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Basic Knowledge Homogeneous transformation
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Basic Knowledge Homogeneous transformation

Geometry (%)
Consider a 3D point in space y
Z
Then vy .
(30 (%)
X (X (%)
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Basic Knowledge Homogeneous transformation

G eometry ITf Homogeneous transformation matrix

Different representations

R : Orientation P : Position

S, n, aCosinus directors Cartesian coordinates

RPY angles (Roll (z), Pitch(y), Yaw(x))  Cylindrical coordinates
Briant angles (X,y,z) Spherical coordinates

Euler angles (z,x,z)
u.0, u.sin(@), u.sin(6/2),
Quaternion A, A, A g, A
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History and Application _— VTR Basic
Bibliography falds Definitions Classification ‘ Knowledge
Basic Knowledge Homogeneous transformation
iT | |
Geometry f Homogeneous transformation matrix
Different representations (i.e)
R : Orientation P : Position
S, n, aDirector Cosinus Cartesian coordinates
/Sx n, ax\ /PX\ Rl>lo ricTJtation
— — - 3
R=|s, n, a P=|P |
No translation
S, n, &) P, P=(0,0,0)
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Bibliography falds Definitions Classification ‘ Knowledge
Basic Knowledge Homogeneous transformation
iT | |
Geometry f Homogeneous transformation matrix
Malin properties of the rotation matrix
R : Orientation
s/ =Inf=lal=1
S, n, aDirector Cosinus
sin=0 sxn=a
sta=0 nxa=s
alh=0 axs=n
-1 _ T
R =R
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Basic Knowledge Homogeneous transformation: Rotation matrix

i . .
Geometry Rf Rotation matrix Rot(x,0,)
2
“ 1 0 0 1 0 0
f O R=1 0 cosf, —sinf, | =1 0 cf, —sb.
| ./ 0 sinf, coséb, 0 s6, cb,
|
| .
: ?:Hf = 1?’Rz + OJHE + Okﬁi = a§f
ij = D-iﬁi + Cos HTJR?, + Siﬂex.kﬁi = aﬂf
., kr, = 0.ig, — sinf.jr, + cosb,.kg, = ‘a
Ty
=) — _ Matrix to change the
l Jr, = D frame for one vector
kr, = Ta
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Definitions

Basic Knowledge Homogeneous transformation: Rotation matrix

Geometry in

Zj

A

Rotation matrix Rot(y,6,)

cost/, 0 sind, ct, 0 sb,
R= 0 1 0 — 0 1 0
—sinf, 0 cosé, —sf, 0 cb,

y Yr
R, [ X
Ry \. Ui
9\'
£T; N
€L f
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Basic Knowledge Homogeneous transformation: Rotation matrix

i . .
Geometry Rf Rotation matrix Rot(z,0.)
Zi
\ oS cosfl, —sinf, 0 cl, —sf. 0
R=| sinf. cosf, 0 | =1 s, cf. 0
0 0 1 0 0 1
0.
A
Ys
R; 6,
By F Lk }
.
Ly
Ty

S _
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Basic Knowledge Homogeneous transformation properties

i | |
GEOmetry Tf Homogeneous transformation matrix
23 iTj
' yj
Prop. 1) (‘T,) ™ = T,
iT, =
R,
i
€L
(T)_l — (RD{-(E g’u)}_l — RDJ((E _Quj — RDE(—E, euj
Prop. 2)

Rot(z, —0,) = (Rot(;z:,é‘_r))T = (Rot(x, gr))—l
(Trans(u, d))~! = Trans(—u, d) = Trans(u, —d)
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Basic Knowledge Homogeneous transformation properties

i . .
GEOmetry Tf Homogeneous transformation matrix
k=1
e T k-1 Y
Prop.3) T} Y1 Ry, Ry, b
20 R Tk D'TA. :l] lTl .I'TQ.Z'TE.S'T,;[. ..k_llTk
! Yr—1 Ly
RD I
Yo
0T,
Lo
—sT.P
AT —nT.P AT AT P
Prop. 4 S = _
P-4) I —al.P ( 000 1 )
000 1
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Basic Knowledge Homogeneous transformation properties

GeOmetry ITf Homogeneous transformation matrix

T T — A B Ay P _ A A AL+ P
=2 000 1 /"L o000 1 000 1

Prop. 5) —_— A, P, A P\ [ AyA AP+ P
2= o000 1 /L0000 1 )7L 000 1

2

Rot(u, 6,).Rot(u, f3) = Rot(u, 6; + )

Prop. 6)

Trans(u, d).Rot(w, #1) = Rot(w, #1). Trans(u, d)
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Basic Knowledge Homogeneous transformation properties

GEOmetry ITf Homogeneous transformation matrix

T =TiT,| T IS defined In R

T, ="T,T'| T isdefinedin R

U

TiT; =* T, T
3 —— ‘ HH » . .
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Basic Knowledge Homogeneous transformation properties

GEOmetry ITf Homogeneous transformation matrix

Y2

2D 20
1 #/{ffff{' - - 'Egg L
6. -
21 yl - . .
2 ~
R, 6, - .
P -~
0 Yo
Iy RU’
Iy Ly .
Rot(z, 6,) 1
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Basic Knowledge Homogeneous transformation properties

i . .
GEOmetry Tf Homogeneous transformation matrix
0  —u, wu,
U= U, 0 —us
—Uy Ty 0
Prop. 8)
uNV =ulV
2 Ve wy,. V, —u,.V, 0 —u. u V.,
Uy A L{H — U,V — u..V, = U, 0 — Uz Vy
U, V. UV, —u,.V; —Uy, Uy, 0 V.
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Basic Knowledge Rigid body pose parameterization: position

Cartesian coordinates

Pcar:

N

Modeling and Control of Manipulator robots
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Basic Knowledge Rigid body pose parameterization: position

Cylindrical coordinates

'
20 T
A r.Co
Py = | rsa
......... _y-‘— Z
Ry "
— - T
(s ,.fr - hyq" -~ _

Ip ““h_,.“'/ r "‘“hhhq— r = P:E'—I_Pt.r
a = atan2(P,, P,)
z=P,

a € [—180;180]

Singularity : Px=Py=0
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Basic Knowledge Rigid body pose parameterization: position

Spherical coordinates

zﬂ
F
20 T )
J r.ca.s3
3 Pon = | rsasg
T, Clﬁ
T T~ T poonk —-
‘-\ - e — — E_ o yﬂ.
Rﬂ _._:.'_,_,_ —_— ‘
—— _’L‘n

~
=
~?\
| 2
\ /
‘\\J’
/
\Alf
/
fec
=
/
/
/
/
/
/
/
/
/

r=./P:+P2+P?
a=atan2(P,,P.)if 3#0ora=0if 3=0

sov

P
3 = atan?2 (—y Pz) if « %0 or 3 =atan2(P,,P.) if « =0
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Basic Knowledge Rigid body pose parameterization: orientation

Euler angles (2, z, 2)
0 Agu = A(2,0).A(x,0).A(z,%)

Yn co.ct) —so.cfs) —cosy —so.cf.cp s.s6
Apa = | so.ci) + ch.cl.st —so.s1) + co.cl.cy) —cep.sf
s6.s) s.ca) cl

. ¢ = atan2(—a,, a,) or (¢ = atan2(a,, —a,) + 180")
- 0 = atan2(s¢.a, — cd.ay, a)
- = atan2(—co.ng — so.ny, cO.5; + s.8,)

Remarks: Euler angles can be defined also by Jz=,z Aeu = A(z, ). A(y,0).A(z,v)
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Basic Knowledge Rigid body pose parameterization: orientation
RPY angles (z,y,X)

z . .
2 f ,2’? Arpy = *4(25‘?&)-*4('%9)-*4(1:1 V)
Zn p co.cld co.sb.sh —so.c) co.sb.cr) 4 so.sy
.- = | s¢.cf s¢.80.810 4+ co.c) so.sb.c) — cosy
v Yn —s6 c.s1) c.cip
: -'.1 9
Rﬂ d} y#
Yo
N 44
@ (1%
o oV o ¢ = atan2(s,, ;) or (¢ = atan2(—s,, —s,) + 180°)
7, T2 z, . Sy, Sz . Syy — 9z

6 = atan2(—s,, cd.s, + s¢.s,) |
Y = atan2(s¢.a; — co.ay, —s¢.n; +co.n,)
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Basic Knowledge Rigid body pose parameterization: orientation

Bryant angles (X,y,2)[ Ag,, = A(x, 61). A(y. ¢2). A(2. b3)

z]. 'y zﬂ

"r‘ﬁay
\

Zah\ @2
zﬂ.

CO2.CP3  CO1.803 + 5P1.502.CP3  SP1.5¢3 — CP1.5¢2.CcP3

J‘iiBrv — _(,{L"_}ES(:}& L{.)l(l,dl‘g_ — 5@1.5@'{12.5&3 5{;11.(3*5,3}3 + 6@1.5@5}2-5@3
SMo —S8(1.CDy CO1.COy
.yﬂ

Oy 92
@3
@1‘5 _

Yo
(31 = ﬂtﬂﬂz(_ﬂ'zv ﬂ'z) or {01 — m;a,nZ{-nz, _H'E) + 180&)

¢o = atan2(s., coy.a, — sdy.n,)

¢3 = atan2(coy.n, + s¢1.a,, cd1.1, + 5¢.a,)
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L
Basic Knowledge Rigid body pose parameterization: orientation
Orientation (u,0) o
- f i
RD YUn
R, Yo
Ny T,

u?.(1 — cf) + cb Uyplly.(1 —cl) —u,.s0 wu,u,.(1 —cl)+u,.s0
Alw,0) = | wouy.(I—cl)+u,s6  ul(l—ch)+cd  uu..(1—ch)—u,sb
u,u,. (1 —cf) —u,.s0 wu..(l—ch) +u,s0  u(l—ch)+ch

Aw,0) =uu’ (1 —ch) + Lz.cl + i1.50 Rodrigues formula

A(u,8) = Iy + 4.50 + 4°.(1 — cb)

— ‘
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L

Basic Knowledge Rigid body pose parameterization: orientation

Orientation (u.0)

A(u, 0) = wu’.(1 — ch) + I3.cl + .56 Rodrigues formula
A(u,8) = Iy + .50 + 4%.(1 — cb)
a2 o
0 —u, u, . Uy Uy U, Uy,
- : AR A . )2 _
i = u, 0 —u, wu = | uy | (ug uy uz) = | uUy, U, “y;""z
U, Uty Uyll, — US
—U, Uy 0 z Y z
2 .
uzy — 1 wpu,  uzu,
..'*2 R S ) T _ . ) 2 .
U =ua=uu — Iy = Upth, Uy — 1 uyu,

Mac Laurin

6 6T , (87 6 e
4(“ 9} — fa—l-u Sg—l—-’i (1—‘39 II‘ 0) = I3 + . (9—3—r+§—ﬁ+...)+-ﬁ?. (—]—EJra—...)
= —a, 4t = -2, 0° =1 , U° =1u°

— R ‘
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Knowledge

History and
fields

Bibliography
Basic Knowledge Rigid body pose parameterization: orientation

Orientation (u.0) \
u,6)- Alu,0)'

A(w,8) = Iy + .50 + 4%.(1 — cb) (
Au,8) =1,-0s0+02(1-co) ; "= |[us6] =[us]" = A >
Au,8)- Alu,8)" =2.0.s6 )
Tracdl, +(.s6+0%(1-¢c6)) )
3+(1-cH)Trace(?)
=3+(1-c8)(-2)

Tr(A(u,8)) =1+ 2.c6

)
O
&
[
L

s§-Ny = 2us0
-5, =2y
n,-a, = 2usd
n,-a,
2 2 2 — _
x) +(ax_sz) +(nz_ay) H_Z.Sinﬁ a, —sS,
S, — N,

Modeling and Control of Manipulator robots
EMARO+ / ARIA Master 1, Ecole Centrale de Nantes
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I

Basic Knowledge Rigid body pose parameterization: orientation

Quaternion (A A, AzA,) ¢ € [—180;180]

A = cos () M=2/s.+n,+a +1

Ny = u,. sin (%) Ao = %.Sigll(ﬂ-x —ay).\/Sz — Ny —a, + 1
A3 = u,.sin (3) A3 = $.sign(a, — 5.).\/—5, +ny —a, +1
A4 = 1,.sin (%) M= %.Sign(sy —Nz)y/ =Sz — Ny +a, + 1

2N 422 =1 2.0 hs — ArA) 2.(Aa A + AL As)
44Quat = 2(,}\3,}\3 -+ )‘\1.)\4) 2()@ ~+ )\%) —1 2()‘\3)&4 - ,}\1.)\2)
3()\3)&4 — }\1.)k3) 2()&3}\4 -+ }\1}\3) 2()&‘% -+ )'v.fi) —1
207 — 1 =cos¥
MEXN+FAN+XE=1
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I

Basic Knowledge Multi-Rigid bodies

+ X

Ry

Case of serial manipulator
robot Kk

0 Consider a robot with n+1 rigid bodies G
We associate n+1 frames
C, Is the base of the robot (fixed)

TR H Philippe 4,2 -@Cs7v Modeling and Control of Manipulator robots
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Basic Knowledge Multi-Rigid bodies

Case of serial manipulator robot

The problem to solve is to obtain the position andrientation
of the end effector frame Rin the fixed frame R,

“The1 = Elementary frame transform

000 1
0 _0 1 2 n-1 A
T, =T, BT, BT, 1T, 0T,

Philippe 4 40 e s Modeling and Control of Manipulator robots
f Genovaunvesmse Martinet EMARO+ / ARIA Master 1, Ecole Centrale de Nantes
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Basic Knowledge Rigid body kinematics

Circular motion

A z_f 5 = Rﬁ
ds de
R o\
Ry : v: tangential velicity
A Yr w: angular velocity

L f

Philippe 149 /k Cs7v Modeling and Control of Manipulator robots
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Bibliography Falds Definitions Classification ‘ Knowledge
[
Basic Knowledge Rigid body kinematics
Rotating frame
R:: fixed frame (origin O fixed)
2f R, mobile frame just in rotation w.r.tR
3 A
17 ",-’If (d}i_ll) o (d!ﬁl.) _I_ , 4
f! Rf _y}n df Rf df Ro _
Rm ; -

Uy V(A)r, = V(A)g, +w A A

w. angular velocity

TS Philippe -0 7@ Cs s  Modeling and Control of Manipulator robots
v, University of Genovausversm Martinet EMARO+ / ARIA Master 1, Ecole Centrale de Nantes
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I
Basic Knowledge Rigid body kinematicsz P
Y
IN
> Y
y V(P)r :V(Om)\Rf +V(P)p +wxO,P

R; : fixed frame d q
&, : Mobile frame  gr@
P :one point ink,,

= D+9(d) +wxd
dt

R, R

w : angular velocity of K, relative to K;

7 ] \ - ; _ _
m TR H Philippe 151 ,z@€Cs7v Modeling and Control of Manipulator robots
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Bibliography fields Knowledge

Basic Knowledge Rigid body kinematics

Using this relation we can established
The kinematic evolution of a multi-rigidbody robot

Kinematic i See next slide
= +V (P + W X P
Remarks : v (P)‘Rf v (Om)‘Rf (P, * @ On
If D=0 then V(P), =V(P), +wxO,P
f m
ifD=0and V(P), =0 thetWV(P), = wxO,P
m f
=-0,Pxw
= w0
= AS[a] =[a]” =[]
7 &ﬁmﬁw ﬂ Philippe 152 /k Cs7v Modeling and Control of Manipulator robots
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History and Application _— VTR Basic
Bibliography Falds Definitions Classification ‘ Knowledge
Basic Knowledae Multi-Riaid bodies kinematics
z.
Tipp [H

V(0ip)R) = V(0 )(23: . V(oa-mi}ﬁﬂ + Q50 A 00,4

LAnguIar velocity of Rw.r.t Ry expressed in R

Velocity of O,; w.r.t R expressed in R
Velocity of G w.r.t R, expressed in R
L Velocity of Q,; w.r.t R, expressed in R

Ll Philippe 153 IR Cs7v Modeling and Control of Manipulator robots
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I—.Ils.tory and Appllcatlon Definitions Classification I‘ Basic
Bibliography fields Knowledge
I

Basic Knowledge Multi-Rigid bodies kinematics

V(Ou)(z) = V(Oi)ay + V(Oina)ig) + L A OiOi ‘,‘

r 'Ro) i r R
V (Oi+1)EfRSj] = AV (Oi“jzfﬁﬂlﬁl

v’(()i}liﬁn:] _ é‘4i_1 _V'(()i)(RD)

(Hi) — (Ri_1)
(Fo) _ (Ri_1) (Fq)
(Rg) (Ri_1) - (Rp) ‘Qi'{R“’;—lj - Qé(Ri_l:? + Qi_l{ﬁ@_ﬂ
(R, EI:H LAp—]1 - i—1lip. ) A o) 1 , A0
. ‘l) . 1) RB 1. le:sz — ‘4-1—15_31(&_1]
L Angular velocity of R; w.r.t R, expressed in R
Angular velocity of Rw.r.t R_; expressed in R
L Angular velocity of Rw.r.t R, expressed in R
A — U - » . .
E TR Philippe 154 7z @CTs7v Modeling and Control of Manipulator robots
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I—.Ils.tory and Appllcatlon Definitions Classification I‘ Basic
Bibliography fields Knowledge
I

Basic Knowledge Multi-Rigid bodies kinematics

V(Ou)(z) = V(Oi)ay + V(Oina)ig) + L A OiOi ‘,‘

r 'Ro) i r R
V (Oi+1)EfRSj] = AV (Oi“jzfﬁﬂlﬁl

v’(()i}liﬁn:] _ é‘4i_1 _V'(()i)(RD)

(Hi) — (Ri_1)
(Fo) _ (Ri_1) (Fq)
(Rg) (Ri_1) - (Rp) ‘Qi'{R“’;—lj - Qé(Ri_l:? + Qi_l{ﬁ@_ﬂ
(R, EI:H LAp—]1 - i—1lip. ) A o) 1 , A0
. ‘l) . 1) RB 1. le:sz — ‘4-1—15_31(&_1]
L Angular velocity of R; w.r.t R, expressed in R
Angular velocity of Rw.r.t R_; expressed in R
L Angular velocity of Rw.r.t R, expressed in R
A — U - » . .
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History and Application _— I Basic
: Definitions Classification I‘
Bibliography fields Knowledge

Basic Knowledge Multi-Rigid bodies kinematics
Considering two frameléa andR, rigidly linked (case foR, andRy)

V(O.) IR0 = V(0 R+ V(R + U [R° AOO, |, . = MJF °Rp.- s |
= V(Oy) |0 — 415[0&0 ). ob| - "Ry |50
= V(Os) |R° — ASPP.].Q |52
= V(Op) |50 — AS[-*Ro.2Py). Qs |R°
= V(Oy) 32 + "R..AS["P,).°Re.Q |3

V(0.) Ix°="R..V(0,) Iz* = V(0. |z°="Ry.V(O,) |°
v gz Rao "R, J‘iS[an].aRb 1[‘1') }i'o Rao
Wl Joe \Osa "R )\l )
_ T, =W, T,
twist
- °R, AS[*P,).°R, o "R, AS[*P,).°R,
, [Re— ﬂ T, [R°="Wp.T 2| W), =
O3x3 Ry, O3y3 “Ry
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History and Application _— I Basic
: Definitions Classification I‘
Bibliography fields Knowledge

Basic Knowledge Multi-Rigid bodies kinematics

Considering two frameR; and Rand a twist V=(v;,w)" expressed in O
We wish to compute the corresponding twist(V,,w)" expressed in O

W = '_TJ_'=[13 —ii,j}[‘]__ PEOjeCtlon ly, |14 _ip |l iy,
Vi = Vi +=:e+1:s:LIJ:D @] |03 I3 |lo] ) ,1mj, 10, Iy |l io

Since ji.'j =IR.; irj andjmj =IR; imj

- . _ _ -_jR- IRIP.
Wi = 18V with 1g.= td

10, R
— P 1 ipip | ip. in i
. = P nt i |_| i |
J | ﬂ:;' 1R] i []3 R_l ] i []3 R] i

Philippe 152 ,-@Cs v Modeling and Control of Manipulator robots
e Un|vers|ty of Genovausveksms Martinet EMARO+ / ARIA Master 1, Ecole Centrale de Nantes

JAUME-1



Basic

History and Application
Knowledge

Bibliography fields
Basic Knowledge Differential translation and rotation of frames

Definitions Classification I‘

Consider a differential translation vectalPi expressing the translati
of the origin of frame RI, and of a differentiakation vectomi, equal t
ui.do, representing the rotation of an angle about an axis, with

unit vectorui, passing through the origin Oi.
%Tj + cl.iTj = TI'raus{icl:a:i., id}fi-, idzi.} Rot(*u; .dEJ} iTj
1Tj + n:liTj = 1Tj Traus{ldxj, Jd}'j, szj-} Ru:-t{luj, dg)
d'T; = iT;JA  d&'Tj = *Tj [Trans('dx;, Jdyj, Jdzj) Rot(lu;, d6) — L]
d'T; = *A'T;  d'T; = [Trans(‘dx;, 'dy;, 'dz;) Rot('n;, d8) — L] *T;
The differential transformation matrixis defined as [Paul 81]
A = [Trans(dx, dy, dz) Rot(u, d8) — L]
| lap; | { ;de  1dp; | ._dej:| s |:idPi:|
Lo o o o J L33, ‘L,
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History and Application
Bibliography fields

Basic Knowledge Angular velocity properties

Definitions Classification I‘

> o) Lo R=< R,
;1>N \/ﬁ ¥ R.R' =13

RRT+RRT =0 RRT=-R.I
R.RT = S(t) = R=S(t).R

Consider pb(t) constant g (t) = R(t).py
Pa(t) = R(t).pp(t) — pa,( )
pa(t) = (2 X pa(t) )
Pa(t) = x (R.ps(t))

[Qb/a
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J = RyoR]




Basic

History and Application _— e
: Definit Classification I‘
Bibliography fields SHnitons Knowledge
E———

Basic Knowledge Angular velocity properties

R, represents the orientation

bt, represents the position

=a
47.‘..\‘1\1
X A
ﬁ.\ \/
< < Qb/a|a

—a

Qp/ala Qpjala = —Qaspla Urala = By /alp

Qasvlo Qaspls = —Wsale Qasplo = Ra-Qajpla

Qjala], =° Ry.“RT

—— \ -
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|-.|IS.'[OI’y and Appllcatlon Definitions Classification I‘ Basic
Bibliography fields Knowledge

Basic Knowledge Representation of forces (wrench)

A collection of forces and moments acting on a baalyloe reduced tovarenchFi
at point Oi, which is composed of a foiftat Oi and a momemni about Oi:

F,=| |
m.

Note that the vector field of the moments constitatesrew where the vector of the

screw isf.. Thus, the wrench forms a screw.
Consider a given wrench,, expressed in frame.Rror calculating the equivalent

WrenchiFj, we use the transformation matrix between screws thath

; - : : :
_ — SR : : : : :
. JfJ . ] 1fi -11]1]' = IR; [1fi:-.'.1Pj + 'my;)
1
1 ]f_:l 1 TI fj‘
| ; = S_] |
_my _tmy
o U . >
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