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Visual system and retinal waves
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Visual system and retinal waves

Spontaneous spatio-temporal “waves”
during development
= Disappear short after birth

Visual

cortex

retinal ganglion cells

amacrine cells
bipolar cells
horizontal cells
Spatio-Temporal evolution of a
retinal wave in mice during
development, Maccione et al. 2014
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Stages of Retinal Waves During
Development
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Stages of Retinal Waves During
Development

Stage 11
e Retinotopic mapping
* Nicotinic Acetylcholine Receptors
(nAChR) Stage III

T * Disappear when
vision is functional

AMPA receptors
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Focus on stage Il retinal waves

Stage Il retinal waves are well studied
experimentally and there is already existing
work on their modelling

Starburst Amacrine
Cell (SAC)

Stage 11
(cholinergic
retinal waves)

amacrine ceIIS\

NN bipolar cells
S & &

horizontal cells

photoreceptors Zheng et al. 2006
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Goal of this lecture

Idea:
Identify generic mechanisms generating stage II
retinal waves and analyze them mathematically.
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Goal of this lecture

Idea:
Identify generic mechanisms generating stage II
retinal waves and analyze them mathematically.

Motivation:

* Retinal waves instruct the shaping of the visual
system

* Understanding the mechanisms that generate
them may help to control them

 New mathematical problems and new techniques.
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Experiments for the emergence of retinal waves

Retinal waves require three components:
i) Spontaneous bursting activity

Isolated SAC
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Experiment for isolated neurons,
Zheng et al., 2006, Nature
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Experiments for the emergence of retinal waves

Retinal waves require three components:
i) Spontaneous bursting activity
ii) Refractory mechanism (slow After HyperPolarisation- SAHP)

0 - Isolated SAC
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Experiment for isolated neurons,
Zheng et al., 2006, Nature
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Experiments for the emergence of retinal waves

Retinal waves require three components:

i) Spontaneous bursting activity

ii) Refractory mechanism (slow After HyperPolarisation- SAHP)
iii) Coupling (through Acetylcholine neurotransmitter)
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Experiment for coupled and isolated
neurons, Zheng et al,, 2006, Nature 14



Experiments for the emergence of retinal waves

Retinal waves require three components:

i) Spontaneous bursting activity

ii) Refractory mechanism (slow After HyperPolarisation- SAHP)
iii) Coupling (through Acetylcholine neurotransmitter)

Coupled neurons Isolated Neurons burst Coupled neurons
synchronize independently synchronize

d

A e 1
A
is s

AFIF

Vil

T
30

Time (min)

Experiment for coupled and isolated
neurons, Zheng et al,, 2006, Nature 15



Mathematical characterization
of Retinal Waves

From the non linear physics perspective a retinal wave is
a spatiotemporal activity which:
* isgenerated by the conjunction of local (cell level)
nonlinear characteristics and network effects
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e can have different forms (fronts, spiral, standing
waves, spatio-temporal chaos)
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Mathematical characterization
of Retinal Waves

From the non linear physics perspective a retinal wave is
a spatiotemporal activity which:
* isgenerated by the conjunction of local (cell level)
nonlinear characteristics and network effects

e can have different forms (fronts, spiral, standing
waves, spatio-temporal chaos)

* isinduced by generic mechanisms that can be
studied in the context of dynamical systems theory
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Mathematical characterization
of Retinal Waves

From the non linear physics perspective a retinal wave is
a spatiotemporal activity which:
* isgenerated by the conjunction of local (cell level)
nonlinear characteristics and network effects

e can have different forms (fronts, spiral, standing
waves, spatio-temporal chaos)

* isinduced by generic mechanisms that can be
studied in the context of dynamical systems theory

e can be associated with bifurcations
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Our strategy

* Model biophysically the dynamics of isolated neurons
(SACs)
* Carefully model all currents involved
* Fix parameters from experiments
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Model biophysically the dynamics of isolated neurons
(SACs)

* Carefully model all currents involved

* Fix parameters from experiments
Bifurcation analysis of the non-linear dynamical
system for isolated neurons
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Our strategy

Model biophysically the dynamics of isolated neurons
(SACs)

* Carefully model all currents involved

* Fix parameters from experiments
Bifurcation analysis of the non-linear dynamical
system for isolated neurons
Extract a generic biophysical mechanism of
spontaneous bursting activity for SACs
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Our strategy

Model biophysically the dynamics of isolated neurons
(SACs)
* Carefully model all currents involved
* Fix parameters from experiments
Bifurcation analysis of the non-linear dynamical
system for isolated neurons
Extract a generic biophysical mechanism of
spontaneous bursting activity for SACs
Model the network interactions:
e Study the effects of synaptic coupling to
synchrony and wave initiation
e Search for biophysical parameters which control
spatiotemporal patterns
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@ From biophysics to modelling
© Model analysis

© Conclusions
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From biophysics to modelling
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From biophysics to modelling

Biophysics of bursting SAC

Retinal waves require three components:

@ Spontaneous bursting activity
@ Refractory mechanism (slow After HyperPolarisation- sAHP)

@ Coupling (through Acetylcholine neurotransmitter)
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From biophysics to modelling

Biophysics of bursting SAC

Cdz2+

Figure: Zheng et al., Nature, 2006. Grey curve: Fast oscillations due to
voltage-gated Ca™? channels and Ca™? dependent K+ channels. Black
curve: Application of Cd™ blocking Cat? related channels.
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From biophysics to modelling

Biophysics of bursting SAC

Morris-Lecar model with fast Potassium.

Co%t = —au(V — VL) — gcMao(V)(V — V) — gk N(V — Vi)
+lex (o)
wq = MV)(Nao(V) = N)

Modelling the bursting of individual Starburst Amacrine Cells
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From biophysics to modelling

Biophysics of sAHP
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From biophysics to modelling

Biophysics of sAHP

closed

potassium
channel

T

Calmodulin

om/ 34

Closed
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From biophysics to modelling

Biophysics of sAHP

* Four Ca*ions bound to calmodulin bind to a terminal

superhimik.livejournal.c
om/
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From biophysics to modelling

Biophysics of sAHP

ar R : Probability that one terminal of
L aS(1-R-R the channel is open

as " : ion of sat
g orac (1-9) concentration (CaM)

Teo ac _ —a, £+ C,+ 6l (V) C : Intracellular Calcium
at x concentration

Ca® Channel Ca**

caméy)

Inactive cate

-
Aciwe = Ca*

Calcium gated potassium

channel
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Model analysis

Model analysis
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Model analysis

Dynamics

CndY = —gu(V — V1) — gcMo(V)(V = V) — gk N(V — V)
—gsanpRY(V — Vi)
Wi = AV)(Nao(V) — N)
7l = —HXC4 G- begeMuo(V)(V - Vo)
759 = as(1-S)C*-S
| R%® = agS(1-R)-R
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Model analysis

Dynamics

CnGe = —&u(V = Vi) —gcMu(V)(V — V) — gk N(V — Vi)
—gsarPRE Goanp(R)(V — Vi)
wq = MV)(Nao(V) = N)
Tcds = —EC+ G —dcgcMo(V)(V - Vo)
759 = as(1-S)C* -5
| r%F = arS(L-R)-R -
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Model analysis

Dynamics
Leak time scale: 7, = g%‘
Conductances rescaling: gx = %'
(7Y = —E(V— V)= EcMx(V)(V — Vc) — Bk N(V — V)

—Gsanp(R)(V — Vi)

W = MV)(Noo(V) = N)

e = —XC 4 G degeMao(V)(V — Vo)
5% = as(1-5)C*-S
( R = arS(1-R)-R

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

Multi-scale dynamics

Fast V.N. 7, =11 ms, 7y = 5 ms.
Medium C. 7¢ =2 s.
Slow S,R. TR:T5:44 S.

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

Fast-scale

tf:;tL = dt = 7 dtr

(% = —a(V - Vi) = EcMu(V)(V = Ve) = gkcN(V = Vi)
—Gsanp(R)(V — Vk)

WA = A(V)(Nao( V)~ )

el = —EC+ G —dcgcMao(VY(V — Vo)

B8 = as(1-5)C*-S

| =98 = arS(1-R)—R

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

Fast-scale

Setex =2, X=C,R,S.

X
ec=2x103~55x1073, es=ep=1x103~25x10"*

& = &V - V1)~ EcMoo(V)(V — Vc) = ExN(V — Vi)
—Gsanp(R)(V — Vi)

W= AV (Nl V) = )

oo
9 = ec|HxC+ G- dcgcMu(V)(V - V)
L = es[as(1-85)C* 5]
9® = er[arS(1—R)—R]

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

Fast-scale: approximation

(9 = —a(V - Vi)~ EcMao(V)(V = V) — BkN(V — Vi)
—Gsamp(R)(V — Vk)

G = EAV)(Noo(V) = N)

dtr

dC __
e 0

ds _
dt 0

dR
a; — 0

C,R,S are constant at this time scale.

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

Morris-Lecar model analysis

W= (V= V)~ EcMu(V)(V = Vo) = B N(V — Vi)
—Gsanp(R)(V — Vk)

W IV (N(V) = )

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

Morris-Lecar model analysis

& = —E(V = VL) = EcMso(VY(V = V) = EkN(V — Vi) + lext

W= ZAV)(No(V) = )

dtr

(5)

Bifurcation analysis when varying the parameter /ey;.

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

Morris-Lecar model analysis

Karvouniari et al, submitted to Plos Comp. Bio.
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Model analysis

The saddle-node bifurcation

saddle-node bifurcation

0 =pu—u?

Figure: From https://elmer.unibas.ch/pendulum/bif.htm and
https://it.wikipedia.org/wiki/Biforcazione_a_nodo_sella.

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells
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Model analysis

The Hopf bifurcation

Figure: From Navarro et al, " Control of the Hopf bifurcation in the
Takens-Bogdanov bifurcation”, CDC2008

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

The homoclinic bifurcation

‘ Hopf Bifurcation l

6 ={(©)

Small amplitude, frequency = Im(i), finite period

‘ Homoclinic Bifurcation |

G )74 /\O/
e \9 EEAN ° A
\_/

Finite amplitude, small frequency, infinite period

Figure: From J.Tyson,http://slideplayer.com/slide/8870556/

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells


J. Tyson, http://slideplayer.com/slide/8870556/

Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, submitted
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016

0.8




Model analysis

The complete movie
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016

Wu oo+
Ws
SPO —
08
06
z
0.4
02
0
140 -120  -100 0 20

S0 0 W b0 B0 @0 B W v
et (o)

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

The complete movie

Karvouniari et al, ICMNS, 2016
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Model analysis

Back to Zhou experiment

Cdz2+

Figure: Zheng et al., Nature, 2006. Grey curve: Fast oscillations due to
voltage-gated Ca™? channels and Ca™? dependent K+ channels. Black
curve: Application of Cd™ blocking Cat? related channels.
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Model analysis

Back to Zhou experiment

Karvouniari et al, submitted to Plos Comp. Bio.
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Model analysis

Back to Zhou experiment

Karvouniari et al, submitted to Plos Comp. Bio.

V)

‘ Cd2+

['4

0

v (my)

F T T
120 180

EQ 00 150 80
Time (ms) Time (ms)

FIgU Fe:. Left. Green. Application of a current step pulse of 150 pA for 60ms. Orange: Oscillations disappear
when Ca™? related conductances are set to zero. Red. Blocking the oscillations upon setting the voltage-gated K+
conductance to zero. Right: Zheng et al. 2006 experimental figure. Grey curve: Fast oscillations due to
voltage-gated Cat? channels and Ca™? dependent K1 channels. Black curve: Application of Cd™ blocking Cat?

related channels.
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Model analysis

Dynamics of bursting

Bruno Cessac and Dora Karvouniari Modelling the bursting of individual Starburst Amacrine Cells



Model analysis

Dynamics of bursting

nd = —g(V— V)= EcMu(V)(V — V) — BxN(V — Vi)
—Geanp(R)(V — Vi)

wa = AV)(Neo(V) = N)

Tl = M4 G- degeMu(V)(V - V)

s = as(1-S)C*-S

| "% = arS(1-R)-R

Fast V.N. 7, =11 ms, 7y = 5 ms.
Medium C. 7¢ =2 s.
Slow S, R. 7p = 75 = 44 s.
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Model analysis

Slow time-scale

ts = ;- = dt = 7sdt;

L = &V = V) = EcMu(V)(V — Vc) = ExN(V — Vi)
—Gsanp(R)(V — Vi)

mal = AV)(Noo(V) = N)

ede = —BxC4 G- dcgeMu(V)(V - Vc)

S = as(1-5)C*-S

%’ = agS(1-R)-R
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Model analysis

Slow time-scale

e\/:%~2.5><10*4, eN::—’;’~1><10*3

evit = —&.(V = V1) = Bc Moo (V)(V = V) — 8k N(V — Vi)
= Gsarp(R)(V = Vi)

GN%\: = MV)(N<(V)—N)

e = ~HCH G- begcMa(V(V - Vo)

@® = arS(1-R)-R
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Model analysis

Slow time-scale approximation

0 = —&(V—WV)—E&Mx(V)(V—Vc)—8xN(V - Vk)
—Gsanp(R)(V — Vk)
0 = A(V)(Nao(V)—N)
0 = —IXC+ G —dcgcMo(V)(V = Ve)
S~ ag(1-S)C-S
| & = arS(1-R)-R
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Model analysis

Steady state

V— VL (V) + Geanp(R) Vi
gmL(V) + Gsanp(R)
where:

Vi (V) Vi + 8cMuso (V) Ve + 8k Noo (V) Vik;
Em(V) = 14 8cMs(V)+ 8xkNx(V),
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Model analysis

Steady state

V follows " adiabatically” R.

VL (V) + Gsanp(R) Vi
EmL(V) + Gsanp(R)

V=F(V,R)=
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Model analysis

Steady state

V follows " adiabatically” R.

VL (V) + Gsanp(R) Vi
EmL(V) + Gsanp(R)

V=F(V,R)=

Implicit function theorem.
Wherever 7& 1 V follows a umque and differentiable branch

V= V(R) At points R where 2 8\/ = 1 this branch may disappear
or several branch may appear simultaneously (bifurcation).
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Model analysis

Vi (V) + Goanp(R) Vi
gmiL(V) + Gsanp(R)

V=f(V,R)=

Taking the differential gives:

of of
dv <1_8\/> —8—RdR
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Model analysis

Morris-Lecar model analysis

V follows adiabatically GSAHP(R).

—201}

V (mV)
-

—40f .,

SN1

—80}

-50 0 50 100 150 200 250 300
lext (pA)
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Model analysis

Morris-Lecar model analysis

SFP

UFP
S PO Min
S PO Max

V(mV)

lext (pA)
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Model analysis

Morris-Lecar model analysis

Stable Fixed points +

10 b Unstable Fixed points = ]

Stable periodic orbit
Burst

lext (pA)
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Model analysis

Morris-Lecar model analysis

SFP +
S PO Min b

Burst

UFP
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Model analysis

Complete dynamics
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Model analysis

Complete dynamics

V (mV)
&bl
Soo
& ]
S
ML
ML ]
S
N
P+ ]
S
wL
@l ]
IS)
w
=2 ]
S
AL
! ]
S
&~
k=" ]
S
afl., . .

Ca (nM)
SRR
(= sle - -]

[ ool -]

t(s)
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Model analysis

Medium and fast dynamics

Limit cycle

3) Fast C decay 2) Bursting

1) Fast C load

500

03 100
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Model analysis

Medium and fast dynamics

Fast time
2) Bursting
F

i
400 ( E

300

1) Fast C load

C (nM)

()
-
%
(e}
200 %
S

1D0 \

0

4) Hyperpolarization-Repola i

0 L L L L L L
03 0.35 04 045 05 0.55 06
R

065 07
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Model analysis

Medium-scale

ty = i = dt = 7cdt,

(2 = @ (V- Vi) - EcMao(V)(V = V) — EN(V — Vi)
—Gsanp(R)(V — Vk)
mar = MNV)(Neo(V) = N)
9L = —IXC4 G —dcgeMo(V)(V = Ve)
e = as(l-5)C' -5
L :—zj—:; = arS(1-R)-R
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Model analysis

Medium-scale

e\/::—é~5><10’3, eN::—’;’~2.5><10*3
65:6R=%N4.5X10_2

v = &V = V) = EcMx(V)(V - Vc) — ExN(V — Vi)
—Gsarp(R)(V — Vi)

eng = AMV)(Neo(V)—N)

€ = —IC4 G- dcgcMao(V)(V - Vo)

S = es[as(l-S)C - 5]

% = ER[aRs(l_R)_R]
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Model analysis

Medium-scale approximation

0 = &V Vi)~ EMalV)(V - Vo) — BN(V — Vi)
—Gsanp(R)(V — Vk)

0 = AV)(N(V)—N)

9 = —IXC4 G —begcMo(V)(V - Vo)

e =0

® =0
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Model analysis

Medium-scale approximation

At this time scale:

@ R, S are constant;

@ V follows the variations of R;

o8 = X C 4 G~ bcacMao(V)(V — Ve)

=
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Model analysis

Medium-scale approximation

Rapid (medium time scale between upper/lower branch) " Outer
dynamics”.

500

Fast time

2) Bursting
0. F

400 (

300

1) Fast C load

C (nM)

(=1
-
%
(]
200 3
S

4) Hyperpolarization-Repola i

0.65 07
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Model analysis

Slow time-scale approximation

0 = —&(V—WV)—E&Mx(V)(V—Vc)—8xN(V - Vk)
—Gsanp(R)(V — Vk)
0 = A(V)(Nao(V)—N)
0 = —IXC+ G —dcgcMo(V)(V = Ve)
S~ ag(1-S)C-S
| & = arS(1-R)-R
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Model analysis

"Inner dynamics”

e V follows R;
o C follows V;

e Note P(R) = C*, the average value of C* for a given value of
R.

=
Dynamics on the slow branches.

& = arS(1-R)-R

g—fs = as(1-S)P(R)-S
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Model analysis

"Inner dynamics”

Nullclines.

R Nullcline: 98 =0 =
S

The vector field is vertical on the line S = SA(=R)

S Nullcline: 2 =0 =
S

The vector field is horizontal on the line S = %
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Model analysis

Inner dynamics

1 0
—x RNulcline —— S A
SNulcline —— £ ‘ég
Limit cycle > 50
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Conclusions

Conclusions

@ We have now a model reproducing individual SACs bursting.
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Conclusions

Conclusions

@ We have now a model reproducing individual SACs bursting.

@ Here SACs burst periodically with a frequency determined by
the parameters of the model (mainly 7g).
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Conclusions

Conclusions

@ We have now a model reproducing individual SACs bursting.
@ Here SACs burst periodically with a frequency determined by
the parameters of the model (mainly 7g).

@ A small change of parameters make them into a rest state
where they burst only upon an external excitation (noise).
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Conclusions

Conclusions

@ We have now a model reproducing individual SACs bursting.

@ Here SACs burst periodically with a frequency determined by
the parameters of the model (mainly 7g).

@ A small change of parameters make them into a rest state
where they burst only upon an external excitation (noise).

o What happens when they cells are coupled with
Acetylcholine ?
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@ Coupling SACs with Acetylcholine

© Dynamical systems analysis

© A simplified setting to mathematically study retinal waves
@ Generalisations

© Conclusions

Bruno Cessac and Dora Karvouniari Modelling stage |l retinal waves



Coupling SACs with Acetylcholine

Coupling SACs with Acetylcholine

Bruno Cessac and Dora Karvouniari Modelling stage Il retinal waves



Coupling SACs with Acetylcholine

Coupling SACs with Acetylcholine

SACs realistic SACs on a lattice SACs become points on
connections alattice

Figure: SACs network.
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Coupling SACs with Acetylcholine

Coupling SACs with Acetylcholine

* Molecular nicotinic receptors (nAchR) nAChR

K+ Ca?+
* Two molecules of acetylcholine bind to open Na*

* The nicotinic conductance depends on the
second power of the acetylcholine

A2
Gach = Taen W

Figure: Nicotinic receptors and conductance.
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Coupling SACs with Acetylcholine

Coupling SACs with Acetylcholine

0A A
i ﬁAch-[:qdy[ V) H—_— A: Extracellular Acetylcholine concentration
ot Tt

5
Incasity(pA)

Ex

Figure: Ach production.
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Coupling SACs with Acetylcholine

Coupling SACs with Acetylcholine

Y A 4
w SAHP current Ach current
I tory Network
n effect

Figure: Equation of membrane potential.
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Dynamical systems analysis

Dynamical systems analysis
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Dynamical systems analysis

Main currents

Gsarp(R:) = gsanpRY, (1)

sAHP conductance,

Ga({Ar}res) = 84> U(A), (2)

keB;
Ach synaptic conductance with:
A2
UA) = —, 3
( ) 7A+A2 ( )

B; is the set of index of neurons connected to i.
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Dynamics

Dynamical systems analysis

dv;
Cm dt

dN;
dt

™

d¢;
TC gt

ds;
dt

7S

dR;
TR gt

dA;
\ dt

—g1(Vi — VL) — gc Moo (Vi)(V;: — V) — gk Ni(Vi — Vi)
—Gsanp(Ri)(Vi — Vi) — Ga({Aktrep, ) (Vi — Va)

A(Vi)(Noo (Vi) — N))
— 7 G+ G — dcgc Moo (Vi)(Vi — Vc)
as(l — S,')C,-4 -5

aRS;(l — R,') — R,'

—pA;i + BaTa( Vi),
(4)
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Dynamical systems analysis

Dynamics

Leak time scale: 7, = g,i' Ach time scale: 74 = %
Conductances rescaling: gx = %'
(7% = —(Vi = VL) = Ec Moo (Vi) (Vi — V) — Bk Ni(Vi — Vi)
—Gsanp(Ri)(Vi — Vi) — Ga({ Ak} e, ) (Vi — Va);
whE = ANV)(Neo(V5) — N);
el = —8£G+ Go—dcgcMao(VI)(Vi — Vo):;
s = as(l-85)C - S;
R® = arSi(l—R)—R:
| % = A ATV
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Dynamical systems analysis

Multi-scale dynamics

Fast V.N. 7, =11 ms, 7y = 5 ms.
Medium C,A. ¢ =2s, 74 = 1.86 s.
Slow 5, R. TR =7Ts = 44 s.
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A simplified setting to mathematically study retinal waves

A simplified setting to mathematically study retinal waves

Inspired from Lansdell et al, Plos. Comp. Bio, 2014
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A simplified setting to mathematically study retinal waves

A simplified setting to mathematically study retinal waves

Main hypotheses:

1) We neglect the fast Potassium current. V; has only two stable states:
low and high. In the high state SAC does not burst.
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A simplified setting to mathematically study retinal waves

A simplified setting to mathematically study retinal waves

Main hypotheses:

2) To switch from low to high state, neuron i needs an external excitatory
current. This can be:

@ The Ach current coming from neighbours;

@ A "shot noise” current of the form:

gnBi(Vi — V¢)

where B € {0, 1} is a Bernoulli variable with probability
Prob[Bi(s) =1,s € [t, t + dt] = pdt, with p ~ %.
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A simplified setting to mathematically study retinal waves

A simplified setting to mathematically study retinal waves

Main hypotheses:

3) sAHP has a simplified form (does not depend on Calcium). We only
keep the variables S, R where S depends directly on V:

ds;
= -5 Vi
72l =~ +7G(V)
with: 1
CV) = 1 vy
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A simplified setting to mathematically study retinal waves

A simplified setting to mathematically study retinal waves

Main hypotheses:

4) Acetylcholine synapses are assumed not to be yet functional
(Ford-Feller, 2011). The main source of Ach coupling is Ach diffusion.

dA; Ba
= A+ PATA(V) + DAA;
TA gt + m A(Vi) +

where A is the Laplacian on a square lattice.
Boundary conditions are ignored.

The Ach current depends only on the local Ach: Iy = —gaU(A)(V — Va).
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A simplified setting to mathematically study retinal waves

A simplified setting to mathematically study retinal waves

Main hypotheses:

@ Two state voltage.
@ Shot noise.
© Simplified form for sSAHP.

© Ach diffusion.
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A simplified setting to mathematically study retinal waves

Dynamics

From now we consider that variables depend continuously on space

d 0
= 4t ot
g = —(V = V1) = BcMo(V)(V — V) + EnB(V — Vc)
~Gsanp(R)(V = Vi) = 8aU(A)(V = Va);
Ts% = —S+9G(V);
W3 = orS(L-R)- R
W% = —A+ZAT,(V)+ DAA(V);
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A simplified setting to mathematically study retinal waves

Medium-scale

tm = LA = dt = Tadt,

GV:%‘N5><1073; 55:€R:%‘N4.5X10*2
(evi = —(V = V1) = EcMoo(V)(V — Vc) — gnB(V — Vc)
—Gsanp(R)(V — V) — 8aU(A)(V — Va);
b = es[-S+6(V)];
SR = eglagS(l-R) - R];
PA = A+ BTL(V)+ DAA
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A simplified setting to mathematically study retinal waves

Medium-scale approximation

0 = —(V-WV)—&Mx(V)(V—Vc)+enB(V - Vc)
—Gsarp(R)(V — Vk) — 8aU(A)(V — Va);

oS _ .
FiT 0;

OR _ .
Dt 0;

A — —A+BT,(V)+ DAA;
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A simplified setting to mathematically study retinal waves

Medium-scale approximation

At this time scale:

@ R.S are constant;

@ V follows the variations of R, A;

_ Vit EcMoo(V) Ve + EnBVc + Gsanp(R) Vi + EaU(A) Va

Y4 -
14+ 8cMxo(V) + EnB + Gsanp(R) + 8aU(A)

From the implicit functions theorem: V = f(R, A, B).

Bruno Cessac and Dora Karvouniari Modelling stage Il retinal waves



A simplified setting to mathematically study retinal waves

Acetylcholine front propagation

We consider here a propagation in 1 dimension.

0A Ba

I A+ PATA(V) + DAA

ot + " A(V) + =
0A Ba 0?A
B A PAryv)+ LD
Otm +o TalV)+ D055
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A simplified setting to mathematically study retinal waves

Spatially homogeneous state

Low voltage state. If all neurons are in the low voltage state, V_,
AA =0 = A reaches a stationary homogeneous state on the
medium time scale.

A= ijA(f(R,A_,O)),

where 0 means that B = 0 everywhere (no shot noise current).

In this state, the S production G(V_) ~ 0 so there is no sSAHP on
the slow time scale.
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A simplified setting to mathematically study retinal waves

Spatially homogeneous state

High voltage state. If all neurons are in the high voltage state,
V., AA =0 = A reaches a stationary homogeneous state on the
medium time scale.

A, = %TA(f(R, A,.B))

Here, the state can be reached either due to shot noise or to Ach
current.

In this state, the S production G(V,) >> 0 so there is an sAHP
on the slow time scale.
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A simplified setting to mathematically study retinal waves

Acetylcholine front propagation

Local perturbation of the low state. At some point xp we
induce a shot noise current at time 0 (B(xp,0) = 1).

@ This raises the voltage to its upper value V.
@ This increases the Ach production at xp.
@ Ach diffuses to neighbours and induces an excitatory current.

o If g4 conductance is large enough this current raises the
neighbours voltage to V...

@ This can lead to a propagating wave.

Under which conditions?
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A simplified setting to mathematically study retinal waves

Acetylcholine front propagation

Moving frame:
& = x — ctpy, where ¢ is a constant = d€ = dx — cdtp,.

For a function A(x, tm) = A(§) we have:

0A 0A
dA = rde = Ge (dx— cdtn) =
DA DA PA_PA oA __ 0A
ox  0&' '0x2  0€2 Oty o0&
0A BA 92A
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A simplified setting to mathematically study retinal waves

Acetylcholine front propagation

Potential well: 2% = A — 2AT,(f(R, A, B))

- H/ Ta(F(R, 2, B))da + K

) /.
Rest states: A= 0.

Newton equation

0?A 0A 0V

o2~ “og oA

A _ A.0A2 _ 4
Wenotea—ng,a—g:

DA——ci Y
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A simplified setting to mathematically study retinal waves

Acetylcholine front propagation

; 1%
DA = —cA— A"

Formally, this is the equation of motion of a particle, with mass D, in a
potential well V, with a friction coefficient c.

V has 3 extrema, given by 2 8A =A- %ATA(f(R,A, B))=0=:

A= fjm(f(R, A.B))

These are the fixed points of the medium scale local dynamics (AA = 0).

Maxima of V correspond to stable fixed points.
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A simplified setting to mathematically study retinal waves

Heteroclinic connection
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A simplified setting to mathematically study retinal waves

Effect of sAHP

Figure: Bifurcation diagram in the space / — V.
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A simplified setting to mathematically study retinal waves

Effect of sAHP

Figure: Trajectory in the space | — V.
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A simplified setting to mathematically study retinal waves

Effect of sAHP

Figure: Pulse propagation.
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A simplified setting to mathematically study retinal waves

Effect of sAHP

Time and space scales

@ Ach raising and propagation, controlled by gac, and D
(Diffusion);

@ sAHP controlled by gsapp (Local);

@ Time of excitation controlled by characteristic times and
conductances;

o Time of propagation controlled by ¢ depending on the other
parameters.

= Characteristic wave length depending on parameters.
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Generalisations
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Relaxing hypotheses

Main hypotheses:

@ Two state voltage.
@ Shot noise.
© Simplified form for sSAHP.

© Ach diffusion.
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Relaxing hypotheses

Main hypotheses:

@ TFwostatevoltage: = Fast bursting in the high voltage state.

@ Shot noise.
© Simplified form for sSAHP.

© Ach diffusion.
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Relaxing hypotheses

Main hypotheses:

@ TFwostatevoltage: = Fast bursting in the high voltage state.

@ Shet-neise— = Spontaneous bursting.
© Simplified form for sSAHP.

© Ach diffusion.

Bruno Cessac and Dora Karvouniari Modelling stage |l retinal waves



Relaxing hypotheses

Main hypotheses:

@ TFwostatevoltage: = Fast bursting in the high voltage state.

@ Shet-neise— = Spontaneous bursting.

O SimplifiedformforsAHP- Role of Ca ?

© Ach diffusion.
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Relaxing hypotheses

Main hypotheses:

@ TFwo-statevoltage: = Fast bursting in the high voltage state.

@ Shet-neise— = Spontaneous bursting.

© Simplifiedform—forsAHP-Role of Ca 7

Q Ach-diffusion- = Ach nicotinic coupling.
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Ach nicotinic coupling

dVv;
M dt

=—g1(Vi— Vi) — gcMux(Vi)(Vi — V) — gk Ni(V; — Vi)

—Gaanp(R)(Vi — Vic) — ga(Vi = Va) D U(Ax)
KEB;
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Coupling two bursting cells

Karvouniari et al, ICMNS 2016
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Figure: Synchronisation of two bursting cells.
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Coupling N bursting cells

Karvouniari et al, ICMNS 2016

@ There is a competition between 2 mechanisms:

o Interburst variability which tends to desynchronise

o Acetylcholine which tends to synchronise

Bruno Cessac and Dora Karvouniari Modelling stage Il retinal waves



Coupling N bursting cells

Karvouniari et al, ICMNS 2016

@ There is a competition between 2 mechanisms:

o Interburst variability which tends to desynchronise

o Acetylcholine which tends to synchronise

@ There is an intermediate regime of coupling, where variability
is maximum
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Coupling N bursting cells

Karvouniari et al, ICMNS 2016
@ There is a competition between 2 mechanisms:
o Interburst variability which tends to desynchronise

o Acetylcholine which tends to synchronise

@ There is an intermediate regime of coupling, where variability
is maximum

o Therefore there is a wide repertoire of patterns
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Coupling N bursting cells

Karvouniari et al, ICMNS 2016
@ There is a competition between 2 mechanisms:

o Interburst variability which tends to desynchronise

o Acetylcholine which tends to synchronise

@ There is an intermediate regime of coupling, where variability
is maximum

o Therefore there is a wide repertoire of patterns
e Weak coupling leads to small localised activity
e Moderate coupling leads to propagating patterns

e Strong coupling leads to complete synchrony of neurons
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Spatio temporal patterns

Karvouniari et al, ICMNS 2016

Isolated Neurons
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Spatio temporal patterns

Karvouniari et al, ICMNS 2016
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Nearest neighbours interactions

@ Neurons are located on a lattice with step a.

@ A depends smoothly on coordinates.

D U(A) ~ 4U(A(x, yi)) + 8 AU(A)
keB;

Non linear diffusion !
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Conclusions

@ Model of stage Il retinal waves reproducing experiments and
mathematically tractable.

e New mathematical challenges/paradigms:
e Periodic bursters coupled via non linear diffusion.
o Bursting period depends on neurons activity.

e "Waves" have a different shape depending on the competition
between excitation inhibition.

e More ??

= invite Dora as a speaker to the next LACONEU conference
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