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Ideals of varieties parameterized by certain symmetric tensors

Alessandra Bernardi

ABSTRACT. The ideal of a Segre variety P™ X ... x P < Pr1+D(u+D—1 i gonerated by the 2-minors
of a generic hypermatrix of indeterminates (see [Hal] and [Gr]). We extend this result to the case of Segre-
Veronese varieties. The main tool is the concept of “weak generic hypermatrix” which allows us to treat
also the case of projection of Veronese surfaces from a set of general points and of Veronese varieties from a
Cohen-Macaulay subvariety of codimension 2.

1 Introduction

In this paper we study the generators of the ideal of Segre-Veronese varieties and the ideal of projections of
Veronese surfaces from a set of general points and, more generally, of Veronese varieties from a Cohen-Macaulay
subvariety of codimension 2.

A Segre variety parameterizes completely decomposable tensors (Definition 2.1).

The problem of tensor decomposition has been studied studied for many years and by researchers in many
scientific areas as Algebraic Geometry (see for example [CGG1], [LM], [LW], [AOP], [Za]), Algebraic Statistic
(see [HR], [GSS], [PS]), Phylogenetic ([AR], [Bo], [Lak], [SS]), Telecommunications ([Com)]), Complexity
Theory ([BCS], [Lan], [Li], [St]), Quantum Computing ([BZ]), Psychometrics ([CKP]), Chemometrics ([Br]).

In [Hal] (Theorem 1.5) it is proved that the ideal of a Segre variety is generated by all the 2-minors of a
generic hypermatrix of indeterminates.

Here we prove an analogous statement for Segre-Veronese varieties (see [CGG2]). Segre-Veronese vari-
eties parameterize certain symmetric decomposable tensors, and are the embedding of P™ x --- x P™ into
]P)H?:l(”1'+d? - given by the sections of the sheaf O(dy,...,d;) with dy,...,d; € N (see Section 3). We prove
(in Theorem 3.11) that their ideal is generated by the 2-minors of a generic symmetric hypermatrix (Definition
3.5).

The idea we use is the following; generalizing ideas in [Hal] we define “weak generic hypermatrices” (see
Definition 3.8) and we prove that the ideal generated by 2-minors of a weak generic hypermatrix is a prime ideal
(Proposition 3.10). Then we show that a symmetric hypermatrix of indeterminates is weak generic and we can
conclude, since the ideal generated by its 2-minors defines, set-theoretically, a Segre-Veronese variety.

An analogous idea is used in Sections 4 and 5 in order to find the generators of projections of Veronese
varieties from a subvariety of codimension 2. This is a problem which has been studied classically in Algebraic
Geometry (starting with the projection of Veronese surface, see [Sh]); for a quite general analysis of subalgebras
of the Rees Algebra associated to embeddings of blow ups of P" along subvarieties, see [CHTV] and [MU].

Denote with Y,, 4 the Veronese variety obtained as the d-uple embedding of P"* into P("i)~1 and consider the

surface Y C P(*2)=5=1 which is the projection of Y5 4 from s general points on it. The defining ideal of Y has
been studied in [Hal] when s is a binomial and s < ((21) and in [GL] and [Ha2] for s > (;l) (in the second paper

also the case of any set of s points is treated, when d > max{4, s+ 1}). Here we complete the picture for s < (g)
general points on Yz 4; our method follows the framework of [GG] and [GL], but uses the “hypermatrix” point of
view of [Hal]. We construct a hypermatrix in such a way that its 2-minors together with some linear equations
generate an ideal I that defines Y set-theoretically; then we prove that such hypermatrix is weak generic and in
Theorem 4.7 we prove that I is actually the ideal of the projected surface.

This construction can be generalized to projections of Veronese varieties Y,, 4, for all n,d > 0, from a sub-
variety of codimension 2 and of degree s = (H;) +k < (g) for some non negative integers ¢, k, d such that
0<t<d-1and0<k<t (see Section 5).
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2 Preliminaries

Let K = K be an algebraically closed field of characteristic zero, and let Vi,...,V; be vector spaces over K of
dimensions ni, ..., n; respectively. We will call en element T € V; ® --- ® V; a tensor of size ny X - -+ X ng.
Let Ej = {e;q,--- ’Qj,nj} be a basis for the vector space V;, j =1,...,t. We define a basis E for Vi1 ®---®@V;
as follows:
Ei=Ae, i, =€, @ Qe | 1<i; <ng, Vj=1,...,t}. (1)

A tensor T € V1 ® - - - ® V; can be represented via a so called “hypermatrix” (or “array”)
A= (i i )1<05<ny =100t

with respect to the basis E defined in (1), i.e.:

T= § Qi ie€in, iy

1<ij<nyj,j=1,...,t

Definition 2.1. A tensor T € V1 ® --- @ V; is called “decomposable” if, for all j = 1,...,t, there exist v; €V
such that T =v; ® -+ @ v,.

Definition 2.2. Let E; = {gj)l, e ’Qj,nj} be a basis for the vector space Vj for j = 1,...,t. Let also v; =
2121 ajie;; €Vj for j=1,...,t. The image of the following embedding

PWVi)x - xP(V;) — PV -0V
(] s oo s ) » y®---®yl=
= ZlgijSn]-,jzl,.“,t[(a’l’il e .at;it)g’il,.u,it]

is well defined and it is known as “Segre Variety”. We denote it by Seg(V1 ® -+ @ Vp).

Remark: A Segre variety Seg(V1 ® - -- ® V;) parameterizes the decomposable tensors of V1 ® -+ ® V4.

A set of equations defining Seg(Vi ® --- ® V4) is well known (one of the first reference for a set-theoretical
description of the equations of Segre varieties is [Gr]). Before introducing that result we need the notion of
d-minor of a hypermatrix.

Notation:

e The hypermatrix A = (2, .. 4, )1<i;<n, ,j=1,...t is said to be a generic hypermatriz of indeterminates (or
more simply generic hypermatriz) of S := K[ffil,‘..,z‘t]lgijgnj ,j=1,...,t» if the entries of A are the independent
variables of S.

e We denote by S; the homogeneous degree ¢ part of the polynomial ring S.

e We will always suppose that we have fixed a basis F; for each V; and the basis E for V1 ®---®V; as in (1).



e When we will write “A is the hypermatrix associated to the tensor 7”7 (or vice versa) we will always assume
that the association is via the fixed basis E. Moreover if the size of T is nq X - -+ X ng, then A is of the
same size.

It is possible to extend the notion of “d-minor of a matrix” to that of “d-minor of a hypermatrix”.

Definition 2.3. Let Vi,...,V; be vector spaces of dimensions ni,...,n:, respectively, and let (Jy,J2) be a
partition of the set {1,...,t}. If J1 = {h1,...,hs} and Jo = {1,...,t}\J1 = {k1,...,ki—s}, the (J1,Jo)-
Flattening of V1 ® --- @ V; is the following:

Vi@V =WVhy® - aV,,)e® Ve eV, ).

Definition 2.4. Let V;, @V, be any flattening of Vi ®@---@V; and let fy, j, : P(Vi®---@V;) = P(Vy, @Vy,) be
the obvious isomorphism. Let A be a hypermatriz associated to a tensorT € Vi ®---@Vy; let [T'] = fg,,5,([T]) €
P(Vy, ® Vy,) and let Ay, 5, be the matriz associated to T'. Then the d-minors of the matriz Ay, j, are said to
be “d-minors of A”.

Sometimes we will improperly write “a d-minor of a tensor 77, meaning that it is a d-minor of the hyperma-
trix associated to such a tensor via the fixed basis E of V1 ® --- ® V,.

Example: d-minors of a decomposable tensor.
Let Vi,...,V; and (J1,J2) = ({h1,..., hs}, {k1,..., ki—s}) as before. Consider the following composition of
maps:
P(V1) x --- x P(V) 52 P(Vy,) x P(Vy,) = P(Vy, @ Vy,)

where Im(sy x s2) = Seg(Vy,) x Seg(Vy,) and Im(s) is the Segre variety of two factors.

Consider the basis (made as E above) Ej, for Vj, and Ej, for Vj,. In terms of coordinates, the composition
s0 (81 X s2) is described as follows.

Let v; = (44,1, 0in;) € Viforeachi=1,....tand T =9, ®--- Q@v;, € V1 @ --- ® V4; then:

S1 X 52([(0‘1,17 s 7a17n1)]7 sy [(at,la s ’at7nt)]) = ([(ylr'-,l, s Ynpg g )]7 [(Zl,...,lv Ce s BNy e, )])
where Yy, 1. =an, 1, - ah, 1, for by, =1, ,n, and m=1,...,s;
and 2y, 5, =0k, Ok 1, for Iy =1,... npandm=1,...,t—s.
If we rename the variables in V;, and in Vj, as: (y1,...1,..., Y, oo, nn,) = W1, YNy ), With Ny = ng, -y,
and (z1,..1,---, znk1,~~,nkt,5) =(z1,...,2N,), with No = ny, ---nyg,__, then:

s([ty1y -« un)]s (215 28)]) = (@115 @125 - -+ Ny N, )] = 50 (51 % 82)([T]),

where ¢; j = y;zj fori =1,...,N; and j = 1,..., Na. We can easily rearrange coordinates and write s o (s; x
s2)([T]) as a matrix:
a1 41N,
(s xs2)os)([T) = | P 2)
dNy,1 "t gNy,N,

A d-minor of the matrix s o (s; x $2)([T]) defined in (2) is called a d-minor of the tensor 7.
Example: The 2-minors of a hypermatrix A = (a,,....i, )1<i;<n;, j=1,...,+ are all of the form:
@iy i yeeyit Bl eyl ™ Qig i Ay iyl
for 1 <i;,l; <ny,j=1,...,tand 1 <m < 4.

Definition 2.5. Let A be a hypermatriz whose entries are in Klu1, ..., u,]. The ideal I;(A) is the ideal generated
by all d-minors of A.



Example: The ideal of the 2-minors of a generic hypermatrix A = (xil,..‘,it)lgijgnj,jzl,u.,t is

I(A) = (Tiy,itsieTrsfisede = Titseoosfiseesie Tt soemsitseeesj I=1ets 1505, G <y, k=10t

It is a classical result (see [Gr]) that a set of equations for a Segre Variety is given by all the 2-minors of a
generic hypermatrix. In fact, as previously obseved, a Segre variety parameterizes decomposable tensors, i.e. all
the “rank one” tensors.

In [Hal] (Theorem 1.5) it is proved that, if A is a generic hypermatrix of a polynomial ring S of size
ny X -+ X ng, then I5(A) is a prime ideal in S, therefore:

I(Seg(Vi®---®@ W) = Ix(A) C 6.

Now we generalize this result to another class of decomposable tensors: those defining “Segre-Veronese
varieties”.

3 Segre-Veronese varieties

3.1 Definitions and Remarks

Before defining a Segre-Veronese variety we recall that a Veronese variety Y, 4 is the d-uple embedding of P"
into ]P’(n;d)fl, via the linear system associated to the sheaf O(d), with d > 0.

Definition 3.1. A hypermatriz A = (a4,,....iy)1<i;<n,j=1,..,d 15 said to be “supersymmetric” if a;, .. . ., =
i1y omriaw JOT all 0 € &4 where &4 is the permutation group of {1,...,d}.

With an abuse of notation we will say that a tensor 7' € V®? is supersymmetric if it can be represented by
a supersymmetric hypermatrix.

Definition 3.2. Let H C V®? be the ("+3_1) -dimensional subspace of the supersymmetric tensors of VO, i.e.

H is isomorphic to the symmetric algebra Symg(V'). Let S be a ring of coordinates on p("a )1 = P(H)
obtained as the quotient S = S/I where S = Klx;,,. iJ1<i;j<n,j=1,...a and I is the ideal generated by all
Tiq,iaq — xig(1)7,,,,ig(d),v o€ Gy.

The hypermatrix (@17“,’”)19&7}7]—:1,“,7(1 whose entries are the indeterminates of S', s said to be a “generic
supersymmetric hypermatriz”.

n+d—1

Remark: The Veronese variety Y;,_1 4 C P(""a ")~ can be viewed as Seg(VEY) NP(H) C P(H).
Let A= (4,,....i4)1<i;<n, j=1,..,d be a generic supersymmetric hypermatrix, then it is a known result that:

I(Y;L—l,d) = IQ(.A) C S. (3)

See [Wa] for set theoretical point of view. In [Pu] the author proved that I(Y,,_1 4) is generated by the 2-minors
of a particular catalecticant matrix (for a definition of “Catalecticant matrices” see e.g. either [Pu] or [Ge]). A.
Parolin, in his PhD thesis ([Pa]), proved that the ideal generated by the 2-minors of that catalecticant matrix
is actually I»(A), where A is a generic supersymmetric hypermatrix.

In this way we have recalled two very related facts:

e if A is a generic ny X --- X ny hypermatrix, then the ideal of the 2-minors of A is the ideal of the Segre
variety Seg(V1 ® --- @ W);

e if A is a generic supersymmetric n X - -- X n_hypermatrix, then the ideal of the 2-minors of A is the ideal
—_———

d
of the Veronese variety Y,,_1 4, with dim(V') = n.



Now we want to prove that a similar result holds also for other kinds of hypermatrices strictly related with
those representing tensors parameterized by Segre varieties and Veronese varieties.

Definition 3.3. Let Vq,...,V; be vector spaces of dimensions ny, ..., n; respectively. The Segre- Veronese variety
Siyd,(V1 @+ ®@V,) is the embedding of P(V1) ® -+ @ P(V;) into PN~1, where N = (H§:1 ("Hj_i*l)), given
by sections of the sheaf O(dy,...,d:).

Le. S4y,....a, (V1 ®@---®@V}) is the image of the composition of the following two maps:

Vg, X XUg ny+d;—1)_
LR P( ) 1 % .

npddg—1
dy d

P(V3) % -+ x P(V) cx p("TE Tt

and ni4dy—1 ngtdg—1
( dq )71><...><]P3(tdtt )71L]P>N71

where Im(vy X -+ X)) =Yn, 1,4, X -+ X Yo, 1.4, and Im(s) is the Segre variety with t factors.

Example: If (di,...,d;) =(1,...,1) then §; 1 (V1 ® ---@V;) = Seg(V1 ® --- @ V;).

.....

Example: If t = 1 and dim(V) = n, then S4(V') is the Veronese variety Y, _1 g4

Below we describe how to associate to each element of Sy, . 4, (Vi ® --- ® V;) a decomposable tensor T €
VRh Q... @ VB,

Definition 3.4. Letn = (n1,...,n;) andd = (di,...,d;). If V; are vector spaces of dimensionn; fori=1,... t,
an “(n,d)-tensor” is defined to be a tensor T belonging to V1®d1 QR Vt®d".

Definition 3.5. Let n and d as above. A hypermatriz A = (ail,lanwil,dl§~~~§74‘t,1a~~~y'it,dt)lgij,kgnj7k:1>~~7dj7j:17~~7t is
said to be “(@’ d)'symm?tricﬁ Z‘fa’il,l’:nvil,dl:,~~§7;t,1y~~7it.,dt = aio'l(l,l)7~~71:r71(1,d1)§"~§i.:7t(t,1);“':ia't(t,dt). for all permutations
o; € 6(j,d;) where 6(j,d;) ~ &gy, is the permutation group on {(j,1),...,(j,d;)} for all j =1,...,t.

An (n,d)-tensor T € VE" @--- @ V;¥" is said to be an “(n, d)-symmetric tensor” if it can be represented by
an (n,d)-symmetric hypermatrix.

Definition 3.6. Let H; C V;®di be the subspace of supersymmetric tensors of Vi®di for each i =1,...,t, then
H® - @H cVP"e. ...V " is the subspace of the (n, d)-symmetric tensors of VEU @ - @ V%, Let
n=(ni,...,n) and d = (dy,...,d;) and let Ry, q be the ring of coordinates on PNl =P(H, ®---® Hy), with
N = (ngl(nﬁ;iiil)), obtained from S = K[a:il,l,..i,il,dl;.4.;“,1,.4.,¢t,dt]1gij,,€gnj,kzl,m,dj,jzlwt via the quotient
modulo Lit1sesi dy 5o, 1eesitydy  Llgg (1,1) 50 sboy (1,dy) 5o oy (8,1) 10 shog (£,d3) ? for all o5 € G(Ja dj) and j=1,...,1.

The hypermatrix (Eil,lwwil,dl9"~§it,17"~xit,dt 1<ij o <ng, k=1,...d;, j=1,....t of indeterminates of Ry, q), is said to be a
“generic (n,d)-symmetric hypermatriz”.

Remark: It is not difficult to check that, as sets:
PH ® - @ H)NSeg(VE" @--- @ VE") =8y, a, (Vi@ @ V,); (4)

ie. Sqp,...a,(V1®---®V,) parameterizes the (n,d)-symmetric decomposable (n, d)-tensors of V1®d1 R V}®dt.
Since Segre variety is given by the vanishing of 2-minors of a hypermatrix of indeterminates and H; ® --- ® H;
is a linear subspace of V] ® --- ® V4, it follows that a Segre-Veronese variety is set-theoretically given by the
2-minors of an (n, d)-symmetric hypermatrix of indeterminates .

In Section 3.3 we will prove that the ideal of the 2-minors of the generic (n,d)-symmetric hypermatrix in
Ry q) is the ideal of a Segre-Veronese variety. We will need the notion of “weak generic hypermatrices” that we
are going to introduce.



3.2 Weak Generic Hypermatrices

The aim of this section is Proposition 3.10 which asserts that the ideal generated by 2-minors of a weak generic
hypermatrix (Definition 3.8) is prime.

Definition 3.7. A k-th section of a hypermatriz A = (x4, ... i,)1<i;<n;j=1,...,t 15 a hypermatriz of the form

@ _ (.. ) .
Aik—<$n,-~~wt)1§ij§nj,j:1 ..... Byoootiin=l"

Remark: If a hypermatrix A represents a tensor 7' € V4 ® --- ® V4, then a k-th section of A is a hypermatrix
representing a tensor 7' €e V1 @ - @V, ® - @ V;.

We introduce now the notion of “weak generic hypermatrices”; this is a generalization of “weak generic box”
in [Hal].

Definition 3.8. Let Kluy,...,u,] be a ring of polynomials. A hypermatrizc A = (fi,, .. i, )1<i;<n;,j=1,...t, where
all fiy i, € Klua,...,uz]1, s called a “weak generic hypermatric of indeterminates” (or briefly “weak generic
hypermatriz”) if:

1. all the entries of A belong to {uq,...,u,};

2. there exists an entry fi, i, such that fi, i, # foy,. gk Jor all (kv,. .. ki) # (i1,...,0), 1 <k; <nj, j=
1 t:

geeesyly

3. the ideals of 2-minors of all sections of A are prime ideals.

Lemma 3.9. Let I,J C R = K|us,...,u,| be ideals such that J = (I,u1,...,uy) with g <r. Let f € R be a
polynomial independent of uy,...,uq and such that I : f =1. Then J: f =J.

Proof. We need to prove that if g € R is such that fg € J, then g € J.

Any polynomial g € R can be written as g = g1 + g2 where g1 € (uy,...,uq) and go is independent of
Ui, ..., uq. Clearly g1 € J. Now fgo = fg— fg1 € J and fgo is independent of uy,...,u,. This implies that
fg2 € I, then g5 € I C J because I : f = I by hypothesis. Therefore g = g1 + g2 € J. O

Now we can state the main proposition of this section. The proof that we are going to exhibit follows the
ideas the proof of Theorem 1.5 in [Hal], where the author proves that the ideal generated by 2-minors of a
generic hypermatrix of indeterminates is prime. In the same proposition (Proposition 1.12) it is proved that also
the ideal generated by 2-minors of a “weak generic box” is prime. We give here an independent proof for weak
generic hypermatrix, since it is a more general result; moreover we do not follow exactly the same lines as in
[Hal].

Proposition 3.10. Let R = Klui,...,u,] be a ring of polynomials and let A = (fi,,...i,)1<i;<n,, j=1
weak generic hypermatriz as defined in 3.8. Then the ideal I2(.A) is a prime ideal in R.

,,,,,

Proof. Since A = (fi,,...i,)1<i;<n;, j=1,...t 15 a weak generic hypermatrix, there exists an entry f; . ; that
verifies the item 2. in Definition 3.8. It is not restrictive to assume that such f;, . ;, is fi,..1.

.....

0} C R and let Rz be the localization of R at Z. Let also ¢ : R — Rz such that

Finaoa - fi 1,5
O( i) = =,
A

p(K) = K and ¢(u;) = u; for u; € {ur,...,up}\{fir,. i |1 < 45 < my, 5 =1,...,t}. Clearly p(m) = 0
for all 2-minors m of A. Hence ¢(I2(A)) = 0. Since F(...,fj. 5., )G(.., fir,.jes---) € I2(A) then
F(...,o(fjr,5.)s--)G(..oo(fi,...5.)s - --) = Or,. Thelocalization R is a domain because R is a domain, thus
either F'(...,¢(fj1,..j.),---) =0r,, ot G(...,¢(fj1,...j.),---) = Or,. Suppose that F (,m,)

Op,. Wehave

fide o f1,,1
F(...,fjl,wfjt,...):F(...7 J1 — o | +H, (5)

1 1

FRRES



where H belongs to the ideal (fjl’ it tfll — it S )1<ge<n, k=1,...t C Rz.
Now let Ht—l = fjlv"'7jf f]l, L1 fl,...,l,jf,- Then

.....

t—2 t—2
-1 = fll,jz ..... jtfjl,l ..... 1J51,....9¢ (f ..... lfjl ..... Je fl,jg ..... jtfjl,l...,l) J1seendt

= f1gosge fin e Fingioa1 S1(A4)

Frgonege Fin ot U 20 = FrioeieFis digsnde = Jivedean = Hioa.

Proceeding analogously for Hy_o, ... ,Hl, it is easy to verify that H;_y € I3(A). Hence H belongs to the ideal
of Ry generated by I5(A). This fact, together with (5), implies that also F' belongs to the ideal of Rz generated
by Iz(A). Therefore we obtained that if p(F') = Og,, then there exists v > 0 such that

Fa B G figes ) € Io(A) C R (6)

Now we want to prove that if there exists v > 0 such that f{' F(..., f;  j.,--.) € [2(A), then F' € I5(A).
Analogously as it is done in the proof of Lemma 1.4 in [Hal], we will use a triple induction: first on the dimension
t of the hypermatrix A, then on 22:1 n;, and finally on deg(F).

Induction on t. For ¢ = 2 our goal is proved in Lemma 3 of [Sh]. Assume that ¢ > 2 and that the induction
hypothesis holds for any weak generic hypermatix of size lower than t.

Induction on Z;zl n;. If n; =1 for at least one j € {1,...,t}, then A is a hypermatrix of order (¢ — 1), so
the result is true for the induction hypothesis on ¢. Assume that n; > 2 for all j = 1,...,¢ and that the

induction hypothesis holds for smaller values of Z;Zl n;.

Induction on deg(F). If deg(F) = 0, since ¢(F) = Og,, we have F' = 0 € I5(A). Then let deg(F) > 0 and
assume that the induction hypothesis holds for polynomials of degree lower than deg(F).

In [Hal], Corollary 1.1.1, it is proved that (I2(A), fn, ...n,) = Ni_,I; where A; is the hypermatrix (fi,,...i,)ii<nis
and I; == (Io(A),{fir,...ir | it = m}) . Clearly Ir(A) C (I2(A), fay,...n,)- By (6), we have that f F €
I(A). Hence, by Corollary 1.1.1 in [Hal], f{ ,F € I, for all [ = 1,...,¢. We can apply here the induction
hypotheses on ¢ and on Z; 1 1y, hence Io(A;) @ fY ;1 = I2(A;). Now, by Lemma 3.9, I; : f{
Feni_I; = (I2(A), fu,,. n,)- Hence we can write F = Fy + F5 where F} € IQ(A) and Fy € (fn,,..., ,t), that is
tosay F = Fi + fn,,. thg Wlth deg(Fg) < deg(F). Obviously f17w1fm7,,,,mFg U aF = f1 1P € I(A).

Let’s notice that we checked that, since ¢(fn,,....n,) # Or, for any form K for which fy, . n K € I2(A) there
exists p > 0 such that f{' | K € I(A); if we apply this to K = f} 1F2, we get that f”‘“‘ F, € I,(A) for some
p > 0. Now we deduce that there exists 4 > 0 s. t. f1 th F2 € I(A). Now, by induction hypothesis on the
degree of F, we have that Iy € I5(A). Therefore F € IQ(A). O

3.3 Ideals of Segre -Veronese varieties

Since a Segre-Veronese variety is given set-theoretically by the 2-minors of an (n, d)-symmetric hypermatrix of
indeterminates (see (4)), if we prove that any (n,d)-symmetric hypermatrix of indeterminates is weak generic,
we will have, as a consequence of Proposition 3.10, that its 2-minors are a set of generators for the ideals of
Segre-Veronese varieties.

Remark: If A = (a;,,. . i,)1<i;<n;j=1,..,a is a supersimmetric hypermatrix of size n x --- xn, then also a
soeria J1<i<ns j=1,..., )

k-th section Al(-l) of A is a supersymmetric hypermatrix of size n x --- x n.

k N’
d—1
for all 0 € &,4. The section Agi) is obtained
from A by imposing ¢, = [. Therefore AE? = (@i, ... ix=l,...ig) 1s such that a;,, =1, i, = Qi (1) soemrig ()=l ()
for all o € &, such that o(k) = [, hence such o’s can be viewed as elements of the permutation group of the set

In fact, since A is supersymmetric, then a;, . ;, = Qi (1) emricr ()



{1,...,0—=1,1+1,...,d} that is precisely G4_1.

Remark: If [T] € Y,,_1 4, then a hypermatrix obtained as a section of the hypermatrix representing 7', can be
associated to a tensor 7" such that [T"] € Y,,_1 q_1.

Theorem 3.11. Let n = (ny,...,n) and d = (dy,...,d;). Let H; C Vi®d" be the subspace of supersymmetric
tensors ofVZ-®di fori=1,...,t and let Ry, g be the ring of coordinates of P(H1®---® Hy) C ]P’(V1®d1 - -®Vt®dt)
defined in Definition 3.6. If A is a generic (n,d)-symmetric hypermatriz of Rj, q), then A is a weak generic
hypermatriz and the ideal of the Segre- Veronese variety Sq,,. .4, (Vi @ ---®@ V) is

I(Sa,,..a,(V1 ®@---®@V})) = I(A) C R g
with d; >0 fori=1,...,t.

Proof. The proof is by induction on 22:1 d;.

The case Z§=1 d; = 1 is not very significant because if dim(Vy) = ny, so S1(V1) = Yu,—11 = P(V1), then
I(81 (V1)) = I(P(V)) i.e. the zero ideal (in fact the 2-minors of A do not exist).

If Z:f:l d; = 2 the two possible cases for the Segre-Veronese varieties are either Sa(V1) or S1,1(Vi, Va). Clearly,
if dim(V4) = nq, then S2(V1) =Y,,,_1,2 is Veronese variety and the theorem holds because of (3). Analogously
S11(Vh, Vo) = Seg(Vh ® Va) and again the theorem is known to be true ([Hall).

Assume that the theorem holds for every (n,d)-symmetric hypermatrix with Z§=1 d; < r —1. Then, by
Proposition 3.10, the ideal generated by the 2-minors of such an (n,d)-symmetric hypermatrix is a prime ideal.

Now, let A be an (n, d)-symmetric hypermatrix with Zle d; = r. The first two properties that characterize
a weak generic hypermatrix (see Definition 3.8) are immediately verified for A. For the third one we have to

check that the ideals of the 2-minors of all sections Agqu of A are prime ideals.
If we prove that AE?Q represents an (n,d’)-symmetric hypermatrix (with d' = (d1,...,d, — 1,...,d;))) we will

have, by induction hypothesis, that .Az(»?q is a weak generic hypermatrix and hence its 2-minors generate a prime
ideal.

The hypermatrix A = (@i, ... iy 4y 5..siv 10 iv,a, )1<i5 5 <ny, k=1,....d;, j=1,....t 1 (12, d)-symmetric, hence, by definition,
Qiy 1yt dy 5o, 1 it dy — Py (1,1) 0 sbaq (1,dg) 3 iloy (,1) 5oy (tdy) for all permutations 05 € G(JadJ) where 60? dj) is
the permutation group on {(7,1),...,(j,d;)} forall j =1,... ¢

The hypermatrix .Al(-i)q = (@iy 1 ,osin aysoosip g=Ltie 1 ,vie.a, )» ODtained from A by imposing i, = [, is (n,d)-
symmetric because

Qi 1yeiitdyseeip,g =y sie, 15 it dy aial(l,l)s"'wio'l(1,d1);"‘aiap(p,l)7"‘aip,q:la"~i(rp(p,dp);"';i(rt(t,l)7"‘aiat(t,dt)

forallo; € &6(4,d;),5=1,...,p,...,t, and for o, € &(p,d, — 1), where &(p,d, — 1) is the permutation group on
the set of indices {(p,1),..., @, ..., (p,dy)} (this is a consequence of the first Remark of this section). Hence
I (.Al(lp)q) is prime by induction, and A is weak generic, so also I5(.A) is prime.

Since by definition Sy, 4, (V1 ®@--- @ V;) =P(H1 ® - ® Hy) N Seg(Vi @ --- @ V;), we have that I>(A) is a

set of equations for Sg, .. 4, (V1 ®---®@V;) (see (4)), hence, because of the primeness of I5(.A) that we have just
proved, I3(A) C Ry, g is the ideal of Sy, .. 4,(V1 @ --- ® V}). O

4 Projections of Veronese surfaces

In this section we want to use the tool of weak generic hypermatrices in order to prove that the ideal of a

d+2
projection of a Veronese surface Y5 g C P(“4*)=1 from a finite number s < (g) of general points on it is the prime
ideal defined by the order 2-minors of some particular tensor.

In [Hal] the case in which s is a binomial number (i.e. s = ("}’

) for some positive integer ¢t < d — 1) is done.
In this section we try to extend that result to a projection of a Veronese surface from any number s < (g) of

general points.



Notice that in [Gi] and in [GL] the authors study the projection of Veronese surfaces Y3 4 from s = (‘21) +k

general points, 0 < k < d, for some non negative integer k, (this corresponds to the case of a number of points
between the two consecutive binomial numbers (g) and (dgl)).
Let Z = {P,...,P;} C P? be a set of general points in P?, where s = (t'gl) + k< (g) with 0 <t <d—1 and
0 < k <t (actually we may assume ¢ < d — 2 because the case t = d— 1 and k = 0 corresponds to the known case
of the “Room Surfaces” - see [GG]). Let J C S = K[wy, ws, ws] be the ideal J = I(Z), ie. J=p1N---Ngs
with p; = I(P;) C S prime ideals for i = 1,...,s.

Let J4 be the degree d part of the ideal J and let Blz(P?) be the blow up of P2 at Z. Since d >t + 1, the
linear system of the strict transforms of the curves defined by Jy, that we indicate with Jy, is very ample. If
0y, P2 - P("2") =51 s the rational morphism associated to Jg and if ¢; : Blz(P?) — P("2%) =51 is the
morphism associated to Jz, the variety Xz,a we want to study is Im(p,,) = Im(pj,). This variety can also be

d+2
viewed as the projection of the Veronese surface Y5 g C P("2*)1 from s general points on it.
The first thing to do is to describe Jy as vector space.

4.1 The ideal of general points in the projective plane

There is a classical result, Hilbert-Burch Theorem (see, for instance, [CGOJ), that gives a description of the
generators of J. Le. the ideal J C S = K[wy, ws,ws] is generated by ¢t — k+ 1 forms Fy, ..., Fi_g+1 € S; and by
h forms Gq,...,Gp € Siy1 where h =01 0 < k < t/2 and h =2k — d if t/2 < k <. What follows now is the
constructions of the F;’s and the G;’s (the same description is presented in [GL]).

If t/2 < k < t, for a general choice of points P,..., Ps, the generators of J can be chosen to be the maximal
minors of:
Liy -+ Ligk—t Qu - Qii—k41
L:= : : : € My k41(5) (7)
Li1 -+ Liok—t Qr1 - @Qrki—ki1

where L; j € S; and Q€ So forall i, h=1,...k, j=1,...,2k—tand l=1,...,t —k+ 1.

The forms F; € S; are the minors of £ obtained by deleting the 2k —t+ j-th column, for j = 1,...,t—k+1;
the forms G; € Si41 are the minors of £ obtained by deleting the i-th column, for ¢ =1,...,2k —¢.

The degree (t + 1) part of the ideal J is clearly Jiy1 =< w1 Fi,...,w3Fi_g41,G1,...,Gop—t >. If we set
éi,j =wFjfori=1,2,3,j=1,...,t—k+1 we can write:

Jit1 =< G11,--,G3—k+1,G1, ..., Gag—p > .

Notice that w Fy = C~¥1,1, v wsF_py1 = G’g,t,kﬂ are linearly independent (see, for example, [CGO]).

If 0 <k < t/2, then J is generated by maximal minors of:

Qui o o Qui—ks
Qua -+ o Qrieksr

L= ’ ’ € My ks S 8
P Qe e b (S) ®)
Li oy -+ - - Lioks k1

where L; ; € Sy and Qp € So forall i = 1,...,6 —2k, j,l=1,...,t —k+land h=1,... k.

The forms F; € S; are the minors of £ obtained by deleting the j-th column for j =1,...,t —k + 1.
Again Jip1 =< w1 Fy,. .., wsF;_jy1 > but now those generators are not necessarily linearly independent.
Using the same notation of the previous case one can write:

Jt+1 =< G1’1, ey G3,t7k+1 > .



Clearly if t/2 < k <t then: )
Jg =< wd_t_lGi’j,Qd_t_lGl > (9)
fori=1,2,3,j=1,...t —k+1,1=1,...,2k —t and w7 1G = {wd "G, w! " 2wyG,. .., wi "G}
If 0 < k < t/2 then:

Jg =< Mditiléi,j > (10)
fort=1,2,3and j=1,...,t —k+ 1.
Denote i1
zZ1 = ’U)l y
29 1= wi dfzwg,
2y = wé_d_l

where u = (d_éﬂ); or z, for w® = W wwg?, if a = (1, a2, a3) € N3, |a] = d —t — 1 and we assume that the

a’s are ordered by the lexicographic order.

Let N be the number of generators of Jg, and let K[Zp, j, zs,] be a ring of coordinates on PVN-1 with
l=1,...,2k —tonly if t/2 < k <t (in the other case the variables xj; do not exist at all) and h = 1,...,u;
i=1,2,3;7=1,...,t —k+1in any case. The morphism ¢ : P?\ Z — P¥~1! such that

o([wr, we, w3]) = [21(;1,1, .. ~;Zu(~;3,t7k+1azlG17 vy 2uGap—y), if /2 <k < t,

or
90([11)1,1112,103]) = [Z1G171, .. -7ZuG3,t—k:+1L Ho<k< t/2,

gives a parameterization of Xz 4 into PN~1. Observe that Xz, = ¢, (P2\ Z) is naturally embedded into
d+2
]P’( 2 )7571, because dimg (Jg) = (df) — 5. In terms of the Zj ;’s and the 5, ;’s, since the parameterization of
XZ,d is:
Thiij = 20 G 1
{ xh,1 = 2nGy, (11)

the independent linear relations between the generators of J; will give the subspace P(< Im(pj;,) >) =
d+2

IP( 27)—s-1 of PY—1. The number of such relations has to be N — (d;rz) + s.

If t/2 < k < t, the number of generators of Jy given by (9) is (d_;“) t—k+1)+ (d_t51+2)(2k — t); hence

there must be (d;t)k independent relations between those generators of Jj.

If 0 < k < t/2, the number of generators of Jy in (10) is (*"272)(t — k + 1), hence there must be (45" (t —
k) — k(d — t) independent relations between those generators of Jg.

There is a very intuitive way of finding exactly those numbers of relations between the generators of J; and
this is what we are going to describe (then we will prove that such relations are also independent).

If t/2 <k <t, assume that 3 = (81, 32, 33) with |3| = d —t — 2. The determinant obtained by adding to the

matrix £ defined in (7) a row ( wllin - wlLiope wPQiy - wWPQii ki ) clearly vanish for
alli=1,...,k:
det ( wlliy o wlLiony wlQin o wlQii—kia ) —o.
L

Computing those determinants, for ¢ = 1,...,k, one gets:

2k—t t—k41

Z MELLTGT + Z ngi,pr =0 (12)

r=1 p=1

where the G,’s and the F},’s are defined as minors of (7).
Since L; . € Si, there exist some A;,; € K, fori=1,...,k, r=1,...,2k —t and [ = 1,2, 3, such that

3
Li,'r = § )\i,r,lwl;
=1

10



analogously, since @);, € Sa, there exist some v; p;, € K, for i =1,...,k, p=1,...,t —k+1 and
l,h =1,2,3, such that

3
Qip = E Vi,p,l, AW Wh, -
Lh=1

Before rewriting the equations (12), observe that

3 3
QipFp=| D viwtnwiwn | Fy = YipinwiGhp,
Lh=1 Lh=1

and set:

— o )\i,r,la if a = g + e,
Piar =1 "¢ otherwise,
fori=1,...,k |a] =t—d—1and ! =1,2,3 and where ¢; = (1,0,0), e, = (0,1,0) and e; = (0,0,1);
- _J Yipan fa=B+e¢;
® Hiaph =9 otherwise,
fori=1,....k;p=1,....;t —k+1;,h=1,23and |a| =d—t — 2.

Therefore the equations (12), for ¢ = 1,...,k, can be rewritten as follows:
Z Hi,g,rﬂgar + Z ﬂi,g,p,hngh,p = 07 (13)
lol =d—t—1 la] =d—t—1
1<r<2k—t 1<p<t—k+1
h=1,2,3
which, for i =1,...,k, in terms of 24, and Z, 5, defined in (11) becomes:
Z Hi,orTar + Z fi.aphTa,hp = 0. (En)
lol =d—t—1 la] =d—t—1
1<r<2k—t 1<p<t—k+1
h=1,2,3

There are exactly k of such relations for each § and the number of §’s is (dgt). Hence in (13) we have
found precisely the number of relations between the generators of J; that we were looking for; we need to
prove that they are independent.

If 0 <k < t/2, the way of finding the relations between the generators of Jy is completely analogous to the
previous one. The only difference is that in this case they come from the vanishing of two different kinds
of determinants:

BT, Br.
o (i ) i
fori=1,...,t -2k, |3| =d—t—1and L defined as in (8); and
B B
dot [ W& @ia W= Qja—k+1 ) _ 15
o : (15)

forj=1,...,k, |8'| =d—t—2 and L defined as in (8).
Proceeding as in the previous case one finds that the relations coming from (14) are of the form
Z S\i,g,r,lzgéh,r =0 (E)
ol =d—t—1

1<r<t—k-1
ILh=1,2,3

11



for some \; 4 »; € K and the number of them is (d_;H) (t —2k).

The relations coming from (15) are of the form

Z fi,a,riZaGhyr =0 (EE)
lo| =d—t—1
1<r<t—k+1
ILh=1,2,3

for some fi; oy € K and the number of them is (d;t)k.

The equations (F) and (EE) allow to observe that Xz, is contained in the projective subspace of PV ~!

defined by the following linear equations in the variables Z4 p,.:

> lal=d—t—-1 Aia,riZazh,e =0
1<r<t—k—1
Lh=1,2,3
> jal=d-t—1 Hiari@anr =0
1<r<t—k+1
ILh—1,2,3

(E2)

The number of relations (Es) is (d_;H) (t—2k)+ (d;t)k, that is exactly the number of independent relations
we expect in the case 0 < k < t/2.

Now we have to prove that the relations (E7), respectively (Es3), are independent.

Notation: Let M be the matrix of order ((d;t) k) X ((de) (2t — k + 3)) given by the p; o and the fi; o p1
appearing in all the equations (E7). We have already observed that there exists an equation of type (E;) for

each multi-index over three variables 3 of weight |3| = d —t — 2, and for each i = 1,...,k. We construct the
matrix M by blocks Mg, (the triple multi-index a is such that |a| =d — ¢ — 1):

M = (Mp,a)|p|=d—t—2,|a|=d—t—1 (16)

and the orders on the 3’s and the a’s are the respective decreasing lexicographic orders. For each fixed 8 and
a, the block Mg, is the following matrix:

Hlal 0 Hle2k—t 1,411 ' [lat—k+1,3

Mg =

s

Pka,l 0 Mka2k—t Hkall ° Hkai—k+1,3

Analogously we construct the matrix N of order ((dj“) (t —2k) + (d;t) k) X (3 (tfgﬂ) (t—k+ 1)):

Ng o
N := < N (17)
’
Bha /\al=|fl=d—t—1, | |=d—t—2
where
Aol Aat—k—1,3 Bla11 00 Blat—k+1,3
Npa = : : and Ny o 1= : :
A—2ka11 "0 Ai—2k,at—k—1,3 Pkall "t Pkat—k+1,3

where the A; o ;’s and the fi; o ;s are those appearing in (E) and in (EE) respectively.

Proposition 4.1. The matrices M and N defined in (16) and (17), respectively, are of mazximal rank.

12



Proof. Without loss of generality we may assume that P = [0,0,1] ¢ Z and that F; (i.e. the first minor of the
matrix £ defined either in (7) or in (8)) does not vanish at P.

For the M case, one can observe that every time a # B+ ¢;, [ = 1,2,3, the block Mg is identically zero,
and we denote Mg 51, with A; for I =1,2,3. N a

Consider M the maximal square submatrix of M obtained by deleting the last columns of M (recall that we
have ordered both the columns and the rows of M with the respective decreasing lexicographic orders).

All the blocks Mg , on the diagonal of M are such that the position of § is the same position of « in their
respective decreasing lexicographic orders. Since |3| = |a| — 1, then the blocks appearing on the diagonal of M
are Mp g, = A for all §’s. B
If = (P, 02,03) and a = (a1, az, a3), the blocks Mg , under the diagonal are all such that 51 < a; — 2, hence
they are all equal to zero. B
This is clearly sufficient to prove that M has maximal rank; then M has maximal rank too.

The N case is completely analogous. O

With this discussion we have proved the following:

Proposition 4.2. The coordinates of the points in Xz4 C PN71 = P((K[Zn.j,zni]1)*) satisfy either the
equations (E1) if t/2 <k <t, or (E2) if 0 < k < t/2. Moreover the relations (E1), respectively (Ez), are linearly
independent.

Remark: There exist other linear relations between the Z,.; ;’s and the z,; coming from the fact that w;G), ; =
wy G for i,h = 1,2,3 and all j’s. If we denote zg4e, = wlw; (with |8| = d —t — 2), we have that zg+giéh,j =
Zg+§h(~¥i,j, that is equivalent to: - -

LBte;sh,j = LP+eyiid
The proposition just proved and the fact that the span < I'm(p jd) > has the same dimension of the subspaces

of PV defined by either (E) or by (E5), imply that those relations are linear combinations of either the (E}),
or the (E3).

Now the study moves from the linear dependence among generators of J; to the dependence in higher degrees.

4.2 Quadratic relations

Remark:

1. Let X := (Znyi j, h,1)hsi,j,0 be the matrix whose entries are the variables of the coordinate ring K |[Zn;; j, Zh,1]1

where the index h = 1,..., (d*;“) indicates the rows of X, and the indicies (i, j,[) indicate the columns
and are ordered via the lexicographic order, ¢ = 1,2,3, j =1...,t —k+ 1,1 =1,...,2k — ¢ (when it
occurs).

The 2-minors of X are annihilated by points of Xz 4. Denote this set of equations with (XM).

2. The z;’s satisfy the equations of the Veronese surface Y5 4_+_1, i.e. the 2-minors of the following catalecti-
cant matrix:

21 k2 &3 0 Zy—2
C = zZ9 z4 zZ5 e Zu—1 (18)
23 X5 26 " Zu

with u = (dféJrl).
Multiplying C' either by ém-, or by G, foreach¢=1,2,3; j=1,...,t —k+1land I =1,...,2k — ¢, one
obtains either

15 0 Tu—2j T1y o Ty—2)

L2455 °  Tyu—1i,j5 , Or T2t Ty-—1,1

T3:4,5 Layzi,5 €T3, Loyl
Therefore on Xz 4 C PV~1 the coordinates 14,4y Tugiyj, foralli=1,23and j=1,...,t —k+1, or
10, , %y, foralll =1,...,2k — ¢, annihilate the 2-minors of those catalecticant matrices, respectively.

Denote the set of all these equations with (Cat).
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3. Forallh =1,..., (d_;H), on Xz 4 we have that Gw = Zp,,;/2n and G; = xp,1/2zp therefore on Xz g x
Y5 q—+—1 the following system of equations is satisfied for all A’s:

Thiij21 = T1;,5%h

i‘h;i,jzu = i‘u;i,jzh (Sh)
Th,i21 = T1,1”n

Thizu = Lu,lZh

Proposition 4.3. Let Q : [Zpi 5, xzn), h=1,..., (d_;+1), 1=1,23,j=1...;t—k+1andl=1,...,2k —t,
such that the equations (XM) are zero if evaluated in Q. Then there exists a point P : [z1,...,2,] € P“~! such

that P and Q satisfy the equations (Sy) for all h’s.

Proof. Since Q : [Z1.115-- -, CU(d—;ﬁ»l)jgk_t} annihilates all the equations (XM), the rank of X at @ is 1, i.e., if we
assume that the first row of X is not zero, there exist ap, € K, h = 1,...,u, such that the coordinates of @) verify
the following conditions:

Thi,j = OpT1s; and Ty = apTyy
forh=1,..., ("), i=1,2,3,j=1....t—k+landl=1,...,2k — t.
We are looking for a point P : [21,..., z,] such that if the coordinates of @) are as above, then P and @ verify
the systems (Sp,). If @ verifies (S), then the coordinates of P are such that:

0o - 0 B
—as9 aq 0 !
: =0,
—a, O ay Zu
that is to say apz; = 2z, for h=2,... u.
The solution of such a system is the point P we are looking for, i.e. P : [ag,...,ay]. O

4.3 The ideal of projections of Veronese surfaces from points

Theorem 4.4. Let Xz, be the projection of the Veronese d-uple embedding of P2 from Z = {Pi,...,Ps}
general points, s < (g) Then the equations (XM) and (Cat) together with either (E1) if t/2 <k <t, or (Es) if
0 < k < t/2, describe set theoretically Xz 4.

Proof. Obviously Xz 4 is contained in the support of the variety defined by the equations in statement of the
theorem.

In order to prove the other inclusion we need to prove that if a point ) verifies all the equations required in
the statement, then Q € Xz 4.

If Q : [Zh;,5, Th 1) annihilates the equations (XM), then, by Proposition 4.3, there exists a point P : [z1, ..., 2]
such that P and @ verify the systems (S}). Solving those systems in the variables Zj; ;, 5, allows to write the

point @ depending on the z1, ..., z,. We do not write the computations for sake of simplicity, but what it turns
out is that there exist & j,¢g € K, withi=1,2,3,j=1,...,t—k+1landl=1,...,2k—t (only if t/2 < k <)
such that the coordinates . ;, zn,1 of Q are Ty ; = € j2n and T = crzp:

Q : [Thi g, i) = [Cijzn, C12n]-

Since such a @, by hypothesis, verifies the equations (Cat), then there exists an unique point R : [wq, we, w3] €
P? such that z; = w1 29 = wé " 2wy, ..., w§ L, therefore

Q : [ jw*, quw?]
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with |a| =d —t — 1.

Assume that R ¢ Z, that corresponds to assuming that @ lies in the open set given by the image of ¢ iz
minus the exceptional divisors of Blz(P?).

Now, if t/2 < k < t, the point @ verifies also the equations (F7), while if 0 < k < t/2 the point @ verifies
the equations (Es). Therefore if ¢/2 < k < ¢, then ¢; ; = bém- and ¢ = bG for i =1,2,3, j=1,....t —k+1
and | =1,...,2k —t;if 0 < k < t/2, then & ; = bG,; for i = 1,2,3 and j = 1,...,t — k + 1, for some b € K.
This proves that Q € Xz 4. O

Now we want to construct a weak generic hypermatrix of indeterminates A in the variables Zj; ;, zp,; in such
a way that the vanishing of its 2-minors coincide with the equations (XM) and (Cat). Then I3(A) will be a
prime ideal because of Proposition 3.10. so it will only remain to show that the generators of Is(.A), together
with the equations either (E7) or (E3), are generators for the defining ideal of Xz 4.

Let C = (¢iy,i,) € M3 4—1—3(K) be the Catalecticant matrix defined in (18). Let the Z,;; and the xp; be
defined as in (11). For all iy =1,2,3,i2 =1,...,d—t—3 andig=1,...,r where r =2t —k+3if t/2 < k <t
and r =3(t —k+1) if 0 < k < t, construct the hypermatrix

A= (ailvii’yi:i) (19)
in the following way:

Wiy inyis = Thyiyj if €y iy =2p for h=1,..., (‘F;H), and i3 =1,...,3(t — k+ 1) is the position of the index (3, j)

after having ordered the éi,j with the lexicographic order,

Ay ig iz — xhyisfg(tfk%lrl) if Cii,ia = Zh for h = 1, ceey (d7;+1) and i3 - 3(t —k+ 1) = 1, sy 2k —t if t/2 < k <t.

Proposition 4.5. The hypermatriz A defined in (19) is a weak generic hypermatriz of indeterminates.
Proof. We need to verify that all the properties of weak generic hypermatrices hold for such an A.

1. The fact that A = (Zp,; j, ) is a hypermatrix of indeterminates is obvious.

2. The variable Z; 1,1 appears only in position a; 1,1.

3. The ideals of 2-minors of the sections obtained fixing the third index of A are prime ideals because those
sections are Catalecticant matrices and their 2-minors are the equations of a Veronese embedding of P2.
The sections obtained fixing either the index i; or the index iy are generic matrices of indeterminates,
hence their 2-minors generate prime ideals.

O
Corollary 4.6. Let A be defined as in (19). The ideal I3(A) is a prime ideal.
Proof. This corollary is a consequence of Proposition 4.5 and of Proposition 3.10 . O

Now, we need to prove that the vanishing of the 2-minors of the hypermatrix A defined in (19) coincide with
the equations (XM) and (Cat).

Theorem 4.7. Let Xz 4 be as in Theorem 4.4, then the ideal I(X 7 4) C K[Zhy j,%n, ], with h=1,. (d ;"H)
1=1,23,j=1...;t—k+1andl=1,...,2k —t is generated by all the 2-minors of the hypermatmx .A defined

in (19) and the linear formss appearing ezther in (E1)ift/2<Ek<torin (Ey)if0<k<t/2

Proof. In Corollary 4.6 we have shown that I5(A) is a prime ideal; in Theorem 4.4 we have proved that the
equations (XM), (Cat) and either the equations (E7) if t/2 < k < t or the equations (Fs) if 0 < k < t/2 define
Xz 4 set-theoretically. Then we need to prove that the vanishing of the 2-minors of A coincide with the equations
(XM) and (Cat) and that either (I3(A), (E1)) for t/2 < k <, or (I2(A), (E2)) is actually equal to I(Xz 4) for
0<k<t/2.
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Denote with I the ideal defined by Iz(A) and the polynomials appearing either in (E7) in one case or in (Es)
in the other case. Denote also V the variety defined by I.

The inclusion V C Xz 4 is obvious because, by construction of A, the ideal I5(A) contains the equations
(XM) and (Cat), therefore I contains the ideal defined by (X M), (Cat) and either (E1) or (Es).

For the other inclusion it is sufficient to verify that each 2-minor of A appears either in (XM) or in (Cat).
This is equivalent to prove that if ) € Xz 4 then Q € V, ie. if Q € Xz 4 then ) annihilates all the polynomials
appearing in I.

An element of I5(A) with A = (a4, iy,i5) 1S, by definition of a 2-minor of a hypermatrix, one of the following:

L. iy ig iz Ay ,j2,93 — Aj1,iz,is iy, j2,535
2. Qiy yig iz Ay ,j2,53 — Qi,ja,isXjr iz, jss
3. iy ig iz Ay ,j2,53 — Qiy,iz,ja Qg1 ,jayis-

We write for brevity z;, ;, instead of z, if (i1,42) is the position occupied by z;, in the catalecticant matrix C
defined in (18). We also rename the éi,j’s and the G)’s with G, := C:'i’j ifl=1,...,3(t — k+1) is the position
of (i,7) ordered with the lexicographic order, and G; := Grs—kt1) 1 =3t —k+1)=1,...,2k - t.

With this notation we evaluate those polynomials on Q € Xz 4.

L. iy igris Oy o ris — Qsinsis@iroags = GisGis(ZiniaZi.ja — Zi1.is%in,j,) that vanishes on Xz 4 because, by def-
inition, 21 = w1 2o = w{T " wy, ..., 2, = w§ 7! hence the z; j’s vanish on the equations of the
Veronese surface Y3 g—;—1. The polynomial inside the parenthesis above is a minor of the catalecticant
matrix defining such a surface, so the minor of A that we are studying vanishes on Xz 4.

2. The above holds also for the case @i, i,,is0j, jo.js — @iy, jais Cjr in,js -
3e @iy in iz @y jojs — iy insjs Vs Goris = Zirsis Gis 21,42 Gis — Zir,inGis 21 5, Gis = 0, evidently.

This proves that the vanishing of the 2-minors of A coincides with the equations (XM) and (Cat).
For the remaining part of the proof, we work as in ([Hal]), proof of Theorem 2.6.
Consider, with the previous notation, the sequence of surjective ring homomorphisms:

acy.

Kle;) % Kuet) % Kuwed))
— — w=Gj

Li,j

where the exponent a appearing in ¢(z; ;) is the triple-index that is in position ¢ after having ordered the w’s
with the lexicographic order.

The ideal I5(.A) is prime, so I2(A) C ker(¢).

Let J C K[w2t;] be the ideal generated by the images via ¢ of the equations appearing either in (E;) or in
(Es). The generators of J are zero when t; = G, then K[w?t;]/J ~ K[w*G,]. Hence J = ker()).
Since it is almost obvious that a set of generators for ker(¢o ) can be chosen as the generators of ker(¢) together
with the preimages via ¢ of the generators of ker(¢), then I = ker(y o ¢). This is equivalent to the fact that
I(Xzq) =1 O

5 Projection of Veronese varieties

Here we want to generalize the results of the previous section to projections of Veronese varieties from a particular
kind of irreducible and smooth varieties V' C P™ of codimension 2.

Since we want to generalize the case of s general points in P?, we choose V of degree s = (t'gl) +k< (g) for
some non negative integers ¢, k, d such that 0 <t <d—1and 0 < k <.

Moreover we want to define the ideal I(V) C K|xg,...,x,] of V as we defined J C K|z, x1, 2] in Section
4.1 (with the obvious difference that the elements of I(V) belong to K|zo,...,z,] instead to K[zg, z1,x2]). To
be precise: let L; ; € K[xzo,...,z]1 be generic linear forms, and let Qp; € K[xo,. .., 2,2 be generic quadratic
forms for i,h = 1,...,k, j=1,....,2k—tand I =1,...;t —k+1if t/2 < k < t;and for i = 1,...,t — 2k,
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Jl=1,...;t—k+land h=1,...,kif 0 < k < t/2. Define the matrix £ either as in (7) or as in (8). The forms
F; and G are the maximal minors of £ as previously. For each index j there exist n+ 1 forms éz}j = w; F; with
1 =0,...,n, because now w = (wy, . . ., wy, ). Then the degree d part of I(V) is defined as J; in (9) if /2 < k < ¢
and as Jg in (10) if 0 < k < t/2.
This will be the scheme:

(V,I(V)) C (P", K[xq,...,Zn]). (20)

Remark: Let W C P" be a variety of codimension 2 in P". Let Yy be the blow up of P along W. Let
E be the exceptional divisor of the blow up and H the strict transform of a generic hyperplane. In [Cop]
(Theorem 1) it is proved that if W is smooth, irreducible and scheme-theoretically generated in degree at most
A € Z*, then |dH — E| is very ample on the blow up Yy for all d > X\ + 1.

Remark: If deg(V) = s = (Hz'l) +k < (‘21), 0<t<d—1and 0 <k <t, then I(V) is generated in de-
grees t and t + 1.

A consequence of those remarks is the following:

Proposition 5.1. Let V C P" be defined as in (20), and let d > t+ 1. If E is the exceptional divisor of the blow
up Yy of P™ along V' and H is the strict transform of a generic hyperplane of P, then |dH — E| is very ample.

Let Xy.q C P(H°(Oy,, (dH — E))) be the image of the morphism associated to |[dH — E|.

The arguments and the proofs used to study the ideal I(Xz 4) in the previous section can all be generalized
to I(Xv,q) if d>t+1,deg(V) = ("}!) + & < (3).
Now let S’ be the coordinate ring on P(H®(Oy,, (dH — E))), constructed as K[; j, x| in the previous section:
S" = K& j,apy) withi = 0,...,n; j = 1,...,t —k+1 h=1,..., (""" and | = 1,...,2k — ¢ only if
t/2 <k <t (in the other case the variables x}; do not exist).

Let (E’) and (E”) be the equations in S” corresponding to (E1) and (E-2), respectively.

Let C’ be the catalecticant matrix used to define the Veronese variety Y;, 4—1—1.

The hypermatrix A’ that we are going to use in this case is the obvious generalization of the hypermatrix A
defined in (19); clearly one has to substitute C' with C".

Now the proof of the fact that I5(A") C S is a prime ideal is analogous to that one of Corollary 4.6, and
pass through the fact that A’ is a weak generic hypermatrix, hence we get the following;:

Theorem 5.2. Let (V,1(V)) C (P*, K[z, ...,Z,]) be defined as in (20), let Yy be the blow up of P™ along V
and let Xy q be the image of Yy via |dH — E|, where d > t + 1, deg(V) = (tgl) +k < (g), H is a generic
hyperplane section of P™ and E is the exceptional divisor of the blow up. The ideal I(Xv,q) C S’ is generated by
all the 2-minors of the hypermatriz A’ and the polynomials appearing either in (E') if t/2 < k <t or in (E") if
0<k<t/2, where S', A', (E') and (E") are defined as above.
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