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Abstract This article is devoted to algorithms for computing all the
roots of a univariate polynomial with coefficients in a complete commuta-
tive Noetherian unramified regular local domain, which are given to a
fixed common finite precision. We study the cost of our algorithms, dis-
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cuss their practical performances, and apply our results to the Guruswami
and Sudan list decoding algorithm over Galois rings.

1 Introduction

Throughout this paper, R denotes a complete commutative Noetherian
unramified regular local domain of finite dimension 7, with maximal
ideal m. Let p denote the characteristic of the residue field x:= R/m of R,
and let R; := mi/m”l, for all ¢ > 0. The fact that R is unramified means
that either p = 0 holds, or that p does not belong to m% By [15, The-
orem 15] the following alternative holds:

e If R and x have the same characteristic whatsoever, then R is isomor-
phic to the power series ring k[[t1, ..., t7]]. In this case, we identify R;
to the subgroup of R of the homogeneous polynomials in ¢, ..., ¢,
over k of degree i, so that (R;);en defines a graduation on R.
Otherwise, if R and « have different characteristics, then R is isomor-
phic to the power series ring D[[t1, ..., tr—1]], where D is a complete
discrete valuation ring with maximal ideal generated by p. Each ele-
ment of R can be uniquely written as Y . ce t7" - ;7] p°, with
the c. in k. We can still identify R; to the subset of R of the homoge-
neous polynomial expressions in ti, ..., t,—1 and p of degree i and with
coefficients in &, but (R;)ien does not define a graduation on R (for
example with R being the ring of the p-adic integers Z,). In this case,
we set t,:=

In both cases, the function v: R — N U {+oc0}, which sends 0 to 400, and
any a # 0 to the largest integer i such that a € m’, is a valuation. Any ele-
ment a of R can be uniquely represented by the converging sum
Zi20 [a];, where [a]; € R; is the homogeneous component of valuation i
of a. The elements of R; are called the homogeneous elements of valua-
tion i of R.

In this paper we are interested in computing all the roots of a polyno-
mial F' € R[x] given to precision n, which means modulo m™. The usual
cases are for when R = Z, or R = K[[t]], for any field K. We will adapt
classical techniques, analyze their cost, and report on practical perfor-
mances of our C++4 implementation using the MATHEMAGIX
libraries [26].

1.1 Application to list decoding
Univariate polynomial root-finding is a central problem in computer

algebra, and a major application resides in decoding certain error-cor-
recting codes as recalled in these paragraphs. Let aj, ..., ax be A distinct
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fixed points in the finite field with ¢ elements, written 4. Let us recall
that a Reed-Solomon code of length A and dimension p over IF is the set

RS(A, p) ={(f(a1),..., f(ar)): f €Fqlz]<,},

where Fglz]<, represents the set of polynomials over F, of degree at
most p — 1 (we refer the reader for instance to [35, Chapter 6] for generali-
ties on such codes).

This set RS(A, p) is a vector subspace of IF{]\ of dimension p, and there
is a one-to-one correspondance between polynomials of Fy[z]<, and ele-
ments of RS(\, p). To encode a message, the sender constructs the unique
polynomial f of Fglz]<, corresponding to the message, and then trans-
mits the vector y = (f(a1), ..., f(ax)) € Fy. The received vector may be
different from y. If only a few errors occurred during the transmission
of y, obtaining the original message can be done using the usual unam-
biguous decoding algorithms such as Berlekamp-Welch [8], Berlekamp-
Massey [7], and the extended Euclidean algorithms [42]. But, when more
errors occur, a different decoding approach, called list-decoding, must be
used. A list-decoding algorithm outputs the set Y of all the possible
transmitted messages. A postprocess is then responsible for deciding
which element of Y is the actual message. Our present motivation lies in
the list-decoding algorithms.

In [23], Guruswami and Sudan designed a polynomial-time list-
decoding algorithm. Their method divides into two steps. First it com-
putes a polynomial @ in F,[x][y] such that the possible transmitted mes-
sages are roots of @ in IF4[x]. In the second step one needs to determine
all such roots of (). Several techniques have been investigated to solve
both steps of the problem: see for example [1, 5, 30, 31] for the first step
and [28, pages 214-228], and [19, 39] for the second step.

The Guruswami and Sudan algorithm has been adapted to other fami-
lies of codes such as algebraic-geometric codes over fields [23], and alter-
nant codes over fields [4]. Extensions over certain types of finite rings
have further been studied for Reed-Solomon and alternant codes in [2, 3],
and for algebraic-geometric codes in [6, 43]. In all these cases, the two
main steps of the Guruswami and Sudan algorithm are roughly preserved,
but to the best of our knowledge, the second step has never been studied
into deep details from the complexity point of view. In this paper, we
investigate root-finding for polynomials over Galois rings, which are often
used within these error correcting codes, and that are defined as follows:

Definition 1. Let ¢ € Z/p™ Z|[x] be a monic polynomial of degree k that is
irreducible modulo p. The ring (Z/p" 7Z[x])/(v(x)) is called the Galois
ring, written GR(p™, k), of order nk and characteristic p™.

It is classical that there exists only one Galois ring of order n k and of
characteristic p™ up to an isomorphism (see for example [38, p. 207]). On
the other hand, notice that such a Galois ring can also be defined as
GR(p"™, k) = R/(p"™), where R is an unramified algebraic extension Z, of
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degree k. Over such a Galois ring GR(p", k) standard techniques cannot
be applied to find all the roots of a given polynomial in GR(p", k)[¢t][x].
For instance with n = 2 and F(z) = (x — p) (x — pt), one cannot find a
value a for t that makes the specialization of F' with a unit discriminant
in the Galois ring, so that fast classical Newton-Hensel lifting cannot be
appealed.

1.2 Complexity model

In order to analyze the performances of our algorithms, we denote by
M(n) a cost function for multiplying two univariate polynomials of
degree n over an arbitrary commutative ring A with unity, in terms of the
number of arithmetic operations in A. Similarly, we denote by [(n) the
time needed to multiply two integers of bit-size at most n in binary repre-
sentation. It is classical [12, 18, 40] that we can take M(n) €
O(nlog nloglogn) and I(n) € O(nlog n 2'°8" ™), where log* represents the
iterated logarithm of n. Throughout this paper, we assume that M(n)/n
is increasing and that M(m n) < m? M(n) holds for all positive integers m
and n. The same assumptions are also made for |I.

When needed, we shall assume that root-finding is computable over
the residue field k. Let us recall here that there exist effective fields (that
are defined as fields with an effective equality test) for which root-finding
is not decidable [17, Section 7] (see also another example in [19,
Remark 5.10]). Hopefully in most practical cases, roots can be computed
efficiently, as we shall recall it later over finite fields.

Finally, let us recall that the expected cost spent by a randomized
algorithm is defined as the average cost for a given input over all the pos-
sible executions. The “soft-Oh” notation f(n) € O(g(n)) means that
f(n) € g(n)log®M (34 g(n)) (we refer the reader to [20, Chapter 25, Sec-
tion 7] for details).

1.3 Our contributions

Let K := Quot R represent the total field of fractions of R. Since R is sup-
posed to be complete, so is K, and we still write v for the extension of the
valuation from R to K. The subset of the elements of K of valuation at
least ¢ is written O;. If a is an element of K, and if ¢ is an integer, then
we write a + O; for the set of elements in K whose expansion coincides to
those of a to precision ¢. We say that such a class a + O; is a root of F' to
precision n if all of its elements annihilate F' to precision n. Notice that,
for all integers i and j, we have O; + Oj = Onin(s,5). Thus for any two ele-
ments a and b in K we can write (a 4+ O;) + (b + O;) := (@ + b) + Orin i, j)-
By convention, every element a of K can be seen as the class a + O, s0
that it makes sense to define the sum of an element of K to a class as fol-
lows: a+ (b4 O;):=(a+b) + O,.
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The set of the roots of F(x) = z" in @, of nonnegative valuation and
to precision n is made of all the elements of positive valuation, which
amounts to p” ! roots. This simple example shows that the number of
roots can be exponential in terms of the size of F'. However it can be rep-
resented by the single class O;. In Section 2 we show that the roots of
nonnegative valuation and to precision n of a polynomial F' € Og[x] can be
represented by at most d such classes, in the sense that the set of roots
equals the unions of the elements in these classes. As another example,
with R = Z,, the roots of nonnegative valuation and to precision 4
of F(z) = 22 (x — 1) are either 1 or an element of valuation at least 2
in Qp, that is in O,.

Section 2 contains a “naive” algorithm for computing all the roots z of
valuation at least a given nonnegative integer w and to a given precision n
of a polynomial F € Og[z]. This algorithm first determines all the possible
values for [z],. Then, from such a value [z],, it computes the shifted poly-
nomial F([z]y + ) and it calls itself recursively to obtain the roots of val-
uation at least w+ 1. We analyze the complexity of this technique: in par-
ticular we show that all subparts but the shifts behave essentially in an
optimal way. We also provide the reader with detailed complexity results
when R is a univariate power series ring or the p-adic integers ring.

In Section 3/ we modify the naive algorithm so that it splits the input
polynomial between the recursive calls by Hensel lifting. In fact we extend
the classical Hensel lifting to the quasi-homogeneous setting, and estimate
how it decreases the cost of the previous “naive” algorithm. We detail
complexity bounds when R is a univariate power series ring or the p-adic
integers, but also exhibit a probabilistic fast version in higher dimension
that avoids expression swell.

Section 4 is devoted to applying our root finders in the context of list
decoding over Galois rings. We have implemented the algorithms of the
present paper when R has Krull dimension 1 in the open source library
QUINTIX of the MATHEMAGIX computer algebra system [26]. We report on
timings and discuss their relative performances.

1.4 Related works

Besides the aforementioned works in error correcting codes let us briefly
discuss the known materials for computing roots of univariate polynomials
over some particular instances of R as defined from the beginning of the
present paper. In both theory and practice, it is classical to compute the
factorization, or all the roots in an algebraic closure of a given polyno-
mial F' € R[z| for particular cases. The easiest case is for when the degree
of F' does not drop modulo m and when F' is separable modulo m: Hensel
lifting leads efficiently to the unique factorization of F' to any requested
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precision (we refer the reader for instance to [20, Chapter 15]). In general,
even if F' is separable, its residue polynomial modulo m may have mul-
tiple factors, and one has to make use of the Newton polygon technique
recursively, assuming that the characteristic is sufficiently large. Over the
power series, namely when R =TK[[t]], several authors have contributed to
this subject including, for instance: [13, 14, 16, 24, 25, 37, 44, 45, 46].
Over the p-adic integers the situation becomes more problematic but some
of the latter techniques can be extended as in [24]. The case for when R is
a power series ring in at least two variables has also been studied in [27,
32]. In addition, for univariate power series in small characteristic, we
refer the reader to [29]. In fact, all these techniques do not solve directly
our problem over a general coefficient ring R as considered here, and not
even in elementary situations as demonstrated by the following examples:

Example 2. Let R=7,, and let F(z)=(z — p) (z + p). In R the polyno-
mial F admits two simple roots p and —p, but the set of roots modulo p?
is the ideal (p). This shows that computing the roots of F' in 7Z, does not
lead to the ones modulo p? directly. In addition the fact that 0 is a root
modulo p? is contributed by the positive valuation of the values of both
factors of F. This suggests that, in general, a kind of exhaustive search
might be necessary to recover the modular roots from an irreducible fac-
torization of F in R.

Example 3. Let R =7, The polynomial F(z) = z? admits 0 as a single
double root, but the roots modulo p* form the ideal (p?). Again this
shows that there is no obvious relationship between the roots in Z, and
the ones in Z,/(p*).

These examples illustrate the difficulties for deducing the roots in R/
m” from the ones in R to a sufficiently large precision, or from an irre-
ducible factorization over R. The ingredients of the present paper are not
substantially new: our main contribution relies in the design of general
and well-suited algorithms to the specific root-finding problem.

2 Algorithm with linear convergence

Recall that K := Quot R represents the total field of fractions of R.
Since R is supposed to be complete, so is K, and we still write v for the
extension of the valuation from R to K. Any element a of K can be
uniquely written as the sum Zi>y(a) [a];, where [a]; is O or has valuation 4
and is the quotient of two homogeneous elements in R. For any ¢ € Z, we
write K; for the set of the elements a € K such that either a is 0 or a has
a single component of valuation 4, which means that a = [a];. The subset

of the elements of K of valuation at least i is written O;.
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For any polynomial F(z)= Zfl:o Fyz' € K[z] of degree d, and any w €
7., we write [F]; , for the polynomial

d

[F]i,wizz [F)i—wn @,

=0

and call it the w-homogeneous component of w-valuation i of F. In addi-
tion, the expression [F]jijrkyw is used to represent the sum

f;ol [Flj+1,w- Remark that if ¢ € K has valuation at least w then
[Fi,w(a) has valuation at least i. Finally the quantity v, (F), called the
w-valuation of F, stands for the first index i € 7Z such that [F]; ., is

nonzero, with the convention that v,,(0) := +oc.

Example 4. For R = Q][[t]], and for F =23 — (1 +t) 22 + t3, we have that
v_1(F)=-=3, [F]_3.-1=213 and that vo(F)=0, [F]o,o=2%— 22

2.1 Local multiplicities

In this subsection we define the multiplicity of an homogeneous root of a
w-homogeneous polynomial.

Lemma 5. (Quasi-homogeneous Euclidean division). Let H € K|[z]| be a
non-constant w-homogeneous polynomial of w-valuation i, and let z € K.
Then there exists a unique w-homogeneous polynomial @ € K[z] of w-valu-
ation 1 —w, and a unique element a € K;, such that:

H(z)=[(z - 2) Q(x) + a]i,w-

Proof. When performing the classical long division of H(x) by z — z the
w-homogeneity is preserved in w-valuation ¢ when discarding the car-
ries. O

From the latter lemma, if H is a w-homogeneous polynomial of w-val-
uation ¢, then it makes sense to define the multiplicity m of any z € K,
of H, written mult(z, H), as the largest integer m such that H rewrites
into [(x — 2)™ Q(z)]i v, where Q € K|z] is a w-homogeneous polynomial of
w-valuation ¢ —mw.

Lemma 6. If H € K[x] is a nonzero w-homogeneous polynomial of w-val-
uation t, then the following inequality holds:

Z mult(z, H) < deg H.

2€Kw, H(2)€0i41
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Proof. Let z € K, be of multiplicity m in H, and let @ € K[x] be as
above. If y € K, is a distinct root of H to precision ¢ + 1, then we have
that

mu(y —z)+v(Q(y)) =i+ 1.

It follows that v(Q(y)) =i —mw+ 1, hence that y is a root of @ to preci-
sion ¢ —mw + 1. By a straightforward induction, we deduce that if zy, ...,
zs are the roots of H in K, to precision ¢ + 1 then H factors into [(z —
21)™ s (= 25)™ G(2)]i,w, where G is a w-homogeneous polynomial of w-
valuation i — w (my + -+ +mg), whence the claimed inequality. O

2.2 Representation of the set of roots

In this subsection we deal with the representation of sets of truncated
roots.

Lemma 7. Let F be a nonzero polynomial in Klx] of (w — 1)-valuation i,
let m:=mult(0, [F]; w—1), and let j:=vy(F). Then we have i < j <i+m,
and deg [F;w < j—i<m. In addition, deg [F; » =m holds if, and only
if, 7 = i + m. In this case the leading coefficients of [Fliw—1 and
of [Fljw coincide.

Proof. From the assumptions we can express F as F(z) = 2™ Q(x) +
H(z), where @ € K[z] is a (w — 1)-homogeneous polynomial of (w — 1)-
valuation ¢ —m (w — 1), such that Q(0)# 0, and where H € K|[z] is a poly-
nomial of (w — 1)-valuation at least i + 1. We see that F has a term a z™
with v(a) =i —m (w — 1) and [a]; —pmw—1) = Q(0). It follows that the w-
valuation j of F'is at most i — m (w — 1) + m w =i + m. On the other
hand, since a term of degree k > j — i + 1 in F has (w — 1)-valuation at
least i, it contributes to w-valuation at least ¢ + k > j + 1. Therefore, no
monomial of degree at least j —i+1 of F' contributes to [F]; ..

If deg [F]; .« =m, then it is clear that j —i=m. Conversely, if j —i =
m then [F]; ., has the term [a];_,(w—1) 2™, hence has degree m. O

Although the next lemma is elementary, it constitutes the cornerstone
of the solver presented in the next subsection.

Lemma 8. Let F be a nonzero polynomial in Kl[z] of w-valuation j.
Then a € K is a root of valuation at least w of F to precision n if, and
only if, [F|; w([alw) vanishes to precision j + 1 and a — [alw s a root of
valuation at least w+1 of F([a],+ ) to precision n.

Proposition 9. If F is a polynomial in Oglx] of w-valuation j < n — 1,
then its set of roots in K of valuation at least w >0 and to precision n can
be written as the disjoint union of at most deg [F|; w classes of the form
a+ O;.
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Proof. The proof is done by descending induction on w from n. If w>n
then the statement clearly holds since deg [F]; . becomes necessarily 0.
Let us now assume by induction that the proposition holds for valua-
tion w+ 1< n. Let z € Ky, be such that [F]; w(2) € Oj41, and let m, :=
mult(z, [F]j »). By Lemma 8 the number of classes of roots of F' with z
as initial term is the number of classes of roots of F'(z+ z) with valuation
at least w + 1 to precision n. If j, := vy+1(F (2 + )) > n, then there is
only one such class. Otherwise the induction hypothesis ensures us that
the number of classes is as most deg [F(z + x)];.,w+1, which is bounded
by m, by Lemma 7. The conclusion thus follows from Lemma 6. O

2.3 Naive local solver

We are to describe an algorithm derived from the proof of Proposition 9.
For computational purposes, we need to assume that there exists an algo-
rithm which computes the set of roots in K, of any w-homogeneous poly-
nomial H(x), together with their respective multiplicities.

Algorithm 1

Input. A polynomial F'€ Og[z], weN, ie N, meN, c€ K;_(y—_1)m, and
n €N, such that i =v,_1(F) <n —1, m=mult(0, [F; w—1) =1, and ¢
is the coefficient of degree m in [F; w—1.

Output. A set of at most m disjoint classes representing the roots of F'
in K with valuation at least w and to precision n.

1. a. Search for the first nonzero w-homogeneous component H of F
taken modulo 2™, of w-valuation j, with i+1<j<min(i+m—1,n—
1).

If such a component does not exist then
If i+ m<n —1then set j =7+ m and use ¢ to construct H =
[F;,w, otherwise return {Oy, }.

b. If H has degree 0 then return {}.
2. Compute all the roots z1, ..., 25 in K, of H to precision j+ 1, together
with their respective multiplicities mq, ..., ms.
3. For each ein 1,...,s do
a. Compute F,:=F(z.+ x).

b. If me =m then let c.:= c. Otherwise set c. to the coefficient of
degree me in [Felj, -

c. Call Algorithm 1 recursively with entries Fe, w + 1, j, me, c,
and n, in order to obtain the set Z,i1,. representing the roots
of F, of valuation at least w+ 1 to precision n.

4. Return {z+2'|z € Zy, 2 € Zyy1,2}
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Proposition 10. Algorithm 1 works correctly as specified. In addition,
the polynomial H in step 2 of Algorithm |1 equals [F);. .

Proof. The algorithm exits at step 1.a with {O,} whenever v, (F) > n,
which is correct. It exits at step 1.b with the empty set whenever H is a
constant, which is also correct since H =[F); ., by Lemma 7.

Then the proof is done by descending induction on w. If w > n then
the algorithm necessarily exits at step 1. Let us now assume that the
proposition holds for w + 1 < n. By Lemma 7 again we have that H =
[Fj,w- In step 3.b, if me.=m, then Lemma 7 guarantees that c is actually
the coefficient of degree m in [F; 4, and thus of [F¢];». Therefore the
correctness follows from Lemma 8. O

Example 11. Take R = Q[[t]]. The trace of Algorithm 1 with input
F@)=23—(1+t)2?+t3, w=0,i=-3, m=3, c=1, and n=4 is the fol-
lowing:

1. j=0and H(z)=23— 2>
2.21=0,m1=2, 29=1, mgo=1.
3. Algorithm 1 is called recursively with input F/(0+z)=23— (1 +t) 22+

3, w=1,i=0, m=2, c=—1, and n=4, and runs as follows:

1. j=2and H(x)=—z2

2. 21=0, m;=2.

3. Algorithm 1 is called recursively with input F(0 + z) = 2% — (1 +
t)a?+t3, w=2i=2 m=2, ¢c=—1, and n =4, and runs as fol-
lows:

1. j=3, H(x) =13, and the algorithm returns {}.

4. The algorithm returns {}.

Algorithm 1'is then called recursively with input F(1 +z) =23+ (2 —

Ha?+(1—-2t)x—t+t3, w=1,i=0, m=1, c=1, and n=4, and runs

as follows:

l.j=1land H(z)=z —1t.

2. z1=t, m=1.

3. Algorithm 1/ is called recursively with input F(1 + t + x) = 23 +
22+t 22+ (1 4+2t+tHax+t3, w=2,i=1, m=1,c=1,and n=
4, and runs as follows:

1. j=2and H(z)==.

2. 21=0, m=1.

3. Algorithm 1 is called recursively with input F(1+ ¢+ z) =23 +
21 +t) 22+ (1 +2t+ )+, w=3,i=2,m=1,c=1,
and n =4, and runs as follows:

1. j=3 and H(z)=z+t>.
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2. z21= —t3, my=1.
3. Algorithm 1 is called recursively with input F(1 + ¢ — 3 +
) =22+ (2+2t -3 22+ (1 +2t+t2—43 —4t* +
3t — 2t — 54+ 2542171 w=4,i=3,c=1,and n=
4, and runs as follows:
1. The algorithm returns {Oq4}.
4. The algorithm returns {—t3+ O4}.
4. The algorithm returns {t — 3+ O4}.
4. The algorithm finally returns {1+t — 3+ Oy4}.

2.4 Cumulative cost of steps 1

In step 1 of Algorithm |1, we are interested in counting the cumulative
number of extractions of quasi-homogeneous components, and zero tests
performed in each graduated component of K. For this purpose we intro-
duce the following subset T v —1,m of N2

Tiw-1m:={(k,)eN?k<m—1land I<n—1and (w—1)k+1>i+1}.

For any subset S of N2, we write |S| for its cardinality, and [S], for S N
(N x {v}). Roughly speaking, the following lemma ensures us that the
cumulative cost of steps 1 of Algorithm 1 is essentially optimal, whenever
an element a € Oy to precision n is represented as a vector in Ky X -+ X
anlt

Lemma 12. For all v € {0, ..., n — 1}, the cumulative number of extrac-
tions of homogeneous components of wvaluation v and the cumulative
number of zero tests in each K, in all steps 1 of Algorithm 1 is at most
|[E,w—1,m]v| < m.

Proof. The proof is done by descending induction on w from n down
to 0. If w > n then step 1.a extracts all the components of valuation [ of
the constant coefficient of F, for I > ¢ + 1. The statement therefore holds
in this case since m > 1.

Assume that the lemma holds for w + 1 < n. We introduce the auxil-
iary subset of N2
So = {(k,)eN?)k<m—1landi<n-—landi+1<(w—1)k+1and
wk+1<5}.

In step 1 of Algorithm 1 only the components of valuation ! of the coeffi-
cients of x* for (k,l) in Sp need to be examined.
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Let M. := mj + --- + me—_1, with the usual convention that M; := 0.
Then, each recursive call for F/(z.+ ) in step 3 amounts to at most |[Se]y|
component extractions and zero tests in K, where

Se:=(Me,0)+ T w,m,, for all e€ {1,...,s}.

Notice that Se C T 4 —1,m holds for all e > 0 by using Lemma 7. On the
other hand the S. are pairwise disjoint. Therefore we obtain that
ZZ:O [[Selvl < |[Tiw—1,m]v|, which concludes the proof. O

2.5 Cumulative cost of steps 2

The following proposition concerns the sum of the degrees of all the poly-
nomials H occurring during the execution of Algorithm 1.

Lemma 13. The sum of the degrees of all the polynomials H occurring
during the ezecution of all steps 2 of Algorithm |1 does not exceed
mmax (0,n —w).

Proof. The proof is done by descending induction on w from n down to
0. If w > n then the statement is true since Algorithm 1 exits at step 1.
Let us now assume by induction that the lemma holds for w + 1 < n. By
Lemma 7, each recursive call in step 3 performs root-finding of polyno-
mials whose degree sum does not exceed m. (n — (w + 1)). The conclusion
thus follows thanks to Lemma 6 as follows:

m+z m—(w+1)me = (n—w)ym—(n—(w+1)) (mz me>

< (n—w)m.

O

2.6 Cumulative cost of steps 3

Let A be any ring. The shift of a polynomial F € A[z] at a point a € A is
the computation of F(a + ). We write Sa(d) for a bound on the cost of
the shift in degree d for F' € A[z] in terms of the number of arithmetic
operations in A. We assume that Sa(d)/d is increasing and that S(m d) <
m? S(d) holds for all positive integers m and d. For the sake of complete-
ness, we briefly recall a classical complexity bound:

Lemma 14. Let A be a commutative ring with unity, let F € Alz] be a
polynomial of degree d, and let a € A. Then the computation of the shifted
polynomial F(a+x) can be done with O(M(d)log d) operations in A.
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Proof. We apply the classical divide-and-conquer paradigm. Without
loss of generality we can assume that d is a power of 2. We rewrite F(x)
into Fy(z) 4+ 2%? Fy(x), with Fy, F} € Afz] of degree at most d/2, so that
we have F(a+ z) = Fyla + ) + (a + 2)¥? Fi(a + z). First we compute all
the successive powers (a + )2, (a + )%, ..., (a + 2)¥?, which amounts to
O(M(d)) operations in A. Then, the result classically follows from solving
the recurrence Sa(d) € 2 Si(d/2) + O(M(d/2)), and with using the
assumptions on M. O

Remark 15. Let us mention that the shifted polynomial can be com-
puted faster in some situations. For instance, if 2, 3, ..., d are invertible
in A, and if their respective inverses are given, then one has Sa(d) €
O(M(d)) by [10, Chapter 1, Section 2|. For situations in positive charac-
teristic where the shift can be done within O(M(d)), we refer the reader
to [11, Proposition 5].

Lemma 16. Algorithm 1 performs at most m max (0, n — w) shifts in
Oplx] to precision n.

Proof. The proof is done by descending induction on w from n down to
0. If w > n then no shift is performed, so the lemma is true. Let us
assume that the lemma holds for w + 1 < n. The combination of
Lemmas 6 and 7 tells us that the cumulative number of the shifts spent
by Algorithm 1 in all steps 3 is at most

s+z(nf(erl))meg(n—w)erszmeg(nfw)m. O

e=1

For steps 3.b we proceed as for steps 1. We introduce the following
subset T} ,, 1 m of N%

T! w—1m:={(k,)eN?[1<k<mand I<n—1and (w—1)k+1>i+1}.

The following lemma ensures us that the cumulative cost of steps 3.b of
Algorithm 1 is essentially optimal, whenever an element a € Og to preci-
sion n is represented as a vector in Ko X --- X K, _1:

Lemma 17. For all v € {0, ..., n — 1}, the cumulative number of extrac-
tions of homogeneous components of wvaluation v and the cumulative
number of zero tests in each K, in all steps 3.b of Algorithm 1 are at
most |[T w—1,mlo| <m.

Proof. The proof is done by descending induction on w from n down
to 0. If w = n then the lemma clearly holds since the algorithm exits in
step 1. Assume that the lemma holds for w + 1 < n, and let M, :=
my+ -+ me, for e € {1,...,s}. If e=1 and my =m then we set S;:={},
otherwise we set S}:={(M,,j —wme)le=1,...,s}. In step 3.b, when e+ 1
or mi # m then we associate the component of valuation j — w m, of the
coefficient of z™¢ to the point (M., j —wm,) in S).
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Then each recursive call for F'(z. + z) in step 3.c amounts to |[S],]

component extractions and zero tests in K,, where S, := (Mg—1, 0) +
T w.m., for all e € {1, ..., s}. Finally notice that S. C T} ,,_1,,, holds for
all >0 and that all the S, are pairwise disjoint. O

2.7 Cumulative cost of steps 4

Lemma 18. The cumulative number of additions of an element of K, to
an element of Ky41 X -+ X Ky_1 performed in all steps 4 of Algorithm 1
is 0 for v<w—1 and at most m for v=w.

Proof. We prove the lemma by descending induction on w from n down
to 0. If w > n then the lemma is true since step 4 is not reached. Let us
now assume by induction that the lemma holds for w +1<n. If j>n or
if H is a constant then step 4 is not executed. Otherwise by induction
and Lemmas 6 and 7, all the recursive calls to Algorithm 1 in step 3
amounts to at most m additions of an element of K, to an element of
Kyy1 X+ x Kp—1if v2w+ 1 and 0 otherwise. Then step 4 performs at
most m additions of an element of K, to an element of K,4+1 X -+ X
K, _1, which concludes the proof. O

2.8 Total cost of Algorithm 1

We assume that s has either characteristic zero, or admits an algorithm
that, for any k € N, detects if a given element is a p*th power or not, and
returns its p*th root if it exists. We call this task an iterated pth root
extraction. Let us recall that the separable decomposition of a primitive
univariate non-constant polynomial G with coefficients in a unique factor-
ization domain A is the decomposition of G into a product G(z) =
1., Gi(z%)*i, where

i=1
e the G, € Alz] are primitive, separable, and have positive degrees,
e the G;(z%) are pairwise coprime,

e ¢; is a power of p if p >0, otherwise ¢; =1,

e 1; is not divisible by p, and the (g¢;, p;) are pairwise distinct.

The quantity Y ;_, deg G is called the separable degree of G and is
denoted by sdeg G. Let us recall that the separable decomposition always
exits and is unique up to permutation of the factors and units in A (see
for instance [34, Proposition 4]). It coincides to the squarefree decomposi-
tion if A has characteristic 0.



Polynomial root finding over local rings 15

From now on, for algorithmic purposes, any element a of R known to
precision n is supposed to be stored in dense representation, as the vector
([alo, [a]1, ---, [a]n—1). Any nonzero homogenous element ¢ of valuation v(c)
is stored as a vector (cg)cenr such that

c= Ce Tl tir,
e€EN",e1+--+er=v(c)

with all the ¢, in k. Recall that when R and x have different character-
istic then t, represents p. For such an element ¢, we write ¢ for the
expression

&= Z CetTr -t € K[t1, .oy tr—1],

e€EN" e1+--+e.=v(c)

obtained by substituting 1 for ¢, syntactically. If H(z) = sz:o Hyzlis a

w-homogeneous polynomial then we further set H(z):= Zfl:o H} !,

Theorem 19. For any polynomial F in R[x] of degree at most d given to
precision m, one can compute a set of at most d disjoint classes repre-
senting its set of roots in R to precision n with:

e computing primitive parts and separable decompositions of polynomials
in K[t1, ..., tr—1][z] of degrees at most d in x and total degrees at
most n—1 in t1,...,t.—1, and whose degree sum is at most nd,

e computing roots in K[t ..., t,—1] of at most n d primitive polynomials
of degrees 1 and total degrees at most n—1 in ty,...,t._1,

e computing Toots in K[t1, ..., tr—1] of separable polynomials in K[t1, ...,
ty—1)[x] of degrees at least 2 and at most d, of total degrees at most
n—11inty,.., tr_1, and whose degree sum is at most 2(d —1),

e extracting iterated pth roots of at most O(n d/p) elements in Klti, ...,
tT*1]7

e O(n d) shifts of polynomials in R[x] of degree at most d and to preci-
sion n, and

e an additional number of O(d) extractions of homogenous components
of valuation v, and zero tests in each Ry, for each v €{0,...,n —1}.

Proof. Firstly we claim that running Algorithm [1 with input F' € R[z]
and finding the only roots in R, instead of in K,, in step 2 actually leads
to the set of roots in R of valuation at least w and to precision n. We
leave the proof of this claim to the reader.

We enter this variant of Algorithm [1 with input F, w =0, i =v_1(F),
m =mult(0, [F];,—1), n, and the coefficient of degree m of [F]; _1. Deter-
mining the values of i and m takes no more than O(d) extractions of
homogenous components of valuation v, and zero tests of elements in each
R, for v € {0, ..., n — 1}. The cumulative costs of steps 1, 3.b and 4 of
Algorithm 1 also drop into O(d) such operations by Lemmas 12, [17,
and 18 respectively.
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Concerning step 2, we are looking for the roots z € Ry, to precision j +
1 of H(z). If H(2) €041 then H°(2*) =0 holds in &[ty, ..., t,_1][z] and 2°
is a polynomial of degree at most w. Conversely, if

y= D Yelf -ty € Rt sty ]
eeN"—1

has total degree at most w and is a root of H(z), then we define

Y= Z Ye Gt ) T T T T e Ry,
ecN"—1

so that H(y%) belongs to O;41. Therefore, step 2 can be decomposed into
the following tasks:

i. Compute the primitive part G of H” and the separable decomposi-
tion G(x)=[[;_, Gi(x%)" seen as in &[t1, ..., t,_1][z],
ii. Compute all the roots in k[t1, ..., tr—1] of all the latter G;(x),
iii. Extract the necessary g¢;th roots of the roots of G;(x) in order to
deduce the ones of G;(z%),
iv. Homogenize all the roots y found in iii with ¢,, in valuation w, into y°
as previously described.

The cumulative cost of tasks i and iii follows from Lemma 13. The cumu-
lative cost of root-finding in ii of polynomials of degree at least 2 follows
from Lemma 20 below. Finally the cumulative cost of the shifts in
steps 3.a is given in Lemma [16. O

If Gi, ..., G, are polynomials, then we call the quantity
o7 _, (sdeg Ge— 1) the sum of the separable degrees minus 1 of G, ..., G,.
Lemma 20. The sum of the separable degrees minus 1 of all the polyno-
mials G(x) of steps i in the proof of Theorem 19 is at most m — 1.

Proof. The proof is done by descending induction on w. If w > n then
the lemma is true since m > 1 and the algorithm exits in step 1. Let us
now assume that the lemma holds for w 4+ 1 < n. If the algorithm exits in
step 1 then the lemma is correct. Otherwise, we let mg represent the sepa-
rable degree of G(z). Each recursive call to Algorithm 1 in step 3 per-
forms root-finding of polynomials whose sum of the separable degrees
minus 1 does not exceed me — 1. The total sum of the separable degrees
minus 1 is at most

m071+2(m671) < mo—1+ Z (mult(y,G) —1)=
e=1 yER(t1, .. tr—1),G(y)=0
mo—1+deg G —myg
< degG—1.
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Finally Lemma 7 provides us with degG —1<m — 1. O

Corollary 21. Let K be a field, and let R be the power series ring IK[[¢]].
Then, for any polynomial F in R[z] of degree at most d and given to pre-
cision m, one can compute a set of at most d disjoint classes representing
its set of roots in R to precision n with:

e computing roots in K of separable polynomials in K[[z]] of degrees at
least 2, and whose degree sum is at most 2 (d—1),

e extracting iterated pth roots of at most O(nd/p) elements in K, and

e an additional number of O(n d M(n) M(d) log d) arithmetic operations
in K.

Proof. This is a corollary of Theorem [19. In fact, by [34, Proposition 5],
the cumulative cost of the separable factorizations amounts
to O(n M(d) log d) operations in K. Finally, the cumulative cost of the
shifts in steps 3.a is in O(ndM(n) M(d)logd) by Lemma 14| O

Corollary 22. Let K be a field of characteristic O and let R be the power
series ring K[[t]]. Then, for any polynomial F in R[x] of degree at most d
given to precision m, one can compute a set of at most d disjoint classes
representing its set of roots in R to precision n with:

e computing roots in K of separable polynomials in K[[z]] of degrees at
least 2, and whose degree sum is at most 2(d—1), and

e an additional number of O(ndM(n)M(d)) arithmetic operations in K.

Proof. This follows from the previous corollary, by means of Remark 15
that removes a factor of log d in the cost of the shifts. O

Corollary 23. Let R be the power series ring Fy[[t]] over the finite field
with ¢ = p* elements. Then, for any polynomial F in R[x] of degree at
most d given to precision m, one can compute a set of at most d disjoint
classes representing its set of roots in R to precision n with a randomized
algorithm that performs an expected number of

O((ndM(n) +log q) M(d)logd-i—anllog (q/p)>
operations in IF .

Proof. By [20, Corollary 14.16] and Corollary 21, the cumulative cost for
root-finding amounts to O(M(d)log dlog (d ¢)) operations in FFy,. O
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Let us now focus on the case when R is an unramified algebraic exten-
sion of degree k > 1 of the ring 7Z, of the p-adic integers. The ring R/m"
is in fact the Galois ring, previously written GR(p™, k), in Definition 1.
We consider that we are given a monic irreducible polynomial ¢ in Z,[z]
of degree k. Let a denote the image of z in R viewed as (Z/p" 7[z])/
(©(2)). Then, any a € R can be uniquely written as Zi:ol a; o with a; €
Z/p™ 7. We further assume that each a; is represented by its p-adic
expansion Z;:Ol a;,j p’, which is stored as the vector (a0, ..., @in—1)
in (Z/pZ)", and where each a; ; is in binary representation. It is classical
that the bit-cost for multiplying two elements in R/m™ falls in

O(nklog p) [20, Chapter 9].

Corollary 24. Let R be an unramified extension of Z, of degree k.
Then, for any given polynomial F in R[x] of degree at most d given to pre-
cision m, one can compute a set of at most d disjoint classes representing
its set of roots in R to precision n with a randomized algorithm that per-
forms an ezpected number of O((n?d + max (1, n/p) klog p) d klog p) bit-
operations.

Proof. This is again a corollary of Theorem 19/ In fact, by [34, Proposi-
tion 5], the cumulative cost of the primitive parts and separable factoriza-
tions amounts to O(n d) operations in IF,, where ¢ :=p*, which boils down
to O(n d k log p) bit-operations. By [20, Corollary 14.16], the cumulative
cost for root-finding amounts to O(M(d) log d log (d q)) operations in I,
whence O(d (k log p)?) bit-operations. The iterated root extractions take

O(anl log (q/p)) operations in Fy. Finally, the cumulative cost of the
shifts in steps 3.a is in O((nd)?klog p) by Lemma 14. O

Remark 25. One could decide to store each a; directly in binary repre-
sentation modulo p™: this does not change the latter asymptotic com-
plexity estimate because the change of basis can be computed in softly
linear time. In practice this does lightly increase the cost for extracting
homogeneous components, but we have shown that these extractions are
negligible compared to other operations. Let us mention here that recent
practical algorithms on p-adic integers can be found in [9].

3 Faster algorithm with splitting

In most situations, the bottleneck of Algorithm [1 resides in the shifts
applied on polynomials whose degrees never drop throughout the recursive
calls. In this section, we enhance the solver of the previous section by
adapting Hensel lifting in order to break the current polynomials into
smaller pieces throughout each recursive call.



Polynomial root finding over local rings 19
3.1 Quasi-homogenous Hensel lifting

For any real number a € R, we write [a] for the smallest integer greater
or equal to a. The quasi-homogeneous Hensel lifting algorithm for F' €
K[z] summarizes as follows:

Algorithm 2

Input. Polynomials F, Hy, Ha, and U in K[z], and integers w >0, j >0,
and [ > 1, such that:
e H; is monic of degree d;, and has w-valuation j; =wdjy,
e Hy has degree at most da := deg F' — dj, and w-valuation jo:= j —
jla
o [Flo. j+i,w=[Hi1 Hoo. j+i,w,
e the resultant Res(H, H2) has valuation d; jo=d; dow,
e U has degree at most d; — 1, w-valuation —ja, and U Ha = 1 holds
modulo H; and to w-precision [1/2].
Output. Hf, H3, and U* in K|z] such that:
— Hf is monic of degree di and [Hilo.._j,+1,w=[H1]o...j1+1,ws
— [Flo...j+21,0=[Hi H3]o... j+21,w,
— U* H3 =1 holds modulo Hf and to w-precision .

1. Compute U*:= (2 — HoU) U modulo H; and to w-precision — jo+ 1.
2. Compute Ap:=F — H; Hs to w-precision j+21.

3. Compute A;:=U* Ap modulo H; and w-precision j; + 21.

4. Set Hf to H1 + A4, and deduce H3:= F/HY to w-precision jo+21.

Algorithm 2 extends the classical Hensel lifting, which specifically con-
cerns the case w = j; = jo = 0 (we refer the reader for instance to [20,
Chapter 15, Section 4]).

Proposition 26. Algorithm 2 works correctly as specified. The polyno-
mial HY (resp. H3, U*) is uniquely determined to w-precision j1 + 21
(resp. ja+21, 1) with the conditions required in the output.

Proof. It is straightforward to check that U* Hy=2U Hy — (U H)?>=1 —
(1 — U H2)? =1 holds modulo H; and to w-precision I. Let A; denote an
unknown polynomial of w-valuation at least j1 + [, and let As denote
another unknown polynomial of w-valuation at least js + [. By expanding
the right-hand side of the equation F' = (Hy + A1) (Ha + As), we obtain
that

F—HiHy=Hy A1+ Hy Ay + Aq As.
Truncating the latter expression to w-precision j+ 21 leads to

[F— Hi Hajs1. j+20,0=[Ho A1+ H1 Do) jt1... j+21 w-
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By multiplying both hand sides of the latter equation by U* modulo Hji,
we deduce that:

[U*(F — Hy Ha) mod Hilj, 1.5, +21,0 = [Armod Hilj, +1...j,+21,0-

It follows that A exists and is uniquely determined to w-precision j; +
21. Therefore H7{ exists and is uniquely determined as H; + Ay. Then H3
is necessarily determined as F'/H{ truncated to w-precision ja+21. O

Example 27. Let R=7,[[t]], F(z) =2%— (p*+ )z + p* 2 + t°, w =2,
j=4,1=1, Hi(z)=x — p% and Ha(x) =2 —t% We have dy=dy =1, j1 =
jo = 2, and j = 4. The modular inverse U is 1/(p? — t?). We compute
Ap =15 then Ay =1t°/(p? —t?), and obtain Hi(z)=x — p? +t°/(p* — t?),
and deduce Hj(z) =z —t2—t°/(p>—t?).

Before calling several times Algorithm 2 in order to reach any finite w-
precision j + ! from w-precision j, one must compute the modular inverse
of Hy modulo Hj, and proceed as summarized in the next algorithm:

Algorithm 3

Input. Polynomials F', Hy, and Hs in K|[z], and integers w > 0, j > 0,
and n > 1, such that:
e H; is monic of degree di, and has w-valuation j; =wdjy,
e Hy has degree at most da := deg F' — dj, and w-valuation jo:= j —
jla
o [F]j,w=[H1Halj w,
e the resultant Res(H;, Hz) has valuation dj jo=d; dow.
Output. Hf, H3 in K|[z] such that:
— H7 is monic of degree dy and [H{];, = [H1lj;,ws
- [F]O.A.j—i-n,w = [Hik H;]O..j-{-n,uw

1. Compute the inverse U of Hs modulo H; in w-valuation — jo.
2. Let [:=1, U*:=U, Hf:= Hy, and H3:= Ho.
3. While [ <n do
a) Call Algorithm 2 with F', HY, H3 and U*, w, j, and [, and reassign
the output into Hi, H3 and U* respectively.
b) I:=min (21, n).
4. Return HY and H5.

Proposition 28. Algorithm 3 works properly as specified.

Proof. Since Res(Hi, Hs) has valuation d; ja, the valuation of the inverse
of Hy modulo H; as computed in step 1 is exactly —js. The rest of the
proof follows from Proposition 26. O
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Corollary 29. Let F, Hi, and Hs in Klz] be such that the following
conditions hold:

e Hj is monic of degree di, and has w-valuation j1=wdy,

o 5 has degree at most da:=deg F' — d;, and w-valuation jo:=j — j1,
o [Fljw=[H1 Ha]j,w,

o the resultant Res(Hi, H2) has valuation di jo.

Then there exist unique polynomials HY and H3 in K[z] such that:

— Hf is monic of degree d1, has w-valuation ji, and [Hi]j w=[Hilj,w,
— F—H} H;.

In addition, if F belongs to R[xz] then H3(z) HY also belongs to R[x], for
all z € Ry.

Proof. The existence of Hi and H3 immediately follows from Proposi-
tion 28 since K is complete. As for the last statement, let z € R, and
let m represents the multiplicity of z in Hf (m = 0 if z is not a root of
H}), let F(z):= F(z)/(z — 2)™ and let Hy (x):= Hi(z)/(z — 2)™. Since R
is factorial by [15, Theorem 18], Gauss’s lemma [33, Chapter IV, The-
orem 2.1] ensures us that F(z) Hy/Hj(z) belongs to R[z]. But the latter
expression precisely rewrites into H3(z) Hy, whence H3(z) Hf € Rlz]. O

Algorithm 2 takes O(M(deg F')) operations in K. A general cost anal-
ysis in terms of operations in & is difficult since it involves bounding sizes
of numerators and denominators of the elements in K used during the
intermediate computations. Concerning Algorithm 3, one must in addition
describe how the modular inverse of Hy modulo H; is actually obtained.
For these reasons, from now on we restrict to considering that the ele-
ments of R are represented as in Section 2.8. We focus on the important
case of dimension 1. Higher dimension is studied in Section 3.6.

Lemma 30. Assume that R has dimension r =1, and let F be a polyno-
mial in R[x] of degree at most d. Then Algorithm 3 can be run so that it
performs O(M(d) log d) operations in k, and O(M(d)) operations in R/m!,
for each value of I in the set {1,2,4,...,2 2> <n}u{n}.

Proof. The simplest way to implement Algorithm 3/in dimension 1 is to
compute F(z):=F(t¥x)/t!, Hy(x):= H,(t¥ x)/t)*, Hy:= Hy(t¥ z)/t7*, and
U:=U(t¥z)/t 7 and call Algorithm 3 with input F, Hi, Ho, w =0, j =
0, and n. Step 1 can thus be performed by computing an extended g.c.d.
between H; and Hy modulo t,, which takes O(M(d) log d) operations in &
by [20, Corollary 11.8]. Then each call to Algorithm 2 can be performed
with O(M(d)) operations in R to precision . Of course at the end we
recover Hi as Hy (z/t¥)t7* and H3 as Ho (z/t¥) t7. O



22 BERTHOMIEU, LECERF, QUINTIN

3.2 Quasi-homogeneous multifactor Hensel lifting

In this subsection we appeal to the classical divide and conquer paradigm
in order to lift any factorization of F'into s factors in an efficient way.

Algorithm 4

Input. Polynomials F, Hy, ..., Hs41 in K[z] and integers w > 0, j > 0,
n 2> 1, such that:
o for all k€ {1,..., s}, Hy is monic of degree dy =deg Hy, has w-valu-
ation jx =w dg,
e H..; has degree at most ds41:=deg F' — dy — --- — ds, and has w-
valuation jsy1:=J —J1— - — Js,
o [Fljw=[Hi Hspi]jw,
e For all ky # ko, the resultant Res(Hy,, Hg,) has valuation dg, jk,.
Output. Hf,...,H},, in K[z] such that:
—for all £ € {1, ..., s}, Hj is monic of degree di and [Hf]j,,w =
[HE] jy. w5
- [F]O.A.j—i-n,w = [Hik H:+1]OA..j+n,w~

1. If s=0 then return Hi:=F.

.Let h:=|(s+1)/2].

3. Compute Gy := Hy --- Hp, and Go:= Hp11 - Hsy1, g1:= j1+ - + jn,
and g2:= jp+1+ -+ Js+1.

4. Call Algorithm 3 with input F, G, G, w, g1 and n and let GT and G3
denote the output.

5. Call Algorithm 4/ recursively with G1, Hi, ..., Hp, w, g1, n, and let
HY, ..., H; be the output.

6. Call Algorithm 4 recursively with G5, Hp41, ..., Hs+1, w, g2, n, and let
Hj 4, ..., Hi 1 be the output.

[\

Proposition 31. Algorithm 4 works correctly as specified.
Proof. The proof follows from induction on s via Proposition [28. O
Lemma 32. Assume that R has dimension r =1, and let F be a polyno-
mial in R[x] of degree d. Then Algorithm |4 can run so that it per-
forms O(M(d) log d log s) operations in k, and O(M(d) log s) operations
in R/m!, for each value of I in {1,2,4,...,2 2" <n}U{n}.

Proof. The proof follows from induction on s via Lemma 30. O

3.8 Local solver with splitting

In order to decrease the cost of the shifts in Algorithm 1, we modify
step 3 as follows:
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Algorithm 5

Input. A polynomial F' € Og[z], w €N, i€ N, meN, c€ K;_(y_1)m and
n €N, such that i =v,_1(F) <n —1, m=mult(0, [F]; w—1) =1, and ¢
is the coefficient of degree m in [F; w—1.

Output. A set of at most m disjoint classes representing the roots of F'
in K with valuation at least w and to precision n.

1. a. Search for the first nonzero w-homogeneous component H of F
taken modulo ™, of w-valuation j, with i+ 1<j<min(i+m —1,n—
1).

If such a component does not exist then
If i+m < n—1then set j =14+ m and use ¢ to construct H =
[F];,w, otherwise return {Oy }.

b. If H has degree 0 then return {}.

2. Compute all the roots 21, ..., zs in K, of H to precision j + 1, together
with their respective multiplicities myq, ..., ms.

3. a. By means of Algorithm 4, compute the factorization of F' into
Hip [10_, HE, where [Helwm, w(®) = [( = 2¢)™wm.,w for e € {1, ...,

b. For each ein 1,...,5 do
i. If me=m then let c.:=¢, and F.:=F(z.+ x).
Otherwise compute h,:= Hj{:dc#e Hj(ze) and let F,:=he HZ (2 +
x), and ce:= [he]j—wme.

ii. Call Algorithm 5 recursively with entries Fe, w + 1, J, me, Ce
and n, in order to obtain the set Z,11 . representing the roots
of F, of valuation at least w+ 1 to precision n.

4. Return {z+ 2|z € Zy, 2" € Zyy11,2}-

Proposition 33. Algorithm 5 works correctly as specified.

Proof. The algorithm exits at step 1.a with {O,} whenever v,,(F) > n,
which is correct. It exits at step 1.b with the empty set whenever H is a
constant, which is also correct since H =[F); ., by Lemma 7.

Then the proof is done by descending induction on w. If w > n then
the algorithm necessarily exits at step 1. Let us now assume that the
proposition holds for w + 1 < n. By Lemma 7 again we have that H =
[Fj,w- In step 3.b, if m.=m, then Lemma 7 guarantees that c is actually
the coefficient of degree m in [F]; v, and thus of [F¢]; -

Assume that me # m. By construction, v(h.) = Zf#e v(Hj(ze +0)) =
J — w me, for all b € Oyy1. Therefore an element b € Oy41 is a root
of F(z.+ x) to precision n, if, and only if, b is a root of F, to precision n.
The correctness thus follows from Lemma 8. O
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Algorithm 5 behaves in the same way as Algorithm 1 regarding to the
nature of the recursive calls, to the intermediate values taken by w, 7, m,
¢, and to the successive outputs, as exemplified by running it on the input
considered in Example [11:

Example 34. With R = Q][[t]], here is the trace of Algorithm 5 with
input F(x)=a2%—(1+t)2?2+t3, w=0,i=-3, m=3, c=1, and n=4:

1. j=0and H(z)=23—22%

2.21=0,m1=2, 29=1, ma=1.

3. a. Hensel lifting is called with input F(z), Hi(z):= 22, Ha(z): =z — 1,
Hi(z):=1, w=0, =0 and n = 4. In return we obtain Hf(z) = 2% —
3z —t3and Hi(z) =2 —1—t+ 1t
b. Algorithm 1 is called recursively with input Fi(z) = (-1 — ¢ +
BYHi = (—1—t+t)2?+ 30 +t3, w=1,i=0,m=2, c=—1,and n=
4, and runs as follows:

1. j=2and H(x)=—22

2. 21=0 m=2.

3. Algorithm 1 is called recursively with input F1(0+z), w=2, i =2,
m=2, c=—1, and n=4, and runs as follows:
1. j=3, H(x) =13, and the algorithm returns {}.

4. The algorithm returns {}.

Algorithm 1 is then called recursively with input Fo = H3(1 4+ 2) =z —
t+t3, w=1,i=0, m=1, c=1, and n=4, and runs as follows:
1l.j=1and H(z)=z —t.
2. z1=t, m=1.
3. Algorithm 1 is called recursively with input Fy(t +2) =z + 3, w =
2,7=1,m=1, c=1, and n=4, and runs as follows:
1. j=2and H(z)=u=.
2. 21=0, m=1.
3. Algorithm 1 is called recursively with input Fa(t+ ), w=3, i=
2, m=1, ¢c=1, and n=4, and runs as follows:
1. j=3 and H(z)=x+1t3.
2. z21= —t3, my=1.
3. Algorithm 1 is called recursively with input Fa(t — 3+ x) =
z, w=4,1=3, c=1, and n=4, and runs as follows:
1. The algorithm returns {O4}.
4. The algorithm returns {—t3+ O4}.
4. The algorithm returns {t — >+ Oy4}.
4. The algorithm finally returns {1+t — 3+ Oy4}.
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3.4 Total cost of Algorithm |5

Within the same spirit as for Theorem (19, we summarize the cost of Algo-
rithm 5 as follows:

Theorem 35. For any polynomial F in R[x] of degree at most d given to
precision m, one can compute a set of at most d disjoint classes repre-
senting its set of roots in R to precision n with:

e computing primitive parts and separable decompositions of polynomials
in K[t1, ..., tr—1][x] of degrees at most d in x and total degrees at
most n—1 in t1,...,t.—1, and whose degree sum is at most nd,

e computing roots in K[ti, ..., tr_1] of at most n d primitive polynomials
of degrees 1 and total degrees at most n—1 in t1,..., 071,

e computing Toots in K[t1, ..., tr—1] of separable polynomials in K[t1, ...,
ty—1)[x] of degrees at least 2 and at most d, of total degrees at most
n—11nty,...,t,—1, and whose degree sum is at most 2(d—1),

e cxtracting iterated pth roots of at most O(n d/p) elements in kl[ty, ...,
tT*1]7

e multifactor Hensel lifting of polynomials in R[x] of degrees at most d,
whose degree sum is at most nd, and to precision n,

e O(nM(d)log?d) operations in R to precision n,

e shifts of polynomials in R[x] of degrees at most d, whose degree sum is
at most nd, and to precision n, and

e an additional number of O(d) extractions of homogenous components
of valuation v, and zero tests in each Ry, for each v€{0,...,n —1}.

Proof. As in the proof of Theorem 19, we claim that running Algo-
rithm 5 with input F' € R[z]| and finding the only roots in R,, instead of
in K, in step 2 actually leads to the set of roots in R of valuation at
least w and to precision n. This claim can be easily proved by induction
thanks to Corollary 29 that ensures that all the F. in step 3 actually
belong to R[x].

We enter this variant of Algorithm 5 with input F, w =0, i = v_1(F),
m = mult(0, [F];,—1), n, and the coefficient of degree m of [F]; —1. Deter-
mining the values of i and m takes no more than O(d) extractions of
homogenous components of valuation v, and zero tests of elements in each
R, for v € {0, ...,n — 1}. The computations performed in steps 1 and 4 of
Algorithms 1 and |5 are very similar: the successive quantities w, j and n
are the same. Therefore the cumulative costs of steps 1 and 4 drops
into O(d) extractions of homogenous components of valuation v, and zero
tests of elements in each R,, for v € {0,...,n —1}.



26 BERTHOMIEU, LECERF, QUINTIN

The polynomials H occurring in step 2 of Algorithm 5 are the same of
those of Algorithm [1. The cumulative cost of step 2 is thus the same as in
the proof of Theorem 19.

Steps 3.a perform multifactor Hensel lifting of polynomials of degree at
most m and whose degree sum does not exceed m n by Lemma [13. The
same analysis holds for the total cost of the shifts. Finally, the cost for
computing all the h. in steps 3 follows from Lemma 36/ below. O

Lemma 36. Let A be a commutative ring with unity, let Iy, ..., Fs be
non-constant polynomials in Alx] whose sum of degrees is at most d, and
let ay, ..., as be in A. Then the computation H;:l e Fy(ae) for e €

{1,...,s} can be done with O(M(d)log?d) operations in A.

Proof. In order to perform the computation we appeal to the classical
divide-and-conquer paradigm:

1. Let h:=|s/2]. We recursively compute Hl}zl e Fy(ae) for ee{1,...,
h} and then ]%_, ., e Frlac) forec{h+1,...s}.

2. We compute Gy := Fy - Fy, and Ga := Fp41 --- Fs with O(M(d) log s)
operations in A by [20, Lemma 10.4].

3. We compute Gi(apti1), ..., Gi(as) and Ga(a1), ..., Gao(ap) with
O(M(d)log d) operations in A by [20, Theorem 10.6].

s h .

4. We compute Hle,f#e Fy(ae) as Ga(ae) Hle,f#e Fy(ae) if e < h,

and as G1(a.) Hj‘:h-&-l e Ft(ae) otherwise.

The cost function E4(d) of this algorithm thus satisfies £a(d) €
Ea(deg G1) + Ea(deg G2) + OM(d) log d). We deduce that £4(d) €
O(M(d)log?d). O

As for Algorithm 1, we focus on the case of dimension 1. Remark that
in dimension 1 the computation of the h. in step 3 of Algorithm 5 can be
discarded. In fact it suffices to take h.:= ti_wme. The purpose of the h, is
only to ensure that the F. actually belong to R[z] whenever r > 2.

Corollary 37. Let K be a field, and let R be the power series ring K[[t]].
Then, for any polynomial F in R[x] of degree at most d and given to pre-
cision m, one can compute a set of at most d disjoint classes representing
its set of roots in R to precision n with:

e computing roots in K of separable polynomials in K[[z]] of degrees at
least 2, and whose degree sum is at most 2(d—1),

e cxtracting iterated pth roots of at most O(nd/p) elements in K, and

e an additional number of O(n M(n) M(d) log d) arithmetic operations
in K.



Polynomial root finding over local rings 27

Proof. This is a corollary of Theorem 35. By [34, Proposition 5|, the
cumulative cost of the separable factorizations amounts to O(n M(d) log d)
operations in IK. The cumulative cost of the shifts in steps 3 is in
O(n M(n) M(d) log d) by Lemma [14. Finally, the cumulative cost of the
Hensel liftings in steps 3 is also in O(n M(n) M(d) log d) by Lemma 30. O

Corollary 38. Let IK be a field of characteristic O and let R be the power
series ring K[[t]]. Then, for any polynomial F in R[x] of degree at most d
given to precision m, one can compute a set of at most d disjoint classes
representing its set of roots in R to precision n with:

e computing roots in IK of separable polynomials whose degree sum is at
most 2(d—1), and

e an additional number of O(n M(n) M(d) log d) arithmetic operations
in K.

Proof. This follows directly from the previous corollary. O

Corollary 39. Let R be the power series ring F4[[t] over the finite field
with ¢ = p* elements. Then, for any polynomial F in R[x] of degree at
most d given to precision n, one can compute a set of at most d disjoint
classes representing its set of roots in R to precision m with a randomized
algorithm that performs an expected number of

O((nl\/l(n) +log (dg)) M(d) log d+ n % log (q/p)>
operations in IF.

Proof. By [20, Corollary 14.16] and Corollary 37, the cumulative cost for
root-finding amounts to O(M(d)log dlog (d ¢)) operations in FFy,. O

Corollary 40. Let R be an unramified extension of Z, of degree k.
Then, for any given polynomial F in R[x] of degree at most d given to pre-
cision m, one can compute a set of at most d disjoint classes representing
its set of roots in R to precision n with a randomized algorithm that per-
forms an ezpected number of O((n+ klog p) ndklog p) bit-operations.

Proof. This is again a corollary of Theorem 35/ In fact, by [34, Proposi-
tion 5], the cumulative cost of the primitive parts and separable factoriza-
tions amounts to O(n d) operations in IF,, where ¢:= p”*, which boils down
to O(n d k log p) bit-operations. By [20, Corollary 14.16], the cumulative
cost for root-finding amounts to O(M(d) log d log (d q)) operations in I,
whence O(d (k log p)?) bit-operations. The iterated root extractions

take O(ani log (q/p)) operations in IFy. Finally, the cumulative cost of
the shifts and Hensel liftings in steps 3 is in O (n?d klog p). O
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3.5 Implementation and timings

In this subsection we compare the performances of Algorithms 1 and 5 for
computing all the roots of polynomials F' in Z/p" 7Z, where p := 73. The
family of polynomials F' we have taken depends on the parameter d for
the degree, n for the precision, and s for the number of roots. In fact F'is
built as the product of s random monic linear factors times a random
polynomial of degree d — s.

Our implementation uses the C++ library of MATHEMAGIX [26]. It is
freely available in the QUINTIX package from the SVN server of MATH-
EMAGIX at http://gforge.inria.fr/projects/mmx/. For the present exam-
ples, the root finding for Z/p Z[z] uses a naive exhaustive search, which
turns out to be very fast whenever p is sufficiently small. Product of poly-
nomials in Z/p™ Z[x] is performed wvia the Kronecker substitution [20,
Chapter 8, Section 4] which reduces to multiplying large integers with
Gwmp [22]. For all the timings we used one core of an Intel(R) Xeon(R)
CPU E5520 at 2.27 GHz with 72 Gb of memory, and display timings in
milliseconds.

In Tables 1/and 3 we report on the time spent by Algorithm 1 for var-
ious values of d, n and s. Tables 2 and 4 concern the same computations
but performed by Algorithm [5. As expected performances of Algorithm 1
behave roughly quadratically in d, while the ones of Algorithm 5 are
roughly linear in d, hence much higher. In these computations we could
observe that most of the time of Algorithm 1 is spent in the shifts, while
most of the time of Algorithm 5/is spent in Hensel lifting.

d 20 [40[80[160[ 320 | 640 [1280
s:=|d/2] | 4]17 78380 1623|5802 | 8527

si=|Vd|| 2| 5[17| 65| 242| 8783290

Table 1. Algorithm [1 with R=7/73"7Z, and n=10.

d 2040 [80 [ 160 [ 320 [ 640 | 1280
s:=|dj2] | 4] 8|18 38| 82[178] 373

si=|Vd|| 2| 3| 6| 12| 24| 55| 113

Table 2. Algorithm 5 with R=7/73"7Z, and n=10.

d 20 | 40 80 160 320 640 1280
s:=|d/2] [409 | 2191 | 12212 | 68944 | 358565 | 2120061 | 10754404

si=|Vd||166| 671 | 2512|10635| 42700 | 175846 | 657423

Table 3. Algorithm 1/ with R=7/73"Z, and n=100.
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d 20 | 40 | 80 | 160 | 320 | 640 | 1280
s:=|d/2] | 229 | 474|984 | 2085 | 4431|9615 | 21135

[ Vd]| 95151 |228| 390| 676 |1346| 2616

S

Table 4. Algorithm 5 with R=7%/73"7Z, and n=100.

3.6 Cost analysis in higher dimension

When R has dimension 7 > 2, the naive algorithm has the advantage to
operate directly in R, while Algorithm 5 needs to perform divisions in K,
which has the drawback to cause an expression swell in the lifting stage.
In this subsection we propose a probabilistic approach to avoid this
expression swell.

If a=(ai,...,a,_1) is a point in x" !, then we write 7, for the homo-
morphism from R into R that sends t; to (a; + ;) t, for all i € {1, ..., r —
1}. If H(z) = 27:0 H, 2! is a polynomial in R[z] then we further
set 7o(H)(z) := 27:0 7o(H;) . Remark that the image of an homoge-
neous element c= ZeeNT,e1+-~~+eT:u(c) Cetit -t in R by 7, is

’ra(c): Z Co (a1+t1)€1,..(aﬂrilJ’,tril)ET—lt:(c).
e€EN",e14+er=v(c)

Therefore ¢ can be recovered from its value 7,(c) if the latter is known to
precision v(¢) + 1 in t, and modulo (t1, ..., t,—1)"@*1. More generally, if ¢
is any element of R, and if we are given 7,(c) to precision [ + 1 in ¢, and
modulo (t1,...,t,_1)!*, then we can recover ¢ modulo (t1, ...,tr)”(c)H.
Following the discussion on R at the beginning of this article (based
on [15, Theorem 15]), if R is the power series ring &[[t1, ..., t,]] then we let

5= Quot (R/(r)) ®nffe,) B = w((t1, s 82)) [[t4]]-

Otherwise, if R= D|[t1,...,t,—1]], where D is a complete discrete valuation
ring with maximal ideal generated by p = t, and residue field x = D/(p),
then we let

S:=Quot(R/(p)) ®p R=D((t1, ..., tr—1)).

In both cases, S is a complete commutative Noetherian unramified regular
local domain of dimension 1 with maximal ideal n= (¢,). We can therefore
apply our algorithms in S instead of R as follows:

Lemma 41. For any input of Algorithm 3, there exists a nonzero polyno-
mial A in K[x1, ..., Tr—1] of degree di jo = w dy da such that, for any
point (ai, ..., ar—1) € k"1 satisfying A(ay, ..., ar—1) # 0, Algorithm |3 can
run on To(F), To(H1), To(H2) seen as in S[x], w, j, and n, and returns
To(H1), Ta(H3).
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Proof. From the assumptions, p := [Res(H1, H2)lq,;, is nonzero. On the
one hand, from the specialization property of the resultant, [74(p)]d,j»
equals [Res(7.(H1), Ta(H2))]d,j,- On the other hand, if

p= > petit Lo,

e€N",e1+-+er.=dij2

ro1ydij
then [7a(p)]dijo =2 enr.eyfotomdyj Pe 0L " a," 7. We thus let

N el €r—1
A2y, ., @p1) = E Pe Tt
eeEN" e+ +er=dyj2

If A(aq, ..., ar—1) # 0 then 74(F), 7.(H1), To(H2), w, j and n satisfy the
requirements of Algorithm 3. O

Lemma 42. For any input of Algorithm 4, there exists a nonzero polyno-
mial A in K[21, ..., xr_1] of degree at most wdeg (F)%/2 such that, for any
point (a1, ..., ar—1) € k"1 satisfying A(ay, ..., ar_1) # 0, Algorithm |4 can
run on To(F), To(H1), ..., Ta(Hst1), seen as in S|, w, j, and n, and
returns To(HY), ..., Ta(Hi41).

Proof. Let A; ; be the polynomial A of Lemma 41 applied to H; H;, H;,
H;, for i < j. By the multiplicativity of the resultant it suffices to take
A:=]];.; Aij. The degree of Ais w}_,_ . didj according to the nota-
tion of Algorithm 4. The latter sum is bounded by w deg (F)?/2. O

In order to apply Algorithm 5, it suffices to pick up at random a point
(a1, ..., ar—1) € k"~ 1, then perform the Hensel lifting to precision n in ¢,
and modulo (t1, ..., t,—1)", compute 74(Fe), and finally recover F. in R[z]
since it actually belongs to R[z]. In this way, if s has sufficiently many
elements, then Algorithm 5 behaves efficiently in high dimension with a
high probability of success.

4 Application to error correcting codes

Let E be an unramified extension of Z, of degree k so that E/(p") is the
Galois ring GR(p"™, k) of Definition 1, and let ¢:= p*.

4.1 Algorithm

Let F be a polynomial in E[t][x] of degree at most d in  and degree at
most d; in t. We are interested in computing all the roots of F in E[t] of
degree at most a given integer !, and modulo p™.
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Algorithm 6

Input. A polynomial F € E[t][z] of degree at most d in z and d; in ¢, and
two nonnegative integers n and [.

Output. A set of at most d disjoint classes representing the roots of F'
in E[t] of degree at most ! modulo p™

1. Compute an irreducible polynomial ¢(t) € F[t] of degree e=d 1+ d;+
1.

2. Call Algorithm 1 or 5 with R := E[t]/(¢(t)), and F seen in R[z] of
degree at most d, in order to obtain a set Z of at most d disjoint
classes of the roots.

3. Return the elements of Z of degree at most [ in .

Proposition 43. Algorithm 6 works correctly, and takes:

e an expected number of O((n?d + max (1,n/p) e klog p) d e klog p) bit-
operations when using the naive solver derived from Algorithm 1, or

e an expected number of ON((n2 + neklog p)deklog p) bit-operations
when using the naive solver derived from Algorithm |5.

Proof. A polynomial z(t) is a root of F of degree at most [ modulo p™ if,
and only if, it is a root of F seen in E[t]/(¢(t)) modulo p", since F(z(t))
has degree at most d!+ d;. }

Step 1 can be done with an expected number of O(e?log ¢) operations
in F by [20, Corollary 14.43]. The cost of step 2 then follows from Corol-
lary 24 (resp. from Corollary 40) when using Algorithm 1 (resp. using
Algorithm 5). O

4.2 Experiments

We have implemented finite fields in the C++ package of MATHEMAGIX
called FINITEFIELDZ. Several representations and algorithms are available,
including products wia lookup tables for small fields, a wrapper of the
MPFQ library [21] for specific fields, and a generic implementation as quo-
tient ring for larger fields. We have also implemented Galois rings in the
aforementioned QUINTIX package, in a way very similar to finite fields.
Root finding can be performed either by an exhaustive search or wvia
Berlekamp or Cantor-Zassenhaus based algorithms (see for instance [20,
Chapter 14]).

Algorithm 6/ is available in the QUINTIX package. In order to test it, we
built input polynomials from real examples by using Sudan’s interpolation
algorithm for Reed-Solomon codes over Galois rings [41, Lemma 4]. This
interpolation relies merely on linear algebra over Galois rings as described
in [2, 3]. In Tables 5/ and 6 we display the performances of Algorithm 6/ for
various length of the code. Timings are measured in milliseconds in the
same conditions as in Section 3.5, and we compare the relative perfor-
mances of Algorithms 1 and 5.
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Length of the code 100 200 250
Z/p'° 7 7Z/1031°7Z | 7 /2111° Z | Z./257'° Z
d 3 2 2
dy 29 116 83
l 9 49 59
e 57 215 202
Algorithm 1 in step 2 (ms) 785 5492 3509
Algorithm 5 in step 2 (ms) 1068 10298 14978

Table 5. Algorithm 6/ for Reed-Solomon codes over Z/p'°Z.

Length of the code 100 200 250
7/ p'° 7 7/103'907Z | Z./211'° Z | Z./257'°° 7.
d 3 2 2
d; 29 116 83
l 9 49 59
e 57 215 202
Algorithm 1 in step 2 (ms) 675 11421 6134
Algorithm 5 in step 2 (ms) 2046 9942 10861

Table 6. Algorithm 6/ for Reed-Solomon codes over Z/p'® 7.

Notice that the timings are somehow similar between precision 10 and
100. This is mainly because the interpolation step returns a polynomial
whose coefficients have valuations close to the precision. Moreover the
degrees in x being very small compared to the extension degree of the
Galois ring used by Algorithm 6/ in step 2, both Algorithms 1 and 5 spend
a lot of time in the root-finding algorithm over large finite fields.

In the latter examples, we can see that the degree d is rather small in
comparison to d¢. Heuristically, this fact could be related to [36, Proposi-
tion 12 page 9] which states that the probability of having more than one
codeword in a Hamming ball, whose radius corresponds to the Sudan
algorithm decoding radius, is close to zero. The degree d of F is related to
the number ¢ of codewords within the Hamming ball by ¢ < d. And, in
practice, we observe that d is close to 1 when ¢ =1 with probability close
to 1.

Of course one can construct received words such that the decoding
algorithm has to return a given number ¢ of codewords. Hence, by the
inequality ¢ < d, one can force the degree d to be at least a given positive
integer. Such a word can be built as follows. First denote by (7);..; the
vector (74, 7541, ..., 7;) for any vector r with coefficients in Z/p™ 7Z. Take d
codewords c¢i, ..., ¢4 such that (c¢1)1..k—d—1 (co)1k—d—1 = =
(cd)1.-k—d—1 where k is the rank of the code. Then compute A= |({ —k —
d)/d] where £ is the length of the code. Finally compute the word

((e1)1k—d—1; (C)k—dek—dtA; (C2)k—dtA+1k—d+2A; e

(Cd)k—d+(d—1)A~~k—d+dA)a

p
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and truncate p, if necessary, so that its length equals the length ¢ of the
code. Table 7 reports on timings obtained with this construction.

Length of the code 1400 1800 2000
7./p'° 7 7./1409'° 7 | 7./1811'° 7 | 7,/2003'° 7,
d 6 8 10
dt 43 50 45
l 9 9 9
e 98 123 136
Algorithm 1/in step 2 (ms) 19742 58414 145380
Algorithm 5/in step 2 (ms) 23818 70941 140828

Table 7. Algorithm |6 for Reed-Solomon codes over Z/p'°Z with a
forced degree d for the interpolation polynomial F.

Notice that Algorithm 5 starts to be interesting when the degree d is
at least 10 for codes with a very low rate. In this case the code rate is
smaller than 0.5%. Therefore the naive algorithm turns out to be suffi-
cient for practical applications whenever the code rate is close to 1.
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