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ABSTRACT: A well known theorem by Alexander-Hirschowitz states that all
the higher secant varieties of V,, 4 (the d-uple embedding of P") have the expected
dimension, with few known exceptions. We study here the same problem for T}, 4,
the tangential variety to V;, 4, and prove a conjecture, which is the analogous of
Alexander-Hirschowitz theorem, for n < 9. Moreover. we prove that it holds for any
n,d if it holds for d = 3. Then we generalize to the case of O, 4, the k-osculating
variety to V,, 4, proving, for n = 2, a conjecture that relates the defectivity of

05(Ok n,a) to the Hilbert function of certain sets of fat points in P".

Introduction.

The well known Alexander-Hirschowitz theorem (see [AH1]) states:

Theorem 0.1. (Alezander-Hirschowitz) Let X be a generic collection of s 2-fat points in P7. If (Ix)g C
K[zg, ..., xy] is the vector space of forms of degree d which are singular at the points of X, then dim(Ix)q =
min{(n + 1)d, (”:d)}, as expected, unless:

-d=2,2<s5<n;

-n=2,d=4,s=25;

-n=3,d=4,s=9;

-n=4,d=3,s="17;

-n=4,d=4, s =14.

Notice that with “m-fat point at P € P"” we mean the scheme defined by the ideal I} C &z, ..., Tn].
An equivalent reformulation of the theorem is in the language of higher secant varieties; let V;, 4 C PV,
with N = (”:d) —1, be the d-ple (Veronese) embedding of P", and let o(V,, 4) be its (s — 1) higher secant
variety, that is, the closure of the union of the P*~!’s which are s-secant to Vi,a. Then Theorem 0.1 is

equivalent to:

Theorem 0.2. All the higher secant varieties os(Vy, 4) have the expected dimension min{s(n+1)—1, ("+d) =

n
1}, unless s,n,d are as in the exceptions of Theorem 0.1.

An application of the theorem is in terms of the Waring problem for forms (or of the decomposition of
a supersymmetric tensor), in fact Theorem 0.1 gives that the general form of degree d in n 4 1 variables can

1 (n+d

be written as the sum of [ ("} )] dth powers of linear forms, with the same list of exceptions (e.g. see

[Ge] or [IK]).



In [CGG] a similar problem has been studied, namely whether the dimension of o4(T}, 4) is the expected
one or not, where T, 4 is the tangential variety of the Veronese variety V,, 4. This too translates into a
problem of representation of forms: the generic form parameterized by o4(T,.q4) is a form F of degree d
which can be written as F' = L‘liflMl + ... + L9=t M, where the L;, M;’s are linear forms.

The following conjecture was stated in [CGG]:

Conjecture 1: The secant variety os(T, q) has the expected dimension, min{2sn + s — 1, (”::d) -1},
unless:

D) d=2,2<2s<n;

i) d=3,s=n=2,3,4.

In the same paper the conjecture was proved for d = 2 (any s,n) and for s < 5 (any d,n), while in [B]

it is proved for n = 2,3 (any s,d).

In [CGG](via inverse systems) it is shown that o4(7T), 4) is defective if and only if a certain 0-dimensional
scheme Y C P™ does not impose independent conditions to forms of degree d in R := kl[xy, ..., Z,]. The scheme
Y = Z; U...UZ, is supported at s generic points P, ..., P; € P", and at each of them the scheme Z; lies
between the 2-fat point and the 3-fat point on P; (we will call Z; a (2, 3, n)-scheme, for details see section 1
below).

Hence Conjecture 1 can be reformulated in term of (Iy )4 having the expected dimension, with the same
exceptions, in analogy with the statement of Theorem 0.1.

Theorem 0.1 has been proved thanks to the Horace differential Lemma (AH2, Proposition 9.1; see also
here Proposition 1.5) and an induction procedure which has a delicate beginning step for d = 3; different
proofs for this case are in [Chl], [Ch2] and in the more recent [BO], where an excellent history of the question
can be found.

Also the proof of Conjecture 1 presents the case of d = 3 as a crucial one; the first main result in this
paper (Corollary 2.5) is to prove that if Conjecture 1 holds for d = 3, then it holds also for d > 4 (and any
n,s). The procedure we use is based on Horace differential Lemma too.

We also prove Conjecture 1 for all n < 9, since with that hypothesis we can check the case d = 3 by
making use of COCOA (see Corollary 2.4).

A more general problem can be considered (see also [BCGI]): let Oy ,, ¢ be the k-osculating variety to
Vi,a C PV and study its (s— 1)*" higher secant variety 05(Okn.a)- Again, we are interested in the problem
of determining all s for which 5(Op p.q) is defective, i.e. for which its dimension is strictly less than its
expected dimension (for precise definitions and setting of the problem, see Section 1 of the present paper

and in particular Question Q(k,n,d)).

Also in this general case we found in [BCGI] (via inverse systems) that o4(Oy nq) is defective if and
only if a certain 0-dimensional scheme Y C P™ does not impose independent conditions to forms of degree d
in R := k[xg, ..., pn]. The scheme Y = Z; U ... U Z; is supported at s generic points Py, ..., Ps € P", and at
each of them the ideal of the scheme Z; is such that If,j2 Cly C Illgjl (for details see Lemma 1.2 below).

The following (quite immediate) lemma ([BCGI] 3.1) describes what can be deduced about the postu-

lation of the scheme Y from information on fat points:

2



Lemma 0.3. Let Py,...,Ps be generic points in P, and set X = (k+ 1)PLU..U(k+ 1)Ps, T :=
(k+2)PLU...U(k+2)P,. Now let Z; be a 0-dimensional scheme supported at P; , (k+1)P; C Z; C (k+2)P;,
and setY := Z1U...U Z,. Then, Y is reqular in degree d if h*(Zr(d)) = 0 or if h°(Zx(d)) = 0.

Moreover, Y is not regular in degree d if

(i) BN (Tx (@) > maz{0, deg(Y) — (*+7)},

or if

(ii) h*(Zr(d)) > maz{0, (“I™) — deg(Y)}.

All cases studied in [BCGI] lead us to state the following:

Conjecture 2a. The secant variety s(Okn.q) is defective if and only if Y is as in case (i) or (ii) of the

Lemma above.

The conjecture amounts to saying that Iy does not have the expected Hilbert function in degree d only
when “forced” by the Hilbert function of one of the fat point schemes X, T.

Notice that (i), respectively (ii), obviously implies that X, respectively T, is defective. Hence, if Con-
jecture 2a holds and Y is defective in degree d, then either T" or X are defective in degree d too, and the
defectivity of Y is either given by the defectivity of X or forced by the high defectivity of T'.

Thus if the conjecture holds, we have another occurrence of the ”ubiquity” of fat points: the problem
of 04(O n,q) having the right dimension reduces to a problem of computing the Hilbert function in degree

d of two schemes of s generic fat points in P”, all of them having multiplicity k + 1, respectively k + 2.
In [BC]and [BF] the conjecture is proved in P? for s < 9.

Notice that the Conjecture 2a implies the following one, more geometric, which relates the defectivity of
05(Okna) to the dimensions of the k" and the (k + 1) osculating space at a generic point of the (s — 1)t

higher secant variety of the Veronese variety os(V,, 4):

Conjecture 2b. If the secant variety 0s(Okn,a) is defective then at a generic point P € 05(V, q4), either
the k' osculating space Ok,o,(V,y.a),P does not have dimension min{s(k:") -1, (d:”) — 1}, or the (k +1)th

osculating space Ok 1,0,(v, 4),p does not have dimension min{s(k+z+1) -1, (d;;”) -1}

The implication follows from the fact that (see [BBCF]) for P €< Py, ..., Ps >:

Okoo(Vir.a),P =< Ok, 4,15 Ok v,y 4, Pys -3 Okv, 0P >

The other main result in this paper is Theorem 3.5, which proves Conjecture 2a for n = 2.

Section 1: Preliminaries and Notations.
In this paper we will always work over a field s such that k = K and chark = 0.

1.1 Notations.

(i) If P € P is a point and Ip is the ideal of P in P", we denote by mP the fat point of multiplicity m
supported at P, i.e. the scheme defined by the ideal 7.

(i) Let X C PN be a closed irreducible projective variety; the (s — 1)** higher secant variety of X is the
closure of the union of all linear spaces spanned by s points of X, and it will be denoted by o (X).
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(iii) Let X C PN be a variety, and let P € X be a smooth point; we define the k*" osculating space to
X at P as the linear space generated by (k + 1)P N X (i.e. by the k' infinitesimal neighbourhood of P in
X) and we denote it by Oy x p; hence Op x,p = {P}, and O1 x,p = Tx,p, the projectivised tangent space
to X at P.
Let U C X be the dense set of the smooth points where O, x p has maximal dimension. The kth osculating

variety to X is defined as:

Or,x = U Ok, x,p-

PeU

(iv) We denote by V;, 4 the d-uple Veronese embedding of P”, i.e. the image of the map defined by the

linear system of all forms of degree d on P": vy : P* — PV, where N = (”zd) -1

(v) We denote the k" osculating variety to the Veronese variety by Okn,d = Ok, ,- When k =1, the
osculating variety is called tangential variety and it is denoted by T, 4.

Hence, the (s — 1) higher secant variety of the k‘" osculating variety to the Veronese variety V;, 4 will
be denoted by o5(Ok n.a)-

Since the case d < k is trivial, and the description for k = 1 given in [CGG], together with [BCGI, Proposition
4.4] describe the case d = k + 1 completely, from now on we make the general assumption, which will be
implicit in the rest of the paper, that d > k + 2.

It is easy to see ([BCGI] 2.3) that the dimension of Oy, 4 is always the expected one, that is, dimOy 4 =
min{N, n+ (k:") — 1}. The expected dimension for o5(Ok n.q) is:

k
expdim 05(Ok,n,q) = min{ N, s(n + < N n) -1)+s—1}
n

(there are 00 (dimOk.n.4) choices of s points on Og n.d, Plus 00°~! choices of a point on the P*~! spanned by
the s points; when this number is too big, we expect that os(Ok n.a) = PV).
When dim o(Op p,q) < expdim os(Og n,q), the osculating variety is said to be defective.

In [BCGI], taking into account that the cases with n = 1 can be easily described, while if n > 2 and

d = k one has dim 04(Ok n,4) = N, we raised the following question:

Question Q(k,n,d): For all k,n,d such that d > k + 1, n > 2, describe all s for which 04(Okn,a) is

defective, i.e.
k d k
dim 04(Ok n,q) < min{ N, 3(n+< Jrn) 1)+51}min{< +n> 1,5( Jrn>+snl}.
n n n

We were able to answer the question for s,n,d, k in several ranges, thanks to the following lemma (see
[BCGI] 2.11 and results of Section 2):

Lemma 1.2 For any k,n,d € N such that n > 2, d > k + 1, there exists a 0-dimensional subscheme
7Z = Z(k,n) € P" depending only from k and n and not from d, such that:
(a) Z is supported on a point P, and one has:

(k+1)P cC Z(k,n) C (k+2)P, with W(Z) = (k + n) +n;
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(b) denoting by Y =Y (k,n,s) the generic union in P* of Z1,...,Zs where Z; =2 Z fori=1,...,s, then
. . 0 d +n
dim 05(Ok,n,a) = expdim 05 (Ok,n.a) — h°(Zy (d)) + max{0, 0 ) I(Y)}
In particular, o5(O,n.a) is not defective if and only if Y is reqular in degree d, i.e. h°(Zy (d))-h*(Zy (d)) = 0.

The homogeneous ideal of this 0-dimensional scheme Z is defined in [BCGI] 2.5 through inverse systems, so
we don’t have an explicit geometric description of it in the general case. Anyway, for k = 1 it is possible to

describe it geometrically as follows (see [CGG] Section 2):

Definition 1.3. Let P be a point in P, and L a line through P; we say that a 0-dimensional scheme X C P"
is a (2, 3,n)-scheme supported on P with direction L if Ix = I3 + IZ. Hence, the length of a (2, 3,n)-point
is 2n 4 1. The scheme Z(1,n) of Lemma 1.2 is a (2, 3, n)-scheme.

We say that a subscheme of P" is a generic union of s (2,3, n)-schemes if it is the union of Xi,..., X,
where X is a (2, 3, n)-scheme supported on P; with direction L;, with P, ..., Py generic points and Ly, ..., L
generic lines through Py, ..., Ps.

We are going to use these schemes in Section 2, so we need to know more about them; but first we recall

the Differential Horace Lemma of [AH2], writing it in the context where we shall use it.

Definition 1.4. In the algebra of formal functions x[[x,y]], where x = (21, ...,2,_1), a vertically graded

(with respect to y) ideal is an ideal of the form:
I=L@hy® .0 L_1y™ 't ® @™

where for i = 0,...,m — 1, I; C s[[x]] is an ideal.

Let @ be a smooth n-dimensional integral scheme, let K be a smooth irreducible divisor on Q. We say
that Z C @ is a vertically graded subscheme of (Q with base K and support z € K, if Z is a 0-dimensional
scheme with support at the point z such that there is a regular system of parameters (x,y) at z such that

y = 0 is a local equation for K and the ideal of Z in @sz =~ k[[x,y]] is vertically graded.

Let Z C @ be a vertically graded subscheme with base K, and p > 0 be a fixed integer; we denote by
Resh-(Z) C Q and Tr%.(Z) C K the closed subschemes defined, respectively, by the ideals:

TRest (z) =1z + Iz L IVNTY Ipw 2y, = (Iz:Tf) ® Ok.

In Resh, (Z) we take away from Z the (p + 1)1 “slice”; in Tr%.(Z) we consider only the (p + 1) “slice”.
Notice that for p = 0 we get the usual trace and residual schemes: Trx(Z) and Resk(Z).

Finally, let Z1, ..., Z,. C @ be vertically graded subschemes with base K and support z;, Z = Z1U...UZ,.,
and p = (p1,...,pr) € N".

We set:

Tro(Z) :=Tri} (Z1)U..JUTr (Z,), Res%(Z):= Resh(Z1)U...U Resy’ (Z,).

Proposition 1.5. (Horace differential Lemma, [AH2] Proposition 9.1) Let H be a hyperplane in P™ and let

W C P" be a 0-dimensional closed subscheme.



Let S1,...,8,, Z1,..., Z, be 0—dimensional irreducible subschemes of P™ such that S; = Z;, i = 1,...,r,
Z; has support on H and is vertically graded with base H, and the supports of S = S1 U ....U S, and
Z =7y U...UZ, are generic in their respective Hilbert schemes. Let p = (p1,...,pr) € N". Assume:
a) HO(ITTHWuTr‘;I(Z),H(n)) =0 and
b) HO(IReusuResg(z)(” -1))=0,
then
H°(Zwus (n)) = 0.

Definition 1.6. A 2-jet is a 0-dimensional scheme J C P with support at a point P € P™ and degree 2;
namely the ideal of .J is of type: I+ I, where L C P" is a line containing P. We will say that .Ji, ..., J; are

generic in P™ if the points Py, ..., P; are generic in P" and L4, ..., Ls are generic lines through P, ..., P;.

Remark 1.7. Let X C P™ be a (2,3, n)-scheme supported at P with direction L and (y1,...,y,) be local
coordinates around P, such that L becomes the y,-axis; then, Ix = (y192, ..., Yn—1Y2, Y2, Y3, y1Y2, - - -, Y2 _1)
(yn appears only in the first n generators). Let H, respectively K, be a hyperplane through L, respectively
transversal to L; then, we can assume Iy = (y,—1), respectively Ix = (y,). We now compute Resh; (X) and
Tr% (X). One has:

a) ResyX = ResY (X)), Tresy(x) = (Ix : Yn—1) = (Y1,- - Yn—1,¥2), hence Resy X is a 2-jet lying on
L;

b) TTH(X) = TT%(X)v ITT‘H(X) = IX + (ynfl) = (ylyfm'"ayn72y7217y§17y%7y1y27'"7y72172)7 hence
Trpg(X)isa (2,3,n — 1)-scheme of H.

Hence the scheme X as a vertically graded scheme with base H has only two layers (strata); in other
words, T7%,(X) is empty for p > 1, and Res};(X) is a (2,3,n-1)-scheme of H, while 77} (X) is a 2-jet lying

on L.
Now we want to compute Resh (X) and Trh.(X). Consider first:
b) It (xy = Ix + (yn) = (Yn> Y3, Y192, - - -, Y2 _1), hence Trg(X) is a 2-fat point of K = Pn—1,

a) Tresex = (Ix 2 Yn) = (Y1Uns -+ s YUn—1Yn, Y2, Y3, Y12, - - - , Y2 _1), hence Resy X is a 2-fat point of P".

So the scheme X, as a vertically graded scheme with base K, has only three layers (strata); the 0-layer
is Trg(X) = Tr%(X), the 1-layer is the O-layer of ResxX = Res%(X), hence it is again a 2-fat point of
K = P! and the 2-layer is the 1-layer of Resx X, hence it is a point of P". In other words, Tri (X) is
empty for p > 2, Res} (X) is a a 2-fat point of P", while T} (X) is a 2-fat point of K; Res% (X) is a 2-fat
point of K doubled in a direction transversal to K (i.e., Iges2 (x) = (Un: U7, Y1Y2: - - -, Y1), While T (X)

is a point of P".

We will use in the sequel the fact that by adding s generic 2-jets to any 0-dimensional scheme Z C P" we
impose a maximal number of independent conditions to forms in Iz(d), for all d. This is probably classically

known, but we write a proof here for lack of a reference:
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Lemma 1.8 Let Z C P™ be a scheme, and let J CP" be a generic 2-jet. Then:

R (Zz05(d)) = max{h®(Zz(d)) — 2,0}.

Proof: Let P be the support of .J; then we know that h®(Zzp(d)) = max{h®(Zz(d))—1,0}, so if h°(Zz(d)) <
1 there is nothing to prove. Let h%(Zz(d)) > 2, then h°(Zzup(d)) = h®(Zz(d)) — 1 > 1. Since J is generic, if
h%(Zzu5(d)) = h°(Zzup(d)), then every form of degree d containing Z U P should have double intersection
with almost every line containing P, hence it should be singular at P. This means that when we force a
form in the linear system |H®(Zz(d))| to vanish at P, then we are automatically imposing to the form to be
singular at P, and this holds for P in a dense open set of P", say U. If the form f is generic in |[H°(Zz(d))],
its zero set V meets U in a non empty subset of V, so f is singular at whatever point P’ we choose in VNU,
and this means that the hypersurface V is not reduced. Since the dimension of the linear system |H%(Zz(d))|
is at least 2, this is impossible by Bertini Theorem (e.g. see [J], Theorem 6.3).

O

Let Z C P™ be a zero-dimensional scheme; the following simple Lemma gives a criterion for adding to
Z a scheme D which lies on a smooth hypersurface 7 C P™ and is made of s generic 2-jets on F, in such a
way that D imposes independent conditions to forms of a given degree in the ideal of Z (see Lemma 4 in

[Ch1] and Lemma 1.9 in [CGG2] for the case of simple points on a hypersurface).

Lemma 1.9 Let Z C P™ be a zero dimensional scheme. Let F C P™ be a smooth hypersurface of degree d
and let Z' = ResyZ. Let Pi,...,Ps be generic points on F, let Ly, ..., Ls lines with P; € L;, and such that
each line L; is generic in Tp,(F); let J; be the 2-jet with support at P; and contained in L;. We denote by
Dy = Jy U...UJs the union of these s 2-jets generic in F.

i) If dm(Izyp,_,)e > dim(Iz/)i—q + 2, then dim(Iz4p,): = dim(Iz): — 2s;

i) if dim(Iz)¢—q = 0 and dim(Iz): < 2s, then dim(Iz4+p,): = 0.

Proof: i) By induction on s. If s = 1, by assumption dim(Iz); > dim({z/);—q + 2, hence in the exact
sequence 0 — HO(Zz (t — d)) % HO(Tz(t — d)) — H(Zzn7,7(t)) — ... the cokernel of the map ¢ has
dimension at least 2 and so (Iz); cuts on F a linear system (i.e. |H*(Zznx #(t))|) of (projective) dimension
> 1. We have dim(Iz4p,): = dim(Iz); — 1, since otherwise each hypersurface in |(Iz):| would contain the
generic point P, of F, that is, would contain F.

Assume dim(Iz ) = dim(Iz4p, )¢ = dim(Iz); — 1; this means that if we impose to S € |(Iz)¢| the
passage through P; automatically we impose to S to be tangent to L, at Py, and L, being generic in Tp, (F),
this means that each S passing through P; is tangent to F at P;. Let’s say that this holds for P; in the
open not empty subset U of F; for S generic in |(Iz):|, U' = SN FNU is not empty, hence the generic S
is tangent to F at each P € U’. This means that |(Iz):| cuts on F a linear system of positive dimension
whose generic element is generically non reduced, and this is impossible, by Bertini Theorem (e.g. see [J],
Theorem 6.3).

Now let s > 1. Since dim(Iz4+p, ,): > dim(Izyp, ;)¢ > dim(Iz/)i—q by assumption, and Resz(Z +
D,_1)= 7', the case s = 1 gives dim(Iz4+p,): = dim(Iz4p,_,): — 2. So, by the induction hypothesis, we get

dim(Iz4p,): = (dim(Iz); — 2(s — 1)) —2 =dim(Iz): — 2s.
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i1) Assume first dim(Iz); < 2; it is enough to prove dim(Iz4,); = O since then also dim(I/z4p,); = 0. If
dim(Iz); = 2 this follows by ¢) and if dim(Iz); = 0 this is trivial. If dim(Iz); = 1, then if dim(Iz4p, )¢ =0
we are done. If dim(Iz4p,): = 1, then by the genericity of P; we have that the unique S in the system
contains F, i.e. S = F UG, but then Z’ C G, which contradicts dim(Iz/):—q = 0.

Otherwise, let dim(Iz); =2v+§ > 3,0 =0,1. If § =0, then dim(Iz1p, ,): > 2 =dim(Iz/)i—a + 2,
and by i) we get dim(Izp,): = dim(Iz): — 2v = 0, and, since s > v, it follows that dim(Iz4p_): = 0.

If 6§ =1, then dim(Iz4p, ,): > 3 > dim(Iz )i—q+2, and, by i), dim(Iz4+p, ,): = 3 and dim(Iz4p, ): =
dim(Iz): —2v = 1. Notice that the only element in (Iz4p,): cannot have F as a fixed component, otherwise
we would have dim(/z/)i—q = 1 and not = 0; hence dim(Iz4p,+p,.,)¢ = 0 and so, since 25 > 2v 4 1 and
Dy U P,y C Dy, dim(Ip,); = 0.

O

Now we give a Lemma which will be of use in the proof of Theorem 2.2.

Lemma 1.10 Let R C P™ be a zero dimensional scheme contained in a (2,3,n)-scheme with r =
degY < 2n; assume moreover that, if r > n+1, then R is a flat limit of the union of a 2-fat point of P™ and
of a scheme (eventually empty) contained in a 2-fat point of a P"~1, and that, if r < n, then R is contained
in a 2-fat point of a P"~'. Then, there exists a flat family for which R is a special fiber and the generic
fiber is the generic union in P™ of & 2-fat points, h 2-jets and e simple points, where r = (n+ 1) + 2h + ¢,
0<6<1,0<e<1, and2h+e€e<mn.

Proof: In the following we denote by 2,P a 2-fat point of a linear variety K C P, K = P!. We first notice
that if A is a subscheme of 2,, P with deg A = n then A is a scheme of type 2,,_1 P. The proof is by induction
on n: if n = 2, the statement is trivial since the only scheme of degree 2 in P? is a 2-jet, i.e. a 2;P. Now
assume the assertion true for n — 1, let A be a subscheme of 2,, P with deg A = n and let H be a hyperplane
through the support of A. Since deg2, PN H = n, we have n — 1 < degANH <n. IfdegANH =n
then A = 2,,_1 P and we are done. If deg AN H =n — 1 then Resy A is a simple point, and by induction
ANH =2, _5P. Hence there is a hyperplane K such that AN H is a 2-fat point of H N K, and working for
example in affine coordinates, it is easy to see that A is a 2-fat point of the P! generated by H N K and

a normal direction to H.

In order to prove the Lemma, it is enough to prove that the generic union in P™ of h 2-jets and e simple
points, with 0 < e < 1 and 2h + € < n, specializes to any possible subscheme M of a scheme of type 2,1 P:
in fact, if » < n we are done, if r > n + 1, the collision of a 2, P with M gives R.

By induction on n: if n = 2, the statement is trivial. Let us now consider the generic union of h 2-jets
and e simple points in P”, with 0 < e <1 and 2h 4+ ¢ < n. We have two cases.

Case 1: if 2h+€ < n—1, we specialize everything inside a hyperplane H where, by induction assumption,
this scheme specializes to any possible subscheme of a scheme of type 2,,_2 P, i.e., to any possible subscheme
of degree < n — 1 of a scheme of type 2,,_1 P.

Case 2: If 2h 4+ € = n, we have to show that the generic union of i 2-jets and e simple points specializes
to a scheme 2,,_1 P.

n—

If n is odd, then h = "T_l and € = 1; by induction assumption, Tl 2-jets specialize to a scheme of type

2,—2P, and the generic union of the last one with a simple point specializes to a scheme of type 2,1 P.
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If n is even, then h = 5 and € = 0; by induction assumption, § — 1 2-jets specialize to a scheme of

degree n— 2 contained in a scheme of type 2,,_o P, which is a 2,,_3P, so it is enough to prove that the generic

union of the last one with a 2-jet specializes to a scheme of type 2,,_1 P.

In affine coordinates x1, ..., %y, let x,_o = x,,_1 = x, = 0 be the linear subspace containing 2,,_3P, so
that I, .p = (z1,..,7n_3)2N (Tn_2,Tn_1,7n), and let (z1,..., 2y _3,Tn_2 —a,T2_;,x,) be the ideal of a
2-jet moving along the x,,_o-axis; then it is immediate to see that the limit for @ — 0 of (21,...,7,_3)%> N
(Tn—2, Tn—1,Tn) N (X1, .o, Ty—3, T2 — a, T2 _1,2y) 18 (21,...,2n_1)? N (z,), which is the ideal of a 2,,_; P.

O

2. On Conjecture 1.

We want to study os(Ty,q4), and we have seen that its dimension is given by the Hilbert function of s

generic (2,3, n)-points in P".
Definition 2.0 For each n and d we define s, 4, 7,,¢ € N as the two positive integers such that
d+n
< n ) = (2n+ 1)sp,a +7Tn.a, 0<rpqg<2n+1.

In the following we denote by X;, C P™ the zero dimensional scheme union of s generic (2,3, n)-
schemes Aq,...,As;. We also denote by X

the maximum number of generic (2,3, n)-points that we expect to impose independent conditions to forms

the scheme X ,, with s = s, 4. Hence X is the union of

Sn,d Sn.,d

od degree d. We will also use X, ,+1 to indicate X411, when s = s, 4.
With Y,, ¢ C P" we denote a scheme generic union of X, , and R, 4, where R, 4 is a zero dimensional

scheme contained in a (2,3, n)-point, with deg(R,, q¢) = 7n.4-

A 0-dimensional subscheme A of P" is said to be “Opn (d)-numerically settled” if degA = h%(Opn (d));
in this case, h°(Za(d)) = 0 if and only if h'(Za(d)) = 0. The scheme Y}, 4 is Op= (d)-numerically settled for
all n,d.

Remark 2.1 Let A be a 0-dimensional Opx (d)-numerically settled subscheme of P", and assume h°(Z(d)) =
0. Let B C A and C D A be 0-dimensional subschemes of P"; then, h°(Z¢(d)) = 0, and h'(Zz(d)) = 0, or
equivalently, h°(Zp(d)) = degA — degB.

Hence if we prove h%(Zy, ,(d)) = 0 then we know that h'(Zy, ,(d)) =0, and
ho(Zx, ,(d)) =0 for all s > sy, 4,

h'(Zx, ,(d)) =0 for all s < s, 4.

Moreover, if h° (Zy, ,(d)) = 0 then also h°(Zp(d)) = 0, where D denotes a generic union of X, 40 of \_TQdJ
(d)) = deg(Rn,a) = rn,a and we conclude

Tn.,d

22 | simple points. In fact, we have hO(Zx

2-jets and of ry, ¢4 — 2| o
by Lemma 1.8.
The same conclusion (i.e. h%(Zp(d)) = 0) holds in the weaker assumption that ' (Zx, (d)) =0, since

in this case hO(IXSn L) = (d:") —deg(Xs, ,) = rn,qa and we get h°(Zp(d)) = 0 by Lemma 1.8.

Theorem 2.2 Suppose that for all n > 5, we have hl(IXSM(?))) = 0 and hO(IXSMH(i%)) = 0; then
h%(Zy, ,(d)) = h'(Zy, ,(d)) =0, for alld >4, n > 4.



Proof: Let us consider a hyperplane H C P"; we want a scheme Z with support on H, made of (2,3,n)-
schemes, and an integer vector p, such that the “differential trace” Tr%(Z) C H is Opn-1(d)-numerically
settled.

Let us consider n > 5 first. Since 0 < 7,1 4 < 2n — 2, we write 7,1 4 = nd +2h + ¢, with 0 < e < 1,
0<d§d<1and2h+e<n.

We denote by Z the zero dimensional scheme union of s,_1,4+h+¢+0 (hence § =0if 0 <r,_1 4 <m,
while 6 = 1if n+1<r,_14<2n—2), (2,3,n)-schemes Z1,...,Z,,_, ,+nhtets, Where each Z; is supported
at P; with direction L;, and:

- the P;’s are genericon H,i=1,...,8,_14+h+ €+ ;
-LiCcHfori=1,...,8,-14+N

- if (¢,6) # (0,0), the corresponding lines Ls, , ,4h41, Ls,_; 4+n+2 have generic directions in P (hence
not contained in H.

In case n = 4, instead, we write r3 4 = 2h + €, with 0 < e <1, and Z is given as before. Notice that in
this case 0 < h < 3, and it can appear only one line Ly, ,4n+1, Dot contained in H.
We want to use the Horace differential Lemma 1.5, where the role of the schemes H and Z appearing in the

statement of the Lemma are played by our hyperplane H and the scheme Z just defined, and with:
W= Asn_1,d+h+e+1 U---u Asn,d, U Rn,dv
S = Al u...u As'rzfl,d+h+€+(s7

p=(0,...,0,1,...,1, 2 , 0 ).
—_—— —— N
Sn—1,d h € g

so that TrgW = 0 and ResyW =W, and V,, g = WU S.

Notice that this construction is possible, since s,,_1,4+h+2 < s, 4 (and even more than that): see Appendix
A AL

In order to simplify notations, we set:

TV :==Tr}(Z), R!:=Resi(Z), j=0,1,2, i=1,....,80 1a+h+e+3,

2

— P _ 7m0 0 1 1 2 0
T:=TrgWUTr(Z)=TPU...UT? | UT: | U...UT: | UT? L UTS s

S

0 0 1 2 0
R:= ResyWURes}(Z) = WURJU...UR{ | UR{ . U..UR;  ,UR: ., UR] | ... 5
Observe that, by Remark 1.7 :

T,...,T? are (2,3,n — 1)-points in H =2 P"~! and RY,..., R? are 2-jets in H;

Sn—1,d Sn—1,d
T}

1
Sp—1,da+17 T5n71,d+

Tihl ,+hie 18, when appearing, a simple point of H, and Rgnq ythicts is a 2-fat point of H doubled in a

p are 2-jets in H and R} ., ...,Rl ., are(2,3,n — 1)-points in H;

direction transversal to H;
T;L—l,d+h+€+6 is, when appearing, a 2-fat point on H, and R(S]n_LdJthre is a 2-fat point in P" with support
on H.

We will also make use of the scheme:

— 1 1 2
B:=Wu Rsnfl,d‘i‘l u...u Rsn—l.d+h U Rsn—l,d+h+6'

10



Let us consider the following four statements:
Prop(n,d) : hO(Iyn,d(d)) =0; Reg(n,d) : hl(IXM (d)) =0 and hO(IxsynH(d)) =0,
Degue(n, d) : h°(Zr(d — 1)) = 0; Dime(n, d) : h°(Zr g (d)) = 0.

If Degue(n,d) and Dime(n,d) are true, we know that Prop(n,d) is true too, by Proposition 1.5.
For the first values of n,d, we will need an “ad hoc” construction, which is given by the following:

Lemma 2.3 Let d =4 and n € {4,5,6}, then Prop(n,d) holds.
Proof of the Lemma.

Case n = 4. Here we use the construction of R and T described above, hence we need to show that
Degue(4,4) and Dime(4,4) hold. Since s34 =5, and r3 4 = 0, T' is made of five generic (2, 3, 3)-points in
H = P3 so Dime(4,4) holds (i.e. h°(P?, I u(4)) = hO(P?, Ix, ,(4) = 0), e.g. see [CGG1].

In order to prove Degue(4,4) we want to apply Lemma 1.2, with R made of five 2-jets plus the
scheme B = W; hence we need to show that h°(Zp(3)) < 10, while h°(Zges,, (5)(2)) = 0. Since here
Sa4,4 =T = ra4, while r3 4 = 0, we have that B = W = Resy(B) and it is given by Ag and A7, plus R4 4.
Hence we have h'(Zz(3)) = 0, since B is contained in the scheme made of 3 generic (2,3, 4)-points (which
is known to have maximal Hilbert function, by [CGG1] or [B]); h'(Zg(3)) = 0 is equivalent to saying that
h(Zp(3)) = 2s34 = 10, as required. Moreover h°(Z5(2)) = 0, since there is one only form of degree two
passing through two generic (2,3, 4)-points in P*, given by the hyperplane containing the two double lines,
doubled. Since the support of Ry 4 is generic, we get h®(Zp(2)) = 0. So we have that Degue(4,4) holds,
and Prop(4,4) holds too.

Case n = 5. Here we need to use a different construction. We have s5 4 =11, 754 =5, Saq4 =7 = T44.
We want to use the Horace differential Lemma 1.5 with Z = Z; U ... U Zg U Rs 4, where Z;,...,Zg are
(2,3,5) schemes supported at generic points of H with direction Lq,...,Ls C H, and we specialize Rj5 4
so that Rs4 C H, contained in a generic (2,3,4)-scheme of H; with W = Ag U Aj9 U Ay1, and with
p=1(0,...,0,1,0).

——

7
Hence T = TrgW UTrY(Z) = TP UTYU...UT? UTd U Rs 4 and R = ResyW U Resh (Z) = WU R} U

RYU...URYUR].

We have that the ideal sheaf of TP UTY U...UT? U R5 4 has h' = 0 and h° = 2 in degree 4, by using
the previous case and the fact that R4 is contained in a (2,3,4)-point, so h°(Zr g (4)) = 0 by Lemma
1.8, since Tg is a 2-jet in H = P4 We also have h%(Zg(3)) = 0. In fact, let us denote by U the scheme
U = Ry UW. In order to apply Lemma 1.9 (the R)’s are 2-jets) to get h°(Zr(3)) = 0, we need to show that
h%(ZRresyu(2)) = 0 and h'(Zy(3)) = 0. Since U is included in the union of four (2, 3, 5)-points, which impose
independent conditions in degree three (e.g. see [CGG1]), h'(Zy(3)) = 0 follows. Moreover, Resg (U) is
made by three (2,3, 5)-points, and again h°(Zges,v(2)) = 0 is known by [CGG1].

Now, h(Zr g (4)) = 0 = h°(Zr(3)) imply Prop(5,4) by Lemma 1.5, and we are done.

Case n = 6. Here we have sg4 = 16, 76,4 = 2, while s54 = 11, 754 = 5. We want to use the Horace
differential Lemma 1.5 with Z = Z; U... U Z13 U Rg 4, where Z1, ..., Z13 are (2,3,6) schemes supported at
generic points of H with direction Lq,...,Lis C H, while L3 is not in H, and we specialize Rs 4 C H, as a
generic 2-jet in H; with W = A4 U A5 U A, and with p = (0,...,0,1,2,0).

——

11
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Hence T = TryW UTr%(Z2) = TP UTY U ... UTY, UTH, UTE U Rg g and R = ResyW U Reshy(Z) =
WURJURJU...UR}, UR}, UR?,.

We have that h°(Zr g (4)) = 0 by applying Lemma 1.1 and the previous case.

We also have h'(Zg(3)) = 0. In fact, let us denote by U the scheme U = Ri, U R?; UW. In order to
apply Lemma 1.9 (the RY’s are 2-jets) to get h°(Zg(3)) = 0, we need to show that h®(Zres,v(2)) = 0 and
B (Tu(3)) = 0.

Since U is included in the union of five (2,3, 6)-points, which impose independent conditions in degree
three (e.g. see [CGG1]), h*(Zy(3)) = 0 follows. Moreover, Resy (U) is made by three (2, 3, 6)-points plus a
2-fat point inside H = P5. Since there is only one form of degree two passing through three generic (2,3, 6)-
points in P®, given by the hyperplane containing the three double lines, doubled, we get h®(Zres,,v(2)) = 0.

Now, h%(Zr, 1 (4)) = 0 = h°(Zr(3)) imply Prop(6,4) by Lemma 1.5, and we are done. |

Now we come back to the proof of the Theorem for the remaining values of n, d; we will work by induction
on both n,d in order to prove statement Prop(n,d) for n > 4, d > 5 and for n > 7, d = 4. We divide the

proof in 7 steps.

Step 1. The induction is as follows: we suppose that Prop(v,d) is known for all (v, §) such that 4 <v <n
and 4 <d<dor4d<v<nand4<J<dand we prove that Prop(n, d) holds.

The initial cases for the induction are given by Lemma 2.2, and we will also make use of the fact that
Reg(n,3) with n > 4 and Reg(3,d) with d > 4 hold respectively by assumption and by [B], while, by
[CGG], we know everything about the Hilbert function of generic (2,3, n)-schemes when d = 2.

We will be done if we prove that Degue(n,d) and Dime(n,d) hold for n >4, d > 5 and for n > 7,
d=4.

Step 2. Let us prove Dime(n,d). Notice that T is Opn-1(d)-numerically settled in H = P"~! hence
Dime(n, d) is equivalent to h'(Zr g (d)) = 0.

The scheme T is the generic union of X, _, , with h 2-jets, of € simple points and of ¢ 2-fat points, where
2h+€e+nd = r,—1,4. Then Dime(n, d) holds for n > 5 and d > 4 since we are assuming that Prop(n — 1, d)
is true and the union of h 2-jets, e simple points and of § 2-fat points can specialize to R,,_1 4 (see Lemma
1.10).

For n =4 and d > 5, Dime(4, d) holds, since we know that hl(ZXsa,d (d)) = 0 by [B] and in this case T'

is the generic union of X, , with h 2-jets and e simple points so we can apply Lemma 1.8.

53,d

Step 3. We are now going to prove Degue(n, d). Since the scheme R is the union of the scheme B and of
Sp—1,4 2-jets lying on H (see definitions of R and B above), we can use Lemma 1.9 i7). Hence, in order to
prove that dim(/r)q—1 = 0, i.e. that Degue(n,d) holds, it is enough to prove that (I, (p))d—2 = 0 and
that dim(Ip)4—1 < 28p-1,4-

Step 4. Let us show that(/ges, (By)a—2 = 0. We set t, g := Sp,qd — Spn—1,4 — h — € — . The scheme Resy(B)
is given by W plus, if € = 1, one 2-fat point contained in H, plus, if 4 = 1, one simple point in H. W is
the generic union of R,, q with ¢, 4 (2,3, n)-points. Let I denote the ideal of these ¢, 4 (2,3, n)-points; if we
show that Iy = 0, then also (Ires,(B))d—2 = 0.

The idea is to prove that our (2,3, n)-points are “too many” to have I;_o # 0 since they are more than
Sn,d—2 + 1; the only problem with this procedure is that there are cases (when d —2 = 2 or 3) where I5_»

may not have the expected dimension, so those cases have to be treated in advance.
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First let d = 4 (and n > 7); if we show that t,, 4 > %, then we are done, since (Ix, , )2 = 0 for s > %, by
[CGG], Prop 3.3. The inequality ¢, 4 > 5 is treated in Appendix A, A.2, and proved for n > 7, as required.

Now let d = 5 and n = 4; here we have that s4 3 + 1 = 4, but actually there is one cubic hypersuface
through four (2, 3, 4)-points in P*; nevertheless, since t4 5 = 14—8—0—0 = 6, and it is known (see [CGG]or
[B]) that (Ix,,)3 = 0, we are done also in this case.

Eventually, for d = 5, n > 5, or in the general case d > 6, n > 4, if we show that t,, 4 > s, 4—2 + 1, the
problem reduces to the fact that (IXsn,d,QH)d*? = 0. If d = 5, we know that (Ixsn,3+1)3 = 0 by hypothesis,
while for d > 6 we can suppose that (IXsn,d_zH)d*Z = 0 by induction on d.

The inequality ¢, 4 > s,,4—2 + 1 is discussed in Appendix A, A.1, and proved for all the required values
of n,d.

Thus the condition (Iges, (B))a—2 = 0 holds.

Step 5. Now we have to check that dim(Ip)4—1 < 2sp_1,4. Since degY, q = hO(Opn(d)) and degT =
h9(Opn-1(d)), then deg R = h%(Opn(d—1)). The scheme R is the union of the scheme B and of s,_1 4 2-jets
lying on H, so deg R = deg B + 2s,,_1,4. Hence dim(I5)4—1 < 28,_1.4 is equivalent to h!'(Zp(d — 1)) =0
(and to dim(Ip)4g—1 = 25p—1.4)-

Let us consider the case n > 5 first. Let ) be the scheme Q = Z,, |, ;411 U...UZs ,1hiers U
Ay athterss1 U UAg JUAg 41, where Ay 41 is a (2,3,n) scheme containing R, 4. We have that B
is contained in the scheme @, which is composed by s, — Sn—1,4 + 1 generic (2,3, n)-points (notice that
2h+e+d<n+1,50Zs, | ,41,--+,Zs, 4+htets are generic, since only the first i of the lines L; are in H).

The generic union of s, 41 generic (2,3,n)-points in P™ is the scheme X, , ,; by induction, or by
hypothesis if d — 1 = 3, we have hl(Ixsn‘d_1 (d—1)) =0. Since $p,q — Sn—1,d + 1 < Spa—1 (see Step 6), then
BcQc X, , , and we conclude by Remark 2.1 that h*(Zg(d — 1)) = 0.

Step 6. We now prove the inequality: s,.q — Sn—1,a +1 < 8p9-1 (n > 5).
We have deg @ = deg B+2h+e+nd+ (2n+1—r, 4), in fact in order to “go from B to Q”, we have to add

a 2-jet to each of the R} (h in number), a simple point to R?_ if e = 1, a 2-fat point of H if § = 1

—1,d+h+e
and something of degree (2n+ 1 — 1, 4) to Ry, 4.

Since rpq > 0 and 2h + e +nd = rp_1,4 < 2n — 2, we have: deg@ = (2n + 1)(sp,gd — Sn—1,04 + 2) <
deg(B) +2n—2+2n+ 1 =deg(B) +4n — 1.

Notice that deg(Y, q—1) = deg(B) + 25,14, S0 we have: (2n+ 1)(sp,d — Sn—1,4 + 1) < deg(Yn.a—1) —
28p—1,4 +4n — 1.

If we prove that 4dn—1—2s,_1 4 < 0, we obtain: (2n+1)(sp,ga—Sn—1,a+1) < deg(Yn.a—1) = 2n+1)sp 4-1,
and we are done.

The computations to get 4n — 1 — 2s,,_1 4 < 0 can be found in Appendix A.3.

Step 7. We are only left to prove that h'(Zg(d — 1)) =0 in case n =4 ( d > 5).

Recall that now 134 = 2h +¢ < 6, with 0 < h < 3,0 < e < 1. If r34 < 4, we can apply the same
procedure as in step 5, since the part of the scheme @ with support on H is generic in P*. Hence we only
have to deal with r3 4 = 5,6.

The case r3 4 = 5 does not actually present itself; this can be checked by considering that

2 1
<d+3> = (d+3)(d+ )(d+ ) = 17834+ T3 q= (d+3)(d—|—2)(d—‘r1) = 4253 g + 673 4.

3 6
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Hence if 75,4 = 5, we get 42s3 4 + 30 = 7(6s3,4 + 4) + 2, but it is easy to check that (d + 3)(d + 2)(d + 1)
never gives a remainder of 2, modulo 7.

Thus we are only left with the case r3 4 = 6, when A = 3 and € = 0. In this case we have d = 3 (mod
7), hence d > 10; it is also easy to check that r3 41 = 3 in this case.

We can add 2s3 4 generic simple points to B, in order to get a scheme B’ which is Ops(d — 1)-numerically
settled, so now h'(Zp(d — 1)) = 0 is equivalent to h®(Zp/(d — 1)) = 0 (by Remark 2.1).

We want to apply Horace differential Lemma again in order to prove h%(Zp/(d — 1)) = 0; so we will
define appropriate schemes Zp, W and an integer vector q, such that conditions a) and b) of Proposition
1.5 apply to them, yielding h°(Zp/(d — 1)) = 0.

Consider the scheme Zg C P4, given by s3 41 — 1 (2,3,4)-schemes in P4, such that their support is at
generic points of H, and only for the last one of them the line L; is not in H. Let Wg C P* be given by
2s3,q4 generic simple points, s4.4 — S3.4 — $3,4—1 — 2 generic (2, 3,4)-schemes, three generic (2, 3, 3)-schemes in
H = P2, and the scheme R, 4. Let also q = (0,...,0, 1 , 2 ).

’ —~ T Y

Let Tp = Try(Wg) UTry (Zg) = Xsy sy UEUF, and Rp = Resy(Wp) U Res%(Zg).

We have that E and F are, respectively, a 2-jet and a simple point in H (they give the “remainder
scheme” of degree 3, to get that Ts is Ops(d — 1)-numerically settled).

The scheme Rp is the union of 2s3 4 generic simple points, s4,4—S3,4— $3,4—1 —2 generic (2, 3, 4)-schemes,
the scheme Ry g, $34-1 2-jets in H, a (2,3, 3)-scheme in H and a 2-fat point of H doubled in a direction
transversal to H.

If we show that h%(Zg, (d —2)) = 0 = h®(Zr, g (d — 1)), then we are done by Proposition 1.5.

We have h®(Zr, g(d — 1)) = 0, since T is Ops(d — 1)-numerically settled, and is given by the union
of X
apply Lemma 1.8.

ss.a_, (whose ideal sheaf has h' = 0 in degree d — 1 by [B]) with a 2-jet and a simple point, so we can

In order to show that h°(Zg, (d — 2)) = 0 we want to proceed as in Step 5, i.e by applying Lemma 1.9,
since Rp, is made of s3 4—1 — 3 2-jets union the 2s3 4 generic simple points and a scheme that we denote by
Rlz. We will be done if we show that h(Zresy (rg)(d —3)) = 0 and h'(Zg, (d —2)) = 0.

The first condition will follow if s44 — S3,4 — S3,d4—1 — 2 > S4,4—3, the second condition (since R} is
contained in the union of s4 g — s3,4 — s3,4—1 + 1 generic (2,3, 4)-schemes) if s4 4 — s34 — S3.4—1+1 < S4,4—2.
Both inequalities are proved in Appendix, A.4.

O

Thanks to some “brute force” computation by COCOA, we are able to prove:

Corollary 2.4 For 4 <n <9, we have:

i) hl(IXSn)3 (3)) =0 and hO(IXsn’si»l(?))) =0, except for n =4, in which case we have h°(Zx, ,(3)) =0
for s > 5.

ii) KTy, ,(d)) = B (Ty, . (d)) = 0, for d > 4.
Proof: Part i) comes from direct computations using CoCoA ([CO]). Note that s43 = 3 and that
R (Zx,,(3)) = h'(Zx,,(3)) =1, see [CGG1].
Part ii) comes by applying the Theorem and part i).

Coming back to the language of secant varieties, Theorem 2.2 and Corollary 2.4 give:
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Corollary 2.5 If Conjecture 1 is true for d = 3, then it is true for all d > 4. Moreover, for n < 9,
Conjecture 1 holds.

3. On Conjecture 2a. The case n = 2.

In this section we prove Conjecture 2a for n = 2.

We want to use the fact that o5(Ogn,q) is defective if at a generic point its tangent space does not
have the expected dimension; actually (see [BCGI]) this is equivalent to the fact that for generic L; € Ry,
F; € Ri, R = K[zg,...,xy), i = 1,..., s the vector space < LffkRk,LffklelRl, ey LSRRy LIFIE Ry >
does not have the expected dimension.

Via inverse systems this reduces to the study of (Iy)q4, where Y = Z; U...U Z, is a certain 0-dimensional
scheme in P"™. Namely, the scheme Y is supported at s generic points Py, ..., P, € P", at each of them
deg(Z;) = (ktn) +n, and Ilkgjz Clz C Illijrl (see Lemma 1.2).

When working in P2, we can specialize the F;’s to be of the form II¥, where II; is a generic linear form
through P;. In this way we get a scheme Y = Z; U...U Zy, and the structure of each Z; is ((k+2)P; N L3) U
(k4+1)P;, where the line L; is “orthogonal” to II; = 0, i.e. if we put P; = (1,0,0), II; = zy and L; = {22 = 0},
the ideal is of the form: ((21,22)**2 4 (22)2) N (21, 22)* ! = (&2 ab T lay o123 | 2k,

Notice that the forms in Iz, have multiplicity at least £+ 1 at P; and they meet L; with multiplicity at

least k + 2; moreover the generic form in Iz, has L; at least as a double component of its tangent cone at P;.

When F € I; and we speak of its “tangent cone” at P;, we mean (with the choice of coordinates above)
either the form in k[z1, 2] obtained by putting 2o = 1 in F and considering the (homogeneous) part of
minimum degree thus obtained, or also the scheme (in P?) defined by such a form.

When we will say that L; is a “simple tangent” for F', we will mean that L; is a reduced component for

the tangent cone to F at P;.

The strategy we adopt to prove Conjecture 2a is the following: if (Iy)s does not have the expected
dimension, i.e. h®(Zy(d))h'(Zy(d)) # 0, then the same happens for Zg=(d); hence Conjecture 2a would be
proved if we show that whenever dim(f57)4 is more than expected, then h'(Zx (d)) > maxz{0, deg(Y)— (dzn)}
or h°(Zr(d)) > max{0, (“1") — deg(Y)}, where

X:=(k+1DPU.UKk+1P,CP? T:=(k+2)PU...U(k+2)P, CP2

The following easy technical Bertini-type lemma and its corollary will be of use in the sequel.

Lemma 3.1 Let F, G be linearly independent polynomials in k[x]. Then for almost any a € k, F + aG has
at least one simple root.

Proof. Let M be the greatest common divisor of F' and G with FF = M P, G = M. Let us consider
PQ' — QP', where P’ and @’ are the derivatives of P and @, respectively . Since P and ) have no common
roots, it easily follows that PQ’ — QP’ cannot be identically zero.

For any 8 € k which is neither a root for PQ" — QP’, nor for M, nor for Q, let
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so (F +aG)(B) = M(B)(P +aQ)(8) = 0, and (F +aG)'(B)
aQ))(B) = (M(P' = 5 Q)(B) = (H)(B)(QP - PQ')(B)

[ assumes almost every value in &, so does a(3). O

= (M'(P+aQ) + M(P'+aQ"))(8) = (M(P" +
=0, hence  is a simple root for F' + aG. Since

Corollary 3.2 Let P = (1,0,0) € P2. Let f,g € (Ip™)a, and f,g ¢ (I572)4. Assume that f,g, have

different tangent cones at P. Then for almost any a € k, f + ag has at least one simple tangent at P.
Proof. The Corollary follows immediately from Lemma 3.1 by de-homogenising the tangent cones to
f,g at P to get two non-zero and non-proportional polynomials F, G € k[z]. |

It will be handy to introduce the following definitions.

Definition 3.3 Let P € P? and L be a line L through P. We say that a scheme supported at one
point is of type Z’ if its structure is (k + 1)P U ((k + 2)P N L), and that it is of type Z if its structure is
(k+1)PU((k+2)PNL?).

We will say that a union of schemes of types Z’ and/or Z is generic if the points of their support and

the relative lines are generic.
The following lemma is the key to prove Conjecture 2a:

Lemma 3.4 Let Y = Z,U...U Z, C P? be a union of s generic schemes of type Z, then either:

(i) (I)a = (I1)a;
(11) dlm(l?)d = dim([x')d — 2s.

Proof. Notice that by the genericity of the points and of the lines, the Hilbert function of a scheme with
support on P, ..., P, formed by t schemes of type Z, by ¢ schemes of type Z’ and by s — ¢t — t’ fat points
of multiplicity (k + 1) depends only on s, ¢ and t'.

Let W, be a scheme formed by t schemes of type Z and by s — t fat points of multiplicity (k + 1). Let

T = max{t € N| dlm(IWt)d = dlm(Ix)d — 2t}.

If 7 = s, we have W, =Y and dim(ly, )q = dim(Ix)4 — 2s , hence (ii) holds.
Let 7 < s: we will prove that (Iy7)q = (I7)q. Let W be the scheme

W=W,=Z1U...UZ, U(k+ 1P, 1U...U(k+1)P,.
and let

W(’j):71U...UZU(k+1)PT+1u...uZ’jU ...... Uk+1)P,, 71+1<j<s,

(y=21U...UZ U(k+ )P U...UZ;U...... Uk+1)P, 1+1<j<s,

16



that is W(’ )» respectively W(’;.), is the scheme obtained from W by substituting the fat point (k + 1)P; with

a scheme of type Z', respectively Z, so
/ 1
W W) < W,
and deg W(;) = degW + 1, deg W(}) = degW +2 (for 7 = s — 1, W({; = Y).
If (IW(H_))d = 0, then trivially (I37)q = (I7)4 = 0 and we are done. So assume that (IW(/<))d # 0.
By the definition of T we have that dim([w(l{))d >dim(Ix)qg — 2(7 + 1) = dim(fw)q — 2, hence we get
J

0 S dlm(Iw)d - dlm(IW(//))d S 1.

Let us consider the two possible cases.

Case 1: dim(Iw)q — dim(IW(/j))d =0, 7+1<j<s.

In this case we have (Iy)g = (IW(/j))d . This means that every form F' € (I )q meets the line L; with
multiplicity at least &+ 2; but since the line L; is generic through P;, this yields that every line through P;
is met with multiplicity at least k + 2, hence

(Iw)a C (Ip)a, for 74+1<j<s. (1)
In particular, we have that
(Iw)a = Iwy )a- (2)

Now consider the schemes
Wi =21U...0UZ; 1 U(k+1)P,UZinU...UZ, U(k+1)PryU...U(k+1)P.1UZ,, 1<i<rT,

W('iys):71U...U?i_lngufiHU...U?TU(k+1)PT+1U...U(k+1)PS_1U78, 1<i<T,

i.e. W, is the scheme obtained from W by substituting the fat point (k + 1)P; to the scheme Z; and
a scheme Zg, of type Z, to the fat point (k + 1)P;, while W(’Z.’S) is the scheme obtained from W(; ;) by
substituting a scheme Z/, of type Z’, to the fat point (k + 1)F;.

The schemes W(; ;) and W are made of 7 schemes of type Z and s — 7 (k + 1)-fat points; the schemes
W(’m) and W(’S) are made of 7 schemes of type Z, s — 7 — 1 (k + 1)-fat points and one scheme of type Z'.
This yields that:

)d-

Hence every form F' € (Iw,, ,)a meets the generic line L; with multiplicity at least k + 2, thus we get

dim(IW(i,S))d = diIn(Iw)d = dlm(Iw(lg))d = dlm(Iw(Zs)

(Iwi.)a C (I5) g, for 1<i<T. (3)

and from this and (2) we have

(Iw,o)a = Twy )a = (Iw)a- (4)

By (1), (3) and (4) it follows that (Iy)q = (I7)a, hence, since W C Y C T, we get (i).

Case 2 : dim(Iw)q — dim(IW(/_))d =1, 7+1<j<s.
In this case we have

dim(Iw(/j) )d = dlm(Iw(I;> )d-
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Let F € (IW(/J_) )d = (IW(/;))d; hence L; appears with multiplicity two in the tangent cone of F. If F' ¢ (I}k;jQ)d,
then let L§ be a generic line not in the tangent cone of F' at P;. By substituting the line L§ to L; in the
construction of W(’j), we get another form G € (Iy)q, G &€ (IllijQ)d, with the double line L; in its tangent
cone. Then, by Corollary 3.2, the generic form F'4aG has a simple tangent at P;, and this is a contradiction
since a generic choice of the line L; should yield (IW(/j))d = (IW(/J/_))d. Hence F' € (IllijQ)d, fort+1<j<s.

With an argument like the one we used in Case 1, we also get that F' € (I’I—f,:_rQ)d for 1 < j <7, and (i)

easily follows. a

Now we are ready to prove Conjecture 2a.

Theorem 3.5 The secant variety 05(Oy 2,q4) is defective if and only if one of the following holds:
(i) K1 (Zx(d)) > max{0,deg(Y) — (d+”)} , or

n

(ii) h°(Zr(d)) > maz{0, (*1") — deg(Y)}.

Proof. Since if Y is defective in degree d, then Y is, but, by Lemma 3.4, either dim([5)q = dim(Ix )q—2s,
hence

K (Ix(d)) = h'(Z3(d)) — 25 > maz{0, deg(Y) — <d+ n)} — maz{0, deg(Y) — (d :L_ n) 3

n

or (Iy)q = (Ir)a, hence

RO (Zp(d)) = hO(T(d)) > maz {0, <d ;: ”> — deg(Y)} = maz{0, (d Z ”> — deg(Y)}.

]
APPENDIX: Calculations
A.1  We want to prove that (for n >4 and d > 6 or for n > 5 and d = 5):
Sn,d — Sn—1,d — h—e-4d-1 > Sn,d—2
Recall:
Spd(2n+1)+r,q = (”gd); Sp—1,d(2n—1)+rp_10 = (n+371); Spd—2(2n+1) + 1y g0 = (”;rff).
Hence our inequality becomes:
1 +d 1 +d—1 1 +d—2
nt1 [(nd ) - de} T on-1 [(n d ) - Tn—lvd} —h—e-6-1- nt1 [(nd—2 ) - Tn7d—2} >0
By using binomial equalities and reordering this is:
1 +d—1 +d—2 +d—2 1 +d—1 Tn—1, 1 +d—2 1
2n+1 [(n d ) + (nd—1 ) + (nd—2 )} T 2n—1 (n d ) + 2n—11d —h—e-6-1- 2n+1 (nd—z ) + 2n+1(7’n,d—2 -
Tn,d) >0
i.e.
1 +d—2 2 +d—1 Tno1, 1
n+1 (nd—1 ) ~ @n+1)(2n—1) (n d ) + ot —h—e—6—-1+ Int1 (Tnd—2 —Tna) =0
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By using binomial equalities again:

1 +d—2 2 +d—2 +d—2 Tn-1, 1
2n+1 (nd—l ) T (2n+1)(2n-1) [(n d ) + (nd—l )] + 2n—11d —h—e-6-1+ 2n+1 (de—? - Tn,d) >0

i.e.

1 +d—2 2 2 +d—2 Tn-1, 1
2n+1 (nd—l )(1 - 2n—1) T @n¥D)(2n—-1) (n d ) + 2n—11d —h—e-0-1+ 2n+1 (Tnyd*2 - 7'n,d) >0

i.e.

(") Bty B —hme =0 =1 g (a2 — ) 20

Tn—1,d
7 2n—1

so our inequality holds if:

Now

>0, while h+e+0 < 5, and 1, g2 —Tpg > —2n, ie. ﬁ(rmd_g —Tn.d) > —2511 > -1,

+d—2\ [2n(d—1)—3d+2 n
(nd—l )[ (d(4n%—1) 1 - 2 220

It is quite immediate to check that the right hand side is an increasing function in d, e.g. by writing it

as follows:

(") 20— 3 — 22] — (3 4+ 2)(4n? — 1) > 0.

n—1
ie.

(") [2n — 3 — 2HE2] _2p3 —8p? 4+ 2 42 > 0.

n—1
Let us consider the case d = 6 first; our inequality becomes:
(i Q0n18) _9pd _8n2 1 42> 0.

ie.

(n+4)(n+3)(n-:l))—62())(n+1)n(5n—8) _ 2n3 _ 8’112 + % +2>0.

ie.

(n+4)(n+3)(n+2) (n+1)n(5n—8) —20n>*(n+2) n
360 t3+2=20

ie.

02 (4 4)(n + 3)(n + 1) (5n — 8) — 720n] + 2 +2 > 0,

Which, for n > 4, is easily checked to be true. Hence we are done for n >4, d > 6.

Now let us consider the case d = 5; our inequality becomes:
(ORI VL. TR N X))

ie.

(n+3)(n+2)(1%—1)n(8n—13) — o3 —8n2 + % +2>0.

ie.

(n* + 6n% + 11n2 + 6n)(8n — 13) — 24013 — 960n2 + 60n + 240 > 0.
ie.

8n° + 35n* — 230n3 — 101502 — 18n + 240 > 0.
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ie.

n3(8n? + 35n — 230 — 125 — 18 4 240) >

n n3
Which, for n > 6, holds. So we are left to prove our inequality for d = 5 = n; in this case we
have: s55 = [2322] = 24, s45 = [12%] = 14 and r45 = 0, hence h = ¢ = 0, while s55 = [5¢] = 5; so:
855 — Sa5 — 1 > 553 becomes: 24 — 14 — 1 > 5, which holds.

O

A.2 We want to prove that, for all n > 7:

n
Sn7475n_1’47h76*5>§

ie.

("T/@n A1) =1/t 1) = (T /@2n = 1) A ras1a/@n 1) —h—e =6 > 4
ie.

n+4)(n+3)(n+2)(n+1 n+3)(n+2)(n+1)n n T Tn—1,

: )(24(2)7(L+1))( b %El(in(l) o Gnin t @y —h—€e—0>0

Now:

Tn,4 2n Tn.,4 X
CntD) S @t < 1, hence — T > —1;
Tho1,4 = 0;

and h+e+0< %, ie. ~h—e—0>—1.

Therefore we get:

(n43)(n+2)(n+1) 1 (n+4) n n Tn, Tno1,
B e [(27;+1) — ) Tt @D T oy hoe—d>
(320t [nid _ w ) n
24 2nfl ~ 2n— 2

_ (n43)(n+2)(n+1)  [(2n—1)(n+4)—n(2n+1)] n—1=

24 @n+D)(2n—1)

n+3)(n+2)(3n—2
(n+1) [0 1] > g
ie.
(n+3)(n+2)(3n —2) —12(4n? — 1) > 0
ie.

3n3 —35m% +8n >0

which is true for n > 12.

Let us check the cases n =7,8,9,10, 11.

If n =7 we have: s74 = [t ('))] = 22 (with r74 = 0); sg4 = 16, since (') = 210 = 16 - 13 + 2, so
rea=2andh=1e=0=0.

Our inequality becomes: 22 — 16 — 1 > 7/2, which holds.

If n = 8 we have: sg4 = [1—15 (142)] =33 (withrg4 =0); s74=22, 774 =0and h=¢=§ =0.

Our inequality becomes: 33 — 22 > 4, which holds.

If n =9 we have: sg4 = [1—15 (143)] =47 (with rg 4 = 10); ss4 =33, and h =e =6 = 0.

Our inequality becomes: 47 — 33 > 9/2, which holds.

If n = 10 we have: si94 = [ ('})] = 66 (with 7194 = 11) ; s94 =47, and h =5, e = § = 0.

Our inequality becomes: 66 — 47 — 5 > 5, which holds.

If n = 11 we have: si04 = [ ('))] = 91; s104 = 66, and h =5, e =1, § = 0.

Our inequality becomes: 91 — 66 —5 — 1 > 11/2, which holds. O
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A.3 We want to prove that, ford >5,n>4ord=4,n>T:

dn —1< 25,1 4. (%)

Since r,—1,4 < 2n — 2, it is enough to prove that:

2 |:(n71+d) — 4+ 2} > 4n — 1 which is:

2n—1 n—1

(n;ird) > % + 2n — 2 that is:
n—1+d

(") > 4 = )

which is surely true if

(nfler

S > 4n? — nis true.

Notice that the function (" 'T9) is an increasing function in d. For d = 4, the inequality becomes:

n(n3 +6n2+11n+6)
24

n3+6n2+11n+6 > 96n — 24, ie.

> 4n? — n, which can be written:

n3 4+ 6n2 — 85n + 30 > 0 which is surely true if the following is true:

n? 4+ 6n — 85 > 0. The last one is verified for n > 8, so we are done for d =4 and n > 8.

If (n,d) = (7,4), Sn—1,4 = 16 since (140) =210 =16-13 + 2, and (*) becomes: 4-7—1 < 2-16 which is true.

n—1+d

el ) is an increasing function in d, we have proved the initial inequality for d > 4

Since the function (
and n > 8.

For d = 5 () becomes: n® + 10n* + 35n% — 430n? + 144n + 120 > 0 which is true for n = 5,6,7. We
have hence proved the initial inequality for d > 5 and n > 5.

If (n,d) = (4,5), sp—1,4 = 8 since (5) =87, and (x) becomes: 4 -4 — 1 < 2 -8 which is true.
For d = 6 (xx) becomes: n(n + 1)(n +2)(n + 3)(n +4)(n +5) — 120(6)(4n? — n — 1) > 0 which is true
for n = 4. We conclude that the initial inequality is true for d > 5 and n > 4.

A.4 We want to show that (for d > 10): s4,g — 83,4 — 83,a—1 —2 > Sa,a—3 and s4.g — 3.4 — $3,d—1+ 1 < Sa.q-2

The first inequality is equivalent to:

1 d+4 _1 d+3 +§_1 d+2 +§_22 1 d+1
9 4 7 3 7T 7 3 7 9 4
which follows if:

s (7)) =5 (1) =2 3(7F) + 3 (1) — &+ 4
i.e.

d+1 [(d44)(d+3)(d+2)—d(d—1)(d—2)] >
9 24 =

=

(d+1)(d+2)(2d+3) 19
(fenegpent) + 2

ie.
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b1 Q22 > (g 4 1)(d+ 2)(2d + 3) + 22

ie.

(d®+2d+2)  2d°47d+6 114
3 e )

ie.

342
& —Td—4> 32

Which is easily checked to hold for d > 10.

Now let us consider the second inequality, which is equivalent to:

1 d+4 } d+3 +§ 1 d+2 +§+1< 1 d+2
9 4 7 3 T 7 3 7 — 19 4
which follows if:

s =5 =2 () +

i.e.

(d+1)(d+2) [(d+4)(d+3)—d(d—1)] _ 1 ((d+1)(d+2)(2d+3)) 30
9 24 =7 6 7
i.e.

d d d
(dr1)(d+2) Bd412) > L(d 4 1)(d +2)(2d + 3) — 22

i.e.

180

1
= 7 T T(d+1)(d+2)(2d+3)

el

Which is easily checked to hold for d > 10.
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