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❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛♥ ❛♣♣❡❛r❛♥❝❡✲❜❛s❡❞ ♠♦❞❡❧ t♦ ❛❞❞r❡ss t❤❡ ❤✉♠❛♥ r❡✲
✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠✳ ❍✉♠❛♥ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❛♥ ✐♠♣♦rt❛♥t ❛♥❞ st✐❧❧
✉♥s♦❧✈❡❞ t❛s❦ ✐♥ ❝♦♠♣✉t❡r ✈✐s✐♦♥✳ ■♥ ♠❛♥② s②st❡♠s t❤❡r❡ ✐s ❛ r❡q✉✐r❡♠❡♥t
t♦ ✐❞❡♥t✐❢② ✐♥❞✐✈✐❞✉❛❧s ♦r ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ✐♥❞✐✈✐❞✉❛❧ ❤❛s ❛❧r❡❛❞②
❛♣♣❡❛r❡❞ ♦✈❡r ❛ ♥❡t✇♦r❦ ♦❢ ❝❛♠❡r❛s✳ ❚❤❡ ❤✉♠❛♥ ❛♣♣❡❛r❛♥❝❡ ♦❜t❛✐♥❡❞ ✐♥ ♦♥❡
❝❛♠❡r❛ ✐s ✉s✉❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ✐♥ ❛♥♦t❤❡r ❝❛♠❡r❛✳ ■♥ ♦r❞❡r
t♦ r❡✲✐❞❡♥t✐❢② ♣❡♦♣❧❡ ❛ ❤✉♠❛♥ s✐❣♥❛t✉r❡ s❤♦✉❧❞ ❤❛♥❞❧❡ ❞✐✛❡r❡♥❝❡ ✐♥ ✐❧❧✉♠✐♥❛✲
t✐♦♥✱ ♣♦s❡ ❛♥❞ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ❛ ♥❡✇ ❛♣♣❡❛r❛♥❝❡
♠♦❞❡❧ ❜❛s❡❞ ♦♥ ▼❡❛♥ ❘✐❡♠❛♥♥✐❛♥ ❈♦✈❛r✐❛♥❝❡ ✭▼❘❈✮ ♣❛t❝❤❡s ❡①tr❛❝t❡❞ ❢r♦♠
tr❛❝❦s ♦❢ ❛ ♣❛rt✐❝✉❧❛r ✐♥❞✐✈✐❞✉❛❧✳ ❆ ♥❡✇ s✐♠✐❧❛r✐t② ♠❡❛s✉r❡ ✉s✐♥❣ ❘✐❡♠❛♥♥✐❛♥
♠❛♥✐❢♦❧❞ t❤❡♦r② ✐s ❛❧s♦ ♣r♦♣♦s❡❞ t♦ ❞✐st✐♥❣✉✐s❤ s❡ts ♦❢ ♣❛t❝❤❡s ❜❡❧♦♥❣✐♥❣ t♦
❛ s♣❡❝✐✜❝ ✐♥❞✐✈✐❞✉❛❧✳ ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ ▼❘❈ ♣❛t❝❤❡s ❜❛s❡❞
♦♥ t❤❡✐r r❡❧✐❛❜✐❧✐t② ❡①tr❛❝t❡❞ ❞✉r✐♥❣ tr❛❝❦✐♥❣ ❛♥❞ t❤❡✐r ❞✐s❝r✐♠✐♥❛t✐✈❡ ♣♦✇❡r
♦❜t❛✐♥❡❞ ❜② ❛ ❜♦♦st✐♥❣ s❝❤❡♠❡✳ ❖✉r ♠❡t❤♦❞ ✐s ❡✈❛❧✉❛t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞
✇✐t❤ t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt ✉s✐♥❣ ❜❡♥❝❤♠❛r❦ ✈✐❞❡♦ s❡q✉❡♥❝❡s ❢r♦♠ t❤❡ ❊❚❍❩
❛♥❞ t❤❡ ✐✲▲■❉❙ ❞❛t❛s❡ts✳ ❘❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ✐s ♣r❡s❡♥t❡❞ ✉s✐♥❣ ❛
❝✉♠✉❧❛t✐✈❡ ♠❛t❝❤✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ✭❈▼❈✮ ❝✉r✈❡✳ ❲❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡
♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤ ♦✉t♣❡r❢♦r♠s st❛t❡ ♦❢ t❤❡ ❛rt ♠❡t❤♦❞s✳ ❋✐♥❛❧❧②✱ t❤❡ r❡s✉❧ts
♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❛r❡ s❤♦✇♥ ♦♥ t✇♦ ❢✉rt❤❡r ❛♥❞ ♠♦r❡ ♣❡rt✐♥❡♥t ❞❛t❛s❡ts✳
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❘❡❝❡♥t❧②✱ ❝❛♠❡r❛s s♣r❡❛❞ ♦✉t ❛❝r♦ss ✈❛r✐♦✉s ❞♦♠❛✐♥s t❤❛t r❛♥❣❡ ❢r♦♠
♣❡rs♦♥❛❧ ❝♦♠♣✉t❡rs✱ ✈✐❞❡♦ ❣❛♠❡s✱ ❤♦♠❡ s✉r✈❡✐❧❧❛♥❝❡ ❛♣♣❧✐❝❛t✐♦♥s✱ t♦ ❧❛r❣❡
❝❛♠❡r❛ ♥❡t✇♦r❦s✳ ❚❤❡s❡ ❝❛♠❡r❛ ♥❡t✇♦r❦s ❢❛❝✐❧✐t② ❛❝❝❡ss t♦ s♣♦rts ✈❡♥✉❡✱
♠♦♥✐t♦r❡❞ ❡♥✈✐r♦♥♠❡♥ts✱ s✉❝❤ ❛s ❛✐r♣♦rts✱ ♠❡tr♦ st❛t✐♦♥s ♦r ❝❛r ♣❛r❦s✳ ❆
♥❛t✉r❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ s✉❝❤ s✐t✉❛t✐♦♥ ✐s ❛ ♥❡❡❞ ❢♦r ❛♥ ❛✉t♦♠❛t❡❞ ❡①tr❛❝t✐♦♥
♦❢ ❤✐❣❤✲❧❡✈❡❧ s❡♠❛♥t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❡①tr❡♠❡❧② ❧❛r❣❡ ✈♦❧✉♠❡s ♦❢ r❡❝♦r❞❡❞
✈✐❞❡♦ ❞❛t❛✳ ■♥ ♠❛♥② s✉r✈❡✐❧❧❛♥❝❡ s②st❡♠s✱ t❤❡ ♠♦st ❞❡s✐r❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ✐s
❛ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ❛♥ ✐❞❡♥t✐t② ♦❢ ❛ ❞❡t❡❝t❡❞ ♦❜❥❡❝t✳

❍✉♠❛♥ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❞❡t❡r♠✐♥❛t✐♦♥ ✇❤❡t❤❡r ❛
❣✐✈❡♥ ♣❡rs♦♥ ♦❢ ✐♥t❡r❡st ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♦❜s❡r✈❡❞ ♦✈❡r ❛ ♥❡t✇♦r❦ ♦❢ ❝❛♠❡r❛s✳
❚❤✐s ✐ss✉❡ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ♣❡rs♦♥ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠✳ P❡rs♦♥ r❡✲
✐❞❡♥t✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ♦♥ ❞✐✛❡r❡♥t ❧❡✈❡❧s ❞❡♣❡♥❞✐♥❣ ♦♥ ✐♥❢♦r♠❛t✐♦♥
❝✉❡s ✇❤✐❝❤ ❛r❡ ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ s②st❡♠✳ ❇✐♦♠❡tr✐❝s s✉❝❤ ❛s ✐r✐s ❬✷❪✱
❢❛❝❡ ❬✸❪✱ ❣❛✐t ❬✹❪ ♦r t❤❡✐r ❝♦♠❜✐♥❛t✐♦♥s ❬✺❪ ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡❝♦❣♥✐③❡ ✐❞❡♥t✐t✐❡s✳
◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♠♦st ✈✐❞❡♦ s✉r✈❡✐❧❧❛♥❝❡ s❝❡♥❛r✐♦s s✉❝❤ ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥
✐s ♥♦t ❛✈❛✐❧❛❜❧❡ ❞✉❡ t♦ ✈✐❞❡♦ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♦r ❞✐✣❝✉❧t s❡❣♠❡♥t❛t✐♦♥ ✭❝r♦✇❞❡❞
❡♥✈✐r♦♥♠❡♥ts✮✳

■♥ s♠❛❧❧ ✈✐❞❡♦ s✉r✈❡✐❧❧❛♥❝❡ s②st❡♠s✱ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❛♣♣r♦❛❝❤❡❞ ✉s✲
✐♥❣ t❡♠♣♦r❛❧ ❛♥❞ ✈✐s✉❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ❖♥❡ ♦❢ t❤❡ ❡❛r❧✐❡st ✇♦r❦s ♦♥ ❛ss♦❝✐✲
❛t✐♥❣ ❛♣♣❡❛r❛♥❝❡s ❢r♦♠ ❞✐s❥♦✐♥t ❝❛♠❡r❛s ✐s ❬✶❪✳ ❆ ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦ ❤❛s
❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ❢✉s❡ ❝✉❡s ✐♥❝❧✉❞✐♥❣ ✐♥t❡r✲❝❛♠❡r❛ t✐♠❡ ✐♥t❡r✈❛❧s✱ ❧♦❝❛t✐♦♥ ♦❢
❡①✐t✴❡♥tr❛♥❝❡s✱ ✈❡❧♦❝✐t✐❡s ♦❢ ♦❜❥❡❝ts ❛♥❞ ❛ s✐♠♣❧❡ ❝♦❧♦r ❤✐st♦❣r❛♠ r❡♣r❡s❡♥t❛✲
t✐♦♥ t♦ ♣❡r❢♦r♠ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♦r❞❡r t♦ r❡❝♦❣♥✐③❡ ♣❡♦♣❧❡ ✐♥
❧❛r❣❡ s②st❡♠s ✭❡✳❣✳ ♠❡tr♦ st❛t✐♦♥s✱ ❛✐r♣♦rts✮ ✇❤❡r❡ t❡♠♣♦r❛❧ tr❛♥s✐t✐♦♥ t✐♠❡
❜❡t✇❡❡♥ ❝❛♠❡r❛s ♠❛② ❞✐✛❡r ❣r❡❛t❧②✱ ♠❛t❝❤✐♥❣ ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❤❛s t♦ r❡❧② ♦♥ ✈✐✲
s✉❛❧ ❢❡❛t✉r❡s ❛❧♦♥❡✳ ❚❤❡r❡❢♦r❡ ❛ r♦❜✉st ♠♦❞❡❧❧✐♥❣ ♦❢ ❛ ❣❧♦❜❛❧ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛♥
✐♥❞✐✈✐❞✉❛❧ ✐s ♥❡❝❡ss❛r② t♦ r❡✲✐❞❡♥t✐❢② ❛ ❣✐✈❡♥ ♣❡rs♦♥ ♦❢ ✐♥t❡r❡st✳ ■♥ t❤❡s❡ ✐❞❡♥✲
t✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❝❧♦t❤✐♥❣ ✐s t❤❡ ♠♦st r❡❧✐❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❛♥ ✐❞❡♥t✐t②
♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✭✇❡ ❛ss✉♠❡ t❤❛t ✐♥❞✐✈✐❞✉❛❧s ✇❡❛r t❤❡ s❛♠❡ ❝❧♦t❤❡s ❜❡t✇❡❡♥
❞✐✛❡r❡♥t s✐❣❤t✐♥❣s✮✳ ❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❛♣♣❡❛r❛♥❝❡✲❜❛s❡❞
♣❡rs♦♥ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✶ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r✳

✶❚❤❡ r❡❛❞❡r s❤♦✉❧❞ ❜❡ ❛✇❛r❡ t❤❛t ✐♥ t❤❡s❡ ❛♣♣r♦❛❝❤❡s t❤❡ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ t❡r♠ st❛♥❞s
❢♦r ♠❛t❝❤✐♥❣ s✐♠✐❧❛r ❛♣♣❡❛r❛♥❝❡s ♦✈❡r ❛ ♥❡t✇♦r❦ ♦❢ ❝❛♠❡r❛✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❝❛♥ ♥♦t
❜❡ s♦ ❛❝❝✉r❛t❡ ❛s ✐r✐s r❡❝♦❣♥✐t✐♦♥ ♦r ❢❛❝❡ r❡❝♦❣♥✐t✐♦♥✱ ❜❡❝❛✉s❡ t❤❡ ❝❧♦t❤✐♥❣ ✐s ♥♦t ❡♥♦✉❣❤
❞✐st✐♥❝t✐✈❡✳

✷



❆♥ ❛♣♣❡❛r❛♥❝❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ ♠♦❞❡❧❧✐♥❣ ❛ ❤✉♠❛♥ s✐❣♥❛t✉r❡ ✉s✲
✐♥❣ tr❛❝❦✐♥❣ ❛♥❞ ❞❡t❡❝t✐♦♥ r❡s✉❧ts✳ ❘❡✲✐❞❡♥t✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❡①♣❧♦✐t
❛♣♣❡❛r❛♥❝❡ ✐♥❢♦r♠❛t✐♦♥ ✉s✐♥❣ ♦♥❧② ♦♥❡ ✐♠❛❣❡ ❛r❡ r❡❢❡rr❡❞ t♦ ❛s s✐♥❣❧❡✲s❤♦t
❛♣♣r♦❛❝❤❡s ❛♥❞ ✉♥t✐❧ ♥♦✇ t❤❡② ✇❡r❡ t❤❡ ♠♦st ♣♦♣✉❧❛r ♠❡t❤♦❞s✳ ❈✉rr❡♥t❧②✱
✐❞❡♥t✐✜❝❛t✐♦♥ ❛❝❝✉r❛❝② ✐s ✐♠♣r♦✈❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦✈❡r ♠❛♥② ✐♠✲
❛❣❡s✳ ❚❤❡ ♠❡t❤♦❞s✱ ✇❤✐❝❤ ❡♠♣❧♦② ♠✉❧t✐♣❧❡ ✐♠❛❣❡s ♦❢ t❤❡ s❛♠❡ ♣❡rs♦♥ ❛s ❛
tr❛✐♥✐♥❣ ❞❛t❛✱ ❛r❡ ❝❛❧❧❡❞ ♠✉❧t✐♣❧❡✲s❤♦t ❛♣♣r♦❛❝❤❡s✳

❆s r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❝♦♥❝❡r♥s ❛ ❧❛r❣❡ s❡ts ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❛❝q✉✐r❡❞ ❢r♦♠ ❞✐❢✲
❢❡r❡♥t ❝❛♠❡r❛s✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈✐❞❡ ❛ ❞✐st✐♥❝t✐✈❡ ❛♥❞ ✐♥✈❛r✐❛♥t s✐❣♥❛t✉r❡✳
❚❤✐s s✐❣♥❛t✉r❡ ❤❛s t♦ ❜❡ ❜❛s❡❞ ♦♥ ❞✐s❝r✐♠✐♥❛t✐✈❡ ❢❡❛t✉r❡s t♦ ❛❧❧♦✇ ❜r♦✇s✐♥❣
t❤❡ ♠♦st s✐♠✐❧❛r s✐❣♥❛t✉r❡s ♦✈❡r ❛ ♥❡t✇♦r❦ ♦❢ ❝❛♠❡r❛s✳ ■t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞
❜② s✐❣♥❛t✉r❡ ♠❛t❝❤✐♥❣ ✇❤✐❝❤ ❤❛s t♦ ❤❛♥❞❧❡ ❞✐✛❡r❡♥❝❡s ✐♥ ✐❧❧✉♠✐♥❛t✐♦♥✱ ♣♦s❡
❛♥❞ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✳ ◆♦t❡ t❤❛t✱ ✐♥t❡r✲❝❛♠❡r❛ ✈❛r✐❛t✐♦♥s ✐♥ ❧✐❣❤t✐♥❣ ❝♦♥✲
❞✐t✐♦♥s✱ ❞✐✛❡r❡♥❝❡s ✐♥ ✐❧❧✉♠✐♥❛t✐♦♥✱ ❞✐✛❡r❡♥t ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✱ ❝❤❛♥❣❡s ✐♥
♦❜❥❡❝t ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ♦❜❥❡❝t ♣♦s❡ ♠❛❦❡ t❤✐s t❛s❦ ❡①tr❡♠❡❧② ❞✐✣❝✉❧t✳ ❇❡s✐❞❡s✱
♦❝❝❧✉s✐♦♥s ✭❝❛✉s❡❞ ❜② ♦t❤❡r ♣❡♦♣❧❡ ♦r ♦❜❥❡❝ts ♦❢ t❤❡ s❝❡♥❡✮ ❛♥❞ s❡❧❢✲♦❝❝❧✉s✐♦♥s
✭❝❛✉s❡❞ ❜② ❜♦❞② ♣❛rts✮ ♠❛❦❡ t❤❡ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ♦♥❡ ♦❢ t❤❡ ❤❛r❞❡st
t❛s❦s ✐♥ t❤❡ ✈✐❞❡♦ s✉r✈❡✐❧❧❛♥❝❡ ❞♦♠❛✐♥✳

❚❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r ✐s ❛ ♥♦✈❡❧ ♠✉❧t✐♣❧❡✲s❤♦t ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤
❜✉✐❧❞s ❛ s♣❡❝✐✜❝ ❤✉♠❛♥ s✐❣♥❛t✉r❡ ♠♦❞❡❧ t♦ r❡✲✐❞❡♥t✐❢② ❛ ❣✐✈❡♥ ✐♥❞✐✈✐❞✉❛❧✳ ■♥
♦✉r ❛♣♣r♦❛❝❤✱ ❛ ❤✉♠❛♥ ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ✉s❡❞ t♦ ✜♥❞ ♦✉t ♣❡♦♣❧❡ ✐♥ ✈✐❞❡♦
s❡q✉❡♥❝❡ ✭s❡❝t✐♦♥ ✹✳✶✮✳ ❚❤❡♥✱ t❤❡ ❞❡t❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧ ✐s tr❛❝❦❡❞ t♦ ❣❛t❤❡r ❛s
♠❛♥② ❢r❛♠❡s ❛s ♣♦ss✐❜❧❡✳ ❚❤❡ ❛♣♣❡❛r❛♥❝❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ tr❛❝❦✐♥❣ r❡s✉❧ts
❛r❡ ✉s❡❞ t♦ ❡①tr❛❝t ❞✐s❝r✐♠✐♥❛t✐✈❡ s✐❣♥❛t✉r❡✳ ❚❤✐s ♣❛♣❡r ♠❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥tr✐❜✉t✐♦♥s✿

• ❲❡ ♦✛❡r ❛ ♥❡✇ s❡t ♦❢ ▼❡❛♥ ❘✐❡♠❛♥♥✐❛♥ ❈♦✈❛r✐❛♥❝❡ ✭▼❘❈✮ ♣❛t❝❤❡s
❡①tr❛❝t❡❞ ✉s✐♥❣ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ t❤❡♦r②✳ ❚❤✐s ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ♥♦t ♦♥❧② ❦❡❡♣s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❢❡❛t✉r❡ ❞✐str✐❜✉t✐♦♥ ❜✉t ❛❧s♦
❝❛rr✐❡s ♦✉t ❡ss❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❡♠♣♦r❛❧ ❝❤❛♥❣❡s ♦❢ ❛♥ ❛♣♣❡❛r❛♥❝❡
✭s❡❝t✐♦♥ ✺✳✸✮✳

• ❲❡ ♣r♦♣♦s❡ t✇♦ ♠❡t❤♦❞s t♦ s❡❧❡❝t ❛♥❞ t♦ ❡♥❤❛♥❝❡ ❞✐s❝r✐♠✐♥❛t✐✈❡ ▼❘❈
♣❛t❝❤❡s✱ ✇❤✐❝❤ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❤✉♠❛♥ s✐❣♥❛t✉r❡✳ ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡
s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡s❡ ▼❘❈ ♣❛t❝❤❡s ✐♥ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ✇❛②s ✭s❡❝t✐♦♥
✺✳✹✮✿ ✭✶✮ ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♣❛t❝❤ r❡❧✐❛❜✐❧✐t② ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ tr❛❝❦✲
✐♥❣❀ ✭✷✮ ❛ ❜♦♦st✐♥❣ s❝❤❡♠❡ ✐s ❞❡✈❡❧♦♣❡❞ t♦ s❡❧❡❝t t❤❡ ♠♦st ❞✐s❝r✐♠✐♥❛t✐✈❡
♣❛t❝❤❡s r❡❞✉❝✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ ❛♠❜✐❣✉✐t② ❛♠♦♥❣ t❤❡ ❤✉♠❛♥ ❝❧❛ss✳
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• ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ s✐♠✐❧❛r✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ s✐❣♥❛t✉r❡s✱ ✇❤✐❝❤ ❡♥✲
❛❜❧❡s t♦ ❤♦❧❞ ❞✐s❝r✐♠✐♥❛t✐✈❡ ♣♦✇❡r ❝♦♠✐♥❣ ❢r♦♠ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢
▼❘❈ ♣❛t❝❤❡s ✭s❡❝t✐♦♥ ✺✳✺✮✳

• ❲❡ ❡①tr❛❝t ♥❡✇ s❡ts ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❢r♦♠ ✐✲▲■❉❙ ❞❛t❛ t♦ ✐♥✈❡st✐❣❛t❡ ♠♦r❡
❝❛r❡❢✉❧❧② ❛❞✈❛♥t❛❣❡s ♦❢ ✉s✐♥❣ tr❛❝❦✐♥❣ r❡s✉❧ts ✐♥ ❜✉✐❧❞✐♥❣ t❤❡ ♠✉❧t✐♣❧❡✲
s❤♦t s✐❣♥❛t✉r❡✳ ❚❤❡s❡ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ ❞❛t❛s❡ts ✜♥❛❧❧② s❛t✐s❢② ❛❧❧ r❡✲
q✉✐r❡♠❡♥ts ♦❢ t❤❡ ♠✉❧t✐♣❧❡✲s❤♦t ♣❡rs♦♥ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ✭s❡❝t✐♦♥ ✻✮✳

✷✳ ❘❡❧❛t❡❞ ❲♦r❦

❘❡❝❡♥t❧②✱ t❤❡ ♣❡rs♦♥ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ❜❡❝❛♠❡ ♦♥❡ ♦❢ t❤❡ ♠♦st
✐♠♣♦rt❛♥t t❛s❦s ✐♥ ✈✐❞❡♦ s✉r✈❡✐❧❧❛♥❝❡✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛♥
✐♥✈❡♥t✐♦♥ ♦❢ r♦❜✉st ❤✉♠❛♥ ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s t♦ ❡①t❡♥❞ ❛♣♣r♦❛❝❤❡s ❢♦r
r❡❝♦❣♥✐t✐♦♥ ♣✉r♣♦s❡s✳ ❚❤❡ ❛♣♣❡❛r❛♥❝❡ ❜❛s❡❞ ♠❡t❤♦❞s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦
♠❛✐♥ ❣r♦✉♣s✱ s✐♥❣❧❡✲s❤♦t ❛♣♣r♦❛❝❤❡s ❛♥❞ ♠✉❧t✐♣❧❡✲s❤♦t ❛♣♣r♦❛❝❤❡s✳

❆s t♦ s✐♥❣❧❡✲s❤♦t ❛♣♣r♦❛❝❤❡s✱ ✐♥ ❬✻❪ t❤❡ ❝❧♦t❤✐♥❣ ❝♦❧♦r ❤✐st♦❣r❛♠s t❛❦❡♥
♦✈❡r t❤❡ ❤❡❛❞✱ s❤✐rt ❛♥❞ ♣❛♥ts r❡❣✐♦♥s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❤❡✐❣❤t
♦❢ ❛ ♣❡rs♦♥ ✐s ✉s❡❞ ❛s t❤❡ ❞✐s❝r✐♠✐♥❛t✐✈❡ ❢❡❛t✉r❡✳ ❙✐♠✐❧❛r❧②✱ ❝❧♦t❤✐♥❣ s❡❣♠❡♥✲
t❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ❢❛❝✐❛❧ ❢❡❛t✉r❡s ❬✼❪ ❛r❡ ❡♠♣❧♦②❡❞ t♦ r❡❝♦❣♥✐③❡ ✐♥❞✐✈✐❞✉❛❧s✳
■♥ ❬✽❪ ❛♥ ✐♠❛❣❡ ♦❢ ♣❡❞❡str✐❛♥ ✐s s❡❣♠❡♥t❡❞ ✐♥t♦ t❡♥ ❡q✉❛❧❧② s♣❛❝❡❞ ❤♦r✐③♦♥t❛❧
str✐♣s✳ ❚❤❡ ♠❡❞✐❛♥ ❍❙▲ ❝♦❧♦r ♦❢ t❤❡ ❢♦r❡❣r♦✉♥❞ ♣✐①❡❧s ❡①tr❛❝t❡❞ ❢r♦♠ ❡❛❝❤ ♦❢
t❤❡s❡ t❡♥ str✐♣s ✐s ✉s❡❞ ❛s t❤❡ s❡t ♦❢ ❢❡❛t✉r❡s ❞❡✜♥✐♥❣ s✐❣♥❛t✉r❡✳ ❚❤✐s ♠❡t❤♦❞
❞❡t❡❝ts ❧♦✐t❡r✐♥❣ ♣❡♦♣❧❡ ❜② ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣❡rs♦♥ ❜❡✐♥❣ ♣r❡s❡♥t ❢♦r
❛ ❧♦♥❣ t✐♠❡✳ ❚❤❡ ❤✉♠❛♥ s✐❣♥❛t✉r❡ r❡♣r❡s❡♥t❡❞ ❜② ❝♦❧♦r ♣❛t❝❤❡s ❛❧♦♥❣ ❡❞❣❡s
❡①tr❛❝t❡❞ ❢r♦♠ ❛♥ ❛♣♣❡❛r❛♥❝❡ ✐s ♣r♦♣♦s❡❞ ✐♥ ❬✾❪✳ ❚❤❡ s✐♠✐❧❛r✐t② ♦❢ ♣❛t❝❤❡s
t♦❣❡t❤❡r ✇✐t❤ t❤❡✐r ❣❡♦♠❡tr✐❝ ❝♦♥str❛✐♥ts ✐s ❡♥❝♦❞❡❞ ✐♥ ♠❛t❝❤✐♥❣ ❢✉♥❝t✐♦♥✳

■♥ ❬✶✵❪✱ ❛ ❣❡♥❡r❛t✐✈❡ ❛♥❞ ❞✐s❝r✐♠✐♥❛t✐✈❡ ♠♦❞❡❧s ❛r❡ ❝♦♠❜✐♥❡❞ t♦❣❡t❤❡r
✇✐t❤ ♦♥❧✐♥❡ ❧❡❛r♥✐♥❣ str❛t❡❣② t♦ ♣❡r❢♦r♠ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ❚❤❡ ❤✉♠❛♥ ❛♣✲
♣❡❛r❛♥❝❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❤✐st♦❣r❛♠s ❝♦♠♣✉t❡❞ ♦✈❡r ✉♣♣❡r ❜♦❞②✱ ❧♦✇❡r ❜♦❞②
❛♥❞ ❢✉❧❧ ❜♦❞② s❡❣♠❡♥t✳ ❚❤❡ ❤✐st♦❣r❛♠s ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❝♦❧♦r ❢❡❛t✉r❡s✱ ❛✉✲
t♦❝♦rr❡❧♦❣r❛♠s ❛♥❞ ❛ ❜❛❣ ♦❢ ❢❡❛t✉r❡s ❜❛s❡❞ ♦♥ ❙■❋❚ ❬✶✶❪ ❞❡s❝r✐♣t♦r✳

■♥ ❬✶✷❪ ❛ ❤✉♠❛♥ ❜♦❞② ♣❛rts ❞❡t❡❝t♦r ✐s ❛♣♣❧✐❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦rr❡✲
s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛♣♣❡❛r❛♥❝❡s✳ ❋✐rst✱ s♣❡❝✐❛❧✐③❡❞ ❍❖●✲❜❛s❡❞ ❞❡t❡❝t♦rs
❬✶✸❪ ✐❞❡♥t✐❢② ❜♦❞② ♣❛rts✳ ❚❤❡♥✱ ❝♦✈❛r✐❛♥❝❡ ❞❡s❝r✐♣t♦r ❬✶✹❪ ✐s ✉s❡❞ t♦ r❡♣✲
r❡s❡♥t ❛♣♣❡❛r❛♥❝❡ ♦❢ ❞❡t❡❝t❡❞ ❜♦❞② ♣❛rts✳ ❋✐♥❛❧❧②✱ ❛ s♣❛t✐❛❧ ♣②r❛♠✐❞ s❝❤❡♠❡
❬✶✺❪ ✐s ❛❞♦♣t❡❞ t♦ ✐♠♣r♦✈❡ ❞✐s❝r✐♠✐♥❛t✐✈❡ ♠❛t❝❤✐♥❣ ♦❢ t✇♦ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❜♦❞②
❢❡❛t✉r❡s✳

✹



❙❤❛♣❡ ❛♥❞ ❛♣♣❡❛r❛♥❝❡ ❝♦♥t❡①t ♠♦❞❡❧ ✐s ♣r♦♣♦s❡❞ ✐♥ ❬✶✻❪✳ ❆ ♣❡❞❡str✐❛♥
✐♠❛❣❡ ✐s s❡❣♠❡♥t❡❞ ✐♥t♦ r❡❣✐♦♥s ❛♥❞ t❤❡✐r ❝♦❧♦r s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐s r❡❣✲
✐st❡r❡❞ ✐♥t♦ ❛ ❝♦✲♦❝❝✉rr❡♥❝❡ ♠❛tr✐①✳ ❚❤✐s ♠❡t❤♦❞ ✇♦r❦s ✇❡❧❧ ✐❢ t❤❡ s②st❡♠
❝♦♥s✐❞❡rs ♦♥❧② ❛ ❢r♦♥t❛❧ ✈✐❡✇♣♦✐♥t✳

❋♦r ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ❝❛s❡s✱ ✇❤❡r❡ ✈✐❡✇♣♦✐♥t ✐♥✈❛r✐❛♥❝❡ ✐s ♥❡❝❡ss❛r②✱ t❤❡
❡♥s❡♠❜❧❡ ♦❢ ❧♦❝❛❧✐③❡❞ ❢❡❛t✉r❡s ✭ELF ✮ ❬✶✼❪ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞✳ ■♥st❡❛❞ ♦❢
❞❡s✐❣♥✐♥❣ ❛ s♣❡❝✐✜❝ ❢❡❛t✉r❡ ❢♦r ❝❤❛r❛❝t❡r✐③✐♥❣ ♣❡♦♣❧❡ ❛♣♣❡❛r❛♥❝❡✱ ❛ ♠❛❝❤✐♥❡
❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ ❝♦♥str✉❝ts ❛ ♠♦❞❡❧ t❤❛t ♣r♦✈✐❞❡s ♠❛①✐♠✉♠ ❞✐s❝r✐♠✐♥❛❜✐❧✲
✐t② ❜② ✜❧t❡r✐♥❣ ❛ s❡t ♦❢ s✐♠♣❧❡ ❢❡❛t✉r❡s✳ ❊♥❤❛♥❝❡♠❡♥t ♦❢ ❞✐s❝r✐♠✐♥❛t✐✈❡ ♣♦✇❡r
♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ s✐❣♥❛t✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦t❤❡rs ✐s ❛❧s♦ t❤❡ ♠❛✐♥ ✐ss✉❡
✐♥ ❬✶✽❪✳ P❛✐r✇✐s❡ ❞✐ss✐♠✐❧❛r✐t② ♣r♦✜❧❡s ❜❡t✇❡❡♥ ✐♥❞✐✈✐❞✉❛❧s ❤❛✈❡ ❜❡❡♥ ❧❡❛r♥❡❞
❛♥❞ ❛❞❛♣t❡❞ ✐♥t♦ ♥❡❛r❡st ♥❡✐❣❤❜♦✉r ❝❧❛ss✐✜❝❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ✐♥ ❬✶✾❪✱ ❛ r✐❝❤ s❡t
♦❢ ❢❡❛t✉r❡ ❞❡s❝r✐♣t♦rs ❜❛s❡❞ ♦♥ ❝♦❧♦r✱ t❡①t✉r❡s ❛♥❞ ❡❞❣❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦
r❡❞✉❝❡ t❤❡ ❛♠♦✉♥t ♦❢ ❛♠❜✐❣✉✐t② ❛♠♦♥❣ ❤✉♠❛♥ ❝❧❛ss✳ ❚❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧
s✐❣♥❛t✉r❡ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r✐♠✐♥❛♥t ❧❛t❡♥t s♣❛❝❡ ✉s✲
✐♥❣ ❛ st❛t✐st✐❝❛❧ t♦♦❧ ❝❛❧❧❡❞ P❛rt✐❛❧ ▲❡❛st ❙q✉❛r❡s ✭P▲❙✮ ✐♥ ♦♥❡✲❛❣❛✐♥st✲❛❧❧
s❝❤❡♠❡✳ ◆❡✈❡rt❤❡❧❡ss ✐♥ ❜♦t❤ ♠❡t❤♦❞s✱ ❛♥ ❡①t❡♥s✐✈❡ ❧❡❛r♥✐♥❣ ♣❤❛s❡ ❜❛s❡❞ ♦♥
t❤❡ ♣❡❞❡str✐❛♥s t♦ r❡✲✐❞❡♥t✐❢② ✐s ♥❡❝❡ss❛r② t♦ ❡①tr❛❝t ❞✐s❝r✐♠✐♥❛t✐✈❡ ♣r♦✜❧❡s
✇❤❛t ♠❛❦❡s t❤❡ ❛♣♣r♦❛❝❤❡s ♥♦♥✲s❝❛❧❛❜❧❡✳

❚❤❡ ♣❡rs♦♥ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ r❡❢♦r♠✉❧❛t❡❞ ❛s ❛ r❛♥❦✐♥❣
♣r♦❜❧❡♠ ✐♥ ❬✷✵❪✳ ❚❤❡ ❛✉t❤♦rs ♣r❡s❡♥t ❡①t❡♥s✐✈❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❧❡❛r♥✐♥❣ ❛♣✲
♣r♦❛❝❤❡s ❛♥❞ s❤♦✇ t❤❛t ❛ r❛♥❦✐♥❣ r❡❧❡✈❛♥❝❡ ❜❛s❡❞ ♠♦❞❡❧ ❝❛♥ ✐♠♣r♦✈❡ t❤❡
r❡❧✐❛❜✐❧✐t② ❛♥❞ ❛❝❝✉r❛❝②✳

❋✉rt❤❡r♠♦r❡✱ ❛ ❝♦♥t❡①t ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♠♣r♦✈❡ r❡❝♦❣♥✐t✐♦♥
❛❝❝✉r❛❝②✳ ❱✐s✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ s✉rr♦✉♥❞✐♥❣ ♣❡♦♣❧❡ ❤❛✈❡ ❜❡❡♥ ✉s❡❞
✐♥ ❬✷✶❪ t♦ r❡❞✉❝❡ ❛♠❜✐❣✉✐t② ✐♥ ♣❡rs♦♥ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ❚❤✐s ♠❡t❤♦❞ s❤♦✇s t❤❛t
❣r♦✉♣ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♦r ♠♦r❡ ♣❡♦♣❧❡ ❝❛♥ ❣✐✈❡ ✈❛❧✉❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t ✐❞❡♥t✐t② ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧✳ ❙✐♠✐❧❛r❧②✱ ✐♥ ❬✷✷❪ ❣r♦✉♣ ❝♦♥t❡①t ✐♥❢♦r♠❛t✐♦♥
❤❛♥❞❧❡❞ ❜② ❝♦✈❛r✐❛♥❝❡ ❞❡s❝r✐♣t♦r ❬✶✹❪ ✐♠♣r♦✈❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♣❡rs♦♥
r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳

❈♦♥❝❡r♥✐♥❣ ♠✉❧t✐♣❧❡✲s❤♦t ❛♣♣r♦❛❝❤❡s✱ ✐♥ ❬✷✸❪ t❤❡ s♣❛t✐♦t❡♠♣♦r❛❧ ❣r❛♣❤ ✐s
❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❡♥ ❝♦♥s❡❝✉t✐✈❡ ❢r❛♠❡s ❢♦r ❣r♦✉♣✐♥❣ s♣❛t✐♦t❡♠♣♦r❛❧❧② s✐♠✐❧❛r
r❡❣✐♦♥s✳ ❚❤❡♥✱ ❛ ❝❧✉st❡r✐♥❣ ♠❡t❤♦❞ ✐s ❛♣♣❧✐❡❞ t♦ ❝❛♣t✉r❡ t❤❡ ❧♦❝❛❧ ❞❡s❝r✐♣t✐♦♥s
♦✈❡r t✐♠❡ ❛♥❞ ✐♠♣r♦✈❡ ♠❛t❝❤✐♥❣ ❛❝❝✉r❛❝②✳ ❇❛❣ ♦❢ ❢❡❛t✉r❡s ❜❛s❡❞ ♦♥ ❙■❋❚
❬✶✶❪ ❞❡s❝r✐♣t♦r t♦❣❡t❤❡r ✇✐t❤ ♦♥❧✐♥❡ ❧❡❛r♥✐♥❣ ❛r❡ ♣r♦♣♦s❡❞ ✐♥ ❬✷✹❪ t♦ ✐♠♣r♦✈❡
♠❛t❝❤✐♥❣ ❛❝❝✉r❛❝②✳ ■♥ ❬✷✺❪ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❙❯❘❋ ❬✷✻❪
✐♥t❡r❡st ♣♦✐♥ts ❝♦❧❧❡❝t❡❞ ❞✉r✐♥❣ s❤♦rt ✈✐❞❡♦ s❡q✉❡♥❝❡s✳ ❚❤❡ ✐♥t❡r❡st ♣♦✐♥ts
❛r❡ st♦r❡❞ ✐♥ ❑❉✲tr❡❡ t♦ s♣❡❡❞✲✉♣ t❤❡ q✉❡r② ♣r♦❝❡ss✐♥❣ t✐♠❡✳

✺



❋✐❣✉r❡ ✶✿ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ q✉❡r②✳ ❚❤❡ ✜rst ✐♠❛❣❡ ♦♥ t❤❡ ❧❡❢t ✐s t❤❡ q✉❡r② ✐♠❛❣❡✳ ❚❤❡
tr✉❡ ♠❛t❝❤ ✐s ♦♥ t❤❡ ✜rst ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❧✐st✳

■♥ ❬✷✼❪✱ ❆❞❛❇♦♦st s❝❤❡♠❡ ✐s ❛♣♣❧✐❡❞ t♦ ❡①tr❛❝t t❤❡ ♠♦st ❞✐s❝r✐♠✐♥❛t✐✈❡
❛♥❞ ✐♥✈❛r✐❛♥t ❤❛❛r✲❧✐❦❡ ❢❡❛t✉r❡s✳ ❍❡r❡✱ ❛❣❛✐♥ ♦♥❡✲❛❣❛✐♥st✲❛❧❧ ❧❡❛r♥✐♥❣ s❝❤❡♠❡
✐s ✉s❡❞ t♦ ❝❛t❝❤ ❤✉♠❛♥ ❞✐ss✐♠✐❧❛r✐t✐❡s✳

■♥ ❬✷✽❪✱ t❤❡ ❛✉t❤♦rs ♣r♦♣♦s❡ t♦ ❝♦♠❜✐♥❡ t❤r❡❡ ❢❡❛t✉r❡s✿ ✶✮ ❝❤r♦♠❛t✐❝
❝♦♥t❡♥t ✭❍❙❱ ❤✐st♦❣r❛♠✮❀ ✷✮ ♠❛①✐♠❛❧ st❛❜❧❡ ❝♦❧♦✉r r❡❣✐♦♥s ✭▼❙❈❘ ❬✷✾❪✮ ❛♥❞
✸✮ r❡❝✉rr❡♥t ❤✐❣❤❧② str✉❝t✉r❡❞ ♣❛t❝❤❡s ✭❘❍❙P✮✳ ❚❤❡ ❡①tr❛❝t❡❞ ❢❡❛t✉r❡s ❛r❡
✇❡✐❣❤t❡❞ ❜② t❤❡ ❞✐st❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s t♦ ♠✐♥✐♠✐③❡ ❡✛❡❝ts
♦❢ ♣♦s❡ ✈❛r✐❛t✐♦♥s✳ ❘❡❝✉rr❡♥t ♣❛t❝❤❡s ❛r❡ ❛❧s♦ ♣r♦♣♦s❡❞ ✐♥ ❬✸✵❪✳ ❊♣✐t♦♠❡
❛♥❛❧②s✐s ✐s ✉s❡❞ t♦ ❡①tr❛❝t ❤✐❣❤❧② ✐♥❢♦r♠❛t✐✈❡ ♣❛t❝❤❡s ❢♦r♠ t❤❡ s❡t ♦❢ ✐♠❛❣❡s✳

❋✐♥❛❧❧②✱ ✐♥ ❬✸✶❪ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ❛❡r✐❛❧ ✐♠❛❣❡s✳ ❍❡r❡✱ t❤❡
P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ✐s ❛♣♣❧✐❡❞ t♦ ❡①tr❛❝t t❤❡ ♠♦st ✐♥❢♦r♠❛t✐✈❡ r❡❣✐♦♥s t♦
❞✐st✐♥❣✉✐s❤ ✐♥❞✐✈✐❞✉❛❧s✳ ❋✐rst✱ t❤❡ ♠✉❧t✐♣❧❡ ✐♠❛❣❡s ❛r❡ ✐♥t❡❣r❛t❡❞ ✉s✐♥❣ ✉♥❞✐✲
r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ t❤❡♥ P❛❣❡❘❛♥❦ ❛ss✐❣♥ ❤✐❣❤❡r ✇❡✐❣❤ts t♦ ♣r♦♠✐♥❡♥t r❡❣✐♦♥s
❛♥❞ ❞❡❣r❛❞❡ ♥♦✐s② r❡❣✐♦♥s ❜② ❛ss✐❣♥✐♥❣ t❤❡♠ ❧♦✇❡r ✇❡✐❣❤ts✳

✸✳ Pr♦❜❧❡♠ ❉❡✜♥✐t✐♦♥

❲❡ ❧❛② t❤❡ ♣r♦❜❧❡♠ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ❣❡♥❡r❛t❡ ❤✉♠❛♥ s✐❣♥❛t✉r❡ ❢♦r
❡❛❝❤ ♣❡rs♦♥ ❞❡t❡❝t❡❞ ❛♥❞ tr❛❝❦❡❞ ✐♥ ♦✉r ✈✐❞❡♦ s✉r✈❡✐❧❧❛♥❝❡ s②st❡♠✳ ▲❡t ✉s
❞❡♥♦t❡ ❛ s✐❣♥❛t✉r❡ ❛s s

c
i ✱ ✇❤❡r❡ i ❡♥❝♦❞❡s t❤❡ ♣❡rs♦♥✬s ✐❞❡♥t✐t② ❛♥❞ c ❞❡♥♦t❡s

t❤❡ ❝❛♠❡r❛✳ ❇② q✉❡r②✐♥❣ t❤❡ ❞❛t❛❜❛s❡ ♦❢ s✐❣♥❛t✉r❡s s
c′

j ✱ ✇❤❡r❡ c 6= c′ ✇✐t❤
s✐❣♥❛t✉r❡ ♦❢ ✐♥t❡r❡st s

c
i ✱ ✇❡ s❡❛r❝❤ ❢♦r ❡❛❝❤ s✐❣♥❛t✉r❡ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ s✐❣♥❛✲

t✉r❡ ✐♥ ❛♥♦t❤❡r ❝❛♠❡r❛✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ q✉❡r② ✐s t❤❡ ❧✐st ♦❢ t❤❡ ♠♦st s✐♠✐❧❛r
s✐❣♥❛t✉r❡s ♦r❞❡r❡❞ ❜② ✐♥❝r❡❛s✐♥❣ ❞✐ss✐♠✐❧❛r✐t② ✭s❡❡ ✜❣✉r❡ ✶✮✳ ❚❤❡ ♣♦s✐t✐♦♥ ✐♥
t❤❡ ❧✐st ♦❢ t❤❡ tr✉❡ ♠❛t❝❤ ✐s ❝❛❧❧❡❞ t❤❡ r❛♥❦ s❝♦r❡✳

❚❤❡ ✉♥❞❡r❧②✐♥❣ ❝❤❛❧❧❡♥❣❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛r✐s❡s ❢r♦♠ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s
✐♥ ✐❧❧✉♠✐♥❛t✐♦♥✱ ♣♦s❡ ❛♥❞ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✳ ❚❤❡ s❛♠❡ ♦❜❥❡❝t ❛❝q✉✐r❡❞
✉♥❞❡r ❞✐✛❡r❡♥t ❝❛♠❡r❛s s❤♦✇s ❝♦❧♦r ❞✐ss✐♠✐❧❛r✐t✐❡s✳ ❊✈❡♥ ✐❞❡♥t✐❝❛❧ ❝❛♠❡r❛s
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❋✐❣✉r❡ ✷✿ ▼❡❛♥ ❤✉♠❛♥ ✐♠❛❣❡ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❞❣❡ ♠❛❣♥✐t✉❞❡s ❛♥❞ t❤❡ 15 ♠♦st ❞♦♠✲
✐♥❛♥t ❝❡❧❧s✳ ❋r♦♠ t❤❡ ❧❡❢t✿ t❤❡ ✜rst ✐♠❛❣❡ s❤♦✇s t❤❡ ♠❡❛♥ ❤✉♠❛♥ ✐♠❛❣❡ ❝❛❧❝✉❧❛t❡❞ ♦✈❡r
❛❧❧ ♣♦s✐t✐✈❡ s❛♠♣❧❡s ✐♥ t❤❡ ❞❛t❛❜❛s❡❀ t❤❡ s❡❝♦♥❞ ✐♠❛❣❡ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛♥ ❡❞❣❡
♠❛❣♥✐t✉❞❡ r❡s♣♦♥s❡❀ t❤❡ t❤✐r❞ ✐♠❛❣❡ s❤♦✇s t❤✐s ❧❛t❡r ✐♠❛❣❡ s✉♣❡r♣♦s❡❞ ✇✐t❤ t❤❡ 15 ♠♦st
❞♦♠✐♥❛♥t ❝❡❧❧s ♦❢ s✐③❡ 8× 8 ♣✐①❡❧s✳ ❚❤❡ ❝❡❧❧ ❜♦✉♥❞✐♥❣ ❜♦①❡s ❛r❡ ❞r❛✇♥ ✇✐t❤ ❛ ❝♦❧♦r s❡t ❜②
t❤❡✐r ♠♦st ❞♦♠✐♥❛♥t ❡❞❣❡ ♦r✐❡♥t❛t✐♦♥ ✇✐t❤ t❤❡ s❝❤❡♠❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❧❛st ✐♠❛❣❡✳

✇❤✐❝❤ ❤❛✈❡ t❤❡ s❛♠❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ❛r❡ ✇♦r❦✐♥❣ ✉♥❞❡r t❤❡ s❛♠❡ ❧✐❣❤t✲
✐♥❣ ❝♦♥❞✐t✐♦♥s ♠❛② ♥♦t ♠❛t❝❤ ✐♥ t❤❡✐r ❝♦❧♦r r❡s♣♦♥s❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣♦s❡
✈❛r✐❛t✐♦♥s ❞✉❡ t♦ ❝❛♠❡r❛ ❛♥❞ ✈✐❡✇ ♣♦✐♥t ❝❤❛♥❣❡ ❛s ✇❡❧❧ ❛s t❤❡ ❛rt✐❝✉❧❛t✐♦♥
♦❢ ❛ ❤✉♠❛♥ ❜♦❞② ❧❡❛❞ t♦ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ✐♥ ❛♣♣❡❛r❛♥❝❡s ♦❢ t❤❡ s❛♠❡
✐♥❞✐✈✐❞✉❛❧ ♦❜s❡r✈❡❞ ❢r♦♠ ❞✐✛❡r❡♥t ❝❛♠❡r❛s✳

✹✳ ❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❛♣♣r♦❛❝❤

❆ t②♣✐❝❛❧ ✇❛② ♦❢ ❡①tr❛❝t✐♥❣ ❛♣♣❡❛r❛♥❝❡ ♠♦❞❡❧s ✐♥ ❛✉t♦♠❛t✐❝ s✉r✈❡✐❧❧❛♥❝❡
s②st❡♠s ✐s ❜② ✜rst ❞❡t❡❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ✐♥ ❛♥ ✐♠❛❣❡✱ ❛♥❞ t❤❡♥ ❜② tr❛❝❦✐♥❣ t❤❡♠
✉s✐♥❣ ❞✐✛❡r❡♥t str❛t❡❣✐❡s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ ❤✉♠❛♥ ❛♣♣❡❛r❛♥❝❡s✳
❲❡ ❞❡t❡❝t ❛♥❞ tr❛❝❦ ❤✉♠❛♥s ✉s✐♥❣ ❍❖●✲❜❛s❡❞ ❞❡t❡❝t♦r✱ ✇❤✐❝❤ ♣❤✐❧♦s♦♣❤② ✐s
s✐♠✐❧❛r t♦ ❬✶✸❪✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ❤❛♥❞❧❡ ❝♦❧♦r ❞✐ss✐♠✐❧❛r✐t✐❡s ❝❛✉s❡❞ ❜② ❝❛♠❡r❛
✐❧❧✉♠✐♥❛t✐♦♥ ❞✐✛❡r❡♥❝❡s ❜② ❛♣♣❧②✐♥❣ ❤✐st♦❣r❛♠ ❡q✉❛❧✐③❛t✐♦♥ ✭s❡❝t✐♦♥ ✹✳✷✮✳

✹✳✶✳ ❍✉♠❛♥ ❞❡t❡❝t✐♦♥ ❛♥❞ tr❛❝❦✐♥❣

❲❡ ✉s❡ ❛ ❍✐st♦❣r❛♠ ♦❢ ❖r✐❡♥t❡❞ ●r❛❞✐❡♥t ✭❍❖●✮ ❜❛s❡❞ t❡❝❤♥✐q✉❡ t♦
❛✉t♦♠❛t✐❝❛❧❧② ❞❡t❡❝t ❤✉♠❛♥s ✐♥ ❞✐✛❡r❡♥t s❝❡♥❡s ❜❡❢♦r❡ t❤❡✐r ✈✐s✉❛❧ s✐❣♥❛✲
t✉r❡s ❛r❡ ❡①tr❛❝t❡❞ ❢♦r r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣✉r♣♦s❡s✳ ❖✉r ❍❖● t❡❝❤♥✐q✉❡ ✐s
❛❞❛♣t❡❞ ❢r♦♠ t❤❡ ❢❛❝❡ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞ ❬✸✷❪ t♦ ❞❡t❡❝t ❤✉♠❛♥ s✐❧❤♦✉❡tt❡✳
❚❤❡ ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❡①tr❛❝ts ❤✐st♦❣r❛♠s ♦❢ ❣r❛❞✐❡♥t ♦r✐❡♥t❛t✐♦♥✱ ✉s✐♥❣
❛ ❙♦❜❡❧ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧✱ ✐♥ ❛ ♠✉❧t✐✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡✇♦r❦✳ ❚❤❡ t❡❝❤♥✐q✉❡
✇❛s ♦r✐❣✐♥❛❧❧② ❞❡s✐❣♥❡❞ t♦ ❞❡t❡❝t ❢❛❝❡s ✉s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❢❛❝✐❛❧ ❢❡❛✲
t✉r❡s r❡♠❛✐♥ ❛♣♣r♦①✐♠❛t✐✈❡❧② ❛t t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❧♦❝❛t✐♦♥s ♦❢
❤✉♠❛♥ s✐❧❤♦✉❡tt❡ ❢❡❛t✉r❡s ❞♦ ♥♦t r❡♠❛✐♥ ❝♦♥st❛♥t ✐♥ t❡♠♣❧❛t❡s ✇✐t❤ ✈❛r②✐♥❣
♣♦s❡s ✭❡✳❣✳ ❦♥❡❡s ❛r❡ ❝♦♥st❛♥t❧② ❝❤❛♥❣✐♥❣ ♣♦s✐t✐♦♥ ✇❤❡♥ ✇❛❧❦✐♥❣❀ ❛ s❤♦✉❧❞❡r
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❋✐❣✉r❡ ✸✿ ❊①❛♠♣❧❡s ♦❢ ❞❡t❡❝t❡❞ ♣❡♦♣❧❡✳

❝❤❛♥❣❡s ♣♦s✐t✐♦♥ ❢r♦♠ ✇❛❧❦✐♥❣ t♦ s❧✐❣❤t❧② ❜❡♥❞✐♥❣ ✇❤❡♥ ♣✉s❤✐♥❣ ❛ tr♦❧❧❡②✮✳
❍❡♥❝❡✱ ✇❡ ♠♦❞✐✜❡❞ ❛❧❣♦r✐t❤♠ t♦ ❞❡t❡❝t ❤✉♠❛♥s ✉s✐♥❣ ❝❡❧❧s ❧♦❝❛t❡❞ ❛t s♣❡✲
❝✐✜❝ ❧♦❝❛t✐♦♥s ❛r♦✉♥❞ t❤❡ ❤✉♠❛♥ s✐❧❤♦✉❡tt❡ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳ ❚❤❡ ♠♦st
❞♦♠✐♥❛♥t ❝❡❧❧s ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ ❤✉♠❛♥ s❤❛♣❡s ❛r❡ t❤❡ 15 ♠♦st ❞♦♠✐♥❛♥t
❝❡❧❧s s❡❧❡❝t❡❞ ❛♠♦♥❣ 252 ❝❡❧❧s ❝♦✈❡r✐♥❣ t❤❡ ❤✉♠❛♥ s❛♠♣❧❡ ❛r❡❛✳ ❚❤❡s❡ ♠♦st
❞♦♠✐♥❛♥t ❝❡❧❧s ❛r❡ t❤❡ ❝❡❧❧s ❤❛✈✐♥❣ t❤❡ ❝❧♦s❡st ❍❖● ✈❡❝t♦r t♦ t❤❡ ♠❡❛♥ ❍❖●
✈❡❝t♦r ❝❛❧❝✉❧❛t❡❞ ♦✈❡r t❤❡ ✈❡❝t♦rs ✭♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡❧❧✮ ❢r♦♠ ❛ ❤✉♠❛♥
❞❛t❛❜❛s❡✳ ❚❤❡ s②st❡♠ ✇❛s tr❛✐♥❡❞ ✉s✐♥❣ 10, 000 ♣♦s✐t✐✈❡ ❛♥❞ 20, 000 ♥❡❣❛t✐✈❡
✐♠❛❣❡ s❛♠♣❧❡s ❢r♦♠ t❤❡ ◆■❈❚❆ ❞❛t❛❜❛s❡ ❬✸✸❪✳ ❋✐❣✉r❡ ✸ s❤♦✇s ❛♥ ❡①❛♠♣❧❡
♦❢ s❡✈❡r❛❧ ❞❡t❡❝t❡❞ ♣❡rs♦♥s ✐♥ ❞②♥❛♠✐❝❛❧❧② ♦❝❝❧✉❞❡❞ s❝❡♥❛r✐♦✳ ❖♥❝❡ ❛ ❤✉♠❛♥
❤❛s ❜❡❡♥ ❞❡t❡❝t❡❞ ❛♥❞ tr❛❝❦❡❞✱ t❤❡ ♥❡①t st❡♣ ✐s t♦ ❤❛♥❞❧❡ ❝♦❧♦r ❞✐ss✐♠✐❧❛r✐t✐❡s
❝❛✉s❡❞ ❜② ❝❛♠❡r❛ ✐❧❧✉♠✐♥❛t✐♦♥ ❞✐✛❡r❡♥❝❡s✳ ❚❤✉s✱ ✇❡ ✉s❡ ❝♦❧♦r ♥♦r♠❛❧✐③❛t✐♦♥
t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ❤✐st♦❣r❛♠ ❡q✉❛❧✐③❛t✐♦♥✳

✹✳✷✳ ❈♦❧♦r ♥♦r♠❛❧✐③❛t✐♦♥

❖♥❡ ♦❢ t❤❡ ♠♦st ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡ ❝♦❧♦r ❛s ❛ ❢❡❛t✉r❡ ✐s t❤❛t
✐♠❛❣❡s ♦❢ t❤❡ s❛♠❡ ♦❜❥❡❝t ❛❝q✉✐r❡❞ ✉♥❞❡r ❞✐✛❡r❡♥t ❝❛♠❡r❛s s❤♦✇ ❝♦❧♦r ❞✐ss✐♠✲
✐❧❛r✐t✐❡s✳ ❲❡ ✉s❡ ❤✐st♦❣r❛♠ ❡q✉❛❧✐③❛t✐♦♥ ❬✸✹❪ t♦ ✐♥❝r❡❛s❡ t❤❡ ♦✈❡r❛❧❧ ❝♦♥tr❛st ❜②
❜r✐❣❤t✐♥❣ ❞❛r❦ ❛r❡❛s ♦❢ t❤❡ ✐♠❛❣❡✱ ❡♠♣❤❛s✐③✐♥❣ ❞❡t❛✐❧s ✐♥ t❤♦s❡ r❡❣✐♦♥s✳ ❍✐s✲
t♦❣r❛♠ ❡q✉❛❧✐s❛t✐♦♥ str❡t❝❤❡s ❛ r❛♥❣❡ ♦❢ ❤✐st♦❣r❛♠ t♦ ❜❡ ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡
t♦ ❛♥ ✉♥✐❢♦r♠ ❤✐st♦❣r❛♠✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ t❤❛t ❛♠♦♥❣st
❛❧❧ ♣♦ss✐❜❧❡ ❤✐st♦❣r❛♠s✱ ❛♥ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❤✐st♦❣r❛♠ ❤❛s ♠❛①✐♠✉♠
❡♥tr♦♣② ❬✸✺❪✳ ▼❛①✐♠✐③✐♥❣ t❤❡ ❡♥tr♦♣② ♦❢ ❛ ❞✐str✐❜✉t✐♦♥✱ ✇❡ ♠❛①✐♠✐③❡ ✐ts ✐♥✲
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✭❛✮ ❜❡❢♦r❡ ✭❜✮ ❜❡❢♦r❡ ✭❝✮ ❛❢t❡r ✭❞✮ ❛❢t❡r

❋✐❣✉r❡ ✹✿ ❚❤❡ ✜rst t✇♦ ❝♦❧✉♠♥s s❤♦✇ ♦r✐❣✐♥❛❧ ✐♠❛❣❡s ♦❢ t❤❡ s❛♠❡ ♣❡rs♦♥ ❝❛♣t✉r❡❞ ❢r♦♠
❞✐✛❡r❡♥t ❝❛♠❡r❛s ✐♥ ❞✐✛❡r❡♥t ❡♥✈✐r♦♥♠❡♥ts✳ ❚❤❡ ❧❛st t✇♦ ❝♦❧✉♠♥s s❤♦✇ t❤❡s❡ ✐♠❛❣❡s ❛❢t❡r
❤✐st♦❣r❛♠ ❡q✉❛❧✐③❛t✐♦♥✳

❢♦r♠❛t✐♦♥ ❛♥❞ t❤✉s ❤✐st♦❣r❛♠ ❡q✉❛❧✐③❛t✐♦♥ ♠❛①✐♠✐③❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥✲
t❡♥t ♦❢ t❤❡ ♦✉t♣✉t ✐♠❛❣❡✳ ❲❡ ❛♣♣❧② t❤❡ ❤✐st♦❣r❛♠ ❡q✉❛❧✐③❛t✐♦♥ t♦ ❡❛❝❤ ♦❢
t❤❡ ❝♦❧♦r ❝❤❛♥♥❡❧s ✭❘●❇✮ t♦ ♠❛①✐♠✐③❡ t❤❡ ❡♥tr♦♣② ✐♥ ❡❛❝❤ ♦❢ t❤♦s❡ ❝❤❛♥♥❡❧s
❛♥❞ ♦❜t❛✐♥ t❤❡ ✐♥✈❛r✐❛♥t ✐♠❛❣❡✳ ❋✐❣✉r❡ ✹ ✐❧❧✉str❛t❡s t❤❡ ❡✛❡❝t ♦❢ ❛♣♣❧②✐♥❣
t❤❡ ❤✐st♦❣r❛♠ ❡q✉❛❧✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ t♦ ✐♠❛❣❡s ♦❢ t❤❡ s❛♠❡ ✐♥❞✐✈✐❞✉❛❧ ❝❛♣✲
t✉r❡❞ ❜② ❞✐✛❡r❡♥t ❝❛♠❡r❛s✳ ❚❤❡s❡ ✐♠❛❣❡s ❤✐❣❤❧✐❣❤t t❤❡ ❢❛❝t t❤❛t ❛ ❝❤❛♥❣❡
✐♥ ✐❧❧✉♠✐♥❛t✐♦♥ ❧❡❛❞s t♦ ❛ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡ ✐♥ t❤❡ ❝♦❧♦rs ❝❛♣t✉r❡❞ ❜② t❤❡
❝❛♠❡r❛✳ ❚❤❡ ❧❛st t✇♦ ❝♦❧✉♠♥s s❤♦✇ r❡s✉❧t ✐♠❛❣❡s ❛❢t❡r ❛♣♣❧②✐♥❣ ❤✐st♦❣r❛♠
❡q✉❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ r❡s✉❧t✐♥❣ ✐♠❛❣❡s ❛r❡ ♠✉❝❤ ♠♦r❡
s✐♠✐❧❛r t❤❛♥ t❤❡ t✇♦ ♦r✐❣✐♥❛❧ ✐♠❛❣❡s✳

✺✳ ❍✉♠❛♥ ❛♣♣❡❛r❛♥❝❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ ♦✉r ❛♣♣❡❛r❛♥❝❡ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡ ♥♦✈❡❧ ▼❘❈
♣❛t❝❤❡s ❡①tr❛❝t❡❞ ❢r♦♠ tr❛❝❦s ♦❢ ❛ s♣❡❝✐✜❝ ✐♥❞✐✈✐❞✉❛❧✳ ❚❤❡ ✐♥♣✉t ♦❢ ♦✉r
❛♣♣r♦❛❝❤ ✐s ❛ s❡t ♦❢ ❝r♦♣♣❡❞ ✐♠❛❣❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❤✉♠❛♥ ❞❡t❡❝t✐♦♥ ❛♥❞
tr❛❝❦✐♥❣ r❡s✉❧ts✱ ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ❤✐st♦❣r❛♠ ❡q✉❛❧✐③❛t✐♦♥ ❛♣♣❧✐❡❞ t♦ ❡❛❝❤
♦❢ t❤❡ ❝♦❧♦r ❝❤❛♥♥❡❧s ✭❘●❇✮✳ ❋r♦♠ s✉❝❤ ♥♦r♠❛❧✐③❡❞ ✐♠❛❣❡s ✇❡ ❡①tr❛❝t ▼❘❈
♣❛t❝❤❡s ✭s❡❝t✐♦♥ ✺✳✸✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❜❡❢♦r❡ ❡①♣❧❛✐♥✐♥❣ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♣♦s❡❞
▼❘❈ ♣❛t❝❤❡s✱ ✇❡ ♣r❡s❡♥t ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❞❡s❝r✐♣t♦r ❛♥❞ ❛
s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦ ❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠❡tr②✳
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✺✳✶✳ ❈♦✈❛r✐❛♥❝❡ ❉❡s❝r✐♣t♦r

❍❡r❡✱ ✇❡ ♣r❡s❡♥t ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❞❡s❝r✐♣t♦r ❬✶✹❪ ❛♥❞ ✐ts
s♣❡❝✐❛❧✐③❛t✐♦♥ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✳ ❈♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠
❛♥② t②♣❡ ♦❢ ✐♠❛❣❡ s✉❝❤ ❛s ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡♥s✐t② ✐♠❛❣❡✱ t❤r❡❡ ❝❤❛♥♥❡❧
❝♦❧♦r ✐♠❛❣❡ ♦r ❡✈❡♥ ♦t❤❡r t②♣❡s ♦❢ ✐♠❛❣❡s✱ ❡✳❣✳ ✐♥❢r❛r❡❞✳ ▲❡t I ❜❡ ❛♥ ✐♠❛❣❡
❛♥❞ F ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ ✐♠❛❣❡ ❡①tr❛❝t❡❞ ❢r♦♠ I

F (x, y) = φ(I, x, y), ✭✶✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ φ ❝❛♥ ❜❡ ❛♥② ♠❛♣♣✐♥❣ s✉❝❤ ❛s ❝♦❧♦r✱ ✐♥t❡♥s✐t②✱ ❣r❛❞✐❡♥ts✱
✜❧t❡r r❡s♣♦♥s❡s✱ ❡t❝✳ ❋♦r ❛ ❣✐✈❡♥ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ Reg ⊂ F ✱ ❧❡t {fk}k=1...n

❜❡ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ ♣♦✐♥ts ✐♥s✐❞❡ Reg✳ ❚❤❡ r❡❣✐♦♥ Reg ✐s r❡♣r❡s❡♥t❡❞
✇✐t❤ t❤❡ d × d ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❢❡❛t✉r❡ ♣♦✐♥ts

CReg =
1

n − 1

n
∑

k=1

(fk − f̄)(fk − f̄)T , ✭✷✮

✇❤❡r❡ f̄ ✐s t❤❡ ♠❡❛♥ ♦❢ t❤❡ ♣♦✐♥ts✳ ❙✉❝❤ ❞❡✜♥❡❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❝❛♥ ❜❡
❝♦♠♣✉t❡❞ ✐♥ ❛♥ ❡✣❝✐❡♥t ✇❛② ❢♦r ❡❛❝❤ s✉❜r❡❣✐♦♥ ♦❢ ❛♥ ✐♠❛❣❡ ✉s✐♥❣ ✐♥t❡❣r❛❧
✐♠❛❣❡s ❬✶✹❪✳

■♥ ♦✉r ❛♣♣r♦❛❝❤ ✇❡ ❞❡✜♥❡ t❤❡ ♠❛♣♣✐♥❣ φ(I, x, y) ❛s

[

x, y, Rxy, Gxy, Bxy,∇
R
xy, θ

R
xy,∇

G
xy, θ

G
xy,∇

B
xy, θ

B
xy

]

, ✭✸✮

✇❤❡r❡ x ❛♥❞ y ❛r❡ ♣✐①❡❧ ❧♦❝❛t✐♦♥✱ Rxy, Gxy, Bxy ❛r❡ ❘●❇ ❝❤❛♥♥❡❧ ✈❛❧✉❡s ❛♥❞
∇ ❛♥❞ θ ❝♦rr❡s♣♦♥❞s t♦ ❣r❛❞✐❡♥t ♠❛❣♥✐t✉❞❡ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ✐♥ ❡❛❝❤ ❝❤❛♥♥❡❧✱
r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ✐♥♣✉t ✐♠❛❣❡ r❡❣✐♦♥ ✐s ♠❛♣♣❡❞ t♦ d = 11 ❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ ✐♠❛❣❡✳
❚❤✉s✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ r❡❣✐♦♥ ❞❡s❝r✐♣t♦r ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛♥ 11 × 11 ♠❛tr✐①✳
❚❤❡ ❞❡s❝r✐♣t♦r ❡♥❝♦❞❡s ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛♥❝❡s ♦❢ t❤❡ ❞❡✜♥❡❞ ❢❡❛t✉r❡s
✐♥s✐❞❡ t❤❡ r❡❣✐♦♥✱ t❤❡✐r ❝♦rr❡❧❛t✐♦♥s ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❛♥❞ s♣❛t✐❛❧ ❧❛②♦✉t✳

❲❡ s❤♦✇ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢❡❛t✉r❡s ✐s s✉♣❡r✐♦r t♦
♦t❤❡r ♠❡t❤♦❞s ❛s r♦t❛t✐♦♥ ❛♥❞ ✐❧❧✉♠✐♥❛t✐♦♥ ❝❤❛♥❣❡s ❛r❡ ❛❜s♦r❜❡❞ ❜② ❝♦✈❛r✐✲
❛♥❝❡ ♠❛tr✐①✳ ▼♦r❡♦✈❡r✱ ✇❡ ❡♥❤❛♥❝❡ r♦❜✉st♥❡ss t♦ ❧♦❝❛❧ ✐❧❧✉♠✐♥❛t✐♦♥ ✈❛r✐✲
❛t✐♦♥s ✐♥ ❛♥ ✐♠❛❣❡ ❜② ✉s✐♥❣ t❤❡ P❡❛rs♦♥ Pr♦❞✉❝t✲▼♦♠❡♥t ❈♦rr❡❧❛t✐♦♥ ❈♦✲
❡✣❝✐❡♥ts ✭P▼❈❈✮ ❛s ❡❧❡♠❡♥ts ♦❢ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✭s✉❝❤ ♠❛tr✐① ✐s ❛❧s♦
♦❢t❡♥ ❝❛❧❧❡❞ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ✮✳ ■♥ ❛ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❡✈❡r② ❡❧❡♠❡♥t (i, j)

✶✵



✐s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡✐r st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s

ĈReg(i, j) =
CReg(i, j)

σiσj

. ✭✹✮

❙✐♥❝❡ ♥♦✇✱ ❡✈❡r② ♠❛tr✐① ✐♥ t❤✐s ♣❛♣❡r ✐s ❛ss✉♠❡❞ t♦ ❜❡ s✉❝❤ ♥♦r♠❛❧✐③❡❞
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳

✺✳✷✳ ❘✐❡♠❛♥♥✐❛♥ ●❡♦♠❡tr②

❈♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ s②♠♠❡tr✐❝ ♠❛tr✐① ❝❛♥ ❜❡
s❡❡♥ ❛s ❛ t❡♥s♦r✳ ❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✐s t❤❛t s✉❝❤ ❞❡✜♥❡❞ t❡♥s♦r s♣❛❝❡ ✐s
❛ ♠❛♥✐❢♦❧❞ t❤❛t ✐s ♥♦t ❛ ✈❡❝t♦r s♣❛❝❡ ✇✐t❤ t❤❡ ✉s✉❛❧ ❛❞❞✐t✐✈❡ str✉❝t✉r❡✳ ❆
♠❛♥✐❢♦❧❞ ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ✇❤✐❝❤ ✐s ❧♦❝❛❧❧② s✐♠✐❧❛r t♦ ❛♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✳
❆ ♥❡✐❣❤❜♦✉r❤♦♦❞ ❤♦♠♦♠♦r♣❤✐❝ t♦ ❛♥ ♦♣❡♥ s✉❜s❡tℜm ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢♦r ❡✈❡r②
♣♦✐♥t ♦♥ t❤❡ ♠❛♥✐❢♦❧❞✳ ❆s s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s ❝♦♥st✐t✉t❡ ❛
❝♦♥✈❡① ❤❛❧❢✲❝♦♥❡ ✐♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ♠❛tr✐❝❡s✱ ♠❛♥② ✉s✉❛❧ ♦♣❡r❛t✐♦♥s✱ s✉❝❤
❛s ♠❡❛♥ ❛♥❞ ❞✐st❛♥❝❡✱ ❛r❡ st❛❜❧❡ ✐♥ t❤✐s s♣❛❝❡✳ ◆❡✈❡rt❤❡❧❡ss ♣r♦❜❧❡♠s ❛r✐s❡
✇❤❡♥ t❡♥s♦rs ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ r❡❛❧ ❞❛t❛ ✭❡st✐♠❛t❡❞ s②♠♠❡tr✐❝ ♠❛tr✐① ❝♦✉❧❞
❤❛✈❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s✮✳ ❚❤❡r❡❢♦r❡ ♠❛♥✐❢♦❧❞ ✐s s♣❡❝✐✜❡❞ ❛s ❘✐❡♠❛♥♥✐❛♥ t♦
❞❡t❡r♠✐♥❡ ❛ ♣♦✇❡r❢✉❧ ❢r❛♠❡✇♦r❦ ✉s✐♥❣ t♦♦❧s ❢r♦♠ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ❬✸✻❪✳
❆ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ M ✐s ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ♠❛♥✐❢♦❧❞ ✐♥ ✇❤✐❝❤ ❡❛❝❤ t❛♥❣❡♥t
s♣❛❝❡ ❤❛s ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ✇❤✐❝❤ ✈❛r✐❡s s♠♦♦t❤❧② ❢r♦♠ ♣♦✐♥t t♦ ♣♦✐♥t✳ ❙✐♥❝❡
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❝♦♥♥❡❝t❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞
✇❡ ❛♣♣❧② ♦♣❡r❛t✐♦♥s s✉❝❤ ❛s t❤❡ ❞✐st❛♥❝❡ ❛♥❞ t❤❡ ♠❡❛♥ ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣
t❤✐s ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✳

✺✳✷✳✶✳ ❈♦✈❛r✐❛♥❝❡ ▼❛tr✐① ❉✐st❛♥❝❡

❚❤❡ s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ s②♠♠❡tr✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❝❛♥ ❜❡
❢♦r♠✉❧❛t❡❞ ❛s ❛ ❝♦♥♥❡❝t❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✳ ❍❡♥❝❡✱ ✇❡ ✉s❡ t❤❡ ❞✐s✲
t❛♥❝❡ ❞❡✜♥✐t✐♦♥ ♣r♦♣♦s❡❞ ❜② ❬✸✼❪ t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐ss✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ t✇♦
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s

ρ(Ci, Cj) =

√

√

√

√

d
∑

k=1

ln2 λk(Ci, Cj), ✭✺✮

✇❤❡r❡ λk(Ci, Cj)k=1...d ❛r❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Ci ❛♥❞ Cj✱ ❞❡t❡r✲
♠✐♥❡❞ ❜②

λkCixk − Cjxk = 0, k = 1 . . . d, ✭✻✮

❛♥❞ xk 6= 0 ❛r❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs✳

✶✶



✺✳✷✳✷✳ ▼❡❛♥ ❈♦✈❛r✐❛♥❝❡

▲❡t C1, . . . , CN ❜❡ ❛ s❡t ♦❢ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳ ❚❤❡ ❑❛r❝❤❡r ♦r ❋ré❝❤❡t
♠❡❛♥ ✐s t❤❡ s❡t ♦❢ t❡♥s♦rs ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠ ♦❢ sq✉❛r❡❞ ❞✐st❛♥❝❡s✳ ■♥ t❤❡
❝❛s❡ ♦❢ t❡♥s♦rs✱ t❤❡ ♠❛♥✐❢♦❧❞ ❤❛s ❛ ♥♦♥✲♣♦s✐t✐✈❡ ❝✉r✈❛t✉r❡✱ s♦ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡
♠❡❛♥ ✈❛❧✉❡ µ

µ = arg min
C∈M

N
∑

i=1

ρ2(C, Ci), ✭✼✮

✇❤❡r❡ ρ ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❞✐st❛♥❝❡ ✭❊q✳ ✺✮✳
❙✐♥❝❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❧❛② ✐♥ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ✇❡ ✉s❡ t❤❡ ✐♥tr✐♥✲

s✐❝ ◆❡✇t♦♥ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡❛♥
❝♦✈❛r✐❛♥❝❡ ❛t st❡♣ t + 1

µt+1 = expµt

[

1

N

N
∑

i=1

logµt
(Ci)

]

, ✭✽✮

✇❤❡r❡ expµt
❛♥❞ logµt

❛r❡ s♣❡❝✐✜❝ ♦♣❡r❛t♦rs ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ♦♥ t❤❡ ❘✐❡♠❛♥✲
♥✐❛♥ ♠❛♥✐❢♦❧❞✳ ❚❤✐s ✐t❡r❛t✐✈❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛❧❣♦r✐t❤♠ ✉s✉❛❧❧② ❝♦♥✈❡r❣❡s
✈❡r② ❢❛st ✭✐♥ ❡①♣❡r✐♠❡♥ts 5 ✐t❡r❛t✐♦♥s ✇❡r❡ ❡♥♦✉❣❤✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ ❬✸✻❪✮✳

✺✳✸✳ ▼❘❈ P❛t❝❤❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ t❤❡ ▼❡❛♥ ❘✐❡♠❛♥♥✐❛♥ ❈♦✈❛r✐❛♥❝❡ ✭▼❘❈✮ ♣❛t❝❤❡s
❛♥❞ ❡①♣❧❛✐♥ t❤❡✐r ♠❡r✐ts✳ ❖♥❝❡ ❛ ❤✉♠❛♥ ❤❛s ❜❡❡♥ ❞❡t❡❝t❡❞ ❛♥❞ ❝♦❧♦r ❤❛s ❜❡❡♥
♥♦r♠❛❧✐③❡❞✱ ✇❡ s❝❛❧❡ ❡✈❡r② ❝r♦♣♣❡❞ ✐♠❛❣❡ ✐♥t♦ ❛ ✜①❡❞ s✐③❡ W × H✳ ▼❘❈
♣❛t❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ sq✉❛r❡ r❡❣✐♦♥ ✭♦❢ s✐③❡ W

4
× W

4
❛♥❞ W

2
× W

2
✮✳ ❲❡ ❛s✲

s✉♠❡ t❤❛t s✉❝❤ ▼❘❈ ♣❛t❝❤❡s ❝❛♥ ❢♦r♠ ♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥s ✭s❡❡ ✜❣✉r❡ ✺✮✳
■♥ ♦✉r ❛♣♣r♦❛❝❤ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥s ❜✉✐❧t ✉s✐♥❣ ♠❛①✐♠❛❧❧②
t✇♦ ▼❘❈ ♣❛t❝❤❡s✳ ❚❤❡ ♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥ ♠❛② ❝♦♥s✐st ♦❢ t✇♦ ♣❛t❝❤❡s ✇✐t❤
t❤❡ s❛♠❡ s✐③❡ ❛s ✇❡❧❧ ❛s ✇✐t❤ ❞✐✛❡r❡♥t s✐③❡✳ ❉✐✛❡r❡♥t ♣❛tt❡r♥s ♦❢ ❛ ❤✉♠❛♥
❛♣♣❡❛r❛♥❝❡ ❛r❡ ❝❛♣t✉r❡❞ ❢r♦♠ ❛ ✇✐♥❞♦✇ W ×H✳ ❲❡ ❡①tr❛❝t ♣❛t❝❤❡s ♦❢ s✐③❡
W
4
× W

4
s❤✐❢t❡❞ ❤♦r✐③♦♥t❛❧❧② ❛♥❞ ✈❡rt✐❝❛❧❧② ❜② W

8
❛♥❞ ♣❛t❝❤❡s ♦❢ s✐③❡ W

2
× W

2

s❤✐❢t❡❞ ❤♦r✐③♦♥t❛❧❧② ❛♥❞ ✈❡rt✐❝❛❧❧② ❜② W
4
✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ ▼❘❈ ♣❛t❝❤ ♦♥ t❤❡

✜①❡❞ s✐③❡ ✇✐♥❞♦✇ ❛♥❞ t❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣❛t❝❤❡s ✐s ❡ss❡♥t✐❛❧ t♦
❝❛rr② ♦✉t ❞✐s❝r✐♠✐♥❛t✐✈❡ ♣♦✇❡r✳

❚❤❡r❡ ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ♣r♦♣♦s❡❞ s♦♠❡ st❛t✐st✐❝s ♦♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s
✇❤✐❝❤ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ ❝❤❛♥❣❡s ❬✸✽✱ ✸✾❪✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛ss✉♠❡ t❤❛t ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ❛ st❛t✐♦♥❛r② ✭♦r ✇❡❛❦❧②
st❛t✐♦♥❛r②✮ ♣r♦❝❡ss ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✳ ❯♥❢♦rt✉♥❛t❡❧② ✐♥ ♦✉r ❝❛s❡ ✇❡ ❝❛♥

✶✷



W 

H  W/2 

W/4 

❋✐❣✉r❡ ✺✿ ▼❘❈ P❛t❝❤❡s✳ ●r❡❡♥ ♣❛t❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✐♥❣❧❡ sq✉❛r❡ r❡❣✐♦♥ ✭t❤❡ t♦♣✮✳
❇❧✉❡ ♣❛t❝❤ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❝♦♠❜✐♥❛t✐♦♥ ✭s♠❛❧❧ ✲ ❜✐❣✮ ♦❢ t✇♦ ♣❛t❝❤❡s ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t
s✐③❡ ✭t❤❡ ♠✐❞❞❧❡✮✳ ❘❡❞ ♣❛t❝❤ ✐❧❧✉str❛t❡s ❝♦♠❜✐♥❛t✐♦♥ ✭s♠❛❧❧ ✲ s♠❛❧❧✮ ♦❢ ♣❛t❝❤❡s ✇✐t❤ t❤❡
s❛♠❡ s✐③❡ ✭t❤❡ ❜♦tt♦♠✮✳

♥♦t ♠❛❦❡ s✉❝❤ str♦♥❣ ❛ss✉♠♣t✐♦♥s ❛s ✈✐s✉❛❧ ❢❡❛t✉r❡s ♠♦st❧② ❞♦ ♥♦t ♠❡❡t t❤✐s
r❡q✉✐r❡♠❡♥t ✐♥ ❛ ✈✐❞❡♦ s❡q✉❡♥❝❡✳ ▼♦r❡♦✈❡r✱ ♥♦✐s② ❤✉♠❛♥ ❞❡t❡❝t✐♦♥s ❛♥❞ ❣❛♣s
✐♥ tr❛❝❦✐♥❣ ♣r❡✈❡♥t t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s t♦ ❜❡ s❡♣❛r❛❜❧❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✳
❆s ✐t ✐s ❤❛r❞ t♦ ❛♣♣❧② t❤❡s❡ st❛t✐st✐❝ ♠❡t❤♦❞s t♦ ♦✉r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✇❡
❤❛✈❡ ❞❡❝✐❞❡❞ t♦ ✉s❡ t❤❡ ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ❝♦♠♣✉t❡❞ ♦♥ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞
❛s ❛ ❞❡s❝r✐♣t♦r ♦❢ ❛ r❡❣✐♦♥ ✐♥ ❛ ✈✐❞❡♦ s❡q✉❡♥❝❡✳

▲❡t C
p
1 , . . . , C

p
N ❜❡ ❛ s❡t ♦❢ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❡①tr❛❝t❡❞ ❞✉r✐♥❣ tr❛❝❦✐♥❣

♦❢ N ❢r❛♠❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♠❛❣❡ sq✉❛r❡ r❡❣✐♦♥s ❛t ♣♦s✐t✐♦♥ ♦❢ ♣❛t❝❤ p✳
❲❡ ❞❡✜♥❡ ▼❘❈ ♣❛t❝❤ ❛s t❤❡ ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡s❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s
✭s❡❡ s❡❝t✐♦♥ ✺✳✷✳✷✮ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ✭s❡❡ ✜❣✉r❡ ✻✮✳ ❚❤❡
♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛s ❛♥ ✐♥tr✐♥s✐❝ ❛✈❡r❛❣❡ ❜❧❡♥❞s ❛❧❧ ❡①tr❛❝t❡❞ ♠❛tr✐❝❡s✳
❚❤✐s ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♥♦t ♦♥❧② ❦❡❡♣s ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❢❡❛t✉r❡s ❞✐str✐✲
❜✉t✐♦♥ ❜✉t ❛❧s♦ ❝❛rr✐❡s ♦✉ ✐♦♥ ❛❜♦✉t t❡♠♣♦r❛❧ ❝❤❛♥❣❡s ♦❢ t❤❡ ❛♣♣❡❛r❛♥❝❡
r❡❧❛t❡❞ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ♣❛t❝❤ p✳ ▼♦r❡♦✈❡r✱ ❛s ✇❡ ♥♦r♠❛❧✐③❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐①✱ r♦t❛t✐♦♥ ❛♥❞ ✐❧❧✉♠✐♥❛t✐♦♥ ❝❤❛♥❣❡s ❛r❡ ❛❜s♦r❜❡❞✳ ▼❘❈ ♣❛t❝❤ ✭t❤❡
♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① t♦❣❡t❤❡r ✇✐t❤ ✐ts ♣♦s✐t✐♦♥✮ ✐s ❢✉♥❞❛♠❡♥t❛❧ ✐♥ ♦✉r
❛♣♣r♦❛❝❤✳ ❋✉rt❤❡r✱ ♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥s ❛r❡ ❛❜❧❡ t♦ ❝❛t❝❤ ❞✐✛❡r❡♥t ♣❛tt❡r♥s
❛♥❞ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ♦❢ ▼❘❈ ♣❛t❝❤❡s✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ▼❘❈ ♣❛t❝❤❡s ✐s ❡①tr❡♠❡❧② ❡✣❝✐❡♥t ❢♦r r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣✉r♣♦s❡s✱ ✇❤✐❝❤
✐s ❝♦♥✜r♠❡❞ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳ ◆♦✇ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ r❡❧✐❛❜✐❧✐t②
♠❡❛s✉r❡✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ❛♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ ❛ ♣❛t❝❤✳
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μ1 
μ2 

μ3 

M

❋✐❣✉r❡ ✻✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤r❡❡ ▼❘❈ ♣❛t❝❤❡s✳ ❈♦✈❛r✐❛♥❝❡s ❣❛t❤❡r❡❞ ❢r♦♠ tr❛❝❦✐♥❣ r❡s✉❧ts
❛r❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ✉s✐♥❣ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ s♣❛❝❡ ✭❞❡♣✐❝t❡❞ ✇✐t❤
t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s♣❤❡r❡✮✳ ❚❤❡ ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ❢♦r♠s ▼❘❈ ♣❛t❝❤✳

✺✳✸✳✶✳ P❛t❝❤ ❘❡❧✐❛❜✐❧✐t②

▲❡t R
p
1, . . . , R

p
N ❜❡ ❛ s❡t ♦❢ ✐♠❛❣❡ sq✉❛r❡ r❡❣✐♦♥s ❡①tr❛❝t❡❞ ❞✉r✐♥❣ tr❛❝❦✐♥❣

♦❢ N ❢r❛♠❡s ❛t ♣♦s✐t✐♦♥ ♦❢ ♣❛t❝❤ p✳ ❆s ✇❡ ❛❧r❡❛❞② ❦♥♦✇✱ ❢♦r ❡❛❝❤ s✉❝❤
r❡❣✐♦♥ ✇❡ ❡①tr❛❝t ❝♦✈❛r✐❛♥❝❡ C

p
i ✇❤✐❝❤ ❡♥❝♦❞❡s ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛♥❝❡s

♦❢ ❞❡✜♥❡❞ ❢❡❛t✉r❡s f ✐♥s✐❞❡ t❤❡ r❡❣✐♦♥ ❛♥❞ t❤❡✐r ❝♦rr❡❧❛t✐♦♥s✳
❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✇❡ ❞❡✜♥❡ t❤❡ r❡❧✐❛❜✐❧✐t② ♠❡❛✲

s✉r❡ R ✇❤✐❝❤ ❞❡s❝r✐❜❡s ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ tr❛❝❦❡❞ ✐♠❛❣❡ r❡❣✐♦♥

R = 1 −
σ

max σ
, σ =

1

N − 1

N
∑

k=1

(f̄k − Γ̄)2, ✭✾✮

✇❤❡r❡ Γ̄ ✐s t❤❡ ♠❡❛♥ ❢❡❛t✉r❡ ✈❡❝t♦r ❛❧♦♥❣ N tr❛❝❦✐♥❣ r❡❣✐♦♥s ❛♥❞ f̄k ✐s t❤❡
♠❡❛♥ ❢❡❛t✉r❡ ✈❡❝t♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r❡❣✐♦♥ k✱ max σ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
♠❛①✐♠❛❧ ✈❛❧✉❡ ♦❢ σ ❢♦r t❤❡ s♣❡❝✐✜❝ ✐♥❞✐✈✐❞✉❛❧✳ ❆s ✇❡ ❛ss✉♠❡ t❤❛t ♦♥❧②
♣❛rt✐❛❧ ♦❝❝❧✉s✐♦♥s ♠❛② ♦❝❝✉r✱ t❤❡ r❡❧✐❛❜✐❧✐t② ✇♦r❦s s✐♠✐❧❛r❧② t♦ ❜❛❝❦❣r♦✉♥❞
s✉❜tr❛❝t✐♦♥✳ ❍❡r❡✱ ♦✉r ✐❞❡❛ ✐s t♦ r❡♠♦✈❡ ♠♦st ✈❛r✐❛❜❧❡ ❢❡❛t✉r❡s ❜❡❝❛✉s❡ ✇❡
❛ss✉♠❡ t❤❛t t❤❡s❡ ❢❡❛t✉r❡s ❛r❡ t❤❡ ♥♦✐s✐❡st ✭❝♦♥t❛✐♥✐♥❣ ❜❛❝❦❣r♦✉♥❞✮✳ ❙❡❡
✜❣✉r❡ ✽ ✭❜✮✱ t❤❡ ♠♦st ✉♥r❡❧✐❛❜❧❡ ❢❡❛t✉r❡s ❝♦rr❡s♣♦♥❞ t♦ ❧❡❣s ❛♥❞ ❜❛❝❦❣r♦✉♥❞✳

✺✳✹✳ ▼❘❈ P❛t❝❤ ❙❡❧❡❝t✐♦♥

❲❡ r❡♣r❡s❡♥t ❛ ❤✉♠❛♥ s✐❣♥❛t✉r❡ ❜② ❛ s❡t ♦❢ ▼❘❈ ♣❛t❝❤❡s✳ ❚❤❡ ❤✉♠❛♥
s✐❣♥❛t✉r❡ s❤♦✉❧❞ ❜❡ ❜✉✐❧t ♦♥ ♣❛t❝❤❡s ✇❤✐❝❤ ❛r❡ ❞✐s❝r✐♠✐♥❛t✐✈❡ ❛♥❞ r❡❧✐❛❜❧❡✳
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ♣❛t❝❤❡s ❝❛♥ ❢♦r♠ ❝♦♠❜✐♥❛t✐♦♥s✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❝❛❧❧ ✐t
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❛ ♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥✳ ❚❤❡s❡ ❝♦♠❜✐♥❛t✐♦♥s t♦❣❡t❤❡r ✇✐t❤ ❛ s✐♥❣❧❡ ▼❘❈ ♣❛t❝❤
r❡♣r❡s❡♥t t❤❡ ▼❘❈ ♣❛t❝❤ s♣❛❝❡✳ ❋r♦♠ t❤✐s ▼❘❈ ♣❛t❝❤ s♣❛❝❡ ✇❡ s❡❧❡❝t t❤❡
♠♦st s✐❣♥✐✜❝❛♥t ▼❘❈ ♣❛t❝❤❡s✳ ❲❡ ♣r♦♣♦s❡ t✇♦ ✇❛②s ❢♦r t❤❡ ▼❘❈ ♣❛t❝❤
s❡❧❡❝t✐♦♥ t♦ s❤♦✇ ❤♦✇ ❛ ❧❡❛r♥✐♥❣ ♣❤❛s❡ ❝❛♥ ✐♠♣r♦✈❡ ♣❡r❢♦r♠❛♥❝❡✳

❚❤❡ ✜rst ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣❛t❝❤ r❡❧✐❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❲❡ s❡❧❡❝t
t❤❡ ♠♦st r❡❧✐❛❜❧❡ ♣❛t❝❤❡s ✇✐t❤ t❤❡ ❤✐❣❤❡st r❡❧✐❛❜✐❧✐t② ❛♠♦♥❣ ♦t❤❡rs✳ ■❢ t❤❡
♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✱ t❤❡ r❡❧✐❛❜✐❧✐t② ✐s ❛♥ ❛✈❡r❛❣❡ ♦❢ r❡❧✐❛❜✐❧✐t✐❡s ♦❢
❜♦t❤ ♣❛t❝❤❡s✳ ❚❤✐s s❡❧❡❝t✐♦♥ ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ ❝r❡❛t❡ t❤❡ ❤✉♠❛♥ s✐❣♥❛t✉r❡
✇✐t❤♦✉t ❛♥② ❧❡❛r♥✐♥❣ ♣❤❛s❡✳

■♥ t❤❡ s❡❝♦♥❞ ♠❡t❤♦❞✱ ✇❡ ❡①tr❛❝t ❞✐s❝r✐♠✐♥❛t✐✈❡ ❢❡❛t✉r❡s ✉s✐♥❣ ❜♦♦st✐♥❣
✇❤❡r❡ ✇❡ ❢♦❧❧♦✇ ♦♥❡✲❛❣❛✐♥st ❛❧❧ s❝❤❡♠❡✳ ❲❡ ❧❛② t❤❡ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠
❛s ❝❧❛ss✐✜❝❛t✐♦♥ ✇❤❡r❡ ✇❡ s❡♣❛r❛t❡ t❤❡ s♣❡❝✐✜❝ ✐♥❞✐✈✐❞✉❛❧ ❝❧❛ss ❢r♦♠ t❤❡ r❡st
♦❢ ❤✉♠❛♥s✳ ❍❡r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ❞✐s❝r✐♠✐♥❛t✐✈❡ ❢❡❛t✉r❡s ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧
❡①tr❛❝t❡❞ ❢r♦♠ ♦♥❡ ❝❛♠❡r❛ ❝♦rr❡s♣♦♥❞ t♦ ❞✐s❝r✐♠✐♥❛t✐✈❡ ❢❡❛t✉r❡s ♦❢ t❤❡ s❛♠❡
✐♥❞✐✈✐❞✉❛❧ ❡①tr❛❝t❡❞ ❢r♦♠ ❛♥♦t❤❡r ❝❛♠❡r❛✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t ✇❡ ✇❛♥t t♦
❧❡❛r♥ t❤❡ s✐❣♥❛t✉r❡ s

c
j✳ ❊❛❝❤ s✐❣♥❛t✉r❡ ❤❛s ❛♥ ❛ss♦❝✐❛t❡❞ s❡t ♦❢ r❡❧❡✈❛♥t ♦❜s❡r✲

✈❛t✐♦♥s ✭tr❛❝❦✐♥❣ r❡s✉❧ts ♦❢ ❤✉♠❛♥ j ✐♥ N ❢r❛♠❡s ❢r♦♠ ❝❛♠❡r❛ c✮ r❡♣r❡s❡♥t❡❞
❜② ❛ s❡t ♦❢ ✐♠❛❣❡s I

+c
j = {Ic

j,1, . . . I
c
j,N}✳ ❚❤✐s s❡t ✐s ✉s❡❞ ❛s ♣♦s✐t✐✈❡ s❛♠♣❧❡s

✐♥ ❛ ❧❡❛r♥✐♥❣ ♣❤❛s❡✳ ◆❡❣❛t✐✈❡ s❛♠♣❧❡s ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ✐♠❛❣❡s ❡①tr❛❝t❡❞
❢r♦♠ t❤❡ s❛♠❡ ❝❛♠❡r❛ ❞✉r✐♥❣ tr❛❝❦✐♥❣ t❤❡ r❡st ♦❢ ❤✉♠❛♥s✿ I

−c
j = {Ic

i,k}i6=j✳
❍❡r❡ ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✐♠♣r♦✈❡❞ ❜♦♦st✐♥❣ ❛❧❣♦r✐t❤♠ ✉s✐♥❣ ❝♦♥✜❞❡♥❝❡✲

r❛t❡❞ ♣r❡❞✐❝t✐♦♥s ❬✹✵❪✳ ❆♥ ❡ss❡♥t✐❛❧ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t ❛ ✇❡❛❦
❤②♣♦t❤❡s✐s ♥♦t ♦♥❧② ❣❡♥❡r❛t❡s ❛ ♣r❡❞✐❝t❡❞ ❝❧❛ss✐✜❝❛t✐♦♥ ❜✉t ❛❧s♦ ❛ s❡❧❢✲r❛t❡❞
❝♦♥✜❞❡♥❝❡ s❝♦r❡ ✇❤✐❝❤ ❡st✐♠❛t❡s t❤❡ ❝♦♥✜❞❡♥❝❡ ♦❢ ✐ts ♣r❡❞✐❝t✐♦♥✳ ▲❛t❡r✱
✇❡ ✉s❡ t❤✐s ❝♦♥✜❞❡♥❝❡ ✈❛❧✉❡ t♦ ❞❡✜♥❡ t❤❡ s✐♠✐❧❛r✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ t✇♦
s✐❣♥❛t✉r❡s✳

■♥ ♦✉r ❛♣♣r♦❛❝❤ ✇❡❛❦ ❤②♣♦t❤❡s❡s ❛r❡ s❡❛r❝❤❡❞ ♦♥ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞
s♣❛❝❡ ✇❤❡r❡ ❛ ✇❡❛❦ ❝❧❛ss✐✜❡r ✐s r❡♣r❡s❡♥t❡❞ ❜② ▼❘❈ ♣❛t❝❤ ❡①tr❛❝t❡❞ ❢r♦♠
♣♦s✐t✐✈❡ s❛♠♣❧❡s✳ ❚❤❡ ♠❛♥✐❢♦❧❞ ✐s ❛ r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞ s♣❛❝❡ ❝♦♠♣❛r❡❞ ✇✐t❤
❡✉❝❧✐❞❡❛♥✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r ❝❧❛ss✐✜❡r ♦♥ 2D ❡✉❝❧✐❞❡❛♥
s♣❛❝❡✳ ❍❛✈✐♥❣ t✇♦ ♣♦✐♥ts ✐♥ t❤✐s s♣❛❝❡✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡✜♥❡ ❛ ❧✐♥❡ ✇❤✐❝❤ s❡♣✲
❛r❛t❡s t❤❡s❡ ♣♦✐♥ts ❞✐✈✐❞✐♥❣ t❤❡ s♣❛❝❡ ✐♥t♦ t✇♦✳ ❲❤❡♥ ✇❡ t❛❦❡ ❛ ♠❛♥✐❢♦❧❞ ❛s
❛ s♣❛❝❡ ✭❧❡t ✉s ✐♠❛❣✐♥❡ ❛ t♦r✉s✮ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ s❡♣❛r❛t❡ ❛ s♣❛❝❡ ✐♥t♦ t✇♦✳
❚❤❡ ✜rst t❤♦✉❣❤t ✇♦✉❧❞ ❜❡ t♦ ♠❛♣ t❤❡ ♠❛♥✐❢♦❧❞ s♣❛❝❡ t♦ ❛ ❤✐❣❤❡r ❞✐♠❡♥✲
s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ✢❛tt❡♥✐♥❣ t❤❡ ♠❛♥✐❢♦❧❞✳
◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ❣❡♥❡r❛❧ ❝❛s❡✱ s✉❝❤ ♠❛♣♣✐♥❣ ✐♥t♦ ✢❛tt❡♥❡❞ s♣❛❝❡ ♣r❡s❡r✈✐♥❣
❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ♣♦✐♥ts ♦♥ t❤❡ ♠❛♥✐❢♦❧❞✱ ❞♦❡s ♥♦t ❡①✐st✳ ❚❤❡ ❣❧♦❜❛❧ str✉❝✲
t✉r❡ ♦❢ t❤❡ ♣♦✐♥ts ✇✐❧❧ ❜❡ ❞✐st✉r❜❡❞✳
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❋✐❣✉r❡ ✼✿ ▼❘❈ ❈❧❛ss✐✜❡r✳ ❚❤❡ ♠❛♥✐❢♦❧❞ ✐s ❞❡♣✐❝t❡❞ ✇✐t❤ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s♣❤❡r❡✱ ❛♥❞
t❤❡ ♣❧❛♥❡s ❛r❡ t❤❡ t❛♥❣❡♥t s♣❛❝❡s ♦❢ t❤❡ ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡s✳ ❚❤❡ s❛♠♣❧❡s Xi❛r❡ ♣r♦❥❡❝t❡❞
t♦ t❛♥❣❡♥t s♣❛❝❡ Tµi

❛t ♠❡❛♥s ✈✐❛ logµ ♦♣❡r❛t✐♦♥✳

❚❤❡r❡❢♦r❡ t❤❡ ❡✈❛❧✉❛t❡❞ s❛♠♣❧❡s ❛r❡ ♣r♦❥❡❝t❡❞ t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡s ❛t
t❤❡ ❝♦♠♣✉t❡❞ ♠❡❛♥s✱ ✇❤❡r❡ ✇❡❛❦ ❝❧❛ss✐✜❡rs ❛r❡ ❧❡❛r♥❡❞✳ ❆t ❡❛❝❤ ✐t❡r❛t✐♦♥✱
✇❡✐❣❤ts ♦❢ s❛♠♣❧❡s ❛r❡ ❛❞❥✉st❡❞ t❤r♦✉❣❤ ❜♦♦st✐♥❣✳ ◆❡①t✱ ✇❡ ♠❛♣ t❤❡ ♣♦✐♥ts
t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t t❤❡ ♠❡❛♥ ❛♥❞ ❧❡❛r♥ ❛ ✇❡❛❦ ❝❧❛ss✐✜❡r ♦♥ t❤✐s ✈❡❝t♦r
s♣❛❝❡✳ ❲❡ ❞♦ ♥♦t ❣♦ ✐♥t♦ ❞❡t❛✐❧s ❝♦♥❝❡r♥✐♥❣ ❧❡❛r♥✐♥❣ ♦♥ t❤❡ ♠❛♥✐❢♦❧❞ s♣❛❝❡
❛s ✐t ✐s ♥♦t t❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ✐s ♣♦✐♥t❡❞ t♦
❬✹✶❪✳

✺✳✹✳✶✳ ▼❘❈ P❛t❝❤ ❛s ❛ ❲❡❛❦ ❈❧❛ss✐✜❡r

❲❡ ❞❡✜♥❡ ❛ ✇❡❛❦ ❝❧❛ss✐✜❡r ❛s ❢✉♥❝t✐♦♥ h ❜❛s❡❞ ♦♥ ❞✐st❛♥❝❡ ❝♦♠♣✉t❛t✐♦♥
♦♥ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ s♣❛❝❡ ✭s❡❡ ✜❣✉r❡ ✼✮✳ ■♠❛❣❡ I ✐s ❝❧❛ss✐✜❡❞ ❜② ❛ ✇❡❛❦
❝❧❛ss✐✜❡r ❜✉✐❧t ♦♥ ♣❛t❝❤ p ✉s✐♥❣ ❛ t❤r❡s❤♦❧❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s

h(p, I) =







α = 1

2
ln(

W+

+

W+

−

) if
∑

j wjρ(µj, Cj) ≤ Tp

β = 1

2
ln(

W−

+

W−

−

), otherwise
✭✶✵✮

✇❤❡r❡ W+
+ ✱ W+

− ✱ W−
+ ✱ W−

− ❝♦rr❡s♣♦♥❞ t♦ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ tr✉❡ ♣♦s✐t✐✈❡✱ ❢❛❧s❡
♣♦s✐t✐✈❡✱ ❢❛❧s❡ ♥❡❣❛t✐✈❡ ❛♥❞ tr✉❡ ♥❡❣❛t✐✈❡ s❛♠♣❧❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤r❡s❤♦❧❞
Tp ❛♥❞ ✇❡✐❣❤ts wj ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ ❡rr♦r ♦❢ ✇❡❛❦ ❝❧❛ss✐✜❡r ❞✉r✐♥❣
❧❡❛r♥✐♥❣❀ µj ✐s t❤❡ ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡ ♦❢ ▼❘❈ ♣❛t❝❤ ❝❧❛ss✐✜❡r ❛♥❞ ❝♦✈❛r✐❛♥❝❡
Cj ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♠❛❣❡ r❡❣✐♦♥ ♦❢ I✳

❊❛❝❤ ▼❘❈ ♣❛t❝❤ ❛♥❞ ▼❘❈ ♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥ ❡①tr❛❝t❡❞ ❞✉r✐♥❣ tr❛❝❦✐♥❣
❢♦r♠s ❛ ✇❡❛❦ ❝❧❛ss✐✜❡r✳ ❋r♦♠ t❤❡ s❡t ♦❢ ✇❡❛❦ ❝❧❛ss✐✜❡rs✱ ❜♦♦st✐♥❣ ❛❧❣♦r✐t❤♠
s❡❧❡❝ts t❤❡ ♦♥❡s ✇❤✐❝❤ t♦❣❡t❤❡r ❢♦r♠ ❛ str♦♥❣ ❝❧❛ss✐✜❡r✳ ❉❡t❛✐❧s ♦❢ ❜♦♦st✐♥❣
❛❧❣♦r✐t❤♠ ✉s✐♥❣ ❝♦♥✜❞❡♥❝❡✲r❛t❡❞ ♣r❡❞✐❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹✵❪✳
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✭❛✮ I ✭❜✮ R ✭❝✮ α

❋✐❣✉r❡ ✽✿ ■❧❧✉str❛t✐♦♥ ♦❢ ♣❛t❝❤ s✐❣♥✐✜❝❛♥❝❡✿ ✭❛✮ ♦♥❡ ♦❢ ♠❛♥② ❢r❛♠❡s ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ tr❛❝❦✲
✐♥❣❀ ✭❜✮ r❡❧✐❛❜✐❧✐t② ♠❛♣ ♦❜t❛✐♥❡❞ ❜② t❤❡ ✜rst ♠❡t❤♦❞❀ ✭❝✮ ❝♦♥✜❞❡♥❝❡ ♠❛♣ ♦❜t❛✐♥❡❞ ❜②
❜♦♦st✐♥❣✳ ❈♦❧♦✉rs ❝♦rr❡s♣♦♥❞ t♦ s✐❣♥✐✜❝❛♥❝❡ ♦❢ ♣❛t❝❤❡s ✭❢♦r ❝❧❛r✐t② ♦♥❧② W

4
× W

4
♣❛t❝❤❡s✱

s❤✐❢t❡❞ ❜② W
8

♣✐①❡❧s ❛r❡ ✐❧❧✉str❛t❡❞✱ r❡❞ ✐♥❞✐❝❛t❡s t❤❡ ❤✐❣❤❡st s✐❣♥✐✜❝❛♥❝❡✱ ❜❧✉❡ t❤❡ ❧♦✇❡st✮✳

❲❡ ✉s❡ t❤❡ s❡❧❡❝t❡❞ ✇❡❛❦ ❝❧❛ss✐✜❡rs ✐♥ ▼❘❈ ♣❛t❝❤ ♠❛t❝❤✐♥❣✳ ■♥ ✜❣✉r❡
✽ ✇❡ ♣r❡s❡♥t r❡❧✐❛❜✐❧✐t② ❛♥❞ ❝♦♥✜❞❡♥❝❡ ♠❛♣s✱ ❜❛s❡❞ ♦♥ r❡❧✐❛❜✐❧✐t② R ❛♥❞
❝♦♥✜❞❡♥❝❡ α✱ r❡s♣❡❝t✐✈❡❧②✳

✺✳✺✳ ▼❘❈ P❛t❝❤ ▼❛t❝❤✐♥❣

●✐✈❡♥ ❡①tr❛❝t❡❞ ❤✉♠❛♥ s✐❣♥❛t✉r❡s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ✇❛② t♦ ❡✛❡❝t✐✈❡❧② ❞✐s✲
t✐♥❣✉✐s❤ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡ ❤✉♠❛♥ s✐❣♥❛t✉r❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ s❡t ♦❢ r❡❧❡✈❛♥t
▼❘❈ ♣❛t❝❤❡s✱ ❡①tr❛❝t❡❞ ✉s✐♥❣ ♦♥❡ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ s❡❧❡❝t✐♦♥ ♠❡t❤♦❞s✳
▼❘❈ ♣❛t❝❤ ❝♦♥s✐sts ♦❢ t❤❡ ♠❡❛♥ ❝♦✈❛r✐❛♥❝❡s ✇✐t❤ ✐ts ♣♦s✐t✐♦♥s✳ ❚❤❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ ♣❛t❝❤ ✐s ❡ss❡♥t✐❛❧ t♦ ❦❡❡♣ ❞✐s❝r✐♠✐♥❛t✐✈❡ ♣♦✇❡r ♦❢ t❤❡ ❤✉♠❛♥ s✐❣♥❛✲
t✉r❡✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠❛t❝❤✐♥❣ ♦❢ t✇♦ s✐❣♥❛t✉r❡s sA ❛♥❞ sB ✐s ❝❛rr✐❡❞ ♦✉t
❜② ♠❛①✐♠✐③✐♥❣ t❤❡ s✐♠✐❧❛r✐t② ♠❡❛s✉r❡✳ ❲❡ s❤✐❢t ♦♥❡ s✐❣♥❛t✉r❡ ♦✈❡r ❛♥♦t❤❡r
t♦ r❡❞✉❝❡ ❜♦❞② ❛❧✐❣♥♠❡♥t ✐ss✉❡s✳ ❲❤❡♥ ✇❡ s❤✐❢t s✐❣♥❛t✉r❡ ✭s❡❡ ✜❣✉r❡ ✾✮ ✇❡
♣r❡s❡r✈❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ❜❡t✇❡❡♥ ♣❛t❝❤❡s t♦ ❛✈♦✐❞ ✇❛st✐♥❣ ♦❢ ❞✐s❝r✐♠✐♥❛t✐✈❡
♣r♦♣❡rt② ♦❢ t❤❡ ♣❛t❝❤ ♣♦s✐t✐♦♥✳ ■♥ ♦✉r ❡①♣❡r✐♠❡♥ts t❤❡ s✐❣♥❛t✉r❡ ✐s s❤✐❢t❡❞
♦✈❡r ❛♥♦t❤❡r ♥♦t ♠♦r❡ t❤❛♥ W

4
♣✐①❡❧s t♦ ♠❛①✐♠✐③❡ s✐♠✐❧❛r✐t②✳ ❚❤❡ s✐♠✐❧❛r✐t②

❜❡t✇❡❡♥ t✇♦ ❤✉♠❛♥ s✐❣♥❛t✉r❡s sA ❛♥❞ sB ✐s ❞❡✜♥❡❞ ❛s

S(sA, sB) =
1

| K |

∑

i∈K

βAi
+ βBi

ρ(µAi
, µBi

)
, ✭✶✶✮

✇❤❡r❡ K st❛♥❞s ❢♦r t❤❡ s❡t ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛t❝❤❡s ✐♥ s✐❣♥❛t✉r❡ sA ❛♥❞
s✐❣♥❛t✉r❡ sB❀ ρ ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❞✐st❛♥❝❡❀ β ✐s ❛ r❡❧✐❛❜✐❧✐t② ✭R✮ ♦r
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A B 

❋✐❣✉r❡ ✾✿ ❚❤❡ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ t✇♦ ❤✉♠❛♥ s✐❣♥❛t✉r❡s✳ ❊✈❡r② s✐❣♥❛t✉r❡ ✐s ❛ s❡t ♦❢ ▼❘❈
♣❛t❝❤❡s✳ ❙✐❣♥❛t✉r❡ A ✐s s❤✐❢t❡❞ ❧❡❢t✴r✐❣❤t✴✉♣ ❛♥❞ ❞♦✇♥ t♦ ✜♥❞ ♦✉t t❤❡ ❜❡st ❝♦rr❡s♣♦♥❞✐♥❣
♣❛t❝❤❡s ✐♥ s✐❣♥❛t✉r❡ B ✭♣♦s✐t✐♦♥ ♦❢ ❛ ♣❛t❝❤ ❞❡t❡r♠✐♥❡s ♠❛t❝❤✐♥❣✮✳ ❈♦♥♥❡❝t✐♦♥s ✐♥ t❤❡
✜❣✉r❡ r❡♣r❡s❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛t❝❤❡s✳ ❙♦♠❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ s✉♣♣r❡ss❡❞ ❢♦r ❝❧❛r✐t②✳

❛ ❝♦♥✜❞❡♥❝❡ ✭α✮ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛t❝❤❡s ❞❡♣❡♥❞✐♥❣ ♦♥ s❡❧❡❝t✐♦♥
♠❡t❤♦❞✳ ❍❡r❡✱ ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♣❛t❝❤ s❡❧❡❝t✐♦♥ ♠❡t❤♦❞ ✇❤✐❝❤ ✐s
❛❜❧❡ t♦ ❝❤♦♦s❡ t❤❡ ♠♦st ✐♥❢♦r♠❛t✐✈❡ ♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥s✳ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢
♣❛t❝❤ ❝♦♠❜✐♥❛t✐♦♥ ✐s ❤❛♥❞❧❡❞ ✐♥❞✐r❡❝t❧② ❜② β ❝♦❡✣❝✐❡♥ts✳

✻✳ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

❲❡ ❡✈❛❧✉❛t❡ ♦✉r ♠❡t❤♦❞s ♦♥ t❤❡ ❊❚❍❩ ❛♥❞ t❤❡ ✐✲▲■❉❙ ❞❛t❛s❡t✳ ▼♦r❡✲
♦✈❡r✱ ✇❡ ❡①tr❛❝t❡❞ ♥❡✇ s❡ts ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❢r♦♠ ✐✲▲■❉❙ ❞❛t❛ t♦ ❝r❡❛t❡ ♠♦r❡
♣❡rt✐♥❡♥t s❡ts ♦❢ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐s s❤♦✇♥ ✉s✐♥❣ ❛ ❝✉♠✉❧❛✲
t✐✈❡ ♠❛t❝❤✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ✭❈▼❈✮ ❝✉r✈❡ s✉❣❣❡st❡❞ ✐♥ ❬✹✷❪ ❛s t❤❡ ✈❛❧✐❞❛t✐♦♥
♠❡t❤♦❞ ❢♦r t❤❡ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ❈▼❈ ❝✉r✈❡ r❡♣r❡s❡♥ts t❤❡
❡①♣❡❝t❛t✐♦♥ ♦❢ ✜♥❞✐♥❣ t❤❡ ❝♦rr❡❝t ♠❛t❝❤ ✐♥ t❤❡ t♦♣ n ♠❛t❝❤❡s✳

❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣

❊✈❡r② ❤✉♠❛♥ ✐♠❛❣❡ ✐s s❝❛❧❡❞ ✐♥t♦ ❛ ✜①❡❞ s✐③❡ ♦❢ 64 × 192 ♣✐①❡❧s✳ ❲❡
❣❡♥❡r❛t❡ ▼❘❈ ♣❛t❝❤❡s ♦❢ 16 × 16 ♣✐①❡❧s ✇✐t❤ 8 ♣✐①❡❧s st❡♣ ✭✐t ❣✐✈❡s 161
♣❛t❝❤❡s✮✳ ❲❡ ❣❡♥❡r❛t❡ ▼❘❈ ♣❛t❝❤❡s ♦❢ 32× 32 ♣✐①❡❧s ✇✐t❤ 16 ♣✐①❡❧s st❡♣ ✭✐t
❣✐✈❡s 33 ♣❛t❝❤❡s✮✳ ❚❤❡♥✱ ✇❡ ❣❡♥❡r❛t❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ▼❘❈ ♣❛t❝❤❡s ✭s♠❛❧❧
✲ s♠❛❧❧✱ s♠❛❧❧ ✲ ❜✐❣✱ ❜✐❣ ✲ ❜✐❣✱ ✇❡ ❧✐♠✐t s♣❛❝❡ ♦❢ ♣❛t❝❤❡s t♦ t❤♦s❡ ✇❤✐❝❤ ❛r❡
s✐t✉❛t❡❞ ✇✐t❤ t❤❡ 16 ♣✐①❡❧s st❡♣✮✳ ❋✐♥❛❧❧②✱ ✐♥ t♦t❛❧ ✇❡ ❤❛✈❡ 3.401 ▼❘❈ ✇❡❛❦
❝❧❛ss✐✜❡rs✳ ■♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ t❤❡ ♣r♦♣♦s❡❞ s❡❧❡❝t✐♦♥ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥❧② ♦♥
r❡❧✐❛❜✐❧✐t② ♦❢ ♣❛t❝❤❡s ✐s r❡❢❡rr❡❞ t♦ ❛s ❘❡❧✐❛❜❧❡ ❈♦✈❛r✐❛♥❝❡ P❛t❝❤❡s ✭❘❈P✮
♠❡t❤♦❞ ❛♥❞ t❤❡ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❛ ❜♦♦st✐♥❣ s❝❤❡♠❡ ✐s ❞❡♥♦t❡❞ ❛s ▲❡❛r♥❡❞
❈♦✈❛r✐❛♥❝❡ P❛t❝❤❡s ✭▲❈P✮ ♠❡t❤♦❞✳

✶✽



✭❛✮ ❙❊◗✳ ★✶ ✭✽✸ ♣❡❞❡str✐❛♥s✮ ✭❜✮ ❙❊◗✳ ★✷ ✭✸✺ ♣❡❞❡str✐❛♥s✮

✭❝✮ ❙❊◗✳ ★✸ ✭✷✽ ♣❡❞❡str✐❛♥s✮

❋✐❣✉r❡ ✶✵✿ ❈▼❈ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ♦♥ ❊❚❍❩ ❞❛t❛s❡t✳ ❖✉r ❞❡s❝r✐♣t♦rs ❛r❡ ♥♦t❡❞ ❛s ▲❈P
❛♥❞ ❘❈P r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❝♦♠♣❛r❡ ♦✉r ♠❡t❤♦❞s ✇✐t❤ t❤❡ r❡s✉❧ts ♦❢ ❍P❊ ❬✸✵❪✱ ❙❉❆▲❋
❬✷✽❪ ❛♥❞ P▲❙ ❬✶✾❪✳

✻✳✶✳ ❊❚❍❩ ❞❛t❛s❡t

❊❚❍❩ ❞❛t❛s❡t ✇❛s ♦r✐❣✐♥❛❧❧② ✉s❡❞ ❢♦r ❤✉♠❛♥ ❞❡t❡❝t✐♦♥ ❬✹✸❪✳ ■♥ ❬✶✾❪ t❤✐s
❞❛t❛ ❤❛s ❜❡❡♥ ❛❞❥✉st❡❞ ❢♦r r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣✉r♣♦s❡s✷✳ ❚❤❡ ♠♦❞✐✜❡❞ ❞❛t❛s❡t
❝♦♥s✐sts ♦❢ t❤r❡❡ s❡q✉❡♥❝❡s✿ ❙❊◗✳ ★✶ ❝♦♥t❛✐♥s 83 ♣❡❞❡str✐❛♥s✱ ❙❊◗✳ ★✷
❝♦♥t❛✐♥s ✸✺ ♣❡❞❡str✐❛♥s ❛♥❞ ❙❊◗✳ ★✸ ❝♦♥t❛✐♥s ✷✽ ♣❡❞❡str✐❛♥s✳ ❚❤❡ ♠❛✐♥
❞r❛✇❜❛❝❦ ♦❢ t❤✐s ❞❛t❛s❡t ✐s t❤❛t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ s❛♠❡
❝❛♠❡r❛✳ ❙✐♥❝❡ t❤❡ ❤✉♠❛♥ ✐♠❛❣❡s ❛r❡ ✈❡r② s✐♠✐❧❛r✱ ✇❡ r❛♥❞♦♠❧② ♣✐❝❦ ✉♣ ❛
s❡t ♦❢ 10 ❝♦♥s❡❝✉t✐✈❡ ❢r❛♠❡s ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❢r♦♠ t❤❡ ❡♥❞ ♦❢ ❡❛❝❤
s❡q✉❡♥❝❡ t♦ ♠❛①✐♠✐③❡ ❝❤❛❧❧❡♥❣✐♥❣ ❛s♣❡❝ts ❛♥❞ t♦ ❜❡ ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ ♠✉❧t✐✲

✷❊❚❍❩ ❉❛t❛s❡t ❢♦r ❆♣♣❡❛r❛♥❝❡✲❇❛s❡❞ ▼♦❞❡❧❧✐♥❣✿
❤tt♣✿✴✴✇✇✇✳✉♠✐❛❝s✳✉♠❞✳❡❞✉✴ s❝❤✇❛rt③✴❞❛t❛s❡ts✳❤t♠❧

✶✾



✐♠❛❣❡ s✐❣♥❛t✉r❡s ❢r♦♠ ❬✷✽❪✳ ❲❡ ❝♦♠♣❛r❡ ♦✉r ♠❡t❤♦❞s ✇✐t❤ ❍P❊ ❬✸✵❪✱ P▲❙
❬✶✾❪ ❛♥❞ ❙❉❆▲❋ ❬✷✽❪ ✭s❡❡ ✜❣✉r❡ ✶✵✮✳ ■♥ ❙❊◗✳ ★✶ ♦✉r ❛♣♣r♦❛❝❤❡s ♦✉t♣❡r❢♦r♠
st❛t❡ ♦❢ t❤❡ ❛rt ♠❡t❤♦❞s✳ ❙❊◗✳ ★ ✷ s❡❡♠s t♦ ❜❡ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ❞❡s♣✐t❡ t❤❡
❢❛❝t t❤❛t ✐t ❤❛s ❧❡ss ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐t ✐s ❞✐✣❝✉❧t t♦ s❛②
✇❤✐❝❤ ♠❡t❤♦❞ ♣❡r❢♦r♠s t❤❡ ❜❡st ✐♥ t❤✐s s❡q✉❡♥❝❡✳ ❖✉r ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤❡s
♣❡r❢♦r♠ ❜❡tt❡r ❢♦r t❤❡ t♦♣ r❛♥❦✱ ♥❡✈❡rt❤❡❧❡ss ❛❢t❡r ❛ ❢❡✇ r❛♥❦s ❝✉r✈❡s ❛r❡
❝r♦ss✐♥❣✳ ■♥ ❙❊◗✳ ★✸ ▲❈P s✐❣♥✐✜❝❛♥t❧② ♦✉t♣❡r❢♦r♠s ❛❧❧ ❞❡s❝r✐♣t♦rs✳ ▲❈P
♠❛t❝❤✐♥❣ r❛t❡ ❢♦r t❤❡ t♦♣ r❛♥❦ ✐s 96.42✪✳ ▲❈P ♠❡t❤♦❞ ❛❧✇❛②s ♦✉t♣❡r❢♦r♠s
❘❈P✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❞✐s❝r✐♠✐♥❛t✐✈❡ ❧❡❛r♥✐♥❣ ✐♠♣r♦✈❡s ♣❡r❢♦r♠❛♥❝❡✳

■♥ ♦✉r ❜❡❧✐❡❢✱ ❞❡s♣✐t❡ s✉❝❤ ❝❤❛❧❧❡♥❣✐♥❣ ❛s♣❡❝ts ❛s ✐❧❧✉♠✐♥❛t✐♦♥ ❝❤❛♥❣❡s
❛♥❞ ♦❝❝❧✉s✐♦♥s t❤❡ ❊❚❍❩ ❞❛t❛s❡t ✐s ♥♦t ❝❤❛❧❧❡♥❣✐♥❣ ❡♥♦✉❣❤ t♦ ❡✈❛❧✉❛t❡
r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❛♣♣r♦❛❝❤❡s✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ❝❤❛❧❧❡♥❣✐♥❣ ✐ss✉❡s ✐♥ t❤❡ r❡✲
✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❞✉❡ t♦ ❞✐✛❡r❡♥t ❝❛♠❡r❛ s❡tt✐♥❣s✱ ❞✐✛❡r❡♥t ❝♦❧♦r r❡✲
s♣♦♥s❡s✱ ❞✐✛❡r❡♥t ❝❛♠❡r❛ ✈✐❡✇ ♣♦✐♥ts ❛♥❞ ❞✐✛❡r❡♥t ❡♥✈✐r♦♥♠❡♥ts✱ ✇❤✐❝❤ ✐s
♥♦t t❤❡ ❝❛s❡ ❤❡r❡✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❡✈❛❧✉❛t❡❞ ♦✉r ❛♣♣r♦❛❝❤ ♦♥ ✐♠❛❣❡s
❢r♦♠ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ✐✲▲■❉❙ ✭▼❈❚❙✮ ❞❛t❛s❡t✳

✻✳✷✳ ✐✲▲■❉❙ ❞❛t❛s❡t
❚❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ♦♥ ✐♠❛❣❡s ❢r♦♠ t❤❡ ✷✵✵✽ ✐✲▲■❉❙ ▼✉❧t✐♣❧❡✲

❈❛♠❡r❛ ❚r❛❝❦✐♥❣ ❙❝❡♥❛r✐♦ ✭▼❈❚❙✮ ❞❛t❛s❡t ✇✐t❤ ♠✉❧t✐♣❧❡ ❝❛♠❡r❛ ✈✐❡✇s✳ ❚❤❡
❡✈❛❧✉❛t✐♦♥ ❞❛t❛s❡t ❝♦♥t❛✐♥s ✹✼✻ ✐♠❛❣❡s ✇✐t❤ ✶✶✾ ✐♥❞✐✈✐❞✉❛❧s ❛✉t♦♠❛t✐❝❛❧❧②
❡①tr❛❝t❡❞ ❜② ❬✷✶❪✳ ❚❤✐s ❞❛t❛s❡t ✐s ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ s✐♥❝❡ t❤❡r❡ ❛r❡ ♠❛♥②
♦❝❝❧✉s✐♦♥s ❛♥❞ ♦❢t❡♥ ♦♥❧② t❤❡ t♦♣ ♣❛rt ♦❢ t❤❡ ♣❡rs♦♥ ✐s ✈✐s✐❜❧❡✳ ❯♥❢♦rt✉✲
♥❛t❡❧②✱ t❤✐s ❞❛t❛s❡t ❞♦❡s ♥♦t ✜t ✈❡r② ✇❡❧❧ ❢♦r ♠✉❧t✐♣❧❡✲s❤♦t s✐❣♥❛t✉r❡ ❜❡❝❛✉s❡
t❤❡ ♥✉♠❜❡r ♦❢ ✐♠❛❣❡s ♣❡r ✐♥❞✐✈✐❞✉❛❧ ✐s ✈❡r② ❧♦✇✳ ❍❡♥❝❡✱ ✇❡ ❛♣♣❧✐❡❞ s✐♠♣❧❡
❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ✐♠❛❣❡ t♦ ♦❜t❛✐♥ ♠✉❧t✐♣❧❡ ✐♠❛❣❡s ✭❝♦♦r❞✐♥❛t✐♦♥ ♦❢
tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ✇❡r❡ ❝❤❛♥❣❡❞ ❜② ✺✪ ❛♥❞ r♦t❛t✐♦♥ ❛♥❣❧❡ ✇❛s ✐♥ r❛♥❣❡
♦❢ [−6◦; 6◦]✮✳ ❆s ❡✈❡r② tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛♥ ♦r✐❣✐♥❛❧ ✐♠❛❣❡ ✐s ❛❧❧♦✇❡❞ ✇❡
❝❧❛✐♠ t❤❛t t❤✐s s♦❧✉t✐♦♥ ✐s ❢❛✐r ✇✐t❤ t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt✳ ❖♥ s✉❝❤ ❣❡♥❡r❛t❡❞
❞❛t❛ ✇❡ ❢♦❧❧♦✇ t❤❡ s❝❤❡♠❡ ♦❢ ❡✈❛❧✉❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❬✷✶❪✳

❲❡ ❝♦♠♣❛r❡❞ ♦✉r ❛♣♣r♦❛❝❤ ✇✐t❤ ♠❡t❤♦❞s ✇❤✐❝❤ ♦❜t❛✐♥❡❞ t❤❡ ❜❡st ♣❡r✲
❢♦r♠❛♥❝❡ ♦♥ t❤✐s ❞❛t❛s❡t✿ ❙❈❘ ❬✶✷❪✱ ❆♣♣❡❛r❛♥❝❡ ❈♦♥t❡①t ❬✷✶❪✱ ❍P❊ ❬✸✵❪ ❛♥❞
❙❉❆▲❋ ❬✷✽❪✸✳ ❆s ❙❈❘ ❜❡❧♦♥❣s t♦ s✐♥❣❧❡✲s❤♦t ❛♣♣r♦❛❝❤❡s✱ ✇❡ ❡①t❡♥❞❡❞ ❙❈❘

✸❋♦r ♠✉❧t✐♣❧❡✲✐♠❛❣❡ s✐❣♥❛t✉r❡✱ t❤❡ ❛✉t❤♦rs ✐♥ ❬✷✽❪ ❛ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✹
✐♠❛❣❡s ✐♥ ❛✈❡r❛❣❡ ❛r❡ ❣✐✈❡♥ ❛♥❞ t❡st t❤❡✐r ❛♣♣r♦❛❝❤ ✉s✐♥❣ 3 ✐♠❛❣❡s t♦ ❜✉✐❧❞ s✐❣♥❛t✉r❡✳
◆❡✈❡rt❤❡❧❡ss✱ ❢♦r 55 ✐♥❞✐✈✐❞✉❛❧s ✭❢r♦♠ 119✮ t❤❡r❡ ✐s ♦♥❧② ♠❛①✐♠✉♠ 3 ✐♠❛❣❡s ❣✐✈❡♥✳ ❚❤✉s✱
♦♥ 46✪ ♦❢ t❤❡ ❞❛t❛❜❛s❡✱ t❤❡ ♠❡t❤♦❞ ❝❛♥ ♥♦t ❜❡ ❡✈❛❧✉❛t❡❞✳ ❆s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✐s

✷✵



✭❛✮ ✐✲▲■❉❙ ❬✷✶❪ ✭✶✶✾ ♣❡❞❡str✐❛♥s✮ ✭❜✮ ✐✲▲■❉❙✲▼❆ ✭✹✵ ♣❡❞❡str✐❛♥s✮

✭❝✮ ✐✲▲■❉❙✲❆❆ ✭✶✵✵ ♣❡❞❡str✐❛♥s✮

❋✐❣✉r❡ ✶✶✿ ❈▼❈ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ♦♥ ✐✲▲■❉❙ ❞❛t❛s❡ts❀ ✭❛✮ ❲❡ ❝♦♠♣❛r❡ ♦✉r ♠❡t❤♦❞s ✇✐t❤
t❤❡ r❡s✉❧ts ♦❢ ❙❈❘ ❬✶✷❪ ❛♥❞ ▼✲❙❈❘✱ ❍P❊ ❬✸✵❪✱ ❙❉❆▲❋ ❬✷✽❪ ❛♥❞ ❆♣♣❡❛r❛♥❝❡ ❝♦♥t❡①t ♠♦❞❡❧
✇✐t❤ ●r♦✉♣ ❈♦♥t❡①t ❬✷✶❪❀ ✭❜✮ ❛♥❞ ✭❝✮ ❲❡ ❝♦♠♣❛r❡ ♦✉r ♠❡t❤♦❞s ✇✐t❤ t❤❡ r❡s✉❧ts ♦❢ ❙❈❘
❬✶✷❪ ❛♥❞ ▼✲❙❈❘✳

t♦ ♠✉❧t✐♣❧❡✲s❤♦t ❛♣♣r♦❛❝❤ ❜② ❛♣♣❧②✐♥❣ ✧s❡t ♠❛t❝❤✐♥❣✧ ✭t❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ ♣❛✐r ♦❢ ✐♠❛❣❡s✮✳ ❚❤✐s ♠❛❦❡s ♦✉r ❡✈❛❧✉❛t✐♦♥ ❢❛✐r❡r t♦ ❙❈❘ ♠❡t❤♦❞✳
❚❤❡ ❡①t❡♥❞❡❞ ❙❈❘ ♠❡t❤♦❞ ✐s ♥♦t❡❞ ❛s ▼✲❙❈❘✳

❖✉r ❡✈❛❧✉❛t✐♦♥ r❡s✉❧ts t♦❣❡t❤❡r ✇✐t❤ st❛t❡ ♦❢ t❤❡ ❛rt ❛♣♣r♦❛❝❤❡s ❛r❡ ♣r❡✲
s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✶ ✭❛✮✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ♣❡r❢♦r♠❛♥❝❡ ✐s ♥♦t ✈❡r② ❤✐❣❤
❜❡❝❛✉s❡ ♣❡rs♦♥ ✐♠❛❣❡s ❢r♦♠ t❤❡ ✐✲▲■❉❙ ❞❛t❛ ❛r❡ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ s✐♥❝❡ t❤❡②
✇❡r❡ ❝❛♣t✉r❡❞ ❢r♦♠ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ♠✉❧t✐♣❧❡ ❝❛♠❡r❛ ✈✐❡✇s s✉❜❥❡❝t t♦ s✐❣✲
♥✐✜❝❛♥t ♦❝❝❧✉s✐♦♥s ❛♥❞ ❧❛r❣❡ ✈❛r✐❛t✐♦♥s ✐♥ ❜♦t❤ ✈✐❡✇ ❛♥❣❧❡ ❛♥❞ ✐❧❧✉♠✐♥❛t✐♦♥✳
❖✉r ▲❈P ♦✉t♣❡r❢♦r♠s ❛❧❧ ❞❡s❝r✐♣t♦rs✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

♥♦t ❝❧❡❛r ❡♥♦✉❣❤✱ ✇❡ ❝❛♥ ♥♦t ❢♦❧❧♦✇ t❤✐s ❡✈❛❧✉❛t✐♦♥ s❝❤❡♠❡✳

✷✶



❙❈❘ ❬✶✷❪ ❛♥❞ ▼✲❙❈❘ ✐s ♥♦t s✐❣♥✐✜❝❛♥t✳ ❲❡ t❤✐♥❦ t❤❛t t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ s❝❛r❝❡ ❛♠♦✉♥t ♦❢ ✐♠❛❣❡s ♣❡r ♣❡❞❡str✐❛♥ ✐♥ t❤✐s ❞❛t❛❜❛s❡✳ ❚❤❡r❡❢♦r❡ ✇❡
❤❛✈❡ ❡①tr❛❝t❡❞ t✇♦ ♥❡✇ s❡ts ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❢r♦♠ ✐✲▲■❉❙ ❞❛t❛ t♦ ✐♥✈❡st✐❣❛t❡
♠♦r❡ ❝❛r❡❢✉❧❧② ❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣ tr❛❝❦✐♥❣ r❡s✉❧ts ✐♥ ❜✉✐❧❞✐♥❣ ❤✉♠❛♥ s✐❣♥❛✲
t✉r❡s✳ ❚❤❡s❡ ❞❛t❛s❡ts ✜♥❛❧❧② s❛t✐s❢② ❛❧❧ r❡q✉✐r❡♠❡♥ts ♦❢ ♠✉❧t✐♣❧❡✲s❤♦t ♣❡rs♦♥
r❡✲ ✐❞❡♥t✐✜❝❛t✐♦♥✳

✐✲▲■❉❙✲▼❆

❋✐rst ❞❛t❛s❡t ❝♦♥t❛✐♥s 40 ✐♥❞✐✈✐❞✉❛❧s ❡①tr❛❝t❡❞ ❢r♦♠ t✇♦ ❝❛♠❡r❛s✳ ❋♦r
❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✹✻ ❢r❛♠❡s ❛r❡ ❛♥♥♦t❛t❡❞ ♠❛♥✉❛❧❧② ❢r♦♠ ❜♦t❤ ❝❛♠❡r❛s✳ ❚❤❡r❡✲
❢♦r❡ ✇❡ ❤❛✈❡ 40 × 2 × 46 = 3680 ❛♥♥♦t❛t❡❞ ✐♠❛❣❡s✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❞❛t❛s❡t
❛s ✐✲▲■❉❙✲▼❆✳ ❋♦r ❡❛❝❤ ♣❡❞❡str✐❛♥ ✇❡ ❝r❡❛t❡ ❤✉♠❛♥ s✐❣♥❛t✉r❡ ✉s✐♥❣ N = 1
✭❢♦r ❙❈❘ ❬✶✷❪✮ ♦r N = 10 ✭❢♦r ▼✲❙❈❘✱ ❘❈P✱ ▲❈P✮ r❛♥❞♦♠❧② s❡❧❡❝t❡❞ ✐♠❛❣❡s✳
❚❤❡♥✱ ❡✈❡r② s✐❣♥❛t✉r❡ ✐s ✉s❡❞ ❛s ❛ q✉❡r② t♦ t❤❡ ❣❛❧❧❡r② s❡t ♦❢ s✐❣♥❛t✉r❡s ❢r♦♠
❞✐✛❡r❡♥t ❝❛♠❡r❛✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❤❛s ❜❡❡♥ r❡♣❡❛t❡❞ 10 t✐♠❡s ❛♥❞ ❛✈❡r❛❣❡
❈▼❈ ❝✉r✈❡s t♦❣❡t❤❡r ✇✐t❤ ♦✉r r❡s✉❧ts ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✶✶ ✭❜✮✳ ❆s ✇❡
❝❛♥ ♥♦t✐❝❡ ♦✉r ▲❈P ♦✉t♣❡r❢♦r♠s s✐❣♥✐✜❝❛♥t❧② ❙❈❘✳ ▲❈P ♠❛t❝❤✐♥❣ r❛t❡ ❢♦r
t❤❡ t♦♣ r❛♥❦ ✐s ✽✵✪ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❙❈❘ ✇❤✐❝❤ ♦❜t❛✐♥❡❞ ✸✵✪✳ ❈✉r✈❡s
♦❢ ❘❈P ❛♥❞ ▼✲❙❈❘ ❛r❡ ❜❡t✇❡❡♥ ♦t❤❡rs✳ ❆❧s♦ ♦✉r ❘❈P ✐s ❛ ❧✐tt❧❡ ❜✐t ❜❡tt❡r
t❤❛♥ ▼✲❙❈❘✳ ❲❡ ♦✉t♣❡r❢♦r♠ ❙❈❘ ❜❡❝❛✉s❡ ♦✉r ❤✉♠❛♥ s✐❣♥❛t✉r❡ ✐s ❜❛s❡❞ ♦♥
▼❘❈ ♣❛t❝❤❡s ✇❤✐❝❤ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ tr❛❝❦✐♥❣ r❡s✉❧ts ❛♥❞ ❦❡❡♣ ✐♥❢♦r♠❛t✐♦♥
♦♥ t❡♠♣♦r❛❧ ❝❤❛♥❣❡s ♦❢ ❛♥ ❛♣♣❡❛r❛♥❝❡✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡
❞✐s❝r✐♠✐♥❛t✐✈❡ ❧❡❛r♥✐♥❣ ♣❤❛s❡ ✐♠♣r♦✈❡s ♣❡r❢♦r♠❛♥❝❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ♠❛♥✲
✉❛❧❧② ❛♥♥♦t❛t❡❞ ❞❛t❛s❡t ❞♦❡s ♥♦t r❡✢❡❝t r❡❛❧ ✈✐❞❡♦ s✉r✈❡✐❧❧❛♥❝❡ s❝❡♥❛r✐♦ ✇❤❡r❡
❤✉♠❛♥s ❛r❡ ❞❡t❡❝t❡❞ ❛♥❞ tr❛❝❦❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❛♣♣❧✐❡❞
❍❖●✲❜❛s❡❞ ❤✉♠❛♥ ❞❡t❡❝t♦r ❛♥❞ tr❛❝❦❡r t♦ ♦❜t❛✐♥ 100 ✐♥❞✐✈✐❞✉❛❧s s❡❡♥ ❢r♦♠
❜♦t❤ ❝❛♠❡r❛s✳ ■♥ t❤✐s ❝❛s❡✱ ❞❡t❡❝t✐♦♥ ❛♥❞ tr❛❝❦✐♥❣ r❡s✉❧ts ❛r❡ ♥♦✐s② ✇❤✐❝❤
♠❛❦❡s t❤❡ ❞❛t❛s❡t ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✳ ❲❡ ♥❛♠❡ t❤✐s ❞❛t❛s❡t ❛s ✐✲▲■❉❙✲❆❆✳

✐✲▲■❉❙✲❆❆

❚❤✐s ❞❛t❛s❡t ❝♦♥t❛✐♥s 100 ✐♥❞✐✈✐❞✉❛❧s✳ ❋♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✇❡ ❡①tr❛❝t❡❞
❛ ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ ❢r❛♠❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ tr❛❝❦✐♥❣ ❞✐✣❝✉❧t✐❡s✳ ■♥ t♦✲
t❛❧✱ t❤❡ ❞❛t❛s❡t ❝♦♥t❛✐♥s 10754 ✐♠❛❣❡s✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦♥ t❤✐s ❞❛t❛s❡t ✐s
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶✶ ✭❝✮✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ s❝❤❡♠❡ ✇❛s t❤❡ s❛♠❡ ❛s ❢♦r ✐✲▲■❉❙✲▼❆
❞❛t❛s❡t✳ ❚❤❡ r❡s✉❧ts s❤♦✇ ❛❣❛✐♥ t❤❛t ♦✉r ❞❡s❝r✐♣t♦rs ♦✉t♣❡r❢♦r♠ s✐❣♥✐✜❝❛♥t❧②
❙❈❘✱ ❛♥❞ ❛❧s♦ ❛r❡ ❜❡tt❡r t❤❛♥ ▼✲❙❈❘✳ ◆❡✈❡rt❤❡❧❡ss✱ ♣❡r❢♦r♠❛♥❝❡ ✐s ♥♦t ✈❡r②
❤✐❣❤ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ♦♥ ✐✲▲■❉❙✲▼❆✳ ■t s❤♦✇s ♦♥❡ ♦❢
t❤❡ ♠❛✐♥ ❧✐♠✐t❛t✐♦♥s t❤❛t ♦✉r ❛♣♣r♦❛❝❤ ♣❡r❢♦r♠❛♥❝❡ ❞✐r❡❝t❧② ❞❡♣❡♥❞s ♦♥ ❤✉✲
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♠❛♥ ❞❡t❡❝t✐♦♥ r❡s✉❧ts ✭❡✳❣✳ ❞❡t❡❝t❡❞ ❜♦✉♥❞✐♥❣ ❜♦①❡s ♥♦t ❛❝❝✉r❛t❡❧② ❝❡♥tr❡❞
❛r♦✉♥❞ t❤❡ ♣❡♦♣❧❡✱ ♦♥❧② ♣❛rt ♦❢ t❤❡ ♣❡♦♣❧❡ ❛r❡ ❞❡t❡❝t❡❞ ❞✉❡ t♦ ♦❝❝❧✉s✐♦♥✮✳
❲❡ ❤❛✈❡ ❛❧s♦ ❡✈❛❧✉❛t❡❞ t❤❡ ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡ ✉s✐♥❣ ❤✐❡r❛r❝❤✐❝❛❧ ♠❛t❝❤✐♥❣
✭✇❡ ❡①tr❛❝t❡❞ ❤✉♠❛♥ s✐❣♥❛t✉r❡s ♦♥ ❞✐✛❡r❡♥t r❡s♦❧✉t✐♦♥s✱ t❤❡♥ ❞✉r✐♥❣ ❢❡❛t✉r❡
♠❛t❝❤✐♥❣ ✇❡ ♠❛①✐♠✐③❡❞ s✐♠✐❧❛r✐t② t❤r♦✉❣❤ ❛❧❧ ❡①tr❛❝t❡❞ r❡s♦❧✉t✐♦♥s✮✳ ◆❡✈❡r✲
t❤❡❧❡ss✱ ♣❡r❢♦r♠❛♥❝❡ ❞✐❞ ♥♦t ❝❤❛♥❣❡ s✐❣♥✐✜❝❛♥t❧② ✭❛t ♠♦st✱ ✇❡ ♦❜t❛✐♥❡❞ ✶✪
✲ ✷✪ ✐♠♣r♦✈❡♠❡♥t ✐♥ ❛❝❝✉r❛❝②✮ ✇✐t❤ ❛ ❣r❡❛t ✐♥❝r❡❛s❡ ♦❢ t✐♠❡ ❝♦♥s✉♠♣t✐♦♥✳
▼♦r❡♦✈❡r✱ ✉s✐♥❣ ❤✐❡r❛r❝❤✐❝❛❧ ♠❛t❝❤✐♥❣ ✭❣✐✈✐♥❣ ♠♦r❡ ✢❡①✐❜✐❧✐t② t♦ t❤❡ ❛♣♣❡❛r✲
❛♥❝❡✮ ✇❡ ❧♦s❡ ❞✐s❝r✐♠✐♥❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥ ✭❡✳❣✳ ✇❡
❝❛♥ ♠❛t❝❤ ♥♦✐s❡✮✳ ❍♦✇❡✈❡r✱ t❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❞❡s♣✐t❡ t❤✐s ❧✐♠✐t❛t✐♦♥ ♦✉r
❞❡s❝r✐♣t♦rs ♣❡r❢♦r♠ ❜❡tt❡r t❤❛♥ st❛t❡ ♦❢ t❤❡ ❛rt ❛♣♣r♦❛❝❤❡s✳

✼✳ ❉✐s❝✉ss✐♦♥

❚❤❡ r❡s✉❧ts ❞❡✜♥✐t✐✈❡❧② s❤♦✇ t❤❛t t❤❡ ❜♦♦st✐♥❣ s❝❤❡♠❡ ✐♠♣r♦✈❡s ♣❡r❢♦r✲
♠❛♥❝❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ❞✐s❝r✐♠✐♥❛t✐✈❡ ❛♣♣r♦❛❝❤❡s ❛r❡ ♦❢t❡♥ ❛❝❝✉s❡❞ ♦❢ ♥♦♥✲
s❝❛❧❛❜✐❧✐t② ✭❧✐❦❡ ❬✶✽✱ ✶✾❪✮✳ ■t ✐s tr✉❡ t❤❛t ✐♥ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ✭✐♥ ♦✉r ❛s ✇❡❧❧✮
❛♥ ❡①t❡♥s✐✈❡ ❧❡❛r♥✐♥❣ ♣❤❛s❡ ✐s ♥❡❝❡ss❛r② t♦ ❡①tr❛❝t ❞✐s❝r✐♠✐♥❛t✐✈❡ s✐❣♥❛t✉r❡s✳
❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛r❡ ❞✐✣❝✉❧t t♦ ❛♣♣❧② t♦ r❡❛❧ s❝❡♥❛r✐♦s ✇❤❡r❡ ♥❡✇ ♣❡♦♣❧❡
❛♣♣❡❛r ❝♦♥t✐♥✉♦✉s❧②✳ ❋✐rst✱ t❤❡ ❧❡❛r♥✐♥❣ ♣❤❛s❡ ♣r❡✈❡♥ts t♦ ❣❡♥❡r❛t❡ s✐❣♥❛✲
t✉r❡s ✐♥ r❡❛❧✲t✐♠❡✳ ❙❡❝♦♥❞✱ ❡✈❡r② t✐♠❡ ✇❤❡♥ ❛ ♥❡✇ s✐❣♥❛t✉r❡ ✐s ❝r❡❛t❡❞ ✇❡
❤❛✈❡ t♦ ✉♣❞❛t❡ ❛❧❧ s✐❣♥❛t✉r❡s ✐♥ t❤❡ ❞❛t❛❜❛s❡ ✭♦♥❡✲❛❣❛✐♥st✲❛❧❧ s❝❤❡♠❡✮✳ ❋♦r
❡①❛♠♣❧❡✱ ✐♥ P▲❙ ❬✶✾❪ t❤❡r❡ ✐s ❛ r❡q✉✐r❡♠❡♥t t♦ ❤❛✈❡ ❛❧❧ t❤❡ ❣❛❧❧❡r② s✐❣♥❛t✉r❡s
❜❡❢♦r❡❤❛♥❞✱ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ ✇❡✐❣❤ts ♦♥ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♠♦❞❡❧✳ ❲❤❡♥ ♦♥❡
♣❡❞❡str✐❛♥ ✐s ❛❞❞❡❞✱ ✇❡✐❣❤ts ♠✉st ❜❡ r❡❝♦♠♣✉t❡❞ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ❛♣♣r♦❛❝❤
♥♦t✲s✉✐t❛❜❧❡ ❢♦r ✈✐❞❡♦ s✉r✈❡✐❧❧❛♥❝❡ s②st❡♠s✳

❆s ❛ s♦❧✉t✐♦♥ t♦ s❝❛❧❛❜✐❧✐t② ✐ss✉❡s ✇❡ ❝❛♥ ♣r♦♣♦s❡ t♦ ❡①tr❛❝t ❛ r❡❢❡r❡♥❝❡
❞❛t❛s❡t ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ❛s ♥❡❣❛t✐✈❡ s❛♠♣❧❡s ❢♦r ❧❡❛r♥✐♥❣ ❛ ❞✐s❝r✐♠✐♥❛t✐✈❡
s✐❣♥❛t✉r❡✳ ❚❤✐s r❡❢❡r❡♥❝❡ ❞❛t❛s❡t ❝❛♥ ❜❡ ❝❤♦s❡♥ ♦✤✐♥❡ t♦ ❜❡ t❤❡ ♠♦st r❡♣r❡✲
s❡♥t❛t✐✈❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤✐s ❝❛s❡✱ ❛ t✐♠❡ ❝♦♥s✉♠♣t✐♦♥ ✐ss✉❡ st✐❧❧ r❡♠❛✐♥s✳
❆s ✐♥ t❤❡ s②st❡♠✱ t❤❡r❡ ✐s ♥♦ ❝♦♥str❛✐♥ts ❢♦r ❛ r❡❛❧✲t✐♠❡ s✐❣♥❛t✉r❡ ❣❡♥❡r❛t✐♦♥✱
t❤❡r❡ ❛❧r❡❛❞② ❡①✐st ❧❡❛r♥✐♥❣ ❛♣♣r♦❛❝❤❡s ✇❤✐❝❤ ❝❛♥ ♦♣❡r❛t❡ ✐♥ r❡❛s♦♥❛❜❧❡ t✐♠❡✳
▼♦r❡♦✈❡r✱ r❡❝❡♥t❧②✱ ❞r✐✈❡♥ ❜② t❤❡ ✐♥s❛t✐❛❜❧❡ ♠❛r❦❡t ❞❡♠❛♥❞ ❢♦r r❡❛❧✲t✐♠❡✱
t❤❡ ♣r♦❣r❛♠♠❛❜❧❡ ●r❛♣❤✐❝ Pr♦❝❡ss♦r ❯♥✐t ✭●P❯✮ ❤❛s ❡✈♦❧✈❡❞ ✐♥t♦ ❛ ❤✐❣❤❧②
♣❛r❛❧❧❡❧✱ ♠✉❧t✐t❤r❡❛❞❡❞✱ ♠❛♥②❝♦r❡ ♣r♦❝❡ss♦r ✇✐t❤ tr❡♠❡♥❞♦✉s ❝♦♠♣✉t❛t✐♦♥❛❧
♣♦✇❡r ❛♥❞ ✈❡r② ❤✐❣❤ ♠❡♠♦r② ❜❛♥❞✇✐❞t❤✳ ❚❤❡s❡ ♥❡✇ ❤❛r❞✇❛r❡ ❛r❝❤✐t❡❝t✉r❡s
s✉❝❤ ❛s ◆❱■❉■❆ ❬✹✹❪ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ t♦ s♣❡❡❞ ✉♣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣❛t✲
t❡r♥ r❡❝♦❣♥✐t✐♦♥ ♣r♦❜❧❡♠s✳ ❈✉rr❡♥t❧②✱ st❡♣ ❜② st❡♣✱ ✇❡❧❧ ❦♥♦✇♥ ❧❡❛r♥✐♥❣ ❛❧❣♦✲
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r✐t❤♠s ❬✹✺❪ ♦r t✐♠❡ ❝♦♥s✉♠✐♥❣ ❞❡s❝r✐♣t♦rs ❬✹✻❪ ❛r❡ ♣♦rt❡❞ t♦ s✉❝❤ s♣❡❝✐❛❧✐③❡❞
❛r❝❤✐t❡❝t✉r❡s✳ ❆s ✐♠❛❣❡ ❛♥❞ ♠❡❞✐❛ ♣r♦❝❡ss✐♥❣ ❞❡♠❛♥❞ ❛ ❧♦t ♦❢ ❝♦♠♣✉t❛t✐♦♥
♣♦✇❡r✱ t❤✐s ❞✐r❡❝t✐♦♥ s❡❡♠s t♦ ✜t ♣❡r❢❡❝t❧② ❢♦r ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❛♣♣r♦❛❝❤❡s✳
❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ✉s❛❣❡ ♦❢ ❤✐❣❤✲♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣✉t✐♥❣ ❝❛♥ ❜❡ ❛ s♦❧✉t✐♦♥ t♦
♠❛❦❡ ❛ ❞✐s❝r✐♠✐♥❛t✐✈❡ ❧❡❛r♥✐♥❣ ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r ✈✐❞❡♦✲s✉r✈❡✐❧❧❛♥❝❡ s②st❡♠s✳

✽✳ ❈♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❤✉♠❛♥ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜✲
❧❡♠✳ ❆♥ ❡①t❡♥s✐✈❡ ❡✈❛❧✉❛t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ❊❚❍❩ ❛♥❞ t❤❡
✐✲▲■❉❙ ❞❛t❛s❡ts✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ▼❘❈ ♣❛t❝❤❡s ❝♦♠♣✉t❡❞
✉s✐♥❣ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ t❤❡♦r② ❝❛♥ ❡①tr❛❝t ❡ss❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❛♥
❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ ❤✉♠❛♥ ❛♥❞ ✐ts ✈❛r✐❛❜✐❧✐t②✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ❛ ❥♦✐♥t
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ❞✐st✐♥❝t✐✈❡ ♣❛t❝❤❡s ❝♦♥str✉❝ts ❛ r♦❜✉st ✐♥✈❛r✐❛♥t ❤✉♠❛♥
s✐❣♥❛t✉r❡✱ ✇❤✐❝❤ ❝❛♥ ❤❛♥❞❧❡ ❞✐✛❡r❡♥❝❡s ✐♥ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✳ ❋✐♥❛❧❧②✱ ✇❡
❤❛✈❡ ♣r♦♣♦s❡❞ t♦ ❡✈❛❧✉❛t❡ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ♦♥ t✇♦ ♠♦r❡ ♣❡rt✐♥❡♥t
s❡ts ♦❢ ✐♥❞✐✈✐❞✉❛❧s✳

■♥ t❤❡ ❢✉t✉r❡ ✇♦r❦ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❤♦✇ t♦ ♠✐♥✐♠✐③❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
♥♦✐s② ❤✉♠❛♥ ❞❡t❡❝t✐♦♥ ❛♥❞ tr❛❝❦✐♥❣ ♦♥ ♠❛t❝❤✐♥❣ ❤✉♠❛♥ s✐❣♥❛t✉r❡s✳ ❆❧s♦ ✇❡
❛r❡ ♣❧❛♥✐♥❣ t♦ ❝♦♥s✐❞❡r ✷❉✴✸❉ ❜♦❞② ♣❛rts ♠♦❞❡❧❧✐♥❣ t♦ ✐♠♣r♦✈❡ ♠❛t❝❤✐♥❣ ♦❢
❞✐✛❡r❡♥t ♣♦s❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧s✳ ❋✐♥❛❧❧②✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ ●P❯✲❜❛s❡❞ ❞✐s❝r✐♠✐♥❛t✐✈❡ ❧❡❛r♥✐♥❣ t♦ ♠❛❦❡ t❤❡ ❛♣♣r♦❛❝❤ s✉✐t❛❜❧❡ ❢♦r r❡❛❧✲
t✐♠❡ ✈✐❞❡♦ s✉r✈❡✐❧❧❛♥❝❡ s②st❡♠s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉r✳ ●✉✐❧❧❛✉♠❡ ❈❤❛r♣✐❛t ❢♦r ❤✐s ❝♦♠♠❡♥ts
❛♥❞ ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s✳ ❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ s✉♣♣♦rt❡❞ ❜② ❆❣❡♥❝❡ ◆❛t✐♦♥❛❧
❞❡ ❧❛ ❘❡❝❤❡r❝❤❡ ✭❆◆❘✮✱ ❱■❉❊❖✲■❉ ❛♥❞ ❱❆◆❆❍❊■▼ ♣r♦❥❡❝t✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❖✳ ❏❛✈❡❞✱ ❩✳ ❘❛s❤❡❡❞✱ ❑✳ ❙❤❛✜q✉❡✱ ▼✳ ❙❤❛❤✱ ❚r❛❝❦✐♥❣ ❛❝r♦ss ♠✉❧t✐♣❧❡
❝❛♠❡r❛s ✇✐t❤ ❞✐s❥♦✐♥t ✈✐❡✇s✱ ✐♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✾t❤ ■❊❊❊ ■♥t❡r♥❛✲
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