)} = g(x), x ∈ ❘
3,

✇❤❡r❡ ǫ ❛♥❞ κ ❛r❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ❢r♦♠ ❘
3 t♦ (0,+∞)✱ ❛♥❞ g ✐s ❛ s✐♥❣✉❧❛r ❢✉♥❝t✐♦♥✳ ❖✉r ♣r♦❜❛❜✐❧✐st✐❝

✐♥t❡r♣r❡t❛t✐♦♥ ❝♦♥s✐sts ✐♥ t❤❡ s✉♠ ♦❢ ❛ s✐♥❣✉❧❛r ❦♥♦✇♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❇❛❝❦✇❛r❞ ❙t♦✲
❝❤❛st✐❝ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ✭❇❙❉❊✮✳ ❲❡ ♣r♦✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ❢♦r t❤✐s ❇❙❉❊ ❜② ❡①t❡♥❞✐♥❣
t♦ ♦✉r s✐t✉❛t✐♦♥ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❇❉❍+✵✸❪ ♦r ❬P❛r✾✾❪✳

■♥ ❙❡❝t✐♦♥ ✶✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✐♥ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s ❛♥❞ ✉♥❞❡r❧✐♥❡ t❤r❡❡
❞✐✣❝✉❧t✐❡s ✇❡ ❤❛✈❡ t♦ ❢❛❝❡ t♦ ❣❡t ❛ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳

■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ r❡❝❛❧❧ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❞✐✈❡r❣❡♥❝❡✲❢♦r♠ ♦♣❡r❛t♦rs ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡❢✲
✜❝✐❡♥ts ✐♥ t❡r♠ ♦❢ ❙❉❊ ✇✐t❤ ✇❡✐❣❤t❡❞ ❧♦❝❛❧ t✐♠❡✳

■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ✈❡r② ❜r✐❡✢② ✐♥tr♦❞✉❝❡ ❇❙❉❊s t❤❡♦r②✱ ❜❡❢♦r❡ ❣✐✈✐♥❣ ❛ ❣❡♥❡r❛❧ r❡s✉❧t ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞
t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❇❙❉❊s ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ♠♦♥♦t♦♥✐❝✐t② ✭❚❤❡♦r❡♠ ✸✳✺✮✱ ✇❤✐❝❤ ✇❡ ❛♣♣❧② ✐♥
♦r❞❡r t♦ ❣❡t ❛ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✸✳✼✮ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P❛rt✐❛❧
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ✭P❉❊✮✳

1 ❚❖❙❈❆ ♣r♦❥❡❝t✲t❡❛♠✱ ■◆❘■❆ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s✱ ❋r❛♥❝❡✳ ♥✐❝♦❧❛s✳♣❡rr✐♥❅✐♥r✐❛✳❢r
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■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ st❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧t ✭❚❤❡♦r❡♠ ✹✳✶✮✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✐t✱ ✇❡ st❛t❡ ❛♥ ❡①✐st❡♥❝❡✱ ✉♥✐q✉❡✲
♥❡ss ❛♥❞ r❡❣✉❧❛r✐t② t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✹✳✷✮ ❢♦r t❤❡ s♦❧✉t✐♦♥ v ✐♥ H1(❘d) t♦ t❤❡ r❡❣✉❧❛r✐s❡❞ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥
❡q✉❛t✐♦♥✳ ❚❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✸ ❜② ❣✐✈✐♥❣ t❤❡ st❡♣s ♦❢ ♣r♦♦❢ ❢♦r ♦✉r ♠❛✐♥ r❡s✉❧t✳

✶✳ ❚❤❡ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✐♥ ▼♦❧❡❝✉❧❛r ❉②♥❛♠✐❝s

❚❤❡ ❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ♦❢ ❛ ❜✐♦♠♦❧❡❝✉❧❛r s②st❡♠ ✐♥ ❛ ♠❡❞✐✉♠ ♦❢ ❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t② ǫ ❣❡♥❡r❛t❡❞ ❜② ❛
❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥ ρc ✐s ❣✐✈❡♥ ❜② t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✭❝❢✳ ❬❇❇❈✵✻❪✮

−∇. (ǫ(x)∇u(x)) = 4πρc(x), x ∈ ❘
3.

❲❡ ❝♦♥s✐❞❡r ❛ ♠♦❧❡❝✉❧❡ ✐♠♠❡rs❡❞ ✐♥ ❛♥ ❛q✉❡♦✉s s♦❧✈❡♥t✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ t♦ t❤❡ ❝❤❛r❣❡
❞✐str✐❜✉t✐♦♥ ✐s ♠♦❞❡❧❧❡❞ ❜② ❛ ✜♥✐t❡ s②st❡♠ ♦❢ ❝❤❛r❣❡s ❝❡♥tr❡❞ ✐♥ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ N ❛t♦♠s ♦❢ t❤❡ ♠♦❧❡❝✉❧❡

ρm(x) =

N
∑

i=1

qiδxi
, x ∈ ❘

3,

✇❤❡r❡ qi ∈ ❘ ❛♥❞ xi ∈ ❘
3 ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❝❤❛r❣❡ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ it❤ ❛t♦♠ ❛♥❞ ✇❤❡r❡ δx ✐s t❤❡ ❉✐r❛❝

❞✐str✐❜✉t✐♦♥ ❛t x ∈ ❘
3✳ ❚❤❡ s♦❧✈❡♥t ❝♦♥tr✐❜✉t✐♦♥ ✐s ♠♦❞❡❧❧❡❞ ❜②✿

ρs(x) = ec

m
∑

j=1

n̄jzj exp {−eczju(x)/kBTe − Vj(x)/kBTe}, x ∈ ❘
3,

✇❤❡r❡ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✐♦♥s ✐♥ t❤❡ s♦❧✈❡♥t✱ n̄j ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♦♥s ♦❢ t❤❡ t②♣❡ j✱ zj ✐s
t❤❡ ✈❛❧❡♥❝❡ ♦❢ ✐♦♥s ♦❢ t❤❡ t②♣❡ j✱ ec ✐s t❤❡ ❡❧❡♠❡♥t❛r② ❝❤❛r❣❡✱ kB ✐s t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t✱ Te ✐s t❤❡ s②st❡♠
t❡♠♣❡r❛t✉r❡ ❛♥❞ Vj ♠♦❞❡❧s t❤❡ st❡r✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♦♥s ♦❢ t❤❡ t②♣❡ j ❛♥❞ t❤❡ ♠♦❧❡❝✉❧❡✳

❋♦r ❛♥ ❡❧❡❝tr♦❧②t❡ ❛s ◆❛❈❧ ✇❤❡r❡ q1 = 1 ❡t q2 = −1✱ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ s✐♠♣❧✐✜❡s t♦ ❣✐✈❡ t❤❡ ♥♦♥❧✐♥❡❛r
P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥

−∇. (ǫ(x)∇u(x)) + 8πecn̄e−V (x)/kBTe sinh {ecu(x)/kBTe} = g(x), x ∈ ❘
3 ✭✶✮

✇❤❡r❡ t❤❡ t❡r♠ s♦✉r❝❡ g ✐s ❣✐✈❡♥ ❜②

g(x) = 4π
N

∑

i=1

qiδxi
.

▲❡t Ωint ❛♥❞ Ωext ❜❡ t✇♦ ❞✐s❥♦✐♥t ♦♣❡♥ s✉❜s❡ts ♦❢ ❘3✱ ✇❤✐❝❤ ♠♦❞❡❧ t❤❡ ♠♦❧❡❝✉❧❡ ❛♥❞ t❤❡ s♦❧✈❡♥t r❡s♣❡❝t✐✈❡❧②✱
s✉❝❤ t❤❛t Ω̄int ∪ Ω̄ext = ❘

3❀ Ωint ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞ ✇✐t❤ ❜♦✉♥❞❛r② Γ✳
❚❤❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t② ǫ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞✐s❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ t❛❦✐♥❣ t✇♦ ✈❛❧✉❡s ✐♥s✐❞❡ t❤❡ ♠♦❧❡✲

❝✉❧❡ Ωint ✭✈❛❝✉✉♠ ♣❡r♠✐tt✐✈✐t②✮ ❛♥❞ ♦✉ts✐❞❡ Ωext ✭s♦❧✈❛♥t ♣❡r♠✐tt✐✈✐t②✮✿

ǫ(x) =

{

ǫint > 0 s✐ x ∈ Ωint✱

ǫext > 0 s✐ x ∈ Ωext✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ st✉❞② t❤❡ ♥♦♥❧✐♥❡❛r P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥

−∇. (ǫ(x)∇u(x)) + κ2(x) sinh {u(x)} = g(x), x ∈ ❘
3. ✭✷✮

✇❤❡r❡ t❤❡ ♠♦❞✐✜❡❞ ❉❡❜②❡✲❍ü❝❦❡❧ ♣❛r❛♠❡t❡r

κ2(x) =

{

0 s✐ x ∈ Ωint✱

κ̄2 > 0 s✐ x ∈ Ωext✳
✭✸✮



❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙ ✸

❛♣♣r♦①✐♠❛t❡s e−V (·)/kBTe
8πe2

c
I

kBTe

✇✐t❤ I = 1
2

∑

s n̄sz
2
s ✳

❚❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r P❇ ❡q✉❛t✐♦♥ ✇❡ ♣r♦♣♦s❡ ✐♥ t❤✐s ♣❛♣❡r r❡q✉✐r❡s t♦ ❤❛♥❞❧❡
t❤r❡❡ ❞✐✣❝✉❧t✐❡s✿

✭✶✮ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ s♦✉r❝❡ t❡r♠ ✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✶✮❀
✭✷✮ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❢♦r♠ ♦♣❡r❛t♦r ✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✷✮❀
✭✸✮ t❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭❝❢✳ ❙❡❝t✐♦♥ ✸✮✳

❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ✐❢ ✇❡ s✉♣♣♦s❡ ecu(·) ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ kBTe✱ ✇❡ ♦❜t❛✐♥ ❛ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ t❤❡
P♦✐ss♦♥✲❇♦t③♠❛♥♥ ❡q✉❛t✐♦♥

−∇. (ǫ(x)∇u(x)) + κ2(x)u(x) = g(x), x ∈ ❘
3. ✭✹✮

✷✳ ❆ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❙❉❊s ✇✐t❤ ✇❡✐❣❤t❡❞ ❧♦❝❛❧ t✐♠❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✭ ❊q✳ ✭✹✮✮
❡st❛❜❧✐s❤❡❞ ✐♥ ❬❇❈▼❚✶✵❪✳

✷✳✶✳ ❚❤❡ r❡❣✉❧❛r✐s❡❞ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥

❚❤❡ s✐♥❣✉❧❛r s♦✉r❝❡ t❡r♠ ✐s ❤❛♥❞❧❡❞ ❜② ✇r✐t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❛s ❛ s✉♠ ♦❢ ❛ ❦♥♦✇♥ s✐♥❣✉❧❛r ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡
s♦❧✉t✐♦♥ ♦❢ ❛ r❡❣✉❧❛r✐s❡❞ ❡q✉❛t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐s❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❇❈▼❚✶✵❪✳ ▲❡t χ ❜❡ ❛ ❢✉♥❝t✐♦♥ C∞ ✇✐t❤ ❛ ❝♦♠♣❛❝t s✉♣♣♦rt
❡♠❜❡❞❞❡❞ ✐♥ Ωint✱ s✉❝❤ t❤❛t χ(x) = 1 ❢♦r x ❝❧♦s❡ t♦ {x1, . . . , xN} ❛♥❞ G =

∑

i Gi ✇❤❡r❡

Gi(x) =
qi

ǫint

1

|x − xi|
x ∈ ❘

3,

s❛t✐s❢②✐♥❣
−∇.(ǫint∇Gi) = qiδi.

❲❡ t❤❡♥ st✉❞② t❤❡ ❢✉♥❝t✐♦♥ v = u − χG ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢

−∇.(ǫ(x)∇v(x)) + κ2(x) sinh(v(x)) = g̃(x), x ∈ ❘
3 ✭✺✮

❚❤❡ r❡❣✉❧❛r✐s❡❞ s♦✉r❝❡ t❡r♠ ✐s t❤❡♥ ❡①♣r❡ss❡❞ ❛s g̃(x) = ǫint (G(x)∆χ(x) + ∇G(x).∇χ(x))✱ ❢♦r x ∈ ❘
3 s✐♥❝❡

t❤❡ s✉♣♣♦rt ♦❢ χG ✐s ✐♥ Ωint ✇❤✐❧❡ κ ✐s ♥✉❧❧ ♦♥ Ωint✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢✉♥❝t✐♦♥ g̃ ✐s C∞✳

✷✳✷✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥

■♥ ❬❇❈▼❚✶✵❪✱ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞ ❢♦r ❞✐✈❡r❣❡♥❝❡✲❢♦r♠ ♦♣❡r❛t♦rs ✐♥ ❘
d✱ d > 1 ✇✐t❤

❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❢♦r♠
L = ∇ · (ǫ(x)∇),

✇❤❡r❡ ǫ ✐s ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ❢r♦♠ ❘
d t♦ (0,∞) ✇✐t❤ ❛ s♠♦♦t❤ ❞✐s❝♦♥t✐♥✉✐t② ♠❛♥✐❢♦❧❞ Γ✳

❲❡ s✉♣♣♦s❡ t❤❛t Ωint ✐s ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ s❡t ✇✐t❤ ❛ ❜♦✉♥❞❛r② Γ ♦❢ ❝❧❛ss C∞✱ ❛♥❞ t❤❛t Ωext = ❘
d\(Ωint∪Γ)✳

❚❤❡ s♠♦♦t❤♥❡ss ♦❢ Γ ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t ❛ ♠❛♣♣✐♥❣ π ♦❢ ❝❧❛ss C2
b ❢r♦♠ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ N ♦❢ Γ t♦ Γ s✉❝❤

t❤❛t
|x − π(x)| = d(x,Γ), ∀x ∈ N ,

✇❤❡r❡ d(x,Γ) ❞❡♥♦t❡s t❤❡ ❞✐st❛♥❝❡ ♦❢ x t♦ Γ✳ ▲❡t n(x) ❜❡ t❤❡ ✉♥✐t ✈❡❝t♦r ♥♦r♠❛❧ t♦ Γ ❛t x ∈ Γ ♣♦✐♥t✐♥❣ ✐♥
❞✐r❡❝t✐♦♥ ♦❢ Ωext✳ ❋✐♥❛❧❧②✱ ❧❡t ρ ❜❡ t❤❡ s✐❣♥❡❞ ❞✐st❛♥❝❡ t♦ Γ ♣♦s✐t✐✈❡ ✐♥ Ωext ❛♥❞ ♥❡❣❛t✐✈❡ ✐♥ Ωint ❢♦r ❛❧❧ x ∈ N

ρ(x) = (x − π(x)) · n(π(x)), x ∈ N ,

✇❤✐❝❤ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ✇❤♦❧❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ❘d ✐♥ ❛ ❢✉♥❝t✐♦♥ C2
b st✐❧❧ ❞❡♥♦t❡❞ ρ ✭❝❢✳ ❋✐❣✉r❡ ✶✮✳
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Ωint

Ωext

Γ

x π(x)

n(x)

xi✱ qi

x1✱ q1

x3✱ q3

x2✱ q2

ρ(x)

{

❋✐❣✉r❡ ✶

❚❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝ P❉❊s ❞r✐✈❡♥ ❜② t❤❡ ♦♣❡r❛t♦r L r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ▲❡t (C,B) ❜❡ t❤❡ s❡t C ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ w ❢r♦♠ [0,∞) t♦ ❘d ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❇♦r❡❧
❝②❧✐♥❞r✐❝❛❧ σ✲✜❡❧❞ B ❛♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧ ✜❧tr❛t✐♦♥ (Bt, t > 0)✳ ❆ ❢❛♠✐❧② ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s Px ♦♥ (C,B) s♦❧✈❡s
t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ♦♣❡r❛t♦r L ✐❢✱ ❢♦r ❛❧❧ x ∈ ❘

d✱ ♦♥❡ ❤❛s

Px {w ∈ C ✿ w(0) = x} = 1,

❛♥❞✱ ❢♦r ❛❧❧ φ s❛t✐s❢②✐♥❣

φ ∈ C0
b (❘d) ∩ C2

b (❘d\Γ),

ǫ∇φ · (nπ) ∈ C0
b (N ),

♦♥❡ ❤❛s t❤❡ ♣r♦❝❡ss

Mφ
t (w) := φ(w(t)) − φ(w(0)) −

∫ t

0

Lφ(w(s))ds

✐s ❛ Px✲(Bt) ♠❛rt✐♥❣❛❧❡✳

■t ✐s s❤♦✇♥ ✐♥ ❬❇❈▼❚✶✵❪ t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✐s t❤❡ ❧❛✇ Px ♦❢ ❛❧❧ ✇❡❛❦ s♦❧✉t✐♦♥
(Ω,Fx, (Fx

t )t>0,Px, {Bt❀ t > 0} , {Xx
t ❀ t > 0}) ♦❢ t❤❡ ❙t♦❝❤❛st✐❝ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ✭❙❉❊✮

{

Xx
t = x +

∫ t

0

√

2ǫ(Xx
s )dBs + ǫ❡①t−ǫ✐♥t

2ǫ❡①t

∫ t

0
n(Xx

s )dL0
s(D

x) ,

Dx
t = ρ(Xx

t ),
✭✻✮

✇❤❡r❡ B ✐s ❛ Fx
t ✲st❛♥❞❛r❞ d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ❛♥❞ L0

s(D) ✐s t❤❡ ❧♦❝❛❧ t✐♠❡ ❛t ✵ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s
s❡♠✐♠❛rt✐♥❣❛❧❡ Dx✳ ■t ✐s ❛❝t✉❛❧❧② s❤♦✇♥ ✐♥ ❬❇❈▼❚✶✵❪ t❤❛t ❛❧❧ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ ❙❉❊ ✭✻✮ ❛r❡ ✐❞❡♥t✐❝❛❧ ✐♥
❧❛✇✳ ❚❤❡ ❛❜♦✈❡ ♣r♦❝❡ss X✱ ✐s ✉s❡❞ ✐♥ t❤❡ ♥❡✇ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ t❤❛t ✇❡ ❞❡✈❡❧♦♣ ✐♥ ♥❡①t s❡❝t✐♦♥✳
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✸✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❇❙❉❊s

❖♥❡ ♦❢ ♣r♦❜❛❜✐❧✐st✐❝ ♠❡t❤♦❞s t♦ ❤❛♥❞❧❡ ♥♦♥❧✐♥❡❛r P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭P❉❊s✮ ✐s ❜❛s❡❞ ♦♥ ❇❛❝❦✇❛r❞
❙t♦❝❤❛st✐❝ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭❇❙❉❊s✮ ✭❝❢✳ ❬❇❉❍+✵✸❪ ♦r ❬P❛r✾✾❪✮✳ ❲❡ ❜r✐❡✢② ♣r❡s❡♥t ❇❙❉❊s t❤❡♦r② ❜❡❢♦r❡
❣✐✈✐♥❣ ❛ r❡s✉❧t ❢♦r ❇❙❉❊s ✇✐t❤ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ❛♣♣❧②✐♥❣ t❤❡
❛❜♦✈❡ r❡s✉❧t t♦ ❇❙❉❊s ❞r✐✈❡♥ ❜② ❛ ❙❉❊ ✇✐t❤ ✇❡✐❣❤t❡❞ ❧♦❝❛❧ t✐♠❡✳

✸✳✶✳ ❘❡♠✐♥❞❡rs ♦♥ ❇❙❉❊s

▲❡t B ❜❡ ❛ st❛♥❞❛r❞ d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F ,P)✱ ✇❤❡r❡ {F}
✐s t❤❡ ♥❛t✉r❛❧ ❛✉❣♠❡♥t❡❞ ✜❧tr❛t✐♦♥ ♦❢ B✳ ▲❡t τ ❜❡ ❛ Ft✲♠❡❛s✉r❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡✱ ξ ❛ Fτ ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡ ❛♥❞ f ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❢r♦♠ Ω × ❘

+ × ❘
k × ❘

k×d t♦ ❘k✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❆ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❇❙❉❊ (τ, ξ, f) ✐s ❛ ❝♦✉♣❧❡ ♦❢ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss❡s (Y, Z) ✇✐t❤
✈❛❧✉❡s ✐♥ ❘k × ❘

d×k✱ ✇❤✐❝❤ s❛t✐s✜❡s ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s

✭✶✮ t → 1{t6τ}f(t, Yt, Zt) ✐s ✐♥ L1
loc(0,∞)✱ ❛♥❞ t → Zt ✐s ✐♥ L2

loc(0,∞)❀

✭✷✮ Yt∧τ = YT∧τ +
∫ T∧τ

t∧τ
f(s, Ys, Zs)ds −

∫ T∧τ

t∧τ
ZsdBs ❢♦r ❛❧❧ 0 6 t 6 T ❀

✭✸✮ Yt = ξ ❡t Zt = 0 ♦♥ t❤❡ ❡✈❡♥t {t > τ}✳
❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ f ✐s ❝❛❧❧❡❞ t❤❡ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ❇❙❉❊✳

❚❤❡ r❡❣✉❧❛r✐s❡❞ P❇ ❡q✉❛t✐♦♥ ✭❊q✳ ✭✺✮✮✱ ❢♦r d = 3✱ ✐s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❇❙❉❊ (∞, 0, f) ✇✐t❤ ❣❡♥❡r❛t♦r ❣✐✈❡♥
❜②

f(t, y) = g̃(Xx
t ) − κ2(Xx

t ) sinh y, x ∈ ❘
3✱ y ∈ ❘✱ t ∈ [0,∞),

✇❤❡r❡ Xt ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❉❊ ❣✐✈❡♥ ❜② ❊q✳ ✭✻✮✱

Y x
t = Y x

T +

∫ T

t

g̃(Xx
s ) − κ2(Xx

s ) sinhY x
s ds −

∫ T

t

Zx
s dBs , ✭✼✮

❢♦r ❛❧❧ t✱ T ❛s 0 6 t 6 T ✳
▲❡t ✉s r❡❝❛❧❧ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❬❇❉❍+✵✸❪✿ ❧❡t

✭❤✶✮ ❛ Ft✲♠❡❛s✉r❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ τ ✱ ✇❤✐❝❤ ♥❡❡❞ ♥♦t ❜❡ ❜♦✉♥❞❡❞❀
✭❤✷✮ ❛ ❣❡♥❡r❛t♦r f ✇❤✐❝❤ ♠❛♣s Ω × ❘

+ × ❘
k × ❘

k×d ✐♥ ❘
k s✉❝❤ t❤❛t ❢♦r s♦♠❡ r❡❛❧ ❝♦♥st❛♥ts µ✱ λ✱ K✱ K ′

s❛t✐s❢②✐♥❣ K, K ′ > 0✱ 2µ + K2 < λ ❛♥❞ s✉❝❤ t❤❛t
✭❛✮ f(·, y, z) ✐s ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ❢♦r ❛❧❧ y ❛♥❞ z❀
✭❜✮ ❢♦r ❛❧❧ r > 0✱ ❢♦r ❛❧❧ n ∈ ◆

⋆✱ sup|y|6r |f(t, y, 0) − f(t, 0, 0)| ∈ L1(]0, n[×Ω,dt ⊗ P)❀

✭❝✮ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✿ f ✐s K✲▲✐♣s❝❤✐t③ ✐♥ z ❢♦r ❛❧❧ t ❛♥❞ y ❛✳s✳❀
✭❞✮ ♠♦♥♦t♦♥✐❝✐t② ✿ f s❛t✐s✜❡s t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥

〈y − y′, f(t, y, z) − f(t, y′, z)〉 6 µ|y − y′|2

❢♦r ❛❧❧ t✱ y✱ y′✱ z ❛✳s✳❀
✭❡✮ ✐♥t❡❣r❛❜✐❧✐t② ✿ ❊

∫ τ

0
eλt|f(t, 0, 0)|2dt ❜♦✉♥❞❡❞ ❀

✭❢✮ y → f(t, y, z) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛❧❧ t✱ z ❛✳s✳❀
✭❤✸✮ t❤❡r❡ ❡①✐sts ❛ k✲❞✐♠❡♥s✐♦♥❛❧ Fτ ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ✱ s✉❝❤ t❤❛t

❊

[

∫ T

0

eλtds |f(t, ω, e−λ̃t/2ξ̄t, e
−λ̃t/2η̄t)|2dt

]

< ∞
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✇❤❡r❡ λ̃ := 2µ + K2✱ ξ̄ = eλ̃τξ✱ ξ̄t = ❊
[

ξ̄|Ft

]

❛♥❞ η̄ ❛r❡ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t

ξ̄ = ❊
[

ξ̄
]

+

∫ ∞

0

η̄tdBt ,

❊

[
∫ ∞

0

|η̄t|2dt

]

< ∞.

❚❤❡♦r❡♠ ✸✳✷ ✭❇r✐❛♥❞ ❡t ❛❧✳✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✭❤✶✲❤✸✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❇❙❉❊ (τ, ξ, f)✳

❍♦✇❡✈❡r✱ r❡s✉❧ts ♦❢ ❬P❛r✾✾❪ ❛♥❞ ❬❇❉❍+✵✸❪ ❞♦ ♥♦t ❞✐r❡❝t❧② ❛♣♣❧② t♦ t❤❡ r❡❣✉❧❛r✐s❡❞ P❇ ❡q✉❛t✐♦♥ ✭❊q✳ ✭✺✮✮✱
♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ ǫ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❜❡❝❛✉s❡ ♦❢ ❆ss✉♠♣t✐♦♥s ✭❤✷❞✮ ❛♥❞
✭❤✷❡✮ ✇❤✐❝❤ ❡ss❡♥t✐❛❧❧② r❡q✉✐r❡ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t µ✳ ❋♦r t❤❡ ❣❡♥❡r❛t♦r f ♦❢ t❤❡ r❡❣✉❧❛r✐s❡❞ P❇ ❡q✉❛t✐♦♥ t❤❡
❜❡st ❝❤♦✐❝❡ ♦❢ µ ✐s ♥✉❧❧ ✭❞✉❡ t♦ t❤❡ ♥✉❧❧✐t② ♦❢ κ2 ♦♥ t❤❡ ❝♦♠♣❛❝t Ωint✮ ✇❤✐❝❤ ♠❛❦❡s ❞✐✣❝✉❧t t❤❡ ✈❡r✐✜❝❛t✐♦♥✱ ❢♦r
λ > 0✱ ♦❢ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ❤②♣♦t❤❡s✐s t❤❛t ❊

∫ ∞

0
eλt|g̃(Xx

s )|2dt ✐s ✜♥✐t❡✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ κ2 ✐s ♣♦s✐t✐✈❡ ♦✉ts✐❞❡ ❛ ❝♦♠♣❛❝t✳ ❚❤❡♥✱ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡
♣r♦❝❡ss X ✐♥❝✐t❡s ✉s t♦ ✇❡❛❦❡♥ t❤❡ ❛ss✉♠♣t✐♦♥s ❜② ❛❧❧♦✇✐♥❣ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥st❛♥ts t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ t✐♠❡ ❛♥❞✱
♣❛rt✐❝✉❧❛r❧② ✐♥ ❝❛s❡ ♦❢ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥✱ t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss X✳

❘❡♠❛r❦ ✸✳✸✳ ❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ❛ r❡s✉❧t ❢♦r ♠♦♥♦t♦♥❡ ❇❙❉❊s ✭✇✐t❤ ❝♦♥st❛♥t µ = 0✮ ✐s ♦❜t❛✐♥❡❞
✐♥ ❬❘♦②✵✹❪✱ ✉♥❞❡r t❤❡ str♦♥❣ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❣❡♥❡r❛t♦r✱ f(t, 0, 0) ≡ 0 ❛✳s✳✱ ✇❤✐❝❤ ✐s ♥♦t s❛t✐s✜❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢
t❤❡ r❡❣✉❧❛r✐s❡❞ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳

✸✳✷✳ ❇❙❉❊s ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥

▲❡t ✉s ✇❡❛❦❡♥ ❆ss✉♠♣t✐♦♥s ✭❤✷❝✮✱ ✭❤✷❞✮✱ ✭❤✷❡✮ ❛♥❞ ✭❤✸✮

✭❤′✷✮ ✭❝✮ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✿ |f(t, y, z) − f(t, y, z′)| 6 K(t)‖z − z′‖ ❢♦r ❛❧❧ t✱ y✱ y′ ❛✳s✳✱ ✇❤❡r❡ K ✐s ❛
♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t K̄✱

✭❞✮ ♠♦♥♦t♦♥✐❝✐t② ✿ ❢♦r ❛❧❧ t✱ y✱ y′✱ z ❛✳s✳✱

〈y − y′, f(t, y, z) − f(t, y′, z)〉 6 µ(t)|y − y′|2

✇❤❡r❡ µ ✐s ❛ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t µ̄✱ ❛♥❞
✭❡✮ ✐♥t❡❣r❛❜✐❧✐t② ✿

❊

∫ τ

0

e
R

t

0
λ(s)ds|f(t, 0, 0)|2dt < ∞

✇❤❡r❡ t❤❡ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss λ ✐s s✉❝❤ t❤❛t 2µ(t) + K2(t) < λ(t) ❢♦r ❛❧❧ t ✐♥ ❘+✱
✭❤′✸✮ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ ξ ✐s ❛ Fτ ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s✉❝❤ t❤❛t

❊ν

[

∫ T

0

e
R

t

0
λ(s,ω)ds |f(t, e−1/2

R

t

0
λ̃(s)ds ξ̄t, e

−1/2
R

t

0
λ̃(s)ds η̄t)|2dt

]

< ∞

✇❤❡r❡ λ̃(t) := 2µ(t) + K2(t)✱ ξ̄ = e
R

T

0
λ̃(s)ds ξ✱ ξ̄t = ❊ν

[

ξ̄|Ft

]

❛♥❞ η̄ ❛r❡ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t

ξ̄ = ❊ν

[

ξ̄
]

+

∫ ∞

0

η̄tdBt

❊

[
∫ ∞

0

|η̄t|2dt

]

< ∞.
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❉❡✜♥✐t✐♦♥ ✸✳✹✳ ❋♦r ❛ ❣✐✈❡♥ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss λ✱ t❤❡ s♦❧✉t✐♦♥ (Y, Z) ♦❢ ❇❙❉❊ (τ, ξ, f) ✐s s❛✐❞ t♦
❜❡ ✐♥ L2

λ(·) ✐❢

‖(Y, Z)‖2
λ(·) := ❊

[

sup
06t6τ

e
R

t

0
λ(s)ds|Yt|2 +

∫ τ

0

e
R

t

0
λ(s)ds(|Yt|2 + ‖Zt‖2)dt

]

< ∞.

❲❡ ♣r♦✈❡ ✐♥ ❬P❡r✶✷❪ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ❇❙❉❊s✳

❚❤❡♦r❡♠ ✸✳✺✳ ■❢ ❆ss✉♠♣t✐♦♥s ✭❤✶✲❤✷❜✲❤′✷❝✲❤′✸✮ ❛r❡ tr✉❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (Y,Z) t♦ t❤❡ ❇❙❉❊
(τ, ξ, f) s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss λ s✉❝❤ t❤❛t λ(·) − 2µ(·) − K2(·) > λ̄ > 0✱

‖(Y, Z)‖2
λ(·) 6 C❊

[

e
R

τ

0
λ(s)ds |ξ|2 +

∫ τ

0

e
R

t

0
λ(s)ds |f(t, 0, 0)|2dt

]

. ✭✽✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ❢♦❧❧♦✇s ❝❧♦s❡❧② t❤❡ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ✐♥ ❬P❛r✾✾❪ ❛❞❛♣t✐♥❣ t❤❡♠ t♦ t✐♠❡ ❞❡♣❡♥❞❡♥t
❝♦❡✣❝✐❡♥ts✳

✸✳✸✳ ❇❙❉❊s ❞r✐✈❡♥ ❜② ❙❉❊s ✇✐t❤ ✇❡✐❣❤t❡❞ ❧♦❝❛❧ t✐♠❡

▲❡t (Ω,Fx, (Fx
t )t>0,Px, {Bt❀ t > 0} , {Xx

t ❀ t > 0}) ❜❡ ❛♥ ❛r❜✐tr❛r② ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❉❊ ✭✻✮✳ ❈♦♥s✐❞❡r
t❤❡ ❋♦r✇❛r❞✲❇❛❝❦✇❛r❞ ❙❉❊ (∞, 0, f)✱ ❢♦r ❛❧❧ t✱ T ✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ 0 6 t 6 T ✱

Y x
t = Y x

T +

∫ T

t

f (Xx
s , Y x

s , Zx
s )ds −

∫ T

t

Zx
s dBs . ✭✾✮

✇❤❡r❡ f ✐s ❛ ❣❡♥❡r❛t♦r ❢r♦♠ ❘
d × ❘

k × ❘
k×d t♦ ❘k s✉❝❤ t❤❛t

✭❍✶✮ f(·, y, z) ✐s ♠❡❛s✉r❛❜❧❡ ❢♦r ❛❧❧ y ❛♥❞ z❀
✭❍✷✮ y → f(x, y, z) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛❧❧ x✱ z❀
✭❍✸✮ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✿ |f(x, y, z)−f(x, y, z′)| 6 K(x)‖z−z′‖ ❢♦r ❛❧❧ x✱ y✱ y′ ❛✳s✳✱ ✇❤❡r❡ K ✐s ♠❡❛s✉r❛❜❧❡

❛♥❞ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t K̄✱
✭❍✹✮ ♠♦♥♦t♦♥✐❝✐t② ✿ ❢♦r ❛❧❧ x✱ y✱ y′✱ z ❛✳s✳✱

〈y − y′, f(x, y, z) − f(x, y′, z)〉 6 µ(x)|y − y′|2

✇❤❡r❡ µ ✐s ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t µ̄✱
✭❍✺✮ ✐♥t❡❣r❛❜✐❧✐t② ✿

❊

∫ ∞

0

e
R

t

0
λ(Xx

s
)ds|f(Xt, 0, 0)|2dt < ∞

✇❤❡r❡ λ ✐s ♠❡❛s✉r❛❜❧❡ ❛♥❞ s✉❝❤ t❤❛t 2µ(x) + K2(x) < λ(x) ❢♦r ❛❧❧ x ✐♥ ❘d✱
✭❍✻✮ sup|y|6r |f(Xx

t , y, 0) − f(Xx
t , 0, 0)| ∈ L1(]0, n[×Ω,dt ⊗ P)✱ ∀n ∈ ◆

∗ ❛♥❞ ∀r > 0✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠ ❢♦r ❊q✳ ✭✾✮ ✐s ❛ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✸✳✺✳

❚❤❡♦r❡♠ ✸✳✻✳ ❚❤❡ ❇❙❉❊ ✭✾✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶ s✉❝❤ t❤❛t

❊

[

sup
06t

e
R

t

0
λ(Xx

s
)ds |Y x

t |2 +

∫ ∞

0

e
R

t

0
λ(Xx

s
)ds

(

|Y x
t |2 + ‖Zx

t

√

2ǫ(Xx
s )‖2

)

dt

]

6C❊

[
∫ ∞

0

e
R

t

0
λ(Xx

s
)ds |f(Xx

t , 0, 0)|2dt

]

.

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤❡ ❦❡② ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❚❤❡ ✉♥✐❢♦r♠ ❡❧❧✐♣t✐❝✐t② ♦❢ ǫ ❛❧❧♦✇s ♦♥❡ t♦ ❝❤❛♥❣❡ Zx
t ✐♥ Z̃x

t

√

2ǫ(Xx
t )✳
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• ❚❤❡ ✇❡❛❦ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ (Ω,Fx, (Fx
t )t>0,Px, {Bt❀ t > 0} , {Xx

t ❀ t > 0}) t♦ t❤❡ ❙❉❊ ✭✻✮ ❛❧❧♦✇s
♦♥❡ t♦ ✉s❡ ❚❤❡♦r❡♠ ✹✳✷✾ ✐♥ ❬❏❙✵✸❪ t♦ r❡♣r❡s❡♥t (Ω,Fx, (Fx

t )t>0,Px) ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❛s st♦❝❤❛st✐❝

✐♥t❡❣r❛❧s ✇✳r✳t✳
∫ ·

0

√

ǫ(Xx
t )dBt ✳

�

❚❤❡ ❇❙❉❊ ✭✾✮ ♣r♦✈✐❞❡s ❛ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ t♦ ❡❧❧✐♣t✐❝ s❡♠✐❧✐♥❡❛r P❉❊s ❞r✐✈❡♥ ❜② t❤❡ ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦r L✿

−Lu(x) + f(x, u(x), (∇u
√

2ǫ)(x)) = 0, x ∈ ❘
d. ✭✶✵✮

❚❤❡♦r❡♠ ✸✳✼✳ ▲❡t u ❜❡❧♦♥❣s t♦ C2(❘d\Γ) ❛ s♦❧✉t✐♦♥ ♦❢ ❊q✳✭✶✵✮✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ✐♥ ❘
d

❊

[
∫ ∞

0

e
R

t

0
λ(Xx

s
)ds‖(∇u

√
2ǫ)(Xx

s )‖2dt

]

< ∞. ✭✶✶✮

❙✉♣♣♦s❡ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ r ✐♥ C2✱ s✉❝❤ t❤❛t ∀x ∈ N ✱

r(x) =

(

ǫ✐♥t
ǫ❡①t

− 1

)

∇✐♥tu(π(x)) · n(π(x)),

❛♥❞ s✉❝❤ t❤❛t û ❜❡❧♦♥❣s t♦ C2(❘d\Γ) ∩ W 2,∞
loc (❘d)✱ ✇❤❡r❡

û(x) := u(x) − r(x)[ρ(x)]+.

❚❤❡♥✱ ❢♦r ❛❧❧ x ✐♥ ❘d✱ t❤❡ ❝♦✉♣❧❡
{

u(Xx
t ), (∇u

√
2ǫ)(Xx

t )
}

✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❇❙❉❊ ✭✾✮❀ ✐♥ ♣❛rt✐❝✉❧❛r u(x) = Y x
0 ✳

❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ ✉s✐♥❣ ❛ ❣❡♥❡r❛❧✐s❡❞ ■tô ❢♦r♠✉❧❛ ♣r♦✈❡❞ ❜② ❚❤❡♦r❡♠ ✷✳✽ ✐♥ ❬❇❈▼❚✶✵❪✳

✹✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ♥♦♥❧✐♥❡❛r P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥

✹✳✶✳ ▼❛✐♥ r❡s✉❧t

■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ t♦ t❤❡ ♥♦♥❧✐♥❡❛r P♦✐ss♦♥✲❇♦❧t③♠❛♥♥
❡q✉❛t✐♦♥✳

❚❤❡♦r❡♠ ✹✳✶✳ ❚❤❡ ♥♦♥❧✐♥❡❛r P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✭❊q✳ ✭✷✮✮ ❛❞♠✐ts t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥

u(x) = χ(x)G(x) + Y x
0 , ∀x ∈ ❘

3,

✇❤❡r❡ Y x
0 ❞❡♥♦t❡s t❤❡ s♦❧✉t✐♦♥ (Y x, Zx) ♦❢ t❤❡ ❇❙❉❊ ✭✼✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡❣✉❧❛r✐s❡❞ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥

❡q✉❛t✐♦♥ ✭❊q✳ ✭✺✮✮✳

❚♦ ♣r♦✈❡ t❤✐s r❡s✉❧t✱ ✇❡ ♥❡❡❞ t♦ ✈❡r✐❢② t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ r❡❣✉❧❛r✐s❡❞ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥
✭❊q✳ ✭✺✮✮ s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✼✳

✹✳✷✳ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥

■♥ ❬P❡r✶✷❪ ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ s✉❜s❡t M ♦❢
H1(❘d)✱

M :=
{

v ∈ H1(❘d)| sinh v ∈ L2(❘d)
}

.



❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙ ✾

❚❤❡♦r❡♠ ✹✳✷✳ ❚❤❡ r❡❣✉❧❛r✐s❡❞ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✭❊q✳ ✭✺✮✮ ❤❛s ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ v ✐♥ t❤❡ s✉❜s❡t
M ♦❢ H1✳ ❚❤✐s s♦❧✉t✐♦♥ ❜❡❧♦♥❣s t♦ C0

b (❘d) ∩ C2(❘d\Γ)✱ ✐ts r❡str✐❝t✐♦♥ v|Γ ❜❡❧♦♥❣s t♦ C∞(Γ)✳ ❆♥❞ t❤❡r❡ ❡①✐sts ❛

❢✉♥❝t✐♦♥ r ✐♥ C2 s✉❝❤ t❤❛t ∀x ∈ N

r(x) =

(

ǫint

ǫext
− 1

)

∇intv(π(x)) · n(π(x)), ✭✯✮

❛♥❞ s✉❝❤ t❤❛t
v̂(x) := v(x) − r(x)[ρ(x)]+ ✭✯✯✮

✐s ✐♥ C2(❘d\Γ) ∩ W 2,∞
loc ✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ▲❛♣❧❛❝✐❛♥ ∇v ♦❢ v ❜❡❧♦♥❣s t♦ L∞✳

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ✭✶✮ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ H1(❘d) ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛♥ ❡♥❡r❣②
♠✐♥✐♠✐s❛t✐♦♥✳

✭✷✮ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s ♣r♦✈❡❞ ❜② ✉s✐♥❣ ❛ ❍ö❧❞❡r ❝♦♥t✐♥✉✐t② r❡s✉❧t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ s❡♠✐❣r♦✉♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝ ❞✐✈❡r❣❡♥❝❡ ❢♦r♠ ♦♣❡r❛t♦rs ❣✐✈❡♥
✐♥ ❬❙tr✽✽❪ ✭❈♦r♦❧❧❛r② ■■✳✶✳✾ ♣✳ ✸✸✹✮✳

✭✸✮ Pr♦♣❡rt✐❡s v ✐♥ C0
b (❘d)∩ C2(❘d\Γ) ❛♥❞ v̂ ✐♥ W 2,∞

loc ❛r❡ ♣r♦✈❡❞ ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ✐♥ ❬❇❈▼❚✶✵❪✱
❆♣♣❡♥❞✐① ❆✳

✭✹✮ ❚❤❡ ❜♦✉♥❞❡❞ ❝♦♥❞✐t✐♦♥ ♦❢ ∇v ✐s s❤♦✇♥ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ■❳✳✷✼ ❜② ❍✳ ❇r❡③✐s
✐♥ ❬❇r❡✽✸❪✳

�

✹✳✸✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶

❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✳

✭✶✮ ■♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ ❤❛✈❡ st❛t❡❞ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ✭❚❤❡♦r❡♠ ✹✳✷✮ ❢♦r s♦❧✉t✐♦♥s v ✐♥ H1

t♦ t❤❡ r❡❣✉❧❛r✐s❡❞ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳
✭✷✮ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭♣r♦✈❡❞ ✐♥ ❬P❡r✶✷❪✮ ❛❧❧♦✇s ✉s t♦ ✈❡r✐❢② t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ❍②♣♦t❤❡s✐s ✭❍✺ ✮ ❢♦r t❤❡

❣❡♥❡r❛t♦r f(x, y) = κ2(x) sinh(y) + g̃(x) ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r P❇ ❡q✉❛t✐♦♥✳

▲❡♠♠❛ ✹✳✸✳ ▲❡t Xx ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❉❊ ✭✻✮ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♦♣❡r❛t♦r L := ∇(ǫ∇)✳ ❚❤❡r❡ ❡①✐sts
❛ ❝❤♦✐❝❡ ♦❢ p ❛♥❞ q ♣♦s✐t✐✈❡✱ s✉❝❤

❊

[
∫ ∞

0

exp

{
∫ t

0

λ(Xx
s )ds

}

|f(Xx
t , 0)|2dt

]

< ∞

✇❤❡r❡ λ(Xx
s ) = p1Xx

s
∈Ωint

− q1Xx
s
∈Ωext

✳

❙♦ t❤❡ ❣❡♥❡r❛t♦r f s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥s ✭❍✶ ✲❍✻ ✮✳
✭✸✮ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s♦❧✉t✐♦♥ v s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✼ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥

P❉❊s s♦❧✉t✐♦♥s ❛♥❞ ❇❙❉❊s s♦❧✉t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ▲❡♠♠❛ ✹✳✸ ❛♥❞ t❤❡ ♣r♦♣❡rt② ∇v ∈ L∞ ❛❧❧♦✇ ✉s t♦
✈❡r✐❢② ❆ss✉♠♣t✐♦♥ ✭✶✶✮✳ ❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧② ✐t t♦ v ❛♥❞ ❝♦♥❝❧✉❞❡✳

❈♦♥❝❧✉s✐♦♥

❲✐t❤ t❤✐s ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥✱ ✐t s❤♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ✐♠♣❧❡♠❡♥t ♥❡✇ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡
P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳ ❚♦ t❤✐s ❛✐♠✱ ❛♥ ❡✣❝✐❡♥t ✇❛② t♦ s✐♠✉❧❛t❡ t❤❡ ❢♦r✇❛r❞ ♣r♦❝❡ss ❣✐✈❡♥ ❜② ❊q✳ ✻ ❤❛s
t♦ ❜❡ ✐♠♣❧❡♠❡♥t✳ ❲✐t❤ ♠♦r❡ r❡❣✉❧❛r✐t✐❡s ❤②♣♦t❤❡s✐s✱ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ❋♦r✇❛r❞✲❇❛❝❦✇❛r❞ ❙❉❊ s②st❡♠ ❝❛♥ ❜❡
❞♦♥❡ ❜② q✉❛♥t✐✜❝❛t✐♦♥ ✭❝❢✳ ❬❉▼✵✻❪✮✳ ❍♦✇❡✈❡r t❤❡ ❛❞❛♣t❛t✐♦♥ t♦ t❤❡ P❇ ❡q✉❛t✐♦♥ ❤❛s t♦ ❜❡ ❞♦♥❡✳

❋✉rt❤❡r♠♦r❡✱ t❤✐s ❇❙❉❊s ✐♥t❡r♣r❡t❛t✐♦♥ s❡❡♠s t♦ ❜❡ ❢❛✈♦✉r❛❜❧❡ t♦ ❣❡t ❡st✐♠❛t❡s ❢♦r t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡
P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳ ❚❤❡s❡ ❡st✐♠❛t❡s s❤♦✉❧❞ ❜❡ ✉s❡❢✉❧ t♦ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s✳
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❘❡❢❡r❡♥❝❡s

❬❇❇❈✵✻❪ ◆❛t❤❛♥ ❆✳ ❇❛❦❡r✱ ❉♦♥❛❧❞ ❇❛s❤❢♦r❞✱ ❛♥❞ ❉❛✈✐❞ ❆✳ ❈❛s❡✳ ■♠♣❧✐❝✐t s♦❧✈❡♥t ❡❧❡❝tr♦st❛t✐❝s ✐♥ ❜✐♦♠♦❧❡❝✉❧❛r s✐♠✉❧❛t✐♦♥✳ ■♥
◆❡✇ ❛❧❣♦r✐t❤♠s ❢♦r ♠❛❝r♦♠♦❧❡❝✉❧❛r s✐♠✉❧❛t✐♦♥✱ ✈♦❧✉♠❡ ✹✾ ♦❢ ▲❡❝t✳ ◆♦t❡s ❈♦♠♣✉t✳ ❙❝✐✳ ❊♥❣✳✱ ♣❛❣❡s ✷✻✸✕✷✾✺✳ ❙♣r✐♥❣❡r✱
❇❡r❧✐♥✱ ✷✵✵✻✳

❬❇❈▼❚✶✵❪ ▼✐r❡✐❧❧❡ ❇♦ss②✱ ◆✐❝♦❧❛s ❈❤❛♠♣❛❣♥❛t✱ ❙②❧✈❛✐♥ ▼❛✐r❡✱ ❛♥❞ ❉❡♥✐s ❚❛❧❛②✳ Pr♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ r❛♥❞♦♠ ✇❛❧❦ ♦♥
s♣❤❡r❡s ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ P♦✐ss♦♥✲❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✐♥ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s✳ ▼✷❆◆ ▼❛t❤✳ ▼♦❞❡❧✳ ◆✉♠❡r✳ ❆♥❛❧✳✱
✹✹✭✺✮✿✾✾✼✕✶✵✹✽✱ ✷✵✶✵✳

❬❇❉❍+✵✸❪ P❤✐❧✐♣♣❡ ❇r✐❛♥❞✱ ❇❡r♥❛r❞ ❉❡❧②♦♥✱ ❨✐♥❣ ❍✉✱ ❊t✐❡♥♥❡ P❛r❞♦✉①✱ ❛♥❞ ▲✉❝rét✐✉ ❙t♦✐❝❛✳ L
p s♦❧✉t✐♦♥s ♦❢ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss✳ ❆♣♣❧✳✱ ✶✵✽✭✶✮✿✶✵✾✕✶✷✾✱ ✷✵✵✸✳
❬❇r❡✽✸❪ ❍❛ï♠ ❇r❡③✐s✳ ❆♥❛❧②s❡ ❢♦♥❝t✐♦♥♥❡❧❧❡✳ ❈♦❧❧❡❝t✐♦♥ ▼❛t❤é♠❛t✐q✉❡s ❆♣♣❧✐q✉é❡s ♣♦✉r ❧❛ ▼❛îtr✐s❡✳ ❬❈♦❧❧❡❝t✐♦♥ ♦❢ ❆♣♣❧✐❡❞

▼❛t❤❡♠❛t✐❝s ❢♦r t❤❡ ▼❛st❡r✬s ❉❡❣r❡❡❪✳ ▼❛ss♦♥✱ P❛r✐s✱ ✶✾✽✸✳ ❚❤é♦r✐❡ ❡t ❛♣♣❧✐❝❛t✐♦♥s✳ ❬❚❤❡♦r② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s❪✳
❬❉▼✵✻❪ ❋r❛♥ç♦✐s ❉❡❧❛r✉❡ ❛♥❞ ❙té♣❤❛♥❡ ▼❡♥♦③③✐✳ ❆ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❛❧❣♦r✐t❤♠ ❢♦r q✉❛s✐✲❧✐♥❡❛r P❉❊s✳ ❆♥♥✳ ❆♣♣❧✳

Pr♦❜❛❜✳✱ ✶✻✭✶✮✿✶✹✵✕✶✽✹✱ ✷✵✵✻✳
❬❏❙✵✸❪ ❏❡❛♥ ❏❛❝♦❞ ❛♥❞ ❆❧❜❡rt ◆✳ ❙❤✐r②❛❡✈✳ ▲✐♠✐t t❤❡♦r❡♠s ❢♦r st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ ✈♦❧✉♠❡ ✷✽✽ ♦❢ ●r✉♥❞❧❡❤r❡♥ ❞❡r ▼❛t❤❡✲

♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥ ❬❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s❪✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱
✷✵✵✸✳

❬P❛r✾✾❪ ➱t✐❡♥♥❡ P❛r❞♦✉①✳ ❇❙❉❊s✱ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ s❡♠✐❧✐♥❡❛r P❉❊s✳ ■♥ ◆♦♥❧✐♥❡❛r ❛♥❛❧②s✐s✱ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ❛♥❞ ❝♦♥tr♦❧ ✭▼♦♥tr❡❛❧✱ ◗❈✱ ✶✾✾✽✮✱ ✈♦❧✉♠❡ ✺✷✽ ♦❢ ◆❆❚❖ ❙❝✐✳ ❙❡r✳ ❈ ▼❛t❤✳ P❤②s✳ ❙❝✐✳✱ ♣❛❣❡s ✺✵✸✕✺✹✾✳ ❑❧✉✇❡r
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