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INTRODUCTION

The s higher secant variety of a projective variety X C PV is defined to be the
Zariski closure of the union of the span of s points of X (see Definition 1.1). We
will denote it with os(X).

Secant varieties have been intensively studied (see for example [AH], [BCS],
[Gr], [Li], [St], [Za]). One of the first problems of interest is the computation of
their dimensions. In fact, there is an expected dimension for o4 (X) C PV, that is,
the minimum between N and s(dimX) + s — 1. There are well known examples
where that dimension is not attained. For example, the variety of secant lines to
the Veronese surface in P°. A variety X is said to be (s — 1)-defective if there
exists an integer s € N such that the dimension of o4(X) is less than the expected
value. We would like to notice that only for Veronese varieties a complete list of all
defective cases is given. This description is obtained using a result by J. Alexander
and A. Hirschowitz [AH] recently reproposed with a shorter proof in [BO].

The interest around these varieties has been recently revived from many different
areas of mathematics and applications when X is a variety parameterizing certain
kind of tensors (for example Electrical Engineering; Antenna Array Processing
[ACCF], [DM] and Telecommunications [Ch], [dLC]; Statistics , cumulant tensors
[McC]; Data Analysis; Independent Component Analysis [Col], [JS]; for other
applications see also [Co2], [CR], [dLMV], [SBG] [GVL)]).

Segre varieties parameterize completely decomposable tensors (i.e., projective
classes of tensors in P(V] ® --- ® V) that can be written as v; ® -+ ® vy, with
v; € V; and V; vector spaces for i = 1,...,t). The s'" higher secant variety of
a Segre variety is therefore the closure of the sets of tensors that can be written
as a linear combination of s completely decomposable tensors. In particular, the
higher secant varieties of the Segre embedding of P™ x P™ are well known as they
parameterize matrices of bounded rank (e.g., see [Hr]).

A Segre-Veronese variety can be described in two ways. Either as the embedding
of P"t x - .. x P™ with the sections of the sheaf O(dy,...,d;) into PV, for certain
dy,...,dy € Nywith N =1I¢_, ("T‘Zdi) —1, or as a section of a Segre variety. Consider
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the Segre variety that naturally lives in P(V;24 @ - - - @ V,2%) with V; vector spaces
of dimensions n; + 1 for ¢ = 1,...,¢t. Then the Segre-Veronese variety is obtained
intersecting that Segre variety with the projective subspaces P(S*V; ®---® S%V})
of projective classes of partially symmetric tensors (where S%V; C Vi®di is the
subspace of completely symmetric tensors of Vi®di).

These two different ways of describing Segre-Veronese varieties allow us to trans-
late problems about partially symmetric tensors into problems on forms of multi-
degree (dy,...,d:) and viceversa. People working in Applied Mathematics are in-
terested in many kind of tensors that they call “structured tensors”, which means
tensors with a well defined structure. Partially symmetric tensors turns out to be
useful in the Antenna Array processing. In this problem, one needs to give a pre-
cise localization of different antennas sets (whose positions are unknown) by using
signals coming from receivers whose locations are known.

In this paper we will describe the s higher secant varieties of the embedding of
P x P™ into PNV (N = (n+1) (m;d) — 1), by the sections of the sheaf O(1, d), for
almost all s € N (see Theorem 2.3). We will follow the description of Segre-Veronese
variety as the variety parameterizing forms of certain multi-degree.

One of the first instances of the study of the two factors Segre-Veronese varieties
is the one of P! x P? embedded in bi-degree (1,3) and appears in a paper by London
[Lo], for a more recent approach see [DF] and [CaCh]. A first generalization for
P! x P2 embedded in bi-degree (1, d) is treated in [DF]. The general case for P! x P?
embedded in any bi-degree (di,ds) is done in [BD]. In [ChCi] the case P! x P"
embedded in bi-degree (d, 1) is treated.

In [CaCh] one can find the defective cases P? x P3 embedded in bi-degree (1,2),
P3 x P* embedded in bi-degree (1,2) and P? x P® embedded in bi-degree (1,2).

The paper [CGG] studies also the cases P" x P™ with bi-degree (n+1,1); P! xP*
with bi-degree (dy,d>) and P? x P? with bi-degree (2,2).

In [ADb] the cases P! x P™ in bi-degree (2d + 1,2), P! x P™ in bi-degree (2d,2),
and P! xP™ in bi-degree (d, 3) can be found. A recent result on P" x P in bi-degree
(1,2) is in [AB], where the authors prove the existence of two functions s(n,m)

and 3(n,m) such that 0'S<X((Z727;L)

for s > $(n,m). In the same paper it is also shown that X

) has the expected dimension for s < s(n,m) and
((11 ;T)L ) is never defective

and all the defective cases for X ((12;; ) are described.

The varieties P* x P™ embedded in bi-degree (1,d) are related to the study
of Grassmann defectivity ([DF]). More precisely, one can consider the Veronese
variety X obtained by embedding P in PV using the d-uple Veronese embedding
(N = (m;d)). Then consider, in G(n, N), the (n,s — 1)-Grassmann secant variety
of X, that is, the closure of the set of n-dimensional linear spaces contained in
the linear span of s linearly independent points of X. The variety X is said to be
(n, s —1)-Grassmann defective if the (n, s —1)-Grassmann secant variety of X does
not have the expected dimension. It is shown in [DF], following Terracini’s ideas in
[Tel], that X is (n,s — 1)-Grassmann defective if and only if the s** higher secant
varieties of the embedding of P* x P™ into PV (N = (n + 1)(m;d) — 1), by the
sections of the sheaf O(1,d), is (s — 1)-defective. Hence, the result proved in this
paper gives information about the Grassmann defectivity of Veronese varieties (see
Remark 2.5).
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In Proposition 2.1 we prove the non-defectivity of the Hilbert function of a
subscheme of P"*™ made of a d-uple P*~!, ¢ projective subspaces of dimension
n containing it, a simple P"~! and a number of double points that is an integer
multiple of n — 1. This result, together with Theorem 1.1 in [CGG] (see Theorem
1.4 in this paper), gives immediately the regularity of the higher secant varieties of
the Segre-Veronese variety that we are looking for.

More precisely, we consider (see Section 2) the case of P™ x P embedded in bi-
degree (1,d) for d > 3. Our main result is Theorem 2.3 where we prove that the st*
higher secant variety of such Segre-Veronese varieties has the expected dimension
for s < s1 and for s > s, where

_ , (n+ 1) (")
s1 maX{S€N|szsamultzpleof(n+ )ands_{ mtngt 1 ;

. . , (n+1)("37)
— N ltipl )and s> | ——————=| .
S92 mln{se | s is a multiple of (n+ 1) an S—’V m+n+1

1. PRELIMINARIES AND NOTATION

We will always work with projective spaces defined over an algebraically closed
field K of characteristic 0. Let us recall the notion of higher secant varieties and

some classical results which we will often use. For definitions and proofs we refer
the reader to [CGG] .

Definition 1.1. Let X C PV be a projective variety. We define the s higher
secant variety of X, denoted by o4(X), as the Zariski closure of the union of all
linear spaces spanned by s points of X, i.e.:

oi(X):= |J (P,....P)CPV.

When o5(X) does not have the expected dimension, that is min{N, s(dimX +
1) — 1}, X is said to be (s — 1)-defective, and the positive integer
ds—1(X) = min{N, s(dimX + 1) — 1} — dimo,(X)
is called the (s — 1)-defect of X.
The basic tool to compute the dimension of o4(X) is Terracini’s Lemma ([Te]):

Lemma 1.2 (Terracini’s Lemma). Let X be an irreducible variety in PV, and
let Py,...,Ps be s generic points on X. Then the tangent space to o4(X) at a
generic point in (Py, ..., Ps) is the linear span in PV of the tangent spaces Tx p,
to X at P;,i=1,...,s, hence

dimos(X) = dim(Tx p,,...,Tx,p.)-

A consequence of Terracini’s Lemma is the following corollary (see [CGG, Sec-
tion 1] or [AB, Section 2] for a proof of it).

Corollary 1.3. Let X((T’;;) C PN be the Segre-Veronese variety image of the
embedding of P x P™ by the sections of the sheaf O(1,d) into PN, with N =
(n+1) (m;d) — 1. Then

dimo, (Xf;gy)) = N —dim(I).q = H(Z,(1,d) - 1,
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where Z C P™ x P™ is a set of s generic double points, Iz is the multihomogeneous
ideal of Z in R = Klxo,...,Tn,Y0,---,Ym), the multigraded coordinate ring of
P x P and H(Z,(1,d)) is the multigraded Hilbert function of Z.

Now we recall the fundamental tool which allows us to convert certain ques-
tions about ideals of varieties in multiprojective space to questions about ideals in
standard polynomial rings (for a more general statement see [CGG, Theorem 1.1])

Theorem 1.4. Let X((f’;;) C PN and Z C P* x P™ as in Corollary 1.3. Let

Hy,Hy C P"™ be generic projective linear spaces of dimensionsn—1 and m — 1,
respectively, and let Py, ..., Py € P"™™ be generic points. Denote by

dH1 + H2 + 2P1 + .o+ QPS C ]P)n-l-'rn
the scheme defined by the ideal sheaij‘_lI1 NZy, mIIZ_,I n... ﬁI}%S C Opnim. Then

dim(Iz)1,a)y = dim(Lam, + Hy42P 4+ +2P, ) d+1
hence
dimo, (X((ﬁ’d")l)) =N —dim(Iqp, 1 Hy42P, 4 +2P, )d+1-

Since we will make use of Castelnuovo’s inequality several times, we recall it here
(for notation and proof we refer to [AH2]|, Section 2).

Lemma 1.5 (Castelnuovo’s inequality). Let H C PN be a hyperplane, and
let X C PN be a scheme. We denote by ResyX the scheme defined by the ideal
(Ix : Ig) and we call it the residual scheme of X with respect to H, while the

scheme Try X C H is the schematic intersection X N H, called the trace of X on
H. Then

dim(Ix pv )¢ < dim(Iges,, x pv )e—1 + dim(Irp, x,571)¢-

2. SEGRE-VERONESE EMBEDDINGS OF P" x P™

First we prove a relevant fact about subschemes of P*"*™. Using this result and
Theorem 1.4 we will obtain our main theorem.

Proposition 2.1. Letd > 3, n,m > 1 and let s = (n+1)q be an integer multiple of
n+1. Let Py,..., P, € P"™™ be generic points and let H; ~ P~ Hy ~ P™1 pe

generic linear spaces in P"T™, Let Wy,...,W; C P"™™ be t generic linear spaces
of dimension n containing Hi. Now consider the scheme
(1) Xi=dH, +Hy +2P  + -+ 2P+ Wi +---+W;

Then for any q,t € N the dimension of the degree d + 1 piece of the ideal Ix is the
expected one, that is

m+d

dim(Ix)q+1 = max {(” + 1)< d

)—s(n+m+1)—t(n+1) ;0}.

Proof. We will prove the proposition by induction on n.
A hypersurface defined by a form of (I, )41 cuts on W; ~ P™ a hypersurface
which has H; as a fixed component of multiplicity d. It follows that

dim(IdHl,Wi)d—&-l = dim(I(D,Wi)l =n+1.
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Hence the expected number of conditions that a linear space W, imposes to the
forms of (Ix)q+1 is at most n + 1. Moreover a double point imposes at most
n +m + 1 conditions. So, since by Theorem 1.4 with Z = () we get

. . m+d
dlm(IdH1+H2)d+1 = dlmR(Ld) = (n + 1)( d >,

(where R = Klxo,...,Zn,Y0,---,Ym]), we have

@) dim(e)ann > o) ("

d )—s(n—l—m—l—l)—t(n—i—l).

Now let H C P"™™ be a generic hyperplane containing Ho and let X be the
scheme obtained from X by specializing the ng points P, ..., Pyyon H, (Pogt1,. .., Ps
remain generic points, not lying on H).

Since by the semicontinuity of the Hilbert Function dim(fz)ay1 > dim(Ix)ay1,
by (2) we have

m-+d

3) (i) 2 (n+ 0"

Let V; = (Hy, P;) ~ P™. Since the linear spaces V; are in the base locus of the
hypersurfaces defined by the forms of (/5)441, we have

)s(n+m+1)t(n+1).

(4) (Ig)at1 = Uz y, 4oy, )dt1-

Consider the residual scheme of (X+ Vj + - - -+ V,) with respect to H: Resy (X+
Vit + Vo)

=dHy + Wi+ -+ Wi+ Prt o+ Pog+2Pgir + -+ 2P+ Vi+ - + Vi

=dH 1+ Wi+ + Wy +2Ppgi1+ -+ 2P+ Vi + -+ + V, C PP,

Any form of degree d in I, represents a cone whose vertex contains

es (X4+Vit+Vi) N
H;i. Hence if Y C P™ is the scheme obtained by projecting Resy (X+ Vi +- -+ V%)
from Hi in a P™, we have:

(5) dim(IResH(X+V1+---+VS))d =

dim(Iy)d.

Since the image by this projection of each W; is a point, and for 1 < i < ng the
image of P; + V; is a simple point, and for ng 4+ 1 < ¢ < s the image of 2P; + V; is
a double point, we have that Y is a scheme consisting of ¢t 4+ nq generic points and
q generic double points.

Now by the Alexander-Hirschowitz Theorem (see [AH]), since d > 2 and ¢+ng >
1 we have that the dimension of the degree d part of the ideal of ¢ double points
plus ¢t + ng simple points is always as expected. So we get

(6) dim(Iy)dzmaX{<m;d) —qgm+1)—t—ng; O}.
Now let n = 1. In this case we have: s = 2g,
(7) dim(IResH(§§+V1+~~+VS))d

= dim(Iy)4 = max{(m;d) —qm+1)—t—gq; 0} ;
moreover H; is a point, H; N H is the empty set, the W; and the V; are lines, and
V; is the line spanned by the points H; and P;.
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Set W/ =W, N H, V! =V, N H. Note that for 1 <i < ¢ we have V/ = P,. The
traceon H of X+ Vi +---+ Vj is

Tru(X+Vi+-+ Vi)
=Hy+ 2Py + -+ 2P+ W]+ + W+ V] + .-+ V5,
=Hy+ 2P+ + 2P+ Wi+ + W+ V] + -+ V3 CH=P"
So TrH(§~§+V1+--~+Vs) C H is a scheme in P™ union of Hy ~ P™~! plus

q generic double points and ¢ + ¢ generic simple points. As above, by [AH], since
d>2andt+q>1 we get

dim(Zy, & yvygoopv))drt = AMU2p 4o P e Wb WV 4tV )d

(8) :max{<m;d>—q(m+1)—t—q;O}.

By Castelnuovo’s inequality (see Lemma 1.5), (7) and (8) we get
(9)  dim(Iz . 4. 4y )d+1 < max {2 (mc—l’— d) —2¢(m+1) -2t —2q; 0} )
So by (3), (4) and (9) we have
dim(Iz) 411 = max {2 <m; d) —2q(m +2) — 2t ; 0} .
From here, by (2) and by the semicontinuity of the Hilbert Function we get
dim(Ix)gs1 = max {2(7”; d) —2q(m +2) — 2t ; 0}

and the result is proved for n = 1.

Let n > 1.

Set: Hl = HiNH; W]/ =W,;NH; V/ =V;N H. With this notation the trace of
§~§+V1+'~+Vs on H is:

Trag(X+Vi+ -+ Vi) =
=dH{ + Ho+2P 4+ +2Pyg + W{ + -+ W/ + V{ + -+ V. C H ~P"t™m 1,

Analogously as above, observe that the linear spaces V; = (Hj, P;) ~ P" are in
the base locus for the hypersurfaces defined by the forms of (I4 H/+2 P,)d+1, hence

the parts of degree d + 1 of the ideals of TTHONQ +Vi+---+V;) and of TTH(X +
Vig+1 + - -+ + Vs) are equal. So we have

Uy @vitotva) it = Urpy @v,epvyJart = Un)as,

where
T=dH| +Hy+ 2P+ + 2Py + Wi+ + W]+ Vg + -+ V. C PPl

that is, T is union of the d-uple linear space H| ~ P2, the linear space Hy ~ P™~1,
t+q generic linear spaces through Hi, and ng double points. Hence by the inductive
hypothesis we have

(10) dim(Ir)gs1 = max {n(m; d> “ng(n+m) - (t+q)n ;0} .
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By (4), by Lemma 1.5, by (5), (6) and (10) we get

dim(/¢)q41 < max { (m;— d) —qg(m+1)—t—ng; 0} +

+max{n(m:lrd> —ng(n+m) - (t+qn ;o}

:max{(n-i-l)(m;d) —s(n+m+1)—t(n+1) ;0}.

Now the conclusion follows from (2) and the semicontinuity of the Hilbert Function
and this ends the proof. |

Corollary 2.2. Letd > 3, n,m > 1 and let

(n+1)(m3d)J}

81 max{s | s is a multiple of (n+1) an S‘\‘m—i—n—i—l

(Hl)(m;ﬂ}'

m+n+1

Let Py,...,P, € P"t™ be generic points and Hy ~ P"~1 Hy ~ P™~! be generic
linear spaces in P*"t™ . Consider the scheme

X:dH1+H2+2P1++2Pg

S9 1= min{seN | s is a multiple of (n+1) and s > {

Then for any s < s1 and any s > s9 the dimension of (Ix)at1 is the expected one,
that is
(n+1)(m;d)fs(n+m+1) for s < s
dim([x)d_;,_l =
0 for s > so

Proof. By applying Proposition 2.1, with t = 0, to the scheme X = dH1+ Hy+2P; +
-+ -+ 2P, we get that the dimension of I(X)441 is the expected one for s = (n+1)q
and for any ¢ € N. Hence if s; is the biggest integer multiple of n + 1 such that
dim(Tx)4+1 # 0 we get that for that value of s the Hilbert function H(Ix,d + 1)
has the expected value. Now if for such s; we have that (Ix)q+1 has the expected
dimension than it has the expected dimension also for every s < sy.

Now, if sy is the smallest integer multiple of n + 1 such that dim(/x)44+1 = 0
then obviously such a dimension will be zero for all s > ss. (I

Theorem 2.3. Letd >3, n,m>1, N =(n+ 1)(7";‘1) — 1 and let sy, s be as in
Corollary 2.2.

Then the variety o (X((Ilg;l)) C PN has the expected dimension for any s < sy

and any s > So, that is
s(n+m+1)—1 for s<s;
dimo, (X5 = .
N for s > s9
Proof. Let Hy, Hy C P™*" be projective subspaces of dimensions n — 1 and m — 1
respectively and let Py,..., P, € P"*™ be s generic points of P*"*™. Define X C
P™*" to be the scheme X := dH; + Hy + 2P; + - - - + 2P;. Theorem 1.1 in [CGG]

shows that dimo, (X((IL:;;)) is the expected one if and only if dim([x)g441 is the
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expected one. Therefore the conclusion immediately follows from Theorem 1.4 and
Corollary 2.2. ([

Remark 2.4. If (m;d) is multiple of (m + n + 1), say (m;d) =h(m+n+1), we
get

(n+1)("") (n+1("7)
— | =|——2 2| =h(n+1)
m+n+1 m+n+1
so s1 = s3. Hence in this case the variety o, (X ((IL ’d”)l)> has the expected dimension
for any s.
If (m;d) is not multiple of (m +n+ 1), it is easy to show that sy —s; = n. Thus
there are at most n values of s for which the s higher secant varieties of X ((;l ’dn)l)

can be defective.

Remark 2.5. Theorem 2.3 has a straightforward interpretation in terms of Grass-
mann defectivity. More precisely, we see that the d-uple Veronese embedding of P™
is not (n,s — 1)-Grassmann defective when s < s1 or s > ss.

REFERENCES
[Ab] S. Abrescia, About the Defectivity of Certain SegreVeronese Varieties, Canadian Jour-
nal of Mathematics, 60, 5, (2008).
[AB] H. Abo, M. C. Brambilla, Secant varieties of Segre- Veronese varieties P™ xP" embedded

by O(1,2), Experimental Mathematics, 18, 3, (2009), 369-384.
[ACCF] L. Albera, P. Chevalier, P. Comon, A. Ferreol, On the virtual array concept for higher
order array processing, IEEE Trans. Sig. Proc., 53, 4, (2005), 1254-1271.

[AH] J. Alexander, A. Hirschowitz, Polynomial interpolation in several variables, J. Alg.
Geom. 4 (1995), 201-222.
[AH2] J. Alexander, A. Hirschowitz, An asymptotic vanishing theorem for gemeric unions of

multiple points, Inv. Math. 140 (2000), 303-325.
[BCS] P. Biirgisser, M. Clausen, M.A. Shokrollahi, Algebraic Complezity Theory, 315, Grund.
der Math. Wiss., Springer, Berlin, (1997).

[BD] K. Baur and J. Draisma, Secant dimensions of low-dimensional homogeneous varieties,
Preprint arXiv:math.RT/:0707.1605, (2007).
[BO] M.C. Brambilla, G. Ottaviani, On the Alerander-Hirschowitz theorem, J. Pure Appl.

Algebra 212, 5, (2008), 1229-1251.

[CaCh] E. Carlini, J. V. Chipalkatti, On Waring’s problem for several algebraic forms, Com-
ment. Math. Helv. 78, 3, (2003), pp. 494-517.

[ChCi] L.Chiantini, C.Ciliberto, The Grassmannians of secant varieties of curves are not de-
fective, Indag. Math. 13, (2002), 23-28.

[CGG] M.V. Catalisano, A. V. Geramita, A. Gimigliano, Higher secant varieties of Segre-
Veronese varieties, Projective varieties with unexpected properties, 81-107 Walter de
Gruyter GmbH & Co. KG, Berlin, (2005).

[Ch] P. Chevalier, Optimal separation of independent narrow-band sources - concept and
performance, Signal Processing, Elsevier, 73, 1, 27-48, (1999). Special issue on blind
separation and deconvolution.

[Co1] P. Comon, Independent Component Analysis, In J-L. Lacoume, editor, Higher Order
Statistics, pages 29-38. Elsevier, Amsterdam, London, (1992).

[Co2] P. Comon, Tensor decompositions, In Math. Signal Processing V, J. G. Mc Whirter and
I. K. Proudler eds. 1-24 Clarendon press Oxford, Uk, (2002).

[CR] P. Comon, M. Rajih, Blind identification of under-determined mixtures based on the
characteristic function, Signal Process. 86, (2006), 2271-2281.
[DF| C. Dionisi, C. Fontanari, Grassmann defectivity a la Terracini, Le Matematiche, Vol.

LVI (2001) - Fasc.II, pp. 243-252.



[dLC]
[dLMV]
[DM]
(Gr]
[GVL]
[J8]

Lo

(L]
[McC]

[SBG]
[St]
[Te]
[Te1]

(Za]

P" x P™ EMBEDDED IN BI-DEGREE (1,d) 9

L. de Lathauwer, J. Castaing, Tensor-based techniques for the blind separation of ds-
cdma signals, Signal Processing, 87, 2, (2007), 322-336.

L. de Lathauwer, B. de Moor, J. Vandewalle, A multilinear singular value decomposio-
tion, STAM J. matrix Anal. Appl. 21, (2000), 1253-1278.

M. C. Dogan, J. Mendel, Applications of cumulants to array processing .I. aperture
extension and array calibration, IEEE Trans. Sig. Proc., 43, 5, (1995), 1200-1216.

R. Grone, Decomposable tensors as a quadratic variety, Proc. Am. Math. Soc. 64, (1977)
227-230.

G. H. Golub, C. F. Van Loan, Matriz computations, John Hopkins, Baltimore MD,
(1983).

T. Jiang, N. Sidiropoulos, Kruskals permutation lemma and the identification of CAN-
DECOMP/ PARAFAC and bilinear models, IEEE Trans. Sig. Proc., 52, 9, (2004)
2625-2636.

J.Harris, Algebraic Geometry, a First Course, Springer-Verlag, New York (1993).

F. London, Ueber die Polarfiguren der ebenen Curven dritter Ordnung, Math. Ann. 36
(1890) 535-584

T. Lickteig, Typical tensorial rank, Linear Algebra Appl. 69, (1985), 95-120

P. McCullagh, Tensor Methods in Statistics, Monographs on Statistics and Applied
Probability. Chapman and Hall, (1987).

N. D. Sidiropuolos, R. Bro, J. B. Giannakis, Parallel factor analysis in sensor array
processing, IEEE Trans. Signal Processing, 48, (2000), 2377—2388.

V. Strassen, Rank and optimal computation of generic tensor, Linear Algebra Appl. 52,
(1983), 645-685

A.Terracini, Sulle Vi, per cui la varieta degli S, (h + 1)-seganti ha dimensione minore
dell’ordinario, Rend. Circ. Mat. Palermo, 31, (1911), 392-396.

A. Terracini, Sulla rappresentazione delle coppie di forme ternarie mediante somme di
potenze di forme lineari, Ann. di Matem. pura ed appl., XXIV, III (1915), 91-100.
F.L. Zak, Tangents and Secants of Algebraic Varieties (Translations of
Math. Monographs, 127, AMS, Providence, RI, (1993).

(A. Bernardi) CIRM-FBK c/0 UNIVERSITA DEGLI STUDI DI TRENTO, VIA SOMMARIVE 14,
38123 Povo (TRENTO), ITALY
E-mail address: bernardi@fbk.eu

(E. Carlini) DIPARTIMENTO DI MATEMATICA, POLITECNICO DI TORINO, TURIN, ITALY
E-mail address: enrico.carlini@polito.it

(M.V.Catalisano) DIPTEM - DIPARTIMENTO DI INGEGNERIA DELLA PRODUZIONE, TERMOEN-
ERGETICA E MODELLI MATEMATICI, UNIVERSITA DI GENOVA, P1AZZALE KENNEDY, PAD. D 16129
GENOA, ITALY.

E-mail address: catalisano@diptem.unige.it



