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Homogeneous transformation

Geometry iTf Homogeneous transformation matrix

R : Orientation

s, n, a Cosinus directors
RPY angles (Roll (z), Pitch(y), Yaw(x))
Briant angles (x,y,z)
Euler angles (z,x,z)
u.θθθθ, u.sin(θθθθ), u.sin(θ/2θ/2θ/2θ/2), 
Quaternion λλλλ1, λλλλ2, λλλλ 3, λλλλ4

P  : Position

Cartesian coordinates
Cylindrical coordinates
Spherical coordinates

Different representations
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R : Orientation

s, n, a Director Cosinus

P  : Position

Cartesian coordinates

Different representations (i.e)
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Geometry iTf Homogeneous transformation matrix

R : Orientation

s, n, a Director Cosinus

Main properties of the rotation matrix
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Homogeneous transformation: Rotation matrix

Geometry iRf Rotation matrix  Rot(x,θθθθx)

Matrix to change the 
frame for one vector
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Homogeneous transformation: Rotation matrix

Geometry iRf Rotation matrix  Rot(y,θθθθy)
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Homogeneous transformation: Rotation matrix

Geometry iRf Rotation matrix  Rot(z,θθθθz)
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Homogeneous transformation properties

Geometry iTf Homogeneous transformation matrix

Prop. 7)

T is defined in Ri

T’ is defined in Rj
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137 Modeling and Control of Manipulator robots
EMARO+ / ARIA Master 1, Ecole Centrale de Nantes

Philippe
MartinetUniversity of Genova

Application
fields

History and

Bibliography
Definitions

Basic

Knowledge

Basic Knowledge
Cartesian coordinates

Classification

Rigid body pose parameterization: position



138 Modeling and Control of Manipulator robots
EMARO+ / ARIA Master 1, Ecole Centrale de Nantes

Philippe
MartinetUniversity of Genova

Application
fields

History and

Bibliography
Definitions

Basic

Knowledge

Basic Knowledge
Cylindrical coordinates

Classification

Rigid body pose parameterization: position

Singularity : Px=Py=0
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if or if
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Classification

Rigid body pose parameterization: orientation

or

Remarks: Euler angles can be defined also by (z,y,z) �
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Rigid body pose parameterization: orientation

ARPY

or
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Rigid body pose parameterization: orientation

or
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Consider a robot with n+1 rigid bodies Ck
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C0 is the base of the robot (fixed)
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Case of serial manipulator robot

The problem to solve is to obtain the position and orientation 
of the end effector frame Re in the fixed frame R0
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Rigid body kinematics

Circular motion

v: tangential velicity
ω: angular velocity
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Rigid body kinematics

Rotating frame
Rf: fixed frame (origin O fixed)
Rm: mobile frame just in rotation w.r.t Rf

ω: angular velocity
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RRRRf : fixed frame
RRRRm : Mobile frame
P   : one point in RRRRm
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Using this relation we can established
The kinematic evolution of a multi-rigidbody robot 

See next slide
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Multi-Rigid bodies kinematics

Velocity of Oi+1 w.r.t R0 expressed in Ri

Angular velocity of Ri w.r.t R0 expressed in Ri

Velocity of Oi w.r.t R0 expressed in Ri

Velocity of Oi+1 w.r.t Ri expressed in Ri
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Multi-Rigid bodies kinematics

Angular velocity of Ri w.r.t R0 expressed in Ri

Angular velocity of Ri w.r.t Ri-1 expressed in Ri

Angular velocity of Ri-1 w.r.t R0 expressed in Ri-1

=

Ci
Ci+1Ci-1
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Multi-Rigid bodies kinematics

Angular velocity of Ri w.r.t R0 expressed in Ri

Angular velocity of Ri w.r.t Ri-1 expressed in Ri

Angular velocity of Ri-1 w.r.t R0 expressed in Ri-1

=

Ci
Ci+1Ci-1



156 Modeling and Control of Manipulator robots
EMARO+ / ARIA Master 1, Ecole Centrale de Nantes

Philippe
MartinetUniversity of Genova

Application
fields

History and

Bibliography
Definitions

Basic

Knowledge

Basic Knowledge

Classification

Multi-Rigid bodies kinematics

Considering two frames Ra and Rb rigidly linked (case for Rn and RE)

twist
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Multi-Rigid bodies kinematics

Considering two frames Ri and Rj and a twist Vi=(vi,ωi)T expressed in Oi

Projection

with

We wish to compute the corresponding twist Vj=(vj,ωj)T expressed in Oj
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Differential translation and rotation of frames

Consider a differential translation vector  dPi expressing the translation 
of the origin of frame Ri, and of a differential rotation vector δi, equal to 
ui.dθ, representing the rotation of an angle dθ about an axis, with
unit vector ui, passing through the origin Oi.

The differential transformation matrix ∆ is defined as [Paul 81]
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Ṙ.RT = S(t) Ṙ = S(t).R
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bta represents the position

bRa represents the orientation
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×
=b Ṙa.

bRTa
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Ωb/a|a Ωb/a|a = −Ωa/b|a Ωb/a|a =
a Rb.Ωb/a|b

Ωa/b|b Ωa/b|b = −Ωb/a|b Ωa/b|b =
b Ra.Ωa/b|a
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Representation of forces (wrench)

A collection of forces and moments acting on a body can be reduced to a wrench Fi
at point Oi, which is composed of a force fi at Oi and a moment mi about Oi:

Note that the vector field of the moments constitutes a screw where the vector of the 
screw is f i. Thus, the wrench forms a screw. 
Consider a given wrench iFi, expressed in frame Ri. For calculating the equivalent 
wrench jFj, we use the transformation matrix between screws such that:


