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Abstract: This article is concerned with the modeling and convergence anal-
ysis of adaptive sequential Monte Carlo methods. These methods consist of an
interaction (or resampling) of a simulated particle system with respect to some
adaptive empirical criteria. We design a natural mean field particle interpre-
tation of these Feynman-Kac type stochastic models in excursion spaces. The
interaction times are computed on-line using empirical adaptive criteria, includ-
ing effective sample size and Boltzmann entropy criteria; this is typically done
in practice, however, there are very few convergence results in this instance.
We combine a non-linear distribution flow analysis with an original coupling
technique to obtain functional central limit theorems and uniform exponential
concentration estimates for these algorithms, yielding what seems to be the first
results of this type for this class of models. The original exponential concen-
tration theorems presented in this study also improves recently developed con-
centration estimates for mean field interpretations of Feynman-Kac distribution
flows models.
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Méthodes de Monte Carlo séquentielles et
adaptatives

Résumé : Cet article porte sur la modélisation et ’analyse de la convergence
de méthodes de Monte Carlo séquentielles et adaptatives. Ces techniques de sim-
ulation stochastiques sont fondées sur I’évolution aléatoire de systemes de par-
ticules en interaction et associées a des criteres d’adaptation. Nous présentons
des interprétations de ces algorithmes en termes d’approximation de type champ
moyen de flots de mesures de Feynman-Kac dans des espaces d’excursions. Les
instants d’interaction sont calculés en lignes selon des criteres d’adaptation em-
piriques tels des criteres de tailles de ré-échantillonnage effectives et des criteres
d’entropie relative de type Boltzmann. Ces stratégies d’adaptation empiriques
sont d’un usage courant en pratique souvent présentées comme de simples heuris-
tiques, sans aucun fondement mathématique rigoureux. Nous présentons de
nouvelles techniques d’analyse de type semi-groupe fondées sur des couplage de
processus a valeurs mesures. Cette analyse permet d’obtenir des théoremes de
la limite centrale fonctionnels et des résultats de concentration exponentielle
uniformes par rapport au parametre temporel. Notons enfin que ces travaux
sont les premieres études rigoureuses sur la concentration et les fluctuations de
ces classes d’algorithmes de simulation adaptatifs. Par ailleurs, les théoremes
de concentration exponentielle présentés dans cette étude améliorent de récents
travaux sur ce théemes dans le cadre des interprétations particulaires de flots de
mesures de Feynman-Kac.

Mots-clés : Méthodes de Monte Carlo séquentielles et adaptatives, for-
mules de Feynman-Kac, méthodes particulaires de type champ moyen, taille
d’échantillonnage effective, criteres adaptatifs fonctionnels.
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1 Introduction

Sequential Monte Carlo methods ([4},9]) are one of the most important stochastic
simulation algorithms and are extensively used in wide variety of applications in
statistics, engineering, physics, biology and finance. The algorithm consists of
the simulation, in parallel, of a collection of samples (or particles), sequentially in
time, in order to approximate integrals with respect to a marginal of a Feynman-
Kac formula. More details are given below.

One of the most critical aspects of the algorithm is termed resampling (or
selection) which, essentially, ‘resets’ the particle system. In this interaction
operation, new particles are sampled, with replacement from the current col-
lection, according to some law which allows consistent estimation; some details
are given in Section This is required to enable to algorithm to accurately
estimate integrals, but simultaneously, leads to a drawback in the algorithm:
resampling too often yields many similar particles, and poor estimation of the
integrals of interest. It is often the case, in many practical algorithms (e.g. [7]),
that the time at which interacting resampling occurs, is not deterministic; that
is, the operation occurs according to some judicious stochastic rule. Conversely,
the theoretical analysis of these algorithms is studied in the deterministic case
(see [§] for an exception) and it is the intention of this article to provide results
in the stochastic case. We remark, that the results are not restricted to the case
of resampling; many other elements of the algorithm can be adapted, and we
discuss this when relevant.

The approach adopted here is to use a coupling argument. We start with
an ‘ideal’ sequential Monte Carlo algorithm, that is, the algorithm resamples
(or adapts) at deterministic times, which are not explicitly known, but which
can be approximated. In effect, we show that the difference, in probability,
between the ideal sequential Monte Carlo algorithm and the one simulated in
practice (that is, approximating the adaptation times), is exponentially small.
This allows us to appeal to a variety of existing convergence results in [4].

To our knowledge, the article [8] seems the only existing reference on the
fluctuation analysis of adaptive sequential Monte Carlo models. Before we pro-
ceed, we provide a brief discussion on this work. In that article, the authors
establish a convergence result (Theorem 6), for adaptive resampling schedules.
However, their stochastic models applies in the context of state-space models
(although, it is stated that the frame-work can also apply more generally, that
is, for more general models), and only takes into account one of the adaptive
criteria considered here. The arguments used by the authors are somehow mis-
leading. Firstly, besides the fact that the resampling times are adaptive random
times the authors propose a singular inductive proof with respect to determin-
istic time periods. Secondly, they ‘implicitly’ avoid the degenerate situation
where the threshold parameters coincide with the limiting functional criteria.
Last but not least, the fluctuations of the sum of the weighted and the resam-
pled empirical approximations is deduced from the fluctuations of each separate
components without the use of any multivariate type central limit theorem.

Our coupling approach, as well as the generality of the results (models,
criteria), is an important development in the analysis of sequential Monte Carlo
methods. That is to say, the analysis technique is explicitly designed for adaptive
criteria and, as such, broadens the scope of the applications of the result, and
the understanding of adaptive criteria. For example, our approach tells us
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4 Del Moral, Doucet € Jasra

more about the finite sample (the algorithm simulated in practice) convergence
properties, in terms of the rates of convergence. In addition, the concentration
analysis developed in this paper allows us to deduce, without further work,
multivariate and functional central limit theorems, yielding what seems to be
the first results of this type for adaptive sequential Monte Carlo models. Lastly,
and for sequential Monte Carlo methods in general, we present new exponential
concentration estimates, including uniform estimates with respect to the time
parameter. These results allow us to calibrate the number of samples so as to
achieve a given precision with a given probability, uniformly with respect to the
time parameter.

1.1 Structure of the Article

The article has the following structure.

In section [2 we give details of the models that we will study , along
with the adaptive interpretation of these models and some adaptive criteria
(interaction or resampling times) this allows us to give our main result
£4).

In section [3] we review the basic construction of mean field particle models
in adaptive excursion spaces. It begins with a description of abstract Feynman-
Kac particle models (3.1)). Excursion space models are discussed in section
In section [3.5] we present a general class of adaptive criteria and we discuss
their regularity properties. In section [3.6] we design a Feynman-Kac functional
representation in excursion spaces. Section [4] is concerned with the functional
representation of the adaptive criteria introduced above.

In section [5] we design a mean field particle interpretation of the sequen-
tial Monte Carlo algorithm (that is as in [4]). In section we provide a
refined concentration analysis of the empirical adaptive criteria around their
limiting values. In a short introduction, section [5.2.1] we briefly review some
Feynman-Kac semigroup estimates derived in [4] and their connection with uni-
form convergence results for mean field particle models. Section [5.2.2] present
some preliminary L,,-mean error bounds estimates in terms of Feynman-Kac
type semigroups. This section also provide an estimate of the bias of the par-
ticle empirical measures. In section [5.2.3] we present and prove an original
exponential concentration theorem. This result improves the exponential esti-
mates presented in earlier studies, such as those presented in section 7.4.3 in [4].
In section we apply these results to estimate the concentration of particle
adaptive criteria around their limiting functional values. The mean field type
interpretation of the adaptive sequential Monte Carlo algorithm is provided in
section 5.4

The asymptotic analysis of this model as the number of samples tends to
infinity is discussed in section [6] In section we discuss the differences be-
tween the adaptive interaction times and their limiting values. In section [6.2]
we present a randomized adaptive criteria that allows to compare these resam-
pling periods, up to an event with an exponential small occurrence probability.
In section [7] we analyze the fluctuations of adaptive sequential Monte Carlo
methods.

INRIA
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2 The Main Result

2.1 Distribution models on path spaces

We now give some more substantiative discussion, but in order to do this, we
shall need to give our notations.

2.1.1 Some Notation

Let us briefly review some standard notation used in the present article. We
denote respectively by M(E), P(E), and By(E), the set of bounded and signed
measures, the subset of all probability measures on some measurable space
(E, &), and the Banach space of all bounded and measurable functions f on
E equipped with the uniform norm ||f|| = sup,cg |f(z)|. We also denote by
Oscy(E), the convex set of £-measurable functions f with oscillations osc(f) =
sup(, yyepz (@) — f(¥)I} < 1. We denote by u(f) = [ p(dz) f(x), the
Lebesgue integral of a function f € B(E), with respect to a measure p € M(E).
We slightly abuse the notation, and sometimes denote by p(A) = p(1la) the
measure of a measurable subset A € £. Recall that a bounded integral opera-
tor M from a measurable space F into an auxiliary measurable space F', is an
operator f — M(f) from By (F) into By(FE) such that the functions M (f)(z) =
Jr M(z,dy) f(y) are measurable and bounded, for any f € B(E). A bounded
integral operator M from a measurable space (E, £) into an auxiliary measurable
space (F,F) also generates a dual operator p — puM from M(FE) into M(F)
defined by (uM)(f) := p(M(f)). We also denote by (p+ q)q := (p+ ¢)!/p! the
number of one-to-one mappings, from the set {1,...,p} into {1,...,p+q}, and
we use the conventions (Y, [[5) = (0,1).

2.1.2 Distribution Models

Most of the research on Monte Carlo methods literature is centered around the
computation of mean value type integrals

V(f) ::/ f(z) G(x) pldr) =E(f(X) G(X))  and  n(f) =~(f)/7(1)

where X is a random variable with a prescribed distribution on some measurable
state space (E, &), G is a given non negative potential type function on E, and
f a given bounded measurable test function on E. If we can draw independent
copies (X%);>1 of the reference random variable, an approximation of the pair
of measures (v, 7n) can be obtained as

1
N

(3

W=

N N
X

G(X") 6x: and nV = sz()él(l@)

In the above display, §, stands for the Dirac measure at the point ¢ € E. In
practice, these rather crude approximations suffer from several problems. For
instance, let us suppose that G = 14 is the indicator function of a measurable
subset A C F with a very small y-probability mass u(A4) :=P(X € A) ~ 1077,
for some large parameter p > 1. In this situation, one may not be able to
find a sample variable X* within the set A, so that v = 0 and the measure
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n™ is not well defined. To overcome this difficulty, we often use importance

sampling techniques. This strategy consists in finding an auxiliary ‘twisted
probability measure’, say u’, such that p < p' with a well defined Radon-

Nikodym derivative 55” and to set

V(f) =E(f(X) G'(X")) =/ f(@) G'(x) p'(dx)  with G'(z) == G(z) C?75,(33)
In the above display, X’ stands for a random variable with distribution y’ on
E. This new model has exactly the same form as the one discussed above, so
that we can use the same Monte Carlo strategy, replacing the pair of parameters
(1, G) by (W, G").

Even if we have found a good ‘twisted distributions’ another important prob-
lem often arises. Namely, the Radon-Nikodym weighted derivative reflects the
relative differences between the desired reference measure and the importance
sampling one. These weight functionals are generally degenerate (also known
as weight degeneracy). For instance, let us suppose that the random variable X
represents the random path of an auxiliary sequence of random variables X/
and the potential functions G is a weighted product function of the whole path
sequence from the origin up to a given time horizon n:

X =(Xg,....X}) and GX)= [[ G,(x})
0<p<n

In the above display, G}, stands for an auxiliary potential function of the random
states X,. In this situation, the pair of measures (7,7) given below depend on
the time parameter, and they are given for every test function f,, on the path
space by the following Feynman-Kac integral representation formulae:

n
B(fn) = Wn(f) (1) With 4 (fa) = E (fn (X5, x0) ] G;,(X;)>
0<p<n
(2.1)
Once more, from the pure mathematical point of view, we emphasize that every
importance sampling change of measure of the type discussed above reduce to
the same type of Feynman-Kac model.

These probabilistic models and their mean field interacting particle interpre-
tations are one of the most active contact points between probability, Bayesian
statistics, theoretical chemistry, quantum physics, and engineering sciences, in-
cluding rare event analysis and advanced signal processing. For instance, in
signal processing, the chain X/ represents the signal process and the poten-
tial functions stands for the likelihood functions associated with some partial
and noisy observations. The corresponding measures 7, are versions of the
conditional distribution of the random paths of the signal, given a series of
observations. In particle physics, the law of a non absorbed random free evolu-
tion particle X/ evolving in a absorbing medium F,, associated with an energy
well V is given by a Feynman-Kac integral formulae with a Boltzmann-Gibbs
potential function G/, (X)) = exp (=8 V(X]))). For more details on these appli-
cation model areas and their connection with molecular simulation and particle
filtering technology, we refer the reader to chapter 12 in [4].

We emphasize that in most of the application areas discussed above, the
free evolution process X/ and the potential functions G/, are dictated by the

INRIA



Adaptive Sequential Monte Carlo Methods 7

physical or engineering problem at hand. In other instances, the choice of these
two parameters is more flexible. For instance, let us suppose that the target
measure is defined in terms of a Boltzmann-Gibbs mass transformation of a
reference ‘static’ measure A, with respect to some potential function g,, on some
measurable state space E; namely, these measures are defined by the following
formulae:

T (dz) = ¥, (N)(dzx) := () A(dx) with Z, := A(gn)

E;’gn
For instance, in combinatorial counting problems A often represents the uni-
form measure on a given finite set £ and g, = 14, the indicator function a
subset A,, C E. In global optimization problems, A may represent a reference
measure on a given state space F and g, = exp (—f£,V) a Boltzmann-Gibbs
factor associated with an inverse temperature parameter 0 and an energy type
non negative function V. The sampling of these Boltzmann-Gibbs measures is
one of the central problems in the Markov chain Monte Carlo community. The
literature is abounds with examples of Markov transitions M,, with a prescribed
invariant measure m,, = w,M/. For instance, Metropolis-Hastings transitions
often consist in sampling a local move, and to accept or reject the proposal
with an appropriate acceptance ratio so that the target measure m, is reversible
with respect to these local transitions. In this connection, we mention that the
standard and the rather well known simulated annealing algorithm consists in
finding judicious increasing schedule 3,, T with sufficiently slow variations to en-
sure that successive Metropolis-Hasting moves between these changes are close
to equilibrium. Another strategy, is to find a judicious series of multiplicative
potential functions, so that

(Gni1 =9gn x G, and 7, =7, M) = Tpi1 = Ve (70n) My, 44 (2.2)

Returning to the pair of examples discussed above, we can choose the exponen-
tial Boltzmann-Gibbs potential and respectively the indicator potential func-
tions defined by

G, =exp(—(Bn1 — Bn)V), and respectively G, =14,,, (2.3)

with an non decreasing inverse temperature parameter (3, and a non increasing
sequence of subsets A,,.

Using the Markov property and the multiplicative structure of the Feynman-
Kac measures , we can prove that the measures 7, given in coincide
with the n-th time marginals of the path measures defined in . That is, we
have that

n
mn(f) < E (f x,) 11 G;<X;>> and  A(gn) :=Mgo) x [ m (Gpir)
0<p<n 0<p<n

(2.4)
with the proportional sign . As we mentioned above, we underline that
these integral representation formulae are valid for any choice of the param-
eters (G, M) satisfying the pair of admissibility conditions presented in the
Lh.s. of . As a result, we can choose a different series of parameters at
every time step. As noticed by [I4], in the context of molecular simulation,
formula is also known as Jarzynski’s non equilibrium dynamic model [I0].

RR n° 0123456789



8 Del Moral, Doucet € Jasra

2.2 Adaptive sequential Monte Carlo

The literature on Monte Carlo computing is saturated with a variety of bio-
inspired stochastic algorithms for sampling according to the Feynman-Kac path
measures (2.1)) and computing the normalizing constants. These stochastic algo-
rithms are sometimes referred to as sequential Monte Carlo methods, population
Monte Carlo methods, or branching and interacting particle systems, diffusion
or quantum Monte Carlo methods. The central and natural idea is given below.

Firstly, we evolve a population of N individuals mimicking the free path
evolution of the reference Markov chain X/ . In a second stage, we kill individ-
uals with poor G’ -potential value, and we duplicate the ones with a relative
larger potential value. In this sense, we define a branching particle model with
a genealogical tree occupation measure that approximates the desired measures
as the precision parameter N tends to co. The theoretical foundations of
these classical models are rather well understood. From the pure mathemati-
cal point of view, they can be regarded as a mean field particle interpretation
model associated with a non-linear Feynman-Kac distribution flow models. The
interaction and branching rules are sampled at every time steps with an appro-
priate mean field selection transition that depends upon the current occupation
measure of the system.

In recent years, researchers have built new branching and interaction strate-
gies. The idea is to evolve the individuals up to some judicious time periods
that depend on given criteria that measure the quality of a series of path sam-
ples. These resampling type criteria often depend on the time behavior of the
cumulated weights of the free path particles. These new generation of tuning
parameters have several advantages:

1. In the context of the Feynman-Kac path integral measures , these
criteria can be used to design several online adaptive control strategies,
including potential weights variances, or entropy like distances between
the free evolution distribution and the weighted one.

2. In the context of Boltzmann-Gibbs measures (2.2)), they allow to define
adaptive temperature schedules or adaptive subsets restrictions strategies.
For instance, we can decide to change the temperature parameter at some
appropriate time periods. These time parameters and the next cooling
temperature may depend on the performance of the exploration of the
individuals in the energy landscape.

In terms of the latter point, some related investigations can be found in [I1].

2.2.1 Adaptive Framework

Roughly speaking, these new generations of adaptive stochastic sampling strate-
gies can be cast into the following recursion:

As for traditional models, the first central idea is to propagate forward a
series of N sample paths copies

vi<i<N o Y= (v (M vy )
1

INRIA



Adaptive Sequential Monte Carlo Methods 9

of the path valued random variables (X, ..., X/y) up to the first time ¢{' the
1

importance weight products

o<p<td

of the NV path samples become somehow degenerate; say, falling below a reason-
able threshold (note that this is only an example of an interaction time; some
additional examples are described in Section . Loosely speaking, at that
time tI¥ = t; the weighted occupation measures of the system

Ni
N Wy YY)

=

N
i=1 Z;\le Wo,tf’(:% J))

5y§N,i)

is an N-approximation measure of the updated target measure given by

M) =n(H)/MmA) with 3 =E|f(X5.... X)) [[ Guo(Xp)

0<p<t:

The precise analysis of these approximations is one of the objectives of the
article, and it will be discussed later.

To prevent the weighted measures 773" to become degenerate after the selected
time period ¢ = t;, we replace these measures by a bootstrap type empirical

measure
1 N
~N .__ )
= = S(NLi
= g 2 g
=1

associated with NV path particles )A)l(N’i) = (?(N’i) YW ?(N’i)) resampled

(VR ZA A WA PN N
for instance randomly with the current weighted measure 3. More judicious
resampling type strategies are discussed in section [3.3] dedicated to mean field
particle interpretations of Feynman-Kac distribution flows.
In a second stage, we propagate forward from every end point of the selected

paths }A/t(NN’i) a novel series of IV sample paths copies
1

(Nyi) 3-(Nyi) (N.9)
(Yt{V+17Yt{\’+2""’Ytg,V )
of the path valued random variables (X

P
52(1\1,\”1), up to the first time ', the importance weight products of the N path
1

/ / / . . / _
R -, X]y) starting at Xy =

samples become again degenerate

Ny i
Wy )= I G
tN <p<td
In the above display, yQ(N’” stands for the resulting path sequences of length ¢
given by the formula
y2(N,i) — (’\(N,i) (Y(N,i) Y(N,i)

- N N>
t1 ]

Y(N,i)))

YL e 20 Tl

RR n° 0123456789
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Arguing as above, the weighted occupation measures of the system

N,i
al Wtf’,tg’ (y2( ))

i ::Z ]

N N.j), CylND
i=1 Zj:l Wtf’,tgf(yé j)) :

is an N-approximation measure of the updated target measure at time t = t,
given by

B(f) =32(f)/32(1) with Fo(f) =E | f(X6.....X1,) [] Gh(x;)

0<p<ts2

As before, to prevent the degeneracy of the weighted measures, after the se-
lected time period t3, we replace the weighted measures 72 by a bootstrap type
empirical measure

1N

N . R )

N2 = N E - 5y2<N,z>
1=

associated with N path particles ji\z(N’i) = (?(N’i) YW ,}A/t(]évtz) resampled
2 "2

0, el o
with the current weighted measure 72, and so on up to the desired final time
horizon.

Remark 2.1 This adaptive excursion model is rather flexible. For instance,
in the context of the Boltzmann-Gibbs model , we can choose the same
potential function Gix_, := G, between the interaction times th <p<th,.
In other words, we or;lly change the functions at the random interaction times
ty

Vi <p <ty Give =G, o~ VL <p <t =G
For instance, we can use a temperature schedule with the same decay rate be-
tween the interaction times t)) < p < tﬁq_l, and then change the decay rate
parameters only at the interaction times. Using this strategy, we have used only
n different potential functions at every time step tﬁﬁrl:

G;é\r+1WG;{v+1 WWG;71Y+1 ~
Without further work, the forthcoming analysis can be extended to situations
where the potential functions (G;)) at a given level n depend on the series

p>tyy
of parameters (t)Y, ... ,tN). More formally, we can choose
vl <p <th, G(x) = G;}',(t(,},’_“7t£y)(x) (2.5)
for some collection of mappings G with 0 =ty < ... <t, <p. In

p7(t0;~~~7tn)7 .
much the same way, in the context of the Boltzmann-Gibbs model , we can

use a series of Markov transitions (M;)p>tN as well as an adaptive resampling
n

criteria at a given level n that depend on the series of parameters (1Y, ... tN).

INRIA
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2.3 Some adaptive criteria

The literature on sequential Monte Carlo algorithms abounds with entropy like
criteria to measure the degeneracy of the weighted samples; this can be used
to design adaptive resampling strategies. In all the situations, the resampling
times steps t,, = t,]y are random variables that depend on the N- sequential
Monte Carlo algorithm.

To simplify the presentation, we suppose that the potential functions G/,
satisfy the following condition

Vi >0 di=  swp (GL(2)/Gh(y)) < o (2.6)
(z,y)€(E))?

The analysis of more general models is technically more involved and it often
requires some additional conditions on the free evolution process. We refer the
interested reader to [4] for a more thorough discussion on these technicalities.
Nevertheless, the forthcoming development can be easily combined with these
models. The criteria are termed 1)-4), in the order that they appear. Because
of their importance in practice, and to better connect these strategies with
existing results in the literature, we develop a rather detailed discussion on
these adaptive strategies.

2.3.1 Adaptive control of the weights

In this situation, the particle model explores the state-space with a series of
local transitions

(N N N,i N,i

Yt(N 53 - Yt(£¥+11) - Yt(fyﬁz? — . Y (2.7)
up to the first time s = ¢ ; (> &) the proportion of particles with a weight
of at least size s,, is below a prescribed a,,-threshold

1 i
Cﬁv ::N Card<1<i< N : H G;C(Yk(N’)) > s, 0 <ap (2.8)

n ’s
tN<k<s

with a prescribed paremeter a, < 1. To our knowledge, this type of adaptive
weight criteria was first discussed as an heuristic type resampling schedule in
the end of the article [3].

Next, we provide some comments on the role and the choice of the adaptive
parameters (Sy,a,). The forthcoming discussion applies to all the examples of
adaptive criteria discussed in the article.

For [0, 1]-valued potential functions G}, it is convenient to choose in (2.8)) a
weight size parameter s,, € [0, 1]. In this situation, the random mappings

se[th

no

oof— CX , €[0,1]

¢
standard convention [[, = 1). We emphasize that when none of the sampled

particles at time s = t© + 1 have a weight greater than the prescribed threshold
sp, we simply have t& = t)V and we ‘restart’ the above adaptive sampling

are non increasing functions starting at cN w~n =1 (where we have use the
n’'n
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path strategy. Using the extended adaptive models discussed at the end
of section [2.2] we can choose to restart the complete run with the same set of
potentials and Markov transitions as we the one we used before and/or we can
decide to decrease the weight size parameter s, as well as the threshold level
Q.

In connection with the adaptive potential models discussed in , our
framework allows to analyze without further work fully adaptive models asso-
ciated with sequence of threshold parameters that may depend on the previous
times steps

sp=s0(t, ... tNY and  a, =da,(t),... ,tY)

for some functions s’ and a/, on R,

The choice of these threshold parameters depends on the problem at hand.
From the previous discussion, if s, is excessively large, the N-sampling path
model may be stuck at a given time step ¢ during several runs. In relation
to this point, and in the further development of the article, we provide a set of
regularity conditions under which these empirical criteria approximate a limiting
functional integration criteria. In this case, the random time step t,]:[ converges,
as N tends to oo, to a series of deterministic sequences of time periods t,
expressed in terms of these functional criteria. In this situation, for a large
population size N we are always ensure that ), > ¢t} as soon as t, 41 > t,.

To illustrate this adaptive time step splitting, let us suppose that the ref-
erence stochastic process X a Markov chain on Ej = Z starting at the origin
X{ = 0. For instance, X, can be taken as a simple random walk on the integer
lattice. If we choose the indicator potential functions and the unit weight size
parameters

Gl =l and s, =1 (2.9)

then we find

[I o™z (vl <k<s v =)

tN<k<s

for every 1 < i < N. Thus, we have

1 %
CY. = v Cud{1<isN vl <h<s V™ >4)

N
1 i
<> I ae™) (2.10)

=1 tN<k<s

When a,, = 1/2, we find that ¢, ; is such that

N =inf {s>t] :

, N,i Ny Ny
Card {1 <i <N o Y 26V 41, YD 2l 42, v > 5} < vy2)
Roughly speaking, for the simple random walk model, it is ensured that about
half of the N sampled paths are able to reach the next upper level set at every
elementary time step. In this situation, the random times ¢/, ; are more likely
to take the value ) + 1, or to return the value 2. If we take a lower threshold
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Adaptive Sequential Monte Carlo Methods 13

parameter, say a, = 1/100, these random times % 1 are more likely to take
large values. Indeed, in this case, about N/2 will succeed to reach the first level,
thus about N/4 the second, N/8 the third one, and so on up to N/64 the sixth
and N/128 the seventh. Therefore, for a, = 1/100 we expect 2 ;| to take the
value tY + 6.

The random walk model discussed above can easily be extended to multi-
splitting branching excursion type models, absorbed at some lower level set,
say B C ZNR_. In this case, the random path processes (Yk,(N’Z))thg are
independent copies of a random excursion starting from a given level set ¢
and ending at the absorbing set B. The next adaptive time step 2 1 coincides
with the first upper level set that the N particles are able to reach with a
proportion less than a,, (that is, before being absorbed by the set B). The
resulting model for adaptive multi-level splitting coincides with the adaptive
branching algorithm for rare event simulation discussed in [I].

2.3.2 Normalizing constants

In this situation, the particle model explores the state-space with a series of local
transitions 1] up to the first time s = & 1 the empirical potential products
goes below a prescribed a,,-threshold

N
1 [
Cix s = NZ [T ™) <an (2.11)

i=1 tN<k<s

For indicator potential functions, by (2.10)) we see that this situation coincide
with the one discussed above. Furthermore, for 0, 1]-valued potential functions
G, it is convenient to choose in (2.11) a threshold parameter a, € [0,1]. In
this situation, the random mappings

s € [ty o0l O , €[0,1]

are non increasing functions starting at C’t]YV .~ = 1 (where we have use the
standard convention [, = 1). Notice that

ap=1=t0 , =t
For ]0, 1[-valued threshold parameters, we have the rather crude estimates
g, = inf G}, <sup G}, =7y,
4

—N
H 9y = Qi\flﬁs < Ct]y}’,s < Ctﬁ’,s = H Gk (2.12)

tN<k<s tN<k<s

This pair of estimates can be improved by considering the infimum and the
supremum of the potential product weight functions along the M -admissible
paths sequences (2.7) starting at the selected states }A/'t(]évtz

Notice that 2.12: implies that

N N =N
tn-&-l < tn-‘rl < tn+1
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with
. < . —N
gnN+1 = inf {s >N Qﬁv7s < an} and ti:;l = inf {s >N Cin s < an}

For instance, for the exponential Boltzmann-Gibbs potential given in (2.3)),
we have

Vi=infV <supV:=V = 9, = e~ (Brr1=F)V  and g, = e~ Brr1=B)V

This clearly implies that

ch :e_(gs“_ﬁtﬁ’“)V and 6%,326_(65“_@5“>K

ty ,S

We further assume the temperature schedule (3),,~ after time ) is associated
with a prescribed and fixed decay rate §,, > 0. In this situation, we have

Viy <k ABrpr = Brs1—Br) =00 = (Bsy1—Bivi1) = (s— 1)) dn

Qi\lf\f — 6_(S_t£¥) 6, V
no
—
A P

From the previous discussion, we conclude that

1
th + —= log(1/an) =1ty < )y <t =17 +

1
= <t < — log(1/a,)

For small values of the inverse temperature decay rates §,, we ensure that the
adaptive criteria 1’ is met during at least 6”% log (1/ay,) time steps. In the

reverse angle, to ensure that the adaptive criteria (2.11)) is met during at least
my, time steps we need to choose &, < (m,V)~! log(1/ay,); that is

O < (M V)1 log (1/an) = (tN,, —t0) = m,

2.3.3 Weight variances criteria

In this situation, the particles explore the state-space with a series of local
transitions 1) up to the first time s = ¢ 1 the empirical particle variances
is larger than some prescribed a,,-threshold

N,i
3 (eas GO Ny
: N oy | = n
i=1 Zj:l Ht{lv<k§s k-( k )
or equivalently
, 2
N 1 (v (N5
1 [y cres GV )
N N <k<
Ct§,5~—N; n —1>an,

N N,j
S DAY | ISR EAC ARkl

In the statistical literature this criteria is called the effective sample size. To
our knowledge, this approach was first discussed as a heuristic type resampling
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criteria by [12]. For indicator potential functions, we have (G%)? = G}, from
which we find that

N L 1
thN,s " N (N.j)y
T Ty s GV

In this case, by (2.10), we see that this coincides with the pair of adaptive
criteria discussed above.

2.3.4 Boltzmann’s entropy criteria

We further assume that the potential functions G, take values in ]0, co[. In this
case, the particles explore the state-space with a series of local transitions ,
up to the first time s = ¢ 1 that the relative entropy of the empirical particle
measures with respect to its weighted versions are larger than some a,,-threshold

O = **Z 37 logGLvY) > (2.13)

=1 tN<k<s
For the exponential Boltzmann-Gibbs potential given in (2.3)), we have

N == Z S (Ben - B VYY)

1=1 ¢N<k<s
In this situation, the random mappings
s € [ty 00l CX , € [0,1]

are non decreasing functions starting at CtN .~ = 0 (where we have use the
n’''n

standard convention ), = 0). Arguing as above, we have the rather crude
estimates

Vi =infV <supV:=V
I

7N _
C o= (Bst1 = Bivi1) V < CXy < O gi= (Bsr = Biya) V
This implies that

N N N
tn+1 S tn+1 S tn+1
with
. N —N =N . N
th = infis>t, : Civ s >anp and ¢, :=infes>1" : CtN s > Gn

When the temperature schedule (ﬂk)k>t1\’ after time tY is associated with a
prescribed and fixed decay rate 6, > 0, we find that

o= (s—t)) 6,V and Cp, =(s—tN) 5,V
and therefore
tn+1 = tn + an/((SnV) < tn+1 < tn-{-l = t + an/((SnZ)

In this case, to ensure that the adaptive criteria is met during at least m,
iterations, we need to choose an inverse temperature decay rate 6, < a,/(m,V).
More formally, we have that

6n < an /(M V) = (t — ) > my,
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2.4 Statement of some results
2.4.1 A limiting particle model

Roughly Speaking, we let (tp)n>0 be the deterministic sequence of time steps
defined as (t)),,>0 by by replacing the empirical criteria Ct]}/v ; by their limiting

values Cy, 5, as N T oo; that is, in the examples 1) and 3) we have that

n

tpyr :=inf{t, <s : Oy, s <an}

In all the situations, we set )Y =t = 0.

In the examples 2) and 4), the limiting times ¢, are defined as above by
replacing condition C, s < a, by the condition C;, s > a,,. In the four situation
examined above, these limiting criteria C;,  are respectively given by

D Pug, | TI GhXD > an 2) Eng | [I GR(XD)

tn<k<s tn<k<s

En,ﬁn th<k<s G;c (XI/C)Q
(e )2—1 9 = Y Eug, (logGi(X))
Eng, (T, cxes Gi(XD) s

with the updated Feynman-Kac path measures 7),, given below

3)

0 (£) =Fu(H)/Aa(1) with 7.(H)=E|f(X0,....x7) ] ¢Gux;

0<p<tn

In the above formulae, E,, 5, is the expectation with respect to the law of a free
evolution X}, startlng at time ¢, at the end point X{ = X ; of a random path

X, (XO b LX) RPN )A(gt) with distribution 7,; that is, we have that
Mi, 4 M2 M, 4 M; ,
Xintn —— Xf o1 —— X} s X! (2.14)

Notice that 7,, and 7,, are the updated Feynman-Kac measures associated with
the pair of measures

M (f) = (f) /(1) with 3 (fn) =E fn(X67...,X£n) H Gu(X%)

0<k<tn_1
Definition 2.2 We denote by (X, /'? Jn>0 the sequential Monte carlo algorithm
defined as (yn,yn)n>0 by replacing the empirical criteria C’tN s by their de-
termanistic limiting values Cy, ;. We also suppose that both ‘models coincide
on every time interval 0 < n < m, as soon as the random times tn = tp,
for every 0 < n < m. This condition simply amounts of coupling the pair of

models with the same random exploration and selection variables on the events
Nosnsm{tn =tn}.
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2.4.2 An exponential coupling theorem

We give our main results, which holds under the regularity condition, given
above.
The first result is the following exponential coupling theorem.

Theorem 2.3 Assume that the threshold parameters (an)n>0. are sampled real-
izations of a collection of absolutely continuous random variables A = (Ap)n>0-
In this situation, for almost every realization of these thresholds, there exists a

canonical way to couple the stochastic algorithms (X, X, )n>0 and (yn,f)n)nzo
such that for every m >0 and any N > 1, we have

P(30<n<m O, 9) # @Y, 8,) | A) < c1(m) eV m/extm)

for a pair of finite constants c1(m),ca(m) < oo whose values only depend on
the time parameter, and an almost sure positive constant e(m) > 0 that only
depends on (Ap)o<n<m-

The second result is the following non asymptotic exponential concentration
result.

Theorem 2.4 For anyn > 0, any bounded test function f,, with || f,|| <1, any
N > 1, and any 0 < € < 1/2, we have the exponential concentration estimate

P(|[m —nn] (fa)] = €) <c1 exp (=N €/ca(n))

with the empirical measures

1
= 2 DR (X X X))

In the above displayed formula ci stands for a finite universal constant c¢1, and
co(n) for some collection of finite constants. In addition, under appropriate
regularity conditions on the potential transitions G, and on the Markov chain
X, the above estimates are valid for the marginal measures associated with the
time parameters t,_1 < p < t,, for some constant ca(n) = co whose values do
not depend on the time parameter.

The proofs of theorem and theorem are respectively detailed in sec-
tion [6.2] and in section [5.2.3] Let us mention some direct consequences of the
concentration theorem, theorem [2.3] The sequential Monte carlo algorithm
(X, Xn)n>0 can be regarded as a mean field particle interpretation of Feynman-
Kac integrals. A variety of convergence results have been developed for these
particle approximation models (see for instance [4]), including non asymptotic
exponential estimates and L,-mean error bounds. The above theorem allows
us to transfer all of these estimates up to an event with an exponentially small
occurrence probability. Furthermore, without further work these exponential
estimates show that the fluctuation of the occupation measures % Zi\il 5y7(LN,i)

around their limiting values 7,, coincide with the ones % Zivzl 1) (VD) associated
with the N-particle model X,,. We shall return to this subject innsection dedi-
cated to functional central limit theorems for weighted and resampled empirical
approximations.
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3 Description of the models

For the convenience of the reader, in the first two sections, (section and
section , we briefly present the definition of the mean field particle interpre-
tation model associated with an abstract Feynman-Kac distribution flow model.
These constructions are used in various places in the article. The excursion
Feynman-Kac model associated with a prescribed sequence of time parameters
are presented in section

The definition of the functional adaptive criteria dicussed in this work is pro-
vided in section [3.5] and the precise definition of ”the limiting” time parameters
(tn)n>o0 discussed in the introduction is provided in section

3.1 Feynman-Kac distribution flows

We consider a sequence of measurable state spaces S, a probability measure 7
on Sy, and a sequence of Markov transitions M, (x,,—1, dz,) from S, _; into S,
with n > 1. We let X, be a Markov chain with initial distribution Law(Xy) = 1o
on Sy and elementary transitions

P(X, edy | X1 =x) = My(z,dy)

We consider a sequence of non negative and bounded potential-likelihood func-
tion G, on S,. To simplify the presentation, and to avoid unnecessary tech-
nicalities, we shall suppose that Go = 1 and the potential functions G,,, with
n > 1, take values in |0, 1] and they satisfy the following condition

V=1 gui= suwp (Ga(0)/Galy)) < o (3.1)
(z,y)€S2

This regularity condition can be relaxed in various ways. As before, we refer
the reader to chapter 2 in [4], for a detailed discussion on Feynman-Kac models
associated with more general potential functions, including indicator potential
functions and unbounded potentials. The Boltzmann-Gibbs transformation ¥,,
associated with a given potential function G,, is the mapping

U, : weP(S,) — U,(n) € P(S,) with ¥, (u)(dz) := @ Gn(z) p(dz)

Notice that ¥,,(u) can be rewritten as a non-linear Markov transport equation

¥ (0)(d) = (1S,,) () = [ p(da) S, (o)
with the acceptance-rejection type selection transitions:

Sn.n, (@, dy) = Gn () 0, (dy) + (1 = Gn(2)) Vn (1) (dy)

We let (1, 7n)n>0 be the flow of probability measures, both starting at
1o = Mo, and defined for any n > 1 by the following recursion

Notice that (17,)n>0 and (7, )n>0 satisfies the nonlinear recursion:

~

MNMn+1 = q)n—i-l(nn) = \Ijn(nn)Mn-i-l and ?]n-‘rl - (I)n-‘rl(ﬁn) = \I/n-‘rl (ﬁnMn-‘rl)
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It is worth mentioning that the one step mapping $n+1 can be rewritten as
follows R R N
(I)n+1(ﬁn) =v, (ﬁn) M71,+1

with the Boltzmann-Gibbs transformation (I\!n associated with a given poten-
tial function G, = M;,,4+1(G,) and the Markov transition M,,;1 given for any
bounded measurable test function f on S, 1, and any x € S,, by the formula:

M\n+1(f)($) - W

From the pure mathematical point of view, this shows that the flow (7, ),>0 has
the same dynamical structure as the flow (1,)n>0. Thus, without any loss of
generality we shall concentrate our stochastic analysis on the flow of measures

(nn)nZ(L
To get one step further, we readily check that the flow of measures (7,)n>0

satisfies the non-linear transport equation
Mn+1 = nn’Cn+1,nn with ICn-&-lmn = SnmnMn-'rl

We also recall that the solution (7,7, ) of these recursive updating-prediction
equations have the following functional representations

Nn(fn) =W (fn) /(1) and  §n(fn) = Fn(fa) /An(1) (3.3)

with the unnormalized Feynman-Kac measures ~, and 7, defined by the for-
mulae

'Yn(fn) =K [fn(Xn) H0<k<n gk(Xk)] and :Y\n(fn) = ’Vn(fngn) (34)

3.2 Feynman-Kac semigroups

For further use in the convergence analysis of adaptive particle models, we
present in this section the definition of the Feynman-Kac semigroup associated
with the flow of measures (v,)n>0 and (7, )n>0-

Firstly, we denote by Q,+1(xy,dx,4+1) the bounded integral operator from
Sy into Sy, 41 defined by the elementary multiplicative formula:

Qn+1($na d.’L’n+1) = gn(mn) MnJrl(xna dmn+1)
We let (Qp n)o<p<n be the corresponding linear semi-group defined by
Qp,n = Qp+1 Qp+2 v Qn

with the convention Q, , = I, the identity operator. Notice that O, ,, is alter-
natively defined by the Feynman-Kac product formula:

Qpn(fu)(ap) =E | fn(Xn) H Gr(Xe) | Xp = ap (3.5)

p<k<n

Using the Markov property, we prove that

M(fn) = E|E|fa(Xn) H G () | Xp H Gr(Xe) | =1 (Qpin(fn))

p<k<n 0<k<p

RR n° 0123456789



20 Del Moral, Doucet € Jasra

The last assertions shows that (Q, ,)o<p<n is the semigroup associated with
the unnormalized measures (V,)n>0.
Also denote the normalized version

Pp,n(fn) = Qp,n(fn)/Qp,n(l)

Finally, we denote by (®,.,)o<p<n the non linear semi-group associated to
the flow of normalized measures (7, )n>0:

S, =0p0...00, 50,

with the convention ®,, ,, = I, the identity operator. From the previous discus-
sion, we notice that (®,.,)o<p<n is alternatively defined in terms of (9. )o<p<n
with the following formulae:

Yp Qpﬁn(fn) _ M Qp,n(fn)
'Ypr,n(l) anp,n(l)

Dy (1p)(fn) = (3.6)

3.3 Mean field interpretation models

The mean field particle interpretation of the evolution equation (3.2)) is the
Markov chain

M) = (A0, XN XN € 5l

n

with elementary transitions

P(le € dingr | XN ) H Ko (X ) (3.7)

with
LN
Knyigy =Sppy Mpi1  and N = N Zé&gw,j)

Loosely speaking this integral decomposition shows that this particle model
has the same updating/prediction nature as the one of the ‘limiting’ Feynman-
Kac model. More precisely the deterministic two steps updating/prediction
transitions in distribution spaces

Snnm M1
N ——— nn = nnsn,nn = \I’n(nn) — Th+1 = nnM7z+1 (38)

have been replaced by a two steps selection/mutation transition in product
spaces

selection mutation

xWN) e gN XN e gN

XN e sn (3.9)

3.4 Path space and excursion models

We let X be a Markov chain taking values in some measurable state spaces E,
with elementary transitions

P (X;z € dxfn | Xr/L—l = x;—1) = M;l(x’ln—l’dx’/ﬁ,)
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and the initial distribution n), = Law(X(). We also consider a sequence of
potential functions G, on the state spaces E!,. To simplify the presentation, we
assume that G{) = 1 and the potential functions G), take values in |0, 1[.

We associate with a prescribed non decreasing sequence of time parameters
(tn)n>0, the excursion valued random variables

Xo=X, and Vn>1 X, = (Xt'n_lﬂ,Xén_lJrQ, . ,Xt’")
and the random path sequences
X, = (Xo,...,X,) = (X4, X1,..., X[ )e By, :=FEyx...x Ej

Notice that X, forms a Markov chain

X1 = (X, Xg1) = (Xn, (Xt'nﬂ, . ,X;W)) (3.10)

taking values in the excursion spaces Sy, := E; . Furthermore, if we choose, in
(3.4, the potential functions

Vn>1  Gu(X)=Gn(Xn):= [[ Gu(Xp) (3.11)

tnfl <kgtn

then we readily find that

0<k<n
= E|faXo, .. Xn) [[ Ge(Xe)| =E | (X0, X7) [ Gu(xd)

0<k<n 0<k<tn_1

The derivation of the updated versions of these formulae follows the same argu-
ments.

These Feynman-Kac path distribution models are rather flexible. For in-
stance, by definition of the potential functions G, of the excursion Feynman-
Kac model (3.11)), we readily prove that the condition (G) introduced in
is satisfied, as soon as the condition (G’) introduced in holds true. More
precisely, we have that

(G)) = (G)with g, < M'—sup II @Geyewy: (< 11

tn—1<kgtn tn—1<k5§tn

In the above displayed formula, the essential supremum M’ — sup {.} is taken
over all Mj-admissible paths z} . = (2} . 1,%;  4o,...,%; Jandy; . =
(i, +1:Yi, _,42:---,Y;, ) of the underlying Markov chain X

On the other hand, the marginal 7, of v,, on the state spaces S, := (E] | x

oo X Eén+1) is again given by for any bounded measurable function f, on S,
by

Vo(Fo) =E|F.(X0) [ Gr(Xx)

0<k<n
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The mean field particle interpretations of the flow of normalized measures 7,,
follows the same construction as the one associated with the flow n,,. Further-
more, the path-particle model associated to the particle approximation of 7, on
path space coincides with the genealogical tree evolution model associated with
the evolutionary interpretation of the particle approximation model of 7,,. For
a more thorough discussion on these genealogical tree based models, we refer
the reader to [4].

3.5 Functional criteria models

Some precise definitions on the laws of the excursions and criteria of the adaptive
sequential Monte Carlo method are now given.

Empirical adaptive criteria are expressed in terms of integrals of with to
the occupation measures of the mean field particle model on excursion spaces.
These occupation measures converge in some sense to the law of an excursion
of the reference Markov chain Xj, starting with some updated Feynman-Kac
distribution at some appropriate interaction time. These limiting objects are
described by the following definition.

Definition 3.1 For any pair of integers 0 < p < n and every n € P(E,), we
denote by Py (, n) the law of a random path sequence of length n, starting with
an initial distribution n on the path space E,, and performing (n—p) elementary
moves with the local probability transitions Mj,, with p < k < n. More precisely,
P, (pn) 8 the measure defined by

Pﬂ,(,’ﬂ,n) (d(mpv x;+17 s ’x;)) = n(dxp) Mg/)+1(x;7 dx;+1) s M;z(x;zfl’ dx;)
€ P(Eyx (B, x...xE)))=P(Ey)

In the above displayed formula, we have used the notation dx, = d(zq, ..., x))

to denote an infinitesimal neighborhood of a path sequence

zp = (20,...,2,) € By = (Ey x ... X E))

To connect the empirical adaptive criteria with their limiting functional ver-
sions, these criteria need to satisfy some weak regularity condition. Most of
the entropy like criteria encountered in the literature are expressed in terms
of a finite number of integrals with respect to the occupation measures of the
samplers. Our analysis applies without further work to general models with
countable or integral type criteria models. This class of stochastic models is
described in the following definition.

Definition 3.2 We consider a sequence of adaptive criteria type functionals

Vnz0 Vp<q  H{) i peP(B)— M) (n) € Ry

satisfying the following Lipschitz type reqularity condition
G ) = ) )| < [ G —pal ) | B 12)
for some collection of bounded measures H;STZ) on B(E,) such that

6(H1(7T;)) = sup / osc(h) Hzgz)(dh) < oo
heOsci(E,)
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To illustrate this rather abstract construction, we provide four examples
of adaptive criteria type functionals. All of them are defined in terms of the
updating weight product potential function

W = (x0,...,2,) € Eg—= Wy q(xg, ..., 25) = H Gl (z}) €]0,1]
p<k<gq

In all the situations described below, the measures Ht(:,)s, in 1) have a finite
support with one or two elements.

1. Weights thresholds control: The functional defined below
Hz(f'q) () = (Az(:é)) with Az(:é) =A{zq € Eq + Wyqlzg) = sn}
measures the proportion of the path sequences with a weight product
larger than some parameter s,.

2. Partition functions: In some sense, the functional defined below

Hj(vth) (1) = H(Wp,q)

measures the degeneracy of the partition functions for large values of the
parameter (q — p).

3. Weights variances w.r.t. free motions: The functional defined below

W 2
HY) (1) = [”’q - 1]
P 1(Wp.q)
coincide with the variance of the weights with respect the reference mea-

sure p.

4. Boltzmann’s entropy criteria: The functional defined below

M) (1) = Ent (dp | Wq dp) = —pu (log W q)

P.q
measures the relative entropy distance between the reference measure u
and the updated weighted measure.

3.6 Adaptive time steps construction

Given a sequence of adaptive criteria type functionals Hgfq), with n > 0 and
0 < p < ¢, we define a non decreasing sequence of deterministic time steps
(tn)n>0 and a flow of Feynman-Kac measures (7, 7,) as follows:

e Set n =0 and ¢, = 0 and 7y = 7y = 71},

e Suppose that we have defined the time step t,, and the pair of measures
(Nn,n) € P(Ey,)? at a given rank n. To define the time step t,41 and
the pair of measures (1)41,7n+1) € P(Ey,,,)?, we consider a sequence of
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adaptive criteria Hg:?s, with s > t, and a given interval I,, C Ry of the
form I,, = [a,,00] or I,, =] — 00, a,] such that

Hgf?tn (]P)ﬁnv(tnvtn)) g In

We define the time step ¢,,41 as the first time s > ¢,, the quantity HE:?S (P, (tns))
hits the set I,,; that is, we have that

b =it {ta <5 0 1, (Pa, 00,0) € T}
Given that time step t,11(> t,), we set

M1 =Pa, (tortnr)  ANd a1 = Yot (M) (3.13)

with the Boltzmann-Gibbs transformation ¥, ;1 associated with the po-

tential function G, 1 = Wy, 1,

We end this construction with an important observation. By definition of
the Markov transition M,,;; of the excursion model &,, defined in section
we readily check that

M1 = P, (b tnpr) = Mt (3.14)

This yields the recursion

" and " = Nn+1 = \I/n (nn) Mn+1

From the above discussion, we find that the distributions 7, defined by
the above inductive construction coincide with the Feynman-Kac distribution
models presented in section More precisely, the flow of measures n,, and 7,
we have constructed inductively coincide with the Feynman-Kac distribution
flow defined in , with the pair of Markov chain and potential function
(X, Gn) on excursion spaces defined in and (3.11). The only difference
between these models and the ones discussed in section [3.4] comes from the fact
that the sequence of time parameters (¢,),>0 is inductively defined in terms of
a prescribed sequence of functional adaptive criteria. The mean field particle
interpretation of these flows is discussed in section

4 Some applications

In this section, we examine in some details the inductive construction of the
deterministic time steps ¢, introduced in section [3.6] in the four situations dis-
cussed in section 2.3

4.1 Adaptive control of the weights

The time steps are constructed to control the degeneracy of the Feynman-Kac
weights. To be more precise, we set

HYE:I?S (Pﬁn:(tm's)) = E"fﬁn 1Ai:)’s (th"+17 e 7X;) :l = ]P)’n,ﬁn H G;C(XI:Z) Z Sn

tn<k<s
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with a ‘size’ parameter s, < 1 and the sets

AN =@ ) € By g0 [ Grlah) = sa
tn<k<s

In the above displayed formulae, E,, 5, is the expectation with respect to the
law PP, 5, of a free evolution X starting at time ¢, at the end point X/ of a
random path (X, ..., X,) with distribution 7,, on the space E,,.

For [0, 1[-valued potential functions, the mappings

th<s—Pog | I Gr(Xh) > sn

tn<k<s

are clearly non-increasing functions starting at 1, for s = ¢,,. If we choose an
interval
I, =] —00,a,| forsomea, <1

then the time step ¢,,+1 coincides with the first time s the flow of probabilities

s—Pug | [ GL(X) = s

tn<k<s

go below the level a,; that is, we have that

by :=inf ¢ t, <s : Po5, H GL(X}) > sn | <an
tn<k<s

This adaptive time step strategy allows us to decompose the trajectories of the
reference free motion X, into a sequence of excursion like processes

Xo=X) and Vn>1  X,:=(X, 0, Xi 0., X[)  (41)

with
Vs < tpi1 P, 5, H GL(X}) > s, | >an
tn<k<s
and
s=tpp1 = Puy, H Go(Xp) = sn | <ay
tn<k<tni1

We illustrate these adaptive time step splitting with the random walk model
discussed in ([2.9) (section|2.3.1)). In this situation, we recall that X, is a Markov
chain on Ej, = Z starting at the origin X; = 0. If we choose the indicator
potential functions

Gl = Lppoof

then we find that

Bom | [ Gi(Xp) | =P(X{>1..., X} > k)
0<k<t;
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When a¢ = 1/2, we find that ¢; coincides with the first level k the chain X}, can
reach with a probability less than 1/2 with X{; = 0; more formally, we have

ty=inf{k>0: P(X;>0, X]>1...,X;, > k) <1/2}

In much the same way, when a,, = 1/2, we find that ¢,,+1 coincides with the first
level k the chain X, can reach with a probability less than 1/2 with X{ =z} ;
more formally, we have

tnpr =inf {k >t : Ppg, (X{ 1 >ta+1,...,X; > k) <1/2}

4.2 Normalizing constants

The time steps are built to control the degeneracy of the normalizing constants
of a Feynman-Kac model. To be more precise, we set

Hi:,)e (Pﬁn;(tnws)):En)ﬁn H G;(X,;) ::/ﬁn(dxtn)]Etmx;” H G;C(Xllc)

tn<k<s tn<k<s

Notice that Hg:?s (Pﬁn,(tn,s)) can be reformulated in terms of an integral with
respect to the measure P, ;. ); that is we have that

Hg:,)é (]P)ﬁn:(tnxs)) = / ﬁn(dl‘tn) Mt/n—‘rl ('rffn ) dx;,n—‘rl) et M; (x;—17 dx;) H G;€ (x;C)
tn<k<s

Recalling the convention [[, = 1, we have

s=t, — Hi(f:,)tn (Pﬁm(tnin)) =1

When the potential functions take values in [0, 1], one concludes that the map-
ping
S Z tn = HE:,)S (Pﬁnv(tnvs))

is clearly non-increasing starting at 1 at time s = t,,. If we choose an interval
I, :=] —o0,a,] for some a, <1

then the time step t,,4+1 coincide with the first time s the quantities

s— E

n,7n H G;C(Xl/c)

tn<k<s

go below the level a,; that is, we have that

tpiri=inf i, <s : Eng | [ GL(XD) | < an
tn<k<s

The adaptive time step strategy discussed above permits us to decompose the
trajectories of the reference free motion X; into a sequence of excursion like
processes

Xo=X, and Vn>1 Xp o= (X, 0. Xl 4o, X[ (4.2)
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with

Vs <tny1  Eng, | J] Gu(X1)| >an and E,g5, II &&o| <an
tn<k<s tn<k§tn+1
4.3 Weights variances criteria w.r.t. free motions

The time steps are built to control the weights variances with respect to the law
of the free motions trajectories. To be more precise, we set

2
ITi, <k<s G1(X7)

En 5, (th<kSs G%(Xllg))
En 5, (th<k§s G%(XI/C)Q)
B (Tl cnes GXD)

Recalling the convention [], = 1, we already notice that

-1

H Pritns) = Eng,

5=t = Hih, (Pa(tain) =0
The variance mappings s — HE:L)Q (Pﬁn,(tn,s)) are generally increasing. For
instance, in the case of indicator potential functions G, =1 A, we have
-1

Vin<s<r  H (Poons) =Eug | [I GeXD ] -1 <H", (Pa,nm)

tn<k<s

For another example in filtering problems, we refer the reader to [5]. One natural
way to control these variances is to choose an interval

I, :=[an,00[ for some a, >0

then the time step ¢,,4+1 coincide with the first time s the functions

2

s=EBug, | [T Ge&XD?) /B | T Ge(Xd)

tn<k<s tn,<k<s

go above the level 1 + a,,; that is, we have that

2

tnpri=infQty <s : Eng, | [ GRX0)? | 20 +an] Bng, | [] GH(X7)

tn<k<s t,<k<s

The adaptive time step strategy discussed above allows us to decompose the
trajectories of the reference free motion X, into a sequence of excursion like
processes

Xo=X, and Vn>1 Xpo= (X, Xl 4o, X0 (4.3)
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with controlled Feynman-Kac weights variances

En 5. (th<k§s G;C(X//C)Q)

B, (T <nes CHOXD)

Vi, < s <tpi1 <l+4a,

and for s = t,,41

En, (Thckctrn GhXD?) By s (Gran(Xsn)?)
2

5 = E G b% Z 1 + Qp,
En g (T chstnn Go(Xp)) Bnin (Grtr(Knin))

4.4 Boltzmann’s entropy criteria

The final adaptive time step strategy presented in this section allows us to
control the entropy like distance between the free motion trajectories and the
weighted Feynman-Kac measures. To be more precise, we set

H (Br, ) = Ent (P 10 | Qi) = = 9 Eng, (log Gi(X}))

n,S
tn<k<s

with the weighted measures Q,, (,,,) defined by

Qo o) (A, Ty 1y -5 27,)) = Py oy (A, Ty g,y 20,)) X H G).(z},)
p<k<n

For |0, 1[-valued potential functions, the mappings

tn <5 Ent (Ps t,.8) | Qi its))

are clearly non decreasing functions starting at 0, for s = ¢,,. If we choose an
interval
I, := [ap,00[ for some a, >0

then the time step t¢,,+1 coincide with the first time s the entropy distances go
above the level v,,; that is, we have that

tn+1 ;= inf {tn S s : Ent (]P)ﬁm(tms) | Q;\hw(tnvs)) Z an}

This adaptive time step strategy allows to decompose the trajectories of the
reference free motion X, into a sequence of excursion like processes

Xo=X, and VYn>1 X, = (XLHIH,X;%IH, . ,in) (4.4)
with

Vs <tny1  Ent Py, 1,.0) | Qaotns) <an and  Ent (Pg, . | Qo 1,.6) =
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5 Adaptive particle excursion models

This section is concerned with the mean field Feynman-Kac particle models
associated with adaptive excursion spaces presented in section [3.6] We further
assume that the adaptive time steps (¢, )n>0 defined in section are explicitly
known. Of course, this hypothesis is generally never satisfied. One objective
of this section is provide a set of conditions under which this hypothesis can
be relaxed. More precisely, our ultimate objective is to design a feasible mean
field particle model with online adaptive time steps. This model is described in
section B4l

As we mentioned in the introduction, the reference mean field particle model
associated with the adaptive time steps (t,)n>0 is an ‘ideal’ sequential Monte
Carlo model that updates the samples at adaptive and deterministic times steps
that are generally unknown but which can be approximated. The concentration
analysis of these reference models is developed in section [5.2] In section [5.2:1]
we provide a brief discussion on the set of constants arising in our estimates.
Special mention is made to uniform control of these parameters with respect
to the time horizon. In section [5.2.2] we provide several estimates on the bias
and on the L,,-mean errors. The section provides rather sharp and non
asymptotic exponential concentration estimates. In section [5.:3] we use these
concentration results to analyze the convergence of empirical adaptive criteria
towards their limiting functional values.

5.1 A reference particle model

We recall that the mean particle interpretations (3.9) of the Feynman-Kac
path measures (see section [3.4)) is a mean field particle model with a two step
updating-selection and mutation-exploration transition:

updating exploration (N)

/?,EN) EEtJX —_— Xn—i—l e EN

N N
xM e gY N (5.1)
In our context, the stochastic algorithm keeps track of all the paths of the
sampled particles, so that the mean field particle algorithm can be interpreted
as a genealogical tree based sampler. The corresponding ancestral lines are

denoted as follows.

A = (XG0 XD XY
AN (Xéﬁi)ng:%~~7Xt(j\,[ii)) € By, = (Eyx...xE,)

Notice that the state space at the (n + 1)-th iteration is the path space given
by

R / / _ / !
B, = (EO S Etm) — B, x (Eth X oo X Etm)

By definition of the reference Markov model X, given in (3.10)), every path

N,i
X’I(L"t‘i )

it evolves its terminal state )A(t(NtZ) with (5,41 — t,) elementary random moves

particle € Iy, keeps track of the selected excursion XN ¢ E; and
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with the Markov transitions M. More formally, we have that

N,i N,i N,i N,i N,i N,i
Xr(z+1) = ( ((),tn_zlv 1(,tn_')_1’ R t(n,tn)+1>7 (Xt(,,,+1),t,l+1 PRI 7Xt(n,+1),tn+1)
P(N,i N,i N,i
= ( XN Co (xRN X))

with the (¢,4+1 —t,) M/ -exploration transitions given by the following synthetic
diagram:

’ ’ ’ M!
gy Mt vy Menvr vy Mt L (V)
tn,tn tn+1 tn+2 t tn41

From this discussion, it is worth mentioning a further convention that the par-
ticle empirical measures

N
A 1 Z 8/ in s . . )
1 = 2 <X7(LN,1)7(Xt(N,1) x0) _7X<N,l>>)

n+17" tn 427" tn41

are the terminal values at time s = ¢,,41 of the flow of random measures

tp 10Nty 420

1 N
th <5< tpt1— P%&(tms) = N Z 5(‘5(\7(1N,11))(X(N,i) x (N,3) ‘7X_§N’i))) (5.2)
i=1

5.2 Concentration analysis
5.2.1 Introduction

This section is concerned with the concentration analysis of the empirical mea-
sures 1Y associated with an abstract mean-field particle approximation model
around their limiting values 7,, defined in (3.3). Our concentration esti-
mates are expressed in terms of the following constants:

Gpn = SUP Qp’"El)@

and  B(Ppn) := sup  0sc(Ppn(f))
(z,y)€S2 prn

)(y) 7e0scy(S,)

We mention that these parameters can be expressed in terms of the mixing
properties of the reference free motion associated with the Markov transitions
M,,. Tt is clearly out of the scope of the present article to derive these estimates,
we refer the interested reader to chapter 4 of [4]. Nevertheless, under appropri-
ate mixing type properties one can prove that the series ZZ:O 45 B(Ppn) is
uniformly bounded with respect to the final time horizon n, for any parameter
a > 0. Most of the results presented in this section are expressed in terms of
these series, including bias estimates, L,-mean error bounds, as well as expo-
nential concentration estimates. As a result, these non-asymptotic results can
be converted into uniform in time convergence results. To get a flavor of these
uniform estimates, let us suppose that the Markov transitions M} satisfy the
following regularity property
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(M),, There exists an integer m > 1 and a sequence (8,),>0 €]0, 1[N such
that
vp Z 0 V(I7y) € SZ Mp,p—&-m(xa ’) 2 5p Mp,p-‘rm(ya ‘)

To get one step further in our discussion, we introduce the following quan-
tities:

Vk <l Tj,| 1= SUp H 9p(@p) < H dp

k<p<l gp(yp) k<p<l

with the collection of constants (g,)>1 introduced in (3.1). In the above dis-
played formula, the supremum stands for the M-essential supremum, in the
sense that it is taken over all admissible pair of paths (z,),>0 and (yp)p>0 with
elementary transitions M,,.

Under the condition (M),, we have for any n > m > 1, and p > 1,

[n/m]|-1
-1 2 —1
dpptn <0, Tppm and B(Ppptn) < H (1 — 0, Tp+km+1,p+(k+1)m)
k=0

(5.3)
The proof of these crude estimates relies on technical semigroup techniques; see
chapter 4 of [4] for details. Several contraction inequalities can be deduced from
these estimates. To give a flavour of these results, we further assume that (M),
is satisfied with m = 1, and we have § = Apd, > 0 and ¢ = Vyp>1¢,. In this
case, we can check that

Gppin <01 g and B(Pppin) < (1-02)" = VYa >0 qu?»n B(Pprn) < q*/53F)
p=0

More generally, suppose that (M),, is satisfied for some m > 1. Also suppose
that the collection parameters d, and rj; are such that

Nop :=08>0 Vp Tppm =T <00 and VpTpiipym =1 <00 (54)
In this situation, we have

Apptn < 6~ '7 and B(Ppptn) < (1 — 62[_1) n/m]

and therefore
Va>0 > ¢, B(Ppn) <mr /6T (5.5)
p=0

It is well known that the mixing type condition (M),, is satisfied for any ape-
riodic and irreducible Markov chains on finite spaces, as well as for bi-Laplace
exponential transitions associated with a bounded drift function. We also men-
tion that this mixing condition is of course never met for the complete historical
process X, = (X} )o<p<t, on Sn = [[o<,<;, E} discussed in section

Nevertheless, under appropriate conditions on the Markov transitions Mj,
it is satisfied for the time marginal model associated with the excursion valued
Markov chain model given by

Xn = (le))tn71<pgtn € Sn = H E]’)
tn—1<p<tn
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For instance, if we have
k=1 Y(zy) € (B)  M(z,.)>8 Mi(y,.)

for some ¢’ > 0, then condition (M),, is met with m =1 and J, = §'.

5.2.2 Some L,,-mean error bounds

At this point, it is convenient to observe that the local sampling errors induced
by the mean field particle model are expressed in terms of the collection of local
random fields models defined below.

Definition 5.1 For anyn > 0 and any N > 1, we let V,{V be the collection of
random fields defined by the following stochastic perturbation formulae

1
N = ﬂg—llcn,nﬁ,l + N VN ( — VN .=VN [nflv _nrjzvfllcn,nﬁ,lD

(5.6)
For n =0, we use the conventions K ,~ (z,dy) = no(dy) and 77¥1K0,n§1 = 1.

In order to quantify high order LL,,-mean errors we need the following Kint-
chine type inequality for martingales with symmetric and independent incre-
ments. This result is more or less well known. For the convenience of the
reader, a proof is provided in the appendix.

Lemma 5.2 (Kintchine’s inequality) Let M, :=3 . ., A, be a real-valued
martingale with symmetric and independent increments (Ay),>o. For any in-
teger m > 1, and any n > 0, we have

E(|M,|™)™ < b(m)IE([M]m,/Q)l/m/ with [M],:= Y A2 (5.7)

n
0<p<n

In the above display, m’ stands for the smallest even integer m’ > m and
(b(m))m>1 1s the collection of constants given below:

2m + 1) (m
b(2m)2™ == (2m)p, 2™ and  b(2m 4+ 1)+ = @m A+ Dimy 9~ (m+1/2)
m+1/2

(5.8)

Proposition 5.3 For any N > 1, m > 1, n > 0 and any test function f, €
By(Sy) we have the almost sure estimate

E (VN ()" [FN) T < b(m) ose(f) (5.9)
Proof:
By construction, we have
al 1
N . N i Nii
V()= AN ) with AT = (D) = K (F) ()]
i=1
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Given XTEJR, we let (y£N7i>)19§N be an independent copy of (Xr(LN’i))1§¢<N.

We readily check that

AN =B (e [ - LoE)] |40)

2

This yields the formula
V() = E (MU | 40)

with the terminal value M T(LA][\;( fn) of the martingale sequence defined below

. N ‘1 . _
P €L N MU (f) = 2 T ) = )
Using Kintchine’s inequality the end of the proof of (5.9) is clear. [

The proof of the following lemma is rather technical. Thus, it is provided in
the appendix.

Lemma 5.4 For any 0 < p <n, any n,u € P(Sp) and any f,, € Osc1(S,), we
have the first order decomposition:

[q)lhn(/’[’) - (I)p,n(n)] (fn) =2 qz),nﬁ(Pp,n) (=] (up,n,n (fn) + R ,n(ﬂa ) (fn)

with a remainder term

[Rpon (1, ) (fa)l < 4 a0 BPpn) |1t =1 Vo ()] % [ = 0] Wp,nn (f))]

and a collection of of functions Uy n.n(f), Ve (f)s Wonn(f) in Osci(Sy), whose

values only depends on the parameters (p,n,n).

We now present a bias estimate and some L,,, bounds of independent interest.

Theorem 5.5 For anyn >0, f, € Osc1(Sy,), and any N > 1, we have

N |]E (nszv(fn)) - 77n(fn)| < O1,n with O1,n = 42 q;n ﬂ(Pp,n)

p=0

In addition, for any m > 1 we have

1

VN E (|[mjy _nn] (fn)|m>m < % b

(2m)? o1, +b(m) o2,

with .
02.n = 2 Z dp,n ﬁ(Pp,n)
p=0
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Proof:
Using lemma [5.4] we have the telescoping sum decomposition

WT]LV = \/N [775—%]

= VN3 (@) = B (1) =T + T
p=0
with the pair of random measures (ZY, 7Y) given for any f,, € Osc1(S,,) by

V() = 2 o BPon) Vi (U, ) ()
p=0

VN ZRWT (TIZJJVv(I)p(n;];V—l)) (fn)

p=0

T (fn)

At this point, we observe that

E (W2 (fa)) = E(T3" (fa))
Using proposition we readily check that for any f,, € Oscy(Sy)

E (yzjy(fnﬂm) " <b(m) oo

In much the same way, we find that

VR E (|72 (") < bem)? o (5.10)

The end of the proof is now clear. [

5.2.3 A concentration theorem

The following concentration theorem is the main result of this section. It im-
proves the exponential estimates presented in section 7.4.3 in [4], by removing
a multiplicative correction factor of order v/ N in front of the exponential decay.

Theorem 5.6 For anyn > 0, f, € Osc1(S,), N > 1, and any 0 < e < 1/2,
we have

62
P (|[ny = mn] (fn)] = €) <6 exp (— N ) (5.11)

O1,n
and the constant o1, defined in theorem .

In addition, suppose that (M), is satisfied for some m > 1 and condition
holds true for some 6 > 0 and some finite constants (r,7). In this situation,
for any value of the time parameter n, for any fn, € Osc1(Sy), N > 1 and for
any p €]0,1[ the probability that

N _ g 2mrr §
Y =)< 55y s o (2)

is greater than (1 — p).
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Proof:

We use the same notation as in the proof of theorem We recall that
b(2m)?™ = E(X?™) for every Gaussian centered random variable with E(X?) =
1 and

1
V1 —2s

Using (5.10)), for any f,, € Oscy1(Sy,) and 0 < s < 1/(201,4,) we find that

E (exp {sVNTY (f)}) < 3 (591" oy —

Vs €[0,1/2[ E(exp{sX?}) = Z ‘% b

m>0

(2m)*™ =

1
m>0 m! \/1 —2801’71

To simplify the presentation, we set

(5.12)

é\fn = up,n,fbp(névil)(fn) and ap»" =2 qp,n ﬁ(lppﬂl)

In this notation, we find that
1y )
VY () = = D0 (A @N0) = Ky () ()
P pn p,n\p Pylp—1 N P/ T p—1
VN i=1 '

We recall that E(etX) < et’e*/ 2, for every real-valued and centered random
variable X with | X| < ¢. To prove this assertion, we use the convexity property
of the exponential function, and the fact that cosh (t) < e’/2 to check that for
any |z| <1

i o x+1 . 1—

e’ < e +

- 2 2

The desired inequality is proved by replacing ¢ by ct. From this elementary
inequality, we prove that

E (exp {t apn V¥ (£)}] %)

T et = ¢ sinh () + cosh (t) = E(e!X/¢) < ¢!"/2

. tap,n N _ N (N,i) t2 2
N (N,i) = (fon(@—=K, v (fpn) (257 oy n
=] |i:1 5, ,Cpﬂlf,v,l (Xp—lz ,dl‘) e VN ( P Py P P ) < exp —"

Iterating the argument, we find that

E (et zjy(fn)) -E (exp {tZap’n VpN ( gn)}) < exp (t (o
p=0

with

) (5.13)

or =4 2, B(Pyn)
p=0

From these Laplace upper bounds, the proof of the exponential estimates
now follows standard arguments. Indeed, for any 0 < s < 1/(201,) and any

e > 0, by (5.12)) we have

P (\/N T (fn) > 6) < \/1_1271,n exp {—es}
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Replacing € by e N we prove

P(jév(fn)/m26> < exp {—es N}

v
V1—2s01,
Now, if we choose s = 3/(801,,), then we find that

P (TN (F)/VN > €) < 2 exp{~eN/(301,0))

To estimate the probability tails of Z.Y (f,,), we use (5.13)) and the fact that e > 0

and t >0 .
P ) <om{- (a- 0 at))

If we choose t = €/02 and then replace € by v/Ne then we obtain

2

Ve >0 IP’(L]LV(f)/\/NZ E)SGXP(—JQ\;)

Using the decomposition
[ =] = I /YN + TY VN
we find that for any parameter o € [0, 1] we have
P([nY =] (Fa) = ) SP(TX()/VN 2 ae)+P (FY (f2)/VN = (1= a)e)

From previous calculations, we find that

P =] ()2 ) <o (~TE ) 42 e () g

n 30’1’71

If we choose a = (1 —€)(> 1/2), we have o? > 1/4 and

O1m 10V 02)

It remains to observe that

Qpnzl and ﬂ( pn)§1:>0' <0'1n

and

H _77n] (fn)| et Aaad [TIn _"771} (fn) > € or [77n _nn] (fn) < —€
| *nn} (fn) > € or |my, *nn] (—fn) > €

so that

P(H _nn] (fn)’ ) <]P)([ _nn] (fn) > 6) +P([777]:[_77n} (_fn) > 6)

The end of the proof of ([5.11)) is now easily completed. We further assume that
the mixing condition (M), is satisfied for some m > 1 and condition (5.4} holds
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true for some & > 0 and some finite constants (r,7). In this situation, by (5.5))
we have the uniform concentration estimate

N _Nes
il;lgﬂ"(![nn M) (fa)| = €) <6 exp< ML

2mrr 1

=
o
7

We conclude the proof of the theorem by chosing € := og %. [

Remark 5.7 Returning to the end of the proof of theorem [5.6, we see the ex-
ponential concentration estimates can be improved, marginally, by choosing in
the parameter a = ay,(€) € [0,1] such that a,(e) o = b, (1 — ), with
an(€) := 55 and b, = ==—. Elementary manipulations yield

207 301,n "

b, 4ay,(€) o2 1 601,15
w@) = 12 g 2 T 2 h e 1 ol
on(€) 2ay,(¢) + by, 3o1,m € + o2 ¢ (a0 l)

and therefore

Ve>0  P([ny =] (f)> €) <3 exp (—N ;7 ai(e))

n

5.3 Approximating the adaptive criteria

By construction, the particle occupation measures PﬁNn (tn,) approximate the

measures Py o introduced in definition @; that is, we have in some sense

N
PEN (tn,s) =N1oo P(tn,s)

Conversely, we observe that PﬁNTJ&( tors)? and respectively P5 (4, 5) are the marginals

of the measures 7}, |, and respectively 7,41 with respect to the (s —t,)+1 first
coordinates. In other words, the measures ]P’%VN (tn,5)? and respectively Pg 1, o

are the projections of the measures 77 '+ 1, and respectively 7,1 on the state
space
Es:=FE,, x (B} 4 x...xE)

For instance, the following proposition is more or less direct consequence of
theorem [5.61

Proposition 5.8 For any N > 1, n >0, t, < s < t,y1, and any € > 0, we
have the concentration inequality:

n n N 2
P ([0 (B3 00) ~ D Brpon) [ 2€) = (VA7) e (-35)

c(n)

for some finite constant c¢(n) < co whose values only depend on the time param-
)

eter. In addition, when the measures Ht(nS have a finite support, we have the

concentration inequality:

n n N€2
(2 () M2 B 20 = it (-2

with a pair of finite constants c1(n), ca(n) < oo whose values only depend on the
time parameter.
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Proof:
By theorem 7.4.4 in [4], for any N > 1, p > 1, n > 0 and any test function
fn € Osci(Ey,), we have

1
sup VN E (|1 (f) = ma(F)]")” < b(p) c(n)
N>1
with some finite constant ¢(n) < oo and with the collection of constants b(p)

defined in (5.8). These estimates clearly imply that for any ¢, < s < ¢,41, and
any test function h,, € Oscy(Fs)

sup\/ﬁE(

N>1

S

N p
P 1 () = Pty ()| ) < (p) ()

Under our Lipschitz regularity condition (3.12]) on the criteria type functionals
Hg:?s, using the generalized integral Minkowski inequality we conclude that

1
n n P ; n
sup VIV E (M7, (B3 ,.0) =M% (Baie)|[) " < 00) ) ()
The proof of the exponential estimate follows exactly the same lines of argu-
ments as the ones used in the proof of corollary 7.4.3 in [4]; thus, it is omitted.
The last assertion is a direct consequence of theorem [5.6] This ends the proof
of the proposition [

5.4 An online adaptive particle model

The above proposition shows that the functional criteria Hg:?s (Pﬁn,(tn,s)) can
be approximated by Hi:,)s (]P’ﬁNN t S)), up to an exponentially small probability.
Therefore, it is tempting to define a particle model with an online particle com-
putation of the adaptive criteria and hence the corresponding time steps. The

natural idea is to replace the deterministic sequence (¢, )o<n<m+1 the measures

P5,. (t,.,s) by their current N-particle approximation measures.
Definition 5.9 We use the letters Y and Y to define the corresponding particle

model. In other words, the particle systems Yy = (yUW)), 5)\(N) = (JA)(N’“>,
and Ys(yiv’i) and ?;(yiv’i) are defined as XV = (X(N’i)), XN = (é?(N’i)), and

Xég’i) and )A(SE];”) by replacing in the inductive construction of the deterministic
sequence (tn)n>0 the measures P ) by their current N-particle approzima-
tion measures

ﬁn;(tru

N
=N 1
Pon 4n o) = — g ) v . . .
Lt 58) SN (3 (N) 3 (Ni) (N,i)
N i=1 (y"N ’<Yt71§’v+1’yt§+2""’Y*N )>
In the above displayed formula, with a slight abuse of notation Y = = vazl Opv.i)

stands for the updated occupation measure of the particle model 57\7(11\[). We also
suppose that both models are constructed in such a way that they coincide on
every time interval 0 < n < m, as soon as the random times t,]:[ = ty, for every
0<n<m.
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. —N .
We emphasize that the measures Pan ;v oy generally differ from the refer-
ence empirical measures IP’%’(%S) introduced in 1) Indeed, the reference

measures P,
M > (tn

. .. =N
tional criteria Ht (IP% o 175)), whilst the empirical measures Pﬁg}’,(tgy,s)

) are built using the deterministic times ¢,, based on the func-

are inductively constructed using random times ¢ based on the current empir-
(n-1) (BN
ical criteria H,y P~

th_1,8 7771 17(tn 1>5)
To illustrate the resulting partlcle adaptive scheme, we give the particle
approximation of the four functional criteria discussed in section [4

1. Adaptive control of the weights The N-particle approximation of the
critera discussed in section [.1] are given below

) (PN(tNﬁ)):%Card 1<i<N: ] ™) za,

tN.s M s
tN<k<s

In this situation, the particle model explores the state-space with a series
of local transitions 1' up to the first time t,]yﬂ the proportion of
particles with a weight of at least size s,, is below a prescribed a,, level

1 i
& Card (1<i< N [T 6™ =5, p <an

tlN<k<s

2. Normalizing constants and survival probabilities: The N-particle
approximation of the critera discussed in section are given below

1 :
HY (Bvero) = w2 11 ™)

=1 tN<k<s
In this situation, the particle model explore the state space with a series
of local transitions

J\/[t/,,{y+1 . Mt/{y +2 ; Mtlfy +3 IW/" 1
v y @) y (V) o Sy (5.15)
n+1

tN N tN +1 tN 42

n

up to the first time ¢ 11 the mean particle potential products goes below
a prescribed a,, level

N
v I e sa,

=1 ¢N<k<tl ,

3. Weights variances criteria w.r.t. free motions: The N-particle
approximation of the critera discussed in section [£:3] are given below

2
- G/ N ’L
7_[(n) , (IF’N ) N Z Ht <k<s ( ) _ 1
s A ST, ches GROGT)
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In this situation, the particle model explores the state-space with a series
of local transitions (5.15), up to the first time ¢}, ; the empirical particle
variances is larger than some prescribed a,-threshold

N,i

i( IL,, ces G YY)
-
SV, ches GG

) > (1+ap)/N

i=1

4. Boltzmann’s entropy criteria: The N-particle approximation of the
critera discussed in section [£.4] are given below

N
n (B, ! N
Hy, (Pw,wy,s))zfﬁz 3 log GL(YNY)
=1 tN<k<s

In this situation, the particle model explores the state-space with a series
of local transitions , up to the first time ¢ 1 the relative entropy of
the empirical particle measures with respect to its weighted versions are
larger than some a,,-threshold

N
1 i
N E g log G;C(Yk(N’ ) > an

i=1tN <k<s

6 Asymptotic analysis

6.1 A key approximation lemma

To go one step further in our discussion, it is convenient to introduce the fol-
lowing collection of events.

Definition 6.1 For any § €]0,1[, m > 0, a, € R, and N > 1, we denote by
QN (6, (an)o<n<m), the collection of events defined by:

Q% (0, (an)o<n<m) = {M0<n<m Vt, <s<tpn

[ (P 1)) = H (i) | S 8 [HE (P 000) = an

Lemma 6.2 On the event QN (6, (an)o<n<m), for anyn < m and any t, < s <
tnt1, we have

tn,s

H, (P 1) > an = T, (PN o ) > an

s (B t0.0) < an = Hi, (PR (1, ) < an

’!7,7‘S

Proof:
We observe that

[, (B 10.) = P (Pren))| < 0 [P (Biitni) —
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is equivalent to that of saying that

H ( 7]m(tn79) 75 ‘H 7Im(tn79)) —an <H(n) ( J\QL\]’(tn’S)>

and

Hg:,)s (PN (t",s)) S Hg:,)s (Pﬁm(tms)) + 4 ‘ng,)s (Pﬁn,(tms)) — Qn

Thus, if we have 'Hg:?s (P, (t.5)) < an we also have that

H(n) ( NN,(tn,s)>

IN

D, (Batn) +8 (an =i, (o 00) )
< dap+(1-9) H(n) (Ps, (tn.s)) < an

In much the same way, if we have H(n) ( nn,(tn,s)) > a, we also have that

s (]P’nn (tn s>>

%

Hg:)g ( ’r]n,(tn,s)) - 6 (Ht:?g (]Pjﬁm(tn:s)) - a")

> 6 an + ( ) H ( nnv(tnvs)) > an

This ends the proof of the lemma. ]

Proposition 6.3 We assume that the thresholds parameters a,, are chosen so
that we have HE:?S (Pﬁn,(tn,s)) # ay, for any n > 0. In this situation, for any
5 €]0,1[, m >0 and N > 1, we have

No<n<m{ th =tn } D QN (6, (an)o<n<m)

Proof:

We prove the result by induction on the parameter m > 0. Under our assump-
tions, for m = 0 we have #)Y =ty = 0. Thus, by our coupling construction the
pair of particle models coincide up to the time (t]lv A tl). Therefore, we have

=N

N
VS < (tl /\tl) ]P)AN,(to 9) Pﬁé\’,(t{)\’,s)

By lemma on the event QXN (4, (an)o<n<m) we have t) = t;. This proves
the inclusion for m = 0 and m = 1. Suppose the result is true at rank m. Thus,
on the event QN (6, (an)o<n<m) we have tIY = t,, for any 0 < n < m. By our
coupling construction, the pair of particle models coincides up to (£, 1 Atmy1);
that is, we have that

N
tm

=ty and V<s< (B Atngr) PRy =Pox o)

Once agaln by lemma on the event Q7n+1 (0, (an)o<n<m+1) We also have
that tN +1 = tmy1. This ends the proof of the proposition. [
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6.2 Randomized adaptive criteria

The situation where the threshold parameters coincide with the adaptive criteria
values HEZ?S (P, (t..5)) = @n cannot be handled using our analysis. Indeed, in
this rather degenerate situation it is impossible (at least with our approach) to
compare the random times tY with the reference deterministic ones t,. The
analysis of this situation is clearly more involved since it requires us to control
both the the empirical approximating criteria and the mean field approximation
model.

To avoid this technical problem, one natural strategy is to introduce ran-
domized criteria thresholds. We further assume that the parameters (a, ),>0 are
sampled realizations of a collection of absolutely continuous random variables
(An)n>0 (in practice, this element can be incorporated into the simulation, with
no real change in the performance). The main simplification of these randomized
criteria comes from the fact that the parameters

HE:?G (Pﬁnv(tms)) —an

€n = Inf inf
0<n<m t,<s<tnit1

are strictly positive for almost every realizations A, = a, of the threshold
parameters.

Theorem 6.4 For almost every realization of the random threshold parameters,
and for any § €]0, 1[, we have the following exponential estimates :

P(E0<n<m t) #t, | (An)o<nem) < c1(m) (146 €/ N/2) exp (—N§* €2, /ca(m))

for some constants c1(m), ca(m) < oo whose values only depend on the time

parameter m. In addition, when the measures Ht(:)s have a finite support, for
any § €]0,1/(2€m,)][ we have

P (ElO <n<m tfj #tn | (An)ogngm) <ci(m) exp (—N(52 6,271/62(771))
for a possibly different pair of finite constants c1(m), ca(m) < co.

Proof:
Using proposition [5.8] we obtain the rather crude estimate

P (22— QN (0, (An)o<n<m) | (An)osn<m = (@n)o<n<m)

v

5 ’Hiff,)s (Ps, (tn.s)) — On

) em)

)

< o S B[ (BN ) — HiDs (B )|

Y

é ZSZO Zin:ti P (’Hg:,)s ( ?];;,(tn,s)> - Hg:,)S (Pﬁnv(tnvs))‘

<ci(m) (140 emy/N/2) exp (—N? €2, /co(m))
for a pair of finite constants ¢1(m), ca(m) < co whose values only depend on the

time parameter. The final line is a direct consequence of proposition [5.8| and
application of proposition [6.3] completes the proof. [

INRIA



Adaptive Sequential Monte Carlo Methods 43

One concludes that for almost every realization (A,)o<n<m = (@n)o<n<m
the pair particle models (Xy(LN), Xn)o<n<m and (y<N>, Yn)o<n<m only differ on
events Q — QN (8, (an)o<n<m) With exponentially small probabilities:

P(30<n<m .00 # (Y. 2) | (Anognzm = (@n)osnsm)
<ci(m) (140 en/N/2) exp (—N&? €2, /ca(m))

7 A functional central limit theorem

7.1 A direct approach

In this section, we discuss some direct consequences of the exponential coupling
estimates presented in section For almost every realization (A, )o<n<m =
(an)o<n<m and for any test function f,, € Osci(E},) we have the decomposition
(writing 77 for the online adaptive approximation introduced in definition

VN [ =] =VN [ =] + VN @) =0} lo—an 6,(am)0cem)
with
E (\/N [ﬁg - {’77]:[] (fn) 1Q7971X(6,(an)0§"§"l)) < \/N]P) (Q - Q%(& (an)OSnSm)) ~—“NToo 0

One concludes that, for almost every realization (A, )o<n<m = (an)o<n<m, the
random fields

W::[ =VN @y —m.] = and WY .= VN [ = 1]

converges in law, as N T 0o, to the same Gaussian and centered random field
W.

7.2 Functional central limit theorems

To demonstrate the impact of this functional fluctuation result and to connect
this work with related studies on adaptive sequential Monte Carlo models, we
provide a brief discussion on the proof of this multivariate central limit theorem.
Firstly, we recall a rather well known functional fluctuation theorem of the
local errors associated with the mean field particle approximation sampling tran-
sitions introduced in . This result was initially presented in [6] in the case
of elementary genetic type models. It has been extended to general mean field
particle models in section 9.3 in [4].
Theorem 7.1 For any fized time horizon n > 0, the sequence (VPN)QSPSn con-
verges in law, as N tends to infinity, to a sequence of n independent, Gaus-
sian and centered random fields (Vy)o<p<n; with, for any fp,g, € B(Ey), and
I<p<n,

E(Vo(fo)Vi(9p)) = np-1Kpn, o ([fp = Ky (Fp)ll9p = Koy (9p)]) - (71)
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On the other hand, using the same lines of arguments as in the proof of
lemma [5.4] we find the first order decomposition formula:

[©n (1) = Ln()](f) = (1= 1) Dny + R, 1)
with the signed measure R, (i, n) given by

1
w(Gnyn)

and the bounded integral operator

Dy (f)(2) = Gny(z) x My (f = 2u(n)(f)) (2)

Ron(p,m)(f) = [=1%%(Gn.y @Dy (f))  with  Gny = Gn1/n(Gn-1)

Definition 7.2 We denote by D, ,, the semigroup associated with the integral
operators Dy, := Dy, ., ; that is, we have that

me = Dp+1 . Dn—an
For p =n, we use the convention D, ,, = Id, the identity operator.

We mention that the semigroup D), introduced above can be explicitly
described in terms of the semigroup 9, ,, with the following formula

— Qp,n
1p(Qpn(1))

The next technical lemma provides a key first order decomposition of the
random fields W in terms of the local fluctuation errors. Its proof follows an
elementary induction on the time parameter n, and is in the appendix. Note

that R, is a remainder term that can be understood in the proof.

Dpn(f) (f = ()

Lemma 7.3 For any N > 1 and any 0 < p < n, we have

n n—1
WY => VD, +RY with RY:=VN Y Ry (n) ) Dprin (7.2)
p=0 p=0

Using the IL,,,-mean error estimates presented in section we easily prove
that the sequence of remainder random fields R introduced in converge
in law, in the sense of finite distributions, to the null random field as N tends
to 0o. Therefore the fluctuations of WY follows from theorem

Corollary 7.4 For any fixed time horizon n > 0, the sequence of random fields
(W) >0 converges in law, as N tends to infinity, to the sequence of Gaussian

and centered random fields (W,)n>0 given below

n
=0  W,=Y V,Dyn

p=0
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7.3 On the fluctuations of weighted occupation measures

We end this article with some comments on the fluctuations of weighted occupa-
tion measures on path spaces. Returning to the online adaptive particle model,
given a pair of time steps (t3,¢Y, ;) = (t,,t,41) the N-particle measures

N
TS o
n+1l = S(N,i) (N,i) (N,i) (N,i)
N & (5 ,(Ytﬁ,ﬂ,zgw,.‘.,zml

can be used to approximate the flow of updated Feynman-Kac path distributions
(Mnt1,8)tn<s<t,., given for any bounded test function f,11 € By(Sn+1) by

s € [tn»tn+1] = ﬁn+1,3(fn+1) x E fn+1(X(/)a cee Xém.l) H G;c(Xl/c)
0<k<s

Indeed, if we choose the weighted functions

1
T (fas) (@, oo, ) = fara(@heah ) ] Ghlh)

t,<k<s

in some sense we have

ﬁﬁfﬂ (T5L21(fn+1)) Mn+1 (T7221(fn+1))

~N ~
Mn1,s(fa) o= — N ~Ntoo Tnt1,s(frt1) = N
e (22 ) M (T2 (D)

with the flow of Feynman-Kac measures 7,41 on path spaces introduced in

section B4
Since the adaptive interaction time is taken such that ¢3, ; = t,41, we also
have

N
1 N ~
N Z 5377(1,11’11.) =Ntoo Mntltnir = Tntl
i=1
In other words, if we choose the marginal type functions

0
T (fas) (@, oo, ) = fupa (@ho v )

we have

sz (T (Fa1)) = T (fust) < B | fua (X5, X1 [T GRXD)

0<k<tni1

and therefore
XN
_ 0 S(Ni 0
T (T7(z+)1(fn+1)> =N Z fn+1 (y,(LH)) ~Ntoo Mn+2 (Té_gl(fnﬂ))
i=1

From the previous discussion, using the continuous mapping theorem or al-
ternatively the standard d-method, for almost every realization (Ay)o<n<m =
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(an)o<n<m a central limit theorem is easily derived for the collection of random
fields given below

/Wvﬁ(lO)(fn-i-l) = \/N [ﬁﬁm (Tr(fj-)l(fn-&-l)) — Tn+2 (TT(L?F)l(f7L+1)>:|

and
N, (1)

Wn+1,s(f7z+1) = VN [ﬁfy+1,s(fn+1) - ﬁn+178(fn+1)]
as well as for the mixture of random field sequences

WTJLYi-l,s = 1t7]¥§s<tﬁj+1 Wé\i(ll,l + 1s:t£¥+1 W:i(l()) (73)

The fluctuation analysis of these random fields strongly relies on the func-
tional central limit theorem stated in corollary [7.4] In particular, the fluctua-
tions of the random fields depend on the fluctuations of a pair or random
fields. From elementary stochastic calculus, the corresponding fluctuations can-
not be deduced directly from the separate fluctuations of each components.

In this connection, we mention that these functional central limit theorems
extend theorem 6 in [§] in the context of multinomial resampling schemes. In
our context, these simple genetic type models correspond to the McKean par-
ticle interpretation model associated with the elementary selection transitions
Sny(z,dy) = ¥, (n)(dy) (cf. section in the present article).

In [8], the authors use a standard one dimensional central limit theorem on
every test function to deduce the fluctuations of the sum of the weighted
and the resampled occupation measures. As we mentioned in the introduction,
these arguments are combined with an inductive, and misleading, proof on the
time parameter s. We also remark that [§] do not consider the degenerate
situation where the limiting adaptive criteria coincide at a given time period
with the threshold parameter.

Appendix
Proof of lemma [5.2]

We prove the lemma by induction on the parameter n. The result is clearly
satisfied for n = 0. Suppose the estimate (5.7) has been check up to rank
(n —1). To prove the result at rank n, we use the binomial decomposition

2m
m 2 m—
(My—1 + An)2 = Z ( ;n ) M72171 P (An)p

p=0

Using the symmetry condition, all the odd moments of A, are null. Conse-
quently, we find that

E (Mo +A0)"") = f: ( 227; ) E (") E(A%)
p=0

Using the induction hypothesis, we prove that the above expression is upper
bounded by the quantity

i (g ) 2 @ = B (M) E(AT)
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To take the final step, we use the fact that

() 2 Cm=por =g () wd Gz

to conclude that

E((Maa+2807") < 277 (2m),, i( ) () Ea)

p=0

= 277 (2m)m E(M];)

n

For odd integers we use the Cauchy-Schwarz inequality twice to deduce that

E(M,["")? < E(M7™) E(MHY)
2m+1

< 9—(2m+1) 2m)m, (2(m+ 1))(m+1) E ([M]M+1) mF1

n

Since we also have that

@m+1))  _(2m+ 1)

@m+ Wenen = oy =2 = 2 @M+ Dewey
and 1 @m+1) 1
m+ 1)
@M = k1l 2m 1 2 Domsy

we conclude that

2 1) m e =)
M ]E([M]"”l) 2(m+1)

E(M ) < 27 et ;

This ends the proof of the lemma. ]

Proof of lemma [5.4]
Using (3.6]), for any f € By(Spn+1) we find that

1

(®p,n (1) — Ppn(M](f) = m (1t = 1) Dp,n,n(f)

with the bounded integral operator

Dpnn(N)(@) = Gpnn(@) X Ppn (f = Ppn(0)(f)) (2)

In the above display G, ., and P, stand for the potential function and the
Markov operator given by

G = Qp,n(l)/n(gp,n(l)) and Pp,n(f) = Qp,n(f)/gp,n(l)

Using the fact that 7 (Gpn,n) = 1, it is now immediate to check that

[@p.n(1) = Ppn(m)] = (= 1) Dpny + Rpn(psn)
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with the measure R, (1, n) given by

Rt 1)(£) 1= = ez 1= 1% Gy @ Pynn(F)

Using the fact that

Dp,nm(f)(x) = gpm,n(x) / [Pp,n(f)(x) - Pp,n(f)(y)] gp,n,n(y) n(dy)
we find that

Vf e Oscl(En) ”Dp,n,n(f)H < dpn ﬂ(Pp,n)

Finally, for any f € Oscy(S,,) we observe that

Rpm () ()] < (445, B(Ppn)) |l —1%* (Gpinim @ Dy (f))]

with the pair of functions

= Gp.n, = Dy y(f
Gpnn = 21; 2 and Dypnp(f) = 2% pﬂ:f; )) € Osci(Sp)
p.n p P\ Fpn

This ends the proof of the lemma. [

7.4 Proof of lemma [7.3

We prove the lemma by induction on the time parameter n. For n = 0, we
readily find that WY = V¥ = VN [n} — ®¢(n%})], with the convention
®o(nY,) = mo. Assuming that the decomposition is satisfied at rank n we
prove that

Wy = VN 4+ VN [@n1()) = @osi(n)] = VN + WY Dnir + VN Ryir (n) )

n n—1
= an\—fi-l + Z VpNDp,n+1 + \/N Z Rp—i—l (U;];Vaﬁp) Dp+1,n+1 + VN R, (Uﬁaﬁn)
p=0 p=0
Using the convention Dy, y1 541 = Id we find tat
+1
L V7{YH + EZ:O VpNme-i-l = EZ:O VpNDp,n-H
>on=o Bpt1 (1)) Dpyint1 + Ruga (07 1n) > ov—o Bpr1 (0 smp) Dptinta

from which we conclude that (|7.2) is satisfied at rank (n 4+ 1). This ends the
proof of the lemma. ]
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