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ON GENERALIZED KUMMER OF RANK 3 VECTOR
BUNDLES OVER A GENUS 2 CURVE

ALESSANDRA BERNARDI - DAMIANO FULGHESU

1. Introduction.

Let X be a smooth projective complex curve and let Ux (r, d) be the moduli
space of semi-stable vector bundles of rank r and degree d on X (see [8]). It
contains an open Zariski subset Ux(r, d)° which is the coarse moduli space of
stable bundles, i.e. vector bundles satisfying inequality

dr dg
—_—<
re re

The complement Uy (r, d) \ Ux(r, d)* parametrizes certain equivalence classes
of strictly semi-stable vector bundles which satisfy the equality

dr dg

rre re

Each equivalence class contains a unique representative isomorphic to the direct
sum of stable bundles. Furthermore one considers subvarieties SUx(r, L) C
Ux(r,d) of vector bundle of rank r with determinant isomorphic to a fixed
line bundle L of degree d. In this work we study the variety of strictly semi-
stable bundles in SUx (3, Ox), where X is a genus 2 curve. We call this variety
the generalized Kummer variety of X and denote it by Kumj3(X). Recall that
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the classical Kummer variety of X is defined as the quotient of the Jacobian
variety Jac(X) = Uyx(1,0) by the involution L + L~!'. It turns out that our
Kumj3(X) has a similar description as a quotient of Jac(X) x Jac(X) which
justifies the name. We will see that the first definition allows one to define a
natural embedding of Kum3(X) in a projective space (see section4). The second
approach is useful in order to give local description of Kum;3(X) by following
the theory developed in [1] (section 3).

We point out the use of [4] for local computations.

We want to tanks Professor Dolgachev for his patient guidance and his
generous suggestions and also Professor Ragusa for a good organization of the
Pragmatic.

2. Generalized Kummer variety.

Let A be an s—dimensional abelian variety, A" the r-Cartesian product of
A, and AV := A"/, be the r-symmetric power of A. We can define the usual
map a, : A — Asuchthata,({x|,...,x}) =x;+---+x, '. This surjective
map is just a morphism of varieties since there is no group structure on A,
However, all fibers of a, are naturally isomorphic.

Definition 2.1. The generalized Kummer, variety associated to an abelian
variety A is
Kum, (A) := a;'(0).

It is easy to see that
dim(Kum, (a)) = s(r — 1).

When dimA > 1, A® is singular. If dimA = 2, A" admits a natural
desingularization isomorphic to the Hilbert scheme Al := Hilb(A)I"! of 0-
dimensional subschemes of A of length r (see [5]). Let pr : A'l — A® be
the usual projection. It is known that the restriction of pr over Kum,(A) is
a resolution of singularities. Also K/H/mr(A) admits a structure a holomorphic
symplectic manifold (see [1]).

2.1 The Kummer variety of Jacobians.

Let X be a smooth connected projective curve of genus g and SUx(r, L) be
the set of semi-stable vector bundles on X of rank » and determinant which is

! here {x1, ..., x-} mean an unordered set of r elements.
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isomorphic to a fixed line bundle L. Let Jac(X) be the Jacobian variety of X
which parametrizes isomorphism classes of line bundles on X of degree 0, or,
equivalently the divisor classes of degree 0. We have a natural embedding:

Kum, (Jac(X)) = SUx(r, Ox)

{ai,...,a} = Ly ®...®L,,)

where L, := Ox(a;). Obviously, the condition a; 4+ ... + a, = 0 means
that det(L,, @ ... ® L, ) = 0 and deg(L,,) =0 foralli =1,...,r. Con-
sequently the Kummer variety Kum, (Jac(X)) describes exactly the completely
decomposable bundles in SUx () (from now on we’ll write only SUx (r) instead
of SUx(F, (9)())

In this paper we restrict ourselves with the case g = 2 and rank r = 3. In
this case Kums(Jac(X)) is a 4-fold.

3. Singular locus of Kumj(Jac(X)).

From now we let A denote Jac(X). Let us define the following map:

7:A® - Kums3(A)
{aa b} = La@Lh@L—a—h-

This map is well defined and itis a (3 : 1) — covering of Kums(A). Let now
p: A2 — A® be the (2 : 1)—map which sends (x, y) € A% to {x, y} € A®_ If
we consider the map:

(1) = (mrop): A2 > A? - Kums(A) c AP
p

we get a (6 : 1)—covering of Kumj3(A).

Notations: Let X and Y be two varieties and f : X — Y be a finite morphism.
We let Sing(X) denote the singular locus of X, By C Y the branch locus of f
and Ry C X the ramification locus of f.

Observation: B, = (B,).

Proof. Since B, = {{x, y} € AP|x = y} and w({x, x}) = {x,x, —2x} € B,
we obviously get that w(B,) C B;.

Conversely, for any point {x, y, z} of B, at least two of the three elements
X, y, z are equal to some ¢. Therefore w({z,¢}) = {x, y, z}, and hence B, C
w(By). O
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Since A? is smooth, we have Sing(A®) C B,. Obviously B, C R, hence

Sing(Kumj(A)) C B,. As a consequence we obtain that Sing(Kum3(A)) C B,.
Therefore we have to study the (3 : 1)—covering 7 : A%® — Kumjs(A).

Since 7 is not a Galois covering, in order to give the local description

at every point O € Kumj(A), we have to consider the following three cases
separately:

1.
2.

3.

Q0 € Kums(A) s.t. 7~1(Q) is just a point;
0 € Kums(A) s.t. 7-1(Q) is a set of two different points;

Q € Kum;s(A) s.t. 7~ 1(Q) is a set of exactly three points.

Let us begin studying these cases.

Case

Case

Case

3. When Q € Kums(A) s.t. #(mr~'(Q)) = 3 we have that Q ¢ B,. Since
n(B,) = B, any point of 7~!(Q) is smooth in A®. Then Q is a smooth
point of the Kummer variety.

2. When Q € Kums(A) st. #(r~'(Q)) = 2 we fix the two points
P, P,e A? st m(P) = n(P,) = Q. In this case Q = {x, x, —2x}
with x # —2x; letus fix P; = {x, x}, P, = {x, —2x}. Let U C Kumj3(A)
be a sufficiently small analytic neighborhood of Q such that 7='(U) =
Uy u Uy where U, and U, are respectively analytic neighborhoods of
P, gnd P, and also Uy N U, = @. Let Q a generic pgint of U,
so Q0 = {x + €, x +35,—2x — € — §}; the preimage of Q by =& is
7 40) ={{x+¢€,x+8}, {x+e€, —2x —e =6}, {x+8, —2x —e — 8]}, but
{(x+e,x+6}eU;and {x +€, 2x —€ —8},{x+65, 2x —€ — 6} € Uy,
it means that P; has ramification order equal to 1 and P, has ramification
order equal to 2. Therefore there is an analytic neighborhood of P; which
is isomorphic by 7 to an analytic neighborhood of Q. This allows us to
study a generic point of B, instead of a generic point of B .

1. When Q € Kums(A) s.t. #(x~1(Q)) = 3 we consider a point P € A?
st. 77 1(Q)=P = Q = {x,x,x} st 3x =0 = x is a 3—torsion point
of A. Now our abelian variety is a complex torus of dimension 2, so we
have exactly 3% = 3* = 81 such points.

Proposition 3.1. The singular locus of Kums(A) is a surface which coincides
with the branch locus By of the projection m : A® — Kums(A) and it is
locally isomorphic at a generic point to (C*> x Q, C x 0) where Q is a cone
over a rational normal curve and o is the vertex of such a cone (see [1]).
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Moreover there are exactly 81 points of Sing(Kums(X)) whose local tangent
cone is isomorphic to the spectrum of:

(C[[Lt], ey L£7]]
1
where 1 is the ideal generated by the following polynomials :
u% — UglUg
UgU7 — UsUg
M% — UsUy

Usiyg + uss + Ujlg
uzls + U + Uu7.

Proof. According to what we saw in Case 2, an analytic neighborhood of Q €
Kum;(A) such that #(~'(Q)) = 2 is isomorphic to a generic element of
B,. We have to study the (2 : 1)—covering A> — A®.
Since A = Jac(X), A is a smooth abelian variety, this means that A is a complex
torus (C&/Z?¢) where g is the genus of X; in our case X is a genus 2 curve,
A ~ (C2/Z%). Thus, in local coordinates at P € A, Op ~ C[[z1, 22]], so we
consider Up (a neighborhood of P € A) isomorphic to C?. Therefore we obtain
that locally at Q € A%, O ~ Op ® Op ~ Cl[z1, 22; 23» 24].
We fix a coordinate system (z;, z2; 23, z4) in A? such that A2 D> Up > P =
(0,0;0,0). Let Q be a point in Up, in the fixed coordinate system Q =
(21, 225 73, 24). Since P is such that p(P) € B, by definition of p, we have:
A® = A%/ < i >, where i is the following involution of Up:

(2) i:Up— Up

i:(21,22; 23, 24) = (23, 24 21, 22)-

The involution i is obviously linear and its associated matrix is M = e} 3+e3 1+
€24+ ey (Where e; ; is the matrix with 1 in the 7, j position and 0 otherwhere).
Its eigenvalues .y = —1 and A, = 1 have both multiplicity 2, so its
diagonal form is:
M=(,1,-1,-1)

which in a new coordinate system:

X =4 -523

Xy = 22-524

X3 = sl ;Zs °
222

X4 = 5
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corresponds to the linear transformation:
(1, X2, X3, X4) > (X1, X2, —X3, —X4).

The algebra of invariant polynomials with respect to this actions is generated
by the homogeneous forms (xq, x3, x32, xi, x3x4). Let us now consider these
forms as local coordinates (s, $7, $3, 54, $5) around p(P), here we have that the
completion of the local ring is isomorphic to the following one:

(s7 —s5283) )

Therefore B, at a generic point is locally isomorphic to (C? x Q, C x 0) where
Q is a cone over a rational normal curve (we can see this rational normal curve
as the image of P! in P? by the Veronese map v, : (P')* — (P*)*, v,(L) = L?)
and o the vertex of this cone. (What we have just proved in our particular case
of Kumj3(A) can be found in a more general form in [1].) Therefore we have
the same local description of singularity of Kums(A) out of the correspondent
points of the 81 three-torsion points of A.

Now we have to study what happens at those 3-torsion. Let Q¢ be one of
them, we already know that p~!(Q¢) = (x, x) := P, is such that 3x = 0. Let
us fix (z1, 22; 23, 24) € C*> x C? a local coordinate system around P, in order
to describe locally the (6 : 1)—covering p : A> — Kumj3(A). We observe that
for a generic P in that neighborhood, the pre-image of p(P) is the set of the
following 6 points:

Py := (21, 225 23, 24)»

Py :=(z3, 245 21, 22)»
P3 = (23, 245 (—21 — 23), (=22 — 24)),
Py:= (=21 — 1), (=220 — 24); 23, 24),
Ps = ((—z1 — z3), (=22 — 24); 21, 22)»
Ps := (21, 22; (=21 — 23), (=22 — 24)).

Observe that i(P;) = P, i(P;) = P4, i(Ps) = Pg where i is the involution
defined in (2). We now define a trivolution t of C> x C? as follows:

3) 1:C?xC?—> C?xC?

(21, 225 23, 24) > (23, 245 (=21 — 23), (—22 — 24)).
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It is easy to see that:
P> Py 5> Ps S P,
PS> Ps—> P> P,

The matrices that represent i and 7 are respectively:

0010 0 O 1 0
P 0 0 0 1 = 0o 0 O 1
1 0 0O -1 0 -1 O
0100 O -1 0 -1

furthermore < 7,i >~ X3, then the local description of Kum3(X) around Q
is isomorphic to A%/ %;.

In what follows we have used [4] program in order to do computations.
First we recall Noether’s theorem ([3] pag. 331)

Theorem 3.2. Let G C G L(n, C) be a given finite matrix group, we have:
Clzi, -, z1° = CIRG(") : 1B < 1G]

where Rg is the Reynolds operator.

In other words, the algebra of invariant polynomials with respect to the
action of G is generated by the invariant polynomials whose degree is at most
the order of the group. In our case the order of G is 6, so it is not hard to
compute C[z1, 22, 23, 24]1¢. Then, after reducing the generators, we obtain that
Clz1, 22, 23, 2419 is generated by:

fi =5+ nu+2, h =202+ 2003+ + 22320,
fhi=g+un+23, fa = —3Zz4 — 32223,
f5 =252 + 2212224 + 2202324 + 2125,
fo = 2212023 — 2285 — 2324 — 2212327, f7 1= 371z3 + 32123
Let us now write C[zy, ..., 24]° = C[f1, ..., f4] as:
Cluy, ..., u7l/1g,

where I is the syzygy ideal. It is easy to obtain that I is generated by the
following polynomials:

ul(u% — 4uus) + 3(u§ — Ugllg)
uz(u% — 4uuz) + 3(uqu7 — usug)
u3(u% — 4uus) + 3(u§ — Usity)
uzug + usts + Uyl
Usus + urug + uuscr
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and so we have the completion of the local ring at P:

(C[[Lt] g ooy L£7]]

Op ~
P Ic

Let now calculate the tangent cone in Qy in order to understand which kind of
singularity occurs in Qy. With [4] aid we find that this local cone is:

Spec(cuul, - u7]]>

where [ is the ideal generated by the following polynomials:
Uz — ugits

Ugll7 — UsUg
M% — UsUy
Uslg + Uos + uug
UsUs + UrUg +uiuyg.

The degree of the variety V(I) C P9 is 5, this means that Q is a singular point
of multiplicity 5.

What we want to do now is to describe the singular locus of the local
description. Let us start to calculate the Jacobian of V(I;), what we find is
the following 5 x 7 matrix:

u% — 8ujus 2Uuiuy —4u% —3ug 6us —3us O

—4duyus 314% —dugus —4uius 3u7 —3ug —3us 3ua

Jg = —4u§ U3 u% —8ujuz 0  —3u; 6ug —3us
Ug Us Uy us U, Uy 0

Uy Ug Us 0 us Uy Uy

Local equations define a fourfold, so we have to find the locus where the dimen-
sion of Ker(Jg) is at least 5. In order to do it we calculate the minimal system
of generators of all 3 x 3 minors of Jg, we intersect the corresponding variety
with V(Is), we find a minimal base of generators of the ideal corresponding
to this intersection and we compute its radical; the polynomials we find de-
fine, after suitable change of coordinates, the (reduced) variety of singular locus
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V(ls), where I¢ = (u% — UsU7, UsUe — Usl7, u§ — Uylg, UsUe — UrUT, UsUS —
uiuy, Ul — U1U7, U3U4 — U1UE, UpU5 — U1UE, UoU4 — UUS, M% —uius, M% —
u%, uzug—uém, M1M§—M5M7, Uirusz—UqUy, M%M3—M4M6, u%uz—uws, M?—Mi).
We verified that the only one singular point of V (Iy) is the origin. Now, let us
consider the map from C? to C’ such that:

@ (t,s) — (tz, ts, sz, t3, tzs, tsz, s3).

This is the parametrization of V(Ig); as we have already done we can find
relations between these polynomials and verify that the ideal we get is equal
to I5. Now we can consider the following smooth parametrization from C? to
C:

(t,s)— (t,s, 2,15, 52,13, 1%, ts, s3)

(which is nothing but the graph of (4)) whose projective closure is the Veronese
surface v3(P?) = V, 3 where v3 : (P?)* — (P)*, v3(L) = L°.

What we want to find now is the tangent cone in Qy seen inside the singular
locus. Using [4] we find that its corresponding ideal Ic is generated by
following polynomials:

2

Uy Uegl7 usuy Uugqll7 Uglg
UglUs Mi M% Uslg M%

Usleg — UU7 U3U5 — UU7 UUe — UTU7 U3U4 — UUe UU5 — U1Ue
Uoug — UUs M%—M1M3.

The ideal TC has multiplicity 4 (the corresponding variety has degree four) and
its radical is the following ideal:

2
Ic = (u2 — Uz, Ua, Us, Ue, U7).

Then V(I¢) is a cone and V(TC) is a double cone.
This gives the description of the singularity at one of the 81 3-torsion
points. U

4. Degree of Kumj3(A).

To find the degree of Kums(A), we have to recall some general facts about
theta divisors.

4.1 The Riemann theta divisor.
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Let X be a curve of genus g and Oy, (x) is the Riemann theta divisor. It is
known that it is an ample divisor and

dimlr@_]ac(x)l =rf—1

(see [6] Theorem p. 317). Recall that for any fixed point gy € X there exists an
isomorphism:

Vo1 : Pict 1 (X) — Jac(X) = Pic’(X).
The set W,_; of effective line bundles of degree g — 1 is a divisor in Pic® ™! (X)

denoted by Op,.¢-1(x). By Riemann’s Theorem there exists a divisor k of degree
0 such that:

Ve—1,0(Opice-1(x)) = Orac(x) — k.

In a similar way we can define the generalized theta divisor as follows:
O ) = (E €Pic'(X) : ""(E® L) > 0}.

It is known that
Pic(SUx (r, L)) = ZOZ . 1.

and there exists a canonical isomorphism:

~ gen %
|r®Picg’](X)| —= |®SUx(r)|

(see [2]).

4.2 Degree of Kums3(A)
Let us consider the (2 : 1)—map

¢35 : SU3(X) — |3®Pic](X)| = |®§%nx(3)|*

E+—— D ={LePic!(X): h%(E®L) > 0}.

Definition 4.1. ®,, := {E € SUx(3) : h°(E ® n) > 0} € SUx(3) where n is a
fixed divisor in Pic'(X).
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Observation: ¢3(0,) = H, C [3Op. | and H, is a hyperplane. Since
¢3|Kum3(A) : Kumz(A) — ¢3(Kums(A)) isa (1 : 1)—map (it is a well known
fact but we will see it in the next section), we have that ®, N Kums(X) =~
H, N ¢3(Kumz(X)). In order to study the degree of Kums(A) we have to
take four generic divisors 1y, ..., N4 € Pic'(X) and consider the respective
Oy, ..., 0,, C SUx(3). The intersection ®,,N Kums3(A) is equal to {L, @
Ly®L_y—pp € Kum3(X) : h'%(Lo®Ly®L_o—py®n;) > 0} = {L,DLyDL_op €
Kumj3(A) : AL, ®n;) > 0} U{L, ® Ly ® L_,— € Kums(A) : h°(L, @ n;) >
OYU{L,®Ly®L_,, € Kumz(A) : h°(L_,_, ®n;) > 0} foralli =1, ..., 4.
IfL,® L, ® L_,, is a generic element of Kum3;(A) and p is the (6 : 1)-
covering of Kums(A) defined as in (1), then p~ ' (L, ® L, ® L_,_;) C A’ isa
set of 6 points. It’s easy to see that p((a, b)) € ®,,N Kums(X) if and only if or
ho(L, ® n;) > 0or h°%(L, @ ;) > 0 or h%(L_,_;, ® n;) > 0 where (a, b) € A%
and L,, Ly, L_,_; € Pic’(X) are three line bundles respectively associated to
a,b,—a—beA.

Let us recall Jacobi’s Theorem ([6] page: 235):

Jacobi’s Theorem: Let X be a curve of genus g, qo € X and wy, ..., wg a
basis for H'(X, Q). For any X € Jac(X) there exist g points py, ..., pe€X
such that

8
u(Y (i — o) = A,

i=1

where
w: Div’(X) — Jac(X)

Z(pi_qi)H (Z/mwlv---,Z/piwg)
i i i i qi

Since Jac(X) is isomorphic to Pic’(X), this theorem has the following two
corollaries:

1. if gy is a fixed point of C, then for all L, € Pic®(X), there are two points
P, P, in X such that L, ~ Ox(Pl + P, —2qO);

2. Consider the isomorphism
Yo : Pic'(X) — Pic’(X)

n—1n&® 0x(—qo).
Forevery i =1, ..., 4 there are g; , g;, € C such that n; >~ Ox(q;, + qi, —
q0)-
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Now these two facts imply that h°(L, ® n;) > 0 if and only if h°(Ox(P; +
P, — 2q0) ® Ox(qi1 + gi2 — qo)) > 0, and this happens if and only if
h°(Ox(Py + P>+ qi1 + gi2 — 390)) > 0.

Notations: ®_; is a translate of theta divisor by k € Pic®(X).

By Riemann’s Singularity Theorem (see [6], p. 348) the dimension h°(Qx (P; +
Py + gi1 + gi2 — 3qo)) is equal to the multiplicity of ¢y o(P; + P» + gi1 +
gia — 3qo) in ®_; (by a suitable k € Pic’(X)), i.e. it is equal to the
multiplicity of (P + P> + g1 + qi2» — 4qo) in ©_;. It follows from this fact
that K°(Ox(Py + P> + qi1 + qi» — 3qo)) is greater than zero if and only if
(Pr+ P, +qi1+qi2 —4q0) € O

Notations:

0; = ®—k—7h’+CI0;

R :={(a,b)e A?: (a + b) € {—O;}};

Ei = (®1 X A)U(A X @l)U Rl'.
Now (P1 + P2—|-ql"1 +qi,2 —4q0)E®_k iff P1 + P2 —2q0 E@i which is
equivalent to say that L, belongs to ©;, but this implies that p((a, b)) € ©,,N
Kumj(A) if and only if L, € ®; or L, € ®; or L_,_, € ©; (or equivalently
L,yp belongs to {—©;}), i.e. (a, b) € E;.

Therefore we can conclude:

(a, b) € A? is such that p((a, b)) € Kums(A) N ®,,i =1,...,4if and
only if (a, b) € E;.

The last conclusion together with the observation that #(pr—!'(L, @® L, ®
L_,_p)) = 6 gives the following proposition:

Proposition 4.2. deg(Kums(A)) = L(H(E; N E> N E3 N Ed)).

Proof. (B NE;NE3N Ey) =6 #(Kumz(A) N O, NO,,NO,, NO,,)=
6 - deg(Kums(A)). [l

Notations:

R"" ={(a,b)€ A*: a€®; and (a + b) € (-6},
R} ={(a,b)€ A2: b€ ®; and (a + b) € {—©;}} and
Rz ={(a,b)e A*: (a +b) € {—O} N {—O}}.

Instead of computing directly E; N E, N E3 N By, we will compute (E; N Ep) N
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(B3N Ey):

E1NE=(0;NO)x A UAX (O NO)U(B; x &)U
(@ x O UREHURYHURTD U(RD U (Ry ).
E3NEs=({(03N04) x A)U(A X (O3 N0O4))U (O3 x B4)U
(©4 x ©3) U(R;) U (R U (R§H U (RFH) U (Rs ).
At the end we will obtain that 5(E; N E, N B3 N E4) = 216 (see also tables 1.
and 2.) and so:
Proposition 4.3. deg(Kums(A)) = 36.

Proof. 1In the following two tables we write at place (i, j) the cardinality of
intersection of the subset of E; N E, which we write at the place (0, j), with
the subset of 3 N E4 which we write at the place (i, 0).

N (©1NO)XA|AX(ONOy) |O) xO, |0, x O
(03N 0,) x A 0 4 0 0
A x (03N 0y) 4 0 0 0
®; x B4 0 0 4 4
Oy x O3 0 0 4 4
RS’ 0 4 4 4
RY! 0 4 4 4
R’ 4 0 4 4
RY* 4 0 4 4
R34 4 4 4 4

Table 1.

In order to be more clear we show some cases:

R$'NRS?: RY'NRY? = {(a,h)e A’ :ac® and be®; and (a + b) €
{—=©2} N {—0O4}}. Recall that ®; - ©; = 2. So (a + b) € {ki, ky} where
{k1, kr} = {—O,}N{—04}. Fix for amoment (a+b) = k;. If we translate
®; and @3 by —k; we get that a € (©1)_,, b€ (O3)_, anda + b =0,
then b must be equal to —a and a € (©)_k,) N ((—O3)4,). Then for
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N ROV RO | RYY RV | Ry
O;NO)xA|l 0 |0 | 4 | 4 |4
Ax©;NO) || 4 | 4 |0 |0 |4

O3 X Oy 4 4 4 4 4
O4 X O3 4 | 4 | 4 | 4 |4
RS? 4 4 4 4 |0
Ry 4 | 4 | 4 |4 |0
RS? 4 | 4 | 4 |4 |0
R:* 4 | 4 |4 |4 o0
RS 4 | 4 | 4 |4 |0
Rs4 0o |0 |0 |0 |O
Table 2.

fixed a+b the couple (a, b) has to belong to {(h,, —h1), (ho, —h,)} where
((©1)+4,)N((=O3)_,) = {h1, ha}. Therefore ]:T,(Rg’1 N Ri”3) =2.2=4,

(®1X®2) N R3’4Z (@1 X @2) N R3’4 = {(a, b) S A2 ae @1, be @2 and
(a + b) € {—O3} N {—0O4}}. Then, as in the previous case, we have
2((®©1 x ©®2) N R3 4) = 4.

RS'N(@3N0O,) x A): RI'N(O3N0O,) x A) = {(a,b)e A% :ae® NO;N
Oy, (a + b) e {—0,}}, but since ®; are generic curves on a surface, their
intersection two by two is the empty set, then (R’ HNO;NO,) x A) =
0. O

4.3 The degree of Sing(Kum3(A))

As we have already seen, the singular locus of Kums(A) is a surface. What we
want to do now is to compute its degree. We use the notation from the previous
section.

Let us fix two divisors E; and E, in A%2. We denote by A the diagonal of
A x A.

Proposition 4.4. deg(Sing(Kumj3(A))) = (E; N By N A).

Proof. 1t is sufficient to consider the restriction to A of the map p defined as
in (1) and get out the (1 : 1)-map p|a : A — Sing(Kums(A)). [l
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Proposition 4.5. deg(Sing(Kumj3(A))) =42.

Proof. The following table is used in the same way as we used Table 1 and
Table 2 in the previous section:

N

(O, NOy) x A
A X (B;NO,)
®; X O,
®, x O
RS!

R%?

Ry
RY?

Ri>

~| |||~~~ || D>

|98
\®)

Table 3.

The following list describes Table 3:

ANAX(O;NO,): we have not considered the intersection points between A
and A x (®; NB,), O x B,, Oy x O because we have already counted
them in (®; N B,) x A) N A.

AN R}Z”lz the previous argument can be used for A N Rg’l and A N Ri”zz we
have already counted these intersection points respectively in Rg’l and in
R,

R;’IOA: we have now to show that tL(Rg’1 N A) = 4. The set Rg’l N A is
{(a,a) e A x A | a € ®, 2a € (—0,)} which is equal to {(a,a) €
AXA:2ae((—O,)N (2 -0O1))anda € ©;}. Let now L; be the line
bundle on A associated to ®;. The line bundle L% is associated to (2- ©y)
and its divisor is linearly equivalent to 20,. As a consequence of this fact
we have that 2a € 20; N (—0,)) then #{20; N (—6,)} = 4. Now, since
the map from ®; to (2- ®;) is 1 : 1 we get the conclusion.

Ry, 2N A: finally we have that (R; > N A) is equivalent to the set {a € A|2a €
((—®1) N (—0,))} whose cardinality is 32. |
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5. On action of the hyperelliptic involution and Kumj3(A).

Let X be a curve of genus 2. Consider the degree 2 map:
$5: SUX(3) => P* = 30,0yl
E +—> Dy = {L ePic/(X)/h°(E® L) > 0}
(see [7]). Let t’ be the involution on SUy (3) acting by the duality:
T(E)=E*
and T the hyperelliptic involution on Pic! (X):
t(L)=wxy® L.
We will use the following well known relation:
To¢3(E) = ¢35 0 T'(E).
On SU (3) there is also the hyperelliptic involution &*:

E > h*(E)

induced by the hyperelliptic involution % of the curve X. We define o := t’oh*.
It is the involution which gives the double covering of SUy (3) on IP®. The fixed

locus of o is obviously contained in SUy (3) and we recall:

®)) ¢3(Fix(0)) = Coble sextic hypersurface

(see [7]). By definition, the strictly semi-stable locus SUx(3)** of SUx(3)
consists of isomorphism classes of split rank 3 semi-stable vector bundles of
determinant @y . Its points can be represented by the vector bundles of the form
F&®Lor L, ® L, ® L, with trivial determinant where L, L,, L, L. are line
bundles and F is a rank 2 vector bundle. We want to consider the elements of
the form L, @& L, & L. (those belonging to Kums(A)) and actions of previous

involutions on them:
L4 T/(La ®L,® Lc) = (La ®L,® Lc)* =L ,®L_,®L_;
o T'/(W(L,®L,®L)=L, DL, D L..
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This implies that o(Kums;(A)) = Kumz(A) C SUyx(3) which means that
Kumj3(A) C Fix(o) and then ¢3(Kum3(X)) C Coble sextic (see 5).

Let us now consider rank 2 semistable vector bundles of trivial determi-
nant: SUx(2). If we take its symmetric square, we obtain a semisable rank
three vector bundle with trivial determinant:

SUx(2) = SUx(3); E + Sym?*(E).

We want to study the action of involutions defined on the beginning of this
paragraph on Sym?(E) with E € SUx(2). Since Sym?(E)* = Sym?*(E) =
h*(Sym?(E)), then o(Sym?*(E)) = Sym?(E) C SUx(3), so Sym*(SUx(2)) C
Fix(o), and, again by (5), ¢3(Sym2(SUx(2))) C Coble sextic.

Now we want to see the action of 7 on [3@p;.i(y)[. It is known that
Fix(t) = P*uUP?.

Notations: We denote by P} and ¥, respectively, the P* and the P* which are
fixed by action of 7.

Since the image of Sym?(SUx(2)) by ¢3 in P® has dimension 3 and also
$3(Sym?(SUx(2))) C Fix(t), we obtain

¢3(Sym*(SUx(2))) C P;.

Let L, ® L_, be an element of Kum,(X) C SUx(2), then Sym*(L, ® L_,) =
Ly @ L_s, ® O € Kum3(A) C SUx(3). It means that Sym?(Kum,(A)) C
Kumj3(A).

Observation: Since {Ly, ® L_», ® O € SUx(3)} is isomorphic to S*({L, ®
L_,}), we can view {Ly, ® L_», ® O € SUx(3)} as the image of Kum,(A)
inside SUx(3) under the symmetric square map. Moreover it follows from the
surjectivity of the multiplication by 2 map [2] : A — A that the image of
Kumj;(A) in SUx (3) is isomorphic to Kum,(A).

We have already observed that ¢3‘Kum3 A isa (1 : 1)—map on the image;
this fact allows us to view ¢3(Kum3(A)) as the Kum3(A) in [3@p;.1x,[. For
the same reason we can view ¢3(Sym?(SUx(2))) as Kumy(A) C 13Opic, (x)-
Using this language we can say that Kum,(A) is left fixed by the action
of 7 in Kumz(A) C [3Opi,(x)| because [3O@pi1x)| D ¢3(Kumsz(A)) D
¢3(Sym*(SUx (2)) = Kum,(A) C P* C Fix(r) C [30},.(X)I.

Proposition 5.1. Fix(7) N ¢3(Kumz(A)) = ¢3(Sym2(Kum2(A))).
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Proof. By definitiont(L, &L, ®L)=L_,BL_, L _.thenL, DL, D L.
belongs to Fix(7) if and only if {a, b, c} = {—a, —b, —c}. Let P belong to
{—a,—b,—c}anda = P.

e If P is different from —a, suppose that P = —c, then {—a, —b, —c} =

{—a, —b, a}; moreover a4+ b +c = 0 because L, ® L, b L, € Kums(A),
then b = 0.

e Now, if P = —a or, equivalently a = —a, thena =0 and b = —c.

Inbothcases L, L, PL. € Kumz(A) suchthat t(L, DL, PL.) = L, DL, DL,
are of the form L, & L_, & Ly. This means that they belong to Kum,(A) C
|3®Pic‘(X)|- O

The previous proposition tells us also that P3N Kum;A = . So the
projection of Kums(A) C [30p;.1 (x| from P} to P} is a morphism. It would be
interesting to find its degree.

Our final observation is the following.
Proposition 5.2. Sing(Kum3(A))N Kumj;(A) = Sing(Kum;(A))

Proof. Points of Kumy(A) C Kumj3(A) are of the form (P, —P, 0). Singu-
lar points of Kumj3(A) are those which have at least two equal components,
then Sing(Kums3(A))N Kum,(A) = {(P, —P, 0)} where 2P = 0 that are ex-
actly the 15 points of 2—torsion and one more point (Ox, Ox, Ox) which
are singularities of the usual Kum,(A). This implies that #(Sing(Kumj3(A))N
Kumj;(A)) = 16 and Sing(Kums3(A))N Kum,(A) = Sing(Kumj;(A)). ([l
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