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This article deals with the transformation of a class of nonlinear systems into an extended nonlinear observable
canonical form (ENOCF) by dynamic extension. The dynamic extension is obtained by adding auxiliary
dynamics and virtual outputs to the original system, thus giving rise to a higher dimensional system in an
extended state space. Sufficient geometrical conditions to guarantee the existence of a local diffeomorphism
which allow the transformation of the extended system into the ENOCEF are given. In particular, an algorithm
that permits us to compute such a diffeomorphism is derived.

Keywords: nonlinear observers; observable canonical form; dynamic extension

1. Introduction

Since the beginning of the 1980s, a number of research
work was carried out on the problem of classification
of nonlinear dynamical systems that are transformable
into simple normal observable forms for which one can
design either a Luenberger observer with linear error
dynamics or a high gain observer (Bestle and Zeitz
1983; Fliess and Kupka 1983; Krener and Isidori 1983;
Krener and Respondek 1985; Keller 1987; Hammouri
and Gautier 1988; Xia and Gao 1989; Phelps 1991;
Glumineau, Moog, and Plestan 1996; Respondek,
Pogromsky, and Nijmeijer 2004). Among these obser-
vable forms the most popular one, which is commonly
referred to as the nonlinear observer canonical form
(NOCF), was addressed by Krener and Isidori (1983).
More precisely, consider a single output dynamical
system of the following form:

X =f(x), (1)

y = h(x), (@)

in a neighbourhood xe XY CR" of 0 and ye R. We
assume without loss of generality that f{0)=0 and
h(0)=0. We also assume that system (1,2) satisfies the
observability rank condition, i.e. the 1-forms

_ i—1
6 =dLh

for 1 <i<n are linearly independent on X. We will call
the 1-forms (6,),<;<, the observability 1-forms.
Denote 6 the following multi-valued 1-form:

0, dh

0> dLsh
0= (elc)l§k§n= = .

0, dLy'h

Suppose there exists a diffeomorphism z = ¢(x) that
permits us to transform system (1,2) into the following
form

Z=Az+B(D), 3)

y=V() =z, “

where A and C are nxn and 1 xn matrices in the
companion observable form:

0 -~ 0 0 0
1 0 0 0
A= :
%)
0 1 0 0
0 0 1 0
C=(0 0 1),
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2 D. Boutat and K. Busawon

and W is a local diffeomorphism. Then, system (3,4) is
said to be in the NOCF.

An observer with linear error dynamics for (3.,4) is
given by

2= A+ B(P) + K(§ — C2), (6)

where the vector K is chosen appropriately such that
the error dynamics is stable. In effect, by setting
e = z — z, one can easily check that the error dynamics
é=(A4— KC)e is linear.

In what follows, we present a version of a result of
Krener and Respondek (1985) for single output
systems.

Theorem 1.1:  There exists a local diffeomorphism that
transforms the single output dynamical system (1,2) into
the canonical form (3,4) if and only if there exists a

function of the output I( y), such that:

[cri, q/] =0 foralll<ij<n, 7
where the vector field oy is given by

Ox(o1) =0 forl <k<n-—1, ®)

On(01) = 1(y) #0, ©

and the vectors fields o, for 2<i<n, are defined
recursively as the Lie bracket of o;_; and f as follows:

o;=loi1,f] for2<iz<n.

The above result provides the necessary and
sufficient conditions that guarantee the existence of a
diffeomorphism z=¢(x), which permits us to trans-
form system (1,2) into (3,4). It should be noted that the
result of Krener and Respondek (1985), originally
stated for multi-output systems, is perfectly valid in the
case of single output systems.

Remark 1

e For /=1 the above theorem amounts to the
result of Krener and Isidori (1983),
where W=1/Id in the form (3,4), which is
usually referred to as linearisation by output
injection.

e The more general form (3,4) with a diffeo-
morphism on the output was introduced by
Krener and Respondek (1985) for multi-
output systems. For these systems, one
output can be affected by the derivatives of
another output during the linearisation pro-
cess. However, in the case of single output
systems this problem does not occur. It is for
this reason that the theorem of Krener-
Respondek is valid in such a case.

&= f(z) y = h(x) . Y, =¢
v = h(x) > E=ny ——»
System Auwziliary system

Figure 1. Dynamic extension.

Recently, several authors have considered the
so-called dynamic immersion technique to tackle the
problem of transforming dynamical systems into a
general NOCF (Jouan 2003; Noh, Jo, and Seo 2004;
Back, Yu, and Seo 2005, 2006; Boutat 2007). This
technique consists in appending, to the dynamical
system under study, an auxiliary dynamic & = n(y, §)
depending on the output and a set of auxiliary states
£ R? as illustrated in Figure 1.

The extended system can be formed as follows:

>:€=f(-\’)

&§=n(y.8)

¥ = h(x) (1o
Va = (517' "asd)T:

where

J 9
n=...,n)" = X:m(y,é)a—S
i=1 !

is the auxiliary vector field such that its ith component
ni=n{y, &, ...,&) depends only on the output and the
auxiliary variables &; for 1<j<i The main idea is
therefore to find a diffeomorphism z=¢(x,&) to
linearise the dynamical system (10) in the extended
space modulo a vector field, depending on the output
and auxiliary states, in the following manner:

z=Az+B(7.8)
y=W(y.8) =z an
yazsz(él’-'~7§d)T9

where z=(z1,...,Zua) € R, and 4 is a (n+d) x
(n+d) augmented matrix defined as

— ( A 0n><d>
A =
0d><n 0(/><d

with A being the constant (n x n) companion matrix
defined in (5) and ﬁ(y’ ‘§) = (ﬂl(y’ ‘i:)a cees ﬁn+d(ya é))Tls
a vector field which depends on the outputs. We call
this canonical form the d-Extended Nonlinear Observer
Canonical Form (d-ENOCF). It is obvious that an
observer with linear error dynamics can be also
designed for such a canonical form. Since (3.4) is the
special case of the &-ENOCF (11) when d=0, we call
(3,4) the 0-ENOCF.

90

95

100

105

110

115



XML Template (2010)

{TANDF_FPP}TCON/TCON_A_541285.3d

120

125

130

135

140

145

150

155

160

[7.12.2010-5:56pm] [1-13)
(TCoN) [PREPRINTER stage]

International Journal of Control 3

Note that, in practice, the auxiliary system can be
viewed as a nonlinear filter which is added to the
output of the original system. The output y, can be
seen as the filtered version of the output y. In the
special case where d=1 and n(y,&) =y, the observer
amounts to the design of a proportional integral (PI)
observer (Busawon and Kabore 2001).

An observer for the estimation of the variables

(z1,...,z,) of the dynamical system (11) is given by:
4.:1 fl ﬂl(}ja J/a)
% ) B2V, va) .
=4 .|+ +K(y-», (12)
2,1 Zn Bu( 3, va)

where 7 is the estimated output. The auxiliary variables
& are considered as known inputs and the vector K is
chosen appropriately such that the error dynamics is
stable. Assume that the auxiliary dynamics & = n( v, §)
is stable in order to ensure the boundedness of & which
will be emphasised in Example 3.3.

Under some assumptions, Back et al. (2005)
proposed some conditions, in terms of a set of
partial differential equations, that permit to trans-
form the extended system (10) into another canonical
form, for which a different observer is proposed.
However, the characterisation of this problem in
terms of geometrical conditions is still lacking. This
leads to the following question': Are there some
geometrical conditions that permit to decide under
which circumstances system (10) can be transformed
into (11)?

In this article, we address the above question and
provide a set of sufficient geometrical conditions that
allows to decide whether there exists a diffeomorphism
permitting to transform (10 ) into (11) when n(y,&)
possesses a special structure. First of all, we propose a
dual version of Theorem 1.1. This will automatically
lead to the development of a procedure to determine
whether a 1-ENOCEF is realisable. Finally, we provide
an algorithm to calculate the diffeomorphism that
permits us to transform system (1,2) into the
d-ENOCF.

This article is organised as follows. In Section 2, we
propose a dual version of the commutativity condition
(7) of Theorem 1.1. Section 3 is devoted to studying the
I-ENOCF. In Section 4, we give an algorithm that
permits us to determine whether or not dynamical
system (1,2) can be transformed in the proposed form
(11). Some interesting results are also stated, such as: if
the state space is of dimension n then the dimension of
extended state-space cannot exceed #n — 2. In order not
to overload this article, some technical results and
proofs are given in the appendix.

051 (7rt1) 01 (Tr42)

0;(7) 0;(Th+1) = 0511 (7) — L (0;(7%))

0i+1(Tk)

Figure 2. Schematic explanation for triangular structure
of A.

2. A dual version of Theorem 1.1

In this section, we propose a dual version of
Theorem 1.1. In the first version of Theorem 1.1,
Krener—Isidori sought a vector field 7; which satisfies
Equations (8,9) with /( y)=1. Then, by recursion they
obtained the vector fields t;,=[t;_;,f] for 2 <i<n. For
simplicity, we shall call the family of vector fields
(t1,...,1,)=1 the Krener and Isidori frame. The
importance of considering such a frame stems from
the fact the Lie brackets [t;, t,] for 1 <i<n—1 contain
all the necessary information to transform a system
into the the NOCF or ENOCF.

In fact, the vector field o of Theorem 1.1 can be
computed from the first vector field t; of Krener and
Isidori frame by setting oy =/( )7, where the function
I(y)#0 is to be determined, by recursion we have

o; =[oi-1,f] for2<i<n.
Consequently, we can derive a relationship between

these two frames as follows.

Claim 2.1: The following formulae give the relation-
ship between the frame o and t:

oy =ln = (LD, 13)

k—1
or =) (~DTiLDu for2<k=<n,
i=0

(14)

where
M =ri'=1,
=07+, forl<i<k-2,
i, =0 fori>*k.
Proof: The proof of this claim is given in the

appendix. O

From (8,9) we have 6,(c))=1(y). As 6,_1(c1)=0,
then following diagram of Figure 2 of the appendix,
we have 6,_(02) =I( y). Therefore, one can deduce the
following n x n matrix:

A = 90 = (91‘(51‘))151',j5,,= (Af/)lgi,jgn’
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4 D. Boutat and K. Busawon

which has the following triangular-like structure:

o ... ... 0 /
I Ay,
A =
0 / . :
L | W

and thus is invertible. As a result, we can define the
following multi-valued 1-form:

w=A"0= (wi)lgign'

The 1-forms (w;);<;<, can be computed recursively as
follows:
1

@ =701, (15)

1 n
Wy_y = 7 (9,4_'_1 — Z A,.H,,«a),«) forl <r<n-—1.
i=n—r+1
(16)

The following proposition gives the dual version of
Theorem 1.1.

Proposition 2.2: The Lie bracket commutativity con-
dition (7) given in Theorem 1.1 is equivalent to the
following equality:

dw; = 0. (17

for all 1 <i<n, i.e. the 1-form w; is closed.

Moreover, the ith component of the change of
coordinates z=¢(x) which transforms (1,2) into the
0-ENOCF (3,4) is given locally by

Zi=¢i(x)=/wi forl <i<mn,
y

where

o y:[0,1]— x is any path such that y(0)=0 and
y(H)=x;

e and ¢; is the ith component of the diffeomorph-
ism ¢(x).

Proof: In Technical Formula 1 (Appendix), we set
v=0, X=0;and Y=0;. As w(ox) = % is constant for
all 1 <k <n, we have

dw(o,0)) = —w[os,0;] forall 1 <ij<n  (I8)

Now, it is easy to show that (7) < (17). Indeed, o is
a frame of the tangent bundle and w is an isomorph-
ism. Therefore, we have do=0« [0;,0]=0 for all
1<i,j<n.

As dw=0, by Poincaré’s theorem (see e.g.
Abraham and Marsden 1966), there exists a local
diffeomorphism ¢ such that ¢« :=d¢=w. In order to
see how ¢ transforms f, we compute %cp*(f ).

By using again the Technical Formula | with v=w,
X=o0;and Y=/, we get

2 ) = bl 1= bl =
Zi 0z;

i+1

for all 1 <i<n—1 and by integration, we obtain

¢:(f) = Az + B(z).

Now, from (15) and the form of the matrix A, we can
see that w, =dz, =4dh. Thus z,=W(y) such that
W(y) = d%\IJ( y) = ﬁ and W(0)=0. O

Notice that for /( y) =1 we can find the same result
as that stated in Nam (1997) which deals with the dual
version of Kerner—Isidori theorem by using the same
tools. In this case, the coordinates that give the NOCF
are (z;)<;<, with dz;=w; for 1 <i<n. In particular, the
output dy=w,=60,=dz,=C is linear. Hence, the
diffeomorphism linearises the output equally and
consequently permits us to design an observer with a
linear error dynamics for that class of nonlinear
dynamical systems.

One can also refer to Krener and Respondek (1985)
or Respondek et al. (2004) to see how such a function
I(y) is determined. We will now propose an alternative
way to determine the function /(y) whenever it exists.
Also, we shall give a technical result that provides
the sufficient conditions for the existence of the
function /( y). For this, we set p = floor(}) and denote

I(y) ="

Lemma 2.3: If there exists a function I y) such that
condition (7) or equivalently condition (17) is satisfied,
then

(1) [tptl=0forall 1<i<pand 1 <k<n-—i,

2) [t th —ariespan{ty,..., 1,1} forall 1 <i<p,
where 19o=0, and a(y) are some functions of y.

(3) for n=2p,

[t, %] =0 forl <k<n-—1, (19)
[t w]l =)0, (20)
ail(y)=2I'(y) = 0. (2n

@) forn=2p+1,

[thul=ltLul=[n.wl=0 forl<k<n-1,

(22)
[12, Ts] — a7y € span{zy}, (23)
al(y)—nl'(y)=0. (24)
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Proof: The main objective here is to find a function
I(y) such that the frame o is commutative:

[0i.0/] =0 forall 1 <ij<n.

Consider first the successive Lie derivatives L}l of /
along f

Lil=1'Lsh,

L3 =ILih+1"(Leh)’,

LA =1'Lh+3PLhL2h+19(Lyh).
and recursively

n=2

Lr=rn ;(yi(l, Voo A9, L, LER) L),

u

where [/ =4 [0 = g—yl, and y; is a function of the
internal variables. From these expressions, we obtain
dLjl(r) =0 for0<i<n-—2,
dL?_ll(Tl) =/
From (13,14) of Claim 2.1, we have o;=/t,
0y = ll’2 — (Lfl)'[l and for 2<k<n

k=1

or =) (~DTHLi .
i=0

Then [01.04] = Y50 I (= 1) TH(Li D)z, and
[For (=D T Ly ]
= (_1)"<r;‘(z(Ln Lilyo; + Tyl (LDl ]
- F};.(L}l)(L,,H,l)n).
Since Ly /=Ly Li=---=LyL;7""l, thus for

2<k<nand 1 <i<k—1 we have

) U, ifi=n-1
Lo Ljl= ,
k 0, otherwise
', ifk—i—n=0

Lo = { ,
0, otherwise.

Consequently, for 2 <k < n we obtain

k—1
[or.0d] = > T (LDl ).
i=0

which shows implicitly that the requirement of
[o1,04] =0 is equivalent to [ty, 7] =0 for | <k<n-—1.

Then, by using the Jacobi identity, for | <k <n—1
we get

[t1, @l = [r1, [te- 1.1l = =[fo 71, Tt ]+ [Th-1, T2,

thus [1,, Tx_1] =0. Recursively one has
[t =0 forl<i<p and 1<k<n-—i,

thus we proved the first condition of this lemma.
When k=n, since L, L’;_ll =L, /=1, then

[o1, 0] = i;: L (LDl 7]
+_(—r3 + (=i
=T ., o] + (=09 + (="' )i’y
As T = I"=! = 1, this leads to
lo1,00] = Ploi, w] + (=1 + (=1 Dil't;. (29

As [01,0,]=0 and /s a function of y, (25) imposes
that [11, 7] = a1(y)7; and

all(p)— (=1 + =D =o0. (26)

Let us now examine the Lie bracket [05,0,]. For
this, let us consider

(It — Lylty, (=) Ti(Lj ) Ti]
= V(T Lo L yrs + T Dl ]
- F;((L;l)(er_il)rz) - (—1)"(1“;,Lf1 (Lo LDty
+ DLl (LDt Thi] — T(L (L, Lfl)rl>.

Since [7;, 7, ]=0 for | <i<2 and | <k <n—1i, by using
the same argument, one obtains

[02,0,] = T)P[12, 7] — T[T, 7,]
+ (=T + (=) Hll'r,
(0T L L = (DT L
— YL, L} — T\ Ll — Fg_lll’) 7.

According to the definition of T, we have I') = 1 and
I"Z‘z =n—1. If [032,0,]=0, then the above equation
can be written as

Plo.t] =1+ )" (= D)in + pr =0
with p being a function of the states, which implies that
[72, Ta] — @2(y)72 € span{r;}
and
M) =1+ =) = 1)) =0. (27
Recursively, we can prove that
S Tict )

[ti, Tu]l — i(¥)T; € span{zy, ..
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6 D. Boutat and K. Busawon

Finally, let us see how to determine the function X y).
If n=2p, then I(y) can be determined by (26),
ie. o (WI(y)—2I'(y)=0. When n=2p+1, since
[71, 7,] =0 implying that «; =0, thus it cannot be used
to calculate /(). However, in this case (27) is equal to

ax(NI(y)—nl'(y) =0,
which can be employed to determine /( y). ]

Remark 2: Since the determination of function /( y)
depends on the parity of the dimension n, and adding
one auxiliary dynamics will make the even (or odd)
dimension for original system to odd (or even) one for
extended system, thus one might wonder about the
essential link between these two cases. However, this is
still an open problem, and the following gives only a
brief explanation for these two cases.

For this, assume that the dynamical system (1,2) is
of dimension equal to n, and consider the following
augmented system:

x =), (28)
£=W(y), (29)
n=4g (30)

whose dimension is equal to n+ 1. Let 7 be the Krener—
Isidori frame of (28)—(30), then the function W(y)
is determined in such a way that the first vector filed 7,
of T or the second vector field 7, of T commutes
with the last vector field 7,,; of T according to the
parity of n.

For the extended system, we set 6; = d¢, then
6, = W'(y)dy = Ldy and so on. In such a way, the new
frame is given by its first vector field 7j = ;11 =
Ity = o1, where 7y is the Krener—Isidori frame for the
unextended system (1,2). From 7, we can easily
construct the Krener—Isidori frame for the extended
system (28)—(30) as follows:

f [%1,f+ w(y)a—i] — [Ef] = [01./] = o2,

- - 0 -
T = [Ti—l»f+ ‘I’(J’)B—J =[ti1.f]1=loi-1.f]1 =0,
for2<i<n
and

Fot = [%n,f+ w)a%] - wa—i+ !

ay
since  dW(y)(F) = 22dy(7) =0 for 2<i<n—1

and d¥(y)(z,) = %(y”'dy(f,,) = ‘N;—EV) Consequently, by

using the Jacobi identity, we get

(1l = [71 522 4 ]

= _[ﬁ [T1, fn]] + [fn, fZ]a
0v(y)

since d 527 =0for 1 <i<n-—1.

Hence, if n is odd, we must have [z}, 7,] =0, thus by
the construction of 7; we have [71, 7,] = 0, and finally it
gives

[.E]’ %)H-l] = [.Ena %2] = [OH’O'Q]’

which exhibits the relation between the extended
system and unextended system with odd dimension.

When n is even, by the construction of 7;, since
we must have [7,7,.1]=0, this yields [7,,T2] =
[0y, 02] = 0, thus

[£2. Fuet] = [%2, [£0f] +%§”§J
= (oo /T + [fz, 3‘2;” 8%]
= [, Bl + o [ f T + [fz, 3“;;” a%]
= —1fslos, ol + o, 0] + [fz, %y)a%}

= [0}75 (73]9

which can be used to determine /( y) for the unextended
system (1,2) with even dimension.

Remark 3

e The Krener-Isidori frame 7 and the Lie
brackets of [ty,1,] are well determined and
known. More precisely,

(1,0 =) wilx),
i=1

with the functions u; being well known. In
Lemma 2.3 we, of course, demanded that
;=0 for 2<i<n and that u; =« (y) is only
a function of the output y.

e If[r},7,]=0, then from (25), we have / =0. In
this case, nothing can be done if ever there
is one Lie bracket [t;,7,]#0 for a certain
2<j<n-—1.

e From Equations (21) and (24), we can see that

/= eef“"dy fori=1,2,

1

n

where € is either § or
of n.

according to the parity

Let us illustrate the above result by considering the
following dynamical system.
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Example 2.4: Consider the following dynamical
system defined on the state space X = R x ]‘—” Z|.

2 0 2L
(1))
X2 X1 .

y =sinx; = h(x)

(31

The observability 1-forms of the system are:

91 = dL?h = COS X2 d)Cz

92 = dL}h = COS X2 dx1 — X1 sin X2 d)C2

The Krener—Isidori frame 7= (74, 75) is given by
1 9

= 2
Cos X 0x1

& =ln. f] 1 9 1

T Cos X3 0xn

0
(X — xjtan xp) —.
COS Xp x|

By direct computation, we obtain

’ 3
[Tl,f2]=—2< > tan x, — # 0.
3X1

COS X3
Now, we have

sin x»
[, n]=-2—-F51.
(cos x3)

As n=2, we use the differential Equation (21) of
Lemma 2.3 to deduce that

l=cosx; =+/1—)?

for all x; € |5, Z[. Therefore,

o] = l‘[l =
8x1 ’
ad a
o)y =—+X2—.
3XZ X1
Then,
0, COS X7
A =60= .
COS X2, XpCOSXpy — X7 SInX)

and consequently,

<dx1 — x2dxs )
w=dz= .
d.‘(z

Finally, on the open set X, the dynamical system (31)
becomes

4]—0

1,
-2—-1+§y
y=1o

for which an observer in the form of (6) can be
designed.

Remark 4: Let o =0 or @ =, according to whether
n is even or odd.

(1) If condition (1) or (2) in Lemma 2.3 is fulfilled
and «=0, (i.e. / is constant) but the frame o
does not satisfy condition (7), then the
0-ENOCF problem cannot be solved by
Theorem 1.1. We then need to study the
1-ENOCF, which is the main objective of the
next section.

(if) If condition (1) or (2) in Lemma 2.3 is fulfilled
and o #0, then we have /(y) at our disposi-
tion. Moreover, if the frame o does not satisfy
condition (7), then we consider the dynamical
system issued from (1,2) with the same
dynamics (1) and the output 7= [75ds.
For this new dynamical system, we have
a=0 and this brings us back to (i) of this
remark with the new a=0.

From Lemma 2.3, it is important to emphasise that
the fulfilment of Lemma 2.3 is sufficient for finding the
function /() and the function W(y). We then need to
consider the new dynamical system

X = f(x),
y =¥y,

where we have only changed the output. It is easy to
see that the Krener—Isidori frame 7 of system (32) is
exactly the frame o of the original system (1,2). If o for
(1,2) satisfies the commutativity condition, then system
(32) can be put into the NOCF of Krener—Isidori,
which is equivalent to saying that system (1,2) can be
put into the 0-ENOCEF.

In what follows, we shall consider dynamical
systems for which the frame o satisfies the conditions
of Lemma 2.3, i.e. system of the form described by
(32). Consequently, we shall henceforth set o =rt.

(32)

3. Sufficient conditions for 1-ENOCF

In this section, we consider the extended dynamical
system given by (10) when d=1 by setting

d
F=f+ 771(},51)3—51,
where n; depends on y and & and

& = m(y.&).

We will specify the function 7, later on.
One can view each vector field t; of the Krener—
Isidori frame as a vector field in the extended space
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by expressing t; as
a
0—
BT

in R"x R.

We now will proceed in the same way as in the
previous section. Let us consider again the first vector
field 7; of the Krener—Isidori frame and define the
following new frame:

0'11 =1(&)r, with [(§)#0 on |—r,1, (33)

=[o_.F] for2<i<n+]l. (34)

N.B. The ‘1’ in the superscript refers to the dimension
d=1. We shall later use the notation o} to define a new
frame when d=k.

Lemma 3.1: [f

I:oll,o]]_() forl<i, j<n (35)
then

(1) foralll<i<pand 1 <k<n—p+1,[t;,t]=0;
(2) for all 2<i<p, [t} 1,)—a7,_; €span{ty,...,

T,_o} with to=0 and «; is some function of y;
(3) If n=2p+1, then ay(y)#0 and

wl + 2—1’_0 (36)

(4) if n=2p, then az(y)#0 and
02,041 =0 (37)

asl+(n+ DI’ a’;l 0. (38)

Moreover, the function n\(y, &) has the following form:

m(y, &) =kiE)y(y) + k2(81), (39)
where /q(él) = 1,, K2(&1) is arbitrary and y is the integral
of =52 or — -2 (according to the parity of n).

Proof: The proof of this lemma is similar to that for
Lemma 2.3, thus we only give the sketch. Let /(&) #0
and consider the following vector field:

n+

o 11 =)0,
and by induction

o =[o/,F] for2<i<n.

As for the proof of Claim 2.1, a straightforward
induction gives,

= It — (Lel)T1, (40)
k—1

op =Y (=DT}Lit, for3<k<n (41
i=0
where
ri i
=T+, forl<i<k-2.

Now, the successive Lie derivatives of function / along
the extended vector field F yield

am!’)

Lel=ml', L*=
F m F i

83—7;1 I'Lih+m
and so on, which implies that
L l(&)=0 forl<j<n.
Therefore, from (40,41) we have
[011, 0,1,] = 12[1'1, Ty

Then [o],0)] = 0 if and only if [}, 7,] =0.
Now, a stralghtforward calculation gives

[03,00] = Pl wl + (1P +(=1)" iz, (42)

where 1| = ‘L’:} If n=2p+1, then [0}.0,] = 0 implies
that [‘[2, Tn]—Olz(_])Tl and
a
a(Ni+2 2L =,
dy
If n=2p, then (42) reduces to [o},0}] = P[r2, 7).
Hence, [0),0!] =0 if and only if [t2,7,]=0. In this

case, we have to consider [03,

[0}, 00] = Plrs, wl + (1)
+(=P 0= D) + pn, - (43)
where w(x) is a function of the state. If we impose

[01.0,] =0 then we must have [13,7,]=a3( )7, and
thus

o], which is as follows:

3771

Finally, from the above equation we can see that,
Im _ —es I
dy n+110

Hence,

m(y, &) = k1EDy(y) + «2(61),
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where k1(8) =4 p(y) =[] =29ds if n=2p and

y(y) = [ =295 if n=2p+1. O
We can now state the following theorem:

Theorem 3.2: If there exists a function I(&,) such that
condition (35) is satisfied, then there exists a local
diffeomorphism z=¢(x,) in the extended space which
transforms the dynamical system (10) into the following
form:

2= Az + B3, &), (45)
Zupn = & = E)Y(D) + (&), (46)
¥ =z, 47)

Ya=zns1 =&1. (48)

Proof: Let /(&) #0 and consider the following vector
field o = /r;. From Equations (34) and (41), we get:

an; 0 -
opyy =0y, Fl= la—ylg + Z mi(Xe)T;
pr

)
As Gt # 0, the frame o' = (0),_,_,, belongs to the

tangent bundle of the extended space. Let us choose a
vector field of the form

a n
Top) =+ ) vilxo)T,
08 ;
such that
[0}, Tws1]=0 forall 1 <i<n. (49)
We have

dho(Tysr) = 1.

Now, we consider

6 =dL%'h for 1 <i<n, (50)

o)., = dé. (51)

Let us also define the following (n+ 1) x (n+ 1) matrix

Al = (A! ) ,
b ) 1<i, j<n+1
where
AL=6(c) foralll<j<n,

A,{n+1 = 9,‘1(Tn+l)'

It easy to see that this matrix has the following form:

0 0 0 1
0 / A;,n+1
Al=lo . I =« *
0 / * *
[ A::,z * ... *

Proceeding as for the proof of Proposition 2.2, we
introduce the following multi 1-forms:

wl _ (Al)—lgl.

Using similar argument as in the proof of
Proposition 2.2, we conclude that

(i) conditions (35) and (49) are equivalent to
do'=0.

(if) condition (35) implies that there exists a
diffeomorphism z=¢(x,) that transforms the
dynamical system (10) into (48—45).

Now, by writing

d ad
—&(F) = (01, F]) = ¢+ (0141) = —
0z; 0zj11
for all 1 <i<n— 1 we show that ¢«(F) is in the required
form. U

Remark 5

(1) As n=uwiEDy(y) +Ka(&) with k(&) being
arbitrary, the latter can be viewed as known

input. Consequently, we use x»(&) to stabilise
Znr1 = Kk1(EDy(y) + ko2(&)) in the sense of Input-
to-State Stability (Sontag 1995).

(i) Note that if the vector fields of the frame
0! =(0})j=ps1 commute, then by setting
Ty41 =0}, we get

@ (F) = Az + B(&1),
where y,=z,,1=&;.

Let us consider an example to clarify the previous
statements.

Example 3.3: We consider the example given in Back
et al. (2005) for comparison purposes

X = —4x3x) — 3x3 — 6x3x2

Xp =X

'2 1 (52)
X3 = Xo

v = h(x) = x3.
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A straightforward computation of the Krener—Isidori
frame gives:

o
1_3x1’

d d

= — — 47—
© BXQ X33X1,

d J 0
= 4L (102 —2)
7 o X3 8xz+( 0x3 — 2x7) o

Consequently, we have

[t1, 2] = [11, 3] = 0,
[T2, ;3] = 271.

For this example we have n=2p+ 1 where p=1, then
Condition (4) of Lemma 2.3 is not satisfied. Therefore,
we cannot use Theorem 1.1. On the other hand,
Conditions (1-3) of Lemma 3.1 are verified, thus
yielding

o

ppualas
X3

I'+2l=0.

As it has been mentioned previously, we have

n(y, &) = k1EDy(y) + k261,

with y(y)=—[3% If. for simplicity, we choose
k1(§))=—1 and k»(§))=0, and it yields /' =—/. That
is [ = e7%. Therefore, we obtain

1
=/—
“ 8x| ’
) )
1
=/— —3lx;—
% axg “ 8x1 ’
a a a
1 2
=1— —2lxs—+ (3Ix5 — 3x2[) —.
% 3X3 “ 3)(2 + ( *3 2 )3X1

By using the same notations as in the proof of
Theorem 3.2, we get

Ty :3_51_ (xl —3x7X3 +x§)%— (x2 —x%)%—m%.
Finally, we obtain

0, O, 0, 1
Al _ O, O, 1, —X3

0, I —2Ix3, —(xz — x%)

I, =3Ix3, (3Ix3=3x2l), —(x1—3x2x3+x3)

and w,=(A"7'9", which provides us the following
diffeomorphism:
(X1 4 3x2x3 + x3)
(2 + 32)e
X3€El

&

2= ¢() =

This diffeomorphism is the same diffeomorphism given
by Back et al. (2005, 2006) obtained by solving a set of
partial differential equations.

With the deduced diffeomorphism, (52) can be
transformed into

) = z§e‘3‘§‘

In=121, 23 =2

fmym et &
F=z

Ya = 1,

for which an observer of the form (12) can then be
designed.

Obviously, one could choose another «(§;) and
k2(&;) which will produce another diffeomorphism
transforming (52) into another form with the dynamics
&1 = k1(E)y(y) + k2(81). Since k(&) is arbitrary, thus
if y(y) is bounded, then we can always find a xy(&)
such that this dynamics is bounded, i.e. to choose k(&7)
to make the auxiliary dynamics Input-to-State Stable
(see Sontag 1995; Sontag and Wang 1995 for details).
A trivial case for this example is to set «(§;) =B and
k2(€1) = A&, which brings the dynamics to the linear
one: él = A& + By and it is obviously ISS if y is
bounded and A is chosen to be stable (Sontag 1995).

Remark 6: If we try to solve the I-ENOCF problem
by considering a function /( y, &), in Lemma 3.1, which
depends both on the output and on the extended
variable, then it easy to see that Lemma 2.3 gives us in
the first instance a function /, which depends only on
the output y. We have therefore two cases to study:

e Either the commutativity condition (35) is
fulfilled by frame o (in this case, we obtain a
0-ENOCEF form thanks to Theorem 1.1);

e Or condition (35) is not fulfilled. In this case,
we set y = f%dy. Lemma 3.1 provides a
function /;(&;) which depends only on the
auxiliary variable &; such that /=/y/;.

Therefore, the 1-ENOCF problem is a decoupled
problem. We must deal with it in two stages: first, we
use Lemma 2.3 to determine the new output y, and
then we use Lemma 3.1. If condition (7) is fulfilled,
then we say that a 0 to 1 ENOCEF is realised or simply a
(0 — 1)-ENOCEF is realised.

The following example clarifies the above remark.

Example 3.4: Let us consider again the same dyna-
mical system as in Example 3.3 but with the following
output

y=hx)=e"—1.
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Then, we have

0
v
0= Bxl ’
.0 ad
n=e¢ P ——e"(4x; — ra)—
0x> ’€1

0 :
= —+e ¥ (2x — 4x3)— +e P (4(dx3 — x2)x3
0x3 x>

bl
—6x7 — 6x§ +x0(4xs —x2+4)—x))—.
dxl

Consequently,
[t1,3] =0 and [7,72] =0
As
[t2, 73] = e (12x3 — 3x2 + 2)11 + 3¢V 1y # p12,

thus condition (2) of Lemma 3.1 is not fulfilled .
However, Conditions (1-4) of Lemma 2.3 are fulfilled.

[t2, 73] — 3¢ "1, € span{t;}

which gives / = ¢". Now, we consider the following
new frame:

d
[ N
“ 8.’(,’]
d d
L4y
2= x> x33x1
d d d
=L 4L (102 — 2x) =
o3 o X33 +(0X3 Y2)3x1

A direct calculation gives

[o1,00] =[01,03] =0,

[02, 03] = 207.

Hence, this new frame verifies conditions (1-3) of
Lemma 3.1. By solving

8’“1 +20=0,

with 321 =1, we obtain / = ¢75'. Therefore, we are in
the similar case of Example 3.4. That is the dynamical
system (11) is linearised by dynamic immersion via a
(0 — 1)-ENOCF.

One can deduce the following result.

Corollary 3.5:  If the state space is of dimension n, then
d-ENOCF problem admits a possible solution in the
proposed form (11) in an extended space of dimension
n+d, where d<n—2. For a dynamical system on a
2-dimensional state space the result is also obtained in
Back et al. (2005).

Indeed, the objective is to nullify [09,0¢]=0 at
each stage. The fact of nullifying [o1,0,]=0 gives a

diffeomorphism on the output. As [o0,,0,]=0 there
remains d =n — 2 brackets to annul. Hence, we deduce
that if the state space is of dimension n, then ENOCF
problem admits a possible solution in an extended
space of dimension n+d where d<n—2. This fact
implies a restriction that the existence of a solution for
d-ENOCEF with d>n—1 cannot be determined by the
proposed method, while this restriction does not exist
in Back et al. (2005, 2006).

Before giving an algorithm to solve the &-ENOCF
problem, some clarifications of the notations that we
shall use henceforth are necessary.

Notations

e For a function ly(p), k, is the derivative of /y( »)
with respect to y, i.e. l0 =

e Forn>3and 1 <d<n-— 2 ld(é‘d) represents a
funct;[on on the extended variable &, and
li=a

° For nk(gd_,,gk) n, represents the derivative
with respect to the first variable, that is n, =

ag'jkl. In particular, for n(y,&) we have

nl 8'11
Hereafter, we set Fy=f and F(1:Fd_1+nd%
for d>1.
e We denote P, the product Py=lyl---
laimg =+ - gy -

Finally, p = floor(§).
Assume that we have already constructed the frame
1 = (0¢"1) o1, and set Fy= Fyy + Na(Ga-1.64) 35—
and /,=1[/§&,), thus we have

- ldo']_la
og = ldag_l — (LF,/d)ad_l,
o _Z( 1)'17( )ak 1
where T9=T%'=1 and T} =T+ | for

1 <i<k—2. And straightforward calculations yield

12[6d+11’ o 1]+ ( 1)d+1+( l)n 1)

x Pan,liod mod spanfo?, ...

[0d:1.00] =
»011—1}

and if d < n— 2, then we have

[Gél{+2’ n] = lazl[ad+71’an ] (( 1)d+1(d+ 1)+( l)n ’
d

x (n— D)YPanyl, f]’+1 mod spanfo?,...,o4)

Using the above equations, we can give an
algorithm that will enable us to verify whether or not
a dynamic extension of dimension d is possible.
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3.1 Algorithm for determining the d-ENOCF

Step 1: Construct the Krener—Isidori frame t;

Step 2: If [r;,7]=0 for all 1<i, j<n, then go to
Step 7. Otherwise construct the Krener—Respondek
frame o. If [0,,0]=0 for all 1 <i, j<n, then go to
Step 7. Otherwise set d=0 and p = floor(3).

Step 3: If [0¢,,0/]=--- =[0¢,,.0{] =0 for all 1<
j<n—1land 0<s<dand n=2p+]1, then [09 0] —
aod € span{o?, ..., |}, and compute (/4 n, from
aly+ (=) 2P m il =0

and go to Step 5;
Step 4: If

d d| _ _ d dl _
[%+1"’j] == I:Us+27q/':| =0

for all 1<j<n—1 and 0<s<d and n=2p, then
[ag+l,og] =0 and [0§+2,0,‘1’] —aajH IS span{of,...,
a((}}, and compute (/4 n,) from

aly + (=) (4 dYPyln, = 0.

and go to Step 5;

Step 5: Construct the frame o' = (oj’“)lsis” by
setting o' =l10f and ot = [0 F,] for
2<l=<n

Step 6: If [afl“,o;’“] =0forall | <i,j<n, then go to
Step 7. Otherwise 0?— 7, d— d+1. If d < n—1, then
p = floor(%4) and go to Step 3. Otherwise go to Step §;
Step 7: End, the &-ENOCF problem is solved;

Step 8: End, the 4-ENOCF problem cannot be
solved.

4. Conclusion

In this article, we have given a set of sufficient
geometrical conditions that allow to transform a
dynamical system into the d-Extended Nonlinear
Canonical Form (d-ENOCF) by dynamic extension.
We started by proposing sufficient condition for a
system to be transformed into the I-ENOCF. Then, we
proceeded step by step to generalise our methodology
to the d-ENOCEF. In particular, we showed that d could
not exceed n—2 for a state space of dimension #n.
Finally, we provided an algorithm for verifying
whether the d-ENOCF problem is solvable.
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Note

1. This question was first raised by Professor Respondek at
the IEEE Conference on Decision and Control (2005) in
Seville during a nonlinear observer session.
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Appendix

In this appendix we recall a wuseful technical formula
(Abraham and Marsden 1966) from differential geometry
which is used throughout this article. Additionally, the proof
of Claim 2.1 is given.

Technical formula 1: Let v be a differential 1-form. Its
differential dv is a 2-form which can be computed on two vector
fields X, Y as follows:

dv(X,Y) = Lyw(Y)— Lyv(X)—[X, Y] (54)
If the 1-form v is closed thus dv=0 then the formula gives
VX, Y] = Lyv(Y) — Lyv(X).
Moreover, if Lyv(X)=0 then we have
v[X, Y] = Lyv(Y). (55)
From the construction of the Krener—Isidori frame 7 (see

Equations (8,9) with /=1), we can deduce the following facts:

911—1'(7:1'+l) =1
Opj(ti) =0 forl <k<j<n-—1

fori=0,...,n—1,

To obtain this relationship it is sufficient to use the formula
(55) for v=6,_1, X=1,, Y=1,=[1,f] and the diagram
given in Figure 2 which gives 6, (tx) =6(ti41) if 6(zx) =0.
Now, since 6,,_1(11) =0, _»(t1) =0, 6,(r;) =1 then 6,,_ (1) =1
and 6,_»(15) =0. The rest is obtained by induction and by
using the same argument.

Proof of Claim 2.1:

oy =[onf1=[(u./T=1(Mn.f]- L.

On the other hand, [y, f]=1> hence o, =1/(y)1> — Ldt;. As a

result (13) is true. 750
Now we prove (14) by induction. For this, suppose that

the formula (14) is true for a certain index k and show that it

is also true for k+1. For this, suppose that o} =

Y (=) Ti(Li )Ty, then

By definition, we have

k—1
okt = [on. /1= [Z(—l)"F}‘((L}l)tk_,-,f].

i=0

As [(LiDt—inf1= (L) tin1 — (L' iy, therefore we 755
have ! )

k=1
ot = ) (DT D = L D).
i=0

Now, the second term of this sum can be written as
D DL D) = Y (DT L Do)
i=0 i=1

Hence

k
okt = Dl 4+ Y (=D(T} + T WL Dty

i=1
— (=T D
k
= loer + (=D + T D
i=1

Finally, since I, =T%+T{!, we obtain the desired

formula 760

k
Okt = g1 + Y (=) Thy (L DT

i=1
=Y (DT (L Dty
i=0

thus we prove the Claim 2.1 by induction.



