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Outline

e Background

@ Convex analysis

@ Nonsmooth analysis
@ Optimization

@ Algorithmics

e Optimality conditions
@ First order optimality conditions
@ Second order optimality conditions

Linearization methods

@ The Josephy-Newton algorithm for inclusions
@ The SQP algorithm in constrained optimization
@ The semismooth Newton method for equations

Semidefinite optimization

@ Problem definition

@ Existence of solution and optimality conditions
@ An interior point algorithm

,,,,,,,,,,,,,,,,,,,,,,,


http://who.rocq.inria.fr/Jean-Charles.Gilbert/paris-saclay/optim.html

Preliminaries

Some features of the course |

@ Smooth nonconvex optimization

» Dealing with problems like

inf, f(x)
(PE/) CE(X) =0
CI(X) < Oa
where f : E — R, E and | form a partition of [L: m|, cg : E — R™E,
and ¢; : E — R™ are smooth (possibly non convex) functions

inf, f(x)
(Pa) { c(x) € K,

where f :E = R, c:E —= [, and K is a closed convex set in F

» Or more generally

» The latter includes the linear (convex) SDO problem

ian <C,X>
(Pspo) A(X)=b f
X = 0. e

Preliminaries

Some features of the course Il

@ Finite dimension: [E and [F are Euclidean vector spaces

» The unit closed ball is compact
» A bounded sequence has a converging subsequence
» Nothing is said about optimal control problems (— see other courses)

@ Emphasis on algorithms

» Their analysis (Do they generate converging sequences? What is the
speed of convergence? ...)

» This requires to know more on theoretical matters (optimality
conditions, duality, nonsmooth analysis, . ..)

» Implementation of algorithms is not forgotten (part Il of the course)

,,,,,,,,,,,,,,,,,,,,,
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Preliminaries

Outline of the course

Three parts (60h)
Q@ Advanced Continuous Optimization | (30h)

» Theory and algorithms in smooth nonconvex optimization
» Goal: improve the basic knowledge in optimization with some advanced
concepts and algorithms

@ Advanced Continuous Optimization Il (20 h)

» Implementation of algorithms (in Matlab on an easy to implement
concrete problem)
» Goal: improve algorithm understanding

© Specialized course by Yurii Nesterov (12h)

O —
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Preliminaries

Outline of the course “Advanced Continuous Optimization I

Anticipated program (we'll see ...)

© Background in convex analysis and optimization

» Convex analysis: dual cone, Farkas lemma, asymptotic cone, ...
» Nonsmooth analysis: multifunction, subdifferential, ...
» Optimization: optimality conditions, ...

© Abstract optimality conditions

» First order optimality conditions for (Pa)
» Second order optimality conditions for (Pg)

© Linearization methods (Newton)

» Josephy-Newton algorithm for nonlinear inclusions
» SQP algorithm for (Pg)
» Semismooth Newton algorithm for nonlinear equations

,,,,,,,,,,,,,,,,,,,,,
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Preliminaries
Outline of the course “Advanced Continuous Optimization [”

@ Proximal and augmented Lagrangian methods

» Proximal algorithm for solving inclusions and optimization problems

» Augmented Lagrangian algorithm in optimization

» Application to convex quadratic optimization (error bound and global
linear convergence)

© Interior point methods

» Interior point methods in convex optimization
» Examples of use in linear, second order cone and semidefinite

optimization
» Interior point methods in nonlinear optimization

,,,,,,,,,,,,,,,,,,,,,,,
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Preliminaries

Outline of the course “Advanced Continuous Optimization II"

Goal: mastering the implementation of an algorithm

Choose one of the following topics (20 h)

© Implementation of an SQP algorithm, application to the hanging chain
problem

© Implementation of an SDO algorithm, application to the OPF problem
(Shor relaxation of its QCQP modelling)

,,,,,,,,,,,,,,,,,,,,,,,
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Background

Convex analysis (notation)

@ R:=RU{—o00,+o0}.
o R, ={teR:t>0}and R, :={t€R:t >0}

e B, B: open and closed _unit balls cente[ed at the origin; for r > 0:
B(x,r) = x4+ rB and B(x,r) = x+ rB.

@ E, F, G usually denote Euclidean vector spaces.

,,,,,,,,,,,,,,,,,,,,,,
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Background
Convex analysis (relative interior I)
@ The affine hull of P C E is the smallest affine space containing P:
aff P .= ﬂ{A : A is an affine space containing P}.
@ The relative interior of P C E is its interior in aff P:
riP:={x € P:3r >0 such that [B(x, r) Naff P] C P}.
In finite dimension, there holds
rnC # 9,
C convex and nonempty — { Aff C = aff(ri C).
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Background

Convex analysis (relative interior Il)

Proposition (relative interior criterion)

Let C be a nonempty convex set and x € [E. Then

xc€riCandye C = |[x,y[CriC.
xerC <= VxpeC(oraffC), 3t >1: (1-t)xp+ tx € C.

v

Let C be a nonempty convex set. Then

@ ri C is convex,
@ C is convex and aff C = aff C,
@ riC=CandriC=riC (ie., the last operation prevails).

A point x € C is said absorbing if Vd € E, 3t > 0 such that x + td € C.

@ x € int C <= x is absorbing.

O —

12 / 109

Background

Convex analysis (dual cone and Farkas lemma)
@ The (positive) dual cone of a set P C E is defined by
PT:={deE:(d,x)>0, Vx e P}.

The (negative) dual cone of a set P is P~ := —P™.

Lemma (Farkas, generalized)

Let E and F be two Euclidean spaces, A : E — F a linear map, and K a
nonempty convex cone of E. Then

AK)={yeF: Ay e K"} .

@ A*: F — E is defined by: V(x,y) e E xF, (A*y,x) = (y, Ax).

@ One cannot get rid of the closure on A(K) in general.

@ If K is polyhedral, then A(K) is polyhedral, hence closed.

@ For K =K, one recovers R(A) = N(A*)+. L
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Background

Convex analysis (tangent and normal cones)

@ Tangent cone

» Let C be a closed convex set of E and x € C.
> The cone of feasible directions for C at x is Tf C := R, (C — x).
» The tangent cone to C at x is the closure of the previous one

T, C=Tc(x) =R (C —x).

@ Normal cone

» Let C be a convex set of £ and x € C.
» The normal cone to C at x is

Nx C=Ne(x)={deE: (xX'—x,d) <0, VX' € C}.
» When C is closed, there holds

Ny C=(T.¢)~
14 / 109
Background
Convex analysis (convex polyhedron)
A convex polyhedron in [E is a set of the form
P={x € E: Ax < b},
where A:E — R™ is a linear map and b € R™. It is a closed set. For
x € P, define
I(x):={ie[l:m]:(Ax — b); = 0}.
@ If T:E — F is linear, then T(P) is a convex polyhedron.
@ If P; and P, are polyhedra, then P; + P, is a polyhedron.
o T,P=TLP={d€E: (Ad)x < 0}.
@ Ny P =cone{A*e : i € I(x)}.
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Background

Convex analysis (asymptotic function 1)
The domain and the epigraph of a function f : E — R U {400} are the sets

domf :={x€E:f(x) <+4oo} and epif :={(x,a) e ExR:f(x)<a}.
Let Conv(EE) be the set of closed (i.e., epi f is closed) proper (i.e., epi f # &)
convex (i.e., epi f is convex) functions.
Proposition (asymptotic function )
If f € Conv(E), then

Q (epif)> is the epigraph of a function f>° : E — R U {400},

Q forall x e domf and all d € E

£(d) = lim f(x + td) — f(x) —m f(x+ td),

t— oo t t—o00 t

© dom > C (dom f)*°,
Q > € Conv(E).

.
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Background

Convex analysis (asymptotic function I1)
The sublevel set of f : E — R U {+00} of level v € R is the set

L,(f):={xeE: f(x)<v}.

Proposition (existence of a bounded set of minimizers)
If f € Conv(E), then
© Vv € R such that L,(f) # &, there holds

[L(F)]™ ={d € E: f°(d) < 0},

Q the following properties are equivalent:

@ Jv eR: L,(f) is nonvoid and bounded,
@ argmin f is nonvoid and bounded,

@ Vv eR: L,(f) is bounded,

@ VdeE\{0}: f>(d)>0.

.
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Background

Nonsmooth analysis (multifunction 1)

@ A multifunction T (or set-valued mapping) between two sets E and TF
is a function from E to P(IF), the set of the subsets of F. Notation:

T:E—F:x— T(x)CF.

Same concept as a binary relation (i.e., the data of a part of E x F).

@ A graph, the domain, the range of T : E — [F are defined by
G(T) ={(xy) e ExF:ye T(x)},

D(T):={x€E:(x,y) € G(T) for some y € F} = mgG(T),
R(T) ={y €F:(x,y) € G(T) for some x € E} = 7mpG(T).

@ The image of a part PC E by T is
T(P):= ] T(x).

xeP

Background

Nonsmooth analysis (multifunction II)

@ The inverse of a multifunction T : E — F (it always exists!) is the
multifunction 7= : F — [E defined by

T Yy)={xeRE:ye T(x)}.

Hence
yeT(x) <= xeTy).

,,,,,,,,,,,,,,,,,,,,,,
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@ When E, F are topological /metric spaces, a multifunction T : E — F is said

to be

» closed at x € E if y € T(x) when (xk, yx) € G(T) converges to (x,y),
» closed if G(T) is closed in E x F (i.e., T is closed at any x € E).

» upper semicontinuous at x € Eif Ve > 0,36 >0, Vx' € x + dB:
T(x") C T(x)+eB.

,,,,,,,,,,,,,,,,,,,,,,
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Background

Nonsmooth analysis (multifunction IlI)

@ When E, F are vector spaces, a multifunction T : E — [ is said to be
convex if G(T) is convex in E x F. This is equivalent to saying that
V(x0,x1) € E? and V t € [0, 1]:

T(L—t)xo+tx1) D(1—t)T(x0) + tT(x1).
Note that

T convex and C convex in E = T(C) convex in F.

,,,,,,,,,,,,,,,,,,,,,,

21 / 109

Background

Nonsmooth analysis (Lipschitz continuity)

@ Let E and F be two normed spaces and F : [E — [F be a function.
@ F is Lipschitz on aset U C E if
3L>0, V(x,xX)eU?: |F(x)—F&)|<L||x—-x].
@ F is Lipschitz near x € E if it is Lipschitz on some neighborhood of x.

@ F is locally Lipschitz on an open set 2 C E if it is Lipschitz near any
point of €.

,,,,,,,,,,,,,,,,,,,,,
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Background

Nonsmooth analysis (generalized differentiability I) [6]

For a function F: E — F (E, F are finite dimensional vector spaces), denote

Dr := {x € E : F is Fréchet-differentiable at x}.

Theorem (Rademacher, 1919)

If F is Lipschitz near any point of an open set Q2 C K, then the Lebesgue measure
of Q\ Dr is zero; in particular Df is dense in Q, i.e., Q C DE.

@ The B-differential (B honoring Bouligand) of F at x is the set (N is an
arbitrary negligeable set, i.e., with zero Lebesgue measure)

OgF(x) :={J € L(E,F) : 3{xx} C Dr \ NV such that xx — x, F'(xx) — J}.
@ The C-differential (C for Clarke) of F at x is the set

OcF(x) := codsF(x).

O —
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Background

Nonsmooth analysis (generalized differentiability II) [6]

Proposition (compactness and upper semicontinuity)
If F is L-Lipschitz near x, then

@ OcF(x) is nonempty compact (C LB) and convex,
Q OcF is upper semicontinuous at x.

OcF(x) is said to be nonsingular if any J € ¢ F(x) is nonsingular.

Proposition (nonsingularity diffusion)

If F is L-Lipschitz near x and Oc F(x) is nonsingular, then there are
constants C > 0 and § > 0 such that

sup  max (||J]I,[IJ7H]) < C.
x"€B(x,9)
JeacF(X/)

o
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Background

Optimization (a generic problem)

One considers the generic optimization problem

(P) {min f(x)

x € X.

where

o f:E— R (E is a Euclidean vector space),
@ X is a set of E (possibly nonconvex).

,,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (tangent cone to a nonconvex set)

@ A direction d € E is tangent to X C E at x € X if

Xk — X
Ltk

H{Xk}CX, H{tk}$0: — d.

@ The tangent cone to X at x is the set of tangent directions. It is
denoted by
T, X or Tx(x).

@ Properties Let x € X.

T, X is closed.

X is convex = T, X is convex and T, X =R (X — x).

,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (Peano-Kantorovich NC1)

Theorem (Peano-Kantorovich NC1)
If x. is a local minimizer of (Px) and f is differentiable at x,., then

Vi(x:) € (Tx X)T. )

@ The gradient of f at x is denoted by Vf(x) € E and is defined from
the derivative f'(x) by

VdeE: (Vf(x),d)="f(x)-d.

,,,,,,,,,,,,,,,,,,,,,,
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Background
Optimization (NSC1 for convex problems)
@ Recall that a convex function f : E — R U {400} has directional
derivatives f'(x; d) € R for all x € dom f and all d € E.

Proposition (NSC1 for a convex problem)

Suppose that X is convex, f is convex on X, and x, € X. Then x, is a

global solution to (Px) if and only if

Vx e X: f(x;x—x)=0.
Proof. Straightforward, using the convexity inequality
Vx e X: f(x)>f(x)+ F(x;x — x).
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Background

Optimization (problem (Pg))

Let E, F be Euclidean vector spaces. The equality constrained problem is
inf, f(x)
P X
(Pe) { c(x) =0,
where f : [E — R, ¢ : E — F are smooth (possibly non convex) functions.
@ The feasible set is denoted by
Xe = {x € E: c(x) =0}

@ (Pk) is said to be convex if f is convex and ce is affine.

O —
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Background

Optimization (problem (Pg) — Lagrange optimality conditions)

Theorem (NC1 for (Pg), Lagrange)

If x is a local minimum of (Pg), if f and c are differentiable at x,, and if c

is qualified for representing Xg at x, in the sense (2) below, then there
exists a multiplier \, € F such that

Vl(x, As) = O, (1a)
c(x) = 0. (1b)

Some explanations.
@ The constraint c is qualified for representing Xg at x if
T Xe = T Xe := N(c'(x)). (2)

Qualification holds of ¢’(x) is surjective.
@ The Lagrangian of (Pg) is the function

,,,,,,,,,,,,,,,,,,,,,

C:(x,A) €E X F s £(x,\) = f(x) + AT c(x).
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Background

Optimization (problem (Pg) — second order optimality conditions)

Theorem (NC2 for (Pg))

If x, is a local minimum of (Pg), if f and c are twice differentiable at x,, and if
(1a) holds for some A\, € I, then

Vd e T Xe: d"V2L(x, \s)d > 0. (3)

o

@ Inequality in (3) is not necessarily true for d € N'(c’(x)) \ Tx. Xe.
@ VZ./(x«,\s) is not necessarily positive semi-definite (even if qualification holds).

Theorem (SC2 for (Pg))
If f and c are twice differentiable at x,, if (1) holds for some A, € F, and if

VdeT, Xe\{0}: d"V2(x,\)d >0, (4)

then x, is a strict local minimum of (Pg).

@ (4) stronger (hence conclusion holds) if inequality holds Vd € N(c¢'(x)) \ {O(?_h,

32 / 109

Background

Optimization (problem (Pg))

A generic form of the nonlinear optimization problem:

inf, f(x)
(PE/) CE(X) =0
CI(X) < 07
where f : E — R, E and [ form a partition of [1: m], cg : E — R™E, and
¢/ : E — R™ are smooth (possibly non convex) functions.

@ The feasible set is denoted by
Xg = {X cE: CE(X) =0, C[(X) < 0}

@ We say that an inequality constraint is active at x € Xg if ¢i(x) = 0.
@ The set of indices of active inequality constraints is denoted by

1°(x) ;= {i € I : ci(x) = 0}.

@ (Pg ) is said to be convex if f is convex, cg is affine, and ¢, is componentwise

O —

convex. zea—
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Background
Optimization (problem (Pg) — NC1 or KKT conditions)

Theorem (NC1 for (Pg), Karush-Kuhn-Tucker (KKT))

If x. is a local minimum of (Pg;), if f and ¢ = (cg, ¢;) are differentiable
at x, and if ¢ is qualified for representing Xg; at x. in the sense (6) below,
then there exists a multiplier \, € R™ such that

Viel(x:, Ay) = 0, (5a)
CE(X*) = O, (5b)
0< (A L a(x)<0. (5¢)

Some explanations.
@ The Lagrangian of (Pg) is the function
C:(x,\) €E X R™ = £(x,\) = f(x) + X\ c(x).
@ The complementarity condition (5¢) means

(M) =0, (M) a(x)=0, and ¢(x) <0,
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Background

Optimization (problem (Pg/) — constraint qualification)

@ The tangent cone T, Xg is always contained in the linearizing cone
T Xe :={d €E: cg(x)-d =0, cjo,(x)-d <0}
@ It is said that the constraint c is qualified for representing Xg; at x if
Tx Xer = To. Xg. (6)

@ Sufficient conditions of qualification: continuity and/or differentiability
and one of the following
> (CQ-A) ceuso(x) is affine near x (Affinity),

> (CQ-S) cg is affine, cjo(yy is componentwise convex, 3X € Xg such
that C/O(X)()?) <0 (Slater),

(CQ-LI) > iceum(x @iVei(x) =0 = a =0 (Linear Independence),

(CQ-MF) > ceumpy @iVei(x) =0and ajo) 20 = =0
(Mangasarian-Fromovitz). S

\4

v
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Background

Optimization (problem (Pg) — more on constraint qualification)

Proposition (other forms of (CQ-MF))

Suppose that cgyjo(x is differentiable at x € Xg ;. Then the following properties
are equivalent:

@ (CQ-MF) holds at x,
Q VveR” IdeE: cg(x) - d=ve and cjo,y(X) - d < Vjo(x),
@ ce(x) is surjective and 3d € E: cg(x) - d =0 and cjo(,(x) - d <O0.

,,,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (problem (Pg) — SC1 for convex problem)

Theorem (SC1 for convex (Pg))

If (Pgy) is convex, if f and c are differentiable at x,. € Xg;, and if there is a

A« € F such that (x., \.) satisfies (5a)-(5b), then x, is a global minimum
Of(PE/).

No need of constraint qualification.

The goal of the first part of this course is to extend the previous
NC1 and SC1 to a more general problem and to derive second
order optimality conditions.

,,,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (problem (Pg/) — augmented Lagrangian)

The augmented Lagrangian ¢, : E x R™ — R of problem (Pg;) reads
£, A) 1= inf £(x) + AEee(x) + 5 Ice CIE + AT (1 (x) + ) + 5 ller(x) + s

= f(x) + Aece(x) + % llce(x)|3 + 1 > [max (0, A + rei(x))* = A7

2r 4
iel
= £(x) + AT () + 3 e (I3,
where [éx ,(x)]i = ci(x) if i € E, = max(ci(x), Ai/r) if i € 1.

Theorem (exactness of the augmented Lagrangian)

Suppose that f and cgyo(.,) are twice differentable near a local
minimum x, of (Pgy), that (x., A«) satisfies KKT, and that the semi-strong
SC2 holds. Then, 3 ryin > 0 and a neighborhood V' of x, such that
V' r = fmin, X« IS a@ strict minimizer of £,(-,\s) on V.

,,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (linear optimization duality)

@ Let c € E (a Euclidean vector space), A:E — R™ and B : E — RP linear,
acR™ and b € RP.

@ A linear optimization problem (P.) and its dual (D,) read

infxer (¢, x) SUP(y s)cRm xRP a'ly —b's
(PL) Ax = a and (D/_) Ay — B*s=c¢
Bx < b s> 0.

@ Properties

(PL) has a solution <= wval(P.) € R,
val (Dy) < val(Py) [named weak duality],
(P), (D) feasible <= Sol(P.)# @ <= Sol(D))#2. (7)

When (7) holds [named strong duality], val (D) = val (Py).

,,,,,,,,,,,,,,,,,,,,,
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Background

Algorithmics (speeds of convergence)

Let IE be a normed space and {xx} C E be a sequence converging to X.

@ {xx} is said to converge linearly, if 3r € [0,1] and K € N such that
Vk > K, there holds ||xx11 — X|| < rl[xx — X||-

» Depends on the norm of E.

@ {xx} is said to converge superlinearly, if x,11 — X = o(||xk — X||).

» Independent of the norm of E.
» Faster than linear convergence.
» Typical of the quasi-Newton methods.

o {x.} is said to converge quadratically, if x,4 1 — X = O(||xx — X||?).

» Independent of the norm of E.
» Faster than superlinear convergence.
» Typical of Newton's method.

,,,,,,,,,,,,,,,,,,,,,,
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Background

Algorithmics (global convergence in unconstrained optimization - line-search)

Consider the problem of minimizing a function f : E — R (no constraint):

min f(x).

x€E

Global convergence means “only” gi := Vf(xx) — 0 (or even something weaker). It can
be obtained with line-search or trust-region algorithms.

@ A line-search algorithm generates a sequence {xx} as follows.
» Choice of a descent direction at xk, i.e., dx € E such that
f’(xk) - di < 0 (standard examples: gradient, conjugate gradient,
Newton, quasi-Newton, Gauss-Newton).
» Determination of a step-size ax > 0 by a line-search rule to force the
decrease of f along di (standard examples: Cauchy, Armijo, Wolfe).

> Xpi1 = Xk + akdk.

Proposition (global convergence by line-search)

If {f(x«)} is bounded below, then }_, -, llgk||? cos® Ok < +oo, where
Ok := arccos (—gk, d) /(||gk|| ||dk||) is the angle between dx and —g.
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Background

Algorithmics (global convergence in unconstrained optimization - trust-region)

@ A trust-region algorithm generates a sequence {xx} as follows.

» Choice of a model ¢ of f around xx, usually quadratic:
o(s) == (gk, s) + 3 (Mys, s) (standard models: gradient, Newton,
quasi-Newton, Gauss-Newton).

» Determination of a trust-radius Ay > 0 such that f(xx + sk) is
sufficiently smaller than f(xx), where s, € argmin{p(s) : [|s]| < Ax}.

> Xk+1 ‘= Xk + Sk-

Proposition (global convergence by trust-region)
If {f(x«)} is bounded below and { M} is bounded, then g — 0. J

,,,,,,,,,,,,,,,,,,,,,,
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Background

Algorithmics (global convergence for nonlinear systems)

Let F: E — E and consider the problem of finding x such that
F(x)=0.

@ No algorithm with global convergence (exception, e.g., when F is polynomial, but
the methods are expensive or for rather small dimensions).

@ A less ambitious goal: minimizing the least-squares objective

min (900 := 3IFCIIR)

x€E
@ Amazing but misleading fact: if Vipo(xk) # 0, the Gauss-Newton direction
dN € argmin ||F(x) + F'(x¢)d||3
dek

is a descent direction of ¢ at xx. May yield false convergence. It is better to use
the trust-region approach: xx11 = xx + sk, where
: 2
sk € argmin ||F(xx) + F'(x)s||3,
lIsll2<Ak

,,,,,,,,,,,,,,,,,,,,,,

with well adapted trust-radius A, > 0.
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Background

Algorithmics (Dennis & Moré criterion for superlinear convergence)
Let F : E — [ and consider the nonlinear system to solve in x € E:
F(x) = 0.
A quasi-Newton algorithm locally generates a sequence {xx} by the recurrence
F(xi) + Mi(xk+1 — xx) = 0, (8)
where My € L(E,F) is an approximation of F’(xx), generated by the algorithm.
Proposition (Dennis & Moré criterion for superlinear convergence)

If @ F is differentiable at a zero x, of F,
® F'(x.) is nonsingular,

@ {xx} generated by (8) converges to x,

then the convergence is superlinear if and only if

(M = F/ () Gt = ) = ollxk41 — 5l

.
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Background

Algorithmics (augmented Lagrangian algorithm for (Pg))

The augmented Lagrangian algorithm or method of multipliers is a dual
algorithm: it generates a sequence of multipliers {\(} C R™ and penalty
parameters {r,} C R, by

Q If &, r(x) ~0, stop.

Q xki1 €argmin{l, (x, ) : x € E} (approximately is fine).

O Mii1:= Mk + 1k, . (x) (sometimes re ™ ay, a stepsize).

Q riir1 =7 (heuristics).

Remarks
@ Tries to find A and r such that the 4,(-, \) has x. for local minimizer.
@ When its stops in step 1, a stationary point is (approximately) found.
@ /.(-,\) is differentiable, so that it can be mnimized by quasi-Newton algorithms.
@ Step 3 is motivated by the formula
Vil (xA) = VI(x)+ ' (x)T (A + réy . (x)).

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions (the problem (Pa4))

@ We consider the problem

min f(x)
(Pa) {c(x) €K,

where

» f:E — R (E is a Euclidean vector space),
» c¢:E — F (FF is another Euclidean vector space),
» K is nonempty closed convex set in I,

@ The feasible set is denoted by
Xa:={x€E:c(x) e K}=c}K).

@ (Ppa) is said to be convex if

» f is convex,
» T:E —oF:x~— c(x)— K is convex (then X4 is convex). (e
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Optimality conditions

First order optimality conditions (tangent and linearizing cones, qualification)

Proposition (tangent and linearizing cones)
If ¢ is differentiable at x € X,, then

T, Xa C T;XA = {d e E: C/(X) -d € Tc(x) K}

@ T/ X, is called the linearizing cone to X at x.
@ The equality T, X4 = T’ X4 is not guaranteed.
@ The constraint function c is said to be qualified for representing X,

at x if
TX XA = T; XA, (93)
c'(x)*[(Tegx) K)T] is closed. (9b)
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Optimality conditions
First order optimality conditions (NC1 for (Pa))

Theorem (NC1 for (P4))

If x, is a local minimum of (P,a), if f and c are differentiable at x,, and if ¢ is
qualified for representing Xa at x. in the sense (9a)-(9b), then

@ there exists a multiplier \, € F such that

Vi(x) + ¢ (%) A = 0, (10a)
A € (Tc(x*) K)_7 (1Ob)

Q if, furthermore, K is a convex cone, then (10b) can be written

K™ 3 A L c(x) € K. (10c)

One recognizes in (10a) the gradient of the Lagrangian wrt x

(:EXF—>R:x—=l(x,\)=f(x)+ (A c(x))

,,,,,,,,,,,,,,,,,,,,,,,

and in (10c) the complementarity conditions.
50 / 109

Optimality conditions

First order optimality conditions (SC1 for convex (Pa))

Theorem (SC1 for convex (P,))

If (Pa) is convex, if f and c are differentiable at x, € Xu, and if there is a
A« € F such that (x., \y) satisfies (10a)-(10b), then x, is a global
minimum of (Ppa).

The goal of the next slides is to highlight and analyze a condition
(Robinson’s condition) that

@ provides an error bound for the feasible set Xj,
© ensures the stability of the feasible set X}y,
© ensures that c is qualified for representing Xa.

,,,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions (Robinson's condition)

We say that Robinson’s condition holds at x € X, if

(CQ-R) |0¢ int(c(x) L (x)E— K). (11)

We will see below that

@ it is useful for

» getting an error bound for Xj,
» ensuring the stability of the feasible set X4 with respect to small

perturbations,
» showing that the constraint function c is qualified for representing Xx
at x, in the sense (9a)-(9b),

@ it generalizes to (P4) the Mangasarian-Fromovitz constraint
qualification (CQ-MF) for (Pgy).

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions (Robinson's error bound 1) [21]

Link between Robinson's condition (CQ-R) and distances to the perturbed
set Xa4.

Theorem (Robinson’s error bounds)

If ¢ is continuously differentiable near xg € X4, then the following
properties are equivalent:

O (CQ-R) holds at x = xg,
Q there exists a constant i > 0, such that V (x,y) near (xp,0):

dist(x, c " (y + K)) < p dist(c(x), y + K). (12)

O —
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Optimality conditions
First order optimality conditions (Robinson’s error bound 1) [21]

An error bound is an estimation of the distance to a set by a quantity
easier to compute.

Corollary (Robinson’s error bound)

If ¢ is continuously differentiable near xo € Xa and if (CQ-R) holds at
X = Xg, then there exists a constant . > 0, such that

V x near xp :  dist(x, Xa) < p dist(c(x), K). (13)

.

@ dist(x, Xa) is often difficult to evaluate in E,

@ dist(c(x), K) is often easier to evaluate in F (it is the case if c(x) is easy to
evaluate and K is simple),

@ useful in theory (e.g., for proving that (CQ-R) implies constraint
qualification), in algorithmics (e.g., for proving [speed of] converge) or in
practice (for estimating dist(x, Xa)).

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions (stability wrt small perturbations)

The estimate (12) readily implies the following stability result.

Corollary (stability wrt small perturbations)

If ¢ is continuously differentiable near some xo € X4 and if (CQ-R) holds
at xg, then, for all p € F near 0:

{xeE:c(x)+pe K} #2.

O —
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Optimality conditions

First order optimality conditions (open multifunction theorem I) [27, 23, 5]

Let T :E —o IF be a multifunction and Bg and By be the closed balls of E and F.

@ T is open at (xp,Yy0) € G(T) with ratio p > 0 if there exist a neighborhood
W of (xo, ¥o) and a radius rmax > 0 such that for all (x,y) € WNG(T) and
r €0, rmax): v+ prBrC T(x+ rBE).
@ T is metric regular at (xp, yo) € G(T) with modulus g > 0 if for all (x, y)
near (xo, yo): dist(x, T=1(y)) < p dist(y, T(x)).
Difference: (x,y) € G(T) for the openness, but not for the metric regularity.

slope p slope 1/p

Yottt g(T) dist(y, T(xi/)
Yo =

¥o + p(2r) B

T-1(y)
Yo + prBr

Both estimate the change in T(x) with x (but these are not infinitesimal e

notions). either from inside G(T) (opbenness) or outside (metric regularitv). .
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Optimality conditions

First order optimality conditions (open multifunction theorem II) [27, 23, 5]

Extention of the open mapping theorem for linear (continuous) maps to
(nonlinear) convex multifunctions.

Theorem (open multifunction theorem, finite dimension)

If T:E —F is convex and (xo, yo) € G(T), then the following properties
are equivalent:

Q yo €intR(T),

Q forallr>0, yp €int T(x + rBg),

© T is open at (xp, yo) with rate p > 0,

Q@ T is metric regular at (xg, yo) with modulus y1 > 0.

One can take = 1/p in point 4 if p is given by point 3.

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions (metric regularity diffusion I) [7]

@ ¢ :[E — R, is subcontinuous if for all sequences {x,} — x such that
©(xx) — 0, there holds ¢(x) = 0.

© p:E— R, is r-steep at x € E, with r € [0, 1[, if for all
x" € B(x,p(x)/(1 —r)), there exists x"” € B(x', po(x")), such that
p(x") < re(x').

Lemma (Lyusternik [18, 7])

Ifo:E—Ryis subcontinuous and r-steep at x € dom ¢, with r € [0, 1],
then ¢ has a zero in B(x, p(x)/(1 — r)).

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions (metric regularity diffusion I1) [7]

Theorem (metric regularity diffusion)
Suppose that
@ c:E — F a continuous function, K # & a closed convex set of I,
@ T:E—oF:xw c(x)— K is u-metric regular at (xo, yo) € G(T),
° 5~: E — T is Lipschitz near xp with modulus L < 1/p,
@ T:E—oF:xm— c(x)+dx)— K.
Then T is also metric regular at (xo, yo + 0(x0)) € G(T) with modulus
p/(1— Lu): for all (x,y) near (xo, yo + d(x0)), there holds

dist(x, T1(1)) < 5 _”LM dist(y, T(x)). (14)

No need of convexity.

O —

59 / 109



Optimality conditions
First order optimality conditions (qualification with (CQ-R) I)

Proposition (other forms of (CQ-R))

Suppose that c is differentiable at x € X4. Then the following properties
are equivalent

@ 0 €int(c(x) + '(x)E — K) [this is (CQ-R)],

o J(XE-T. K=F,

@ I(X)E—~TeyK=F [corresponds to (CQ-MF) (ii)],

] C/(X)E — Tc(x) K=F.

O —
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Optimality conditions
First order optimality conditions (qualification with (CQ-R) II)

Proposition (qualification with (CQ-R))

Suppose that c is continuously differentiable near x € X, and that (CQ-R)
holds at x. Then c is qualified for representing X, at x.

The figure below shows how (CQ-R) is used to create an appropriate
sequence {xx} in X4 := c 1(K) to get qualification (the figure requires some oral

explanations, though ...).

c(x)-d

¢ H(K)

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions
First order optimality conditions (qualification with (CQ-R) IlI)

Proposition (Gauvin's boundedness property)
Suppose that f and c are differentiable at x, € X, and that the set \, of
multipliers A\, € [ satisfying (10a)-(10b) is nonempty. Then

Q AP = [/(x)E — T, KT,

Q A, is bounded if and only if (CQ-R) holds.

The property was originally established for problem (Pg/) and (CQ-MF) [9].

O —
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Optimality conditions
Second order optimality conditions for (Pg) (three instructive examples)
Three instructive examples
© Strong NC2 (not always true): VA, € A, Vd € C,: (L.d,d) >0,
min X
X2 2 X127
@ Semi-strong NC2 (not always true): I\, € A, Vd € C,: (L.d,d) > 0.
min Xxo
Xo = x12
Xo = —%xf.
© Weak NC2 (always true): Vd € C,, 3 € A: (L.d,d) > 0.
min X3
x3 2 (x1+x)(x1 — x) ‘ ‘ ‘
X3 = (X2 + 3X1)(2X2 — Xl) ‘ ‘ ‘

x3 > (2x2 + x1)(x2 — 3x1).
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Optimality conditions

Second order optimality conditions for (Pg) (critical cone)

@ Critical cone at x € Xg (it is a part of T, Xg/)
C(x):={deE:ce(x)-d=0, C,’O(X)(X) -d <0, f(x)-d<0}.

@ Short notation for index sets

19:={iel:c(x)=0}:=1%x),
197 .= {iel:c(x)=0, (\); >0},
19 .= {iel:c(x)=0, (\); =0}

@ Other forms of the critical cone at a stationary pair (xs, Ax):

C. = {deE:cg(x)-d=0, co(x)-d<0, f(x)-d=0},

= {dek: C’EUIS+(X*) -d =0, CI/SO(X*) -d < 0}.

O —

65 / 109

Optimality conditions
Second order optimality conditions (NC2)

Notation at a stationary point x,:

® A, :={A € R™: (x«, \i) satisfies the KKT system (5)}.
@ L, := V2 l(x, )\.) for some specified \, € A,.

Theorem (NC2 for (Pg))
Suppose that

® X, is a local minimum of (Pg),

@ f and cg are C? near x,, Co is twice differentiable at x,, Cp\/o IS continuous
at X,

@ (CQ-MF) holds at x.,
thenVd € C., 3\« € A such that (L.d,d) > 0.

These conditions are named weak second order necessary conditions and also read

VdeC,: max (L,d,d) > 0. (15)

* *

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions
Second order optimality conditions (SC2)

Theorem (SC2 for (Pg))
Suppose that

@ f and cgyjo are twice differentiable at x.,
® (xx, \.) verifies the KKT conditions (5),

@ the following equivalent conditions hold

Vde G\ {0}, I, eA.: (L.d,d) >0,
35 >0, VdeC, 3INeA: (Ld,d) >7|d|>?
then V-~ € [0,5[, 3 a neighborhood V of x,, Vx € (V \ {x«}) N Xg:
f(x) > f(x)+ % [x — x||%.

In particular, x, is a strict local minimum of (Pg;).

Optimality conditions
Second order optimality conditions (SC2)

@ Condition (18) is called the quadratic growth property.

@ The property

AN EN: VdeG\{0}, (L.d,d) >0

is stronger than (16)-(17) and is called the semi-strong SC2.

@ The even stronger property
V. €Nt Vde G \{0}, (L.d,d)>0

is called the strong SC2.

(16)
(17)

(18)

o
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|inearization methods

Overview

Two classes of linearization methods that are used to solve systems with
nonsmoothness.

@ Methods that capture much of the local behavior of the system.

Examples

» The Josephy-Newton algorithm for inclusions.
» The SQP algorithm for (Pg).

Features

» Expensive iteration, easy to globalize.

© Methods that use a single piece of the local behavior of the system.

Example
» The semismooth Newton algorithm for nonsmooth system of equations.
Features

» Cheap iteration, difficult to globalize. )

,,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

Josephy-Newton algorithm for inclusions (the problem to solve 1)

Let E and F be Euclidean vector spaces of the same dimension, F : E — F be a
smooth function, and N : E — [F be a multifunction.

We consider the inclusion problem

(P/N) F(X) + N(X) > 0. (19)

Interested in algorithmic issues (not theoretical ones, like existence of solution).
Examples
Let X C E and Nx(x) := Tx(x)~ its normal cone at x (= @ if x ¢ X).

@ The variational problem reads

(P\/) F(X) + Nx(X) > 0. (20)
@ The variational inequality problem is (Py) with X = C (a convex):
xeC
(Pw) { (F(x),y —x) >0, VyeC. (21)

© The complementarity problem is (Py) with X = K (a convex cone):
(Pncp) K>x Ll F(x)eK". 422
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|inearization methods

Josephy-Newton algorithm for inclusions (the problem to solve II)

Examples (continued)
© The Peano-Kantorovitch NC1 of problem min{f(x) : x € X} reads
Vf(x)+ Nx(x) 3 0.

© The first order optimality conditions for (Pa) with K ~ Ka can be written like
(Pncp) with the variable x ~ (x,\) € E x T,

Vi(x)+c'(x)*\
—c(x)

Q If N is the constant multifunction x — {0gf} x R C R™ =T where E and |
make a partition of [1: m], (Pn) becomes the system of equalitites and
inequalitites

F(x)mF(x,A):( ) and K=ExK,.  (23)

FE(X) =0 and F/(X) < 0.

,,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
Josephy-Newton algorithm for inclusions (the JN algorithm) [14, 15]
Algorithm (Josephy-Newton algorithm for solving (Py))
Given xi, compute xx11 as a solution to the problem in x:
F(Xk) i Mk(X o Xk) - N(X) > 0, (24)
where My = F'(xx) or an approximation to it.

Remarks

@ Only F is linearized, not N (is the reason for the chosen structure of (Py)).
@ (24) captures more information from (Pjy) than a “simple” linearization.

@ (24) is often a nonlinear problem, hence yielding an expensive iteration.

@ Makes sense computationally if N is sufficiently simple.

,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

Josephy-Newton algorithm for inclusions (semistability) [3]

A solution x, to (Pyy) is said semistable if 301 > 0 and Fo» > 0 such that
for any (x, p) satisfying

F(x)+ N(x)>p and ||x—x| < o1

there holds
[x = x«|| < o2]|p]].
Remarks

@ The perturbed inclusion F(x) + N(x) 3 p is not required to have a solution.
@ The property is demanding only for small perturbations p (i.e., ||p|| < 01/02).
@ Semistability implies that x. is the unique solution to (Py) on B(x.,o1).

@ If N = {0}, then semistability of x,. < nonsingularity of F’(x.).

O —
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|inearization methods

Josephy-Newton algorithm for inclusions (speed of convergence) [3]

Proposition (speed of convergence of quasi-Newton methods)

Suppose that F is C! near a semistable solution x, to (Py). Let {xx} be a
sequence generated by algorithm (24), converging to xi.

Q If (Mk — F'(x:)) (k1 — X)) = o([Ixer1 — xcll),
then {xx} converges superlinearly.

9 /f(Mk — F/(X*))(X;H_l — Xk) = O(ka—H — XkHz) and F is Cl’l hear Xy,
then {xx} converges quadratically.

Corollary (speed of convergence of Newton's method)

Suppose that F is C! near a semistable solution x, to (Py). Let {xx} be a
sequence generated by algorithm (24) with My = F'(xx), converging to x.. Then

© {xx} converges superlinearly,

Q if, furthermore F is CY1 near x., then {xx} converges quadratically.

o
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Linearization methods
Josephy-Newton algorithm for inclusions (semistability for polyhedral VI) [3]

Proposition (semistability characterization for polyhedral VI)

Consider problem (Py;) with a closed convex polyhedron C and F being C' near
a solution x,. Then the following properties are equivalent:

@ x. is semistable,

Q x. is an isolated solution to
F(x:) + F'(x:)(x — x«) + Nc(x) 20,
© there holds (F'(x.)(x — xx),x — xx) > 0 when x € C\ {x.} satisfies
(F(x+),x —x:) =0 and F(x)+ F'(x:)(x — x«) + Nc(x:) 20,

@ x. is the unique solution to

Nc(x) C© Ne(xi), (F(x),x —x) =0, Ry F(x)+F' (x:)(x—xx)+Nc(x) 2 0.

o
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|inearization methods

Josephy-Newton algorithm for inclusions (local convergence) [3]

A solution x, to (Pjy) is said hemistable if Va > 0, 35 >0, Vx € B(x*,ﬁ), the
“linearized” inclusion in x

F(x0) + F'(x0)(x — x0) + N(x) 0

has a solution in B(x., a).

Theorem (local convergence of JN)

Suppose that F is C' near a semistable and hemistable solution x, to (Piy).
Then e > 0 such that if x; € B(x.,¢), then
@ the JN algorithm (24) with My = F'(xx) can generate {xi} C B(xy,¢),

@ any sequence {xi} generated in B(x,,<) by the JN algorithm converges
superlinearly to x, (quadratically if F is C11).

O —
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Linearization methods
The SQP algorithm (overview)

Recall the equality and inequality constrained problem

inf, f(x)
(PE/) { CE(X) =0
C/(X) <0.

Three popular methods to solve (Pg)

@ Augmented Lagrangian methods: a dual method that generates
{()\k, rk)} CR™ x Ryt by
: r 17
o inf (£(x) + ()Eee(x) + Fllee()I3 + ()T (@(x)+s) + S ller(x)+sl3)

* \ip1 = (M + rkc(xk))# and re+1 = ? (heuristics for nonlinear problems).

@ SQP methods: it is a linearization method on the KKT system (see below).

@ Interior point methods, which can be viewed as a penalization method solving
(approximately) a sequence of problems (25) below with 1 | 0, thanks to the SQP

algorithm:
mings) f(x) —pd ;e log si (25)
ce(x) =0, c(x)+s=0. SN2l
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Linearization methods
The SQP algorithm (definition - KKT is a nonlinear complementarity problem)

@ Similarly to Newton's method in unconstrained optimization, the SQP
algorithm is conceptually interested in solutions of the first order optimality
(KKT) system in (x, A) of (Pg):

Vil(x,\) =0, (26a)
ce(x) =0, (26b)
0 < )\/ 1 C/(X) < 0. (26C)

@ This system in (x, A) can be written like (Pyy) or (Pncp), namely
F(x,A\) +Nk(x,A) >0 or K> (x,A) LF(x,\) e KT, (27)

with the data

Flx,\) = (viec((x);)x)) and K —Ex (R™ xR™).  (28)

== NK(X, )\) = {O]E} X ({ORmE} X NRTI ()\/)), K+ = {OE} X ({ORmE} X Rg’))
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Linearization methods
The SQP algorithm (definition - the SQP algorithm viewed as a JN method) [22]

@ The SQP algorithm (SQP for Sequential Quadratic Programming) for
solving (Pg) is the JN algorithm (24) on the inclusion (27)-(28):

VXE(X/(, )\k) + Mk(X — Xk) + C/(Xk)*()\ — )\k) =0, (293)
CE(Xk) + C’E(Xk) . (X — Xk) =0, (29b)
0< A\ L (C/(Xk) 4+ C,/(Xk) . (X — Xk)) <0, (29C)

where My = Ly := V2 {(xx, A\x) or an approximation to it (My 22 V2f(x)!).

@ (29) is formed of the KKT conditions of the osculating quadratic problem

min, (VF(xk), x — xi) + 3 (Mi(x — xi), x — xi)
(OQP) ce(xk) + ce(xk) - (x = x) = 0, (30)
C[(Xk) + C,,(Xk) . (X — Xk) < 0.

The primal-dual solution (xx+1, Ak+1) to the OQP is the new iterate.

O —
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Linearization methods
The SQP algorithm (definition - the local SQP algorithm) [11, 12]

Algorithm (local SQP)

From (xx, Ak) to (Xks1, Aks1):

Q If (26) holds at (x, \) = (xk, Ak), stop.
Q@ Compute a primal-dual stationary point (xx41, Ak+1) of the OQP (30).

o

Remarks

@ The OQP'’s are still hard to solve (not just a linear system, expensive iteration):

> If My = L % 0, the OQP is NP-hard.
» One of the good reasons for taking My ~ Ly with My >~ 0, updated by a
quasi-Newton method; the OQP is then polynomial, but still difficult.

@ Other (non local) difficulties to overcome:

» What if the linearized constraints are incompatible?
» What if the OQP is unbounded?

@ Nothing is done for forcing the convergence from remote starting points. 2l
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|inearization methods

The SQP algorithm (local convergence - semistability and hemistability of a KKT pair) [3]

Proposition (semistability and SC2)

If (x«, A«) satisfies KKT, then the following properties are equivalent:

@ x. is a local minimizer and (x., A.) is semistable,
Q A = {)\.} and x, satisfies SC2.

At a local solution, semistability implies hemistability:

Proposition (SC for hemistability)

If @ x. is a local minimizer of (Pg;),
® (xy, \.) satisfies the KKT conditions,
@ (xu, Ay) is semistable,

then (x«, Ax) is hemistable.

Linearization methods
The SQP algorithm (local convergence - the result) [3]

Theorem (local convergence of SQP)

If @ f and c are C>1 near a local minimizer x, of (Pg;),
@ there is a unique multiplier \, associated with x,,
@ the SC2 are satified,

then there exists a neighborhood V of (x., Ai) such that if the first iterate

(x1,A1) € V, then
Q the SQP algorithm can generate {(xx, A\x)} in V,

Q any sequence {(xx, \x)} generated in V' by the SQP algorithm

converges quadratically to (x., Ay).

o
re o
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Linearization methods
The SQP algorithm (exact penalization)

@ Consider the nonsmooth penalty function ©, : E — R associated with (Pg):
Oy (x) 1= f(x) + lc(x)*],
where for v € R™, v# € R™ is defined by: (v¥); = v; when i € E and

(v#*); = v:" = max(0, v;) when i € .

@ The dual norm of || - || is defined by

|ullp := sup u'v.

Ivil<t

Proposition (exact penalty property)

If @ f and c are C? near a local minimizer x, of (Pg;),
@ the set \, of associated multipliers is nonempty,
@ weak SC2 holds,
@ o > sup{||A«||p : A € A},

then x, is a strict local minimum of ©,.

o
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Linearization methods
The SQP algorithm (globalization - descent property of the convex OQP solution)

Recall the osculating quadratic problem at (xx, Ax): My =~ L(xx, Ax) and

ming (Vf(xk),d) + 2 (Myd, d)
(c(xx) + ¢’ (x¢)d)* = 0.

We often make the following assumption (true for ¢, norms)

(0QP), { (31)

| -7 || : v € R™ s ||[v¥|| is convex.

Proposition (descent direction)

If @ (dk, A\Z") is a stationary pair of (31),
o || -7 || is convex,
then
Q O (xki dk) < — (Mdk, di) + (A{") (k) — allc(a) |,
Q O (xk;dk) <0, ifo = ||A"|lp, Mk =0, and x is not stationary.

o
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Linearization methods
The SQP algorithm (globalization 1)

The SQP algorithm with linesearch forces M, = 0 and minimizes the
changing nondifferentiable merit function ©,, along the SQP directions d.

Algorithm (global SQP)

Given (Xk7 Ak, /Vlk) e R" x R™ x S—T——l—' compute (Xk+1, Ak+1, Mk+1) by
o solve (31) to get a PD solution (dk, \7") (if any),

impose o = ||\ ||p + & keeping ok constant if {\"} is bounded,

linesearch: oy > 0 such that ©,, (xkx + ckdk) < Op, (Xk) + wa Ay,

Xk+1 ‘= Xk + ouedy and Ak+1 = Ak + Ozk()\(lfp — )\k),

o
o
o
@ update My ~ My 1.

We have used Ay := (VF(xx), di) — ok|/c(xc )| as a negative
over-estimate of O (xx; dk).

,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
The SQP algorithm (globalization 1)

Theorem (global convergence of SQP)

Ife f and c are C11,
o || -7 || is convex,
o {M} and {M, '} are = 0 and bounded,
@ (31) has a PD solution (di, A\Z") for all k > 1,
o {A\"'} is bounded,
@ O,, (xx) is bounded below,

then the KKT conditions are satisfied asymptotically, meaning that
Vl(xk, )\fp) — 0, C(Xk)# — 0, ()\fp)/ > 0, and ()\fp);rC/(Xk) — 0.

,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (motivation)

® Let E and F be (finite dimensional) normed spaces and 2 C E be open.

@ We consider the problem of fiding a zero of a nonsmooth function
F:Q—TF:
F(x) =0. (32)
@ Examples
© The NCP (0 < x L ®(x) > 0) can be represented by (32):
V(x,d(x)) =0,
where W(u, v) = {¢(ui, vi)}i and 1 is a C-function, meaning that ¢)(a, b) =0
iff a>0, b >0, and ab= 0. Examples (FB = Fischer-Burmeister):

Ymin(a, b) = min(a, b) and rs(a, b) = Va2 + b*> — (a+ b).

@ The VI problem (find x € C s.t. (®(x),y —x) >0 for all y € C) can be
written llike (32):
Pc(x — ®(x)) —x =0.

,,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (motivation)

@ Suppose that F : E — F is Lipschitz continuous near x. € Q.

@ Then dcF(x) # @ for x near x, and one could think of the Newton-like algorithm

generating {xx} by
Xir1 = xk — I T F(x),

provided some nonsingular Ji can be found in d¢cF(x«).

@ Actually, this algorithm may not converge locally as in the example below [17]:

F :R — R is Lipschitz,
F(0) =0,
dcF(0) =[3,2] Z 0,

FOa)=F(0)=F () (x4 =0) ~ 1
|x =0 = =

Iimk—)oo

@ Semismoothness is an assumption on F that prevents such a cycling (arbitrary
close to the zero). .

,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (semismoothness - definition) [19, 20]

Let E, IF, ... be normed spaces of finite dimension and €2 be open in E.

@ F:Q — [Fissemismooth at x € Q if

(S1) F is Lipschitz near x,
(S2) F'(x; h) exists for all h € E,
(S3) for h — 0 in E, there holds

wy  IFGe+h) — FG) - |

— 0.
JEDCF(x-+h) | Al

@ F:Q — F is strongly semismooth at x € Q if it is semismooth at x
with (S3) strengthened by

(S4) for h small in E, there holds

sup [|F(x + h) — F(x) — Jhll = O(||h]*).

JEOc F(x+h) o
za—
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Linearization methods
The semismooth Newton method (semismoothness - properties I) [8, 13]
Proposition (differentiability and semismoothness)
IfFF:Q—TFis Ct (CY!) near x € Q, then F is (strongly) semismooth at x. J

Proposition (a convex function is semismooth)
If f:Q — R is convex in a convex neighborhood of x € €2, then f is semismooth

at x.

F :Q — F is said to be piecewise semismooth at x € Q if there exist a neighborhood V
of x and functions F; : V — F, with i € I (/ finite), which are semismooth at x, such
that for all y € V, F(y) = Fi(y) for some i € I.

Proposition (piecewise semismoothness)

If F:Q — F is piecewise semismooth at x € 0, then F is semismooth at x. J

,,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (semismoothness - properties II) [8, 13]

Proposition (components)

Let F1 : Q — TFq1, Fo:Q — 5, and x € Q. Then (Fl,Fz)ZQ%Fl X s is
(strongly) semismooth at x € Q2 if and only if F; and F; are (strongly)
semismooth at x.

Proposition (composition)

If F:Q — F is (strongly) semismooth at x € Q, V is a neighborhood of F(x),
and G : V — G is (strongly) semismooth at F(x), then G o F is (strongly)
semismooth at x.

Proposition (calculus)

IfFi : Q—F and F, : Q — F are (strongly) semismooth at x € 2, then the
following functions are (strongly) semismooth at x (for the last two, F = R™):

F+ F2, <F1,F2>, max(Fl,Fg), and min(Fl,Fg).

.
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The semismooth Newton method (semismoothness - examples) [8, 13]

Examples
® The ¢, norm, for 1 < p < o0, is strongly semismooth.
@ The min C-function ¥min : (a, b) € R? — min(a, b) is strongly semismooth.

@ The Fischer-Burmeister C-function vrg : (a, b) € R? s /a2 + b2 — (a + b)
is strongly semismooth.

@ The projector P on the convex set K := {x € E : ¢(x) < 0} is semismooth
at x, provided

» c:E—>R™is C? and componentwise convex,
» the constant rank constraint qualification (CQ-CR) holds at Px(x)
[(CQ-LI) is certainly fine].

O —
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The semismooth Newton method (the algorithm)

Algorithm (semismooth Newton for equations)

Given x; € E, compute x,11 € E as a solution to

F(xx) + Jk(x — x¢) =0,

for some nonsingular Ji, € OcF(xx) (if any).

Remarks

@ To work well the algorithm needs smoothness and regularity assumptions.

@ There is a single linear system to solve per iteration (i.e., cheap iteration).

,,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (local convergence)

Theorem (local convergence of the semismooth Newton method)

If e F(x.) =0,
@ F is semismooth at x,,
@ OcF(x.) is nonsingular,
then

Q there is a neighborhood V' of x, such that the semismooth Newton
algorithm starting at x; € V is well defined and generates a sequence
in V, converging to x, superlinearly,

© the convergence is quadratic if F is strongly semismooth.

,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization

Problem definition (cones S and S7.)

Notation and first properties

@ S" is the Euclidean space of symmetric n x n real matrices, equipped with
the scalar product

()1 (A B) € (8")? = (A, B) =tr(AB) = >~ A;jBj € R.
@ S! is the cone of §” made of the positive semidefinite matrices:
A=0 <<= AeS8! < XA C0,+oq],
A=0 <= VYBx=0: (AB)>0, (33)
if A>0and B=0,then (A;B)=0 <= AB=0,
TaS] ={DeS8":v'Dv>0, forall v € N(A)}.
By (33), 87 is self-dual, meaning that (S7)" = S7.
@ S7_ is the cone of 8" made of the positive definite matrices:
A-0 <= AeS!, <<= XA) C]o,+oo],
A-0 < VBeS'\{0}: (A B)>0,
A=0and [vTMv >0, VveN(A)\{0}] = M+rA=0forlarges,. .-
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Semidefinite optimization
Problem definition (primal and dual problems)
The primal and (Lagrange) dual of the SDO problem read
inf (C, X) sup (b,y)
(P) AX)=0b and (D) A(y)+S5=C (34)
X =0 S =0,

where
@ CcS"and be R",
@ A:S8" — R™is linear (A* : R™ — S" is its adjoint).
Notation
@ Feasible sets: F, 1= {X € 87 : A(X) = b},
Fo ={(y,S) e R" xS : A*(y) + S = C}, and F :=F,, x Fp.
@ Strictly feasible sets: Fj := {X € ST, : A(X) = b},
Fy={(y,S) e R" xS, : A*(y)+S = C}, and F* :=F; x Fj.
@ Optimal values: val(P) and val(D). Duality gap: val(P) — val(D)
@ Solution sets: Sol(P) and Sol(D). A
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Semidefinite optimization

Problem definition (Lagrange dualization consequences)

Proposition (consequences of the Lagrangian dualization)

Q val(D) < val(P).

Q (X,y,5)eF = (C,X)—(by)=(X,5)=>0.

Q (X,y,S)eFet(X,5)=0 = X e€Sol(P) et (y,S) € Sol(D).
Remark

The reverse implication in @ is not necessarily true (not like in LO).

,,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization

Problem definition (examples of SDO formulations)

The Schur complement of A~ 0 in

A B
(39

is AS:= C— BTA1B. When A = 0, there hold

K=0 <— A =0,
K>=0 < A°>0.

Examples of SDO modelling

© Linear optimization.
@ Convex quadratic optimization.
© Global minimization of polynomials (relaxation if n > 2).

@ Shor relaxation of a QCQP.
@ Many more ... A
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Semidefinite optimization

Existence of solution

@ Strong duality of linear optimization no longer holds (since the linear
image of a closed convex cone is not necessarily closed).

@ Here are conditions for having nonempty compact sets of solutions.

Proposition (compact sets of solutions)
Q 7 xF,#@ =— Sol(P)# @ and compact.

Q F: X Fp # I, A surjective —> Sol(D) # @ and compact.
Q F° # I, A surjective = Sol(P) x Sol(D) # @ and compact.

In these cases, there is no duality gap: val(D) = val(P).

@ The sufficient condition in @ is (CQ-R) for (D).
The sufficient conditions in @ are (CQ-R) for (P).

,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization
Optimality conditions
Proposition (optimality conditions)
Suppose that F° # & and A is surjective, then (X,y,S) is a primal dual
solution if and only if

AX)=b, X =0, (35)

(X,S)=0.
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Semidefinite optimization
An interior point algorithm (central path I)

@ There are good reasons to generate iterates well inside F3. This is obtained
analytically (not geometrically) by an interior penalization:

P) A~ (P {Lr\,&)g,;’oww()q

(D) ~ (D) {jl;z%sig,:wguw(ﬂ

where Id : S” — R is the strictly convex and closed function defined at X by
d(X) ::{ —logdet(X) if X -0
+00 otherwise.

@ Three properties of Id (with X > 0 and H, K € §"):
d'(X)-H=—(X"1H),
d"(X) - (H,K) = (X"THX1, K),
d> = Zsn.

,,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization
An interior point algorithm (central path II)

The central path is the smooth curve ¢ : 1 € Ry, — the unique solution
to
A(y)+S5=C, S>>0,
(O,) AX)=b, X0, (36)
XS = pl.

Proposition (existence and smoothness of the central path)
If F5 # @ (or F5 # @ and A surjective) and p > 0, then
Q the system (O,,) has a solution (X, y,,S,.), unique in (X,,y,),

@ if A surjective, then also uniqueness in y,, and p— (X, yu, S,) is C*.

,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization

An interior point algorithm (an algorithmic scheme)

A primal-dual path-following interior-point algorithm generates iterates

zx = (X, Yk, Sk) € F* in a neighborhood V(@) of the central path ¢

(0 €]0,1[ is a parameter that determines the size of the neighborhood).
Each iteration proceeds along a Newton direction aiming a moving point on
%, whose central parameter if ofi(z) where o € ]0,1[ and

i(z) == (X, 5) /n.
Algorithm (primal-dual path-following IP)

From one iterate z to the next one z, .
O Let d be the Newton direction on a symmetrized version of (O, j(2))-
Q Determine a large stepsize o« > 0 such that z + ad € V/(6).
Q z, =z+ ad.

y
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